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1. Introduction

The assignment game (Shapley and Shubik, 1972) is the cooperative viewpoint
of a two-sided market. There are two sides of the market, i.e. two disjoint sets
of agents, buyers and sellers, who can trade. The profits are collected in a matrix,
the assignment matrix. The allocation of the optimal profit should be such that no
coalition has incentives to depart from the grand coalition and act on its own. In
doing so, a first game-theoretical analysis of cooperation focuses on the core of the
game. Shapley and Shubik show that the core of any assignment game is always
nonempty. It coincides with the set of solutions of the linear program, dual to the
classical optimal assignment problem. A recent survey on assignment games is
Niinez and Rafels (2015).

Among other solutions, the nucleolus (Schmeidler, 1969) is a “fair” solution
in the general context of cooperative games. It is a unique core-selection that

lexicographically minimizes the excesses'

arranged in a nondecreasing way. The
standard procedure for computing the nucleolus proceeds by solving a finite (but
large) number of related linear programs. As a solution concept, the nucleolus has
been analyzed and computed in many cooperative games. Solymosi and Raghavan
(1994) gives an algorithm for the computation of the nucleolus of the assignment
game, computed in polynomial time. Recently Martinez-de-Albéniz et al. (2013b)
provides a new procedure to compute the nucleolus of the assignment game. An
interesting survey on the nucleolus and its computational complexity is given in
Greco et al. (2015).

From a geometric point of view, Llerena and Nifiez (2011) have characterized

the nucleolus of a square assignment game, essential for our purposes. To illustrate

! Given a coalition § C N, and an allocation x € RV the excess of a coalition is defined as

e(S,x) :=v(S) — Lcsxi. Notice they can be considered as complaints.



the geometric characterization, consider the following assignment matrix

B—
5 4

There are 2 buyers (rows) and 2 sellers (columns). The worth to share is 12, ob-
tained by pairing both sides on the main diagonal. Its nucleolus is (4,2;4,2) €

Rﬁ X Ri, as we will see later. Consider also matrix

C= ;
0 4

which has also the same nucleolus. To see it we draw the core” of the associated
assignment games and their nucleolus. We depict the projection on the buyers’
(first) coordinates of the core of both games in Figure 1. The core of the first one
C(wp) is in dark shading, vertices By, B;, B3 and By, and the second one C(w¢) in
light shading, vertices C;,C,,C3,C4 and Cs.

From Llerena and Nuiiez (2011) the nucleolus of matrix B is the unique core

point N such that the distances over some segments to the core’s walls are equal:

A’N = NB',C'N = ND' and EN = NF. Notice that for matrix C the analogous
equalities are AN = NB,CN = ND and EN = NF.

From the above geometric illustration we may expect large sets of assignment
matrices sharing a given vector as their nucleolus.

In this paper we focus on the structure the family of assignment matrices that
give rise to the same nucleolus. The main contributions of the paper are the fol-

lowing:

e The family of matrices with the same nucleolus forms a join-semilattice, i.e.

2 The core is defined later in (1) and (2).
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Figure 1: Two cores with the same nucleolus, (4,2;4,2).

closed by entry-wise maximum. The family has a unique maximum element

which is always a valuation matrix (Section 4).

e We show that the above family is a path-connected set and give a precise
path, connecting any matrix of the family with its maximum element. We

also study the cardinality of the family (Section 6).

e The inverse problem is also analyzed and studied, i.e. conditions on a vector

to be the nucleolus of some assignment game (Section 7).

2. Preliminaries on the assignment game

An assignment market (M, M’ A) is defined to be two disjoint finite sets: M the
set of buyers and M’ the set of sellers, and a nonnegative matrix A = (a;;), M. jem
which represents the profit obtained by each mixed-pair (i, j) € M x M’. To distin-
guish the j-th seller from the j-th buyer we will write the former as j/ when needed.

The assignment market is called square whenever |M| = |M’|. Usually we denote



by m = |M| and m’' = |M'|. M, denotes the set of nonnegative square matrices with

m rows and columns, and M "

oy the set of nonnegative matrices with m rows and

m’ columns.
Recall that M,‘; . forms a lattice with the usual ordering < between matrices.
The maximum C = A V B of two matrices A,B € szm, is defined entry-wise, i.e.

as ¢;j = max{a;j,b;;} for all (i, j) € M x M’'. Given an ordered subset of matrices

(#,2),F C MZX s We say matrix C € .# is a maximal (minimal) element of
(.7, <) if whenever there is a matrix D € .% with D > (<)C, then D = C. Matrix

C € .Z is amaximum element of (#,<)if C > D forall D € .Z.

A matching i C M x M’ between M and M’ is a bijection from My C M to My, C
M’ with |Moy| = |Mj| = min{|M|, |M'|}. We write (i, j) € u as well as j = u (i) or
i=u~'(j). If for some buyer i € M there is no seller j € M’ satisfying (i, j) € u
we say buyer 7 is unmatched by u and similarly for sellers. The set of all matchings
from M to M’ is represented by .# (M,M") . A matching u € .# (M,M") is optimal
for (M,M',A) if ¥.(; jyep ij = L jyew aij for any ' € .4 (M, M’). We denote by
Ay (M, M') the set of all optimal matchings.

Shapley and Shubik (1972) associate any assignment market with a game in
coalitional form (M UM’ w,) called the assignment game in which the worth of a
coalition SUT CMUM' withSCMand T C M isws (SUT) = uerjl/;gj) Y(ij)en ijs
and any coalition formed only by buyers or sellers has a worth of zero.

The main goal is to allocate the total worth among the agents, and a prominent
solution for cooperative games is the core. Shapley and Shubik (1972) prove that

the core of the assignment game is always nonempty. Given an optimal matching

pe A (M,M), the core of the assignment game, C(w, ), can be easily described



as the set of nonnegative payoff vectors (x,y) € RAf X R%/ satisfying

xi+yj=a;jforall (i,j) € u, (D

xi+yj>aforall (i,j) e M x M, ()

and all agents unmatched by u get a null payoft.

Now we define the nucleolus (Schmeidler, 1969) of an assignment game, tak-
ing into account that its core is always nonempty. The excess of a coalition @ #
R C M UM’ with respect to an allocation in the core, (x,y) € C(wya), is defined as
e (R, (x,y)) :=wa (R) — YicrrmXi — X jerrmr Y- By the bilateral nature of the mar-
ket, it is known that the only coalitions that matter are the individual and mixed-pair
ones (Nufiez, 2004). Given an allocation (x,y) € C(w,), define the excess vector
6 (x,y) = (6k)y1,., as the vector of individual and mixed-pair coalitions excesses
arranged in a non-increasing order, i.e. 6; > 6, > ... > 0,. Then the nucleolus of
the game (M UM’,w,) is the unique core allocation v (w,) € C(w,) which mini-
mizes 0 (x,y) with respect to the lexicographic order® over the whole set of core
allocations. For ease of notation we will use, for A € Mjn'x o V(A) instead of
v (w,) if no confusion arises.

We use the characterization of the nucleolus of a square assignment game of
Llerena and Nuiiez (2011), see also Llerena et al. (2015). To introduce this char-

acterization we define the maximum transfer from a coalition to another coalition.

Given any square assignment game (M UM’ ,w,), and two arbitrary coalitions

3 The lexicographic order >,,, on R? is defined in the following way: x >/,, v, where x,y € RY,

if x =y or if there exists 1 <7 < d such that x; =y forall 1 <k <t and x; > y;.



0#SCMand@+#T C M we define

A ,_ -
O (x,y) = ieS,r}]elAI}l’\T {Xi,xi +yj— aij} )

&4 X,y) := min WXityi—aiit,
T,S( y) jeT,ieM\S{yJ iTYj l]}

for any core allocation (x,y) € C(wa).
Llerena and Nufiez (2011) gives a geometric characterization of the nucleolus
of a square assignment game. They prove that the nucleolus of a square assignment

game is characterized as the unique core allocation (x,y) € C(wy4) such that

8¢ (x,y) = 885 (x,y) 3)

forany @ #£ S C M and 0 # T C M’ with |S| = |T|. In certain cases, the number of
equalities can be reduced. Indeed, note that if 7' # u(S) for some u € .#; (M, M'),
then it holds 5?1 (x,y) = 5’T“7S (x,y) = 0. Therefore, for this characterization we
only have to check (3) for the cases T = u(S) for some optimal matching p €
Ay (M,M') andany 0 # S C M, i.e.

53#(5) (x,y) = aﬁ(sys (x,y), forany 0 #SC M. 4)

To analyze the non-square case we can use two different approaches and we
will apply any of them.

The first and classical approach consists in adding null rows or columns in
order to make the initial matrix square. The added rows or columns correspond to
dummy agents and they receive a null payoff at any core allocation and hence also
in the nucleolus. At this extended square assignment matrix we apply the previous
geometric characterization. Notice that the number of coalitions to be checked
grows quickly for each added agent.

To fix our first approach we introduce some notation. Given any arbitrary as-

signment matrix A€ M withm < m’ and where u = {(1,1),(2,2),...,(m,m)}

mxm'?



is an optimal matching for A, we define the following square matrix A? € M;,
obtained from the original matrix A by adding m’ — m zero rows, that is m' —m

dummy players. Let M® = MU {m+1,...,m'} be the new set of buyers and

U) where
1<i,j<m'’

0 ajj if (i,j)eMxM, )
0 if (i,j) e (MO\M)xM.

We know that the matching u° = {(1,1),(2,2),...,(m',m’)} is optimal for matrix
A,

The second approach keeps the dimension of the problem as low as we can
and it has an interest on its own. Basically it consists in reducing the assignment
problem to an appropriate square matrix, dropping out those agents unassigned by
an optimal matching, and reassessing the matrix entries. Apart from the dimension
issue, the main feature of this approach is that we must not care about the added
zero rows or columns when we deal with the matrix.

To introduce the second approach we need some notations. Let (M, M’,A) A €
M! . be a non-square assignment market with m < m’ and let u € .#; (M,M’)

mxXm

be an optimal matching. Define the vector a* = (a}'),_,, € RY by

o :
a; == max qa;j; foreachbuyer i e M, 6
’ jeM'\mM){ il g ©

and define the square matrix A* € M, by

a% :=max {0,a;;—a}' }, for (i,j) € M x u(M). (7)

Then the relationship between their nucleolus is the following one:

Vi(A) = v;(A*) +dl', forie M, (8)
(AM)  for j M), and

vi(4) = Vvi(At)  for j€ u(M), an ©)
0 for je M\u(M).



Moreover the fixed matching p is also optimal for matrix A*. A proof of these facts

is included in the Appendix.

3. A numerical example

The nucleolus of an assignment game is a geometrical half-way point of a
nonempty compact polyhedron, its core. From its description we can conceive its
invariance from synchronizing displacements of the core “walls”. In other words,
the effects of raising or lowering some appropriate entries of the assignment ma-
trix do not change the nucleolus. Our main objective is to analyze the family of
assignment matrices that give rise to the same nucleolus. We illustrate our purpose

by a 2 x 2 numerical example.

Example 3.1. Consider the following assignment matrix

8 6
6 4

Notice that it has two optimal matchings and wa(M UM’) = 12. To draw its core
we fix an optimal matching. Let us take ny = {(1,1),(2,2)} and we depict the
projection of the core on the buyers’ coordinates (see Figure 2). The core is given
by the segment A1Aj. Its nucleolus is V(A) = (4,2;4,2), since it is its midpoint.

Just by looking the geometric interpretation of the nucleolus N, it is easy to
8 6—t

see that matrices A; = for 0 <t < 4 share the same nucleolus
6—-t 4

v = (4,2;4,2) since the “distances” to the walls of the core are equal: A'N =

NB',C'N = ND' and A\N = NA,.
After t = 4 the walls can be moved independently, which adds matrices A =

8 ap
Jor ayp,ay; € 10,2] to the family of matrices with the same nucle-

[2%))] 4
olus we are dealing with.

10
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Figure 2: Several cores of matrices A; = (6§z 6? ) for 0 <1 <4 with the same nucleolus, (4,2;4,2).

We have just described the family of matrices with the same nucleolus v(A)

when we fix matching . See Ly UL, in Figure 3.

azi o M
an
5 T M1
L
4 4
3t 3
2 2
L
1 2 1
M, g 12

6
azn

Figure 3: Matrices ( ail a}f) with the same Figure 4: Matrices (“é' ) with the same

nucleolus (4,2;4,2). nucleolus (4,2;4,2).

To obtain the whole family of matrices with nucleolus v(A) we have to repeat
the above argument fixing in matrix A the optimal matching 1, = {(1,2),(2,1)}.

This process adds matrices L3 U Ly in Figure 4. Notice that M represents the same

11



matrix A in Figures 3 and 4. Matrices B and C from the Introduction correspond

to points My and M, in Figure 3.

From the previous Example 3.1 we can discuss the structure of the family
which will be analyzed in the next sections. Firstly, this family of assignment
matrices with the same nucleolus is composed of branches that share a unique
maximal element, its maximum, which is matrix A. This family is not a convex
set but path-connected. Finally in this case there is no minimum, but two minimal

elements.

4. Assignment games with the same nucleolus

We introduce the family of matrices with a given nucleolus. To this end, for an

arbitrary assignment matrix A € M;X w We denote by
[Aly:={BeM} . |v(B)=v(A)}

the family of matrices that share the same nucleolus than A.

It is clear that matrices with the same nucleolus must have the same worth for
the grand coalition even if they do not have any optimal matching in common, see
Example 3.1.

We focus now on the structure of this family: it is a nonempty compact join-
semilattice* with a unique maximal element. Secondly we characterize this maxi-

mum and show it is a specific type of assignment matrix, a valuation matrix.

Theorem 4.1. Let A € M, be an assignment matrix. The family [A]y forms a

mxm’

compact join-semilattice with a unique maximal element.

4 A family .Z C M . is ajoin-semilattice if AV B € .Z forall A,B € .7.

12



Proof. First we prove that this family is a join-semilattice. Let B,B’ € [A],. If
m # m', we add zero rows or columns to make the matrices square, recall (5). It
is known that these rows or columns correspond to dummy players which obtain
zero payoff at any core allocation, and also in the nucleolus. Therefore we can
assume from now on that matrices are square. We have B,B’ < BV B, and also

C(wp)NC(wpg) # 0, since both games share the nucleolus. We claim
C(wg) NC(wp) = C(wpyp).

To see it, take any (x,y) € C(wg) NC(wp). It is clear x; +y; > max{b;;, b/

;j} forall

(i,j) € M x M. Then for any optimal matching it of matrix BV B’ we have

wpyp (MUM') =Y max{b;;,bj;} < Y [xi4y;]=wg(MUM') =wp(MUM").
(i.j)en (i.j)en

As a consequence wgyg (MUM') =wg(MUM') =wg (M UM'). Now it is easy to

see (x,y) € C(wpyp ). The other inclusion is straightforward.

Now to see vV (B) = v (B') = (x,y) is the nucleolus of wg, g, just note that, for

all0 #ASC Mand 0 #T C M with |S| =|T|,

881 (x,) = min { 887 (x.7), 887 (v,7) } , and

8PS (x,y) = min{ 8 (x,3),8f5 (x.y) |

As a consequence, since (x,y) is the nucleolus of wg and wg, we obtain the equality
5£\T/Bl (x,y) = 671?’_%3/ (x,y), proving that BV B’ € [A]y.

Now we show that this family is a compact set, and therefore with a unique
maximal element. We show that it is bounded and closed. It is bounded since
0 <b;jj <x;+yjforall (i,j) € M x M" and B € [A], with V(A) = (x,y). It is closed

mxm'

because the functions 82, (x,y) and 55 ¢ (x,y) are continuous in B€ M, for all

0ASCM,0+T CM and |S| =|T|, and they must satisfy equalities (3). d

13



In contrast with the previous result, the minimum defined entry-wise of two
matrices with the same nucleolus may not have the same nucleolus, see Example
3.1.

Now we introduce a kind of assignment matrices, useful for our purposes. A

matrix A € szm, is a valuation matrix® if for any iy,i € {1,...,m} and ji, j, €
{1,...,m'} we have 4, j, +ai,j, = aj, j, +ai,j, . Clearly this definition is equivalent

to see that any 2 x 2 submatrix has two optimal matchings.
Obviously, any fully-optimal® square matrix is a valuation matrix, and for
square matrices the converse also holds. This characterization fails for non-square

matrices as the following matrix shows:

36 8|10
D=4 7 9|2 1 |. (10)
6 9 114 3

This is a valuation matrix, but clearly not all matchings are optimal.
Finally we want to point out two general properties for non-square valuation
matrices. Let A € M’ __, be an non-square valuation matrix with m < m’ and

mxm’

u € #; (M,M") any optimal matching, Then:
(i) The square submatrix Ay, () is fully-optimal. Its worth is wa (M UM’).

(ii) The entries of matrix A satisfy a;;, > a;;, foralli € M, j| € w(M) and j, €
M\ u(M).

Theorem 4.2. Let A € Mjn‘x . be an assignment matrix. The maximal element of

the family [Al]y is a valuation matrix. In the square case, m = m', the maximal

element is the unique valuation matrix of the family.

5 Following Topkis (1998), a function is a valuation if it is submodular and supermodular.
®AeM/ . isafully-optimal matrix if all matchings are optimal, i.e. .2; (M,M') = .# (M,M')

m

14



Proof. Let v(A) = (x,y) € RY x RM be the nucleolus of matrix A € M} ., where
we assume without loss of generality that m <m’ and u = {(1,1),(2,2),...,(m,m)}
is an optimal matching for A.
Define now matrix A € szm, as follows
xi+yj7 forlgi?jéma

aij = . :
X; — min { v } otherwise.
m

Jj=1,...,

We claim:
(i) a;j >0, forall (i,j) e M x M',
(i) A € [A]y,ie. v(A) =v(A),
(iii) A is the maximum of the family [A]y, and clearly a valuation matrix.

To prove claim (i), let A%, M°, and u° the notation introduced in (5) to make square
the initial matrix A. We denote by (xo, yO) € R’_‘fo X Rﬂ‘f " the vector defined by x,? =
xeifk€Mandx) =0if k € MO\M and )? =y, ifk e M.

0 0
We know v (A%) = (x%,)°) and then 6A1L/‘l7u°(M) (x0,y0) = BﬁO(M)M(xO,yO), but

54 3y = min 00 +y9—4a%} = min {y;}, and
/.LO(M),M( y ) iEMO\M7j€u(M){yJ 1 y] lj} jE;L(M){y'/}
A0 0,0y _ : 0.0,.0_ 0y _
Sut o) (33" _ieM,jrenA?\u(M){xi ) =
- o —
?el}\rll{xl} I m=m,

min {x,- — Cl,‘,’} if m<w'.
ieM.jeM\p(M) ‘

where we have used that y? =y;=0for j €M\ u(M) and x¥ = x; > x; — a;; for
i€MandjeM \uM).
From the above equality we easily deduce x; > mi(n ){y i} for i € M which
jeum

proves our first claim.

15



We prove claim (ii), v(A) = (x,y), by proving its equivalent form, v((A4)%) =
(x%,3°). Notice that u° = {(1,1),(2,2),..., (m’,m')} is optimal for matrix (A)°. To
prove v((A)?) = (x°,y%), we distinguish several cases depending on an arbitrary
coalition S C M°, S +£0:

. A0 A)°

Case 1: SN (M°\ M) # 0. We obtain 5;“)0“) (x°,y°) =0 and 5;1025)75(?607)’0) =
0, since x¥ = 0 for all i € SN (M°\ M) for the first equality and there exists j €
po(S)N (M"\ u(M)), which implies y; = 0 for the second.

Case 2: S C M,S # M. We obtain 5@2 ) (x%,y%) = 0, since there exists j €
(M) \ u(S) and then x; +y; = a;; for all i € S. Similarly 6}5‘3)0 S(xo,yo) =0.

(8),
Case 3: S =M. We have

() 0 .0

SMO(M),M(X Y ) tEMO\IAI}lJneu {yja l+y]_ l]}— H’iln {y]} and
(4)° 0.0

6M’”0(M>(x V) zeMJrenAgl\u {2 +y/ _alj} =

Iirel}g[l{xi}, if m=m,

min xi—a;;} =min{x;— (x; — min {y;)}= min {y;}, if m<w.
iEMJEM’\/J(M){ ! l]} iEM{ i ( i en(m {yj})} . /J(M){yj},

Now, for m < m' they trivially coincide and for m = m/, the square case, they
coincide since V(A) = (x,y), and then 513,;1(M) (x,y) = rlrel}gll{x,} = 53(M),M(x,y) =

min { it
JEn(M)

Therefore, we have proved the second claim.

To prove claim (iii), let B € [A], be an arbitrary matrix of the family. We can
assume that u = {(1,1),(2,2),...,(m,m)} is optimal for matrix B, since in other
case, we consider matrix BV A as a new matrix B, see Theorem 4.1 and notice
B<BVA.Recall v(B) = V(A) = (x,y). Clearly a;; = x;+y; > b;j for 1 <i,j <m.

If m = m’ we are done, and B < A. Otherwise, m < m’. Consider matrix B, see

16



(5). We know v(B%) = (x°,y°). Then

55 10,0 = min 0942 =691 = min {y;}, and
oM SR ieMO\ML/‘eu(M){y] P~ bk jeu(M){y" }

58’ 100 = min W00 -0 = min x;i—bjii}.
M’“O(M)( y) ieM,jeM/\,u(M){ o b ieM,jeM/\p(M){ i—bij

We obtain for all i € M and j € M’ M), xi—b;; > i i —bii} =
e obtain for all i and j \ u(M), x; — bjj _ieMﬂernA}[I/l\“(M){xl i}
min {y;}, or equivalently

JEU(M)

@ =x— min {y;} >b; forallieM,jeM \u(M).
jenm) =

This ends our third claim, and proves the maximality of matrix A since we have
seen that in the non-square case, B < A.

The fact that A is a valuation matrix is left to the reader. Moreover in the square
case any valuation matrix of the family (with the same nucleolus) is fully-optimal,

and then it must coincide with matrix A. O

From the statement of Theorem 4.2 we expect several valuation matrices if
the initial assignment matrix is not square. In (10) we have introduced matrix D €
M;’ s Which is an example of such a situation. By (4), (8) and (9) it is easy to check
that the nucleolus of matrix D is v(D) = (2,3,5;1,4,6,0,0) and the maximum

matrix of [D]y is given by the valuation matrix

36 8|1 1
D=| 47 9|2 2|,
6 9 114 4

which is strictly greater than the valuation matrix D. Both valuation matrices share
the same nucleolus.

In the proof of Theorem 4.2 we have found the expression of the maximum

17



element of family [A],, with V(A) = (x,y). It is matrix A € M as follows

) Xi+y;, for (i,j) e M x u(M), (11
a;ji =
D] e min {g} o for (i) € Mx M\ w(M)),

where u € 4, (M,M’) is an optimal matching. A close look at (11) could raise
expectations of different maximum matrices A depending on the chosen optimal

matching p, but this is not the case, as the reader can check.

5. The 2 x 2 case

As an application of the above results we reveal how to describe the whole
family [A],, when we deal with 2 x 2 assignment matrices.

Consider an arbitrary 2 x 2 assignment market represented by matrix

ap an
A=
azr az

From now on and without loss of generality, we assume the following normal-

ization conditions:

ajy +axp 2 ap+a,

ay >axy, ap>aj). (12)

These conditions mean that the main diagonal of matrix A is an optimal matching
and it is sorted from highest to lowest. Sectors are interchangeable so that entries
of matrix A outside the main diagonal are ordered, following (12).

We assume that matrix entries a;; and ay; are fixed, and depict in Figure 5 any
arbitrary matrix A satisfying (12), depending on matrix entries aj» and ap;. Notice
that conditions (12) force the range of variables aj; and a;; to belong to the triangle

with vertices A, B and C in Figure 5.

18



azi a
(0,a11 + axp)
A=(0,0)
_ (an+ +
B — (all 2“22 , a112a22)
C = (aj1 +an,0)
D=(%,0
tan=a] g (2 a)
F (- %.%)
G = (a11 — “4,0)
Z H = (aj1,a2)
H
(0,%) E ,,,,,,,,,,,,,,,,,,,, P EY <
A/ D B N 412
(0,0) X X |

ap +3ax = ay +ax

Figure 5: The regions for families with the same nucleolus

Now whenever we have a matrix A with the normalization conditions (12) we
depict it in the above Figure 5. In this way we easily describe the family [A],. The
analysis is divided in three regions.

Region 1: Matrix A belongs to triangle ADE or segment EB. All these matrices
share the same nucleolus, precisely the equal division between optimal matched
pairs. This region corresponds to the symmetric case, ajp = ap;, and matrices
where aj, and ap; are “small” with respect the optimal entries: ax; < ajp < ‘%
Notice because of the normalization conditions, we have a symmetric region out-
side triangle ABC with the same nucleolus. Therefore the family is composed of a
square and a segment, see e.g. Figure 3. Outside this region the family is composed
of two segments.

Region 2: Matrix A belongs to the region limited by D, E,B,H,F,G. In this
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case, a generic family is given in Figure 5 by segments [X,Y]U[Y, Z]. One of them,
the vertical one [X,Y], increases entry as; from zero up to “? and the other [Y, Z]
has a 45° slope.

Region 3: Matrix A belongs to the region limited by G, F, H,C. In this case, a
generic family is given in Figure 5 by segments [X’,Y']U[Y’,Z']. One of them, the
vertical one [X',Y’], increases smaller entry ay; from zero up to the straight line
FC with equation a;; + 3az; = a11 + az; and the other [Y/,Z'] has a 45° slope.

Matrices given by points Z or Z', on the segment [B, C] in Figure 5, correspond
with the unique valuation matrix A of each family [A],. Recall that in general there
are two branches of each family, depending on the chosen optimal matching of A.

In Table 1 we show buyers’ coordinates of the nucleolus of an assignment
matrix satisfying the normalization conditions (12). In it we denote by d* the
difference between the main diagonal and the secondary diagonal, i.e. d* = a;; +
a — ayp — az;. Recall that the whole nucleolus V(A) = (u],u};v},v3) is obtained
by vi = a;; —u; for i = 1,2. A proof of the facts given in Table 1 can be checked
in Martinez-de-Albéniz et al. (2013a), computed under the previous normalization
conditions (12).

The above formulas for the nucleolus allow us to obtain the valuation matrix
of the family, given by (11). Then once reached matrix A to describe the whole
family [A], we have to repeat the analysis rearranging conveniently the entries of

A, now for the other optimal matching, given by the secondary diagonal.

6. About the cardinality of the family

The family of matrices with the same nucleolus is not in general a convex set.
To see it just consider appropriate matrices of Example 3.1 and their midpoint, but

as the reader must suspect, there is a path linking any two matrices of the family,
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Table 1: Nucleolus formulas of an arbitrary 2 x 2 assignment matrix satisfying normalization condi-

tions (12)
Region u; u
ADE an <% 2 7
ay dA
a21<m1n{ f} an _an an | 4 _ an an
DGFE 2072 #<ap<an— ) 7 5
a a dA a dA
GCF a11—%<a12 all—% 5 %4-?
a a a a
EFEFHB ar) > app+axy—ap %—F%—% %
ind an dt
a21>m1n{2,2}
a dA a d?
FCH az < ap+axn—ap an—% -5 | F+7

maybe passing through its maximum.
Now we prove an interesting property. There is a continuous piecewise linear
path (maybe not unique) between any matrix in [A], and its maximum element A.

From here it is clear that the family [A], is a path-connected set.

Theorem 6.1. Let A € M

+ .y be an assignment matrix, and A € [A], the maximal

element of the family. Then for any B € [A], there exists an increasing piecewise
linear path’ from B to A inside [A]y. As a consequence, the family [Ay is a path-

connected set. In particular, for any B € [A]y,B # A, there exists C € [A], with

7 Apathin 2" C M;r:xm’ from A to B, A,B € 2, is a continuous function f from the unit interval
1=10,1]to 2 ,ie. f:[0,1] = 27, with f(0) = A and f(1) = B. Moreover a subset 2" C M} is
path-connected if for any two elements A,B € 2" there exists a path from A to B entirely contained

in 2.
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B<C<AZ?

Proof. First we analyze the square case, m = m'. We can assume |M| = [M’| >
2. Let it be B € [A]y, and v(A) = v(B) = (x,y) € RM x RY". Let us define the
set formed by the distances that appear in the geometric characterization of the

nucleolus, see (3), except for the grand coalition,
AB) = {87 (x,y) [SCM, T CM,|S|=|T|,S#0,M, and T #0,M'} .

These elements are used for the characterization of the nucleolus and correspond to

the minimum of some numbers. The elements of A(B) can be ordered increasingly:
0=85 <& <...< 8",

and then A(B) = {68,6F,...,88}.

From these parameters we can define a new matrix B® with the same nucleolus.
We set b?j = b;; if x;+y; — b;j € A(B), and we raise the worth of entry b;; to b?j in
such a way that x; +y; — b?j equals the closest one-below element of A(B), that is,
if 82 < xi+yj—bij < 82, for some k, then bY; = x; +y; — 6f.

It is clear that matrix B® has the same nucleolus as matrix B since the equalities
of the geometric characterization of the nucleolus haven’t changed and therefore
B° € [A],. Moreover A(B) = A(B°). We may choose increasing linear paths from B
to BY, one for each entry to raise. Notice that since we are moving up the entries that
do not determine the distances of A(B), all matrices on these paths will preserve
the original nucleolus.

Now we have a matrix B® € [A], such that x; +y; — b?j € A(B) for all (i, j) €
M x M'. Moreover if 55(} (x,y) =67, for some S C M and T C M’ with |S| = |T| #

8IfB,CeM’_ ,,B<Cifandonlyif B<Cand B#C.

mxm'>
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m, then we have, for all i € S and j ¢ T, x;+y; — b}; = 87. We finish the proof in
the square case by raising the entries of matrix B iteratively up to get A.

Firstly, notice that if r, = 0, that is A(B) = A(B®) = {0}. Then matrix B" co-
incides with the valuation matrix of the family A since then x; +y; = b? for all
(i,j) € M x M, see (11) and recall m = m'.

Otherwise, r, > 0. In this case, for all (i, j) € M x M’ such that x; +y; — b?j =

0

550 raise linearly and simultaneously b;; to bilj defined by the equality x; +y; —

bl, = 8" |. We obtain a new matrix B' € [A],, defined for all i € M and j € M’ by

Xi+yj— 5,5;0,1 it xi+y; _b?j = 5rBO,

Y, otherwise.

It is easy to see that A(B') C A(BY), and A(B') # A(B"). This means we have
reduced the set of distances related with the nucleolus. Once again by (3) it is easy
to see that v(B') = (x,y) or equivalently B! € [A],.

Now, in a finite number of steps, proceed sequentially raising all entries until
for all (i, j) € M x M" we have x; +y; — b;; = 0. That is, matrix B™ coincides with
matrix A for the square case. In it all matchings are optimal.

For the non-square case, we assume |M| < |[M'|. Let B € [A]y, and let u €
My (M, M) be an optimal matching.

Notice first that matrix B can be modified without changing its nucleolus in the

following way:

(i) forall (i, j) € M x (M) if b;; < b thenraise these entriesto bt = max {b;;},
JEM\p(M)
see (0);

(i) forall (i, j) € M x (M’ \ u(M)) raise entries b;; to bt', and we do not modify
the rest of entries.

This new matrix, denoted by B has the same nucleolus and then B € [A]y.
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Indeed, matrix B has also y as an optimal matching and then by definition it has
the same same square matrix BX € M, i.e. (B)* = B*, see (7). It is easy to see

that the relationships between matrices B and (B )“ are
bl =Dy — bl forall (i,j) € Mx u(M). (13)

From (8) and (9) applied to matrix B we know v (E) =V (B) = (x,y) € RM x
RY' or equivalently v ((ﬁ)u) = (YY) €RM x R*™) wyith x = x; — b" fori € M,
and y; =y, for j € u(M).

We can apply the previous procedure for square matrices to obtain an increas-
ing piecewise linear path from (B)H to its maximum matrix in [(B)"],. This path,
applied to matrix EMXN(M), see (13), induces a path from §MXH(M) to ZMX/J(M)?
where A denotes the maximum element of the family [A]y.

Moreover, for (i, j) € M x (M'\ u(M)) recall by (11) that @;; = x; — 'min {yi}.
je

From the equality S(E)u (x’ )= 58"
w(M),.M JjeEu(M)

mln {yj} and then for some i, € M we have x; = x;, —b = min {yj} . That

jenm jen(M)

is, for i € M we have a; ; = bi* for all j € M'\ u(M). For any i # i.,i € M

such that x} > min {x/} or equivalently x; = x; — b} > m}g (X} = min {yj}’
]E/J

that is b < Xj— ml(n {yj} we can raise at the same time entries blj = b to
JjeuM
a;j =x;— min : {y;} forall j € M"\ u(M) without changing the nucleolus, as the
jen(M

reader can check applying (8) and (9). This ends the proof. O

There is a continuum of elements in any family [A],, A € M}, except for the

null matrices and 2 x 2 assignment matrices

) ) ) , k>0.
0 0 k k kK 0O 0 %

In these special cases the family [A], reduces to a singleton. The null case is
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obvious and the case m = 2 is checked easily from the description of the family in
the 2 x 2 case.

In the case m > 3, notice that if matrix A € M}, is not the maximum element of
the family Theorem 6.1 gives a continuum of elements of the family. It only rests
to analyze the case A = A. In this case we know, since we are in the square case,
that x; +y; = a;; for all (i, j) € M x M’, where v(A) = (x,y). Clearly all matchings
are optimal. In this case let a; ;- be an arbitrary positive entry of matrix A. It exists
since we are not in the null case. Define matrix B € M}, by lowering this entry to
Z€ero, 1.€.

aij if (i) # @, J7),
0 it (i,)) = (% ).

We leave some details to the reader to check that matrix B € [A], and B # A by

bl’j:

using (3). Once again by Theorem 6.1 the continuum of elements of [A]y is guar-

anteed.

7. The inverse problem

In this section we study the conditions to ensure that a given vector is the
nucleolus of some assignment game.

Firstly notice that not any vector is a candidate to be a nucleolus. For instance,
the vector (3,2, 1,4) € R2 x R% can never be the nucleolus of any 2 x 2 assignment

game. For any candidate (x,y) € RY x Rﬁf/ with |M| = |M’|, to be the nucleolus of

+

an assignment game with matrix A € M},

by (3) it must satisfy

Gt (x,y) = min {x;} = min {y;} = Gy (x.5) (14)

In our case min{x;,x,} =2 # 1 =min{y;,y>}.
Moreover, let us see that condition (14) turns out to be a simple characterization

of it. To see the characterization, just define the square matrix V = (vij),_; i,
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defined by v;j := x; +y;, for all (i, j) € M x M’ being (x,y) € RY x RM" with |M| =
|M’| and 1};}‘51 {xi} = ;161]1‘?/ {y;} . Indeed, any matching is optimal in V and the vector
(x,y) € C(wy). Therefore 5S‘fT (x,y) = 5¥,s (x,y)=0forall0 #SCMandD#T C
M’ with |§| = |T|, and S # M. Moreover 61‘1/;,M’ (x,y) = SA‘ZI,’M (x,y) by assumption.

Hence we have v (V) = (x,y). Summarizing we have the following result.

Theorem 7.1 (Condition for the nucleolus in the square case). Let (x,y) € RY x

RY be a vector, with |M| = |M'|. The following statements are equivalent:

1. There exists a matrix A € My};, such that v(A) = (x,y),

2. min{x;} = mi iy
g (d = eip L)

To analyze the non-square case we use the approach given in (8) and (9). Since
it is well known that the nucleolus of a non-square assignment game gives zero
payoff to all non-optimally assigned players, then a candidate vector must assign
zero to some players. The next result is the precise necessary and sufficient condi-

tion. Its proof is in the Appendix.

Theorem 7.2 (Condition for the nucleolus in the non-square case). Let (x,y) €
RY x RY be a vector, with |M| < |M'|, and let Zy = {jeM |y;=0}. The fol-

lowing statements are equivalent:

1. There exists a matrix A€ M, such that v(A) = (x,y),

mxm
2. (a) There exists Zy C Zy with |Z)| = |M'| — |M|, and

b) min{x;} > min {y;}.
(b) min{x;} 2 mmin, {vi}

Notice that from Theorem 7.1 and 7.2, the vector (3,2,1,4) € Ri X ]Rz+ can

never be the nucleolus of any 2 x 2 assignment game, but the vector (3,2,1,4,0) €
2 712

3 5|1

Ri X Ri is the nucleolus of some assignment game. Indeed, matrix V =

has the desired nucleolus.
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8. Appendix

Proof of (8) and (9)
Proof. LetAeM!  m<m'andletu € .#; (M,M’). Without loss of generality,
we can assume that u = {(1,1),(2,2),..., (m,m)} is an optimal matching of matrix
A.

We first prove that matching u is also an optimal matching of matrix A, de-
fined by (6) and (7). To see it, consider any allocation (x,y) € C(wy). Clearly
X; Zaly = max {a,-j} foralli € M. Then, asx,-—af > 0forall i € M, we obtain

JjeM\u(M)
(x; —a')+y; >0, for all (i, j) € M x p(M). Moreover, for all (i, j) € M x u(M),

we also have (x; —al') +y; > a;; — a}'. From both inequalities we have
(xi—at')+y; > ag- forall (i,j) € M x u(M).

Since u = {(1,1),(2,2),...,(m,m)} is an optimal matching for A, then a; > a!'
for all i € M, and we obtain (x; —af) +yi = a;i —alH = aff., foralli € M.
Now we can prove that u is also optimal for matrix A*. To see it for any other
matching u’ € # (M, (M)), we have
m m
Yai=Y (i—a)tyi= Y (mi-a)+y> Y db;

(i,j)en’ (i,j)ew

Let A%, M and u° the notation introduced in (5) to make square the non-square
initial matrix A. We know that matching u°® = {(1,1),(2,2),...,(m’,m’)} is opti-
mal for matrix A, i.e. u® ¢ 20 (MO,M’) )

For each vector (x,y) € RY x RY' we denote by (x,)°) € R’ x RY" the vector
defined by x = x; if k € M and x? = 0 if k € MO\M and y{ =y, if k € M'. It is
easy to prove that vector (x,y) € C(w,) if and only if (x°,)°) € C (w,0). Moreover
(x,y) € C(wa) if and only if (x,y) € C(war), where x; = x; —at for i € M, and

y; =yj for j € u(M). The proof of these facts is left to the reader.
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Let us denote v (A) = (x,y). We have to show v (A*) = (x',)"). To this end, take
u={(1,1),(2,2),...,(m,m)} an optimal matching of A, and also of A*. Recall
that u° = {(1,1),(2,2),...,(m',m’)} is optimal for A°

We claim that for any S C M, S # 0 we have

0

AH A? 0.0 AH A 0,0
S5 () () = 95 pu(s) (x"»")  and Su(s).s () = Su(s).s ("%
We only prove the first equality, and the second is similar. To see it, notice that
88 (%) =  min Xi,Xi+yj—aij; =
S,u(S)( y ) ies jeM,\“(S){ DX T Y] u}

. p
= min XiyXi+yj—aij,xi—a; ; =
iaﬁmmwm{ 2

. u
= min Xi—a; ,xi+yi—ajj; =
icS jeu(M)\/.L(S){ P ”}

= min xi—al',(xi—d" )ty —(a;;—al')} =
iesjeu(M)\u(S){ i i) +yi—(aij—a;)}

: u u I
= min xXi—a;,(xi—a; )+ ~—a-.}:
Ewwwwm{’ blaa)tya;

= 8 ().

where the second equality comes from the fact that for all j € M\ (M) we have
v; =0, the third equality since foralli € S, x; > x; — alH and the fifth one comes from
the fact that whenever a;; —al' < 0 we have (x;—a' ) +y; — (a;j—al') > (x; —al'),
u

which allows us to introduce the term a;;.

We finish the proof by recalling that v(A%) = (x%,y?).

Proof of Theorem 7.2

Proof. 1. — 2. LetAcM?

mxm'?

m < m' be a matrix and let v (A) = (x,y) be its

nucleolus.
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Let u € ./ (M,M’) be an optimal matching. Clearly, non-assigned sellers by
u get zero payoffs in the nucleolus. Therefore, let Z be the set of non-assigned
sellers by u, i.e. Zy =M\ u(M).

Now apply (8) and (9) and v (A*) = (x',)), with x; = x; —a!' for i € M, and

u

y; =yj for j € u(M) where vector a* = (a;'),_,, and matrix A* are defined as in

. . . . . > . L u — . . .
(6) and (7). Then, applying Theorem 7.1, min {x;}> min {xi—al'} jerzrvll}gz(’) {vi}
This is condition 2.

2. — 1. We define matrix V € M

mxm’

by

Xi+y;j if ieM, andeM’\Z(’),
Vij = X; — min {y} if ieM,and jeZ]
i jeM\z, j > 0
Note that any matching between M and M"\ Z{; is optimal for V, i.e. .4 (M,M’\ Z) C
Ay (M, M) . This matrix V € M;X . 18, 1n fact, a valuation matrix and its proof is
left to the reader.

We must prove now that vector (x,y) is the nucleolus of this matrix V. From (8)
and (9), (x,y) = v (V) if and only if v (V*) = (+,y'), with x} = x; — v}' fori € M,
and y';, = y; for j € (M), for some u € .4 (M,M'\ Z;) . Indeed, all of them are
optimal.

By (6), V' =x;,— min \ forall i € M and then ¥, = x;, — v = min ;

Y (0] =xi— min {y;} foralls xi=xi—v; = min {y}
for all i € M. By its definition and the above equalities matrix V* satisfies, for all
(i,J) e M x (M'\Z),

Mo ; : / /
v:;=max< 0,y;+ min b s =y, 4+ min 1 — K
Y { Vi jEMN\Z), it } Y] jeEMN\Z), i} Vit

Since min{x;} = min< min ; = min { '.} and V# is a square valuation
min {x;} = min {jeM’\Z() {yj}} min ) q
matrix, by (3) we obtain v (V*) = (x',y).

O

29



References

[1]

(2]

(3]

[4]

[5]

[6]

[7]

[8]

[9]

Greco, G., Malizia, E., Palopoli, L., Scarcello, F. (2015). The complexity of
the nucleolus in compact games. ACM Transactions on Computation Theory

(TOCT), 7(1), 3.

Llerena, F., Nufiez, M. (2011). A geometric characterization of the nucleolus

of the assignment game. Economics Bulletin, 31(4):3275-3285.

Llerena, F., Nufez, M., Rafels, C. (2015). An axiomatization of the nucleolus

of assignment games. International Journal of Game Theory, 44:1-15.

Martinez-de-Albéniz, F.J., Rafels, C., Ybern, N. (2013a). On the nucleolus of

2 x 2 assignment games, Economics Bulletin, 33(2):1641-1648.

Martinez-de-Albéniz, FJ., Rafels, C., Ybern, N. (2013b). A procedure to
compute the nucleolus of the assignment game, Operations Research Letters,

41:675-678.

Niiiez, M. (2004). A note on the nucleolus and the kernel of the assignment

game. International Journal of Game Theory 33:55-65.

Nuiez, M., Rafels, C. (2015). A survey on assignment markets. Journal of

Dynamics and Games 3&4:227-256.

Schmeidler, D. (1969). The nucleolus of a characteristic function game. SIAM
Journal of Applied Mathematics 17:1163-1170.

Shapley, L.S., Shubik, M. (1972). The assignment game I: the core. Interna-
tional Journal of Game Theory, 1:111-130.

[10] Solymosi, T., Raghavan, T.E.S. (1994). An algorithm for finding the nucleo-

lus of assignment games. International Journal of Game Theory, 23:119-143.

30



[11] Topkis, D. M. (1998). Supermodularity and complementarity. Princeton Uni-

versity Press.

31



	386plantillaportadetaWPubeconomics-2
	386UBEconomics Working Papers 2013_pàgina2
	386 Document
	Introduction
	Preliminaries on the assignment game
	A numerical example
	Assignment games with the same nucleolus 
	The 22  case
	About the cardinality of the family
	The inverse problem
	Appendix


