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Bbstract. In this note we give a generalization of Furiwimgler's primiti-
vity eriterion 5}, in order to assure that a polynomial is primitive Cthrough

hig coefficients.

Let K be a field. We recall that a polynomial E(XYEK[X] is
called primitive over K if its Galois group over K is primitive
as a permutation group of its roots [3,ch.vYI,49].

Throughout this note R will dencote a Dedekind domain and K
its field of guotients. If 2 is a prime ideal of R, we denote by
v7 the valuation of R associated tOﬂg.

Furtwingler proved the following criterion [2,th.3]: If
f(X)=Xn+a1Xn_l+...+an eZ{X] is an irreducible polynomial and for
a prime p is vp(ai]>0, 1<i<hn, vp(an_1)=l and vp(an}>1, then f(X)
is primitive.

In this note we prove the following generalization:
Theorem. Let f(x)=x“+alk“'l+...+an €R[X] be an irreducible poly-
nomial. Let ¥ be a prime ideal of R such that ei=v7(ai]31 for
every l<isn. Let O<k<n he such that ei/i = ek/k for every 1=isn,
Suppose that n=rs, and the roots of f(X) can be divided in s
subsets of imprimitivity. If in every s-tuple (i;,...,i ) of in-
dexs with Ogiméx, lsm=s, and il+...+is=k, there exists an index
iq such that (iq,k)=1, then s = k/(k,ek).
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First we need an easy lemma:

Lemma. Let f(X)=X"+a X" '+...+a ER[X]. Let « be a root of f(X).

Let Afbe a prime 1dea1 of K and g nrime ideal of X{a) lying
overﬂf. Let MAEQ and e=e(/ﬁ/l?) .

i)  1f v,f(ai]@i?\ for every 1%isn, then v,p{a }Ze X

ii) If we{a,)>ik for every 15i€n, then v, {®¢)> el
A ¥

Proof. The slope of any segment of the Newton's polygon asso-

ciated to f(X) is # X, by [ ,ch.2,5] is V_F(&]/e;?\.

Proof of the theorem. Let L be a splitting field of f{X) over
K. Let ” be a prime ideal of L lving over 4 ,and e=e(#,4p) . Let

1 1, 2 2 &5 s
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be a division of the roots of f£(X) in subsets of imprimitivity,.
Let

r -
_ —aty = i,r-1 i <1
£,(%) = jgl (X c:.} X+E X +...+Er, Isiss.

Clearly the elements E ,...,’é are conjugated over K for every
1£§Sr. Let

g5 (X) = xs+bg'x5'l+...+bg, <§<r,

be their irreducible polynomial over K. Being the roots of f({X)
integers over K, the same happens with the Ej's, hence 95 {XIYERI[X)
for every 1S§Sr. If « is a root of f(X), it follows from the
lemma that v?(a)é eek/k hence

Vﬁ(f%) = jeey /k. (1)
Thus, Vp(bg) = ijeek/k, hence
v,.f(bi) > ije /k. (2)

s
Clearly f(X} = j_l_'l__l fi(x), hence

a = 2o R
Oéimir,Iémés *1 s
il+,..+is=k

where E;)“:l for everv 1<iss,
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By (1) every summand has

zi ) 2 ee (3)

1

X .
q?(fii... -

Since vp(ak)=eek, rhere exists one s-tuple (il,...,is) for which

equality holds in (3). Hence, for this s—tuple we have

v (f? } =i ee, /k, for every lsmSs.

£ ia mk

Let iq be the index in this s-tuple such that (i _,k)=1. By (2)
and ii} of the lemma, there exists an index t, 1<tr<s, such that

i
Ay = ¢
q?{bt ) thek/k.
i )
Since ﬁ?(btq) is an integer and (i_,k}=1 we conclude that tek/k

is an integer, hence t is a multiple of k/(k,e.}. Thus's>t?k/ﬂqekL

Corellary. In the following cases £(X)} is orimitive:
i) If k=n-1 and (n—l,en_l)=1,

ii} ~ If n>3, k=n-1 and e__ =1 or 2.

iii} If n is odd, k=n-2 and (n—Z,en_2)=1‘

iv) If n>6, 34n, k=n-3 and (n—3,en_3)=l-

v) If p is a prime number n/2<p<n and k=p.

Proof, All are an easy consequence of the theorem..Let us remark
that there always exists a prime number satisfying the condition

of v} by a theorem of Tchebyscheff.

Remark. Furtwingler’'s primitivity criterion is the special case

en-l=l in i} of the corollary.
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