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We introduce a new parameter to investigate replica symmetry breaking transitions using finite-size
scaling methods. Based on exact equalities initially derived by F. Guerra this parameter is a direct check
of the self-averaging character of the spin-glass order parameter. This new parameter can be used to
study models with time reversal symmetry but its greatest interest lies in models where this symmetry
is absent. We apply the method to long-range and short-range Ising spin-glasses with and without a
magnetic field as well as short-range multispin interaction spin-glasses. [S0031-9007(98)06955-5]
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The subject of replica symmetry breaking has becomat the spin-glass transition temperature. Because both RS
an important issue in statistical physics [1]. Since repliceand TRS break precisely at the same temperature, it is
symmetry breaking was proposed a long time ago [2)ery difficult to distinguish the different features related to
there have been several new developments concernirgpth transitions. Indeed, the main distinction between the
spin-glasses as well as their applications in other areas alroplet [6] and the mean-field approaches relies on which
statistical physics. Setting aside the question whether arglymmetries break at the spin-glass transition temperature.
how this transition could be observed in real experimentsyWhile in the first approach only TRS breaks at the tran-
it is certainly relevant to establish the validity of mean-sition temperature, in the second approach both symme-
field theory for spin-glasses when applied to short-rangéries break. The most widely used parameter to locate
systems. In this context, quite recently a new controversgpin-glass transitions (the Binder parameter) signals the
has appeared on the problem whether self-averageneleeaking of time reversal symmetry rather than the other.
(i.e., the independence of the order parameter on th€onsequently, the major part of numerical calculations us-
microscopic realization of the quenched disorder) isng the Binder parameter does not show that RS breaks
automatically satisfied in short-range systems. While thet the spin-glass transition temperature but rather whether
answer to this question [3] appears to be closely relatedRS breaks. Then, it is essential to look for signatures of
to the proper definition of the order parameter and howeplica symmetry breaking in models where time reversal
the thermodynamic limit is taken, there are few doubtssymmetries are lacking.
that non-self-averaging is the crucial signature for a spin- A large class of models where TRS is not present is
glass scenario where replica symmetry breaks. Althougbpin-glasses in an external magnetic field or multispin
there is not definite proof, recent exact results support thig-interaction spin-glass models (p-SG) with being
assertion [3-5]. odd. The first class of models can be described by

The purpose of this Letter is to unambiguously showHamiltonians of the type
that indeed replica symmetry (hereafter referred to as
RS) breaks in short-range spin-glasses and that the gen-H{ = Hy — h > o1 = = > Jjoi0; — h Y oy,
uine feature of the broken phase relies on the non-self- i (i.j) i
averaging character of the order parameter. While the (1)
major part of the work in spin-glasses has been focuseg@here the terni 3 ; o; breaks the TRS¢ — — o) of the

on models where there is a time reversal symmetry in thejamiltonianJ{,. On the other hand, models of p-SG take
Hamiltonian this is not an essential requirement for thethe general form

existence of a replica symmetry breaking (RSB) transi-
tion. In models with time reversal symmetry (hereafter H=—- Z Jiriseiy T4, Ty .. T - (2)
referred to as TRS), RS and TRS break simultaneously (i1sisemi )
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For p odd, TRS is absent. The interest of this lastuseful in models where TRS is absent. In the presence
family of models [contrary to (1)] relies on the fact that of TRS the usual Binder parametgrcan be used to lo-
there is no parameter which when appropriately tuneaate the phase transition with much less numerical effort.
restores TRS [this happens in the family of models ofBut the interest ofG is that it emphasizes the non-self-
Eq. (1), where TRS is recoverediif= 0]. averaging character of the low temperature phase.

When studying phase transitions in ordered systems, one To check these predictions we have performed a nu-
generally computes the temperature dependence of cummerical simulation of the models of the previous type (1)
lants of the order parameter distribution such as suscegwith and without a magnetic field) and thespin model
tibilities (second moments) or adimensional parameter§2). All of the simulations use the parallel tempering
such as the kurtosis (Binder parameter) or the skewnesaethod, an efficient algorithm to thermalize small samples
of the order parameter distribution. The usefulness of8]. We have studied three different models, the mean-
these quantities to distinguish RSB transitions is hamperefield Sherrington-Kirkpatrick (SK) model [9], the four di-
by the fact that finite-size corrections to the leading scalmensional (4D) Ising spin-glass, and the model Eq. (2) in
ing behavior of the Binder parameter are big. For RSBfour dimensions wittp = 3. In this last case, the Hamil-
transitions it is then convenient to consider adimensionalonian is short ranged, there are two spins per site in a 4D
guantities which depend on other genuine features of theimple cubic lattice and the Hamiltonian couples all pos-
transition (and not only on TRS) such as self-averagenessible triplets of spins occupying nearest-neighbor sites of
Our purpose here is to define a suitable parameter whictie lattice. More precisely the Hamiltonian reads

is the analog of the Binder parameter for transitions where Vv D , _ ,
TRS breaks and which can be used to locate spin-glassH = — > > (Jispoioso ™ + Jihyoioho
transitions where RS breaks. In spin-glasses the order pa- i=1 p=1 ; e i

rameter is not the global magnetization but a measure of + I otor Foy ®

the freezing of the spins, the Edwards-Anderson parameter i s

g [7]. The appropriate way to compute this parameter is to + 3 aiar Foy ), (5)

consider two replicas (i.e., two identical copies of the same ) ) )

system) and compute the overlap= (1/V) Zlyzl . Where trl_le ea|(i, ) denotes the Il'nk_ of the IaFUce and the
whereV is the size or volume of the system. Expecta-SPiNs(o1,02) occupy the same sitiein the lattice.

tion values of the moment&;*)pg allow one to recon- _F|rst, we show_the results in _the_ four d|mens_|onal
struct the order parameter distributiBi(g), where(.. )y SINg Spin-glass without a magnetic field ¢ 0). This
stands for the usual Boltzmann-Gibbs average for a givel$ @ check of our method since the transition is well
sample. It has been recently shown by Guerra [5] thaknown using standard methods [8]. The model is
sample to sample fluctuations of the cumulants of the ordescribed by Eq. (1) with the/;; = =1 connecting
der parameter distributioR,(¢) are Gaussian distributed Néarest-neighbor sites in a cubic lattice of silewith

in the thermodynamic limit. For instance, the following periodic boundary conditions. The simulations were done

relationship is fulfilled in spin-glasses in the low tempera-for Sizés L = 4,5,8,10 (2944,1920, 1376, 320 samples,

ture phase below,: respectively) with 100000 Monte Carlo steps (MCS)
) of thermalization time and the same amount of steps to
— XSG — XSG _ L 3) collect statistics (for. = 10 we did runs up to 35 million
VA(g — (9Bc) 86 — X563 of MCS). Figure 1 shows the results f&. Note the
where(.) means an average over the quenched disorder arkistence of a critical temperature above whiglgoes to
xsc (the spin-glass susceptibility) is defined as zero and below which it converges tgdl The diﬁ‘er_ent
xsc = V{gDss — (9a) . (4 curves cross at a temperature in agreement with that

The interest of defining the paramet@ris that it van-  derived from the analysis of the usual Binder parameter

ishes above the transition temperature in the disordereld1] and also series expansions [10} (= 2.03).

phase where sample to sample fluctuation®gfy) dis- . Next, we consider models Wlthout TRS. We _flrst con-
appear in theV — = limit. Consequently,G is a pa- sider the study of the SK model in a magnetic field. The
rameter which plays the same role as the usual BindepK model [9] corresponds to Eq. (1) with; long-ranged
parameterg in ferromagnets and is given (in thHe — «  and Gaussian distributed with; = 0, J,-zj =1/V. The
limit) by G(T) = (1/3)[1 — Ox(T — T.)], where®y is  existence of a transition in a field is well established in
the Heaviside theta function. In RSB transitions (3) goesnean-field theory but there are a few results which cor-
to zero (as the siz& increases) a$/V for T > T. but  roborate its existence using numerical simulations [12].
converges to a finite value fdf < T.. We expect the Figure 2 showsG(T) for V = 32,256,512,1024 with
critical temperature (where RS breaks) to be signaled b§000, 1000, 400,150 samples, respectively. While it is
the crossing of the different curves corresponding to difvery difficult to see evidence for this transition with the
ferent lattice sizes. Furthermore, closeTtoit is reason- usual cumulants (skewness or Binder parameter) the situ-
able to expecG(T) ~ G(L/&), where¢ is a correlation  ation turns out to be clearer with the paramefewhere
length. We stress that the calculation @fis especially a merging close td@" = 0.6-0.7 [below T.(h = 0) = 1]
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; : ; : ! FIG.3. G in the4D = J Ising spin-glass ak = 0.4. The
Faiotal Ine. mdicacn e e o rcsu G ¢ nUMBer of samples i 7560, 1260,708,64 or-3.5.1.5
1/3 while the vertical line indicates the expected transitionreSpeCt'Vely' Error bars are shown fbr= 3,9.
temperature derived from other methods [10,11]. Error bars
are shown for. = 4, 10. We also observe here a behavior very similar to that
found in Fig. 2. The existence of the two regions (a
is observed. The figure clearly shows the existence olfiigh temperature one whek€ goes to zero and a low
two temperature regions: a high temperature region whereemperature one wher@ converges to a finite value close
G goes to zero with the volume (as/V) and a low to 1/3)is also clear from the plot.
temperature one wheré converges to A3 (within the Figures 2 and 3 show quite unambiguously that there
precision of the statistics). This shows the existence oére two regions where self-averaging properties are quite
the Almeida-Thouless line in the SK model, a result welldifferent. This is a strong indication in favor of the exis-
known in the mean-field theory of spin-glasses but diffi-tence of a RSB phase transition in spin-glasses in a mag-
cult to observe numerically. netic field. But a scale invariant crossing point is not
The results in the four dimensional Ising spin-glassas clearly observed in Figs. 2 and 3 compared to what
model in a field are shown in Fig. 3. Simulations wereis observed in Fig. 1 for zero magnetic field and Fig. 4
done at a magnetic field = 0.4 with statistics ranging (see below). There are two factors which make numeri-
from 20000 MCS forL = 3 up to 450000 forL = 9.  cal simulations of spin-glasses in a magnetic field much
more difficult. The first one is related to the difficulty of
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FIG. 2. G inthe SK model at: = 0.3. Error bars are shown T

for V.= 32,1024. The different curves merge at a temperatureFIG. 4. G in the model (5) without TRS symmetry with three-
well compatible with the theoretical resulf.(h = 0.3) = spin interaction and two spins per site. We find that= 2.62.
0.65 [13]. Error bars are shown fat = 3,6.

1700



VOLUME 81, NUMBER 8 PHYSICAL REVIEW LETTERS 24 AGUST 1998

thermalizing spin-glasses at low temperatures. When thapplication of the method is for models where there is no
field is switched on, the critical temperature is pushedunable parameter which restores TRS (like the magnetic
down (as Figs. 2 and 3 clearly show). This makes therfield). By introducing a new short-range-spin model
malization in the low temperature region more difficult. [Eq. (5)] we have shown that is indeed a good indicator
The second factor is related to the fact that Eq. (1) restorefer RSB. We have considered a model with= 3 in 4D
the TRS at a zero magnetic field. Consequently, it is natushowing thatG displays a crossing point where the spin-
ral to expect the existence of a crossover lergtifwhich  glass susceptibility diverges. Finally, we want to stress
increases as the magnetic field decreases) such that abdbat the information gathered fro in models without
L. the finite-field fixed point dominates the scaling be-TRS cannot be extracted in an easy way from the usual
havior while belowL. the scaling behavior is dominated standard cumulants of the sample averagddg). The
by the zero field fixed point. In the case of Fig. 3 thegenuine property of replica symmetry breaking transitions
crossover length was previously estimatéd & 5 [12]).  in disordered systems is the non-self-averaging character
This crossover effect manifests as a displacement of thef the spin-glass order parameter, a feature which is
crossing point to lower temperatures as the size increasespecifically taken into account within the present method.
For large sizes (and always within errors) the crossA deeper understanding of the appropriate renormalization
ing point stays at abouf,. = 1.2, a value for the criti- group approach in spin-glasses is certainly needed to
cal temperature which has also been estimated througtiarify the appropriate theoretical framework to deal with
other methods [14,15]. these types of phase transitions.

Assuming that the value of the paramet@r at the F.R. acknowledges Theo Nieuwenhuizen for discus-
crossing point corresponds to a universal amplitudesions and a careful reading of the manuscript.
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