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Eppure il determinismo, che non lascia alcun posto alla libertà umana e obbliga a

considerare come illusori, tutti i fenomeni della vita, racchiude una reale causa di

debolezza: la contraddizione immediata e irrimediabile con i dati più certi della

nostra coscienza. 1

Ettore Majorana, 1942

1Yet determinism, which does not leave any place for human freedom and obliges to consider as

illusory, all the phenomena of life, contains a real cause of weakness: the immediate and irremediable

contradiction with the most certain data of our conscience.
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CHAPTER 1

Introduction

1.1 Introduction to Physics of Social Systems

The research of laws able to describe behavioral regularities found in human society

has a long history. The pioneering work could be attributed to the mathematician

philosopher Thomas Hobbes, who, in the 1651, composed the book Leviathan. In the

Leviathan, he started to create the theoretical framework of universal features regarding

individuals’ preference and the nature of interaction between them. Thomas Hobbes

theory was the first step in trying to understand the fundamental rules governing social

system and to make predictions on collective behaviors [1]. This intuition about hu-

mans collective behavior is illustrated in the famous Leviathan cover page, reported in

Fig 1.1, where the State is represented as a single body made up of individuals

"the people is not in being before the constitution of government as not being any

person, but a multitude of single persons" [2].

Hobbes noticed that isolated individuals and interacting individuals exhibit different

behaviors, but he was not able to explain how this collective entity emerged from the

multitude of unities. This transition remained "almost magical spontaneous generation,

âĂŸlike a creation out of nothing by human wit" [3, 4]. Since then, we continue to

question about this spontaneous transaction from heterogeneity to homogeneity .

"However obscure their causes, [permit] us to hope that if we attend to the play of

1
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freedom of human will in the large, we may be able to discern a regular movement in

it, and that what seems complex and chaotic in the single individual may be seen from

the standpoint of the human race as a whole to be a steady and progressive though slow

evolution of its original endowment [5]. "

Figure 1.1: Cover of Leviathan of Thomas Hobbes (1651). On the right a zoom of the

upper part.

People who interact seem to become more similar, building those social conventions that

underlie social and economic relations [6, 7, 8, 9]. Examples range from driving on the

right side of the street, to language, rules of politeness or moral judgments. Conventions

emerge either thanks to the action of some formal or informal institution, or through a

self-organized process in which group level consensus is the unintended consequence

of individual efforts to coordinate locally with one another [7, 10].

The order arises spontaneously from disorder: if people were isolated, it is natural to

think that each one would form a own different opinion on a specific topic, would exhibit

a unique set of cultural features and would invent own language to name the objects

[11]. The famous case of Nicaragua Sign Language is an evidence of that [12, 13]. The

Nicaragua Sign Language is a spontaneous language created almost entirely by children

between the 1970s and 1980s. In Nicaragua, before the 1970s deaf people were almost
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isolated from society and there was no language of the signs shared by the community.

Each one, then, develops a personal language to communicate with one’s own family.

Finally at the end of 1970s a school in the area of Managua was opened. However, in

this school no sign language was taught, the school served mainly to get people out of

the isolation. The young children began to interact, and the interaction brought to life a

shared language. This phenomenon of moving from a myriad of different languages, or

opinions or...etc. to a state of convergence is often identified as the process of agreement.

Agreement in human interactions indicates the existence of regularities at large scale as

collective effects. From a statistical mechanic point of view they can be associated to a

spontaneous transition from disorder to order. James Clerk Maxwell made the first real

jump in this direction, noting his problem about gases consisting of continually moving

particles could be associated with the problems of the average behavior of a society

formed by individuals [1, 14]:

"In studying the relations between quantities of this kind, we meet with a new kind of

regularity, the regularity of averages, which we can depend upon quite sufficiently for

all practical purposes" [15].

The intertwinement between physics and sociology produced the development of

important philosophical and mathematical tools for both disciplines. Of course, the

forces governing physical systems are different from those governing human interac-

tions. Social driving forces are identify with social influence [16], homophily [17],

reciprocity [18, 19] ... etc.

Modeling social systems inevitably leads to ignore a lot of human characteristics.

One of the goals is to be able to characterize the interaction with simple rules and be

able to reproduce the collective dynamic, understanding

"whether this approach can shed new light on the process of opinion formation" [11].

Humans becomes agents interacting in a controlled environment through simple dy-

namic rules. In these Agent-Based (A-B) models, the agents can assume different states

representing opinions, language, strategies..etc. The dynamical rules, with which agents
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can change their states, are expressed defining a probabilistic transition rate between

different configurations of the system at successive times: each agent composing the

system will make a certain choice with a certain probability influenced by the rest of the

system. How an agent is influenced by others plays a crucial role in the macroscopic

outcome and is determined by two characteristics: the choice of the social driving forces

and the topology of the interaction.

In modeling the process of agreement the typical driving force is the mechanism

of imitation : two interacting agents will end up in the same state, one of the two will

imitate the other with a certain probability. Subsequent local consensus will result in a

global consensus. A shared state can be reached also thanks to the mechanism of adap-

tation where individuals make decisions on some action based on a common knowledge

[10]. These kind of models are often called "Game" and the actions, the strategies.

Games are adaptive models because agents need to adapt their strategy depending on

how it worked in relation to the strategies chosen by other agents. The dynamical equi-

librium is reached when agents decided not to change their strategy and it is not given

that all the agents will consent on the same one. Another important class of A-B models

concerns contagion process where a state spreads among agents through an epidemic

process and in general an agents need to be exposed several time to a specific state be-

fore adopting it [10, 20]. In the context of collective behaviors that can be developed

in social systems, I will deal with opinion dynamics, with the phenomenon of human

cooperation and with social norms evolution. Opinion dynamic and social norm evo-

lution will often intersect with a description in terms of shared language. Indeed, the

phenomenon of the existence of a common language is often taken as a prototype of the

process of agreement. Cristina Bicchieri defines norms as the Grammar of Society [8]

"[...] because, like a collection of linguistic rules that are implicit in language and

define it, social norm are implicit in the operation of a society and make it what it is "

[8].

Another fundamental aspect in the evolution of social consensus is the topology of

the interaction that define, broadly speaking, who interacts with whom. In this thesis we
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will see how, although the dynamical rules are the same, several topologies lead to dif-

ferent results, pointing out how the structure of interaction is fundamental in the creation

of specific human collective behaviors. Social systems structure is represented through

the use of complex network tools, a mathematical representation of a group of interact-

ing entities in which the interaction among constituents is crucial in the emergence of

organized structures and collective behavior.

In the following sections a brief presentation of the theory of networks and of the

models that will be used in the main corpus of the thesis is presented. Part of my

research consist in extending these models to more complex network structures, called

Multiplex, which will be presented at the end of this chapter. It will then move to the

main body of the thesis where I will present the models conceived during my research.

The first model describes the influence of different social contexts in the forma-

tion of consensus. We consider that people interact with others in many situations or

environments like work, family, spare time, etc; and different contexts can therefore

produce conflicting social influences. We have proposed to study which conditions fa-

vor consensus and which coexistence of opposing opinions. This study was inspired by

a model originally proposed to describe the language competition in bilingual societies,

the Abrams-Strogatz model [21].

In the second model we analyze the role of social influence in competitive strategical

game, situations where personal and common interest are in conflict. Several studies

and experiment ([22], [23], [24]) have been proposed to understand the birth and the

survival of cooperation in humans societies. Here we will focus on the interplay between

opinions and actions, considering, also in this case that, social interaction and game

dynamics can take place in different domains.

The last model concerns the study of the evolution of social norms, namely what

happens when a new convention replaces an old one. Collective shifts in behavior re-

sulting in the adoption of new norms may seem like a paradox, as consensus seems a

one-way process : once reached, it should last indefinitely. But instead we are witness-

ing an evolution of society, customs, language, etc. And little is known about how a
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population undergoes behavioral change, due to the difficulties of finding representative

data. We investigate the process of norm change by looking at 2,364 linguistic norm

shifts occurred in English and Spanish over the last two centuries and propose a model

able to explain the data.

1.2 The Role of Topology: Complex Networks

Social systems, as well as many physical and biological systems, are constituted by in-

terrelated components (i.e. individuals, animals, cells...etc) whose interaction produces

emerging behavior (i.e. self-organization, adaptation, collective behavior, etc...) that do

not exist at the level of individual constituents [25]. An appropriate description of such

systems and of the possible dynamics that can be generated, must therefore include a

modeling framework that allows a simple representation of the interaction. This need

has laid the foundations for the development of the so-called Complex Network Science.

A network (or graph, as it is called in mathematics) can be defined as an abstract struc-

ture composed by nodes connected by a set of links or edges encoding the interaction

[26].

Since their introduction, there has been a growing interest in network science thanks

to the multiple applications in a wide range of disciplines, as diverse as physics, soci-

ology, biology, economics, etc... In social sciences, the theory of networks opened the

way to a deeper understanding of many phenomena that could not be explained in terms

of individual behaviors perspective. One of the first examples of this application dates

back to the 1932, when there was a striking phenomenon of runaways at the Hudson

School for Girls in New York. In just two weeks, a substantial group of girls, a rate 30

times higher than the norm, left the school. The psychiatrist Jacob Moreno suggested

that this epidemic phenomena was due more to the flow of social influence and ideas

among the girls than to individual factors [27, 28]. Thus, Moreno and her collaborator,

Helen Jennings, using the "sociometry" technique, represented graphically individual-

sâĂŹ subjective feelings among the girls in such a way that the links in the resulting
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social structure constitute the patterns by which the girls influenced each other, Fig. 1.2.

" In a way that even the girls themselves may not have been conscious of, it was their

location in the social network that determined whether and when they ran away. " [28]

Figure 1.2: MorenoâĂŹs network of runaways. The four largest circles (C12, C10, C5,

C3) represent cottages in which the girls lived. Each of the circles within the cottages

represents an individual girl. The 14 runaways are identified by initials (e.g., SR). All

nondirected lines between a pair of individuals represent feelings of mutual attraction.

Directed lines represent one-way feelings of attraction. From "Network Analysis in the

Social Sciences", S.P. Borgatti et al. [28].

Networks science began in 1736 as a mathematical theory of graphs, thanks to the

Swiss mathematician Leonhard Euler who proposed it as a solution to the Königsberg

bridge problem. The problem to solve is whether it is possible to find an optimum path

that cross each of the seven bridges only once. For this purpose, Euler conceived a

mathematical structure in which the river banks and the bridges were represented by

vertices and edge of a graph, as shown in Fig. 1.3

This representation allowed him to schematize the problem and find a solution that

could be applied to any bridge configuration. Euler found that even if only one node



1. Introduction 8

Figure 1.3: The city of Königsberg and the construction of the graph

has an odd number of connections there is no path that contains all the edges only once

[29].

Network theory, started as a mathematical theory, began to expand, finding numer-

ous applications in different disciplines. Some networks are real physical networks like

a) b)

c)

Figure 1.4: Networks Examples.a) New York Subway Network. b) Little rock ecologi-

cal network. c) Karate club’s network.

the neural network that connect the neurons in the brain or public transportation net-

work, Fig. 1.4.(a), but other are more abstract. For example the ecological network

"Food web" built in [30], Fig. 1.4 (b). This network captures the predator-prey interac-

tion in the Little Rock Lake in US : a pair of species is connected if one species eats the
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other. At the beginning the networks representing real systems were quite small, due to

the difficulty of finding big data sets. For example, social networks could only be done

through direct interview of the people involved, like the famous ’Karate club’ network

constructed by Wayne Zachary [31] on the basis of empirical observations of interaction

between the Karate club’s members, Fig. 1.4 (c). The network is constituted by 34 in-

dividuals and represent friendship relations between the members. This social network

was particularly studied in the contest of community detection. "In network science

we call a community a group of nodes that have a higher likelihood of connecting to

each other than to nodes from other communities" [32]. Zachary reported 78 pairwise

links between members who have a regular interaction outside the club. The dataset has

attracted attention thanks to a particular event that occurred during the observation pe-

riod: a disagreement developed between the administrator and the instructor of the club

resulted in the instructor’s leaving and starting a new group with some of the members.

This fact reveled an underlying community structure in the club’s network, Fig. 1.5

a). Thus, many community finding algorithms are often tested on the Zachary’s club

dataset to prove their ability in inferring the two communities from the topology of the

network before the split [33, 34, 35]. This proceeding was started by Girvan and New-

man in 2002 [33] and since then is exploded, Fig. 1.5 b). The article became so cited

in the complex networks science community that an honorific group with annexed prize

was invented: "The first scientist at any conference on networks who uses Zachary’s

karate club as an example is inducted into the Zachary Karate Club Club, and awarded

a prize." [36]

With the advent of the digital age, this changed and many of the actual networks

studied have hundreds or thousands of nodes and as many links. Over time scientists

from different disciplines had to develop a wide range of tools for analyzing, model-

ing and understanding networks. Furthermore, the study of the different interaction

topologies showed that the structure of a network can reveals underline properties of the

system it represents.

There are different measures that capture different aspects of the network. The sim-



1. Introduction 10

Figure 1.5: Form "Network Science", Barabási, Albert-LÃąszló (2015) [32]. a) The

connections between the 34 members of Zachary’s Karate Club. Links capture interac-

tions between the club members outside the club. The circles and the squares denote

the two fractions that emerged after the club split in two. The colors capture the best

community partition predicted. The community boundaries closely follow the split: The

white and purple communities capture one fraction and the green-orange communities

the other. b) The citation history of the Zachary karate club paper [31] mirrors the his-

tory of community detection in network science. Indeed, there was virtually no interest

in ZacharyâĂŹs paper until Girvan and Newman used it as a benchmark for community

detection in 2002 [33].

plest measure is the degree of a node and express its number of connections, namely

her number of neighbor. Typically the degree of a node i is denoted by ki. Every link

connects a pair of nodes and can be directed and point from one node to the other or

undirected and connect the nodes symmetrically. In directed networks the degree of a

node is distinguished between in-degree, the number of incoming links, and the out-

degree, the number of outgoing links [37]. An example of directed network could be

the network of Web pages where the in-degree of a node represent the number of links

a web page gets while the out-degree the number of pages to which it points to. In this

work we will consider the only undirected networks.

The degree distribution, P (k), defines the probability that a randomly selected node

has k links. Empirical results show that, typically, large real networks exhibit a power-

law degree distribution of the form P (k) ≈ kγ , where γ is in the range between 2



1. Introduction 11

and 3 [38]. The characteristic of these networks lies in the fact that the nodes that are

at the tails of the degree distribution have a number of connections much higher than

the average. These few, but significant nodes are called hubs, and play an important

role in network structure. Another common property of real networks, in particular

of social networks, is an high level of clustering, namely the tendency of nodes of

having common neighbors [39, 40]. This characteristic is quantified by the clustering

coefficient, defined as the probability that two extracted neighbors of a given node are

connected. Finally, real social networks exhibit another important property, the so called

small word property. During the 1980, Stanley Milgram [41] perform an experiment to

find out the average degree of separation among two random people living in the United

States. The experiment consisted in choosing a sample of man and women, who live

somewhere in US. To each of these persons would be given the name and the address of

the same target person, located in Massachusetts. Each of the participants has to deliver

a letter to the target, using only a chain of acquaintances. The letter could move only

from person to person who know each other. The median of the distribution of the steps

the letter had to do to reach the target was just 5. With this experiment Milgram discover

that real social network are characterize by small-word phenomena. This property can

also be defined as a short path length property. The characteristic path length L is the

average shortest path between any two pair of nodes, namely the minimum number of

edges that an hypothetical walker has to cross to go from one node to the other.

1.2.1 Random Graphs

The simplest example of complex network is the random graph, or the so called Erdös-

Rényi Networks (ER) [42], in which the links are randomly distributed among the nodes.

There are two similar ways to construct this type of networks: in the first, the number

of nodes and the total number of links are fixed, while in the second one is the number

of nodes and the probability that a pair of nodes is connected [29].

Generally the second method is used for its practicality. Starting from a graph of N

nodes and no links, each pair of nodes will be connected with probability p. The total
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number of links,M , is an expected value given by the relationship M = p1
2
N(N − 1),

where 1
2
N(N − 1) indicates the total number of pairs.

The degree distribution will be a binomial degree distribution and the probability

that a randomly extracted node i has degree ki = k is given by:

P (ki = k) =

(
N − 1

k

)
pk (1− p)N−1−k . (1.1)

The average degree can be directly calculated as 〈k〉 =
∑

k kPk = p (N − 1). In

the limit of N → ∞ and fixed 〈k〉 the binomial distribution converge to a Poisson

distribution

P (k) ≈ 〈k〉
k

k!
e〈k〉 . (1.2)

As the probability to connect each pair of nodes is identical and equal to p, the proba-

bility that two neighbors of a node are connected is still equal to p. This means that the

clustering coefficient of an ER network is simply p. Anyway, it can be considered as a

small size effect since it just depends on the ratio between M and N and it is not a real

characteristic of this kind of networks.

1.2.2 Small word networks

Real social networks exhibit short characteristic path length and high clustering coeffi-

cient [26, 43]. These two features are the characteristic sign of the network class named

small-word networks or alternatively Watts-Strogatz network from the name of those

who suggested the model to generate them [43, 44]. Starting from a ring of N nodes

andm links per node, each edge is rewiring with probability p. Each node can reconnect

one of its m link to an other random selected node with probability p. This model can

be view as an interpolation between an ER graph and a regular ring lattice. In fact for

p = 1 it reduces to a pure random network with mN/2 number of links.

1.2.3 Preferential attachment

At the end of the XX century Bárabasi and Albert studied a large subset of the Web net-

works, the nd.edu domain [45, 46]. The Web network grows continuously in a totally
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unregulated way, i.e. there is not a central organization that decide the links between

pages. Their results show that despite the owner of a Web page can freely choose its con-

nections, the whole Web system obeys scaling laws characteristic of self-organized sys-

tems. Similar characteristic were found in the scientific collaboration networks [43, 45].

In a scientific collaboration networks, the node represent authors of scientific paper and

are connected if they have written a paper together. In particular they notice that new

nodes, such as new web pages or the first article of a new author, tend to link to nodes

with more connections, a process called preferential attachment [32]. The recogni-

tion that many real networks are characterized by growth and preferential attachment

inspired the model called the Barabási-Albert model, which can generate, as a conse-

quence of the two mechanism, a scale-free networks [26, 32, 46].

The model develops as follows. At time zero the network is composed by N0 =

m + 1 nodes, each of which with m links. At each time step a new node appears and

have to connect to m existing nodes with a probability proportional to their degree. The

probability to connect to a node i with degree ki is given by ki∑
j kj

. The resulting degree

distribution is a power-low degree distribution P (k) ≈ k−γ , with exponent γ = 3. The

preferential attachment triggers a phenomenon often called "rich-get-richer", in which

a node with high degree tends to increase its degree because attracts new nodes. In

contrast with the ER network the preferential attachment mechanism implies that nodes

with high degree have a non vanishing probability to be present.

1.3 Agent based models of social dynamics

In the context of collective behaviors that can be developed in social systems, I will deal

with opinion dynamics, the phenomenon of cooperation and social norms evolution.

The field of opinion dynamics and social norm includes studies on language dynam-

ics. The language is a prototype phenomena of collective agreement both in the case

of language competition within a bilingual society or in the evolution of orthographic

norm adoption. In this section I will expose the main results of the voter model and
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the Abrams Strogatz model respectively for the opinion and language dynamics and

evolutionary game theory for the study about cooperation.

1.3.1 Opinion Dynamics : The Voter Model

Various models have been proposed [11, 47, 48, 49] to describe the process of social

consensus, with the so-called voter model being one of the simplest and most studied

[50]. It is a model with two equivalent states, first introduced to describe the compe-

tition of biological species [50] and later named as the voter model in ref. [51] for its

immediate interpretation in term of voting [11]. The voter model is based on the mech-

anism of imitation. Individuals are placed on nodes of a networks and are endowed with

a binary opinion σ ± 1. At each time step a node, randomly selected, will change her

state, σ → −σ, by adopting the state of a randomly selected neighbor [11, 52, 53]. The

flipping probability, for a given node i is given by:

P (σi → −σi) =
1

2

(
1− σi

ki

∑
j∈ni

σj

)
, (1.3)

where ki is the degree of the node i and ni are its neighbors. The switching probability,

defined in eq. (1.3), becomes zero if a node has the same state as its neighbors. This

means that the voter dynamics is driven by the presence of active links, ρ, namely links

between nodes with different option. The density of active links is defined by:

ρ =
1

2L

∑
〈ij〉

(1− σiσj) , (1.4)

with L being the total number of links. If the system is completely disordered ρ = 1/2

while if it is completely ordered ρ = 0. The ordering dynamics is then defined by the

evolution of ρ, considered as the proper order parameter if the dynamics occur on a

complex networks [11, 52]. The state of the system, i.e. its degree of order, is described

by the option polarization (often called magnetization for its analogy with the magnetic

systems), defined as the difference between the fractions σ+ of nodes in the state 1 and

the fractions σ− = 1− σ+ of nodes in the state −1. The option polarization m is:

m = σ+ − σ− = 2σ+ − 1 . (1.5)
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In a network of size N , degree distribution Pk and mean degree 〈k〉 =
∑

k Pkk the

density of active links ρ can be expressed in term of option polarizationm by the relation

[54]:

ρ =
1

2
ψ
(
1−m2

)
, (1.6)

where ψ = 〈k〉−2
〈k〉−1

.

Exact results for the voter model in a complete graph have been derived in [55]

and later extended for random uncorrelated graph in [54]. Given the global density

of active links ρ, the probability that a node i switch its state is can be written in the

form P (σi → −σi) = ρ
2
. If a node of degree k switch its state then the global option

polarization m changes by ±∆mk = ± 2k
〈k〉N . The possible transition probabilities are:

Wm→m+∆mk = Wm→m−∆mk = ρPk

Wm→m = (1− ρ)Pk , (1.7)

where Pk is the probability of selecting a node of degree k. The transition probabilities,

Eqs. (1.7), defined a random walk process performed by the variable m in the interval

(−1, 1) with absorbing barriers in 1 and −1. The master equation for the probabil-

ity Q(m, t) of having option polarization m at the time t is given by (For a complete

derivation see F. Vazquez et al [54] ):

∂

∂t
Q(m, t) =

1

τ

∂2

∂m2

[(
1−m2

)
Q(m, t)

]
. (1.8)

Eq. (1.8) is a diffusive equation with diffusion coefficient 1−m2, it means that the voter

dynamics can be interpreted as a symmetric random walk in the interval (−1, 1) with

two absorbing barriers at the ends. If the system reach the full consensus, namely all

nodes consent on one of the two option, m± 1, the transition probabilities vanish.

The characteristic ordering time τ depends on the topology of the network by the

relation:

τ = N
(〈k〉 − 1) 〈k〉2

(〈k〉 − 2) 〈k〉2
(1.9)

where 〈k〉2 is the second moment of the degree distribution, 〈k〉2 =
∑

k k
2P (k). For a

complete graph τ reduces to τ = 1
N

, giving the general results that in mean field approx-
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imation the characteristic time to reach the full consensus scale with the network size

[53, 55]. Eq. (1.8) is solvable with standard methods for the Fokker-Planck equations

[54, 55]. Given Q(m, t) the expression for the evolution of the average density of active

links is derivable by the relation 〈ρ(t)〉 = 1
2
ψ
∫ 1

−1
(1−m2)Q(m, t)dm, which solution

is:

〈ρ(t)〉 =
1

2
ψ
(
1−m2

0

)
e−t/τ . (1.10)

The ordering dynamics is governed by the exponential decay of the density of active

link with characteristic time τ . Thus, the role of the topology in the evolution of the

system is captured by the characteristic time to reach the full consensus.

1.3.2 Language Dynamics : The Abrams Strogatz Model

The Abrams-Strogatz model (AS model) is a two-state model introduced to describe

the decay of minority languages in bilingual societies [21]. It can be considered as a

generalization of the voter model in which the two options are here two non-equivalent

languages, A and B. The languages are not perceived by the individuals in the same

way, they have complementary prestiges reflecting the difference in the social status of

spoken languages. Language A has a perceived status given by S, while the perceived

status of language B is given by 1 − S. An additional parameter, the volatility, ν, was

introduced in the latter model to indicate the tendency to switch the use of a language.

Individuals are capable of speaking both languages and can choose to change it by taking

into account the density of speakers of the other language and its prestige. The switching

probabilities defined by PA→B = (1 − S)(1 −X)ν and PB→A = SXν . At the limit of

mean field (MF) approximation, the dynamics of the AS model is well described by the

evolution of the A-speakers density X , which reads dX
dt

= (1 − X)PB→A − XPA→B.

The substitution of the switching probabilities into the latter equation yields the MF

equation,
dX

dt
= (1−X)X

[
X

ν−1S − (1−X)
ν−1 (1− S)

]
(1.11)
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Figure 1.6: From the Article : "Modeling the dynamics of language death", Abrams

and Strogatz, Nature 2003 [21] : "The dynamics of language death. Symbols show

the proportions of speakers over time of: a, Scottish Gaelic in Sutherland, Scotland;

b, Quechua in Huanuco, Peru;c, Welsh in Monmouthshire, Wales; d, Welsh in all of

Wales, from historical data (blue) and a single modern census (red)."

The prestige parameter is restricted in the range 0 ≤ S ≤ 1, but the case S < 1/2 is

symmetric to S > 1/2. Eq. (1.6) admits three fixed points for a 6= 1 and two fixed points

for a = 1. The fixed point that corresponds to the coexistence state of the two languages

is always unstable for a 6= 1, while does not exist for ν = 1, i.e. the system always

reaches a consensus state, where all individuals speak language A or B. The AS model

fits to real aggregated data of endangered languages such as Quechua (in competition

with Spanish), Scottish Gaelic and Welsh (both in competition with English) [56, 57]

and they find a ≈ 1.3 [21]. Fig. 1.6 shows data and model predictions of the four cases

treated.

Subsequently the model was considered on networks to study the effect of different

pattern of connectivity on the language dynamics. For volatility ν = 1, the Abrams-

Strogatz model becomes a biased voter model with bias S. On a random network of
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mean degree 〈k〉, the interface density of active links between nodes speaking different

language, evolve according to:

ρ ≈ e[
|v|(〈k〉−2)
〈k〉−1−|v| ]t (1.12)

where v = 2S − 1. For v = 0 the equation reduces to the voter model.

1.3.3 Social Dilemma and Evolutionary game theory

Social dilemma defines a class of situations in which individuals interests are in conflict,

and are often modeled with a two players game. One of the most famous example of

these kind of games is the Prisoner’s Dilemma. The players are two partners in crime,

A and B, imprisoned separately. To each of them is offered a penalty discount if one

testifies against the other. The benefit of each individual choice is determined by the

payoff matrix shown in Tab. 1.1. The best individual strategy is to be the only one to

testify against the other. However, the best group outcome is realized if both prisoners

cooperate and do not testify.

A confess A does not confess

B confess Each serves 1 year A: 3 years, B: goes free

B does not confess A: 3 years, B: goes free Each serves 2 year

Table 1.1: Example of a Prisoner’s Dilemma Payoff Matrix

Different payoff matrices can determine different optimal strategies and define dis-

tinct games. Anyway at the base of every game there is the conflict between individual

and group benefits: cooperation (C) and defection (D) represent the two alternative

choices behind social dilemmas [58, 59]. The general payoff matrix is of the form:

Where R is the reward if both players cooperate, S is the sucker payoff obtained by a

cooperator against a defector, T is the temptation payoff gained by a defector against a

cooperator and P is the payoff obtained if both play as defector [58? ]. Relation among

the values of R,P, S and T determine the type of game and its dynamical outcome
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C D

C R S

D T P

The game can be iterative and therefore players can change strategy over time. In

this thesis we will deal with iterative games on networks where each player will collect

her profit playing at each time step with all her neighbors. In an iterative game players

can change their strategy over time. Generally, each agent i will copy the strategy of

one of her random extracted neighbors j with a probability depending on their payoffs.

Thus, if R > S > P and R > T > P the optimal strategy is to cooperate and the

game evolves to a total cooperation regardless of the fraction of the initial cooperators,

for this reason this kind of game takes the name of of Harmony Game. The opposite

situation is the Prisoner’s Dilemma, with T > R > P > S and a final outcome of all

defection. The third game is defined by the relations R > T > P > S. This game,

called Stag-hunt, is a coordination game and the optimal output is reached when all the

players play the same strategy. The last game, defined by T > R > S > P , called the

Hawk-Dove game, is characterized by the coexistence between a fraction of cooperators

and defector. Given si the strategy of a player i and πi her payoff, four basic types of

update rules are defined:

• Proportional update: P (si → sj) with a probability ≈ πj − πi

• Unconditional imitation : the player imitates the strategy of the neighbor with the

larger payoff

• Best response : the player choose that would have yielded the largest payoff given

the neighbors’s strategies

• Pairwise comparison: P (si → sj) ≈ 1

1+e
−β(πj−πi)

.
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The last update rules admits that players can make mistakes, that is, they can choose

unfair strategies.

Without loss of generality we can set R = 1, P = 0 and analyze the outcome of

the games in the S − T plane. As en example of dynamical evolution, we can consider

the proportional update. In mean field approximation, the density of cooperator C(t)

evolve in times according to

C ′(t) = C(t) (1− C(t)) (S + C(t) (1− S − T )) , (1.13)

where (S + C(t) (1− S − T )) is the difference between the payoff accumulated by

cooperators and defector. Fig. 1.7 shows the four games, depending on the values of

S and T , and the respective density of cooperators in the mean field approximation.

In iterative games where each player is positioned on the node of a network and plays

0.0 0.5 1.0 1.5 2.0

T

1.0

0.5

0.0

0.5

1.0

S

Harmony Game

Stag-Hunt Game Prisoner's Dilemma

Hawk-Dove Game

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Cooperator

Figure 1.7: Asymptotic density of cooperators in the S − T plane, in the MF approxi-

mation

with its neighbors, the network structure can determine changes in the evolution of

the density of cooperators. In Fig. 1.8 three different outcomes, depending on the

kind of network, are presented. Regular networks and ER networks exhibit similar



1. Introduction 21

behavior. Scale-free networks, on the other hand, seems to support cooperation. In [60]

the authors explain this result as an interplay of two mechanisms that depend on the

topological characteristics of this type of networks. The first is due to the existence of

many long-range connections among cooperators promoting the formation of compact

clusters of cooperators when the cooperators are able to occupy such highly connected

sites, which indeed happens. The second is due to the heterogeneity in the connectivity

patterns that, in some way, balances the effect of the temptation to defect (T > 1). As a

result in the Snowdrift domain, cooperators dominate for all values of T > 1 and in the

Stag-Hunt domain, cooperators survive even when S < T − 1 [60].

Figure 1.8: Proportional update for different kinds of networks. A: Regular network, B:

Erdos-Renyi neywork, C: Barbasi-Albert network. Average degree < k >= 8. From

"Game on networks and cooperation: Models and experiments", A. Sánchez, CCSS

Colloquium. ETH Zurich, 2010 [61].

1.4 From one layer to multilayer social structures

Many real system are often formed by a variety of coexisting topologies[62, 63]. One

way to characterize this property is assuming that connections of different nature be-

long to different layers . This construction generates a structure that takes the name of

Multilayer Network [64]. The layers share the same set of nodes and each node has now

two types of links: intra-layer links that connect her to the nodes of the same layer and

inter-layer links that connect her to the nodes present in other layers. If a node is con-
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nected only with its respective counterpart in other layers then the Multilayer networks

is called Multiplex.

Multilayer networks have been used to analyze public transportation systems [65,

66, 67], spreading of awareness and infection [68, 69], the dynamics of ecological popu-

lations [70], cultural dynamics [71], as well as the evolution of social networks [72, 73].

As an example, Fig. 1.9 shows the multilayer system of the different airline company

operating in Europe.

Figure 1.9: From "Emergence of network features from multiplexity", A. Cardillo et al.

[74]. Multiplex composed by the different airline operating in Europe.

There are many types of multilayer transportation networks, i.e. urban transportation

system is one of the main applications since it is the result of the superposition of the

bus, subway and railway networks [65, 66, 67]. Biological systems are often represented

as a multilayer system in which each layer considers different interaction among the

basic constituents (i.e. proteins, cells...etc) like physical chemical, genetic, including

regulatory, inhibitory, etc. [75, 76]. Coexisting networks are also observed in social

systems [66, 77]. When the multiplex represent humans interaction, the links can be

classified according to the type of relationship, i.e. work, friendship, family, etc or to

type of action, i.e. taking into account the different social influences such as social



1. Introduction 23

media and face to face interaction, or buy and sell, etc... [78, 79, 80].

If all these systems are modeled by just one layer networks either the various kinds of

connections are not considered or all layers are overlapped. In both cases the multiplex

effect, that has important implications in the dynamics occurring, is neglected. Recently,

thanks also to the possibility of finding new data, many systems could be represented in

terms of interdependent or multilayer network and new nontrivial structural properties

and relevant physical phenomena have emerged [66, 76, 81].

In this thesis I will focus on multiplex representing humans interaction and I will use

this structure to introduce some tensions in the system. In the first model I will consider

conflicting social pressures, while in the second model the interplay between social

and strategical interest. In both cases the multiplex structure allows to represent more

sophisticated behaviors of individuals who may have different behaviors in different

layers.

1.5 Multplex social networks and dynamics

Multilayer networks allow for a more realistic approach in the study of individuals in-

teractions which can communicate through different types of channels and/or can par-

ticipate in concurrent interaction patterns. For example, empirical data prove that more

than 50% of internet users is inscribed in two or more of the social network sites among

Facebook, Twitter, Instagram, Pinterest and Linkedin, as reported by the Pew Research

Center [82]. Fig. 1.10 shows how users are distributed among the various social net-

works, e.g. how many users of Facebook also use Twitter.

The multiplex representation of society raises the question of what kind of relation-

ship there is among the structure of the various layers. As seen in the case of a single

layer, social systems are not totally random networks, they present topological features

that depend on the mechanism by which people undertake social relations, like cluster-

ing or preferential attachment. It is natural to think that if an individual participates in

different social contexts, her multiple layer interactions are not completely independent
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Figure 1.10: The "Social Media Matrix". Source : Pew Research Center’ s Internet

Project September Combined Omnibus Survey, September 11-14 & September 18-21,

2014 [82]

of each other. In Fig. 1.11, an example of multiplex composed by online and off-line

relations is reported [83]. The different people composing the four networks are not

connected randomly within each layer, but the multiplex representation of their inter-

action highlines interesting social patterns. For example Cici, Mat and Mark are all

connected both in friend and work networks. The kinds of correlations among layers

concern both how many links are repeated in the different networks and the importance

of a node (for example its degree or its centrality) [83]. It was shown that the relation

between the layers in real multiplex can be characterized by geometric correlations in

hidden metric spaces underlying each layer of the system [84, 85, 86]. There are two

kind of correlations: Popularity correlations, which are correlations between the degrees

the nodes have in the layers, and similarity correlations, which control the probability

of links overlap between layers. The model we will use to represent these type of cor-

relations is the Geometrical Multiplex Model (GMM) [84, 87] (For the mathematical

formulation of this model see Appendix A.1 ).

An other fundamental question is understand whether all the possible levels of in-
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Figure 1.11: From "Multilayer social networks", M.E. Dickison et al. [83]

teraction among the constituents of a complex system are important or if some of them

might be redundant, irrelevant or uninformative [76, 76, 88]. Recently, Diakonova et al.

[88] demonstrated the irreducibility of a multiplex version of the voter model. In that

approach a multiplex network was considered, where a fraction of nodes and links can

be present in both layers and any change in the state of those nodes in a layer is instantly

replicated to the other. This mechanism affects the voter model dynamics and signifi-

cant differences from the classical single layer case were found. They shown that the

single layer approximation for the network of social interaction is accurate only when

there is little or no interaction between the layers, namely sufficiently small links or

nodes overlap. The modeling of the people interaction through the multiplex structure

also allows to consider contemporaneously more dynamics that contribute in the vari-

ous social phenomena that can arise, as for example in the opinions formation. In [89],

Quattrociocchi et al. proposed a model in which media (Tv, newspaper, etc) and social
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influence are two separated but interdependent processes. They found that an agreement

or disagreement among the media can shape the consensus in the opinions’ space.

The multiplex structure of an individual’s social interactions also has important im-

plications in social dilemma outcome [90]. Gómez-Gardenes et al. [90] shown that

in a PrisonerâĂŹs Dilemma game, cooperation is able to resist under extremely ad-

verse conditions, for which the usual one layer model fails. Correlations between layers

topologies support the survival of cooperation [90, 91].

As a matter of fact, different studies [92, 92, 93, 94] have shown that social systems

are indeed real multiplex system meaning that they are characterized by some proper-

ties, like i.e. the correlations among layers or coexisting different dynamics, which can

not be overlooked in modeling collective humans phenomena.



CHAPTER 2

Consensus dynamics on multiplex

networks

A community of people who use language can be interpreted as a complex dynamical

system that solves collectively the problem of generating a shared communication sys-

tem [95]. The choice of a common language is one of the most typical examples of the

process of collective agreement in humans society. Here we present a model inspired

by the language competition problem but that can describe the more general dynamics

of social consensus.

2.1 Introduction to language competition problems

Imagine the history of mankind, not as a history of peoples or nations, but of the

languages they speak. A history of 5000 languages, thrown together on this planet,

constantly interacting. Imagine the treaty of Versailles not as an event of international

diplomacy, but in terms of people putting on their best French to make themselves

understood and achieve the greatest advantage. Think of Cortes conquest of Mexico in

1532 not as an outrageous narrative of bravery, cruelty and betrayal, but in terms of the

crucial role of his Indian mistress Malinche, interpreter between Aztec and Spanish.

Think of the sugar plantations, where the up rooted slaves were thrown together, as

meeting places for many African languages. Imagining all this, two things come to

27
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mind: first, how closely the history of languages is tied up with and is a reflection of

the history of peoples and nations. Second, how little we know of languages in

contact". What happens in communities where several languages are spoken? How can

speakers handle these languages simultaneously? When and why will the different

languages actually be used? Which consequences does language contact have for the

languages involved? [96]

Interaction for humans is above all communication. Years of immigration, emigration

and colonialism led to the formation of multilingual societies, or societies officially

monolingual but made of groups of bilingual or plurilingual individuals. This mixture

of languages and ethnicity in contact gave rise, over time, to different kind of linguis-

tic organization of society. Appel and Muysken distinguish three fundamental kind of

bilingual societies [96]. In the first the two languages are spoken by two different groups

and each group is monolingual. This form of societal bilingualism often occurred in for-

mer colonial countries where there are just few bilingual individuals taking care of the

intergroup communication. In the second society, most of the people are bilingual and

the two languages are treated in the same way. In the third form, finally, there is one

group monolingual and the other bilingual. In most cases this last group will form a mi-

nority, perhaps in the sociological sense: it is a non-dominant or oppressed group like

in Greenland, for example, where the people who speak Greenlandic Inuit must become

bilingual, i.e. learn Danish, while the Danish-speaking group, which is sociologically

dominant, can remain monolingual.

When speakers use two languages, they will obviously not use both in all circum-

stances: the language choice in a fixed conversation may depends on the group which

the speakers belong to, the particular social interaction and the topic of the conversa-

tion [97, 98]. This general perception has been explored by J. Fishman who has been

studying Puerto Ricans in New York, work that has resulted in such famous research

reports as ’Bilingualism in the Barrio’ [99]. The point of departure for Fishman was the

question: who speaks what language to whom and when? [100] Fishman studies are

focused mainly on the "domain" where the language is used [101, 102]. The domain is
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defined as the clustering of characteristic situations or settings around a prototypical

theme that structures the speakers’ perceptions of these situations [100].

Bloom and Gumpez [103] argue that the language has not a meaning on its own but

the person who use it give it: the social meaning of a particular language is the result

of a negotiation between interlocutors. Each social situation is a new negotiation and

it is influenced by the previous ones. Repeated negotiations over time can bring to a

’Function specialization’ of a language [104], for which special fields of conversation

or social event may acquire a preferred language, or a particular language can be rep-

resentative of the standard of the conversation, for example the use of the dialect that

immediately puts the interlocutors in an informal context. When the two languages

acquire a definitive different status as, indeed, the dialect and the national language,

we talk of Diaglossia [105]. This interaction-negotiation must consider that in a verbal

communication also the social and personal identity are in game. Person who are speak-

ing should want to reduce the difference between them and converging in the choice of

the language or empathize the difference maintaining their own [104].

Being able to close in a few mathematical parameters the whole range of socio-

linguistic reasons pushing two bilingual persons to choose a language rather than an-

other is very difficult. In the model we present in this Chapter, we will focus on the in-

fluence of different domains of conversation in the dynamics of language competition.

We propose a generalization of the AS model (explained in Sec. ??) on a multiplex

network where each layer represent a different social interaction. Distinct social inter-

action could meaning different perception of the languages, for which in each layer the

languages have different prestiges.

An important novelty of this model is the existence for scenarios of coexistence

between languages. The AS model results are matter of discussion since the extinction

of one of the competing languages is predicted, although in some cases the coexistence

occurs, as the authors remark. The preservation of both languages was explained by

Patriarca and Leppanen [47] introducing the existence of two disjoint zones where each

language is predominant. However, their results cannot explain the survival of both
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languages in only one zone of competition. The different scenarios of coexistence we

find can be qualitatively interpreted as the different bilingual societies identified by R.

Appel and P. Muysken [96]. In the AS model the two languages are fixed in time and

compete through the choice of speakers. All this line of models starting from the AS

that view the two languages unchangeable in time and not influenced each other ([106],

[107], [108]), can be assimilable to the consensus dynamics problems. In fact the AS

model with volatility equal to one coincides with a biased voter model in the mean field

approximation. Even though our model is inspired by competition between languages,

its general aspect also applies to the theme of opinion dynamics. For this reason we will

will talk about competition between two generic options from now on.

2.2 Competition of options on Multiplex Networks

Going beyond the AS model for competition of languages, we propose a model for

describing the competition between two abstract options, A and B (they can be lan-

guages, opinions, voting intention, etc.) on a multiplex network. The model is based

on a modification of the AS model with volatility equal to one and keeping the idea

that the two options have different perceived status. In this system social interactions

occur within distinct layers that may be originated from different contexts like family or

business networks, Facebook or Twitter, etc. Nodes and their counterparts across layers

correspond to the same individuals participating in different networks. Intra-layer links

denote the individuals’ connections within each network, while inter-layer links indicate

the mutual influence of the individuals’ state across layers (see Figure2.1).

We assign a state σαi to each node i (i = 1, 2, . . . N ) in the layer α (α = I, II), such

that σαi = 1 (or 0) if the node has the option A (or B) in the layer α. We also endow the

prestige Sα to the option A, different in each layers; the corresponding option B has a

complementary prestige 1−Sα. We restrict the values of the prestige to SI ∈ [0.5, 1] and

SII ∈ [0, 0.5], in order to guarantee that the two layers do not have the same preferred

option. The state of a node in a layer influences its own state in the other layer with
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γ
SII

SI

Figure 2.1: Graphical illustration of the multiplex AS model. Different layers SI , SII
denote the different networks where individuals participate. Intra-links (black solid

lines) correspond to the individuals’ connections within each network, while inter-links

(green solid lines) indicate the mutual influence of strength γ of the individuals’ state

across layers.

strength γ, where 0 ≤ γ ≤ 1. The limited values of γ correspond to opposing situations

so, γ = 0 denotes that the two layers are independent, while γ = 1 represent the

situation where individuals are not influenced by their neighbors.

The dynamical evolution of this multiplex-organized system is described below. A

randomly chosen node i in one layer can change its option according to the transition

probabilities,

Pα
i,A→B =

(
1− γ

)(
1− Sα

)(
1− 1

kαi

N∑
j=1

Gα
ijσ

α
ij

)
+ γ

(
1− σᾱi

)
,

Pα
i,B→A =

(
1− γ

)
Sα

1

kαi

N∑
j=1

Gα
ijσ

α
ij + γσᾱi , (2.1)

where Gα
ij is the adjacency matrix of layer α, with elements Gα

ij = 1, if the node i and j

are connected in layer α and Gα
ij = 0 otherwise, kαi is the degree of the node i in layer

α and with σᾱi we denote the state of the node i in the other layer .
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Eq. (2.1) denotes that the likelihood an individuals change his option in a given

layer is a linear combination, in terms of γ, of the fraction of its neighbors in the other

state and its own state in the other layers.

The novel framework of the multiplex networks we employ here induces a new

steady state, never observed in the classical voter model, where the two options coexist.

Absorbing states of total consensus, where all individual appear to have a single option

A or B are also found. We have to notice that even if one layer instantly reaches a

consensus state, the nodes maintain the ability to change thanks to the influence of the

other layer.

In the following we present the stability analysis of these steady states starting with

a mean field (MF) description of the dynamics. Then, we build a theory for the ordering

dynamics to analyze the system’s evolution towards the steady states. We also perform

numerical simulation on complete (all-to-all) and Erdös-Rényi networks in order to ver-

ify our theoretical findings. Finally we will introduce different kinds of correlations

between layers to study how the topology influence the dynamics and the distribution

of the states among the nodes.

2.3 Mean Field Approach and Master Equation

One of the central problems in the analysis of opinion dynamics is to understand under

which conditions a collective agreement occurs. The dynamical evolution of the system

(2.1) is analyzed by means of a MF approach, where a previously used order parameter

for the single-layer networks [54, 108] is employed. The state of the system is char-

acterized by the option polarization (often called magnetization) and is defined as the

difference between the fractions Xα of nodes in the state 1 (option A) and the fractions

1−Xα of nodes in the state 0 (optionB). Therefore, we obtain for the layer α the option

polarization

mα = Xα − (1−Xα) = 2Xα − 1 , (2.2)



2. Consensus dynamics on multiplex networks 33

which defines the state of the system and lies in the interval [−1, 1], where mα = −1

denotes the winning option B and mα = 1 of option A.

The dynamics of the system is governed by the presence of active links, namely of

links connecting nodes in different states, because the probability for a node to switch

into the other state depends on the density of its active links. Two types of active links

are associated with each node: active intra-layer links if the node in layer α does not

consent with its neighbors in α and active inter-layer links if it has different state in the

different layers. The density of active intra-layer links of the layer α is given by the

expression,

ρα =
1

2Lα

N∑
i=1

N∑
j=1

Gα
ij

(
1− δσαi ,σαj

)
, (2.3)

where α = I, II , δ is the Kronecker’s delta and Lα is the total number of links in the

layer α. The density of the active inter-layer links reads

ρ⊥ =
1

N

N∑
i=1

(
1− δσIi ,σIIi

)
. (2.4)

In the employed MF approximation, each node in a layer is connected with all other

nodes of that layer. Therefore, we can naturally express the densities of intra-layer and

inter-layer active links as a function of mα as,

ρα = 2Xα

(
1−Xα

)
=

1

2

(
1−m2

α

)
(2.5)

and

ρ⊥ = XI +XII − 2XIXII =
1

2

(
1−mImII

)
. (2.6)

We derive the Master Equation for the probability Q(mα, t) that the system has option

polarization mα at time t. If at a given time step δt a node change its state, the option

polarization changes by 2/N . The probabilities of the possible changes in mα are

W (mα → mα +
2

N
) =

[
(1− γ)Sαρα +

γ

4
(1−mα)(1 +mᾱ)

]
,

W (mα → mα −
2

N
) =

[
(1− γ)(1− Sα)ρα +

γ

4
(1 +mα)(1−mᾱ)

]
,

W (mα → mα) = 1− (1− γ)ρα − γρ⊥ . (2.7)
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Then the probability to have option polarization mα at time t, Q(mα, t+ δt) reads

Qα =
∑

kα
W (mα +

2

N
→ mα)Q(mα +

2

N
, t)

+ W (mα −
2

N
→ mα)Q(mα −

2

N
, t)

+ W (mα → mα)Q(mα, t) . (2.8)

where Qα stands for Q(mα, t+ δt).

Substituting the transition probability and considering that δt = 1/2N , we find the

diffusion Fokker-Plank equation

∂tQα = ∂mα

{ [
1

2
(1− γ)(1− 2Sα)(1−m2

α)

+
γ

2
(mα −mᾱ)

]
Qα

}
+

1

N
∂2
mα

{[
1

2
(1− γ)(1−m2

α)

+
γ

2
(1−mαmᾱ)

]
Qα

}
. (2.9)

We can rewrite the Fokker-Plank equation in the diffusive form

∂tQα = −∂mα
[
∂mαV Qα

]
+

1

2N
∂2
mα

[
DαQα

]
, (2.10)

where

∂mαV = (1− γ)(2Sα − 1)ρα + γ(mᾱ −mα) ,

Dα = (1− γ)ρα + γρ⊥ . (2.11)

We notice that the influence of each layer on the other appears not only in the poten-

tial but also as an additive term in the diffusion coefficient. We can say that the term ρ⊥

controls the diffusion of the two options in the two layers. The two potentials felt by the

two layers have an opposite minimum because of the setting in the prestiges; for γ = 0

each layer would reach the full consensus in opposite options.

In the thermodynamic limit the diffusive term is canceled and the potential V (mI ,mII)

defined in (2.11) has three extrema:
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1. Two corresponding to the states of full consensus:

a) (mI ,mII) = (1, 1) (consensus to A)

b) (mI ,mII) = (−1,−1) (consensus to B)

2. One that stands for the non-consensus steady state where options A and B coexist

and given by,

m∗I =
−2 +

√
a
b

√
ab− 4

a
,

m∗II =
+2−

√
b
a

√
ab− 4

b
, (2.12)

where a = (1 − γ)(2SI − 1)/γ and b = (1 − γ)(2SII − 1)/γ. The stability of the

fixed points is analyzed by imposing ∂mαV = 0 and by studying the eigenvalues of the

corresponding Jacobian matrix. We find that in the range of parameters defined by the

relation:

a

a− 1
≤ b ≤ − a

a+ 1
, (2.13)

the steady state of coexistence, given by eqs. (2.12), is linearly stable while the state of

full consensus is unstable. Out of this region, instead, the state of coexistence vanishes

and the states of full consensus become stable; for b > − a
a+1

the system consents to the

option A, while for b < a
a−1

it consents to B. By substituting b = − a
a+1

in eq. (2.12)

we have mI = mII = 1, while by substituting b = a
a−1

, mI = mII = −1. This means

that out of the region expressed by eq. (2.13), the two solutions of full consensus and

coexistence coincide. The coexistence solution varies continuously from −1 to 1 gen-

erating a second order absorbing phase transition. The steady states of full consensus

are absorbing, frozen states and the switch probabilities vanish. The steady state of co-

existence, instead, is an active dynamical state (c.f. [109]), where individuals continue

switching and the system visits a set of configurations which are macroscopically equiv-

alent in terms of ordering. Therefore, by varying parameters according to eq. (2.13) we
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find an absorbing transition in which the system goes from an active state to a frozen

configuration state.
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Figure 2.2: Density plots of the MF stable solution in the parameter space SII − γ.

The option polarization mI of layer I is shown for a) SI = 0.6 and b) SI = 1 − SII .
c) shows the fraction of nodes in layer I that are in the same state, 1 − ρI ; SI = 0.6.

d) show the fraction of nodes that are in the same state in both layers, 1 − ρ⊥; SI =

0.6. Black curves enclose the parameter area where two options coexist and correspond

to inequalities (2.13), when crossing black lines, inside out, the system undergoes an

absorbing transition. The point ma refers to Fig. 2.4, while the points mb and mc to Fig.

2.3.

The complementary of the density of active links, 1 − ρα, gives what is called the
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coherent domain [110], namely the density of links between nodes in the same state.

Figure 2.2 shows the landscape of steady states of system (2.12) in the parameter space

γ − SII for fixed SI . For γ = 0 the two layers do not communicate and the multiplex

is reduced to two independent AS systems (see (2.1)). Each layer reaches a steady

state of consensus, however, the states are complementary, namely one layer consents

to the option A while the other layer to the option B. For γ = 1 both a and b are

equal to zero and each solution of the form mI = mII is a potential stable solution.

The two layers communicate with the stronger possible coupling but the individuals are

not affected by their neighbors (see (2.1)). A randomly chosen node replicates its state

from the other layer, resulting in a frozen steady state where every node has the same

state across the layers, while none of the layers reaches consensus. For other values of

γ the previously found condition (2.13) determines three different dynamical regimes

displayed in figures 2.2 (for 0 ≤ γ < 1). Figure 2.2(a) shows the option polarization

mI of layer I . For b > − a
a+1

the system consents to the option A (the violet area) while

the option B dominates for b < a
a−1

(the red area). For the other parameter values the

two options coexist (area enclosed by the black curves). The resulting density of the

connected nodes lying in the same states is presented in figure 2.2(c), while the density

of coherent nodes between the layers, namely nodes in the same state in both layers is

depicted in figure 2.2(d).

Using the terminology of language, the densities ρ⊥ measures the density of bilin-

gual individuals. The novelty of this model compared to single-layer models of language

competition is that the presence of bilinguals naturally comes out from the dynamic as-

sumptions.

We verify the results obtained from our MF approximation by constructing multi-

plex networks of different sizes composed by complete networks in their layers. In the

coexistence regime the options are distributed between the nodes in two different ways

presented in figure 2.3. In figure 2.3(a) the parameter values allows the existence of

both, nodes in different states in different layers and nodes with the same state across

layers. The densities ρα and ρ⊥ of active links are different from zero. In figure 2.3(b),
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γ is strong enough to drive the system in a steady state where the nodes have the same

state in both layers. However, small fluctuation from this steady state are observed. The

intra-layer densities ρI, II of active links are different from zero, while the inter-layer

density ρ⊥ fluctuates with very small amplitude around zero. If states represent the lan-

guages spoken, their different distribution among individuals can be interpreted as the

different kinds of bilingual society described by Appel and Muysken [96]. In fact we

find a scenario where most of the people is monolingual and a scenario where most of

the people is bilingual. This interpretation will be deepened when we will introduce

correlations between the layers.

2.4 Finite size effects in multiplex networks with
complete layers

As mentioned above, the coexistence state is an active state, namely the probabilities to

switch the state do not vanish and the system keeps fluctuating around the fixed point.

In finite size networks, however, these fluctuation can drive the system to an absorbing

state of full consensus. This is a finite size effect and has been observed in our stochastic

simulations. In our settings the two layers have opposite prestiges, therefore for γ = 0

the option polarization mI would go to 1 while mII would go to −1.

Figure 2.4 shows the evolution of mI for different realizations in the case of com-

plete networks of (a) N = 500 nodes and (b) N = 1000 nodes. In this particular setting

of parameters (γ = 0.2, SI = 0.6 and SII = 0.1) the MF stable solution (the solid

horizontal line) denotes a coexistence steady state but the fluctuations due to the finite

size effect brings it to a full consensus in option B, with both mα = −1. The time

the system remains around the MF solution depends on the size of the system and on

the values of the parameters. A different case is the unbiased model where both the

prestiges are equal, Sα = 1/2. The potential reduces to

V 1
2

=
1

2
γ(mI −mII)

2 (2.14)
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(a) (b)

Figure 2.3: Two different scenarios of coexistence are shown in a multilayer represen-

tation for single realization at the time t/N = 104 with complete graph of N = 1000

nodes. The tree levels refer to : Layer II on the top, layer I in the middle and on the

bottom the aggregate layer which counts the nodes in the same state in both layers and

the nodes with different states. The colors violet and blue stand for the option A and B,

respectively, and the orange indicates nodes with different options in different layers. In

a) the parameters are γ = 0.3, SI = 0.7, SII = 0.3. In b) the parameters are γ = 0.8 ,

SI = 0.8 and SII = 0.2. These two scenarios refer, respectively, to the points mb and

mc of Fig. 2.2.

and each solution of the form mI = mII is a solution. In this particular setting we can

study the effects purely induced from the multiplex structure because we can avoid the

effect generated by the competition between the two options in the two layers. From the

related theory for single-layer networks [54] we know that in this case the system will

reach an absorbing state with a characteristic time that scales with N . In the multiplex
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Figure 2.4: Evolution of the option polarizationmI is shown for different realizations in

complete graphs of (a) N = 500 nodes and (b) N = 1000 nodes. The solid horizontal

line represent the MF solution corresponding to the point ma of the Fig. 2.2 .The other

parameters are γ = 0.2, SI = 0.6 and SII = 0.1.
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Figure 2.5: (a) The characteristic time to reach the full consensus is shown as a function

of γ. The solid line represents the relation of (2.15). (b) Exponential decay is shown as

a function of rescaled time τ (solid line ρ⊥(t/τ)). In both figures the points represent an

average over 50 realizations for different complete graphs of N = 500, 5000 and 10000

nodes. The prestiges are Sα = 0.5.

networks considered here we find by fitting (see Fig. 2.5) a factor arising from the inter-

layer interaction, c(γ) = 1
1−γ , for which the characteristic time to reach consensus takes

the form

τ = 2N
1

1− γ
= 2Nc(γ) . (2.15)

This relation is consistent with the studies presented in [54] where the scaling factor is

the inverse of the prefactor of the active links in the diffusion coefficient. The factor 2N

results from the total number of nodes in the whole two layers system.

From the time evolution expressed in [54], we can approximate ρ⊥(t) ≈ e−t/τ .

Figure 2.5(a) shows the characteristic time (2.15) for different size and different γ, using

complete networks. Figure 2.5(b) shows the evolution of the density ρ⊥ of active inter-

layer links. We can thus conclude that in the case of equal prestiges the multiplex effect

translates into an extension c(γ) in the life time of the coexistence options state.
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2.5 Erdös-Rényi Networks

Here we extend the ansatz of [54] by considering Erdös-Rényi networks. In [54] it was

found for the density of the active links that the relation ρ = 1
2
ψ

(
1−m2

)
is valid for a

complex network of mean degree 〈kα〉, where ψ = 〈kα〉−2
〈kα〉−1

. We test this assumption for

multiplex networks consisting of different Erdös-Rényi layers of various size and mean

degree discovering that also in our case it is valid (see Fig. 2.6).
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Figure 2.6: (a) The density of active links in layer I is shown as a function of the

option polarization. Solid lines correspond to (2.16), while the dots are the average

over 50 simulations for two Erdös-Rényi networks of N = 10000 and different mean

degrees. (b) Shows the time evolution of the average density of inter layers active links

for fixed mean degree, 〈kα〉 = 10 and different γ. (c) shows the time evolution of the

average density of inter layers active links for fixed γ = 0.1 and different mean degree.

The time is rescaled by the factor expressed in (2.19) and the solid line correspond to

an exponential decay. The dots represent the average of 50 realizations for Erdös-Rényi

networks of N = 10000 .

Then, the density of intra-layer active links reads

ρα =
1

2
ψα

(
1−m2

α

)
. (2.16)

The inter-layer density, instead, does not depend on the topology of the network. In

order to extend the Fokker-Planck (2.10), for the case of two Erdös-Rényi networks we
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consider that if at a time step a node with kα changes its state, the option polarization

changes by ±δk,α, with δk,α = 2kα
〈kα〉N . Since each node has inter-layer degree equal

to one, the inter-layer change remains 2
N

. Substituting the relation 2.16 in the transi-

tion probabilities expressed in (2.7) and the right expression for ±δk,α, we obtain for

the Fokker-Plank equation ∂tQα = −∂mα
[
∂mαV Qα

]
+ 1

2N
∂2
mα

[
DαQα

]
, the following

terms

∂mαV = (1− γ)(2S − 1)ρα + γ(mᾱ −mα) ,

Dα =
〈k2
α〉

〈kα〉2
(1− γ)ρα + γρ⊥ . (2.17)

Previous studies of the voter model (prestige equal to 1/2) on complex networks [54],

have revealed the relation between the characteristic time to reach the full consensus and

the topology of the network. Previously [54] it was found for an Erdös-Rényi network

with mean degree 〈k〉 a scaling factor of the form

TER =

〈k〉
(
〈k〉 − 1

)
(
〈k〉+ 1

)(
〈k〉 − 2

)N . (2.18)

By imposing γ = 0, the diffusion coefficient Dα of eq. (2.17) reduce to the one layer

case D = 〈k2〉
〈k〉2ρα = 〈k2〉

〈k〉2ψ

(
1 − ρ2

)
. Notice that the expression of TER is the inverse

of the prefactor of the density of active links term. In our multiplex extension, by

setting Sa = 1
2

we check the same relation for the scaling factor by considering that the

prefactor of the active links term results to be the one layer term multiplied by 1− γ,

τ = 2c(γ)TER . (2.19)

As in the case of eq. (2.15), the factor 2 accounts for the total number of nodes 2N .

In figures 2.6(a) and (b) we observe the time evolution of the average density ρ⊥ of

inter-layer active links for fixed mean degree 〈kα〉 and different values of γ, showing

the validity of the assumption expressed by eq. (2.19).
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2.6 Impact of correlation

With a fully connected population we have shown how the coupling of two layers with

two different preferred options can generate various kind of options coexistence. Here

we are interested on how the topology of the two networks and correlations between lay-

ers can influence the distribution of the states among the nodes. Previously it was shown

that the relation between the layers in real multiplex can be characterized by geometric

correlations in hidden metric spaces underlying each layer of the system [84, 85, 86].

There are two kind of correlations: Popularity correlations, which are correlations be-

tween the degrees the nodes have in the two layers, and similarity correlations, which

control the probability of links overlap between layers.

To understand the impact of correlations, we perform numerical simulation using the

geometric multiplex model (GMM) developed in [84] (See Appendix A.1). We compare

GMM with different correlations setting and GMM with ER networks. In all the cases

the multiplex networks are composed by layers of N = 2000 nodes and mean degree

〈k〉 = 6. The most significant effect is observed in the distribution of the states among

the nodes. Similarity correlation, increasing the probability of link overlap between

layers, promotes inter-layer group of nodes in the same state and connected in both

layers, namely coherent islands. If the whole system has a favourite state (SI 6= 1−SII),
finite size effects bring the system to the absorbing state of full consensus for which the

coherent islands of that state increase at the expense of the other.

To appreciate the correlation effects we consider the case of symmetric prestige.

Figure 2.7 shows the evolution of the option polarization mII (top row) and the inter-

layer active links ρ⊥ (bottom row) for SI = 1 − SII = 0.55 and γ = 0.3. Figure

2.7(a) and (d) refer to GMM with uncorrelated layers, Fig. 2.7(b) and (e) to GMM with

fully correlated layers while Fig. 2.7(c) and (f) to ER networks. The behaviour of ρ⊥ is

significantly different for the correlated and uncorrelated case. For ER and uncorrelated

GMM, ρ⊥ fluctuates around the MF solution. Instead, in the strong correlated system,

the size of the coherent islands grows generating a slower decay of ρ⊥. The top row
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of Fig. 2.7 shows that none of the three systems has reached the absorbing state for

which the basic difference lies in the distribution of the states between nodes. We can

conclude that the strongly correlated system is in a state of coexistence of different

coherent islands. This feature becomes more evident for high values of the coupling

as showed in Fig. 2.8 where γ = 0.8. In that case, for some realizations, the system

reaches the full consensus in two different ways: In the uncorrelated case thanks to a

single fluctuation due to finite size effects, while in the full correlated case one of the

coherent island grows and incorporates the entire system.

(a) (b) (c)

(d) (e) (f)
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Figure 2.7: Option polarization and inter layer active links. We compare ER networks

((c) and (f)) with GMM ((a), (b) and (d), (e)) of N = 2000 nodes and 〈k〉 = 6 mean

degree. The power law degree distribution of GMM has an exponent of 2.9. (a) and (d)

show uncorrelated networks whereas (b) and (e) show fully correlated networks. The

parameters of the model are SI = 1 − SII = 0.55 and γ = 0.3. The top row show the

evolution of option polarization in layer II while the bottom row the evolution of inter

layer active links. The different colors stand for different realization and the solid black

line denotes the MF solution.

An other important measure reveals how the similarity correlation acts on the distri-
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bution of the states between nodes. In Fig. 2.9 we set Sα = 0.5, for which neither the

layers nor the whole system has a favored state (the coupling is γ = 0.3). In Fig. 2.9(a)

the system is uncorrelated (i.e. δ = 0 and ν = 0), in Fig. 2.9(b) δ = 1 and ν = 0,

in Fig. 2.9(c) δ = 0 and ν = 1 and in Fig. 2.9(d) δ = 1 and ν = 1. CB defines the

coherent island in the option B, namely the density of links overlaps between nodes in

the state B in both layers. We notice that CB increases considerably when we set the

similarity correlation ν equal to one. By comparing the figures 2.9(a) with Fig. 2.9(b)

and (c) we notice that the action of the popularity correlation alone does not produce

significant effects while the similarity correlation increases the coherent islands.

Figure 2.8: Option polarization and inter layer active links. We compare ER networks

((c) and (f)) with GMM ((a), (b) and (d), (e)) of N = 2000 nodes and 〈k〉 = 6 mean

degree.The power low degree distribution of GMM has an exponent of 2.9. (a) and (d)

uncorrelated and (b) and (e) fully correlated networks are shown. The parameters of the

model are SI = 1− SII = 0.55 and γ = 0.8. The top row show the evolution of option

polarization in layer II while the bottom row the evolution of inter layer active links.

The different colors stand for different single realization and the solid black line for the

MF solution.
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Figure 2.9: Density of links between coherent nodes in the state B, CB. (a) Uncorre-

lated, (b) popularity correlation, (c) similarity correlation and (d) fully correlated con-

nections are shown. The parameter of the system are SI = SII = 0.5 and γ = 0.3.

The networks have N = 2000 nodes and mean degree 〈k〉 = 6. The power law degree

distribution has an exponent of 2.9. Different colors refer to different realizations.

Recalling the concept of language coexistence we can interpret the predominance of

coherent islands as a society made up of several monolingual groups. This scenario is

thus favored by a high similarity correlation between layers, even if the two languages

have the same prestige in both layers. In terms of opinions, instead, it can be interpreted

as the phenomena of the polarization of society, occurring when the population is clearly

divided into two opposing views [111]. Instead, an independent distribution of links in

the two layers generates a more heterogeneous situation.

2.7 Concluding Remarks

This Chapter presents a model of consensus and coexistence of two opposing options in

a discrete system organized on multiplex networks.

Though similar models [49, 88] have already been performed in multiplex networks,

the main novelty of our study lies to the fact that individuals can have different options

in the distinct layers. This naturally reflects that an individual can consent with its

connections in a given social context but have different opinion in an other context.

Since the two options can represent both opinions and language, it can also represent
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bilingual people speaking different language in distinct situations.

Our analysis shows that the latter property enriches the system dynamics and allow

not only for consensus but also for simultaneous existence of both options. This can be

described by two layers having opposite preferred options that generate potentials with

opposite minimum (there is no state that satisfy both layers).

Generally the ordering processes are characterized by the coarsening: the formation

and growth of a coherent domain in one of the two states. In the classical AS model, this

coarsening is responsible for the achievement of full consensus in finite systems. In the

multiplex system discussed here, indeed, the coarsening of each layers to its preferred

option is countered by the presence of the other. Each layer “feels” the other as an

additive noise, so that, even if individuals instantly consent in one layer, they preserve

the chance to switch due to the influence of the other.

In MF approximation we found a whole range of parameters where the coexistence

of the two options is the stable state and the finite size effect is to reduce this region.

However, the fluctuations induced by the finite size fluctuations can drive the system

from the active dynamical state of coexistence to an absorbing state of consensus.

In particular we have considered the case of equally prestigious options, as in the

voter model. The voter dynamics always reaches the absorbing state of full consensus.

The ordering process in this case is not due to the coarsening, the system remain disor-

dered until a random fluctuation drive it to consensus. For a single decoupled layer the

characteristic time to reach the absorbing state is proportional to the size of the system

[53]. In our case, indeed, because we have an additive noise induced by the mutual

influence between the layers, this characteristic time depends also on the coupling pa-

rameter γ. Therefore, in the presence of finite size fluctuations, the multiplex structure

of our system can affect and lengthen the life time of the transient state of dynamical

coexistence.

In the case of symmetrical but not equal prestige, however, the system may remain

trapped in the coexistence regime even for finite sizes, as as shown by Fig. 2.7.

Mean field results are verified by numerical simulations in multiplex networks con-
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sisting of complete graphs, Erdös-Rényi networks and Geometrical Multiplex networks.

For the Erdös-Rényi networks we find the same qualitative findings, but local effects

modify transition lines for the absorbing transition and lifetimes of active states depend-

ing on the degree distribution of the network. With the Geometrical Multiplex networks

we examined both the impact of networks’ topology and correlations between layers on

the dynamics. We find that high correlations between layers promote the coexistence of

different inter-layer islands of nodes in the same state for small value of the coupling,

while high values of the coupling facilitate the achievement of a full consensus state.



CHAPTER 3

Mixed dynamics on multiplex

3.1 Introduction

In this work we analyze the interplay between social influence and competitive strate-

gical games on multiplex networks where social influence and game dynamics take

place in different domains. Several theoretical and experiment studies [22, 23, 24] have

been proposed to understand the origin and prevalence of cooperation in systems where

individual interests are in conflict. In numerous experiments with human subjects inter-

acting through competitive games within fixed neighborhoods [23, 112, 113], e.g. the

classical Prisoner’s Dilemma [114] or the Public Goods Game [23, 115], it has been

consistently reported that the fraction of cooperators decays in time. This stands in

contrast to observations in everyday life where, indeed, we find cooperation to be quite

stable and common.

Modification to the standards models have therefore been proposed to explain the

emergence of cooperation in these scenarios, like for example direct and indirect reci-

procity (image scoring/reputation) [116], kin and group selection [117, 118], success-

driven migration [119], or punishment [120].

Another mechanism responsible for the emergence of cooperation in social dilem-

mas could be the fact that strategic interactions between individuals or institutions do

not occur in isolation. In particular, individuals that engage in strategic interactions are

simultaneously exposed to social influence and, consequently, the spread of opinions.

50
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Following this line of reasoning, we assume that social influence impacts the decisions

of the players [121, 122], and vice versa, that the decisions of the players impact the

opinions that are propagated in the system.

We present a model where game theoretical decisions and social influence take place

in different layers of a multiplex network [80, 90, 123, 124, 125, 126, 127]. In such

systems, each layer contains the same set of nodes, but links are usually different in

different layers. However, the layers comprising real multiplex systems are not entirely

independent, but exhibit certain relations [84]. As we will show, these relations can

lead to interesting behaviors, and hence have to be taken into account when modeling

such systems [128]. On top of this topology, we model the dynamics taking place in

the game layer by a replication dynamics, where individuals imitate the strategy of suc-

cessful neighbors [129, 130, 131]. Furthermore, we use a biased voter model [132] in

the social influence layer as a proxy for the spread of opinions. These opinions can be

seen as a proclamation of the intend of individuals regarding their choice of strategy in

the game layer. We assume that there is a tendency for individuals to act in agreement

with their proclamations, but allow, in general, that individuals deviate from them. The

importance for individuals to be congruent in both domains constitutes the coupling

strength between the different dynamical processes. Finally, the aforementioned bias

of the voter model represents a general tendency towards the proclamation of cooper-

ative intentions, which could be induced by appropriate media campaigns or similar

measures.

3.2 Coupling between game dynamics and social in-
fluence

In strategical games, individuals choose a strategy and then obtain a payoff that depends

on their own and other players’ strategies. Here, we consider the two possible strategies
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Figure 3.1: Graphical illustration of the multiplex model. Different layers denote the

different networks that individuals participate: on the top the Game Network (GN) and

on the bottom the Opinion Network (ON). Intra-links (black solid lines) correspond to

the individuals’ connections within each network, while inter-links (green solid lines)

indicate the coupling between layers. On the right, the pictures show a simplification of

the dynamic occurring on each network.

cooperate (C) or defect (D). The interactions are then governed by the payoff matrix

M =

C D

C 1 S

D T 0

. (3.1)

meaning that if player 1 chooses to cooperate and player 2 cooperates as well, both

collect a payoff of 1. However, if player 2 defects, player 1 only collects the payoff S

and player 2 collects the payoff T , and vice versa. Finally, if both players defect, both

obtain no payoff.

In reality, individuals make many successive strategic decisions and adapt their

strategies over time. This behavior is commonly modeled by a replicator dynamics

[129, 130, 131], in which individuals copy the strategy of a randomly selected neighbor

with a probability that depends on the difference of the payoff of the two involved play-

ers. In general, individuals tend to copy the strategy of players who have earned a higher

payoff compared to themselves. Here, we use synchronized updates, meaning that after
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each round of the game, in which each node plays one game with each of her neighbors

and payoffs are distributed according to the aforementioned payoff matrix, every node i

chooses a neighbor j at random and copies her strategy with the probability [133]

Pi←j =
1

2
(1− tanh [πi − πj]) . (3.2)

where where πi and πj denote the payoffs of node i and j.

Depending on the values of S ∈ [−1, 1] and T ∈ [0, 2], there are different stable

choices of strategies. In the Stag Hunt game, for which we have S < 0 and T < 1,

we have bistability: both full cooperation as well as full defection are stable stationary

solutions. In the Prisoner’s Dilemma, i.e. for S < 0 and T > 1, full defection is the

only stable strategy. In the Snowdrift game, S > 0 and T > 1, the only stable solution

is an intermediate density of cooperators. Finally, in the Harmony game, S > 0 and

T < 1, only full cooperation is a stable solution.

However, in reality, individuals do not make decisions exclusively based on the pay-

offs of their neighbors. Instead, individuals are simultaneously exposed to social in-

fluence and hence the opinion of the peer group of an individual cannot be neglected

in understanding what drives cooperation in strategic games. Opinions of individuals

propagate through a contact network. This behavior is widely described by the voter

modelc [132], where individuals adopt the opinion of a randomly selected neighbor. We

assume that propagating an opinion that is considered anti-social, like defection in our

model, is less likely than propagating opinions which are socially accepted, like coop-

eration in our model. This could be the result of media campaigns or similar measures.

We take this effect into account by introducing a bias, β ∈ [0, 1], into the voter model.

Individuals then adopt the opinion of a randomly selected neighbor with probability β

if this opinion is cooperation and 1−β if it is defection. Values of β > 0.5 hence reflect

a positive bias towards cooperation in the opinion dynamics. The opinion of an individ-

ual can be understood as her proclamation of intend regarding her choice of strategy in

the game layer. As mentioned before, social influence has an impact on the decision of

individuals. To mimic this fact, we couple the opinion propagation and game dynamics.

In particular, we define a parameter γ, which represents the tendency of individuals to
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act in agreement with their proclamations, and hence constitutes the coupling strength

between social influence and game dynamics. In particular, at each update step, with

probability γ a node copies her state from one layer to the other. The copying process

can be understood as the tendency of individuals to pursue congruence between their

actions and proclaimed opinions. Finally, with the complementary probability 1 − γ

each node updates the strategy in the game layer according to the game dynamics and

in the opinion layer according to the biased voter model (see Fig. 3.1).

3.3 Mixed populations

In reality, individuals or institutions interact in strategic games via a contact network,

like a network between firms or countries. We will discuss the influence of the structure

of the contact network and of the correlations between different networks later. For now,

we study the model on a mixed population, in other words, we assume a homogeneous

and infinite population in the absence of dynamical correlations and noise.

The mixed population (meanfield) assumption allows us to derive differential equa-

tions for the evolution of the density of cooperators cI in the game layer and cII in the

opinion layer. For the N nodes of the system, let us assign a state σαi to each node i

(i = 1, 2, . . . , N ) in the layer α (α = I, II) such that σαi = 1(0) if the node has the

strategy, respectively opinion, C(D) in the given layer α. In the GN , the probability for

a node i to copy the strategy of one of her random selected neighbor j is given by eq.

(3.2).

Each player’s payoff can be calculated from the payoff matrix given by equation 3.1.

In particular, each player plays 〈k〉 games with randomly chosen opponents, where 〈k〉
is the mean degree in layer I . The average payoff for cooperators, cI , and defectors, dI ,

is then given by

πcI = 〈k〉 cI + 〈k〉S (1− cI)

πdI = 〈k〉TcI (3.3)
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The transition probabilities corresponding to the game dynamics are expressed by

wI(D → C) =
1

2
cI (1− tanh [πdI − πcI ])

wI(C → D) =
1

2
(1− cI) (1− tanh [πcI − πdI ]) , (3.4)

for which the term regarding the game dynamics (γ = 0) in the evolution of cooperators

of layer I is

∂tcI = (1− cI)w(D → C)− cIw(C → D)

= cI (1− cI) tanh [〈k〉 (cI(1− T ) + S(1− cI))] ,
(3.5)

The dynamics in the opinion layer, II , is described as a biased voter model for the

diffusion of opinions with a bias β ∈ (0, 1) towards the “cooperate” opinion. A node i

will then adopt the state of one of its randomly selected neighbors j with probability β

if σIIj = 1 and 1− β if σIIj = 0. The voter model dynamic is given by

∂tcII = (2β − 1)cII(1− cII) . (3.6)

The interaction terms are given by (cII − cI) for layer I and (cI − cII) for layer II.

Combining the equations through a linear combination in terms of γ, yields

∂tcI =(1− γ)cI(1− cI) tanh [〈k〉 (cI(1− T ) + S(1− cI))] + γ(cII − cI) ,

∂tcII =(1− γ)(2β − 1)cII(1− cII) + γ(cI − cII) ,
(3.7)

where S and T denote the parameters from the payoff matrix, equation (3.1), γ ∈ [0, 1]

controls the strength of the coupling between the opinion and game dynamics and β ∈
[0, 1] is the bias of the opinion dynamics. Finally, 〈k〉 denotes the mean degree of the

contact network.

The parameter γ controls the strength of the coupling. For γ = 0, the dynamics in

the different layers are independent, and for γ = 1 there are only copying events be-

tween the layers such that the individual layer dynamics become inexistent. Therefore,

the most interesting behavior is observed for intermediate values of γ. The parameter



3. Mixed dynamics on multiplex 56

β controls the bias in the voter model. For β = 0.5, one recovers the classical voter

model, which has no stable fixpoint, but only two absorbent states (full consensus on

opinion 1 or 0). In the meanfield approximation, in this case the behavior of the coupled

system (γ > 0) is equivalent to the isolated game dynamics, and the game dynamics

enslaves the opinion layer. This means that in the final state of the system both layers

have the same cooperation density which is equivalent to the isolated game dynamics.

The fundamental role of β and γ is to change the value of T and S at which one of

the two absorbing state C = 1, 0 became a stable solution. For γ = 0, C = 1 is stable

for T < 1 and C = 0 for S < 0. If γ > 0 the stability range becomes:

S <
1

2
log

[
2β − 1− γ

(2β − 1)(1− 2γ)− γ

]
T < 1− 1

2
log

[
(2β − 1)(1− 2γ) + γ

2β − 1 + γ

]
(3.8)

We find that for example, setting β = 0.6 and γ = 0.2, the stability of cI = 1 shifts to

T < 1.1. This means that the value of temptation to be a defector has to be bigger than

in the case of decoupled dynamics.

Figure 3.5 shows the asymptotic density of cooperator in the S − T plane for the

game layer in mean field approximation and with Erd’́os-Rényi networks. We compare

the case of γ = 0 and γ = 0.2 and β = 0.7.

We anticipate that while the mean field behavior is confirmed in Erd’́os-Rényi net-

works, complex layer topologies and multiplex organization, in particular geometric

correlations intertwining their layers, increase cooperation. For β > 0.5 (β < 0.5), the

opinion dynamics in isolation has one stable fixpoint, which corresponds to full con-

sensus of opinion 1 (opinion 0). Therefore, the mean field behavior of the system is

different to the isolated game dynamics, which we discuss in the following section.

3.4 Dynamical properties of the system

Let us now consider the dynamical properties of the system described by equation(3.7)

for fixed values of β = 0.7 and γ = 0.2. We find three regions of different qualitative
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behavior, depending on the values of parameters T and S. In particular, we find a region

in which the system effectively behaves like the harmony game (red region in Fig. 3.2a),

which means that only full cooperation in both layers is a stable solution (see Fig. 3.2d).

Furthermore, we find a region where the system effectively behaves like the snowdrift

game (blue region in Fig. 3.2a). In this region, the only stable solution is a mixed

state, where a finite fraction of the population cooperates (see Fig. 3.2f). In this region,

in general, the density of cooperators in the game dynamics and those who proclaim

cooperation are not the same. Finally, there is a region which can be described as a

mixture of the two above cases (green region in Fig. 3.2a). In this region, the system

exhibits a bistable behavior. Full cooperation in both layers is a stable solution as well

as a mixed state as described above (see Fig. 3.2e)). The bistable region emerges as the

system undergoes a saddle-node bifurcation. Let us fix S = −0.2 and increase the value

of T . At T = Tc,1 ≈ 0.77 the system undergoes a saddle-node bifurcation as a pair of

fixed points, one stable and one unstable, appear (see Fig. 3.2b) and c)). Increasing

T further, at T = Tc,2 ≈ 1.03 the system undergoes a transcritical bifurcation and the

solution which corresponds to full cooperation becomes unstable. In the supercritical

regime, only the mixed state is stable. To sum up, we have shown that the coupling to the

biased opinion dynamics shifts the effective behavior of the game dynamics compared

to the isolated case. The coupled system exhibits effectively a harmony-like behavior, a

Snowdrift-like behavior, or a mixture of both. Interestingly, the coupling to the biased

opinion dynamics successfully avoids the situation of complete defection. So far, we

have considered a fully mixed, homogeneous population. In the following, we discuss

the impact of the topology of the underlying contact networks as well as the relationship

between the two layers of the system.
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3.5 Impact of the structural organization of the mul-
tiplex

Using the assumption of a fully mixed, homogeneous population we have shown how

the coupling to the biased opinion dynamics can effectively transform the behavior of

the system. However, in reality, networks are heterogeneous and highly clustered, which

can have a significant effect on the outcome of dynamics taking place on the network

[134].

Furthermore, in reality, the social influence layer and the strategic game layer are

neither independent nor identical. In other words, real multiplex networks are not ran-

dom combinations of their constituent layer’s topologies [84]. Hence, the contexts—or

domains—in which individuals make strategic decisions and by whom they are influ-

enced are related. In [84] the authors have shown that these relations are given by

geometric correlations in hidden metric spaces underlying each layer of the system.

These correlations come in two flavors: popularity correlations, which are correlations

between the degrees of nodes, and similarity correlations, which determine how likely

an individual is to connect to the same nodes in different layers. In simple terms, these

correlations control how “similar” the different contexts represented by the layers of

the system are. For further details on geometric correlations between layers of real

multiplex networks we refer the reader to [84]. Here, we focus on the impact of these

structural properties on the dynamics of our model. What is, in general, the impact of

geometric correlations on the behavior of the system? In particular, do stronger corre-

lations favor or hinder cooperation? To answer these questions, we perform numerical

simulation using the geometric multiplex model (GMM) developed in [84] (see Ap-

pendix A.1). The model generates networks with a power-law degree distribution and

a tunable level of mean local clustering. Furthermore, we can control the popularity

correlations (by tuning parameter ν ∈ [0, 1]) as well as the similarity correlations (by

tuning parameter g ∈ [0, 1]) independently from the individual layer topologies, which

allows us to study their impact in isolation. We calculate approximated phase diagrams
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similar to Fig. 3.2a) using the generated networks by performing numerical simula-

tions. In particular, to capture the bistable region of the system, we perform simulations

starting from different initial conditions, in particular CI,II = 0.01 and CI,II = 0.99 re-

spectively. The regions are separated by critical lines, above (below) which the harmony

(full defection) state is reached with a probability of more than 50% (dashed black lines

in Fig. A.3 in Appendix A.2). The difference between the critical lines for the different

initial conditions is an approximation of the bistable region.

Let us first consider the unbiased voter model, hence β = 0.5, and γ = 0.2. The sys-

tem either reaches full cooperation and consensus (“harmony state”), i.e. Cfinal
I , Cfinal

II =

1, a state where a mixed strategy prevails and full consensus is not reached (“snowdrift

state”), or full defection (“PD”). Furthermore, by comparing the outcomes from the dif-

ferent initial conditions, we are able to approximate the bistable region (“SH”), where

both full cooperation and full defection are possible solutions. Indeed, for Erd’́os-Rényi

networks the approximated phase diagram, see Fig. 3.3a), closely resembles the mean

field prediction for the isolated game dynamics. Whereas it is well known that hetero-

geneous topologies favor cooperation [135, 136, 137, 138, 139, 140], here we show that

the structural organization of the constituent layers to the multiplex plays an important

role. Specifically, the existence of geometric correlations intertwining the layers of re-

alistic multiplexes [84] significantly increases cooperation (compare Figs. 3.3b,c). In

particular, in Fig. 3.3d) we compare the area of the harmony region, which is largest

if geometric correlations are present. To conclude, the interplay between the dynam-

ics, the complex layer topologies, and—last but not least—the structural organization

of these layers into the multiplex leads to an increased cooperation.

Let us now consider β = 0.7 and γ = 0.2. The bias in the voter model shifts the

system towards cooperation and, for these parameters, the region of full defection dis-

appears. Furthermore, the behavior of the system in the bistable region is now different

from the aforementioned case. Full cooperation still is a possible solution, but instead of

full defection the other stable solution is given by a finite cooperation density (“mixed

region”). This region has no classical analogue.
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We observe that heterogeneous and clustered topologies in single layers increase co-

operation (compare Figs. 3.3e) and f)). The presence of correlations between the layers

increases the region in the parameter space where the harmony solution is approached,

and hence further increases cooperation (compare Figs. 3.3f and g). To facilitate this

comparison, in Fig. 3.3h) we show the size of the harmony region in the T − S phas-

espace. Interestingly, the harmony area is larger for the heterogeneous multiplexes with

geometric correlations and the unbiased voter model compared to the biased voter model

on Erd’́os-Rényi random multiplexes. We take this as further evidence for the impor-

tance to consider the structural organization of the individual layers into the multiplex.

The impact of correlations in the bistable region is especially interesting. We find

that in this region angular correlations lead to a metastable state in which nodes that

adopt the same strategy self-organize into local clusters. These clusters are sets of nodes

that are located at small angular distances in the underlying metric space. They emerge

spontaneously and are metastable in the sense that they can exist for very long times de-

spite the noise present in the system. This behavior is shown in Fig. 3.4. The emergence

of these clusters can be interpreted as a polarization of society into defecting and coop-

erating groups. Finally, the amount and size of the clusters is highly random and, as a

consequence, we observe a broad range of final cooperation densities in this parameter

region (see Fig. 3.6).

3.6 Concluding Remarks

Cooperation is common in reality in social dilemmas where many theories predict the

prevalence of defection. This contradiction could be resolved by taking into account

further domains of interactions between individuals, in particular social influence.

We have presented a model based on multiplex networks with two layers. One

layer represents the domain in which individuals engage in repetitive strategical games.

The second layer corresponds to the domain of social influence, which we model using

a biased opinion dynamics. The opinions can be understood as the proclamations of
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individuals regarding their strategy.

The coupling between the game and opinion dynamics mimics the tendency of indi-

viduals to be congruent with respect to their actions and opinions. Even in the absence

of a bias in the opinion dynamics, the coupling of the different dynamics combined with

complex layer topologies and geometric correlations governing their organization into

the multiplex increases cooperation. In reality, a positive bias towards cooperative at-

titudes could be achieved by media campaigns that promote pro-social behavior. Such

a bias shifts the system towards cooperation and can avoid full defection. Furthermore,

we have shown that the coupling of these dynamics in combination with geometric

correlations between the layers of the system can lead to a metastable state of high po-

larization, in which nodes that adopt the same strategy self-organize into local clusters.

These findings could explain the emergence and prevalence of polarization observed in

many social dilemmas.

Our findings show that taking into account the multiplex nature of human inter-

actions and the structural organization of these system is important to understand the

emergence of cooperation in social dilemmas and that the interplay between different

processes can significantly alter the behavior of the system.
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Figure 3.2: Behavior of the system for γ = 0.2 and β = 0.7 and 〈k〉 = 6. (a) Shows

the phase diagram. In the red area, full cooperation is the only stable solution and in the

opinion layer, “cooperate” is the only prevailing opinion. This behavior is illustrated in

the stream plot shown in d) for T = 0.6 and S = −0.2. In the blue area in a), the only

stable solution is a mixed state with 0 < CI < 1 and 0 < CII < 1, and in general we

have CI 6= CII . This region corresponds to T > Tc,2 ≈ 1.03. f) shows this behavior

as a stream plot for T = 1.2 and S = −0.2. In the green area in a), we have a bistable

behavior, where either full cooperation is approached in both layers, but the mixed state

is stable as well. e) shows this behavior as a stream plot for T = 0.9 and S = −0.2. In

the bifurcation diagrams in b) and c) this region corresponds to Tc,1 < T < Tc,2, where

Tc,1 ≈ 0.77. Green solid lines represent stable fixed points and dashed red lines unstable

fixed points.
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a) b) c)
d)

e) f) g)
h)

Figure 3.3: Approximated phase diagrams from numerical simulations for γ = 0.2 and

β = 0.5 (a− d)) as well as β = 0.7 (e− h). a) Erd’́os Rényi network. b) Using GMM

multiplexes uncorrelated, i.e. g = ν = 0. c) same as b) but with geometric correlation,

in particular g = ν = 1. d) shows the size of the “harmony” area in the phasespace for

different parameters, i.e. the size of the red area in (a-c). All networks have mean degree

〈k〉 = 6 and N = 10000 and the GMMs have power-law exponent 2.9 and temperature

TGMM = 0.4. The blue bar is for the Erd’́os Rényi networks as shown in (a), the yellow

bar represent the GMM model without correlations as shown in (b), and the green bar

denotes the GMM model with correlations as presented in (c). (e− h) shows the same

as (a)-(d) but for β = 0.7.
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Figure 3.4: Polarization of the system in the presence of angular correlations between

the layers (g = 1, ν = 0) for a multiplex with N = 5000 nodes, a power-law exponent

2.9, temperature 0.2, and mean degree 6 in both layers. Parameters of the game are

T = 0.8 and S = −0.4, the bias β is 0.7 and the coupling strength is 0.2. Results are

for a single realization of our model starting with a density of cooperators of 0.1 in each

layer. The top row shows visualizations of the network layers. Color coded is the mean

state of the each node, averaged over time. Each time step denotes 1000 update steps of

each node. The bottom row shows the evolution of the density of cooperators in each

angular bin. Numbers indicate selected clusters of nodes that tend to adopt the same

strategy. Each time step t denotes 103 rounds.
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Figure 3.5: Asymptotic density of cooperators in the T − S parameter space. a),

theoretical MF asymptotic solution in one layer (γ = 0). b), asymptotic MF solution of

eqs 3.7 for γ = 0.2 and β = 0.7. c), Average asymptotic density of cooperators for two

Erd’́os-Rényi networks of N = 1000 nodes and mean degree 〈k〉 = 5, with γ = 0.2 and

β = 0.7.
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Figure 3.6: Distribution of final cooperation (after 5 × 105 rounds) in the game layer

among 50 realizations of our model. The parameters are γ = 0.2 and β = 0.7, N =

10000 nodes, and mean degree 〈k〉 ≈ 6. Network layers have a power-law exponent

of 2.9 and temperature TGMM = 0.4. Here, we have fixed T = 0.6. Plots (a)-(c) show

the uncorrelated case (g = ν = 0) and (d)-(f) show the case of angular correlations

(g = 1, ν = 0). The value of S is shown in the respective plot title.



CHAPTER 4

Collective behavioral changes

The apparent paradox of shifting self-enforcing norms has attracted the attention of

researchers for a long time and a quantitative understanding of the processes of norm

change has remained elusive so far, probably hindered by the difficulty of accessing

adequate empirical data [141]. Here, we address this issue by focusing on shifts in

orthographic and linguistic norms through the lenses of about 5 million written texts

covering the period from 1800 to 2008 from the digitized corpus of Google Ngram [142]

dataset. Following the same approach that has allowed to quantify processes such as the

regularization of English verbs [143] or the role of random drift in language evolution

[144], we analyze the statistics of word occurrences for a set of specific linguistic forms

that have been historically modified either by language authorities or spontaneously

by language speakers in English or Spanish. These include words that changed their

spelling in time and competition between variants of the same word or expression. To

explore the mechanisms of norm change we consider three separate cases:

1. Regulation by a formal institution. We analyze the effect of the deliberations of

the Royal Spanish Academy, Real Academia Española (RAE), the official royal

institution responsible for overseeing the Spanish language, on the spelling of 23

Spanish words [145, 146, 147, 148, 149, 150, 151].

2. Intervention of informal institutions. We investigate the effect of dictionary

publishing in the US, and focus on the updating of American spelling for 724

67
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words [152, 153].

3. Unregulated (or ‘spontaneous’) evolution. We consider the alternation between

forms that are either unregulated or described as equivalent by an institution but

have nonetheless exhibited a clear evolutionary trajectory in time (i.e., we do not

consider the case of random drift as primary evolutionary force [144]). In partic-

ular, we examine (i) the evolution over time of the use of two equivalent forms for

the construction of imperfect subjunctive verbal time in Spanish, for 1, 571 verbs

[154], (ii) the alternation of two written forms of the Spanish adverb solo/sólo

(‘only’ or ‘alone’)[155], and (iii) 46 cases of substitution of British forms (e.g.,

words) with American ones in the US [156].

We show that these mechanisms leave robust and radically different stylized signatures

in the data, and we propose a simple evolutionary model able to reproduce quantitatively

all of the empirical observations. When a formal institution drives the norm change, the

old convention is rapidly abandoned in favor of the new one [157, 158, 159, 160, 161].

This determines a universal process of norm adoption which is independent of both

word frequency and corpus size. A qualitatively similar pattern is observed also for the

norm adoption driven by an informal institution, although in this case the adoption of

the new form is smoother and word dependent. In the case of unregulated norm changes,

finally, the transition from the old to the new norm is slower, potentially occurring over

the course of decades, and is often driven by some asymmetry between the two forms,

such as the presence of a small fraction of individuals committed to one of the two

alternatives [162, 163, 164].

4.1 Data and historical background

4.1.1 Spanish

Founded in 1713, the Real Academia Española (Royal Spanish Academy, RAE) is the

official institution responsible for overseeing the Spanish language. Its mission is to
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c)                                         d)

a)                                         b)

Figure 4.1: Illustrative examples of competing conventions in our dataset (relative fre-

quencies). a) Formal institution: the spelling of the Spanish word "quando" (when)

was changed into "cuando" by a RAE reform occurred in 1811. b) Unregulated evolu-

tion of two equivalent forms for the past subjunctive, -ra and -se, for the verb “colgar"

(to hang). c) Informal institution: the American Spelling "center" versus the British

spelling "centre". d) Unregulated evolution of “garbage", the American variant of the

British “rubbish".

plan language by applying linguistic prescription in order to promote linguistic unity

within and across Spanish-speaking territories, to ensure a common standard in accor-

dance with Article 1 of its founding charter: “... to ensure the changes that the Span-

ish language undergoes [...] do not break the essential unity it enjoys throughout the

Spanish-speaking world.” [165, 166, 167]. Its main publications are the Dictionary of

Spanish Language (23 editions between 1780 and today) and its Grammar, last edited in

2014. Particularly interesting for our study is the standardization process that the RAE

carried on during the 19th century, which enforced the official spelling of a number of

linguistic forms [146, 168].

Our data set contains 23 spelling changes occurred in four different reforms, in 1815,
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1884, 1911 and 1954 (The complete list of words examined is reported in the Appendix

A.3.3) [145, 146, 147, 148, 149, 150, 151]. To illustrate this, Fig. 4.1a) shows the

temporal evolution of the spelling change of the word quando (‘when’) into cuando

–regulated in 1815’s reform– in the Spanish corpus, showing a sharp transition (or “S-

shaped” behavior [157, 159, 160]). Different is the case of the adverb solo (‘only’ or

‘alone’), whose spelling variant sólo was added in the RAE dictionary in 1956 after

a long unofficial existence supported by a number of academics [155, 164, 169]. We

will consider the coexistence of these latter two forms as an example of unregulated

evolution.

A major example of unregulated norm change is offered by the Spanish past sub-

junctive, which can be built in two - equivalent [170, 171] - ways by modifying the

verbal root with the (conjugated) ending -ra or -se (additional details are in Appendix

A.3.2). For example, the first person of the past subjunctive of the verb colgar (‘to

hang’) could be indistinctly colga-ra or colga-se. Figure 4.1b) shows the growth of the

-ra variant, for all verbal persons, over two centuries. A similar behavior is found in

most Spanish verbs, the form -se being the most used at the beginning of XIX century

(preferred ≈ 80% of the times) to the less used at the beginning of the XXI century

(chosen ≈ 20% of the times). This peculiar phenomenon has attracted the attention of

researchers for the last 150 years and has not been entirely clarified [170].

Recent results suggest that, whereas individuals typically use only one of the two

forms, the alternation between the two variants tends to be found only in speakers who

prefer the -se form [171, 172], as confirmed also by a recent analysis of written texts

[173]. Thus, the users of −ra appear to be effectively committed to this unique form.

As we will see below, we will include the possibility of such asymmetries of behavior

into our model.

4.1.2 British English vs American English

The emergence of American English was encouraged by the initiative of academics,

newspapers and politicians –such as US President Theodore Roosevelt [162]– who over
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time introduced and supported new reforms [174]. The process gained momentum in

the XIXth century, when a debate on how to simplify the English spelling was opened in

the United States [163, 175, 176, 177], influenced also by the development of phonetics

as a science [178]. As a result, in 1828 Noah Webster published the first American Dic-

tionary of the English Language, beginning the Merriam-Webster series of Dictionaries

that is still in use nowadays [163, 179]. Some changes, such as color instead of colour

or center for centre, would become the distinctive features of American English. Figure

4.1c) shows the transition from the British spelling centre to the American center. The

complete list of the 724 words examined is provided in [153] and the double spelling

verified by the Merriam-Webster dictionary[152] (The complete list of words examined

is reported in [180]).

The phenomenon of ‘Americanization’ of English [156] is not limited to spelling but

includes also the introduction of different words or expression which over time replaced

the British ones. Recent works [156, 181] report how the globalization of the American

culture might be favoring the affirmation of their specific form of English. We will

consider a list of 46 American-specific expressions [156] (The complete list of forms

examined is reported in [182]) in relation to their British counterpart, such as garbage

vs rubbish reported in Fig. 4.1d), or biscuit vs cookie. In both cases, we will consider

only books listed in the American English Corpus of Google Ngram.

4.2 Model

We introduce a model that describes the evolution over time of two alternative forms of

a word (i.e., two alternative conventions). For example, the two norms might represent

each of the different cases described above, such as two spelling alternatives (-or vs -our

as in color/colour), two ways to form a verbal tense (-ra vs -se) or two different words

to refer to the same concept (biscuit vs cookie).

The model describes a system of books where instances of the two conventions

are continuously added by authors, as new books are published. Authors select which
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convention to use (i.e., which form to introduce in the system) either by following the

indications of an institution or considering previously published books. In the first case,

authors simply adopt the recommended norm (or ‘new norm’, for simplicity, as we focus

on cases of norm change). In the latter case, the convention to be used is selected with

a probability proportional to its frequency in the previous history. Additionally, some

authors can be committed to one specific form, thus being impermeable to any external

influence, as suggested by the literature on the study of orthographic norm change in

both English [162, 163] and Spanish [164].

All these elements are implemented in a modified Polya-Urn type model [183],

where the urn contains the number of previous occurrences of both forms (conventions).

The two different conventions are labeled as ‘new’ and ‘old’, and their number isN and

O respectively. The total number of conventions in the urn, W(t) = N (t) + O(t),

evolves in time asW(t) = w0e
α
β
t = w0e

rt. Parameter α quantifies the system’s growth

rate (growth of the total number of words over time, a parameter that can be experi-

mentally measured), whereas β denotes the response time and accounts for the typical

publication time. The evolution in time ofN andO is described by the following equa-

tions

1

r
N ′(t) = (1− c) [(1− γ)N (t) +W(t)γEN ] + cW(t) ,

1

r
O′(t) = (1− c) [(1− γ)O(t) +W(t)γEO] . (4.1)

New words are inserted by writers (authors). A writer is committed to the use of one

specific convention, with probability c), or neutral, with probability 1− c. As discussed

above, all committed writers privilege the same convention [162, 163, 164], which is

the new norm in the above equations. Neutral writers in turn follow the institutional

enforcement, with probability γ, or extract a convention from the urn, with probability

1−γ. For simplicity, we assume that each writer inserts just one convention and that the

probabilities c) and γ are constant. When an institution promotes the normN , it makes

an effort EN = 1 and EO = 0 otherwise (see Appendix A.3.1, for the symmetric case

of the institution promoting O), if the institution is impartial, both forms are a priori
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equivalent and EN = EO = 1
2
.

By imposing A = (1− c) (1− γ) andB = (1− c) γEN +c the equations forN ′(t)
takes the form:

1

r
N ′(t) = AN (t) +BW0e

rt , (4.2)

which solution is:

N (t) =
B

1− A
W(t) +KeArt . (4.3)

Setting N (t = 0) = N0 we have:

N (t) =
B

1− A
(
W(t)−W0e

Art
)

+N0e
Art . (4.4)

Using densities n(t) = N (t)/W(t) and o(t) = O(t)/W(t) = 1 − n(t), the general

solution of the system of equations (4.1) is:

n(t) =
B

1− A
(
1− e−r(1−A)t

)
+ n0e

−r(1−A)t , (4.5)

where n0 = N0/W0.

In the following sections we show that, by appropriately varying the parameter val-

ues, this analytic solution is able to reproduce in a quantitative way all the empirical

observations described below.
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4.3 Results

4.3.1 Regulation by a formal institution

In the main panel of Fig. 4.2 we consider the relative frequency, n(t), of appearance

of the new spelling for the 23 words in our dataset affected by RAE reforms [145,

146, 147, 148, 149, 150, 151] (The complete list of words examined is reported in the

Appendix A.3.3). By a simple rescaling (translation) of the time axis as t∗ = t − tr

(where tr is the regulation year for each specific pair of conventions), we find that all

the experimental curves collapse. A change in the behavior before (t∗ < 0) and after
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Figure 4.2: Regulation by a formal institution (Spanish, RAE). Main panel: Relative

frequency of the new spelling form as a function of the rescaled time t∗. Blue points

represent the average over all the considered pairs of words and the gray area the stan-

dard deviation of the data. The solid line is the prediction of the model outcome (eq.

(4.6)) after parameter fit (χ2 = 8 · 10−5, p = 0.99). The black vertical line denotes the

rescaled regulation year t∗ = 0. Inset: Frequency histogram of the old spelling form for

all pair of word forms, for different time periods (negative time refers to periods before

the regulation).

(t∗ > 0) the norm regulation is evident. This discontinuity is captured by the distribution
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of the old spelling among the words before and after the regulation in the inset panel of

Fig. 4.2. Importantly, such rescaling indicates the transition is size-independent. For

example, for the 1815 regulation, our dataset consists of S1815 = 59 books and S1815 =

4, 149, 151 words, whereas for the regulation enforced in 1954 we have S1954 = 2774

books and S1954 = 244, 138, 299 words, but transition between the old and new form

occurs over approximately the same amount of time in the two cases. Thus, regulation

by a formal institution yields a norm adoption that follows an abrupt, first-order-like

phase transition. For the case of formal regulation model parameters are γ = 1 and

EN = 1, so that eq. (4.5) reduces to

n(t) = (1− c)
(
1− e−rt

)
+ n0e

−rt , (4.6)

The main panel of Fig. 4.2 shows that the fit of eq. (4.6) matches the empirical data

(c = 0.03, r = 0.21/year and n0 = 0.39).

4.3.2 Intervention of informal institutions

We now focus on the dynamics occurring between American and British spelling through

the analysis of 724 words as they appear in our US corpus (See Appendix A.3.5 for

further information and [180] for the complete list). We set EN = 1 (presence of in-

stitutions) and take into account that the institution is informal by considering γ < 1.

For each pair of conventions we identify the year τ in which the American form sur-

passed in popularity the British one (the inset panel of Fig. 4.3 shows the empirical

frequency distribution of these surpassing times P (τ)). The main panel of Fig. 4.3

shows that by rescaling time via simple translation t∗ = t − τ all experimental curves

collapse, similarly to the above case of formal institution. The model eq. (4.5) repro-

duces notably well the data collapse (parameters r (1− A) = 0.01, B
1−A = 0.4, and

n0 = n(t∗ = 0) = 0.5 by construction).
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Figure 4.3: Regulation by informal institutions. Main panel: Relative frequency of the

American spelling for 724 English words as a function of the rescaled time t∗ (t∗ = 0,

denotes the surpassing year, for all pairs of words considered). Blue dots represent

the average over all the pairs of words and the gray area the standard deviation of the

data. The solid line is the model outcome, eq. (4.5), after parameter fit (χ2 = 6 · 10−4,

p = 0.98). Inset: Distribution P (τ) of the years τ in which the American form overcame

the British variant for each word. Vertical lines denote important moments of informal

regulations of the US spelling, like dictionary editions or spelling updates (additional

details are in Appendix A.3.4)
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4.3.3 Unregulated evolution

As a third case we explore the process of unregulated norm change by considering the

relative frequency of appearance of the form sólo (vs solo) (Spanish for ‘only’)[155] in

the Spanish corpus, the relative frequency of appearance in the Spanish corpus of the

past subjunctive form ending in −ra and the one ending in −se for 1, 571 verbs (See

[184, 185] for the complete list of verbs), and the relative frequency of appearance in the

US corpus of 46 cases, among words and expressions, of substitution of British forms

with American ones (See [182] for the complete list of cases). As institutions do not

play a role we impose γ = 0 in eq. (4.5).This yields A = 1− c, B = c and a prediction

n(t) =
(
1− e−rct

)
+ n0e

−rct . (4.7)

Figure 4.4a) and b) show that the growing of the form sólo as well as the growing of

the −ra form for the subjunctive of Spanish verbs are well captured by eq. (4.7) (solid

lines correspond to the model predictions after parameter fitting). The fit returns the

values rc = 0.02/year for the case of ‘solo’ and rc = 0.006/year for the case of the

subjunctive. The parameter r is the growing rate of the system for which is common

to all cases related to the same corpus. We can use the value calculated in the fit for

the spelling change of Fig. 4.2, r = 0.21/year. We obtain c ≈ 0.09 for Fig. 4.4a)

and c ≈ 0.03 Fig. 4.4b). Finally, Fig. 4.4c) displays the model fitting (rc = 0.002)

to the growth of American forms, showing again a good agreement between empirical

observations and eq. (4.7). It is worth noting that solo (without accent) can be used also

as an adjective. However, while the competition solo/sólo concerns only the adverb, the

data do not allow us to distinguish between the adverb or adjective case. Our analysis

shows that the adverb is dominant, as the adverb-specific sólo is nowadays the most used

form, but the non-saturation of the curve in Fig. 4.4a) can be interpreted as a signature

of the presence of a percentage of adjectives in our dataset
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a) b) c)

Figure 4.4: Unregulated norm change. a) Case ’sólo’ versus ’solo’. Blue dots repre-

sent the relative frequency of the Spanish adverb ’sólo’ (increasing in detriment of the

alternative form ’solo’). Solid line is the prediction of eq. (4.7) for this case, after pa-

rameter fit (χ2 = 0.002, p = 0.96). The vertical line signs the year 1956 when RAE

intervened explicitly on the case [155, 164, 169]. The curve saturates to a value smaller

than 1 probably due the presence of a percentage of adjectives, indistinguishable from

the adverb in the data. b) Case of ’-ra’ versus ’-se’. Blue dots represent the relative

frequency of the form -ra (increasing in detriment of the alternative but equivalent form

-se) in Spanish past subjunctive conjugation of verbs, averaged over all verbs consid-

ered. Solid line is the specific prediction of eq. (4.7) for this case, after parameter fit

(χ2 = 0.01, p = 0.91). c) Case of Americanization of English in US. Blue dots repre-

sent the relative frequency of the American variant (with respect to the British variant)

in US corpus, averaged over all the expressions examined. Solid line is the specific

prediction of eq. (4.7) for this case, after parameter fit (χ2 = 0.004, p = 0.95). For all

the cases the grey area identifies the standard deviation of the data.

4.3.4 Microscopic dynamics

As a further assessment, we run stochastic simulations of the urn model to reproduce

the microscopic evolution of each pair of conventions for the case of spontaneous tran-

sition and for the case of the intervention of informal institution. The simulations are

performed as follow. At the begging the urn is composed byW0 conventions in the state

O. At each timeWt+1 = αWt new books are introduced, whose authors select which

convention to use with the following rule. With probability c) the author is committed
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Figure 4.5: Empirical and simulated growing rate for the Spanish unregulated case of

alternation of −ra and −se. a) shows the growing rate of the number of books for the

Spanish corpus. b) shows the growing rate of the total number of occurrence of the form

−ra and −se. c) shows the comparison of data and simulations

.

and a convention in the state N is added; with probability (1− c) (1− γ) the author

selects one convention from the urn and reproduces it; and with probability (1− c) γ
the author follows the institution effort: with probability (1− c) γEN a convention in

the state N is added while with probability (1− c) γEO a convention in the state O is

added. We impose the values recovered by the fitting procedure to set the parameters

c) and γ in the simulations. The growing rate α was experimentally measured from the

dataset. Figure 4.5.a) shows the growing rate of the number of books for the Spanish

corpus and Fig. 4.5.b) the growing rate of the total number of occurrence of the form

−ra and −se. At last Fig. 4.5.c) shows the comparison of data and simulations.

In each numerical experiment we impose the parameters recovered through the fit-

ting procedure described above. The microscopic dynamics is performed as follow.

At the begging the urn is composed by W0 conventions in the state O. At each time

Wt+1 = αWt new books are introduced, whose authors select which convention to use

with the following rule. With probability c) the author is committed and a convention in

the state N is added; with probability (1− c) (1− γ) the author selects one convention

from the urn and reproduces it; and with probability (1− c) γ the author follows the
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institution effort: with probability (1− c) γEN a convention in the state N is added

while with probability (1− c) γEO a convention in the stateO is added. We impose the

values recovered by the fitting procedure to set the parameters c) and γ in the simula-

tions. The growing rate α was experimentally measured from the dataset. We initially

a) b)

c) d)

Figure 4.6: Empirical and simulated distributions for the relative frequencies of a given

form. Top: Spanish subjunctive case, -se variant. a) reproduced the empirical obser-

vation of the equivalent distributions b). Bottom: Intervention of informal institution

case, UK spelling variant in US corpus. c) can be compared with the actual empirical

distribution d). The simulated distributions refer to 200 simulations run with the model

parameters recovered through the fitting procedure of the precedent sections.

consider the case of unregulated (spontaneous) norm adoption. In Fig. 4.6a) and b)

we report probability distribution of observing a relative frequency n(t) for the verbal

form -se, estimated by simulating the evolution of all verbs for which we have empirical

record. In the numerical experiment, initial conditions were informed by the empiri-

cal distribution of verbs frequencies D(ν) in written texts (a power law distribution of

the form D(ν) ≈ ν−1.75). The simulation results suggest that our model captures well

the ensemble evolution over time of the whole empirical distributions. Similarly, Fig.
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4.6c) and d) show empirical and numerical results for the class of norm adoption via

informal authority, in the case of American Spelling change. To account for multiple

interventions of informal institutions, numerical experiments were run by ‘switching

on’ the parameter γ at different, randomly chosen, times. Moreover, the American case

consists of conventions that manifest themselves through specific set of words, i.e. the

spelling of or instead of our in behavio(u)r or colo(u)ror -ize instead of -ise in verbs.

Thus, we let γ and c) vary randomly in each simulation to reproduce the fact that, in

this case, the transition from the old to the new convention is word-dependent.

By visually comparing empirical distributions of conventions over time for each

norm adoption class (inset panel of Fig. 4.2, Fig. 4.6b), and Fig. 4.6d) for formal

authority, spontaneous and informal authority respectively) it is evident that, micro-

scopically, the transition from the old to the new convention is governed by different

dynamics. For enforcements by formal authorities (inset panel of Fig. 4.2), when the

norm is regulated the system simply switches to the new convention. On the other hand,

for unregulated (spontaneous) norm change (Fig. 4.6b)) the distribution essentially re-

mains unaltered but for a translation of its mean value which gradually shifts from 1

to 0. Finally, for the interplay between imitation of past history and alignment with

the informal institution (Fig. 4.6b)) yields a broadening of the shape of the distribution

over time. This difference is captured by the role of γ as evidenced by the simulated

distribution of Fig. 4.6a) for γ = 0 and Fig. 4.6c) for 0 < γ < 1.

4.4 Concluding Remark

In this work we have capitalized on a recently digitized corpus to explore the complex

process of norm change in the context of orthographic shifts. Through the analysis of

2, 364 cases of convention shifts occurred over the past two centuries, we identified

three distinct mechanisms of norm change corresponding to the presence of an author-

ity enforcing the adoption of a new norm, an informal institution recommending the

normative update and a bottom-up self-organized process by which language users re-
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shape the norm. Each of these norm adoption mechanisms displayed different stylized

patterns in the data, which we were able to accurately describe and recover in both a

qualitative and quantitative way thanks to a single analytical model. By further simu-

lating the model we were also able to accurately describe the microscopic dynamics of

norm adoption found empirically. We found that when an institution is present the tran-

sition is sharp, and in the case of a formal institution it takes the form of a first-order-like

phase transition, whose characteristic time appears to be system-independent and does

not depend on the relative importance of the word which is suffering the orthographic

change. Conversely, the bottom-up process of spontaneous change is a purely collective

phenomenon. The mechanisms of imitation and reproduction are keys to bring about

the onset of the new norm, catalyzed by to the presence of committed activists.

The interplay between these two mechanism is represent by a transition driven by

an informal institution. The transition is significantly faster than the spontaneous case,

therefore associable with a first-order-like phase transition, but at the same time depen-

dent on the word involved.

This work advances the current understanding of norm shifts in language change,

most often limited to qualitative illustrations (e.g., the observation that adoption curve

of the new norm follows an âĂŸS-shapedâĂŹ behavior)[143, 144].



CHAPTER 5

General Conclusions

When we approach the study of collective human behaviors we find ourselves facing a

vast field both in terms of themes to be treated and in terms of existing models. The

topics dealt with in this thesis are all part of the general problem of social consensus,

namely how a convention flourish and decay and what motivates people to conform to

it. Some conventions arise directly from the need to coordinate or conform, such as

fashion or speaking the same language, others, instead, apply to situations where there

is a tension between individual and collective interest, such as cooperation, reciprocity,

etc.. [8].

The simplest and probably the most famous model describing the mechanism lead-

ing to the formation of the first type of conventions is the Voter Model, in which the

final shared state is the result of direct imitation among individuals. The dynamics of

the second type is captured by the evolutionary game theory where individuals, balanc-

ing costs and benefits, may decide to conform or to transgress (to cooperate or defect).

These models are able to capture some microscopic variables that are essential for un-

derstanding average population behavior but, at the same time, they leave open issues

such as how coexistence of concurrent conventions is possible, why cooperation in real

systems is more common than predicted and how a population undergoes collective be-

havioral change, namely how an initially minority norm can supplant a majority ones.

These are the main questions that have motivated and directed my research over these

years. Thanks to different collaborations I was able to deepen the three topics and de-

83
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velop three distinct works.

In the first we focus on formulate a model able to contemplate the coexistence of

opposing options as a stable dynamical solution. The model was inspired by a model

of languages competition, the Abrams-Strogatz model, in which authors introduce the

important observation about how languages in a bilingual society can have a different

social status [21]. The perception that a language has a greater prestige than the other

leads eventually to the death of the latter. Anyway, while many minority languages are

dying, others continue to coexist with the majority ones. Our proposal is that one of

the reasons for this coexistence may lie in the fact that different languages are spoken

in different situations and that the perception of the status of a language may depend on

the context in which it is spoken. In practice, each individual receives competing so-

cial pressures. Our model can naturally be applied to the description of the competition

between two generic options (i.e. opinion, language, conventions...). We consider that

the non-consensus states can be the result of the participation of individuals in distinct

networks represented as distinct layer of a multiplex network. Social interactions within

a given social context (a layer) are denoted by intra-layer links, while inter-layer links

represent the tendency to maintain the same option across the domains. Though sim-

ilar models [49, 73, 88] have already been performed in multiplex networks, the main

novelty of our study lies to the fact that individuals can have different options in dif-

ferent layers. This naturally reflects that an individual can consent with its connections

in a given social context but in other context may have different opinion or language.

Our analysis shows that the latter property enriches the system’s dynamics and allows

not only for a global consensus on the same option for both layers, but also for active

dynamical states of coexistence: a new mean field solution where both options coexist

has been found. These states have also been found in numerical simulations, where,

however, finite size effects can finally drive the system to consensus. Moreover, we

examined both the impact of networks’ topology and correlations between layers on the

dynamics by numerical simulations with Geometrical Multiplex networks. We find that

high correlations between layers promote the coexistence of different inter-layer islands
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of nodes in the same state for small values of the coupling, while high values of the

coupling facilitate the achievement of a full consensus state.

With the first model we find that multiplex networks have proved to be an excellent

tool as it allow the representation of different dynamics simultaneously and more so-

phisticated behavior of the individuals. We have therefore decided to apply the same

philosophy to the study of social dilemma.

In the second model we analyze the influence of opinion dynamic in competitive

strategical games. Cooperation between humans is quite common and stable behavior

even in situations where both game theory and experiments predict defection prevalence.

One of the reasons could be just the fact that individuals engaging in strategic interac-

tions are also exposed to social influence and, consequently, to the spread of opinions.

To account for this interplay we present a new evolutionary game model where game

and opinions dynamics take place in different layers of a multiplex network. We assume

that social influence impacts the players actions and, vice versa, that the actions in the

game layer impact the opinions propagated in the system. We show that the coupling

between the two dynamical processes can lead to cooperation in scenarios where the

pure game dynamics predicts defection. In addiction, we consider that the layers com-

prising real multiplex systems are not entirely independent, but exhibit certain relations

between layers structure. These relations affect the dynamics by increasing the level of

cooperation and, in some particular setting, by giving rise to a metastable state in which

nodes that adopt the same strategy self-organize into local groups. Naturally, real social

and strategic interaction networks evolve in time, and their evolution could depend on

the strategic choices of individuals[186, 187]. Hence, the inclusion of an evolving and

adaptive topology constitutes and interesting task for future work.

A relevant mechanism supporting stable cooperation is the possibility for cooper-

ators to avoid defectors [188]. This can be achieved by providing the opportunity for

players to change their neighbors. It was experimentally shown [189] that reputation

drives the way individuals change their interaction and, as a consequence, that the re-

configuration of the network supports cooperation. However, in many real situations
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it is often hard or even impossible for a person to determine who has cooperated or

defected [188]. With our multiplex setting we could insert a sort of expectation of co-

operation based on the information an agent collects from the network of opinions. In

fact, Kreps et al. [190] argue that a small belief on an opponent’s next cooperation is

enough to support a cooperative play. Rather, players could choose not to continue inter-

action in groups where the outcome is unsatisfying. Furthermore, one could include the

competition[86, 124, 191] between different strategic networks, or incorporate external

noise[119].

The two models exposed have in common the interaction of concurrent dynamics

and the possibility for individuals to take different states in different contexts, namely

to be inconsistent. These novelty enrich the dynamics with properties that do not exist

in the corresponding single-layer models like for example different types of coexis-

tence between states. Moreover, the consistency of individuals in different contexts is

not an imposed parameter but emerge spontaneously from dynamics only under cer-

tain conditions. In both models we found that high correlations between the networks

composing the multiplex promote individuals consistent behavior and the formation of

groups sharing the same state across the layers. These findings suggest that hidden

geometric correlations between different layers of multiplex networks can alter the be-

havior of the dynamics taking place on the top of them significantly, and hence such

correlations should be taken into account when modeling dynamical processes on mul-

tiplex networks [128]. A recent study [192], always in the field of evolutionary game

dynamics, shows that if the degree of nodes is correlated among different layers, which

is very common in real multiplex networks [63, 84, 193], the dynamics depends strictly

on the topology instead of the payoffs, topological enslavement [192]. In particular, the

authors show that if the degrees correlations are strong enough, the topological enslave-

ment makes the outcomes of the two opposite games, Prisoners’ Dilemma and Harmony

Games, indistinguishable.

In the last work of my research we present the first (to the best of our knowledge)

extensive quantitative analysis of the phenomenon of norm change, namely what hap-
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pens when a new social norm replaces an old one. While the possible forces favoring

norm change - such as institutions or committed activists - have been identified since a

long time, little is known about how a population adopts a new convention, due to the

difficulties of finding representative data. We address this issue by looking at changes

occurred to 2,365 orthographic and lexical norms in English and Spanish through the

analysis of a large corpora of books published between the years 1800 and 2008. We

detect three markedly distinct patterns in the data, depending on whether the behavioral

change results from the action of a formal institution, an informal authority or a spon-

taneous process of unregulated evolution. We propose a single evolutionary model able

to capture all the observed behaviors and we show that it reproduces quantitatively the

empirical data. Our results shed new light on the dynamics leading to the adoption of

a new linguistic conventions and may have implications on the more general process

of norm change. Today’s technology, and in particular online social networks, are re-

portedly speeding up the process of collective behavioral change [194, 195] through the

adoption of new norms, with positive [196] and negative effects [197, 198]. Under-

standing the microscopic mechanisms driving this process and the signature that it may

leave in the data will lead to a better understanding of our society as well as to possible

interventions aimed at contrasting undesired effects. In this perspective, our work will

be of interest to researchers investigating the emergence of new political, social, and

economic behaviors [199].

It is important to delimit the scope of our findings in order to lay the foundations for

a future extension. First, we only considered cases for which historical records show

that a norm change did occur and we did not attempt to predict whether a specific form is

at risk of being substituted or not [143]. Second, we considered that the new convention

had an advantage over the old one, represented either by the intervention of an institution

or by the presence of committed users [162, 163, 164], and we did not consider examples

where random drift is the dominant evolutionary force [144]. In a random drift process,

variations within a language may occur without any social mechanisms operating at

all: "is change that results from the random fluctuations in replicator frequencies in
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a finite population" [159]. Over time, these random fluctuations can eventually lead to

replacement of a linguistic form with an alternative one [144]. Random drift is identified

as an essential null hypothesis in population genetics [144, 200] and cultural evolution

[144, 201].

The symmetry breaking between the two alternative forms with respect to the ran-

dom drift can concern both sociological issues and the word itself. In our model we

focused on the first one, analyzing the effect of regulation (formal or informal) and of a

committed minority. In this respect, it is worth mentioning that the role of a committed

minority has been investigated in the context of various multi agent models where it has

been shown to play an important role on the final consensus provided its size exceeds

a certain threshold [10, 202, 203, 204, 205]. Other important social mechanisms re-

sponsible for the evolution of language can, instead, concern individuals’ motivations.

A possible extension of our model could be considering costs and benefits of repro-

ducing a norm [8]. In this perspective, the committed minority can be interpreted as

defectors who do not intend to change their status to adapt to the majority [206]. Costs

and benefits may depend on numerous social and individual factors [7, 8] and gener-

ally refer to language innovations [207] or language changes due to conflict between

multiple languages as in the contact between two linguistically independent populations

[158] or in the loanword phenomena (foreign words incorporated into a language with-

out translation)[208]. In any case, defining the individual factors that drive a person to

conform is "one of the major challenges for those interested in the evolution of norms"

[7].

The mechanisms regarding the evolution of language find their counterpart and are

an expression of the more general phenomena of cultural evolution. The recent digiti-

zation of millions of books in different languages opens the way for a new quantitative

investigation of cultural trends [142]. Taking advantage of this new possibility, our

massive study improves the comprehension and the analytical description of how a pop-

ulation undergoes behavioral change, with implications ranging from study of collective

dynamics in large groups to Economics and the Social and Political Sciences.
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Summarizing, the results achieved in these works show that in modeling human

behaviors an important role is played by the fact that individuals participate simultane-

ously in different social contexts. This implies that individuals are subject to both the

influence of different social dynamics and different, but not independent, connecting

structures. We have also shown that, in the complex process of collective shift in norm

adoption, the nature of the norm shift leaves distinct patterns in the data represented by

three different types of dynamical transition. This last work advances the current under-

standing of norm shifts in language change, most often limited to qualitative illustrations

(e.g., the observation that adoption curve of the new norm follows an âĂŸS-shapedâĂŹ

behavior [159]).

Work in the field of collective human behavior can never actually be concluded. Ev-

eryone adds a piece, focusing on the role of some specific aspects and each time the

deeper understanding of some phenomenon opens the way for new questions. Even if

these are formally the conclusions of my thesis, I consider this research the basis for

directing my work in the future. After studying separately the role of the interaction be-

tween topologies and dynamics, and the the role of different driving forces (i.e. formal

or informal authority and committed minority) in collective behavioral change, I natu-

rally developed the curiosity to find out what happens if we combine these ingredients.

For example, what is the role of topology in norms transitions? or in which way author-

ities (formal or informal) or committed activist can alter the affirmation of cooperation

or the coexistence of opposing conventions?

Recent studies [141, 209, 210] have actually revealed the crucial role of each of

these mechanisms when they work in interaction.

An experiment [209] conducted in 56 US schools shows that a critical mass of con-

nected individuals adopting a new conventional behavior can spread the change through

a social network [141, 210]. Encouraging a small set of students to take a public dis-

tance against bullying reduced student conflicts by 30% in a year. In particular "network

analyses reveal certain kinds of students (called "social referents") have an outsized in-

fluence over social norms and behavior at the school" [209]. Moreover, local cluster of
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committed adopters of a new behavior may also emerge due to a perceived recognition

of an individual benefit [210]. Many theories [211, 212, 213, 214] suggest that members

of a group often infer which is the typical behavior by observing the behavior of the,

so called, "social referents", individuals considered important as a source of normative

information [209]. It comes out that these social referents have also a central role in the

networks, i.e. by having many connections [209].

It is increasingly evident that the topology of the interaction and social dynamics

can not be treated separately. Paraphrasing the famous phrase of John Wheeler 1 we

could say that People tell topology how to shape; topology tells people how to behave.

1"Spacetime tells matter how to move; matter tells spacetime how to curve ", John Archibald Wheeler



The Heart of Gold fled on silently through the night of space, now on conventional

photon drive. Its crew of four were ill at ease knowing that they had been brought

together not of their own volition or by simple coincidence, but by some curious

perversion of physics - as if relationships between people were susceptible to the same

laws that governed the relationships between atoms and molecules.

"The Hitchhiker’s Guide to the Galaxy", Douglas Adams.
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A.1 The Geometrical Multiplex Model

ri
αi

i

Figure A.1: Visualization of a network in the hyperbolic space. The skyblue area shows

the basin of attraction of the node, defined by its radial coordination δ and angular

coordination ν.

The geometric multiplex model is based on the (single-layer) network construction

procedure of the newtonian S1[215] and hyperbolic H2[216] models. The two models

are isomorphic and here we present the results for the H2 version. In the previous pre-

sented model of complex networks the nodes were equipped with a single characteristic,

the degree. Here, instead, to each node are assign two characteristics corresponding to

two coordinate in the hyperbolic space. The first is the popularity, directly interpretable

as its degree and the second is the similarity. Similarity is an abstract feature that defines

the affinity between two nodes: If the network describes the connections between peo-

ple, similarity indicates how much the two people are actually similar, i.e. they listen

the same music or they like the same movie director and so on.. If two people have little
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popularity, similarity plays a very important role in establishing connections.

The construction of a network of size N proceed firsts by assigning to each node

i = 1, . . . , N its popularity and similarity coordinates ri, α, specified by the radial and

angular coordinate of the node, see Fig. A.1. Subsequently each pair of nodes i, j is

connected with probability

p(xij) = 1/(1 + e
1
2T

(xij−R)) , (A.1)

where xij is the hyperbolic distance between the nodes and R ∼ lnN . The coordinates

of the nodes define its basin of attraction. The connection probability p(xij) is the

Fermi-Dirac distribution where the temperature parameter TGMM controls the level of

clustering in the network. The average clustering c̄ is maximized at T = 0, linearly

decreases to zero with T ∈ [0, 1), and is asymptotically zero if T > 1. As T → 0 the

connection probability becomes the step function p(xij)→ 1 if xij ≤ R, and p(xij)→ 0

if xij > R. It has been shown that the S1 and H2 models can build synthetic networks

reproducing a wide range of structural characteristics of real networks, including power

law degree distributions and strong clustering [215, 216]. The use of these models for

the single-layer networks allows for radial and angular coordinate correlations across the

different layers. The level of these correlations can be controlled by model parameters

δ ∈ [0, 1] and ν ∈ [0, 1], without affecting the topological structure of the single layers.

The radial correlations, related to the node’s degree, increase with parameter δ—at δ =

0 there are no radial correlations, while at δ = 1 radial correlations are maximized.

Similarly, the angular correlations increase with parameter ν—at ν = 0 there are no

angular correlations, while at ν = 1 angular correlations are maximized. The radial, or

similarity, correlation define the probability of links overlap across the layers. See [84]

for details.
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A.2 Supplementary information for Chapter 3

A.2.1 Final cooperation

In Fig. A.2 we show the final density of cooperators averaged over 50 realization of the

system.
a) b) c) d)

e) f) g) h)

Figure A.2: Final density (after 5× 105 rounds) of cooperation for different correlation

values. (a, e) Uncorrelated (g = ν = 0). (b, f) Radial correlations (g = 0, ν = 1).

(c, g) Angular correlations (g = 1, ν = 0). (d, i) Angular and radial correlations

(g = 1, ν = 0). Game layer is shown in the top row (a-d). Opinion layer is shown in

the bottom row (e-h).
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A.2.2 Phase diagrams for numerical simulations

Fig. A.3 shows the probability to reach the harmony state from different initial condi-

tions. The region in which the final state differs for the different initial conditions is the

bistable region.

a) b)

Figure A.3: Results for GMM multiplexes with γ = 0.2, β = 0.7, N = 10000 nodes,

g = 1, and ν = 0. (a) Probability to reach the harmony state starting with CI,II = 0.01

and g = 1, ν = 0. (b) The same for starting with CI,II = 0.99.
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A.2.3 Impact of the coupling constant γ

In Fig. A.4 we show the bifurcation diagram with the coupling strength γ as a control

parameter. At a critical value γc ≈ 0.4 the system undergoes a transcritical bifurcation.

For 0 < γ < γc we have a stable mixed solution, which is particularly interesting. In

the main text, we therefore fix γ in this range.

a)

b)

Figure A.4: Bifurcation diagram for the prisoner’s dilemma (T = 1.5, S = −0.5) for

β = 0.7 as a function of the control parameter β. Top: Density of cooperative attitude

in the opinion layer. Bottom: Density of cooperators in the game layer.
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A.3 Supplementary information for Chapter 4

A.3.1 Symmetric case for Eq. 4.2

When the commitment supports the old convention O, eq. (1) takes the form:

1

r
N ′(t) = (1− c) [(1− γ)N (t) +W(t)γEN ]

1

r
O′(t) = (1− c) [(1− γ)O(t) +W(t)γEO] + cW(t) . (A.2)

A.3.2 Spanish past subjunctive

In Spanish two equivalent forms exist to construct the past subjunctive : the one ending

in −ra and the one ending in −se (as in pensa-ra and pensa-se âĂŸhad thoughtâĂŹ).

The form−se evolved from the Latin plusquamperfect subjunctive, while the form−ra
evolved from the Latin plusquamperfect indicative [217].

A.3.3 Spanish spelling reforms

We present the complete list of the 23 words examined in the Spanish spelling change

case, grouped into their respective reforms [145, 146, 147, 148, 149, 150, 151].

• 1815 :

– antiquario → anticuario (anti-

quarian)

– quaderno → cuaderno (note-

book)

– quadro→ cuadro (picture)

– quando→ cuando (when)

– quanto→ cuanto (how much)

– quarto→ cuarto (fourth)

– quatro→ cuatro (four)

– quociente → cociente (quo-

tient)

– quota→ cuota (quote)

– quotidiano→ cotidiano (daily)

– Equador→ Ecuador (Ecuador)

– iniquo→ inicuo (iniquitous)

– obliquo→ oblicuo (oblique)

• 1884
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– guion→ guión (script)

– truhan→ truhán (rogue)

– virey→ virrey (viceroy)

– vireina → virreina (viceroy’s

wife)

– vireinato → virreinato

(viceroyalty)

• 1911

– ó→ o (or)

– á→ a (to)

• 1954

– dió→ dio (it gave)

– fué→ fue (it was)

– vió→ vio (it saw)

A.3.4 American Spelling Important Moments

Important moment for the American spelling reforms

• 1806 Noah Webster published ’A Compendious Dictionary of the English Lan-

guage’

• 1828 First American Dictionary ’An American Dictionary of the English Lan-

guage’

• 1848 Alexander John Ellis published ’A Plea for Phonetic Spelling’

• 1876 American Spelling Reform Association were founded and start to adopt the

reforms

• 1883 The Chicago Tribune newspaper start to adopt the reforms

• 1906 The Simplified Spelling Board was founded and President of the United

States Theodore Roosevelt signed an executive order imposing the use of re-

formed spelling in the official communications of the Congress.
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• 1919 H.L. Mencken published the first edition of The American Language

• 1926 Henry Fowler published the first edition of Dictionary of Modern English

Usage

• 1969 Harry Lindgren published Spelling Reform: A New Approach

A.3.5 British and American spelling conflict

It is important to mention that, in the spellings conflict case, the various acceptation of a

term, such as singular or plural, or, for a verb, present, past.. ecc, were considered sepa-

rately because they behave differently. As en example of the last phenomena we report

in Fig. A.5 the evolution of the singular and the plural of the word “behavior/behaviour"

(American/British spelling). The American spelling of the singular exceeds that of the

British almost a century before the plural one.
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Figure A.5: (A) Evolution of “behavior", the American form and “behaviour", the bris-

tish form. (B) Evolution of the plural “behaviors" and "“behaviour""



Resumen

Los temas tratados en esta tesis son todos parte del fenómeno más general del consenso

social, específicamente, cómo florece y decae una convención social y qué motiva a

las personas a ajustarse a ella. Es un hecho común notar que las personas que interac-

túan finalmente se vuelven más parecidas, construyendo esas convenciones sociales que

subyacen a muchas relaciones sociales y económicas [6, 7, 8, 9]. Ejemplos van desde

conducir por el lado derecho de la calzada, hasta el lenguaje, las reglas de cortesía o los

juicios morales. Las convenciones pueden surgir gracias a la acción de alguna institu-

ción formal o informal, o mediante un proceso auto-organizado en el que el consenso a

nivel global es la consecuencia involuntaria de individuos que se coordinan localmente

[7, 10].

En el contexto de los comportamientos colectivos que pueden desarrollarse en los

sistemas sociales, voy a tratar la dinámica de las opiniones, el fenómeno de la coop-

eración humana y la evolución de las normas sociales. La evolución dinámica de las

opiniones y la norma social a menudo se cruzan con una descripción en términos de

idiomas. De hecho, el fenómeno de la existencia de un lenguaje común se toma como

un prototipo del proceso de consenso social.

Un aspecto fundamental que debe tenerse en cuenta al modelar los sistemas sociales

es la topología de la interacción que define, en términos generales, quién interactúa

con quién. Varios estudios [11, 52, 60] demuestran cómo, aunque las reglas dinámicas

son las mismas, varias topologías conducen a resultados diferentes, señalando cómo

la estructura de la interacción es fundamental en la emergencia de comportamientos

colectivos humanos específicos. La estructura de los sistemas sociales se representa a

través del uso de herramientas de redes complejas, una representación matemática de

un grupo de entidades interactuantes en el que la interacción entre los componentes es

101
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crucial en la aparición de estructuras organizadas y los comportamientos colectivos.

Varios modelos [11, 47, 48, 49] se han propuesto para describir el proceso de con-

senso social, siendo el voter model uno de los más simples y más estudiados [50]. El

voter model es un modelo con dos estados equivalentes, primero introducido para de-

scribir la competencia de especies biológicas [50] y más tarde nombrado como el mod-

elo de votante en ref. [51] para su interpretación inmediata en términos de votaciónes

[11]. En el voter model, se llega a un estado final común como resultado de la imitación

directa entre individuos. Por lo tanto, una sucesión de consensos locales se convierte en

un consenso total.

Las dinámicas que conducen al surgimiento de la cooperación, en cambio, son cap-

turadas por la teoría evolutiva de juegos (Evolutionary Game Theory) donde los individ-

uos, al equilibrar los costos y los beneficios, pueden decidir conformarse o transgredir

(cooperar o desertar). Los modelos de juego se basan en el mecanismo de adaptación

porque los individuos necesitan adaptar su estrategia en función de cómo funcionó en

relación con las estrategias elegidas por los demás. El equilibrio dinámico se alcanza

cuando todos los individuos decidieron no cambiar su estrategia y no se da por hecho

que todos converjan en la misma.

Parte de mi trabajo será extender los modelos de comportamiento colectivo antes

mencionados a estructuras más complejas llamadas Multiplex. Una red multiplex [64,

80, 124, 218, 219] consiste en dos o más redes interconectadas que se encuentran en dis-

tintas capas. Las capas tienen el mismo número de nodos que están conectados con sus

contrapartes en las capas y, en general, tienen una estructura de conectividad diferente

dentro de las capas [124, 218]. El modelo de las redes multiplex introducido permite

un enfoque más realista en el estudio de las interacciones individuales que se pueden

comunicar a través de diferentes tipos de canales. Las redes multiplex se han utilizado

para analizar los sistemas de transporte público [65, 66], difusión de la conciencia e

infecciones [68, 69], la dinámica de las poblaciones ecológicas [70, 92] así como la

evolución de las redes sociales [72, 73].

A continuación, presentaré los tres modelos desarrollados en mi investigación y los
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respectivos resultados. Estos modelos son el resultado de tres colaboraciones diferentes.

En el primer trabajo nos centramos en formular un modelo capaz de contemplar la

coexistencia de opciones opuestas como una solución dinámica estable. El modelo se

inspiró en un modelo de competición de idiomas, el modelo Abrams-Strogatz, en el

cual los autores introducen la observación importante sobre cómo los idiomas en una

sociedad bilingüe pueden tener un estatus social diferente [21]. La percepción de que un

idioma tiene un mayor prestigio que el otro lleva eventualmente a la desaparición de este

último. De todos modos, mientras que muchas lenguas minoritarias están muriendo,

otras continúan coexistiendo con las de la mayoría. Nuestra propuesta es que una de

las razones de esta coexistencia puede residir en el hecho de que se hablan diferentes

idiomas en diferentes situaciones y que la percepción del estado de un idioma puede

depender del contexto en el que se habla. En la práctica, cada individuo recibe presiones

sociales conflictivas. Nuestro modelo se puede aplicar naturalmente a la descripción de

la competencia entre dos opciones genéricas (es decir, opinión, idioma, convenciones

...).

Consideramos que los estados sin consenso, en el que ambas opciones sobreviven,

pueden ser el resultado de la participación de individuos en distintas redes representadas

como capas distintas de una red multiplex. Las interacciones sociales dentro de un con-

texto social dado (una capa) se denotan mediante enlaces dentro de la capa, mientras

que los enlaces entre capas representan la tendencia a mantener la misma opción en to-

dos los dominios. Aunque modelos similares [49, 73, 88] ya se han realizado en redes

multiplex, la principal novedad de nuestro estudio radica en el hecho de que los indi-

viduos pueden tener diferentes opciones en diferentes capas. Esto naturalmente refleja

que un individuo puede consentir con sus conexiones en un contexto social dado, pero

en otro contexto puede tener una opinión o lenguaje diferente. Nuestra análisis muestra

que esta última propiedad enriquece la dinámica del sistema y permite no solo un con-

senso global sobre la misma opción para ambas capas, sino también estados dinámicos

activos de convivencia: se ha encontrado una nueva solución de campo medio donde

ambas opiniones coexisten. Estos estados también se han encontrado en simulaciones
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numéricas, donde, sin embargo, los efectos de tamaño finito finalmente pueden llevar el

sistema a un consenso. Además, examinamos tanto el impacto de la topología de las re-

des como las correlaciones entre capas en la dinámica mediante simulaciones numéricas

con redes "Geometrical Multiplex". Encontramos que las altas correlaciones entre las

capas promueven la coexistencia de diferentes grupos de individuos con el mismo estado

en ambas capas. En términos de lenguaje, esto se puede interpretar como un escenario

en el que hay diferentes grupos monolingües en un sistema globalmente bilingüe.

Con el primer modelo, encontramos que la red multiplex ha demostrado ser una

excelente herramienta ya que permite la representación de diferentes dinámicas si-

multáneamente y un comportamiento más sofisticado de los individuos. Por lo tanto,

hemos decidido aplicar la misma filosofía al estudio de dilemas sociales.

En el segundo modelo, analizamos la influencia de la dinámica de opinión en juegos

estratégicos competitivos. La cooperación entre humanos es bastante común y estable

incluso en situaciones donde tanto la teoría de juegos como los experimentos predicen el

prevalecer de la defección. Una de las razones podría ser simplemente el hecho de que

los individuos que participan en interacciones estratégicas también están expuestos a la

influencia social y, en consecuencia, a la difusión de opiniones. Para dar cuenta de esta

interacción presentamos un nuevo modelo de juego evolutivo donde las dinámicas del

juego y las opiniones tienen lugar en diferentes capas de una red multiplex. Suponemos

que la influencia social impacta a las acciones de los jugadores y, viceversa, las acciones

en la capa del juego impacta las opiniones propagadas en el sistema.

Mostramos que el acoplamiento entre los dos procesos dinámicos puede conducir

a la cooperación en escenarios donde la dinámica del juego predice la defección. Adi-

cionalmente, consideramos que las capas que comprenden los sistemas múltiplex reales

no son completamente independiente, pero muestran ciertas relaciones entre estructuras

de capas. Estas relaciones afectan la dinámica para aumentar el nivel de cooperación

y, en particular, encontramos un estado metaestable en el que los nodos que adoptan la

misma estrategia se auto-organizan en grupos locales.

Los dos modelos expuestos tienen en común la interacción de dinámicas concur-
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rentes y la posibilidad de que los individuos tomen diferentes estados en diferentes

contextos, es decir, que sean inconsistentes. Esta novedad enriquece la dinámica con

propiedades que no existen en los modelos de capa única correspondientes, como por

ejemplo diferentes tipos de coexistencia entre estados. Además, la consistencia de los

individuos en diferentes contextos no es un parámetro impuesto sino que surge espon-

táneamente de la dinámica solo bajo ciertas condiciones. En ambos modelos encon-

tramos que las altas correlaciones entre las redes que componen el múltiplex promueven

el comportamiento consistente de los individuos y la formación de grupos que com-

parten el mismo estado a través de las capas. Estos hallazgos sugieren que las cor-

relaciones geométricas ocultas entre diferentes capas de redes múltiplex pueden alterar

significativamente el comportamiento de la dinámica que está en la parte superior de las

mismas, y por lo tanto, tales correlaciones deben tenerse en cuenta en futuras investiga-

ciones sobre procesos dinámicos en redes multiplex [84].

En el último trabajo de mi investigación, presentamos el primer análisis cuantita-

tivo (que nosotros sepamos) del fenómeno del evolución de las normas, es decir, lo

que sucede cuando una nueva norma social reemplaza a una norma existente. Si bien

las posibles fuerzas que favorecen el cambio de normas, como las instituciones o los

activistas, se han identificado hace mucho tiempo, poco se sabe acerca de cómo una

población adopta una nueva convención, debido a las dificultades de encontrar datos rep-

resentativos. Nos planteamos este problema al observar los cambios ocurridos a 2,365

normas ortográficas y léxicas en inglés y español a través del análisis de un gran corpus

de libros publicados entre los años 1800 y 2008. Detectamos tres patrones marcada-

mente distintos en los datos, dependiendo de si el cambio de comportamiento resulta

de la acción de un institución, de una autoridad informal o de un proceso espontáneo

de evolución. Además proponemos un único modelo evolutivo capaz de capturar todos

los comportamientos observados y mostramos que esto reproduce cuantitativamente los

datos empíricos.

Resumiendo, esta tesis se desarrolla en torno a tres preguntas principales aún abier-

tas en el contexto del estudio de los comportamientos humanos colectivos: cómo es
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posible la coexistencia de convenciones (opiniones, idiomas, etc. ) concurrentes; por

qué la cooperación en sistemas reales es más común de lo que se predice; y cómo una

norma inicialmente minoritaria puede suplantar a una mayoría. Incluso si el trabajo en

el campo de los comportamientos humanos colectivos en realidad nunca puede llegar a

la conclusión, he añadido algunas piezas, centrándose en el papel de algunos aspectos

específicos. Para las primeras dos preguntas, hemos descubierto que el hecho de que

los individuos participen simultáneamente en diferentes contextos sociales influye sig-

nificativamente tanto en la dinámica de las opiniones como en la dinámica de los juegos.

Para la última pregunta hicimos uno estudio masivo que mejora la comprensión y la de-

scripción analítica de cómo una población sufre un cambio global de comportamiento,

con implicaciones que van desde el estudio de la dinámica colectiva en grandes grupos

hasta la economía y las ciencias sociales y políticas.
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[112] Jelena Grujić, Torsten Röhl, Dirk Semmann, Manfred Milinski, and Arne

Traulsen. Consistent strategy updating in spatial and non-spatial behavioral

experiments does not promote cooperation in social networks. PLoS One,

7(11):e47718, 2012.
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