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Abstract

We study point processes given as zero sets of Gaussian analytic functions and prove that
these point processes show local repulsion. We define Gaussian analytic functions and introduce
its covariance kernel, which determines its probabilistic properties, and its first intensity which
can be computed using the Edelman-Kostlan formula.

Finally, we also study rigidness of some model examples -by computing the variance of the
counting random variable of the zeros of the GAF- and we compare it with the independence of
the Poisson point process -shown in an introductory section of this project- for the same model
cases.
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1 Introduction

Point processes are discrete sets of points randomly located, according to some probability law,
on some underlying space. They are used in different fields of science to describe many objects
representable as points. We first recall some properties of the best known point process, the Pois-
son process. Here the number of points falling in a given region is a random variable following
a Poisson law. Its other main characteristic is that these counting random variables are indepen-
dent if the corresponding regions are disjoint. The Poisson process has found many applications
since it was first published in the work Recherches sure la probabilité des jugements en matiére
criminelle et en matiére civile in 1837 by Siméon Denis Poisson.

In this memory we deal with a different point process, in which the independence of the
Poisson process is replaced by a local repulsion between points. This is natural in many physical
phenomena, for instance when modelling electrically charged particles. The point processes we
study are obtained as zero sets of the so-called Gaussian analytic functions, that is, of power
series with independent standard complex Gaussians. The underlying spaces we consider are
mainly the complex plane (planar case), the unit disk (hyperbolic case) and the Riemann sphere
(parabolic case).

The main focus of this work is to prove that the process constructed in this way is more
rigid than the Poisson process, in the sense that the fluctuations -the variance of the counting
functions- are of smaller order and that it shows the aforementioned repulsion. We shall see that
the main tool to achieve these goals is a good control of the covariance kernel of the Gaussian
analytic function.
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2 Poisson process

Point processes are used to describe different physical phenomena that can be modeled by ran-
dom discrete sets. The most widely known is the Poisson point process, which is a classical
model. Its main characteristic is independence between the number of points of disjoint measur-
able subsets.

Definition 2.1. We consider a random sequence S in a domain X (usually X = C,ID,S?,...).
Let A be a subset of X and let n(A) = #(A N S) be the counting function associated to A and
S. S'is a Poisson process if it satisfies:

1. n(A) follows a Poisson distribution. Denoting its mean by j(A), the probability function
is: 4)
A))meH
Pln(A) = m] = AT 1 (1)

m!

2. If AN B =), then n(A) and n(B) are independent random variables.

It is important to point out that the independence property (b) is not always natural, so the Poisson
process will not be a good model for all situations. For instance, if we are dealing with electrical
charged particles, knowing that there is one charge in a concrete position makes it more unlikely
that there is another charged particle in a neighbourhood of that position, due to Coulomb’s force.

Another example, in the opposite sense, could be the case in which our set of points repre-
sents people who have a contagious illness. Then, it is more likely to find another case near the
location of a known one.

Given a Poisson process with parameter j(A) of the random variable n(A), it can be seen that
the parameter ;1(A) defines a measure in the underlying space X.

Reciprocally, for every positive measure p defined on X, there exists a Poisson process S such
that the random variable n(A) = #(AN S) follows a Poisson distribution with parameter 11(A).
For instance, if X = C, then we can take (A) = Area(A) and produce a Poisson random point
process for which the average number of points in A coincides with its area.

Sometimes it is useful to deal with the measure, . > 0, Ly instead of i and, for instance,
see what happens when L tends to infinity. The parameter L is called intensity of the process and
it represents the average number of points per unit area (with respect to p).
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Examples: Let us see some standard Poisson processes. Later, using Gaussian analytic func-
tions, we will produce different processes having in average the same number of points, but with
other characteristics.

1. The planar case. Consider X = C and the invariant (under translations) measure

dm(z).

™

dl/L:L

Here dm(z) represents the Lebesgue measure on the complex plane. We take the Poisson
process associated to the measure v;,. Then, for adisk A = D(z,r),r > 0 z € C, we have
vi(A) = E[n,, (A)] = Lr? and the law of the random variable n,, (A) = n,, (D(z,r)),
we obtain:

—Lr? (Lr2)m
m)!

Pln,, (D(z,r)) =m] =e ; m=0,1,2,... (2)

In particular, we can compute the “hole probability”, i.e., the probability that a disk of
centre z and radius r is empty:

2

Pln,, (D(z,7)) =0] =e """ 3)

We are also able to give the variance of the random variable n,, (A), knowing that follows
the Poisson distribution:

Var[n,, (A)] = E[n,, (A)] = Lr*. 4)

In Chapter 3, we will compute the variance of the random variable associated to the zero
set of a Gaussian analytic function and we will compare it with these results.

2. The hyperbolic case. Here, we consider X = D and the following measure:

dm(z)

dvp(z) = Lm.

)

The measure dv(z) = % is the volume measure for the hyperbolic metric in . In

consequence dvy(z) is invariant by the automorphisms of the unit disk

92— a
Pap(2) = elem, a,z €D,0 € [0,2m). (6)
A computation shows that for r € (0,1), a € D,
Lr?
1—r?

Lv(D(a,r)) = Lv(D(0,r)) =
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In effect:

Lu(D(0,r)) = %/D(O’T) 2 Z| / / pdedp

r? 2
:L/ ot L(1 ) Lr
o (1—1)? 1—r2 1 —r2

As we did in the planar case, for a € D and » > 0, the law of the random variable
n,, (D(a,r)) is given by:

Pin,,(D(a,r)) = m| = eiﬁﬂ' m=0,1,2,.. (7)
vy, ) m|(1_r2)m7 )y S
In particular,
Lr?
Eln,, (D(a,r))] = 1_,2
Similar computation to the planar case gives
Lr?
Var[n,, (D(a,r))] = T )

and the hole probability is

—Lr2

Pln,, (D(a,r)) =0 =ei=?; a€D r>0.

3. The parabolic case. Let X = S? be the unit sphere. We represent S?\ {oo} on C using the
stereographic projection. In this case, the following measure is the area form associated to
the parabolic geometry:

Ldm(z)
d = 7 9
) = ®
The measure dv(z) = W(‘ff—fjiy is the volume measure for the chordal metric on the Rie-

mann sphere and, in consequence, dvy, is invariant under the rotations of S?, which in C

have the form
0 2T a

Yap(z) =€ 1552 a,z € C,0 € [0,2m).
As in the hyperbolic case, considering a disk D(a,r),a € C r > 0;
Lr?
vr(D(a,r)) = 2
Therefore:

m=0,1,2, .. (10)
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In particular, the hole probability for the parabolic case is

—Lr2

Pln,,(D(a,r)) =0] = e+

and the variance

Lr?

Var[n,, (D(a,r)] = m;

aeC,L>0,r>0.

Originally, the Boltzmann model gave sense to the concept of intensity L that we are using in this
project. Concretely, the inverse of the temperature 7" is proportional to the intensity L defined
above. That model gives us the distribution of molecules confined in a microscopic region in
a determinate energy state depending on temperature. Let n(FE) be the random variable that
represents the number of molecules in a determinate energy state £, depending on temperature
T. Let Kp be the Boltzmann’s constant and let ny be the number of molecules in the ground
state (lowest energy state). Then we have:

—FE

n(E) = noeXsT. (11)

From this perspective, letting L go to infinity, is equivalent to letting 7" tend to absolute zero,

something that is called transition to the liquid phase. In Figure 1 we can see the dependence

between the quotient % and the temperature T.
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Figure 1: Boltzmann distribution([Wiki19]).

2.1 Zeros of random analytic functions.

A point process with local repulsion.

In this work we will deal with point processes given as zeros sets of random analytic func-
tions. We shall see that these processes are more ’rigid” than the Poisson process seen above (in
a sense to be made precise later) and that there is a local repulsion between points. Just to give
an idea why there is such local repulsion we consider the following simplified, informal setting:

Let’s consider X = C and a polynomial

p(z) = 2"+ an_ 12" N+ -+ a1z + ag; ag, ..., an—1 € C. (12)

The fundamental theorem of algebra allows us to write p(z) in the following form:

n

pz)=]J(z—=); a,...,m€eC. (13)

=1
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From this identity it is not difficult to see that the determinant of the transformation 7" : C* — C"

defined by T'(z1, ..., 2,) = (an_1,- ., ap) is the Vandermonde determinant:
det(T) = [ |z — %> (14)
i<j

Hence, if the coefficients are chosen randomly uniformly in C then the roots of p(z) are dis-
tributed with density proportional to ([ ], _; |z;—2;|*)dm(z). This shows local repulsion between
roots of the polynomial (near a z; the density is small). That is a fundamental difference with
respect to the Poisson process (Figure 2.).
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Figure 2: Left picture is a Poisson point process and the right picture is a GAF point process.
Point processes with the same E(n(A)).

3 Gaussian Analytic Functions

As said before, our aim is to study point processes defined as zero sets of certain random analytic
functions. Here we will introduce such functions and some of their main properties.
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3.1 Complex Gaussians

Recall that a random variable X follows a standard real normal distribution (X ~ Ng(u,0),
where p represents the mean of X and o2 its variance) if its density function is:

flx) =

1 ew?
e L eR (15)

2mo

Definition 3.1. A random complex variable Z follows a standard complex Gaussian (Z ~
N¢(0, 1)) if its density function (with respect to the Lebesgue measure on the complex plane) is:

folz) = ze

T

zeC. (16)

Remark. If Z ~ N¢(0,1), then Re(Z), Im(Z) ~ Ng(0, \/Li) In fact, the reciprocal is also true
if X and Y are independent. Writing Z = Re(Z) +iIm(Z) = X +iY and denoting the density
function of X and Y by fx and fy respectively:

1 2 2 1 2 ]. 2
— 7(1' +y ) — T — e Y =
fol2) = L (=) (52 ) = sxon
Thus, X = Re(Z) ~ Ng(0,3) and Y = Im(Z) ~ Ng(0, 3).
Now, we state three properties of complex gaussians that we will use along this project.

Lemma 3.1.

(a) Let Z ~ N¢(0,1). Then |Z]? follows an exponential distribution of parameter 1, i.e., for
t>0
Fit)=P(Z?<t)=1-¢". (17)

(b) Let{a,(w)}, be asequence of independent standard complex Gaussians (a,(w) ~ N¢(0, 1)).

Then:
limsup v/|a,(w)] =1 a.s. (18)

n—oo

(c) If @ and b are independent complex standard Gaussians, then E[ab] = 0.

Proof. (a). By definition, and using polar coordinates and the change of variables s = 2 we see
that the distribution function of | Z|? is

1 T 1
Fze(t)=P(Z]? <t) = / —e P dm(z) = / / —e " rdfdr
r2<tJo T

lz2<t T

t
= 2/ e rdr = / e fds =[—elh=1—¢e".
r2<t 0
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(b). First we shall use the Borel-Cantelli lemma to see that

P(limsup m < 1) =0.

n—o0
By definition:
limsup {/|a,(w)| <1< 3Fe>0 IngeN Vn>ny /|a,(w) <1—e¢
n—oo

S 3Je>0 dngeN Vn>nyg {la(w)<1l—e
& 3Jde>0 dngeN Vn>ng |a,(w)] < (1—¢€)".

Let’s consider the sequence of events:

A, ={w:a,* < (1—e)*} n=0,1,2,..

and let
A=limsup A, = ﬂ U Ap.
n—oo n>1k>n
It is clear that
P(limsup V|an(w)| < 1> =0

n—oo

is equivalent to P(A) = 0. We need to prove that > P(A,) < -+oo to be able to apply the
Borel-Cantelli’s lemma. Here, by (a), P(A,) = 1— e~ (179" "and using the Taylor’s approxima-
tion1 — e ! ~ t for t ~ (, we obtain:

ZP(An):21—e (1-¢)? NZ " < 4o00.

n

The proof that

P(limsup m> 1) =

n—oo

goes along the same lines.

(c). By definition, since the density function of @ and b are f,(z) = %e"Z'Q, fo(w) = %e"wp;

//Zw e—wl e~ i (2)dim ()

Remark. From (a) we deduce, in particular, that P(|Z|> > t) = e™*, t > 0, and E[|Z]?] =

Indeed:
E[|Z] /]z]Q P dm(z) = / r er22rdr:/ te~'dt
0

[—te | +/0 e tdt = [—e '] = 1.
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3.2 Gaussian Analytic Functions

Here we define the functions that produce the point process we are interested in.

Definition 3.2. Let A C X and {e,(2)}, be a sequence of the subspace of holomorphic func-
tions in A, denoted by Hol(A) such that > |e,,(z)|? converges uniformly on compact subsets
of A . Then a Gaussian Analytic Function (GAF) is a function of the form:

[e.9]

fu(z) = ) an(w)en(z) z € A, (19)

n=0

where a,, (w) are independent standard complex Gaussians (a,, ~ Nc¢(0, 1), i.i.d.).
Remarks.

1. f € Hol(A) with probability 1. It is not difficult to see that for each z € A the series
in (19) converges almost surely. But it might happen that the exceptional set where the
series diverges depends on z in a way that f,,(z) is not even a function. This can be ruled
out using a version of Kolmogorov’s inequality for Hilbert spaces (see [HKPV09, Lemma
2.2.3).

2. As arandom variable, f follows a normal distribution with mean 0. That is a direct con-
sequence from the fact that f is a lineal combination of mean zero Gaussians (a, (w) ~
N¢(0,1)).

3. In many cases, the functions {e,(z)}, are an orthonormal system in a given Hilbert space
of holomorphic functions H. Quite often, as we will see in the examples, these e,(z)
are just normalizations of the monomials {z"},,>o. Therefore, Lemma 2.1. (b) helps to
determine where the series (19) converges.

4. Let H be a Hilbert space with an orthonormal basis {e, },. The function defined by (17)
is not in H almost surely. Notice that
IfIP =< ff >=) anlim < €0, 80 >= Y _|an|”
To see that this is finite with probability O, fix any ¢ > 0 and ny € N. Then, by the
independence of the coefficients a,,:

P(jaq? < e.Vn > no) = [[ Plas? <) =[] (1 —e) =0.

n>ng n>ngo

From here on we shall introduce three model cases of GAF, but first it will be necessary to make
a brief overview of the gamma function and the Riemann zeta function.
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3.3 The gamma function.

The gamma function, represented by I, is defined, for y > 0, as
[(y) = / Ve d.
0

A well-known value of the gamma function at a non-integer argument is F(%) = /7.
For our work, the most relevant properties of this function are:

1. I'(1) = 1. This follows directly from the definition.

2. T'(y+ 1) = yI'(y). This follows by integration by parts:
Ty+1)= / zve dr = [—a¥e |0 + y/ v te ™ dr = yI(y).
0 0

3. '(n+1) =n!, Vn € N. This is a consequence of the first two properties.

4. Consider the beta function, defined for a,b > 0 by

1
B(a,b) := / 271 — x)" .
0

Then:

1
/ 211 — x)""Ydr = B(a,b) := —+—7 (20)
0

See the proof on [Wc18]).

We will consider, for s > 1, the Riemann zeta function

()=

ns
n=1

Examples. Let us introduce three model cases of GAF.

1. The plane case. Let X = C and let L > 0. Consider the so-called Bargmann-Fock space
of weight L

M = {f € Hol(C): |1l = = [ 1FP e dm(2) <+oo}. @)
™ Jc
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Thus is a Hilbert space, with inner product given by

L B L2
< fozi= 2 [ 1E@aGe  an ), Ly et
Lemma 3.2. The functions

Ln/2
en(z) = Wz”, n >0, (22)

form an orthonormal basis.

Proof. Let us see first these functions are orthonormal. Taking polar coordinates:

L Ln/2 Lm/2

< lnylm >y, =— | —F= 27 e dmy(2)
T Jc m vm!
n/2 tm/2 27  ptoo )
_ LT / / prtmAlgif(n=m) o =L g (23)
Tl vm! Jo  Jo
If n £ m,
2m ) iB(n—m) 0=2m
[ [
0 i(n —m) 6=0
Then:

<en,m >y, =0 VYn#m.

If n = m, from (23), we get

L [T L 2 2 too 2
< €p,Cn >y, = —/ el omrdr = —'/ Ly tle=Ir gy
0 0

T n! n!
1 +oo I 1

L [Tt B
n! Jo n!

We used a change of variables ¢ = Lr? and the third property of gamma functions. O

Remark. With this we see that the expression of a GAF in the plane is

oo Ln
fr(z) = Zan\/ﬁz”. (24)
n=0 ’

As said before, we can compute the radius of convergence of a Gaussian analytic function
f € Hy in the plane seen on Remark above. Let us denote ¢, = L\/S’ (normalization
factor). Then,

o0
f(z) = Zancnz”
n=0
and the convergence radius of the series is:

. 2n n'
= limsup 1/ — = 4o0.

1
 limsup, .. /]an(w)]cy] n—s00 L

R
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2. The hyperbolic case. Now, consider X = D and, for L > 1, the weighted Bergman space
defined by:

I —
B, = {f € Hol(D) : ||f||3 = Tl/m ()1 = 2] 2dm(z) < +oo}. (25)

t =1 is chosen so that

/D L= 1(1 —2|H)E 2dm(z) = 1.

™

The constan

As before, the monomials are dense, and using the orthogonality of {2"},, we can compute
the normalization factor'
/ | ’2n . L 2 dm ( )
s

2
L 26100 0 dy

= (L—l)/o r?M(1—r*) " 22rdr = (L / (1 —t)E2at

Tn+1)I(L—-1) Tn+1T(L) _ nlT(L)
I(n+ L) r(n+L T Tt L)

)
an [P+ 1)I(L) B I'(L+n)
12" = CEYA and e,(z) = mz : (26)

The expression of the hyperbolic GAF is thus

> /D(L+n))?
fr(z) :Zan(élF—J{L))> z. (27)

n=1

<zt 2" >BL:

L—1

—(L—1)

Thus,

This sum can be analytically counted to L > 0, which we will assume from now on.

3. The parabolic case. Here, we deal with X = S* and with the Hilbert space of polynomials
of degree at most L € N, denoted by P, [C], with the following norm, given by the invariant

measure on C:
_ ez ()] dm(2)
Pu={pemalcl: bl =@+ 1) [ P

In this case, as the previous examples, the orthonormal basis is:

B T(L+1) L (L\®
en(z) = \/F(n—l—l)F(L—n—l—l)Z - (n) . 29)

and therefore the general expression of the parabolic GAF is

fr(z) = ZL: <i> : 2" (30)

n=0

< +oo}. (28)
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3.4 Covariance kernel

Since f is a mean zero Gaussian, its probabilistic properties are determined by its variance, or
more generally, its covariance kernel. It is a key concept to understand why point processes given
as zero sets of Gaussian analytic functions present a local repulsion.

Lemma 3.3. Let f be a GAF as in (19). Then:

K(z,w) := Cov(f( Z en(z

n=0

Proof. Since E[f(z)] = 0, we have:
K(z,w) = Cov(f(2), f(w)) = B[f(2) f(w)] = E{; Ui € (%) (W)
- ; Elanim)en(2)em(w). |
By Lemma 2.1. (a) and7(c), we have:

E[anam] = 5n,mEHan’2] = 5n,m7

and the result follows. O

Examples. In many cases the covariance kernel can be computed explicitly.

1. The planar case. For a given intensity L. > 0 and z, w € C, and using (22):

=D eal2)e( Z

Ln/2 Ln/2 0 - n o
Z :

n=

2. The hyperbolic case. Here we have; for L > 0 and z, w € D, and using (26):

L+n " I'L+n) _,
Z\/ ): \/F(n+1)F(L)w
['(L+n)

T = Az zw)L

Ki(z,w) =

10

I
o

n
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3. The parabolic case. In this example, for every natural number L and z,w € C, and using
(29):

o

Ki(zw) = en(2)en(w)

T(L+1) i T(L+1) -
Tnt UI(L—n+1) \(Ta+DO(L-n+1)"

I'(L+1)
F'n+1DHI(L —n+1)

[
WE

3
i
=)

(z0)" = (1 4 zw)*.

[
NE

Il
=)

n

3.5 Zeros of Gaussian analytic functions

In this section we finally introduce the point process we study in this project. Let
Zy ={z € f(2) =0} = { A}

be the zero set of a given Gaussian analytic function f on (2. We can introduce the discrete
measure:

=Y O, (1)
n=1

Here 0, is the Dirac delta on \,, € 2. For a subset U C X, we have the counting function:

ny(U) = / duy = #(Z()NU). (32)

A crucial feature of processes given as zero sets of holomorphic functions is that this empirical
measure /iy can be computed using the Laplacian operator:

1 1
= —Al = —Al 2,
pr = 5-Alog|f| = —Alog|f] (33)
Definition 3.3. The first intensity of a GAF f is the distribution E|[1 /] defined by:
<Elugl o >=El<pupe>], 0 eCZ(Q). (34)

Last equality can be rewritten in terms of integrals, that is:

/deE[uf] = E(/deﬂf) p € C2(Q). (35)

A key property of Gaussians is that the first intensity can be obtained just by taking the expecta-
tion value of | f|? in the expression (33), as we shall see next.
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3.5.1 The Edelman-Kostlan formula

Theorem 3.1. Let f be a GAF and p its empirical measure. Then, the first intensity of f is
given by:

1
E = —
sl =

where K (z, z) is the covariance kernel of f.

AlogE[|f[] = -Alog K(2,2), (36)

Proof. We indicate the proof for the case where K(z, z) has no zeros. For the general proof
see [HKPV09, Lemma 2.4.1]. By definition:

i<y > =E| [ odus| = [ oo atogliel] =8| [ Saptosis]

:E[/Q%Agp(log\/'% + log m)]

:/Q%Agplog\/m+ﬂi[/§2%Agplog%].

If we denote
f(2)
VE(z,z2)

then £ ~ N¢(0,1) and E(log |£]) is a constant independent of z. Then, using Fubini’s theorem:
1 1
Bl< npvp > = 5 [ eBlog VRG24 5 [ A@E[log |£\]
T Q 27T Q
1 1
= —/ ©Alog\/K(z,z)+ —/ @AE[log |§|}
27T Q 27T Q
1
= 2—/ eAlog/K(z, z).
T Ja

£=

Finally we obtain:
Bl< 1. >] = 5= [ oAlog VR 2),
From the defining identity
<Blul.o>= [ edBlu)

we get the result. O

Examples. For the model cases, the first intensity can be computed explicitly.



Gaussian Analytic Functions 20

1. The plane case. Remember that K (z, z) = e"*° z € C. Then:

1 s 1 0 , - L
Eluy,] = EALM = LE‘lazaz(ZZ) = de(z).

Notice that this is the same measure we used to illustrate the Poisson process in Chapter 1.

2. The hyperbolic case. Here K1 (z,z) = (1 — |2|*)7F, 2 € D. Then:

1 _ 1 0 1
Blig,) = - Alog(l — |2~ = L4 1og< )

A 020z 1—2z2z
L 1
= AR |Z|2)2dm(z) = Ldv(z).

3. The parabolic case. Here K (z,z) = (1 + |z|?)*, z € S2. Then:

1 1
Blup,] = - Alog(1+ |:P)F = L4
L 1

- S ENPERE |Z‘2)2dm(z) = Ldv(z).

log(1+ 22)

Remark. The dv(z) appearing above in the hyperbolic case corresponds to the invariant
measure associated to the hyperbolic geometry and it is not the same as the one appearing
in the parabolic case, which corresponds to the invariant measure of the parabolic geome-
try. Context will help us to detect which invariant measure we refer.
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4 Variance. General formula.

This chapter is the main goal of the project. We are going to see some results that show that point
processes produced in this way are more rigid than the Poisson process seen at the beginning. A
way to measure this rigidness is to evaluate the variance of the counting random variables seen
at the beginning.

For an open region U C X, remember that
1
TLL(U) = #(ZfL N U) = / 4—A10g |fL|2~
U 3T

Then, to see how fluctuates n;,(U) we can compute its variance and after that, we will compare it
with the variances obtained in the Poisson processes associated to each standard example (Chap-
ter 1).

Theorem 4.1. Let U C X be an open region with C! boundary. Let f be a GAF as in (19)
and let K (z,w) denote its covariance kernel. Then:

(w,2)\ 0 [ K(z,w)\ , ,_
Var[np(U)] = /(9[]/8[]1_[82( K. >>aw<m)dzdw, (37)

|K (2, w)|?
K(z,2)K(w,w)
Notice, once more, that this depends only on the covariance kernel.

where
I(z,w) =

Proof. By definition:
Var[ng (U)] = E[(nL(U) — Elnr (U)])7]- (38)

Using the Edelman-Kostlan formula:

ne(V) =Bl ()] = [ g-Moglfu(a)| = [ Al k(e

1 /()]
/ %Alog K(z,z2)

We shall use the following form of Green’s identity (a particular version of the Stokes theorem).
Let ) be an open region and let U be open, bounded set such that U C ) and with C* boundary.
For [ € C*(Q),

o[ Heie= [ TLigaende=2 [ TLime
U 82 828 -y 020z

-5 | A, (39)
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Using (39) we obtain:

na(U) ~ Efny (V)] = - & tog %

(40)
Note that the expression above could have a singularity when K (z, z) = 0, but this happens with
probability O due to the fact that Z;, NOU = 0 a.s. Similarly to the proof of the Edelman-Kostlan
formula, we denote the normalized GAF by f;(2) = -2~ N (0, 1). Then:

I (| I A A Y ()| I
Var[n.,(U)] = E /BU 7782' —KL Go) Jwmow log KL(w,w)]

E /d/d(%) 52 08P 5 og | fu(w >\]-

Since f1,(z) and fi(w) follow a N¢(0, 1), then the term

(_> & tog71(2) - Tog | o (w)]

is integrable on OU. Thus, all needed conditions are fullfied so we can apply the Fubini’s theorem
twice. Therefore:

Var[n( / /
oU JoU

Consecutively, we use the differentiation under the integral sign, which is the general form of the
Leibnitz rule (see on [Wik19]) and we get:

Vel @) = [ [ (—) 8 9 Bltog | fu(=)] log |z )] @41)

It is important to remark that the expectation in this integral depends only on the standard com-
plex Gaussian, and it is known.

() Zoslfu(o)R L s o)

Lemma 4.1. ([HKPV09, Lemma 3.5.2]) Let £ and v be complex Gaussians with E[(v] = 6.

Then:

Cov(log ||, log|v|) = le (10)%) li o7 (42)

g , 108 - 4 2 4m: .
The function Li, is called the dilogarithm.
In our case, we have:
PR K(z,w)
O(z,w) =E[f(2)f(w ’ 43
(z,w) = E[f(2) f(w)] N OB (43)
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For simplicity, we denote:

Since

Covllog f1.(2),log fr(w)] =

I(z,w) =

and this second term is constant,

0 0

)

0z Ow

From (41) we obtain:

Var[n.(U)] =

log| fr.(2)| log | f1.(w)]] =

i,

Now, we need to compute a?—;ﬁLig(I(z, w)):

82
0z0w

Let us see next that

Lis(I(z,w)) = % (Z -

(£t

10z, w)|*.

Ellog f1(z) log f(w)]

— Ellog f1.(2)|E[log fr(w)],

9 9 Goyllog| ful=) log |fu(w)]].

0z 0w

82
LZQ

U Jou 32810

m

In effect, from (43) and (44) we get:

Therefore:

oI 01

0z 0w

ol
ow

oI 01 N L A2
9z 0w (Z m ) 0zow
I

(I(z,w))dzdw.

(in—i—l )8[ E)I
o 0z 0w "
o1 _1oror
0zow  10z0w
oI 0 [K(w,z)| K(z,w)
&:&{K(Z’,z)]l{(w,w)
ol 0 [K(z,w)]|K(w,z)
ow %{K(w,w)} K(z,2)’
5 153 | et o 5
0?1

(44)

(45)

(47)

(48)
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Applying (47) to the expression (46) we obtain:
st = (S )ots + (571 Totbs
~Totae( S )
%%%(;nillnjL;n—ll—lIn)
(

= . 1 oIol
1+ZI)_—](1_I)§8—M. (49)

From (45) we obtain:

1 1 0I01
Varng(U)] = i /8U/ =12z awdzalw (50)

As we did in (48),

10101 1 0 (K(w,2)\ 9 [ K(zw) .
K(z,z) ) ow\ K(w,w) |’

Iz 0w 0200 0z

and the result follows. O

4.1 Example: the plane case.

Now, we are able to apply the general formula (37) to the planar case. For simplicity, we can
consider U = D(a,r) to be a disc of radius > 0. Due to invariance under translations of the

dm(z) Lz .
. ' we get:

measure dv = , we can choose a = 0. Using that K, (z,w) = e

K(z,w)K(w,z) eb@etwz _ w2
I _ ) ) _ _ - 2(w—2) ,Lw(z—w) _ L|z—w| .
(Z,U)) K(Z,Z)K(W,UJ) elzz g Lww € ¢ €

Computing the corresponding derivatives of the expression (37), taking the polar coordinates for

a given r > 0 and making the change of variablest = 0 — ¢, 0, ¢ € (0,27); we obtain:

(5D

L2r4 e—LTQ\l e’t|? .
Var[ng(r)] = 5 /0 QT 11— e"|dt. (52)
The hyperbolic case, which is more difficult, will be discussed in detail in the next chapter. From

the last expression, and doing the change of variables x = 2Lr?(1 — cos(t)):

A \/W/ZLLT e T \/E

53
l—e™ 1—x/(4L7") 9

Var[ng(r)]
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Knowing that

oo
=2
n=1

we obtain

Lr2 Vv
Var[ng(r)] = Z/ : _ :1:/(4L7‘2)dx. (54)

We want to stress that this is an exact expression of Var[n(r)] given by a sum of positive terms,
actually a sum of integrals of positive functions. A lot of information can be extracted from such
objects.

For instance, let us see what happens when E[n(r)] = Lr* — oo:

- 1> I'(3/2
L= (o) [ e vad = (o) [ ey =+ o) T2,
0 0
This is so because the singularity is integrable at 4Lr2. Replacing this result to (54):

n=1

C(3/2)VLr2(1 + 0(1)) ~ VLr2.

Var[ng(r)] =

1
RPN

Remember that in the Poisson processes the variance of n(r) was exactly Lr?. Thus, we see
that point process associated to the zeros of a Gaussian analytic function in the complex plane is
more “’rigid”, in the sense that the variance is of lower order. This explains what we see in Figure
2, page 6.
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S The hyperbolic case.

In this last chapter of the project we will study the variance of the random variable n; (U) for the
hyperbolic case. In particular, we will study the fluctuations of ny(D(z,r)) as the intensity L
tends to infinite. The main results follow from the following theorem, which is the specification
in this context of (37). Due to invariance under automorphisms seen on (6), the Var[ny(D(z,r)]
does not depend on where we take the centre z of that disk, so, from now on, we will use the
notation Var[n(r)].

Theorem 5.1. Let f be an hyperbolic Gaussian analytic function of intensity L as in (27). Then,
foradisk U = D(z,r),z € D, r € (0,1),

L24 iy 1— 2\2L 1— it |2 d
Var[ng (r)] — r )2/ . (1—r)*" |1—e" t (55)

(1 —r2 _ T26it|2L _ (1 _ TQ)QL] |1 _ T26it|2%

We can also rewrite the last expression in the following form:

12,4 w (1 —7r2)2 2(1 — cos(t)) dt
Var[nL(T)] = (1 _ rg)g / Hl _ 7“26“’2L _ (1 _ 7”2)2L] |1 — 7"26“|2 % (56)

Notice that the integrand of this expression is a positive function, so we can use all the tools we
have to estimate such integrals.

Proof. Recall that for L > 0, the covariance kernel hyperbolic Gaussian analytic function of

intensity L takes the form:
1

(1 —zw)E
In this case, the elements appearing in the general formula seen in the previous chapter can be
computed explicitly. First:

K(zw)K(w,2) (=221 —wa)\" (=]~ )\
](z’w)_K(z,z)K(w,w) - ((1—zw)(1—wz)> _( 11— zw? ) ‘

Kp(z,w) =

Therefore:

I (1 — 20)(1 — wz)]|* 11— zw|?F

1-1 [ =zw)(l —w2)]" = [(1 = [) (L —wa)] |1 = zw]E = (1= [2[)E(1 = [w]?)"]

From this, we deduce that:
oI (1—|uw? LL 1— |22\ —2(1 —w2) + (1 — |z]P)w
0z \1- 2w 1 —wz (1 —wz)?

T— w2\ (1= z2P\"" w-=z
=L — - P E——
1—zw 1 —wz (1 —wz)?
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oI [1— |z LL 1— w2\ "' —w(l — z0) + (1 — |w|?)z
ow  \1—wz 1 — zw (1 — zw)?
_ T— 22\ /1= |w\"" z-w
S\l —wz 1—zw (1—zw)?
Replacing the last three results to the general expression (37) we obtain:

Varln ()] = /ay/w(l—rz\ <w)2L\w\2>L)(<1—zw>%—<l[<fl|)j§><1—\wP)]L)X

(1= |w®)* (1 = [2])*" ' (z = w)?
2 71—
x L ( = zw|2(2L+1) dzdw.

Notice that )
Z—w

(1= 12— Jwl?)

|1 — Zw|?

—1- ,

1—2zw

so the first term of the last expression has no singularities due to the invariance by automorphisms
of the unit disk, seen on Chapter 1. Thus, we take U = D(0, r) and polar coordinates; z = ret?
and w = re*®, r € (0,1) and 0, ¢ € (0,27); we get:

1 702)2(L—1)r2(€z‘0 _ ez‘d))
Var[ny(r / / . X
1 _ r2€z(9 )) (1 — r2ei@=0)L — (1 — y2)2L]
e)re~Wre=i df do
(1 — T26Z(9 ¢))(1 — T‘2€Z(¢ 0)) 21 21

Now, changing the variables ¢t = 6 — ¢, we get finally:

L27,4 ™ (1 - T2)2L |1 _ eit|2 dt
Var[ny(r)] = (1—r2)2 /_7r (|1 — r2eit2L — (1 — y2)2L] |1 — T2eit|2%
L /7r (1 =722 2(1 —cos(t)) dt -
T @ —r)2 ) [[1—r2etPL — (1 — r2)2L] |1 — r2ei|2 2

For the case L = 1, the previous integral can be computed explicitly.

Theorem 5.2. For L = 1 and for any r € (0, 1),

7,2

1 —rd

Var[n,(r)] =

Proof. Replacing L = 1 to the expression (55):

i 1 11— "> dt

. . 57
|1 —r2eit|2 — (1 —12)2 |1 — r2e|2 21 57)

Varfn (r)] = /

—T
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In order to use the Residue theorem take & = e''; we obtain:

- ! g de
var[nl(r)] =T /§|:1 ‘1 _ T2£‘2 . (1 o 7,2)2 |1 _ 7'25‘2 62777/

(58)

Notice that { = e~ = % Then:

y 1 1= —¢) ae
Var|n(r)| =r - : :
rutr) /|s|1 1-r2)(1—%)— (1 —r)2 (1 —r2)(1—7)&2m
L 1 (1-eE-1) d
g=1 20 (1 = r2)(1 = %) — (1 —r2)2 (1 =) (§ = 7?) &

[ 1 (1-9)(E-1)
1 271 (1= P2)(€ — 12) — (1 — r2)%€ (1 — ) € — 1?)

In order to find the poles of the integrand, we factorize the denominator:

(1—7r2)(E —7?) — (1 =12 = —r22 — [(1 — 1?2 —r* — 1]€ —1?
= 22 4 2r%¢ +rt = (€ - 1)

d¢.

Replacing this result to the expression above we get:

f 1L A
Var[ny(r)] =r /|§|1 o (1 = 128) (¢ — Tg)d§ /§|1 2mi (& — &)(€ — r2)d§.

T

Denote:
1

(z —OE -7
Notice that g(£) is an meromorphic function with simple poles at r* and r~2. Since r € (0,1),
r~2 is not in the interior of the unit circle |¢| = 1. Applying the residue theorem we obtain:

g9(§) =

Var[n (r)] = Res(g(€), %) = lim ——

Note that in principle, we could follow the same procedure for any L € N. However, for general
L, we get in the denominator a polynomial of degree 2L, which in general we do not know how
to factorize.

We shall see next that Theorem 4.1 is still useful to study the asymptotic behaviour of Var[ny ()]
as L — +oo0.

Theorem 5.3. For any r € (0, 1) fixed, as L — +o0,

Varfng, ()] = 4\’”/7??%/2\/5(1 +o(1).
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Proof. Denote by I}, the integral in (56), that is:
T 1—7r%)2L 2(1 — cos(t dt
Ay T ()

. |1 _ T2€it|2L _ (1 _ T2)2L] |1 _ T2eit|2 o

We can simplify this integral dividing both the numerator and the denominator by (1 — r2)2%:

T 1 2(1 — cos(t))
n= [ T o (59)
1—r2
Notice that:
11— 72" =1+ 7r* — 2r?cos(t) = (1 — r?)? + 2r3(1 — cos(t)).
Therefore: ‘
|1 — r2et|? 14 2r2(1 — cos(t))
(1 —1r2)2 (1 —1r2)2
Replacing the last two results to (59) we obtain:
T 1 2(1 — t
Ir) = / 2r2(1—cos()\L _ 1] (1 — 7"2)2( + 2:;)(81( >—> Cos(t))dt
- [+ ) -]
2r2(1—cos(t))
2 / g 1 e
= — dt. (60)
2 2r2(1—cos(t)) 2r2(1—cos(t))
= Jo [(1 + _((1_7,2)2( )_) 1] 1+ (1—r2)2
Now, we do the following change of variables:
2r2(1 — cos(t))
xr=
(1 —1r2)2
Thus, we have: by
1—
t = arccos (1 — (2—2)x>,
r
and
gt — (1 —1r?)? dx _ (- r?) dx
2r2 \/(1 72)2 (1-r2)4 o 2r\/x (1—r2)2
r2 4rd 4r2
Going back to (60) we obtain:
2
1—r2 (G2 1 d
L) =—" /“ ) v . 61)
r 0 (I+a)—11+z /1 0=
4r2

Denote
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For any x fixed the integrand tends to 0 as L goes to co. As L grows, the main contribution to

the integral comes from the x near 0, where the term m is ’big”. For those x we have
1

(1—72)2
1—74:2 T

~ 1. Thus, we write:

Ve 1

T,2
= T —(—% — 1) da
4?2 14z)~—1 14z (1—12)2
—2)2 1 17Tx
JL(T)—/(I ) ( \/de{l—i- v
0

_ .
l+a)l—11+a foufr?)?( L Vg,

1+2)l—1 142
(62)
First we want to see that
47"2
(1-r2)2 1 VT 1 .
fO (I4+z)l—1 1+ 22 1)dz
1—7(1 ) x
lim ~0
L—+o00 4r2 ’

(1-r2)2 1 VT
Jo (7o) E =1 1002

Take ¢(L) € (0, 1) such that lim,_, - €(L) = 0; the numerator of the last expression can be split
into two parts (denoted by J;, and .J5, respectively). The first one is where x is small:

6(@% 1 1
T, = / = Ve ~1)de 63)
0 1+x)f—11+=x 1 _ (=r2p
Define t = %x. Then, by Taylor’s formula, for ¢ € (0, ¢(L)),
1

1
:1+§t+0(t2)§1+t.

V11—t

Thus:

1
—1<t<e(l).
i lstsdD)

Therefore, from (63), we obtain

E(L)% 1
n<an( [T L)
0

l+z)f—11+x

and ;
LEToo A - =0.
Jo (1+x1)L—11+£;dx
The second part of the integral is
472
T, = / e ! Ve ( ! _ 1> dz. (64)
G(L)<1f’;22>z 1+x)f—11+=x 1 0=

4r2
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Doing the change of variables proposed above, t = %x, we get

7 4 /1 1 2Vt 1 )dt
2r — .
(1 —r2)2 ) (1+ (ﬁf) Hl—11+ 47’22)2t A—¢

We split the integral into two parts again. It is clear that the ¢ near 1 are not a problem:

1 21” t
lim 1 1 ( ! —1)dt=0.
Qt

Lot Jiy2 (1 + iy )Qt) 11+% VI—1

On the other hand,

/ v ! V! ! 1)dt<
() (14 gpt)t =114 gt \WI—t -

= E(L) (1 + (1i:n2) ) 1 1 + (147’2 + /—

Take
1—-r3? 1
472 log(L)
For L large enough, €(L) € (0, 1) and following the equation (65):

e(L) =

1/2 1
= / 1+ op)F— 1 1+ at
(1) Tos \/1 T

1
<
(1+ i) mer sl —1 vlog 1+m
1 1
< lim — N —. (66)
(L )R 1 e
We shall see later that
4r2 \/_
(1-r2)2 1
dr = O(L™3? 67
/0 (TSR I ©7)
and therefore
. Jo,
lim 5 = 0. (68)
L—+o00 Lm
f(l—T ) 1 VT YT o
0 (I+x)l—11+=

At this point, we have seen that the expression in (62) is:

r2

_ [ae 1 N
JL(T)—/O (e dz(1+o(1)).




The hyperbolic case. 32

Going back to (61), we have:
1—7r2 [ 1
=5 7 YL dn(1 +of1)
0

r3 l+)t—11+x
1—1? 1
- 3T / 1 1\/5 dz(1+ o(1)). (69)
T )
Making a new change of variables y = F we obtain:
1 — g2 1 yL dy 1 — 2 1yL73/2
I.(r) = 1+0(1) = 1—y)2dy(1 4 o(1
W) =1 / S o) = A [ =g a1+ o)
1—1r?
N / B2 (1 — ) 2y (1 + o(1)), (10)

Using the second and the fourth property of the gamma function (see section 3.3), the non-integer
value I'(1/2) = /7 and the Riemann zeta function’s definition, we get:

1) = 5 3 HE e ot
1—r [(Ln+ L—1/2 1— 727 — 1
\/— Z Ln+—i— L+ {) ) (1+0(1)) = ( 27"3)\/_ nz% (Ln+ L)3/? (1+o0(1))
12;3’;3[ >~ st ol1) = LT IVT 3721+ o()). an
From (5), we can see:
L2r#
Var[ng(r)] = mh(r).

Then, replacing (70) above we get the result. O

Remarks.

1. Remember that in the Poisson processes, for the hyperbolic case,
Lr?
1—r2

We can compare it to the result just obtained. In this case,

Var(ng(r)) =

Var(nr(r)) =c VLr +o(VL).

1—1r2
We verify the same that happened to the planar case seen in the final of Chapter 3. Points
corresponding to a Poisson process are more dispersed than the corresponding to the zeros
of a hyperbolic Gaussian analytic function.
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2. We can also study the expression (56) from different points of view. For example, we can
fix the parameter L and see the behaviour of ny(r) when r — 17. In this way, three dif-
ferent results are obtained depending on the value of L withr — 1.

Theorem 5.4. [Buc13b, Proposition 7] Let f be the hyperbolic Gaussian analytic function as in
(27). Then:

(a) For each fixed L < 1/2,

Var[ng (r)] = (1_‘3%(1 +o(1)), asr— 1,
where 12 F(% s
LTy /mT(1—L)

(b) For L =1/2,

1 1

Var[ny »(r)] = P log = 7’(1 +0o(1)), asr—1".
(c) For each fixed L > 1/2,
L —
Var[ny(r)] = - r(l +0o(1)), asr—1",

where

L2 o 1 $2 Z Ln—1/2
Lo ), (1+$2)L—11+x2 8\/_ T(Ln+1)
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