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SUMMARY

Nanofiltration is a membrane separation process whose driving force are pressure changes,
which is used to remove ionic species from aqueous solutions. This technique lies between
reverse osmosis and ultrafiltration membranes. Nanofiltration has received much attention in the
last decades due to its applications in textile, paper, and food industries including water
desalination.

The separation mechanisms of nanofiltration membranes include steric and electric effects.
Most of these membranes acquire an electrical charge when they come into contact with a polar
medium due to the adsorption of charged species from the bulk to the pore walls, which leads to
the favored transport of counter-ions and the exclusion of co-ions.

The development of adequate mathematical models for nanofiltration is extremely important
for better understanding of electrolyte transport phenomena and prediction of separation
parameters. The transport of ions in charged membrane pores can be described by the system
of Nernst-Planck, Poisson, and Navier-Stokes equations.

In this work is modeled the behavior of ions, in our case NaCl, through a nandfiltration
membrane with the system of differential equations of Nernst-Planck and Poisson in 1-D in
transient. The system of partial differential equations is solved by means of numerical
algorithms with the Wolfram Mathematica program. The results are compared with a more
complex model (Poisson, Nernst-Planck and Navier Stokes in 2D) and a simpler model
(Donnan-Steric-Partition-Dielectric exclusion model) to verify our work and later to be able to
use the algorithm for more complex ionic systems.

Keywords: Nanofiltration, Membrane Transport Phenomena, Electro diffusion, Numerical
modelling, Wolfram Mathematica.
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RESUM

La nanofiltracié és un procés de separacié de membranes, la seva for¢a motriu son els
canvis de pressio, que s'utilitzen per eliminar espécies idniques a partir de solucions aquoses.
Aquesta técnica es troba entre les membranes d'osmosi inversa i d'ultrafiltracié. La nanofiltracid
ha rebut molta atencié en les Ultimes décades a causa de les seves aplicacions en industries
textils, papereres i alimentaries, incloent la dessalinitzacié de l'aigua.

Els mecanismes de separacié de les membranes de nanofiltracié inclouen efectes estérics i
eléctrics. La majoria d’aquestes membranes adquireixen una carrega eléctrica quan entren en
contacte amb un medi polar provocant I'adsorcid d’espécies carregades de la solucié a les
parets de la membrana, el que condueix al transport de contra-ions i I'exclusié de co-ions.

El desenvolupament de models matematics adequats per a la nandfiltracié és
extremadament important per a una millor comprensi6 dels fenomens del transport electrolitic i
la prediccio dels parametres de separacié. El transport d'ions en membranes es descriu pel
sistema de les equacions de Nernst — Planck, Poisson i Navier — Stokes.

En aquest treball s’ha modelat el comportament d'ions, en el nostre cas NaCl, a través
d'una membrana de nandfiltracié amb el sistema d'equacions diferencials de Nernst-Planck i
Poisson en 1-D en no estacionari. El sistema d'equacions diferencials parcials s’ha resolt
mitjangant algorismes numérics amb el programa Wolfram Mathematica. Posteriorment s’han
comparat els resultats amb un model més complex (Poisson, Nernst-Planck i Navier Stokes en
2D) i un model més senzill (model Donnan-Steric-Partition-Dielectric exclusion) per verificar el
nostre treball i, més endavant, poder utilitzar I'algorisme per a sistemes idnics més complexos.

Paraules clau: Nanofiltracid, fendmens de transport de membrana, electro difusio, modelitzacié
numerica, Wolfram Mathematica.



Sureda Croguennoc, Alexandre




Numerical solution of transport phenomena equations for nanofiltration membranes. 1

1. INTRODUCTION

Membrane processes are relatively new technology with many expectations for the future,
applicable to many separation processes. They can be driven by various driving forces such as
pressure, temperature, and electric potential. Pressure-driven membrane processes such as
reverse osmosis (RO), ultrafiltration (UF) and microfiltration (MF) use pressure gradient across
the membrane in order to transfer species. These types of membranes are very useful in the
separation of salts from aqueous solutions, e.g., to produce potable water. The major
disadvantage of RO membranes is that they need high pressures [1]. For example, the reverse
osmosis plant that supplies water for the Spanish province of Almeria requires a full third of the
province’s electricity [2].

Since RO membranes traditionally operate at high pressure and entail a high energy cost in
the 1970s RO membranes operating at low pressure and with relatively high-water flows were
investigated. These RO membranes at low pressure had great acceptance to be implemented
as separation technology and have been called nanofiltration membranes [3]. The NF
membranes are characterized by a pore diameter of a few nanometers, and an operating
pressure between (7-30 bars). These operating characteristics place it between the RO
membranes and the MF membranes [4]. As you can see in the following figure:

Particles
Sediment

Algae
Microfiltration Protozoa
0.1-um pores Bacteria
Ultrafiltration Small colloids
0.01-um pores Viruses
Nanofiltration Dissolved organic matter
0.001-um pores Divalent ions (Ca2* , Mg2*)

Reverse osmosis
Nonporous Monovalent species (Na* , CI")

\

Water
Figure 1. Differences in diameter of pores between pressure-driven membranes. (Crittenden et al. 2012)
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Below can be seen a table with the main differences between the pressure membranes:

Membrane type MF UF NF RO
Porosity porous porous finely porous nonporous
Pore size (nm) 50-1,000 5-20 2-5 -
Membrane type isotropic asymmetric asymmetric/ asymmetric/

composite composite
Transfer mechanism sieving, sieving, sieving, diffusion

adsorption  preferential electrostatic
adsorption hydration,

diffusion
Driving force pressure pressure pressure pressure
Operating pressure (bar) 0.5-5 1-10 7-30 15-100

Figure 2. General characteristics of pressure-driven membranes. Sivonen et al. 2014

1.1. MEMBRANE CHARGE

The separation mechanisms of NF membranes include steric, dielectric and Donnan effects.
Steric effect is caused by the ion size and the size of membrane pore, dielectric effects is
caused by the difference of the dielectric constant between the bulk solution and the membrane
domain, and Donnan effect is caused by the charge polarities of the ions and the surface charge
of the membrane [5].

The membrane acquires electrical charge by three possible mechanisms [6]:

e lonization of surface groups:
e Dissociation of acidic groups on a membrane surface will give a negatively
charged surface.
e Dissociation of any basic groups on a membrane surface will give a
positively charged surface.
e The surface charge depends on the acidic or basic strengths of the surface
groups and the ionic strength of the solution.
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Dissociation of acid group Dissociation of basic group
—COOH —COO" H* —OH + OH"
—COCH —CO0O" - +
- OH oH
—COOH —CO0O" H* _OH + o
— —
—COOH ~ —CQO0O e+ —OH ‘_ +
OoH"
—COOH —CO0" —OH +
H* OH"
—COOH —CO0O —OH +
H* OH
—COOH —CO0" —QOH +

Figure 3. Charged membrane by ionization of surface groups.

Differential loss of ions from the crystal lattice
e Ifacrystal of Aglis placed in water, it starts to dissolve.

e If equal amounts of Ag+ and |- ions were to dissolve, the surface would be
electroneutral.

e Ag+ ions dissolve preferentially leaving a negatively charged surface.

Agl Agl
Agl 3
. A
Agl !

1

Ag* .
Agl Ag

Agl I- Ag+

Agl r

Figure 4. Charged membrane by the dissolve of preferentially ions.
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Adsorption of charged species
e  Surfactant ions may be specifically adsorbed onto the surface of a particle.
e  (Cationic surfactants would lead to a positively charged surface.

e Anionic surfactants would lead to a negatively charged surface.

Cationic surfactant Anionic surfactant
cl RNHs* RSO3 "
+ —
CI_RNH;:. ) Cl H RSO3
RNH3 - RSOy "
RNH3* N +
o = RNH3* " = RSO3
.
cr RSOF H
RNH3* RNH3* . RSO3
cr . H .
RNH3* Cl H* H
RNH3* RSO3 | |RSOs

Figure 5. Charged membrane by the adsorption of charged species.

1.2. ELECTRICAL DOUBLE LAYER MODELS

The electrical behaviour of a charged particle in an electrolyte solution depend strongly on
the distribution of electrolyte ions and on the electric potential around the particle. In
electrostatics the potential distribution is usually described by the Poisson-Boltzmann equation.

Poisson-Boltzmann assumes:

iv.

Electrolyte ions are point charges
lon-ion correlation is neglected
Solvent is a continuum dielectric with a uniform dielectric permittivity €.

Charges on the particle surface are smeared out to give a uniform surface charge

density o

A membrane in contact to an electrolyte is usually charged with adsorption of ions onto the
membrane and/or ionization of dissociable groups on the surface explained in the last section.
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Electrolytes with charges of the opposite sign are the counter ions and with the same sign are
the co-ions.

They tend to approach the particle surface and to neutralize the surface charge, but thermal
motion of these ions prevents accumulation of the ions so that around the membrane is formed
an ionic cloud. In the ionic cloud the concentration of the counter ions become very high while
that of co-ions become very low. The ionic cloud together with the surface charge forms an
electrical double layer, often called electrical diffuse double layer [7].

Figure 6. A positive particle surrounded by an electrical double layer of thickness 1/x
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1.21 HELMHOLTZ-PERRIN MODEL

Created by Helmholtz in 1879, is the simplest model to describe interactions in surface
charges. Suppose an electrode with a surface charge density o+ :

c.

:AW @ OHP

|\ @

+

| \@
\@

+ =

Figure 7. Schematic figure of Helmholtz-Perrin model

In the figure 7. can be seen that the charge on the electrode is balanced by the ions of the

electrolyte solution with an equal but opposite amount of charge resulting two layers separated
by a thickness d.

The boundary through the centre of the negative ions is called Outer Helmholtz Plane
(OHP), this immobile layer was thought to completely neutralize the charge on the electrode [8].
Were the model of the electrical interface being precisely analogous to a parallel capacitor
composed of two plates of opposite charge. The potential in the region d between the two

parallel plates can be described by

c
E=
-

(1)

_d\|1_0

(2)

dx €&,

Where E is the electrical field, o the surface charge density, €,.€, the product with the
permittivity of vacuum and the permittivity of the region.
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Where the capacitance per unit area of the system is

&-E

C=
d

The potential results the classical solution of a parallel capacitor

Where A is the surface of the electrical layer.
Model limitation:

e Ay decreases linearly with the distance to the surface

e Ay does not account the concentration dependence

e Ay = f(I) = lonic strength

e Ay = f(T), does not account the thermal motion of the ions

1.22  GOUY CHAPMAN MODEL

Gouy and Chapman suggested that the capacitor parallel plate layer of Helmholtz model be
replaced by a diffuse cloud of charge that was more concentrated near the electrode surface
and extended out into the bulk solution [9]. The principle of the Gouy Chapman model assumes
Local equilibrium hypotheses (LEH) that is a simplification of the non-equilibrium
thermodynamics. LEH assumes that the variables of the system are varying in space and time
but assumes that each small volume element of the system is well mixed (the variables changes
very slowly and can be assumed that are constant in the volume element).

LEH can be described by the Boltzmann distribution based on the mean field theory having
the assumptions in the 1.2 section.



8 Sureda Croguennoc, Alexandre

+

b o

=0 x>
Figure 8. Schematic figure of Gouy-Chapman model
LEH can be described by the Boltzmann distribution based on the mean field theory that
assumes the ions interacts with the charged surface through a mean potential generated by all
ions in solution and all the surface charges, this assumption allows to describe all the ions as a

continuum domain.

The electric field generated by a charge distribution can be described by the Poisson
equation

= 5
V.V = ®

Where ¢ is the electric permittivity of the double layer and the p; is the charge density. The
charge density can be described as the sum of charges density of ions

N N
6
2Pi=ZZiFCi )

Where 7; is the valence of the ion, F the Faraday’s constant and c; the ion concentration.
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And the boundary conditions of the System

().~ i

y(x =) =0 8)

The Boltzmann distribution in molar units has the form

—z;F
Ci = Cl"ooe “ /RT (9)

Where ¢; ., is the ion concentration of the bulk.

The Poisson-Boltzmann expressed in molar units can be expressed

N
V.V = ) aF ey R
i

Where F = Nje

Solution of Poisson-Boltzmann allows us to find the potential distribution, and the
concentration profiles of ions in solution.

> L
Figure 9. Concentration and potential profiles for different surface potential
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1.2.21 LOW POTENTIAL APPROXIMATION

If the potential is low, in this case the thermal energy is bigger than the electrostatic
interactions, this approach is called Debye-Hiickel approximation. This approximation can be
described as

ZiFlp/RT«l (11)

Where R is the universal gas constant of ideal gas.

Now the exponential term of the Poisson-Boltzmann equation can be expanded in series

(ziF Y T)Z B (12)

e_Ziew/RT=1—ZiFlp/RT+ 2'

The series can be truncated at the first two terms, the Poisson Boltzmann equation can
be rewritten as

-V.(eVY) =ZZiF Cieo (1_ZiF1/)/R T) (13)

The electroneutrality condition in the bulk electrolyte gives

Inserting the electroneutrality condition in the P-B equation

N
VTP = Y G
' eRT t Leo
i
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Poisson-Boltzmann can be written in terms of the parameter

—V.(eVy) = KzllJ (16)

This equation is called the linearized Poisson Boltzmann equation, and the Debye-
Huckel parameter can be defined as

1
K :a»:R’TZZizF2 Cioo (17)
7

If the ionic strength is defined the Debye-Hiickel parameter can be rewritten as

1 (18)
I = Ez 4 Ci,oo
l

1/2

N Y, (19)
1 2F2 [\ 2
— 252 . — _ -1
K_<SRTZZ‘ F C“°°> (sRT) [m]

The inverse of Debye-Hiickel parameter k1 has units of length and is called the Debye
length, having an important physical significance because represents the thickness of the
electrical double layer. In the following graphics can be seen that if the ionic strength increases
de Debye length decreases, this succeed because when the ionic strength increases the
counter ions are more attracted to the interface and making the thickness of the double layer
smaller.



12 Sureda Croguennoc, Alexandre

1:1 Electrolyte
L -
Yo 1=0001M
1 1=0,01 M
S
I C,=0,001 M
i . ‘\\
Yol N\

Figure 10. Electrical potential for different ionic strengths (a) and charge valence (b)

Gouy Chapman model limitations:

e |on-ion interactions are not considered

e lons are considered punctual

e Homogeneous distribution of surface charges
e ltis not possible to consider adsorbed ions

o  Constant permittivity in all the diffuse layer

123  STERN MODEL

Stern developed the double layer with a more realistic way for describe the interface. Stern
model is a combination between the Helmholtz and Gouy Chapman model, describes the
double layer by the compact layer of Helmholtz and next the diffuse layer of Gouy Chapman
model. The model considers the ionic radius and the thickness of OHP layer depends of it.
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To e @

1@ @6

* 3 @ ®Diﬁuse
. ®@®Layer
1 O\ @® @

e

—>
x=0 X

Figure 11. Schematic figure of Stern model

1.3. NERNST PLANCK EQUATIONS

The last models based on Poisson-Boltzmann equation are correct to predict electrostatic
phenomena, because they assume a Boltzmann distribution assuming they are in equilibrium.
But in the case if membranes, not only the electrostatic interactions are included, the ions move
by diffusion and by the fluid flow. In this case it is an electrodynamic phenomena, for predict
these systems a more complex model is needed to be able to model it.

Considering a membrane in a confined region immersed in an electrolyte solution with a
continuum dielectric permittivity and a continuum dielectric permittivity in the membrane.

Can be described by the system of equations of Poisson, Nernst-Planck and Navier-Stokes
equations in 2-D.

The Nernst Planck (NP) equation is a conservation equation of mass species that describes
the ionic concentration gradient influenced by an electric field. For deriving this equation, we can
start with the conservation of mass equation for an incompressible fluid (V.u) = 0:

Jc;
—L=uv.c+ VR (20)
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The convection term (uV. ¢;) in dilute theory is easy to define, it is just the mass averaged
velocity of the fluid, in this the velocity of the ions is the same as the fluid flow. But when the

case is in concentrated solutions, this term become more difficult to define, because in this case
we must distinct between the ion velocity and the solvent flow.

The flux for Nernst-Planck equations can be defined by:

Fi = —Miciv‘[l;

(21)
Where Mi is the mobility of the ion, defined by the Einstein relation
D:
D (22)
M K,T

ci is the molar concentration of the ion and fz is the electrochemical potential, the chemical
potential is defined by the dilute theory as:

G Ci
=(=—= = RT In—- (23)
/ul (aCi) /JO + In

T,P.Cj:i Ci,O

Where c; , is the concentration equal to 1M.

The electrochemical potential can be described adding de Coulombic force to the chemical
potential

C.
b = u, +RT lnc—l+ziF1/1
0,0

(24)

The gradient of the electrochemical potential is

Vi =p+ FVp=RT Vine, +4,F VY (24.2)
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Where :

=3

ﬁlnciz—

With this relationship gives:

=3

= VCl' —
VA, = RT —+uF Ty
i

i

With the Einstein relation and the chemical potential, the molar flux can be defined as

F, = —Mc;Vi = D (VCL- +2—Tci VIP) (27)

This equation gives the flux due to the diffusion given by Fick's law and the second term is
due to electromigration. With the continuity mass equation and the flux defined we can write the
Nernst-Planck equation in molar units:

aCi _ — Z.LF - (28)
Frin —uV.c; +D; V. (Vci +ﬁci le)

The Nernst Planck equations gives the transport of each ion influenced by diffusion,
electromigration and convection. Can be seen that the equations give two incognits, the ion
concentration and the electrical potential the electric potential is described by the Poisson
equation explained before

V.V = ) p (29)
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Where ¢ is the electric permittivity of the double layer and the p; is the charge density. The
charge density in the case of NF membranes can be defined as a sum of the charge density of
the ions and the fix charge density of the membrane:

ipi = iZieCi + Prix %0

Supposing a cylindrical pore membrane, the fixed charge of the membrane

expressed in terms of concentration is

20

X Frp

(31)
Where o is the surface charge density, F is the Faraday's constant and r,, is the pore

radius.

Rewriting the Poisson equation gives:

N
=V .(go&, V) = Z ZieC; t+ Prix
i

Where €,.€,. is the product by the permittivity of vacuum and the membrane or solvent.

The Poisson-Nernst-Planck equations that describes the ion transport results a nonlinear
system of hyperbolic-elliptic partial differential equations. The system resulting is:

6ci — ZlF — (33)
E = —uV.Ci + Di V. (VC,: +ﬁci Vlll)

N
=V. (g0, V) = Z zeci + Prix
7
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The velocity u obeys the Navier-Stokes equations

ou . - o
S, TuVu—9Vu+VP =p £ (35)

Where 9 is the kinematic viscosity, P the pressure and E is the electric field E=-V Y.
The right-hand side of the equation is the Lorentz force that is the influence of the electrical field
to the fluid.

The system of Poisson, Nernst-Planck and Navier Stokes equations was called by Osterle
and co-workers space charge model (SC) [10]. This system of nonlinear partial differential
equation in 2-D requires much computational resources. For that many simplifications are
considered to solve these equations, the first is to reduce the system in 1-D, neglecting the
radial variation, this assumption is valid when the Debye length is larger than the pore
membrane. Another consideration is to suppose that the velocity is constant or that have a
laminar profile ignoring the viscous effects and the force gradients that act to the fluid. With this
assumption the Navier Stokes can be ignored.

The third assumption is the electroneutrality condition in all the regions of the system. This
assumption considers that there’s not charge separation anywhere in solution and so neutrality
is maintained in all the system. When charges separation occurs, coulombic force influences the
transport of ions described by the Poisson and Nernst-Planck equations.

For describe the electroneutrality condition analytically must be done by the dimensional
analysis in Poisson equation [11]. The electrical potential can be normalized by the ratio with
electrical potential and the thermal voltage, and the concentration by the bulk concentration c; o,
of the electrolyte.

g ¥ _FY (36)
R

e
Ky

ﬂ
ﬂ
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With the non-dimensional concentration and electrical potential, the Poisson equation can
be written as

€

_ F2¢, . & (38.1)
-v.(Vy) = R"T Z 2
i

The Poisson equation in that form gives also the same parameter that in the Debye-Hiickel
theory explained before, the Debye length

o (pz ci,OO)l/z (39)
"\ eRT
g <sRT 2 (39.1)
ST cmioo

The Poisson equation rewritten in terms of the Debye length
N
40
—p° V2P = Z %G 4o
i

The Debye length as be stated before indicates the length of the electrical double layer. If
there are charge separation, the electrical field can vary, and hence over which V1) can take a
large value, is limited by the Debye length [12].

Considering that the Debye length is very small compared to the other length scales of the
system, the Poisson equation gives

G ERNY
%
0x?
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And gives the electroneutrality condition

Z 26 =0 (42)

If the system has fixed charge density like a membrane, the electroneutrality condition gives

z zieci + prix =0 (43)

The physical significance of this equality is that there is no local accumulation of charge in
all the points of the system. The gradient of electrical potential is important to consider
interactions with small particles and charges surface phenomena but is generally unimportant
with the bulk solution. The electroneutrality condition implies that the potential distribution is
governed by Laplace’s equation( V21=0), because the right-hand side of the Poisson equation
is 0[12].

Can be observed that the electroneutrality condition gives a paradox, because that one
cannot use both Poisson’s equation and the electroneutrality condition, this over specifies the
problem.

In summary, the electroneutrality condition will never be applicable very close to a boundary
where charge separation takes place like in the electrical double layer where the gradient of the
electrical field become very large.

1.3.1. NERNST PLANCK WITH STERIC EFFECTS

Also an important phenomena that appears in the selective membranes is the steric effect,
making this crucial for what type of molecules can pass through the membrane. The steric effect
is based in the length of the pores and the ions, basically arise from a fact that each ion
occupies a certain amount of space, for this reason the ions interact with them and with the
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membrane, because the smaller ions will be able to pass through the membrane, but the ions
with bigger radius than the pore radius can't be able to pass.

But the Nernst-Planck equations are based to dilute solution theory, that assumes the ions
don't interact with them and her movement is independent between the other ions. For this
reason the statistical-physics scientists developed a modification to Nernst-Planck equations
based on variation of free energy:

Kinetic energy Entropy Electric energy steric energy

" N
f( u? +KbT ch loge; += (z zieci + e prp)P)dx + Z gij f cicidx “4)
Jr=t

\ Classical PNPY |

PNP with steric effects Y

The Nernst Planck equations with steric effects can be written as

dc; - F N
E=—u|7.ci+Di V. VCl' RTClle‘l'ﬁ jgijVCj

Where the coefficient g, is

9y = €j(a; +a)™?

Where ¢;; is a coefficient that depends of molecular interactions that only be adjusted to
reproduce experimental data or calculated from quantum mechanics, and a are the diameter of
the ions.

The equation approximates the repulsive term of the Lenard Jones (LJ) potential added to
the concentration flux. The LJ is a well-known mathematical model for describing the interaction
between a pair of ions, and in this work is used to describe the steric effects of the ions [13].
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1.3.2. TEORELL-MEYER-SIEVERS

TMS model is a less rigorous model compared to the SC model explained before, but it has
large applicability in the case of NF membranes.
The model assumes:
e Radial variation negligible (1-D)
e  Convective flow constant
e  Local Electroneutrality condition
e Uniform distribution of fixed charges
e  Membrane and adjacent solution interfaces are in Donnan equilibrium
e Steady state

In TMS model can be seen that the three simplifications explained in the las section are
applied. Also supposes that the fixed charge density is distributed uniformly, and the most
important statement of this model is that supposes a Donnan equilibrium is given in the
interfaces of the solution and the membrane.

The Donnan equilibrium is based when ions are too large to pass through the membrane,
these ions are accumulated in the interface attracting ions of opposite charge and repelling ions
of the same charge, for this reason appears an electrical and concentration gradient, these
gradients are equal but with opposite sign. In the equilibrium, the product of the ionic
concentrations of each side of the membrane are constant.

In the absence of the Poisson equation for describe the transport of ions through the
membrane, the Donnan theory can be able to describe the concentration profiles in the interface
with partition coefficients obtained from the Donnan equilibrium. This concept is explained in the
following figure.
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Figure 12. Schematic figure of the TMS model

In the figure can be seen that the concentration suffers a jump in the interface caused by the
difference of the electrical potential between the solution and the membrane, the electrical
potential in the interface is called Donnan potential.

The Donnan equilibrium must be explained by the dilute solution theory. At equilibrium the

electrochemical potential in the two phases must be equal.

C; C;
i, = py, +RT lncl—‘s + F Y =y, + RT In C”” + F Y, (47)
i,0

i,0

This model states that the surface potential is at Donnan equilibrium, this assumption makes
the Awp constant . The equality can be written in the form of a constant partition constant.

—iF A
ey = B; = constant (48)

Cim
—_— e
Cis

Note that the equation gives a distribution of Boltzmann with the Donnan potential. With this
partition coefficient the concentration ion in the boundary membrane can be calculated with the

concentration in the solution interface.
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The equations that describes the profile concentration and the electrical potential in the TMS
models are the Nernst-Planck equation and the electroneutrality condition based it on the

Poisson equation.
The flux defined by the Nernst-Planck equation is

F=— i(dci ZiF dl/)) ' (49)

dx TRT S dx

The flux is described by diffusion, electromigration and the convective flow, in the steady
state the flux is constant, note that in this case the derivative is total and not a partial derivative
like the transient case. And the electroneutrality condition in the solvent and the permeate

solution:
(50.a)

N N
ZZiCi,s =0 ZZiCi,p =0
g i (50.b)
The electroneutrality condition in the membrane

N (51)
Z LCim + Prix =0
i

The molar and volume fluxes are described by the filtration condition which relates the

concentration of the permeate and the ionic and volume fluxes in the steady State

Fi =uC;,(8%) (52)

Inserting to the equation of the flux gives

de; yF dy
. + = —/). | — —_—C; —— .
uCip,(8%) D; (dx + RT C I ) + uc;
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Can be written as

ZzF ayp (54)
RT ' dx

dc; u(
dX_Di €

Cip(61)) -

Multiplying the equation by z; and derive the electroneutrality equation in the membrane the
equation can be written as sum of all the ions

ZZldCl Z(le) Lp(8+)) FTZz 5 ((iill)) 0 (55)

The electrical potential can be written as

ap  Shiwp (e Cp) (56)
E =

F
Wﬂvﬂ P

Considering the case of 1:1 electrolyte the equation obtained is

dap < Dil(ﬁ - Cl,p(8+)> —2 Di2 (Cz - CZ,p(8+)) (57)
e

F
RT (za%c1 + 22%¢2)

The electroneutrality conditions in this gives the following relations

In the solute

21C1,,(07) (58)

21C15(0%) +2,C,5(0%) = 0 > C,(0%) = — 7
2
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In the permeate

Cy, (8%
22C1p(87) + 22C, (1) = 0 ——> (,,(8%) = _M (59)
2
In the membrane
c1(X) + pr;
260 + 226,() + priy = 0 ——F () = _% (60)
2

With these relations the equation can be written in terms of only one ion

dp QU (Dil - Diz) c1(x) — Zu (Dil )C1p(5+) -
e

% (61)

F
BT (leC1 x) — () + Zzpfix)
With the electrical potential defined the equation of concentration profile can be solved

dC1(x)
Cdx

uF
% () = €1p(59)) — ﬁcl(x) w (62)

For solve the electrical potential and concentration equation must be defined one boundary
condition for each one, because they only have one derivative, the boundary condition must be
the concentration of the solvent, and then with the Donnan partition coefficient describes the
jump across the interface membrane.

This reason makes this model easier than the PNP equations, but the model only allows to
describe the concentration and potential profiles inside the membrane because assumes that
the concentration in the solvent and in the permeate are constant.

These equations are simpler than the PNP equations, but have non-lineal terms making

difficult to solve analytically the equations. Usually are solved numerically by the Runge-Kutta
method, in some works supposed that the profile in the membrane is lineal making the spatial
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derivative the thickness of the membrane and turn the equations simpler to solve in analytic

way.

For understand clearly the difference between the PNP equations and the TMS model, the

following figure shows a qualitative profile of ions concentration with the two theories.

Poigson-Nernst-Planck model

de; de; iD a (ac, uF oY )
or ~ “ox Mox\ox AT ax
8%y
—EpE, E = Z 7:ec; + Prix AD =0
T
1 |
1 ) 1
| Ci(x) X
1 |
1 1
1 1
a0=co Prix el =
. : e
szfci.c,:o 1 l Zz.-f'"cs.m=0
- 1 | i
ity ! I Bulk electroneutrali
Bulk elecironemralltylﬂn ADI ty
1 _Ij >
Debye length

(Electrical double layer)

—V. (g8, Vb)) = ZZ‘F g =0

Teorell-Meyer-Sievers model

de; _u . uF  dy
oD, (Cf —Cip(8 )] TR dx

. an@) o o

Zz.-FCs(U‘} =0 szr G+ =0

i ) T
Bulk electroneutrality Bulk electroneutrality

Prix

N
ci(07) ZZifi.m + prie =0| (1)
7

Membrane
electroneutrality

Donnan equilibrium 1 Donnan equilbrium 2

m(0%) = c(07)B,
—TF Ay

Em(87) = i (64)f,
—UF Mgy

r(3’:=(:_- ‘ar

Figure 13. Differences between the PNP model and the TMS model

The idea of the Donnan potential can be explained with capacitors theory, imagine two
parallel plate with opposite charge separated by a distance A, that represents the Deby length.
This system represents the interface between positive ions and a membrane with negative
surface charge.
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Figure 14. Description of the electrical double layer like a parallel plate with opposite charge

The simplicity to solve TMS model makes very attractive to be implemented in modelling of
NF membranes, but due the simplifications that assumes makes difficult to predict the behavior
of the ions. For this reason, many modifications are implemented to the TMS model for make it
more realistic.

The extended Nernst-Planck equation was proposed by Schlogyl, Dresner, and Johnson
[14], is the classical NP equation but adding hindrance coefficients in the diffusion coefficient
and in the convective flow and take account to steric and dielectric effects.

These hindrance factors are considered to take count the steric effect at the pores
membrane, if a ion with a bigger diameter than the pore radius can’t pass through it, also the ion
diffuses very different in a solution than in a pore membrane, in the pore membrane the ion
bounces in the walls of the pore making the diffusion coefficient different.

@® Prix |
005 g I
Diffusion bulk @
O~
@ ® @ %CQ/Q‘ Dip # Dyeo
@ @ Diffusion at the @
pore
® Prix

Figure 15. Description of the difference of the diffusivity between the bulk and the pores.
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For describe the variations of diffusion coefficient and in the convective flux. These are
corrected with the hindrance factors, both dependent on the ratio of solute radius and to pore
radius. For de convective flux the hindrance factor to take account the effects of the pore on the
species motion by the following equation [15]:

Kic = (2 = @steric)(1+0.054 4; + 0,988 4; > + 0,441 1;°) (63)

Where @401 is the dimensionless steric partition coefficient of the ion expressed as

Psteric = (1 — 4 )2 (64.a)
And 2; is the ratio of the ionic radius by the pore radius

A =— (64.b)

For the diffusive effects, the hindrance factor is defined as

Kip=(1-230 4 +1,154;° + 0,224 4, °) (65)

The diffusion and the convective flow in the membrane are corrected with the hindrance
factors by the following form

Ul
ip = i,DDi,m;" (66.a)

D
up =Kicu (66.b)

Where D; ., is the diffusion coefficient in the bulk, u the velocity, n, the viscosity in the bulk
and 7 is the viscosity affected by the effect of the pore membrane, the ratio "n—" ;
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2
To 1418 <i> ~9 (3) (66.)
Y U »

When the pore radius decreases, the viscosity of the solution increases. The steric effect

and the dielectric effect are very important to take account in the interface of the solution and
the membrane because the steric and dielectric effects have a crucial decision that what ions
can pass through the membrane and not.

For this reason, the partition coefficient in the interface based on the Donnan equilibrium is
modified adding the steric and dielectric effects as

Cim —4F A\VD/
—=ce

- RT Psteric Bdielectn‘c
Ci,s

The steric partition coefficient was defined, the dielectric partition coefficient is described by
the Born model.

oy
Baietectric = € KpT (68.a)

Where AW; is the energy solvation barrier of the ion in the interface and is defined by the

aw, = &° (i _ l) (69)

8me, i \& &

Born model as

Where ¢, is the electric permittivity of the bulk and «, is the electric permittivity of the pores.

This equation based on the Poisson-Boltzmann equation describes the solvation energy
barrier that is formed by the effects to the interaction of ions with the polarized surface
membrane due to the difference of their dielectric constant [16].

With these modifications the model is known as DSPM-DE (Donnan Steric Pore Model —
Dielectric effect). With the corrections the equations can be written as
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da Kt g, ) -4lq 2 (70)

dx Dy RT ! dx

This model has been identified very appropriate and accurate for the characterization of the
NF membranes because with the empirical coefficient is able to correct the error produced by
the simplifications considered in TMS theory.
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2. OBJECTIVES

The main objective of the work is to propose a model of ion transport in a generalized way
and solve it with the minimum of simplifications.

The transport phenomena model proposed for describe the behaviour of ions, in our case
NaCl, through a nanofiltration membrane is the system of partial differential equations of
Poisson and Nernst-Planck including steric effects and in 1-D in transient.

The system of partial differential equations will be solved by means of numerical algorithms
with the Wolfram Mathematica program. The results will be compared with a more complex
model (Poisson, Nernst-Planck and Navier Stokes in 2D) and a simpler model (Donnan-Steric-
Partition-Dielectric exclusion model) to verify our work.

With the model validated many simulations will be done for view the effects of all the
variables that depend the system.
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3. MEMBRANE MODEL

The system to model in this work is the transport of two symmetric ions (|z+ |=|z- |) in this
case Na+ and ClI- in a NF membrane described by the Poisson-Nernst-Planck system in 1-D. In
this work is assumed that the velocity is constant making simpler the computational complexity
because the Navier-Stokes equation is not considered. The system of equations for two
symmetrical ions with opposite charge are:

aCNa+ _ aCNa+ ad BCNa+ Z_LF alp (71)
s =g et (T v )
aca— aCCl— d aca— Z.lF 61/) ) 72
_ b0 wk o (72)
ot = " ox tha ax( ax T RT “ ax

Considering the Nernst-Planck equations with steric effects

dCyat DCyg+ 0 (Ocygr GF 0P cygr N 0g (73)
ot T “Tax PN ax\Tax TRT Mt ax T RT L 99 5x
dca- _ dcar- 9 (dcq- wF o cq- NV 0 (74)
ac - “Tax TPeax\Tax TRTCax TRT L, 9ok
Where
N ac; 0Cy,+ dcey-
i N c 75
2., 95 = It g G "
The Poisson equation
0%y (76)

—&&r 9z vatFenar T 2a-Fea- + Prix
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The one-dimensional system can be described with this scheme:

(o3 G
|
Qg Q,, Q,
Es €m Es
e
00, v Prix a0,

e
Fo = —D.(Ve, + 2 )

__ e
F =-D_(Vc_ +KbT c V)

¢+— P 4— | —P
L | L, ' Ls

Xo Xom Xem X¢
Figure 16. Model membrane system.

A planar membrane with a fix charge density and surface charge separates two aqueous
solutions of Na* and CI-. The dielectric permittivity is different between the solution and the
membrane.

The boundary conditions of the reservoirs are located at dQ; and 0(,, respectively, and
the flux is normal to the axial direction of membrane.

And the fixed charge density of the membrane is defined as:

pfix = pfix Q‘m
0 Q,

The system of equations is solved in dimensionless form because by transforming a PDE in
dimensionless form all the parameters that governing the system are reduced to only a few
dimensionless numbers. For example, making the Navier-Stokes dimensionless, can be seen
that the governing parameters are reduced to the Reynolds number, what is quite
advantageous.
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The system of PNP equations are non-dimensionless by the Pi Buckingham theorem that
can be viewed with more detail in the Appendix 2.

The dimensionless PNP equations gives

00+ 3 00yg+ 0 (00yq+ ov (78)
o = —Pepy,+ —6.7( a( ox + Ongt a)
aHCl— _ aecl‘ a agCl_ aqj ) (79)
ot Peyar 0x +£( 0x " ax
96 yq+ 00ng+ , 0 (90ng+ 0¥ | Onar 0 085\ (80)
__p o gy | INa* 2
at enat o Tax\Tax TNt ax YTRr L, 90 ok
8951— 6961— 6 6951— B‘P 961— N 0 9] (81)
=_p — —Oc-—— ij Ao
at evat 5 T o\ Tox T oy TR L, 90 ok
., 02 (82)

A5 6—62 = Ong+ — O + (rix

Where
W= Fy Dimensionless electrical potential
" RT
L? Dimensionless time scale
T=—
Dt
£= X Dimensionless length scale
L
pe =2 L Peclet Number
)
- Ap\° eRT eRT Dimensionless Debye length
Ap = (T) =5 SV Fze, =122 p2z [(electrical double layer)
l ,00
_c Dimensionless concentration
Co
_ Prix Dimensionless fixed charge

Srix = F Co
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In dimensionless form can be seen that all the parameters of the system only depends of

the Peclet Number (is the ratio of the convective term by the diffusive term, and describes the

Taylor-Aris dispersion of the system) and the dimensionless Debye length that describes the

electric interactions of the ions in the electrical double layer.

Note that these parameters depend by physical constants and by parameters that depends

of the system specified, with dimensionless form if the system is different only affect the
dimensionless parameters.

The most difficult thing to solve of this system of equations is to specify correctly the

boundary conditions at the limit of reservoirs and the interface conditions. In this work the

boundary conditions and the initial conditions for solve the PDE’s are

Type BC’s Physical significance Boundary
Dirichlet cnat(0) = Cyg* oo Initial concentration at the | 08

0 ya+ 0 =1 boundary
Dirichlet ca-(0) = co oo Initial - concentration at the 00

0c-(0) =1 boundary
Dirichlet PY(0)=0 No current at the boundary a0

Y@0)=0
Ocyng+  UF oY No flux at the boundary
Neumann | (e s 4D yq+( 6; +Rl—TcNa+ 5 = 0 0%y
00p,+  00y,+ v
(—Pepygy+ + Oyt =) =0
Na™ ox ox Na® ox’ 1oy,
dcei-  4LF ay No flux at the boundary
Neumant | (—ucqi-+Da- (5~ + e g, ) | =0 o
e 0x 0x oax? o,

0 No current flux at the

Neumann % =0 boundary 0Qy,
x=L
ov _
0x x=L B
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Note that for the Neumann boundary conditions of the ions appears the current flux, but with
the no current flux condition at the boundary, makes 0 this term. But is written in the general
form the flux.

It's obviously that the analytic solution of this system of equations is not possible and must
be solved with numerical methods.

Numerical solution of partial differential equations (PDE) can be schematized in the
following diagram:

EDP’s
Boundary conditions »| Discretization > System of algebraic uti "
Initial conditions equations P Solution method

Figure 17. Scheme of numerical solutions of PDE’s
The first thing to do is convert the PDE'’s into a system of algebraic equations, and the
boundary condition in discrete algebraic equations, this process is called discretization. There
are many methods of discretization, the most common used are the finite difference method, the
finite element method and spectral methods.

In this work we implement the finite difference method for discretize the equations and for
solve the System of PDE is used the Method of Lines in the Mathematica code.

The numerical Method of Lines is a technique for solving partial differential equations by
discretizing one dimension and then integrate the semi-discretized problem as a system of
Ordinary Differential Equations (ODE’s) or Differential Algebraic Equations (DAE’s).

The only restriction for use this method is that the PDE problem must be an initial value
problem (Cauchy), because the ODE and DAE integrators used are initial value problem
solvers. This rules out purelly elliptics equations like Poisson equations but in this work the
Poisson equation is coupled with the Nernst-Planck equations and that fact makes the Poisson
equations dependent of time and can be considered a Cauchy problem.

For implement finite difference schemes to discretize in Mathematica we used an algorithm
proposed by [17], where is extensively explained in the Appendix 1: Mathematical method.
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Where is compared the algorithm with the analytical solution of the diffusion equation, first
with Dirichlet boundary conditions and the second with Neumann boundary conditions for make
sure that the method is consistent with different conditions.
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4. RESULTS AND DISCUSSION

4.1. MODEL VALIDATION

First, the numerical solution must be compared with analytic or numerical solution that are
validated with experimental data.

The numerical solution is compared with the numerical solution of Allen. T, Hong.L. A
charged nanoporous model for nanofiltration. Dept. of Applied Math. Feng Chia University. Allen
and Hong modeled the NF membrane by the most complex model, the SC (space charge
model) in 2D.

Allen and Hong computational domain 2D

r

t)/

P Bk

S ed g-

—:S- Nanopore ;

; =LA - A
T o '7,7- - \ . Y
| 1= -2

i i

3‘; -
Reservoir  § & Reservoir it
6 8

Figure 18. Membrane domain of Allen and Hong project.
via: https://www.tims.ntu.edu.tw/download/talk/120604 Tzyy-Leng%20Horng.pdf

Can be seen that the 2D system of 18 nm of length is represented by two reservoirs (6nm
each one) and a charged membrane with 6 nm of length with a pore of 2r of diameter, the
boundary conditions at the walls is zero flux, in the reservoirs are applied the same boundary
conditions as this project.

A comparison table between the model of this project and the project of Allen and Hong


https://www.tims.ntu.edu.tw/download/talk/120604_Tzyy-Leng%20Horng.pdf
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This project Allen and Hong project
Dimensions 1D 2D
1. Poisson equation 1. Poisson equation
Equations 2. Nernst-Planck or Modified 2. Nernst-Planck or
Nernst-Planck with steric Modified Nernst-Planck with
effects steric effects
3. Navier-Stokes

Parameters used for comparing the numerical method (view page 37 of Allen and Hong).

(Note: In Allen and Hong project the ions that are modelled are K* and CI, the only

difference between sodium and potassium to take account are the diffusivity and the ion radius:

[KCI] = 0.011982M

Ct o = 0.011982M
Ceim 0 = 0.011982M

Initial concentration

rp=2nm

Pore radius

Dra*= 1.33 10® m%/s
Dor=2 109 m2/s
Di,pore=0.25 Di,bulk

Diffusivity in the pore and the bulk

Uo/Uref=0.03  where urer= 0.97850 m/s Dimensionless velocity

G =-2 Dimensionless surface charge
~ (&)
°= C,Fry,

T=293.15K Temperature

Eo€putk = 785 € water

EOEpore =80 €o

Permittivity of the solvent and the bulk.
Where €, = 8.85 1012 F/m

Is the permittivity of vacuum

L=18 nm

Length of the system
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The diffusion coefficients, and the velocity, dielectric permittivity and the fixed charge
density are modelled as Heaviside functions, for differentiate the parameters that are different
depending on the region:

u Qs Dbulk Qs

U = { Upore Qi D; = Dpore Qi

u Q, Dpyik Q,
€0€pulk -Qs 0 -Qs
€0€putkr = { €o€pore Qi Prix = Prix Qi
€0€pulk Q, 0 Q,

The velocity in the membrane is calculated with the equations (58) in the section 1.3.2. Note
that the model is in dimensionless form, so the dimensionless parameters like the Peclet
number also varying in the axial direction.

For example, the diffusion coefficient of the ion sodium has this form in the axial direction

5L DNa+,bulk DNa+,bulk

Dna*(ms) . oot B 1 0, 1 Q

Figure 19. Diffusivity of sodium in the pore in this case Dpore = 0.25 Douik.

With all the parameters used in one of the examples of Allen and Hong project, the solution
can be compared with our numerical solution.



42 Sureda Croguennoc, Alexandre

Dimensionless concentration

4
¢ Cl (Allen and Hong)
3,5 o ¢ Na (Allen and Hong)
Na (PNP+steric effects)
3 ——Na (PNP)
25 ——CI (PNP)

— (I (PNP+steric effects)

1,5
1
0,5
0
0 0,2 0,4 X 06 0,8 1
L

Figure 20. Comparison between the numerical solution of Allen and Hong project (points) and the
numerical solution of this project.

At first glance, can be seen that the result of our model fits the Allen and Hong solution. But
see that the solution of Poisson Nernst Planck equations it deviates slightly from the final
concentration, because without the steric effects the Nernst-Planck equations in only one
dimension they are not accurate enough to describe the system. Also, can be viewed that in the
2D model of Allen and Hong the ions are more sensible to the charge of the membrane making
maxims and minims greater than our model.

But if we add the steric effects to the equations, it fits perfectly and correctly predicts the
final concentration. In this case the steric coefficient selected is 0.02.

For compare the numerical solution with the DSPM-DE (Donnan Steric Partitioning model-
Dielectric exclusion) model explained in the 1.3.2 section is selected a simulation with the
DSPM-DE model that appears in the Allen and Hong project (page 76) where is solved with the
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same parameters as before with a dimensionless fixed charge density = -4 and pore permittivity
€0,80.

Dimensionless concentration
4,5
- K+ (DSPM-DE Allen and
4 PN ong)
’,” AN Cl- (DSPM-DE Allen and
/ \\ Hong)
3,5 I wil| - Cl- (PNP+steric effects)
I "
¢ 3 II,' W K+ (PNP+steric effects)
) \
Circo . ,',' \:‘ — — —K+ (PNP)
2,
1 ) Cl- (PNP)
|
2 [ v
II: !
1,5 , H \
] \
e ‘.
1 == == ‘\ ~
~...:__-_ L7 . S .
0,5 T | lIEmseee—e
\\\ ’r"
0 === e
0 0,2 0,4 X 06 0,8
L

1,2
Figure 21. Comparison between the numerical solution of Allen and Hong solution of DSPM-DE model
(lines) and the numerical solution of this project.

Can be seen that the numerical solution of PNP solution without steric effects can predict
very good the tendency of the concentration of ions but cannot predict correctly the final
concentration. The DSPM-DE model is not a good model for describe the interior of membrane

because assume many simplifications explained in the section 1.3.2 but has a good acceptance
to model the concentration of permeate of NF with all the relations at the interface.

But the PNP with steric effects can predict with exactitude the tendency and the final
concentration, in this case the steric coefficient is 0.02. So if the DSPM-DE model is good for
predict the concentration at the permeate and the PNP the comportment of the ions in the
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membrane, a good way to modelized NF membranes can be in the first case model with the
DSPM-DE model to find the final concentration of the ions, then solve the PNP equations and
choose a steric coefficient that correct the PNP equations to find the final concentration.

As it be explained in the 1.3.2 section, the DSPM-DE model assumes electroneutrality in all
the regions of the system, this can be seen making a plot of the density charge of the DSPM-DE
model of Allen and Hong between the numerical solution of this project.

, Electroneutrality

*
*
e

00

1,5
1
0,5

0

2 ) 1
05 0 0 6 0,8

-1

Density charge DSPM-DE
(Allen and Hong)

-1,5
¢ Density charge PNP

®o0,
9000000,
e
o PR g

2 x

25 L

Figure 22. Comparison of the dimensionless charge density between the DSPM-DE model and the PNP
model.

Can be seen that in the DSPM-DE model the electroneutrality the condition is fulfilled
throughout the system, but in the PNP model the electroneutrality condition is only true in the
bulk regions and in the centre of the membrane, this this gives consistency to the Gouy
Chapman’s model that says that in the electrical double layer the gradients became very high
and not satisfying the electroneutrality condition .

In the exterior interfaces of the membrane the density charge becomes positively high
because the counter ions are attracted to the surface of the membrane.

In the interior interface of the membrane the density charge is very negative because the
fixed charge of the membrane is higher than the concentration of the ions, in the centre of the
membrane the concentration of ions is balanced making electroneutral the region.
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4.2. EFFECT OF VARIABLES

Parameters used

[NaCl] = (5x 103-3)M

Initial concentration

rp=2nm

Pore radius

Dna*= 1.33 X 100 m?/s
Dor=2 x 109 m?/s

n
Di,pore = Ki,DDi,oo ?o

Diffusivity in the pore and the bulk

1= 1000 Kg / m2

Viscosity

u=0.03 m/s

upore = i,cu

Dimensionless velocity

{ix=(-0110 -2)

Dimensionless fixed charge of the membrane

T=293.15K

Temperature

Eo0€pulk = 78.5 €p water

€0€pore = 80 g,

Permittivity of the solvent and the bulk.
Where ¢, = 8.85 1012 F/m

Is the permittivity of vacuum

L=200 nm Length of the system

L1=50 nm Solvent bulk length

L2=100 nm Membrane length

L3=50 nm Permeate bulk length
i. Effect of time

Initial concentration Debye length

Cng* oo = 0.5M Ap=13.43 nm

CCl_,OO = 05M

Fixed charge density

(fix= -3
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Dimensionless concentration =~~~ Na

0 0,2 04 + 06 0,8 1 1,2

Figure 23. Profiles of dimensionless ion concentration for different dimensionless times.
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Figure 24. Profiles of dimensionless electrical potential for different dimensionless times.

In the figure 19. can be seen that the co-ions (CI") decreases very fast, because the surface
charge membrane makes a barrier of same charge, also in the first times, the co-ions and
counter-ions they are attracted to each other in the boundary.
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But in the steady state the profiles stabilized making a state of pseudo equilibrium in the

interface, the Donnan equilibrium, because the counter-ions are accumulated at the interface

membrane attracting the co-ions resulting a constant gradient of ions.

In the electrical potential can be seen that the potential increases in the right of the

membrane, because the ions concentration decreases.

These systems are dynamically very fast, reaching the steady state very fast.

iil Effect of initial concentration

Initial concentration

Debye length

CNa+,oo = 3M 7\4D: 55 nm
Ccimo =3 M

CNa+,oo =0.5M

Cci- o = 0.5M Ap=13.43 nm
Cna+ oo = 0.05M i

Cci- o = 0.05M Ap=42.5nm
Fixed charge density

(fixz -1

The initial concentration is an important variable, because the ionic force is dependant of it

and the Debye length increase or decreases according to the ionic force.
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Figure 25. Profiles of dimensionless ion concentration for initial concentration or ionic strength.
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Figure 26. Profiles of dimensionless ion concentration with different initial concentration or ionic strength.
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Can be seen that the initial concentration of the bulk makes crucial the behaviour of the ions
in the membrane, if the initial concentration is high, then the ionic strength becomes high
making the Debye length very small, because the counter ions are very attracted to the
membrane. This also can be viewed with the electrical potential, that when the ionic strength
increases the electrical potential also increases.

iii. Effect of fixed charge density membrane

Initial concentration Debye length
Cng* oo = 0.5M

Cci- o0 = 0.5M Ap=13.43 nm
Fixed charge density

(fix: -0.1

Crix= -1

Crix= -2

Dimensionless concentration

25 Na+ ( fixed charge=-0.1)
2 Cl- (fixed charge=-0.1)
Ci 15 Na+ (fixed charge=-1)
Ci,oo
L Cl- (fixed charge=-1)
Na+ (fixed charge=-2)
0,5
— = =C(l- (fixed charge=-2)
0 x
0 0,2 04 7 06 0,8 1 1,2

Figure 27. Profiles of dimensionless ion concentration with different fixed density charge of membrane.
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Dimensionless electrical potential

0,2
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potential (fixed charge=-
1y
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Figure 28. Profiles of dimensionless ion concentration with different fixed density charge of membrane.

The numerical solution also gives good physical significance with the dependence of the

fixed charge of the membrane, when the fixed charges decreases, in the membrane the

concentration of co-ions decreases significantly, and the counter-ions becomes very high. Also,

the electrical potential is proportional to the fixed charge density, note that when the electrical

potential becomes very negative, the concentration of counter-ions increases significantly.

iv. Effect of velocity

Initial concentration
Cng*oo = 0.5M
CCl_,oo = 0.5M

Debye length

Ap=13.43 nm

Fixed charge density
(fix= -1

T=293.15K

Velocity
u=0.03m/s
u=0.5m/s
u=2m/s
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Dimensionless concentration
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Figure 29. Profiles of dimensionless ion concentration with different fluid flow velocity.

In the graphic can be seen that when the velocity increases, in the membrane the co-ions
concentration descreases and increases in the case of counter-ions. Also, the curves becomes
asymmetric when the velocity increases, this is because the increment of flux pushes the ions
towards the membrane causing the convective flow to exceed the electrical forces.

Also, can be viewed that the final concentration increases because the flow drags the ions
to the outside of the membrane making the permeate more concentrated in ions.
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V. Effect of Temperature

Initial concentration Debye length

Cng+oo = 0.5M

CCl_,oo = OSM }\‘D= 1343 nm

Fixed charge density Temperature

{fix=-2 T=293K Ap=13.43 nm
T=350K Ap=14.73 nm
T=600K Ap=19.3 nm

Dimensionless concentration

Na+
(T=293

cl-
(T=293

0 X
0 0,2 04 [ 06 0,8 1 1,2

Figure 30. Profiles of dimensionless ion concentration with different temperature.

For visualize the effect of temperature is better to plot the profile concentration from the bulk
to the interface of membrane (x/L = 0.25).
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Dimensionless concentration
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Figure 31. Profiles of dimensionless ion concentration from the bulk to the membrane interface with
different temperature.
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Figure 32. Profiles of dimensionless ion concentration from the bulk to the membrane interface with
different temperature.

The temperature is also a decisive variable in this kind of systems, because the length of
the electrical double layer depends on it. When the temperature increases the thermal energy
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increases, so the diffusive layer spreads, in other words, the diffusion of the ions exceed the
electrostatic forces making the Debye length bigger. This can be seen with the Einstein relation:

Di ZMLRT

With the Einstein relation this is more clearly, when the Temperature increases the brownian
motion increases making the diffusivity larger.

In the case of potential, can be explained by the section 1.2.21 Low potential
approximation, in the potential plots can be seen that when the temperature increases the
electrical double layer also increases making the electrical potential smaller, this is because the
thermal energy produced by the brownian motion exceed the electrical potential energy.

vi. Effect of steric coefficient
Initial concentration Debye length
Cng+oo = 0.5M
Cci- o0 = 0.5M Ap=13.43 nm
Fixed charge density Steric coefficient
{fix=-2 gi=0
gij=0.05
gj=0.5
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— — Na+
1 (st.coefficient=0.5)
= = (lI- (st.coefficient=0.5)
0,5
\ ~~...°°‘°°---..____, ~ —
0 s — — — — — — — — — —— a—
0 0,2 0,4 0,6 0,8 1 1,2

Figure 33. Profiles of dimensionless ion concentration with steric coefficient.

In this graphic can be observed that the steric effect is crucial for the exclusion of the ions in
the membrane, the classic Nernst-Planck equations are able to predict in a general way the ions
behaviour but not with exactitude to describe the exclusion. When the Nernst-Planck equations
include the steric effects, the exclusion of the ions became very high like in the real systems of
membranes.

This reason is because the NP equations are general for predict transport of ions in dilute
solutions and in cases where the pore radius don't have a crucial decision in the exclusion of
ions, but in the case of NF membranes the pore radius is very important, and the interactions of
ion-ion also have a very important role, so including the steric effects in the NP equations can
predict with more exactitude this complex systems with continuum models and making it
unnecessary to resort to statistical physics and molecular dynamics simulations
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5. CONCLUSIONS

After the validation of the model and the discussion of the effect of the variables that depend
our system, can be concluded that the numerical method developed accomplish the objective:
“The main objective of the work is to propose a model of ion transport in a generalized
way and solve it with the minimum of simplifications”.

The model has physical consistency, because all the numerical solutions ratify the double-
layer theory of Gouy-Chapman. Also, the numerical solution is compared with a more complex
model in 2D that also includes the Navier-Stokes equations, so if our model predict with
exactitude the results of more complex models, ratify that the model of this project is very
versatile giving good results with less computation resources.

Also is compared with a model that have very acceptance for predict the permeate
concentration in the membrane engineering, the DSPM-DE model. The results of this work
predict with exactitude the results of DPM-DE model.

So if the model is able to predict the behaviour of the ions inside the membrane and also the
final concentration of the ions for a type of membrane, can be concluded that our model is
useful to describe the concentration of ions for a given membrane and for designing membrane
processes.

To finish, the effect of the variables is confirmed that the model is stable and meets its
expectations, but in the case of classical Nernst-Planck equations they are not able to predict
with absolute accuracy the exclusion of the ions, but including the steric term in the partial
differential equations gives them the accuracy that they lack, so the steric effects are crucial to
determine the selectivity of the membrane making extremely important to take into account.
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ACRONYMS

DAE Differential algebraic equations
LEH Local Equilibrium Hypothesis
MF Microfiltration

NF Nanofiltration

ODE Ordinary differential equation
OHP Outer Helmholtz Plane

PDE Partial Differential equation
PNP Poisson Nernst Planck

RO Reverse osmosis

SC Space charge model

T™MS Teorell Meyer Sievers

UF Ultrafiltration

Ny Avogadro’s number

K, Boltzmann's constant

AW, Born energy solvation

aQ Boundary

Dio Bulk diffusivity

& Bulk permittivity

Mo Bulk viscosity

C Capacitance

4 Chemical potential

Cer- Chloride concentration

Do Chloride diffusivity

Zci- Chloride valence

Ci oo Concentration bulk of the ion
C Concentration of the ion

Convective hindrance coefficient
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Psteric

A\VD

Debye’s length

Debye-Hiickel parameter

Diffusion hindrance coefficient
Diffusivity at the pore membrane
Diffusivity of the ion

Dimensionless concentration
Dimensionless Debye length
Dimensionless electrical potential
Dimensionless fixed charge density
Dimensionless length scale
Dimensionless steric partition coefficient
Donnan potential

Electrical potential

Electrical field

Electrochemical potential

Electron mass

Faraday’s constant

Fixed charge density of the membrane
Gibbs energy

lonic radius

lonic strength

Kinematic viscosity

Membrane region

Membrane thickness

Mobility of the ion

Molar flux

Molecular steric coefficients

Peclet number

Permeate concentration

Permeate region

Permittivity of the solvent
Permittivity of vacuum

Pore permittivity

Pore radius

Pore viscosity

Pressure

Ratio of the ionic radius by the pore radius
Sodium concentration

Sodium diffusivity
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Sodium valence

Solvent concentration
Solvent region

Steric coefficient

Surface charge density
Universal gas constant
Valence of the ion
Velocity

Volumetric charge density
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APPENDICES
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APPENDIX 1. MATHEMATICAL METHOD

The method of finite difference can be defined by the standard definition of the derivative:

flh+x) = f(x)
h

f10e) = lim
And can be approximated to

h+x)—f(x
f,(x)approx = f( * x}z f(x )

But a definition for the difference formula by the Taylor expansion

2

h
f(xip1) = f(x) +hf'(x) + 7]”'(51); X <& <Xy
Which is more useful because the error can be estimated:

, _ f(xie) — f(xp) h? "
R e ()

It is important to think that &; must lie between x;,; and x; because the error is local.
Typically, the error is expressed in asymptotic form:

fGiva) = F(x)

5 + 0(h)

o) =

This finite difference formula is referred to first-order forward difference, the backward
difference the interval used lie between x; and x;_;.
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Taylor expansions can be used to derive high-order approximations. For example:

h2
f(xiv1) = fQx) +h f'(x;) + Tf”(xi) +0(h?)
And

h2
fxi) = fx) +hf'(x) + Tf”(xi) +0(h*)

Solving for f'(x;) gives the second-order centered difference formula for the first derivative

/ _ fxig) — f(xio1) 2
) = h + 0(h?)

And the second order centred difference formula for the second derivative

f”(xi) — f(xi+1) - th(;cl) + f(xi—l) + 0(h2)

Mathematica provided a kernel function with the Fonberg algorithm that is not difficult to
implement in Mathematica. Finite differences have been implemented through a data object that
allows efficient evaluation of finite differences over an entire grid given a vector representing the
function values on the grid.

When the data object is constructed for a derivative and grid, finite difference weights are
computed using the fast and accurate weight computation algorithm of Fonberg and formed into
a (sparse) differentiation matrix that the data object stores. The weight generation algorithm
makes it easy to support uniform or non-uniform grids along with an arbitrary approximation
order of finite difference. The approximation order can be specified by an option. The default of
4th order differences was chosen because for a large class of functions you can use far fewer
spatial points and still get a better approximation than with second order differences, but going
to higher order can increase both roundoff error and implicit solving complexity without as much
decrease in the number of spatial points. Boundaries are handled by one-sided derivative
approximations. An easy way to see the formulas that are being used is to give symbolic
function values [18]. For example, on a uniform grid with spacing h = 1 with 4 grid points the first
derivative approximated with finite difference method with difference order 4 is
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n22)= npts=4;
uu = Table[u,, {i. 0, npts});
fdd = NDSolve FiniteDifferenceDerivative[1, Range[0, npts], uu, DifferenceOrder - 4];
————diff= Thread[Table[u',, {i, 0, npts}] == fdd];

MatrixForm[diff]
’ e OO 2 il y duz  ug
(u')o == 1D :h’l ff“'—’ *F =3 1 The function that the finite difference
' o u Su 3us u u ative i ;
(ll )1 — __49. e _L 4 =22 _ _.;i + 1_3 v derivative is applied
(11').‘2 == -‘1‘4} — -—'—;J* + —';4 % The grid that the derivative is
’ o %, %o 4 U3 3uaz , Sus , ug evaluated
h=—-d+4—-F+5% 44
(u)y == — F 4+ 3up —4uz + 534
Thread |f args A 4
In[1]:= Thread[f[{a, b, c}]] Derivative order who has to be
»  oufi]= [£[a), £[b], £[c discrefized

Is the Matrix form of the discretized first derivative of the function on the grid with 4th order
Taylor series. Here is a table to present the kernel function of the finite difference method used:

NDSolve FiniteDifferenceDerivative [Derivative [m] ,grid, 1‘m’ws}
approximate the m™-order derivative for the function that
takes on values on the grid

NDSolve FiniteDifferenceDerivative [

Derivative [my,ma,...,ma] , {grid,, grid,, ..., gridn} ,1‘m'ucs}

approximate the partial derivative of order (m,, m,, ..., m,)
for the function of n variables that takes on values on the
tensor product grid defined by the outer product of (grid,,
gridy, ..., grid,)

NDSolve FiniteDifferenceDerivative [Derivative [my,my,...,m,] , {grid ,grid,, ..., gridn} ]

compute the finite difference weights needed to
approximate the partial derivative of order (m,, m, ..., m,)
for the function of n variables on the tensor product grid
defined by the outer product of (grid,, grid,, ..., grid,); the
result is returned as an

NDSolve FiniteDifferenceDerivativeFunction,
which can be repeatedly applied to values on the grid

Figure 1. Description of the finite difference algorithm by Wolfram Mathematica.

Typically, when computing a PDE solution, it is common to repeat the same finite difference
scheme to different values or function on the same grid. For this reason, Mathematica gives a
kernel function with the same finite difference algorithm but does not require to specify the
function or values on the grid, by this way can be used the algorithm for different values. In the
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last table can be seen that in the Mathematica function the third argument are the function
values, when you omit this argument the result will be an NDSolve FiniteDifferenceDerivative
Function, which is the finite difference weights stored in an efficient form for future use.

For example, suppose you have values of the sine function on a grid with uniform spacing
between 0 and 2.

Example by Knapp.R "A Method of Lines Framework in Mathematica." Journal of Numerical
Analysis, Industrial and Applied Mathematics, 2007.

grid = (2.7/20)Range]0, 20];
values = Sin[grid];

Then, constructing a FiniteDifferenceDerivative object on the grid for the first derivative
returns a function that optimizes finite difference approximation.

fder = NDSolveFiniteDifferenceDerivative[Derivative[1], grid]

NDSolvéeFiniteDifferenceDerivativeFunction[Derivative[1], <>]

The function can be applied to the vector of values to get the vector of derivative values as
shown in figure

ListPlot[{values, fder[values|}, DataRange — {0, 27}, PlotMarkers — Automatic].

l,l)#. e %o a "

0.5

—05F

~10F = 4

Figure 2. Plot of the function Sin[x] and his derivative.
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Where the circles are the values of the function and the squares are the first derivative of
the values.

The information of this method from Mathematica is

NDSolve FiniteDifferenceDerivative[{m,,m,,...}, {grid,,grid,,...}]

compute the finite difference weights needed to approxi-
mate the partial derivative of order (m,;, m,, ...) for the
function of n variables on the tensor product grid defined
by the outer product of (grid,, grid,, ...); the result is
returned as an

NDSolve FiniteDifferenceDerivativeFunction
object

NDSolve FiniteDifferenceDerivativeFunction Derivative [m)] ,dulu}

a data object that contains the weights and other data

needed to quickly approximate the m*"-order derivative of
a function; in the standard output form, only the
Derivative [m] operator it approximates is shown

NDSolve FiniteDifferenceDerivativeFunction [data] [values]

approximate the derivative of the function that takes on
values on the grid used to determine data

Figure 3. Description of the finite difference algorithm by Wolfram Mathematica.

When the derivatives are discretized with this algorithm the result is a system of ODEs or
DAEs with temporal derivatives. If the refinement of the grid is high, the number of grid points
becomes very high and the system of ODEs or DAEs becomes very large. For represent the
finite differences weights in large systems is convenient to express the finite difference weights
with Differentiation Matrix.

Finite difference approximation is a linear operation, the alternative to express
FiniteDifferenceDerivative Function is with a matrix. Differentiation matrices are not always the
best way but in finite difference approximations can be used to reduce complexity and error.

For illustrate the Differentiation Matrix is discretized with second-order centred difference
formula for the first derivative and the second-order one-sided difference are required at the
boundaries

' Uiy — Uy 5

u'; = NETEE + 0(h%)
3 up AUy — Ui

u'; = oh + 0(h?)
Uiy —4dUu_;+3u;
u; = —=2 2}: ! L+ on?)

Fori=1,...N, be a grid of equally spaced points [0,1] where h= 1/(N-1)
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Using the finite difference formula, the first derivative values can be approximated by

u'i = Dui

Where D is a NxN differentiation matrix

[ -3/2 2 -1/2
-1/2 0 1/2
-1/2 0 1/2

S|

-1/2 0 1/2
1/2 -2 3/2

With the Mathematica algorithm has the next form

npts = 10

nx

In

= Range([0, 1, 1/ (npts-1)];

Define the grid nx for i=0,...1 equally spaced with h =1 /(npts-1)

[3}= fdd = NDSolve FiniteDifferenceDerivative[l, nx, DifferenceOrder -+ 2]

Outj3= NDSolve FiniteDifferenceDerivativeFunction|Derivative|l], <>

Apply the finite difference algorithm for a first derivative approximated to second order

Taylor.

Outf5}/MatrixForm=

And we apply the kernel function Differentiation Matrix to get the matrix defined before

Inj4):= smat = fdd["DifferentiationMatrix"]: _ Diﬁerentiation matriX Of the ﬁrst
MatrixForm[smat/ (npts-1)] derivative approximated to second
order Taylor

o 0 0 O 0O 0 O

o 0 0 O O 0 O

Bl e

0

1 1
0 - 0 - O 0 0 0 o0 0
1 1
0o 0 - 0 - 0O 0 0 0 0
1 1
o 0 0 = 0 - o 0 0 0
1 1 : N
o 0 o0 0 - 0 - 0 0 0
1 1
0O 0 o0 o0 o - 0 - 0 0
1 1
O 0 0 0 o0 0 - 0 - 0
1 1
o 0 0 O o0 0 O = 0 =
1 ]
: 2 2

\0 O o0 o 0 o0 O

=z —
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If we do the product D u; result
u';=Du;
In[12}= MatrixForm [smat.uu];
diff = Thread[Table[u';, {i, 0, npts}] == smat.uu);

MatrixForm[diff]
t «Form=

3ug uz

Ug +2U0

up ug

u;

ho § u3

ugz P e

’ u2 u4g

ug S oy

P u3 us

ug e Ry

ug ug

U's i =

ug u7

Ug i =

ug ug

u'y g =

uy ug

Ug - T

ug u10

Ug

up 3 u1p
U 10 — - 2Ug =

Before starting to implement the Line Method algorithm to solve the system of PNP

equations. it will solve PDEs that have analytical solution and verify that the numeric method

works correctly.

The basic example of PDE is the classical diffusion equation that have analytical solution in

semi-infinite and infinite regions. The first example is a diffusion process in a semi-infinite

regions with the following conditions.

dc(x, t 0%c(x, t
( )=D (x,t)

at dx?
IC:c(x,0) = C,
BC:c(0,t) =0

BC:c(oo,t) = C,

;0<x <o
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Scaling the equation

X
With the dynamical length can be defined a non-dimensional variable that involves the two-

dimensional independent variable (similarity variable)
X X

$=57 VDt
The solution ¢(x,t) will be the form
X
c(x,t) = C, F( )
(x, ) = Co Wit

And the dimensionless concentration

9=C(Z;t)=F< x )

Considerations

= o) (27 = (o ) (-29)

9 _ <
at 2t
k€ 1

dx 2Dt

For the rule of change of variables and make the concentration dimensionless gives

0§06C, 0 <a§ aeco>
ot 98  9x\ox 0¢
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With the considerations and the equation gives

Reconsidering the conditions with the similarity variable

1C:0(x,0) =1 9(%) = 9(w) = 1

BC:6(0,t) =0 QG(Z\/LD_t)=O
BC:0(0,t) =1->0(0) =1

We can see that the initial condition and the infinite boundary condition with this new
formulation becomes the same, this method is called similarity variable and can be used with
that cases when many conditions becomes the same and the equation can be simplified to an
ODE.

Introducing the new notation to the PDE gives
_c(xt) x

=F
Co (ZVD t

6 )

d*o i o 0
déz fdf -
d*F(§) dF ($)
2 =
a2 T =0
Introducing the integrator factor

PFE)  dF@ _ d . dF()
ac TR _d_fef dé

y=0

Note that integrating factor is to be able to integrate the ODE, integrating the equation gives
dF($)
§22 07
e az A
dF () = Ae~$"d¢

Integrating the equation and apply the boundary condition
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3
F(&€) =f Ae=s"ds
0

«© T
F(o)= | Ae"ds=1 =A£= 1
2
0
Vs
L
2

Giving the solution of the equation

3
F(§) = ? f e=S’ds = gerf(f)
e |
Error function
NG
cx,t) = Cy 7" erf(NLD_t)

For solve this PDE with the Method Of Lines in Mathematica code have the following form:

First of all, the grid must be defined

1= npts = 100;
nx = Range[0, 1, 1/ (npts-1)]:

nx for i=0,...1 equally spaced with h =1 /(npts-1). The next step is to implement the finite
difference algorithm in the grid to approximate the second spatial derivative of the PDE in a
differentiation matrix

The second derivative approximation is called d2x2 and is approximated with a second

difference order in a differentiation matrix like the before examples.

nj3}= d2dx2 = NDSolve FiniteDifferenceDerivative[Derivative[2], nx, "DifferenceOrder" + 2] ["DifferentiationMatrix"];

The dimensionless diffusion equation in Mathematica has the following form

nf4)= u = Array[uu[#][t] &, npts]:
eqnl = Thread[D[u, t] = d2dx2.u];
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For define the function u[x,t] an Array has used, but in this case de spatial variable is
discrete because the finite difference method is used, and the temporal variable is continuous .
For this reason the Array defined is a vector that depend on [nx=grid] and [t] and the simplest
way to implement it is to use an Array function.

The definition of an Array in Mathematica is

Array|(f, n
generates a list of length », with elements f[i].
n[1]:= Array[f, 10]

Example: ow(1]= [£[1], £[2], £(3], £[4], £5), £(6], £[7], £[8], £[9], £[10

But for define an Array that depends on two variable and one of them is continuos,
(temporal variable because is not defined a grid for the time), is to use the # notation. The #
notation in Mathematica is to represent an argument defined by &,(object). Example:

(1 +77) &fx]

l+x
The result of this Array on the function is :

u = Array[uu[#][t] &, npts]

1)t), wa'2) t/, uu/3 t], ua 4] t), va 5 t), uwa6lt), ua t), w8 t], w9 tl,

The boundary condition are declared with this form

=egnl[[1]] =u[[1]] =0
eqnl|[npts]] =u[[npts]] =1

Outlf}= uu(l)[t) =0
Outi7- uu[100) (€] =1
The [[ n ]] notation in Mathematica is a way to extract the “n” of a list, is an easy way to

declare the value on the extremes of the grid.
The resulting system of DAEs with the boundary conditions are
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\

In[8]):=

And

au[l][t] =0
uu[2]°[t] =9801 uufl][t] -19602 uu[2][t] + 9801 uu[3][t]
uua[3]°[t] = 9801 uu[2][t] -19602 uu[3][t] + 9801 uu(4][t]
uuf4]'[t] =9801 uu(3][t] -19602uuf4][t] + 9801 uu[5][t]
uu[5]'[t] = 9801 uu(4][t] -19602 uu(5][t] + 9801 uu([6] [t]
uu[6]'[t] = 9801 uu[5][t] -19602uu[6][t] + 9801 uu[7][t]
uu[7]°[t] =9801uu(6][t] -19602uu(7][t] + 9801 uu[8][t]
aa[8][t] =9801 uu([7][t] -19602 uu[8][t] + 9801 uu([9][t]
auf[9] ' [t] = 9801 uu(8][t] - 19602 uu(9][t] + 9801 uu[10][t]
uu[10]'[t] = 9801 uu[9][t] -19602 uu[10][t] + 9801 uu(11][t]
uu[11]°[t] = 9801 uu[10][t] -19602 uu[l11]([t] + 9801 uu[12][t]
uu[12]°[t] == 9801 uu(11][t] -19602 uuf12][t] + 9801 uu[13] [t]
uu(13]°[t] = 9801 uu(12][t] -19602 uu[13]([t] + 9801 uu[14][t]
uu[14]°[t] = 9801 uu[13][t] -19602uu[14]([t] + 9801 uu[15][t]

nu[96]  [t] = 9801 uu[95] [t] - 19602 uu[96] [t] + 9801 uu[97] [t]

uu[97] [t] = 9801 uu[96] [t] - 19602 ua[97] [t] + 9801 uu[98] [t]

nu[98] [t] = 9801 uu[97] [t] - 19602 uu[98] [t] + 9801 uu[99] [t]

au[99] ' [t] = 9801 uu[98] [t] - 19602 uu[99] [t] + 9801 uu[100] [t]
uu[100][t] =1

The initial condition

icl =Thread[u=1] /. t-0;

solve the system of DAEs with a NDSolve

In[8]:= vars = Flatten[u] /. x _[t] » x:

PDEsol = First[NDSolve[{egnl, icl}, vars, {t, 0, 1}]]:

The variable “vars” is used to can be solve the equation in NDSolve , because without this

change of variable in NDSolve must be defined the variable “x” and “t” and the spatial variable

was defined in the grid.

/
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For view the concentration solution in the spatial direction we must be define a time scale.
The solution is in dimensionless form, for this reason an initial concentration, diffusion
coefficient , an axial longitude and a dimensional time must be defined.

Note: For compare the analytical solution and the numerical solution, the diffusion
coefficient and the time scale must be small, because the analytical solution is in a semi-infinite
region [0,e] for this reason the comparison between the analytical and numerical solutions will
be valid when the value ﬁ on the last point of the grid tends to infinity.

X

mol

Co =05 W

m2

D =0.25 —
S
t; =0.05s
tz = 015 S
t3 = 025 S
t3 = 0.5 S

L=1m

And the dimensionless time scale and the dimensionless concentration are
tD
Tz
6 = c
=
The numerical solution in Mathematica is dimensionless, for express the solution with the

before conditions must be defined in dimensionless variables

Diff=0.25;L=1;
csoll=(u/.t-0.05Diff/L”2) /. PDEsol;
uul = Interpolation[csoll];

csol2=(u/. t-0.15Diff/L"2) /. PDEsol;
uu2 = Interpolation[csol2];
csol3=(u/.t-+0.25Diff/L~2) /. PDEsol;
uu3 = Interpolation[csol3] ;
csold=(u/.t-0.5Diff/L~2) /. PDEsol;
uu4d = Interpolation[csold];

And the plot of the solution with the different time scales is
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And the analytical solution with these conditions c(x, t) = C, 7"erf(

N x

zm)
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The comparison between them

c,0=¢

Can be concluded that the numerical solution is valid, but when the time scale becomes
large in the red line when t=0.5 the semi-infinite analytical solution it needs more longitude to
arrive to initial concentration.

The numerical method is also compared to the diffusion equation with a Neumann boundary
condition for can be conclude that the method is consistent. For example, when the flux is
specified in the begin of the domain:

dc(x,t) _p 0%c(x,t)

ot a2 0Sx<®
IC:c(x,0) =0
ac(0,t)
BC:—D =
at
BC:c(o0,t) =0

With the same method that the before PDE is solved this equation with these conditions
gives:
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_52
c(x,t)=2 f( —Eerfc(

Vm 2VDt ))

Where erfc( ‘/D_) =1—erf (ZJ_)

With the same procedure that the last example was solved in Mathematica, the numerical
solution with these conditions gives

05 mol
f_ . ng
D =025 —
t; =0.05s
t,=01s
t; =02s
t3 :0.35
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0.4

The

rhd
20 40 80 80 100
x=n° points

comparison between the analytic solution is

T

T T T T T T T T TS T T T T

x=n° points

Can be concluded the numerical method is able to solve the diffusion equation with Dirichlet or
Neumann boundary conditions.
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APPENDIX 2: DIMENSIONAL ANALYSIS:
BUCKINGHAM’S THEOREM

A quantity of interest is determined by n measurable quantities (the independent variables
and parameters) {x1, x2, . . ., xn} as
Q=f (0% w,%,, .., w,"")

That is to say, we expect to be able to make the units of Q by combining the parameters wi,
these parameters can be the density, viscosity, diffusion, etc. In summary, the parameters are
dependent of fundamental units, and each parameter is raised to some power ai.

The fundamental units like time, length, temperature, etc. Are called f, where the index is for

the jth fundamental unit that appears in the problem.

The number of fundamental units are represented by k. Another way of representing the
units of Q is by using those fundamental units:

o= (AL o )
Where the fj are the powers of the fundamental units that make up the units of Q. Since
both equations are equal to the same thing, we can set them equal to each other:

17, 0,2, 0™ = fiP P2 P
The parameters wi has some units, so we can also represent them using the f; :
[w] = ALY i
where the yji are the powers for the jth fundamental unit in the ith parameter. Substituting in
wi and making all the exponents equal gives a system of equations that can be expressed in

matrix form;
yll y12 - yln\ ,q1 B1
y21 y22 - y2n\| a2 _ B2
vkl vyk2 ... ykn/ ‘an Bn

The matrix yji tells us how to convert between the parameters and the dimensions.
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The matrix in a more compact notation:

ya=p
This equation is very useful, because tells the way to combine the parameters to get the

right units, and obtain the parameters of the system involving all the fundamental units.

Supposing nondimensional parameters a particular combination of a's and nondimensional
parameter denoted by .

The equation can be written as

v @+ =B

The non dimensional parameter T does not change the units, because is dimensionless, so

can be subtracted the following statement
ym=0

The solution is the zero vector, and is called the nullspace of a matrix, in this case of the
matrix y. So this statement says that the ™ has no dimensions, the nullspace of the system
gives the dimensionless parameters.

The rank nullity theorem can be written in a simpler form like

Rank(¥) + dim(nullspace(¥)) = number of columns

The number of columns is the fundamental units k, and the number of columns the number
of parameters n.

Then, the dimensionless parameters are

p=n-—k
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Applying this method to our System of equations gives

Parameter Dimensions
L Length
R (Gas constant) (energy)T-'mol-"
T (Temperature) T
F (Faraday’s constant) (charge) mol-*
C (concentration) mol (length)-3

Co (reference concentration, ej. bulk)

mol (length)-3

¢ (permittivity) (charge)2(energy)-(length)-!
D (diffusivity) (length)?(time)*
u (velocity) (length)(time)-!
X (axial direction) length
t (time) time
s (electrical potential) charge (energy)!

Prix charge(length)-3

L R T F C G ¢ D wu X t Vo Prix

mol 0 10 1 1 0 0 0 0 0 0 0
Length 1 0 0 0 S003 12 1 1 0 0 -3
T 0 -1 1 0 0 0 0 0 0 0 0 0 0
Charge 0 0 0 1 0 0 2 0 0 0 0 1 1
energy 0 1 0 0 0 0 -1 0 0 0 0 -1 0
time 0 0 0 0 0 0 0 11 0 1 0 0

The matrix has Rank=6 and 13 columns, by the nullity theorem the number of dimensionless

parameters is

dim(nullspace(?)) =7



86

Sureda Croguennoc, Alexandre

Gives the null space matrix

1Y fh

/ L R T F ¢ uoox oty
Mm 0 0 0 1 0 0 0 0 0 -1
Mm 0 -1 -1 1 0 0 0 0 -1 0
Ms 2 0 0 0 0 0 0 -1 0 0
Ma 1 0 0 0 0 0 -1 0 0 0
Ms -1 0 0 0 0 -1 0 0 0 0
Me -1 -1 2 0 0 0 0 0
U7 0 0 0 0 1 0 0 0 0
The dimensionless parameters are
_FCo Dimensionless fix charge
LT prix density
I = Fy Dimensionless electrical
> RT potential
Dt Dimensionless time scale
M = —
LZ
m, = X Dimensionless length scale
L
D Peclet Number
My = —
Lu
L*F? Co Dimensionless Debye length
6 =T eRT (electrical double layer)
1 < Dimensionless concentration
77 Co

Can be seen that this method is very powerful, because all the parameters obtained have

physical significance, and only with the matrix of the governing parameters can be obtained all

the dimensionless parameters that governing the system.
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APPENDIX 3: MATHEMATICA CODE

Quit[]

"Parameters of the system"

ri=24+10~(-9); rp=2x104(=9); "m"
D1 =1.33%10%(-9); "m2/s"
D2 =210 (-9); "m2/s"

C0=0.5; "mol/m3"
L= (200%10%*(-9)); "m"
epsil =78.5% (8.85+%10%*(-12)); "F/m"

F=96485; K=1.38%10(-23); "C/mol"
T =293; "RK"
R =28.314; "J/mol K"

Dbye = ((epsil RT) / (COFA2)) " (1/2)

"Hindrance factor of diffusion and velocity"

lamda = ri / rp;

phi = (1 - lamda) ~2;
Kic = (2 -phi) (1 +0.054 lamda - 0.988 lamda”2 + 0.441 lamda”3) ;
RKid=1-2.31lamda+1.154 lamda”*2 + 0.224 lamda” 3;

2ri 2ri

vise = 1000 [1+18 —9{ ]"2];
rp rp

Dlp = Kid (D1) visc;

D2p = Kid (D2) visc;

vw=0.03;

uu = Kicvv
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"Declare grid and n°points"
npts = 500; order = 5;
nx = Range[0, 1, 1/ (npts-1)1]:

"Parameters declared as HeavisideFunctions"

Dii = D1 Unitstep[nx] - (D1 - D1p) UnitsStep[nx-0.25] + (D1 -D1p) Unitstep[nx-0.75];
Djj = D2 Unitstep[nx] - (D2 - D2p) UnitsStep[nx - 0.25] + (D2 - D2p) Unitstep[nx -0.75];
uv = vvUnitstep[nx] + (uu-vv) UnitStep[nx-0.33] - (uu-vv) Unitstep[nx-0.75];
cdens = (2UnitsStep[nx-0.25] -2 Unitstep[nx-0.75]);

"Dimensionless parameters"

Pel {(uv L) /Dii;
Pe2 = (uv L) /Djj;
Dbyy = (Dbye /L) ~2
"Steric coefficient ( in this case 0)"

o=0;

"Discretization of the derivatives"

{ddx, d2dx2} =
Map [
NDSolve FiniteDifferenceDerivative[Derivative[#], nx, "DifferenceOrder"” - order] [
"DifferentiationMatrix"] &, {1, 2}];
"Sodium"
n = Array[nn[#] [t] &, npts];
"Chloride"
¢ = Array[cc[#] [t] &, npts];
"Potential"
v = Array[vE[#] [t] &, npts];

"Declare the system of Nernst Planck with steric effects (if the steric

coefficient = 0 without steric effects) and Poisson equations"

eqnl = Thread[D[n, t] = d2dx2.n +ddx. (nddx.v) - Pelddx.n+ond2dx2.c+ond2dx2.n];
eqn2 = Thread[D[c, t] = d2dx2.c - ddx. (cddx.v) - Pe2ddx.c+ ocd2dx2.n+ o0 cd2dx2.c];
eqn3 = Thread[-Dbye d2dx2.v == n - ¢ - cdens] ;

"Boundary condition"

eqnl[[1]] =n[[1]] ==1;
eqnl[[-1]] =ddx[[-1]].n =
eqn2[[1]] =c[[1]] ==1;
eqn2[[-1]] = ddx[[-1]].c
eqn3[[1]] =v[[1]] == 0;
eqn3[[-1]] = ddx[[-11].v = 0;

L
o

L
o
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"initial conditions (t=0)"

icl = Thread[n==0] /. £t > 0;
0]/.t-0;
0] /.t=0;

ic2 = Thread[p
ic3 = Thread[c

"Solve the system of DAE's and store the solution"
vars = Flatten[{n, v, ¢}] /. x__[t] = x;
PDEsol = First[NDSolve[{eqnl, eqn2, eqn3, icl, ic2, ie3}, vars, {t, 0, 1}1]1;
time = Flatten@First[vars[[1]] /. PDEsol];
{nsol, vsol, csol} =
Flatten[Table[Transpose[{nx, ConstantArray[ti, npts], # /. PDEsol}] /. t = ti,
{ti, time[[1]], time[[2]], 0.1}], 1] &/@{n, v, ¢};

"Example of 3D Plot of the solutions in order ( Sodium, Chloride)"

GraphicsRow[ListPlot3D[#, PlotRange -» All, PlotTheme -» "Classic", Mesh -» {50, 50}] & /@
{nsol, csol}]
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