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Given the important role that the galaxy bispectrum has recently acquired in cosmology and the scale and
precision of forthcoming galaxy clustering observations, it is timely to derive the full expression of the
large-scale bispectrum going beyond approximated treatments which neglect integrated terms or higher-
order bias terms or use the Limber approximation. On cosmological scales, relativistic effects that arise
from observing the past light cone alter the observed galaxy number counts, therefore leaving their imprints
on N-point correlators at all orders. In this paper we compute for the first time the bispectrum including all
general relativistic, local and integrated, effects at second order, the tracers’ bias at second order, geometric
effects as well as the primordial non-Gaussianity contribution. This is timely considering that future
surveys will probe scales comparable to the horizon where approximations widely used currently may not
hold; neglecting these effects may introduce biases in estimation of cosmological parameters as well as
primordial non-Gaussianity.
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I. INTRODUCTION

Gravitational instability drives the evolution of primor-
dial perturbations (as set out by e.g., the inflationary
process) into the large-scale structure (LSS) we observe
today. In the standard model of cosmology, gravity is
described by general relativity (GR). However, for sim-
plicity, to study and describe the formation of LSS,
different approximations are routinely used. For example,
we treat large and small scales differently and, on scales
well inside the Hubble horizon, we use several aspects of
Newtonian gravity. This small vs large-scale splitting has
provided an excellent approximation to interpret observa-
tions so far, but it may not hold for upcoming LSS surveys
that will probe scales approaching the Hubble horizon,
where the Newtonian approximation breaks down.
Moreover, observations are performed along the past light
cone, which brings in a series of local and nonlocal (i.e.
integrated along the line of sight) corrections, usually called
GR projection effects (hereafter they will be abbreviated as
GR effects or corrections), which are not included in the
“standard” treatment, where only the local distortion of the
radial pattern of the galaxy distribution due to peculiar

velocities is considered and the flat-sky limit is assumed
(for example see [1,2]).1

Forthcoming and future surveys will probe very large
scales, comparable to the horizon size, where GR effects
may not be neglected. Large survey volumes also imply
very small statistical errors, enabling high-precision mea-
surements of large-scale structure clustering. Such preci-
sion must be matched by high accuracy; hence accurate
theoretical modeling is required to correctly interpret the
measured clustering signal. For this reason, the study of
these GR effects on first-order statistics of large scale
structure (e.g., the galaxy power spectrum or the two-point
correlation function) has received significant attention in
recent years, see e.g. [9–34], but also the pioneering work
of [35]. These GR corrections can be implemented in mock
galaxy catalogs using the technique recently developed in

1In this paper we do not consider “standard” the magnification
due to gravitational lensing which modifies the observed number
counts in flux-limited samples (for example, see [3–7]) at linear
order, and [8] for weak lensing effects on the galaxy three-point
correlation function.
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[36] (see also [37]), while N-body simulations that include
dynamical space-time variables in the weak-field approxi-
mation have been studied in [38–42], and full numerical
relativity simulations have been developed in [43–45].
It is important to note that, for an accurate modeling of

first-order statistics, calculations in LSS beyond linear
order are needed. Recently the second-order GR effects
have been derived [46–55] and include contributions such
as lensing, gravitational Sachs-Wolfe (SW) and integrated
Sachs-Wolfe (ISW) effects, primordial non-Gaussianity
and bias (see e.g. [8,56–65], the recent review [66] and
references therein). It is interesting to note that, while for
cosmic microwave background studies the second-
order evolution of perturbations in GR has a longer history
[67–76]; only recently LSS observations are reaching a
comparable level of accuracy to warrant generalisation of
the treatment beyond linear order.
Besides the first-order statistics, higher-order statistics

encode highly complementary information, which, while at
possibly lower signal-to-noise ratios compared to the power
spectrum, is nevertheless of crucial importance. In particu-
lar, the bispectrum can offer a direct handle on galaxy bias
[56,59,66,77–80] and on primordial non-Gaussianity [57–
59,61,64,65,81–84], as well as helping to break other
degeneracies among cosmological parameters [85]. The
expression of the bispectrum at tree level using the
Newtonian approximation has been known for a while
(see for example [86]) and subsequent improvements have
been developed by [87–94], always within the Newtonian
framework (see also [95–97]).
Until very recently, any modeling of the galaxy bispec-

trum has relied on small-scales approximations, neglecting
relativistic effects and radial correlations, given that LSS
precise measurements were available only on relatively
small scales. However, galaxy surveys are now at the point
in which measurements of LSS are becoming extremely
precise, and will be available on very large scales, therefore
reaching the regime in which, as said above, a proper GR
treatment is necessary and approximations such as the
plane-parallel one fail. Hence, it is timely to have a full
expression of the galaxy bispectrum in GR, avoiding
approximations that are, in principle, inaccurate for corre-
lations on very large scales. To this aim GR, bias and light-
cone effects must be computed beyond linear order, at least
to second order in the perturbations [52,54,55,63].
Various investigations on modeling the bispectrum

including GR effects on large scales have been made
recently. In particular, [49,50,52,53] compute the three-
point correlation function in configuration space, including
only some projection terms, but not the bias and relativistic
perturbation solutions at second order (i.e. results obtained
in [70,71,98–101]); Refs. [54,55] analyzed the bispectrum
in Fourier space including some bias terms but not nonlocal
integrated terms (which [52,53] showed can be dominant
for long radial correlations). In addition, the flat-sky limit is

assumed even at very large scales, where this approxima-
tion has been shown to fail for the two-point correlation
case [15,33,102–105]. Of all the possible GR effects, it is
well known that, at least on first order statistics, magni-
fication bias and wide angle corrections are the dominant
ones [18,23,25,36,105]. These are also expected to be
important for higher-order statistics, but other contributions
may turn out to be comparable; a full numerical inves-
tigation for different surveys is needed in order to have
more details on this. Given all these considerations, we
extend previous works and derive, for the first time, the full
wide-angle GR second-order expression of the bispectrum,
i.e. including second-order bias, non-Gaussianity, veloc-
ities, Sachs-Wolfe, integrated Sachs-Wolfe and time-delay
terms and lensing distortions from convergence and shear.
This work builds on Refs. [46,47,50] where SWand lensing
contributions to the second-order matter overdensity are
presented. We envision that the resulting full expression of
the bispectrum will be important for accurate estimations of
primordial non-Gaussianity and cosmological parameters,
taking into account all effects at very large scales, therefore
fully exploiting the ultra-large-scale correlations that will
be measured for the first time in the next decade. It will also
provide an additional precise test of Einstein GR on those
very large scales. Beside the effects we consider here, if the
probability of observing a galaxy depends on its ellipticity,
there is a selection effect beyond magnification, which is
affected by shear and intrinsic alignment (see, for example,
[106,107]). Here for simplicity we are not considering this
orientation-dependent selection effect which will produce
new terms both at first and second order that depend on the
large-scale tidal field. The inclusion of this effect is left to
future work.
We improve upon previous works in the literature in the

sense that for the first time we write down the full
expression in Fourier space, and we do so using what
we call the “spherical-Bessel” formalism, which was first
developed by [108] and, subsequently, in redshift space by
[109] for the two-point correlation function. (Let us point
out another interesting approach studied in [110,111],
where they compute bispectra with total-angular-momen-
tum waves.) The expressions are inevitably lengthy and
involved but whenever possible we give a physical insight
on their meaning and we summarize schematically the
structure of the full expression in Sec. II. The expressions
provided here will not be directly relevant to data analyses;
their value is in providing a starting point to devise useful
approximations, and a quantitative evaluation of the differ-
ent contributions. The next natural step is to derive a more
compact expression including the dominant terms, for
different geometrical configurations (shapes), which will
be presented elsewhere.
The rest of the paper is organized as follows. We begin

by presenting the second-order number counts on the light
cone in Sec. III. This is a key ingredient in the expression
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for the bispectrum which we present in Sec. IV, which
expression depends on several kernels that are written down
explicitly in Sec. V for the first order, and Sec. VI at second
order. The second-order bias is derived in Sec. VII. We
conclude in Sec. VIII. The appendices report useful
relations and expressions needed to follow the derivation
of our main results and link our analytical expressions to
numerical codes available in the literature2 into our
expressions.

II. EXECUTIVE SUMMARY

Here we summarize in a concise way the main result of
this work, showing the main expression for the spherical-
Bessel bispectrum, including all general relativistic, local
and integrated, wide-angle and mode-coupling terms, that
we call S3ðfklmg1; fklmg2; fklmg3), where fklmgi ¼
ðki;li; miÞ for i ¼ 1, 2, 3. We write the galaxy bispectrum
using the spherical-Bessel formalism first proposed by
[108] and, subsequently, in redshift space by [109] (see also
[113]) for the two-point correlation function, and then by
[114] for the three-point statistics. The same formalism (for
the power spectrum) has been applied to real data in [115]
and extended to include GR effects in [17]. [See also
Ref. [116] where they discuss the limit of various approx-
imations (e.g. flat-sky, limber) which are applied to the
lensing signal.] Here we generalize this formalism to
include all wide-angle and relativistic terms, and write
down the full expression of the galaxy bispectrum, without
any approximations besides second-order perturbative
expansion in the perturbations and the bias and without
neglecting any contributions (apart from vector and tensor
perturbations). In this section we report the general
expression for S3ðfklmg1; fklmg2; fklmg3Þ, and in the
rest of the paper we show its derivation and the explicit
expression for all the terms. Here and hereafter

S3ðfklmg1; fklmg2; fklmg3Þ
¼ hΔg

l1m1
ðk1ÞΔg

l2m2
ðk2ÞΔg

l3m3
ðk2Þi

¼ 1

2

X
t;u;v¼1;2
tþuþv¼4

hΔgðtÞ
l1m1

ðk1ÞΔgðuÞ
l2m2

ðk2ÞΔgðvÞ
l3m3

ðk3Þi; ð1Þ

where Δg is the observed galaxy fractional number over-
density (for further details, see Sec. III) and contains the
contributions of all the local and integrated terms including
bias, and the indexes t, u, v indicate the order, so that in the
right-hand side two of them will be 1 and one will be 2,
cyclically. To be precise S3 is actually the spherical 3-point
correlation function of Fourier-space galaxy overdensity
(but, for simplicity, we will refer to it as the bispectrum); in
the same way as for the power spectrum, the correlation of

the field δ in Fourier space hδðk1Þδðk2Þi is related to
the power spectrum PðkÞ via a Dirac delta function
hδðk1Þδðk2Þi ∝ Pðk1ÞδDðk1 þ k2Þ.
As an example, let us consider below only the first

additive term of Eq. (1), where t ¼ 2 u, v ¼ 1 (the other

terms will be just permutations of this). Since each ΔgðtÞ
lm ðkÞ

is a sum of several components, it will be a sum of several
contributions which we indicate by the running indices a,
b, c. Each of these indices will model the effect of all the
physical quantities we consider:

Δg ¼ Δδ þ Δrsd þ Δv þ ΔL þ Δpot; ð2Þ

where δ refers to the matter overdensity (intrinsic cluster-
ing), “rsd” and “v” are velocity [peculiar velocities (RSD)
and doppler] terms, L contains lensing terms and “pot”
gravitational potentials (ISW and STD). Each of these
quantities enter (alternatively) at the first and second order.
Within our formalism, in this specific example, the index a
is associated with a second-order quantity and refers to the
terms expanded in Eq. (39), while the indices b, c are
associated with first-order quantities and refer to the terms
that we will make explicit in Eq. (31). Therefore, we have

�
1

2
Δað2Þ

l1m1
ðk1ÞΔbð1Þ

l2m2
ðk2ÞΔcð1Þ

l3m3
ðk3Þ

�
¼ 2ϒabc

l1m1l2m2l3m3
ðk1; k2; k3Þ: ð3Þ

Explicitly (for derivation details, see Sec. IV C and
Appendix D) the bispectrum building blocks
ϒabc

l1m1l2m2l3m3
are functions that contain all of the informa-

tion needed to express the observed bispectrum:

ϒabc
l1m1l2m2l3m3

ðk1; k2; k3Þ

¼
X

lp1mp1lq1mq1l̄1m̄1

ϝl2l3lp1lq1l̄1m1m2m3mp1mq1m̄1

�Z
q22dq2
ð2πÞ3

q23dq3
ð2πÞ3

× ½Mað2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1; q2; q3ÞMbð1Þ
l2

ðk2; q2Þ

×Mcð1Þ
l3

ðk3; q3Þ�PΦðq2ÞPΦðq3Þ
�
; ð4Þ

where the sum is over lp1mp1lq1mq1l̄1m̄1, and

ϝl2l3lp1lq1l̄1m1m2m3mp1mq1m̄1

¼ð−1Þl2þl3−m2−m3þmp1þmq1þm̄1G
lp1l̄1l2
−mp1m̄1−m2

G
lq1l̄1l3
mq1m̄1m3

:

Here we have used the Gaunt integral
2In Appendix 2 b, we give a possible prescription on how to

insert the numerical outputs obtained in SONG [112].
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Gl1l2l3
m1m2m3

¼
Z

d2n̂Yl1m1
ðn̂ÞYl2m2

ðn̂ÞYl3m3
ðn̂Þ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1þ1Þð2l2þ1Þð2l3þ1Þ

4π

r �
l1 l2 l3

0 0 0

��
l1 l2 l3

m1 m2 m3

�
: ð5Þ

The spherical multipole functionsM contain all the contributions (at first—indicated by superscript (1)—and second—
superscript (2)—order) for the density, velocity, lensing and gravitational potentials, and their combinations; their explicit
expressions will be presented below. Here PΦðkÞ is the primordial linear power spectrum of the Bardeen gravitational
potential; it will be clear below why it is advantageous to express the second-order GR bispectrum for number counts in
terms of a primordial quantity, but we will anticipate it briefly here. The primordial linear Bardeen potential is the only
relevant spatial field that has no gauge issue, that—by construction—remains invariant in time, is statistically homogeneous
and isotropic and thus for which it makes sense to perform a three-dimensional Fourier transform. In fact, for any quantity
that evolves along the line of sight or may be affected by projection effects such as lensing or ISW, or for which the flat-sky
approximation does not hold, there is no unambiguous three-dimensional Fourier transform.
It is also useful to provide a relation between the spherical Bessel bispectrum S and the bispectrum in Fourier angular

space, Bl1l2l3
ðk1; k2; k3Þ:

S3ðfklmg1; fklmg2; fklmg3Þ ¼
�
l1 l2 l3

m1 m2 m3

�
Bl1l2l3ðk1; k2; k3Þ; ð6Þ

and between the 3-point function and the bispectrum in Fourier angular space:

hΔgðk1ÞΔgðk2ÞΔgðk3Þi ¼
X3

limi¼1

ð4πÞ3ð−iÞl1þl2þl3

k1k2k3ð2=πÞ3=2
Yl1m1

ðk̂1ÞYl2m2
ðk̂2ÞYl3m3

ðk̂3Þ

×

�
l1 l2 l3

m1 m2 m3

�
Bl1l2l3ðk1; k2; k3Þ; ð7Þ

after resumming over3 fl1m1;l2m2;l3m3g. Here and hereafter k̂ denotes the angular position on the unit sphere of the
corresponding unit vector.
As usual, Ylm here denote the spherical harmonics and

�
l1 l2 l3

m1 m2 m3

�

the Wigner 3-j symbols. In our case, the bispectrum in Fourier angular space is written as

Bl1l2l3ðk1; k2; k3Þ ¼
X
abc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2l2 þ 1Þð2l3 þ 1Þ

4π

r X
lp1lq1l̄1

ð−1Þ−ðl̄1þlq1þlp1Þ
ð2l̄1 þ 1Þð2lq1 þ 1Þð2lp1 þ 1Þ

4π

×

�
lq1 l1 lp1

0 0 0

��
lp1 l2 l̄1

0 0 0

��
l̄1 l3 lq1

0 0 0

��
l1 l2 l3

l̄1 lq1 lp1

�

× ð−1Þl2þl3

Z
q22dq2
ð2πÞ3

q23dq3
ð2πÞ3 ½K

að2Þ
l1lp1lq1l̄1

ðk1; q2; q3ÞMbð1Þ
l2

ðk2; q2ÞMcð1Þ
l3

ðk3; q3Þ�PΦðq2ÞPΦðq3Þ

þ cyc; ð8Þ

where ð−1Þm1G
l1lp1lq1
−m1mp1mq1

Kað2Þ
l1lp1lq1l̄1

ðk1; q2; q3Þ ¼ Mað2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1; q2; q3Þ.
Thus all local and integrated effects due to, for example, the bias (see Sec. VII), lensing, SW, gravitational evolution,

non-Gaussianity etc. are enclosed in the spherical multipole functions M. [Precisely, the generating functions are in
Eqs. (89)–(94), (100)–(128), (143)–(145), (152)–(165), (176)–(182), (184)–(185), (188), (201)–(226), (246), (249),
(F13)–(F14) and (F16).]

3The denominator of the first term in Eq. (7) reads ℵ�
lðk1Þℵ�

lðk2Þℵ�
lðk3Þ [see Eqs (71) and (80)], with the coefficients being

ℵl ¼ kð2=πÞ1=2 in the formalism of [17,114], while they become ℵlðkÞ ¼ 4πil in the total angular momentum formalism of [110,111]
(for details, see Appendix B).
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The rest of the paper is devoted to compute the full
expression of these functions (see Secs. V and VI), their
interplay in the calculation and some subtle cancellations of
the bispectrum building blocks ϒ, see Appendix D. Finally,
in Sec. VII, we explicitly show how to include the second-
order galaxy bias in the expression for the overdensity (this
is also a contribution to the functions M). Throughout the
paper we assume the following conventions: units,
c ¼ G ¼ 1; signature ð−;þ;þ;þÞ; Greek indices run over
0,1,2,3, and Latin ones over 1,2,3.

III. SECOND-ORDER NUMBER COUNTS
ON THE LIGHT CONE

In this section we start presenting all GR effects that have
been computed previously by4 [50]. We begin by assuming
a concordance background model, and at first order we
neglect anisotropic stress, vector and tensor perturbations.
In the Poisson gauge, the metric and peculiar velocity
expanded to second order are [70]

ds2 ¼ aðηÞ2
�
−ð1þ 2ΦþΦð2ÞÞdη2 þ 2ωð2Þ

i dηdxi

þ
	
δijð1 − 2Φ −Ψð2ÞÞ þ 1

2
ĥð2Þij



dxidxj

�
; ð9Þ

vi ¼ ∂ivþ 1

2
við2Þ; við2Þ ¼ ∂ivð2Þ þ v̂ið2Þ; ð10Þ

where η is the conformal time, a is the scale-factor,
and we have omitted the superscript (1) indicating terms
of the first-order expansion on familiar quantities such as
the metric perturbation Φ, Newtonian potential Ψ and the
galaxy peculiar velocity ∂iv. Here and hereafter, second-

order terms and indicated by the superscript (2). Here ω̂ðnÞ
i

is a solenoidal vector, i.e. ∂iω̂ðnÞ
i ¼ 0, and ĥðnÞij the tensor

perturbation, i.e. ∂iĥðnÞij ¼ ĥiðnÞi ¼ 0, see [70,118–123].
Redshift-space or redshift-frame is the “cosmic labora-

tory” where we probe the observations. In redshift-space
we use coordinates which effectively flatten our past light-
cone so that the photon geodesic from an observed galaxy
has the following conformal space-time coordinates
[14,47,117]:

x̄μ ¼ ðη; x̄Þ ¼ ðη0 − χ̄; χ̄ n̂Þ: ð11Þ

Here χ̄ðzÞ is the comoving distance to the observed
redshift, calculated in the background (i.e., a redshift-space
quantity), n̂ is the observed direction to the galaxy, i.e.
n̂i ¼ x̄i=χ̄ ¼ δijð∂χ̄=∂x̄jÞ. Using χ̄ as an affine parameter in

the redshift frame (at zeroth order), the total derivative
along the past light cone is d=dχ̄ ¼ −∂=∂ηþ n̂i∂=∂x̄i. In
our analysis we use only the observed redshift z rather than
the background (Hubble flow) redshift. In particular all
background quantities are not evaluated at the background,
redshift (i.e. the redshift that would have been observed for
the same source without any perturbations along the line
of sight), they are instead evaluated at the observed
redshift which include real world effects such as peculiar
velocities.
Defining xμðχÞ as the coordinates in the physical

frame [see Eq. (9)], where χ is the physical comoving
distance of the source, we can set up a mapping between
redshift space and real space (the “physical frame”) up to
second order in the following way: xμðχÞ ¼ x̄μð χ̄Þ þ
Δxμð1Þð χ̄Þ þ Δxμð2Þð χ̄Þ=2.
In this work, ⊥ denotes projection into the screen space

(with projector Pij ¼ δij − n̂in̂j), ∥ indicates projection
along the unit line-of-sight vector n̂i, and we define the
derivatives

∂∥ ¼ nj∂j;

∂i⊥ ¼ Pij∂j ¼ ∂i − ni∂∥;

∇2⊥ ¼ ∂⊥i∂i⊥ ¼ 1

χ̄2
△n̂ ¼ ∇2 − ∂2

∥ −
2

χ̄
∂∥: ð12Þ

Now we want to study the physical number density of
galaxies ng as a function of the physical comoving
coordinates xμ and the magnification M. In particular
we consider the cumulative physical number density
sample with a flux larger than a observed limit F̄ which
can be translated in terms of a the inferred threshold
luminosity L̄ðzÞ (ng ¼ N in [13,19]). The physical number
density contained within a volume V is given by

N ¼
Z
V̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ĝðxαÞ

p
a3ðx0Þngðxα;MÞdV; ð13Þ

where ngðxα;MÞ is the physical number density which
occupies the comoving physical volume dV, a is the scale
factor,

ffiffiffiffiffiffi
−ĝ

p ¼ ffiffiffiffiffiffi−gp
=a4, ĝμν is the comoving metric. In the

redshift frame, by definition,

N ¼
Z
V̄
ā3ðx̄0Þngðx̄0; x̄; L̄Þd3x̄; ð14Þ

where the observed comoving volume is d3x̄ ¼ dV̄. Then,
relating the observed galaxy number density with the
physical one, i.e. Eqs. (13), (14), we obtain the observed
fractional number overdensity

Δg ¼
ngðx̄0; x̄; L̄Þ − n̄gðx̄0; L̄Þ

n̄gðx̄0; L̄Þ
¼ Δð1Þ

g þ 1

2
Δð2Þ

g ; ð15Þ
4This result was obtained by using the “cosmic rulers”

approach developed in [14,117], and generalized in [46,47] at
second order.
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where

Δð1Þ
g ¼ Δnð1Þg

n̄g
þ 3Δ ln að1Þ þ Δ

ffiffiffiffiffiffi
−g

p ð1Þ þ ΔVð1Þ ð16Þ

and

Δð2Þ
g ¼Δnð2Þg

n̄g
þ3Δlnað2ÞþΔ

ffiffiffiffiffiffi
−g

p ð2ÞþΔVð2Þ

þ6

�
Δnð1Þg

n̄g
þΔ

ffiffiffiffiffiffi
−g

p ð1ÞþΔVð1Þ
�
Δlnað1Þþ6ðΔlnað1ÞÞ2

þ2
Δnð1Þg

n̄g
ΔVð1Þþ2Δ

ffiffiffiffiffiffi
−g

p ð1ÞΔVð1Þþ2
Δnð1Þg

n̄g
Δ

ffiffiffiffiffiffi
−g

p ð1Þ:

ð17Þ

Here we have considered the corrections up to second order
of the volume:���� dVdV̄

���� ¼ 1þ ΔVð1Þ þ 1

2
ΔVð2Þ; ð18Þ

the scalar factor:

aðx0ðχÞÞ ¼ ā

�
1þ Δ ln að1Þ þ 1

2
Δ ln að2Þ

�
; ð19Þ

where ā ¼ aðx̄0ðχ̄ÞÞ ¼ 1=ð1þ zÞ, and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ĝðxαÞ

p
¼ 1þ Δ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ĝðx̄αÞ

p ð1Þ þ 1

2
Δ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ĝðx̄αÞ

p ð2Þ: ð20Þ

Finally, we used

ngðxα;MÞ ¼ n̄gðx̄0; L̄Þ þ Δngðx̄α; L̄Þð1Þ þ
1

2
Δngðx̄α; L̄Þð2Þ;

ð21Þ

where Δngðx̄α; L̄Þð1Þ and Δngðx̄α; L̄Þð2Þ contain also the
fluctuation of the luminosity distance at the observed
redshift z (e.g. see [47]). In order to write explicitly all
above relations, first of all, let us define at first order the
following quantities:

(i) the scale factor correction5

Δ ln að1Þ ¼ −Φþ ∂∥vþ 2Ið1Þ; ð22Þ

where Ið1Þ is the integrated Sachs-Wolfe (ISW) effect
at first order, i.e.

Ið1Þ ¼ −
Z

χ̄

0

d~χΦ0; ð23Þ

where, here and hereafter, the prime 0 denotes ∂=∂η;
(ii) the weak-lensing convergence term

κð1Þ ¼
Z

χ̄

0

d~χðχ̄ − ~χÞ ~χ
χ̄
~∇2
⊥Φ; ð24Þ

(iii) the weak-lensing shear γð1Þij and rotation ϑij terms,
where

γð1Þij ¼ 2

Z
χ̄

0

d~χ

	
ð χ̄ − ~χÞ ~χ

χ̄
~∂⊥ði ~∂⊥jÞΦ



− Pijκ

ð1Þ;

ð25Þ

ϑð1Þij ϑ
ijð1Þ ¼ þ 2

χ̄2

Z
χ̄

0

d~χ½ð χ̄ − ~χÞ ~∂⊥iΦ�

×
Z

χ̄

0

d~χ½ð χ̄ − ~χÞ ~∂i⊥Φ�; ð26Þ

where ~∂i ¼ ∂=∂ ~xi;
(iv) the radial displacement at first order that corresponds

to the usual (Shapiro) time-delay (STD) term [13]

Tð1Þ ¼ −2
Z

χ̄

0

d~χΦ; ð27Þ

(v) we define the following 3D nonlocal vector [46]

Sið1Þ ¼ −
Z

χ̄

0

d~χ

�
~∂iΦ −

1

~χ
n̂iΦ

�
ð28Þ

which can be split as

Sið1Þ⊥ ¼ Pi
jS

jð1Þ
⊥ ¼ −

Z
χ̄

0

d~χ ~∂i⊥Φ; and

Sð1Þ∥ ¼ n̂iSið1Þ ¼ −Φþ Ið1Þ þ
Z

χ̄

0

d~χ
Φ
~χ
: ð29Þ

The physical meaning of this vector can be under-
stood by noting that the transverse part, i.e. Sið1Þ⊥ , can
be related with Tð1Þ and κð1Þ in the following way:

−2κð1Þ ¼ 2∂⊥iSið1Þ − ∂⊥iTð1Þ:

(vi) Finally the overdensity

δð1Þg ¼ δgðx̄α; L̄Þð1Þ ¼
ngðx̄α; L̄Þð1Þ
ngðx̄0; L̄Þð0Þ

; ð30Þ

where n̄g ¼ ngðx̄0; L̄Þð0Þ is the background number
density of sources with luminosity exceeding L̄

and nð1Þg ¼ ngðx̄α; L̄Þð1Þ.

5From now on, in the expressions we have removed all the
terms that are evaluated by the observer, as they represent
unobservable monopole-like terms.
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Expanding the galaxy fractional number overdensity, at linear order we find [13,14,46,47,50]

Δð1Þ
g ¼δð1Þg þ

	
be−

H0

H2
−2Q−2

ð1−QÞ
χ̄H



Δlnað1Þþð−1þ2QÞΦ−

1

H
∂2
∥vþ

1

H
Φ0−2

ð1−QÞ
χ̄

Tð1Þ−2ð1−QÞκð1Þ; ð31Þ

where

be ¼
∂ ln n̄gðā; L̄Þ

∂ ln ā þ 3 ð32Þ

is the evolution bias term related to the background number density, and H ¼ a0=a is the conformal Hubble factor and we
have defined the background magnification bias as

Qðx̄0; L̄Þ ¼ −
∂ ln n̄g
∂ ln L̄

����
ā
: ð33Þ

All the quantities defined at linear order above, at second order become [46,47,50]

Δ lnað2Þ ¼−Φð2Þ þ∂∥vð2Þ þ v̂ð2Þ∥ þ3Φ2− ð∂∥vÞ2þ∂⊥iv∂i⊥v−2∂∥vΦ−
2

H
ðΦ−∂∥vÞðΦ0−∂2

∥vÞ

−4

�
Φþ 1

H
∂2
∥v−

1

H
Φ0
�
Ið1Þ þ2ð2Φ0 þ∂∥Φ−∂2

∥vÞTð1Þ þ4χ̄∂⊥ið−Φþ∂∥vÞSið1Þ⊥

þ2½ χ̄∂⊥iðΦ−∂∥vÞþ∂⊥iv�∂i⊥Tð1Þ þ8Φκð1Þ þ2Ið2Þ þ8ðIð1ÞÞ2

þ4

Z
χ̄

0

d~χ

	
Φ00Tð1Þ þ2ΦΦ0 þ2Φ0Ið1Þ þ2Φ ~∂⊥jS

jð1Þ
⊥ −2~χ ~∂⊥iΦ0Sið1Þ⊥ −2

�
dΦ
d~χ

−
1

~χ
Φ
�
κð1Þ þ ~χ ~∂⊥iΦ0 ~∂i⊥Tð1Þ



; ð34Þ

κð2Þ ¼ 1

2

Z
χ̄

0

d~χð χ̄ − ~χÞ ~χ
χ̄
~∇2
⊥
�
Φð2Þ þ 2ωð2Þ

∥ þ Ψð2Þ −
1

2
ĥð2Þ∥

�
þ 1

2

Z
χ̄

0

d~χ

�
−2 ~∂i⊥ω

ð2Þ
i þ 4

~χ
ωð2Þ
∥ þ Pijnk ~∂iĥ

ð2Þ
jk −

3

~χ
ĥð2Þ∥

�

−
2

χ̄

�
2χ̄Ið1Þ þ 2

Z
χ̄

0

d~χ ~χΦ0 þ Tð1Þ þ 1

H
Δ ln a

��
κð1Þ −

χ̄

2
∇2⊥Tð1Þ

�
þ 2Si⊥

�
∂⊥iTð1Þ þ 1

H
∂⊥iΔ ln að1Þ þ 2χ̄∂⊥iIð1Þ

þ 2∂⊥i

Z
χ̄

0

d~χ ~χΦ0
�
þ 2

Z
χ̄

0

d~χ
~χ

χ̄

	
þ2~χ ~∇2

⊥ΦIð1Þ þ 2 ~∇2
⊥Φ

Z
~χ

0

d~~χ ~~χΦ0 þ 2~χ∂⊥iΦ ~∂i⊥Ið1Þ þ 2∂⊥iΦ ~∂⊥i

Z
~χ

0

d~~χ ~~χΦ0

þ 4

~χ
ΦSð1Þ∥ − 2Φ ~∂⊥mSmð1Þ − ~∂⊥iΦ∂i⊥Tð1Þ −

2

~χ
Φκð1Þ



þ 2

Z
χ̄

0

d~χð χ̄ − ~χÞ ~χ
χ̄

	
−2~∂i⊥Φ ~∂⊥iΦþ 2~∂i⊥Φ ~∂⊥iIð1Þ − 2Φ ~∇2

⊥Φ

þ 2 ~∇2
⊥ΦIð1Þ − ~∇2

⊥ΦTð1Þ − ~∂i⊥Φ0 ~∂⊥iTð1Þ þ 2

~χ

�
−
1

~χ
Φþ d

d~χ
Φ
�
κð1Þ þ 1

~χ
~∂⊥iΦSið1Þ⊥ −

3

2~χ
~∂⊥iΦ∂i⊥Tð1Þ

þ ~χ

�
~∂⊥i

~∇2
⊥Φþ 1

~χ
~∂⊥iΦ0

�
ð2Sið1Þ⊥ − ∂i⊥Tð1ÞÞ þ ~χ ~∂ðj

⊥ ~∂mÞ
⊥ Φð2~∂⊥ðmS

ð1Þ
⊥jÞ − ~∂⊥ðm ~∂⊥jÞTð1ÞÞ þ 2Φ0 ~∂⊥mS

mð1Þ
⊥

−
�
Φ0 þ 1

~χ
Φ
�
~∇2
⊥Tð1Þ



; ð35Þ

where AðiBjÞ ¼ ðAiBj þ BiAjÞ=2, and

Ið2Þ ¼ −
1

2

Z
χ̄

0

d~χðΦð2Þ0 þ 2ωð2Þ
∥ 0 þ Ψð2Þ0 − 1

2
ĥð2Þ∥ 0Þ; ð36Þ

Sið2Þ⊥ ¼ −
1

2

Z
χ̄

0

d~χ

	
~∂i⊥ðΦð2Þ þ 2ωð2Þ

∥ þΨð2Þ −
1

2
ĥð2Þ∥ Þ þ 1

~χ
ð−2ωið2Þ

⊥ þ nkĥð2Þkj P
ijÞ


; ð37Þ

Tð2Þ ¼ −
Z

χ̄

0

d~χðΦð2Þ þ 2ωð2Þ
∥ þΨð2Þ −

1

2
hð2Þ∥ Þ: ð38Þ
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Finally, at second order the galaxy fractional overdensity is [46,47,50]

Δð2Þ
g ¼ δð2Þg þ

	
be−2Q−

H0

H2
− ð1−QÞ 2

χ̄H



Δ lnað2Þ− ð1−QÞ

�
2Ψð2Þ þ 1

2
ĥð2Þ∥

�
− ð1−QÞ2

χ̄
Tð2Þ − 2ð1−QÞκð2Þ

þΦð2Þ þ 1

H
Ψð2Þ0 −

1

2H
ĥð2Þ∥ 0− 1

H
∂2
∥v

ð2Þ−
1

H
∂∥v̂

ð2Þ
∥ þ 2ð−1þ 2QÞΦδð1Þg −

2

H
δð1Þg ∂2

∥vþ
2

H
δð1Þg Φ0 þ ð∂∥vÞ2

þ 2

H

�
2QþH0

H2

�
ΦΦ0 þ

�
−5þ 4Qþ 4Q2− 4

∂Q
∂ ln L̄

�
Φ2−

2

H

�
1þ 2QþH0

H2

�
Φ∂2

∥vþ
2

H2
ðΦ0Þ2þ 2

H2
ð∂2

∥vÞ2

þ 4

H
∂∥v∂∥Φ−

2

H2
Φ∂3

∥v−
2

H
Φ∂∥Φþ 2

H2
Φ
dΦ0

dχ̄
−

2

H2
∂∥v

dΦ0

dχ̄
−

2

H2
Φ∂2

∥Φ−
4

H2
∂2
∥vΦ0 þ 2

H

�
1þH0

H2

�
∂∥v∂2

∥v

þ 2

H2
∂∥v∂2

∥Φþ 2

H

�
1−

H0

H2

�
∂∥vΦ0 þ 2

H
∂⊥iv∂i⊥Φ−

4

H
∂⊥iv∂i⊥∂∥vþ

�
−1þ 4

χ̄H

�
∂⊥iv∂i⊥vþ

2

H2
∂∥v∂3

∥v

þ
�	

−2be− 4Qþ 4beQ− 8Q2þ 8
∂Q
∂ ln L̄þ 4

∂Q
∂ ln āþ 2

H0

H2
ð1− 2QÞþ 4

χ̄H

�
−1þQþ 2Q2− 2

∂Q
∂ ln L̄

�

Φ

þ 2

	
be− 2Q−

H0

H2
−

2

χ̄H
ð1−QÞ



δð1Þg −

2

H
dδð1Þg

dχ̄
þ 2

H

	
−beþ 2QþH0

H2
þ 2

χ̄H
ð1−QÞ



∂2
∥v−

4

H
Q∂∥Φ

þ 2

H

	
−2þbe−

H0

H2
−

2

χ̄H
ð1−QÞ



Φ0 þ 4

	
−
�
be−beQþ 2Q2− 2

∂Q
∂ ln L̄−

∂Q
∂ ln ā

�
þH0

H2
ð1−QÞ

þ 1

χ̄H

�
1−Qþ 2Q2− 2

∂Q
∂ ln L̄

�
�
Tð1Þ

χ̄
þ κð1Þ

��
Δ lnað1Þ þ

�
−beþb2eþ

∂be
∂ ln āþ 6Q− 4Qbeþ 4Q2− 4

∂Q
∂ ln L̄

− 4
∂Q
∂ ln āþð1− 2beþ 4QÞH

0

H2
−
H00

H3
þ 3

�
H0

H2

�
2

þ 6

χ̄

H0

H3
ð1−QÞþ 2

χ̄2H2

�
1−Qþ 2Q2− 2

∂Q
∂ ln L̄

�

þ 2

χ̄H

	
1− 2be−Qþ 2beQ− 4Q2þ 4

∂Q
∂ ln L̄þ 2

∂Q
∂ ln ā


�
ðΔ lnað1ÞÞ2þ 4

	
þ 1

H

�
1−

H0

H2

�
Φ0 þ 1

H
∂∥Φ

þ 1

H

�
1þH0

H2

�
∂2
∥vþ

1

H2
∂2
∥Φþ 1

H2
∂3
∥v−

1

H2

dΦ0

dχ̄



Ið1Þ þ

	
−
4

χ̄
ð1−QÞδð1Þg − 2∂∥δ

ð1Þ
g −

4

χ̄H
ð1−QÞΦ0

þ 4

χ̄

�
−1þQþ 2Q2− 2

∂Q
∂ ln L̄

�
Φþ 2ð1− 2QÞ∂∥Φþ 4

χ̄H
ð1−QÞ∂2

∥vþ
2

H
∂3
∥v:−

2

H
∂∥Φ0



Tð1Þ

þ
�
1−Qþ 2Q2 −2

∂Q
∂ ln L̄

�	
2

χ̄2
ðTð1ÞÞ2þ 4

χ̄
Tð1Þκð1Þ



þ 4

	
−
�
1−Q− 2Q2þ 2

∂Q
∂ ln L̄

�
Φþ 1

H
ð1−QÞ∂2

∥v

−
1

H
ð1−QÞΦ0 − ð1−QÞδð1Þg



κð1Þ þ ð1−QÞϑð1Þij ϑ

ijð1Þ þ 2

�
1−Qþ 2Q2 − 2

∂Q
∂ ln L̄

�
ðκð1ÞÞ2− 2ð1−QÞjγð1Þj2

þ 4

	
χ̄

H
ð∂⊥iΦ0− ∂⊥i∂2

∥vÞþ χ̄∂⊥iδ
ð1Þ
g þ χ̄∂⊥iΦ− 2χ̄ð1−QÞ∂⊥iΦþ 1

H
ð1−QÞ∂⊥iΔ lnað1Þ



Sið1Þ⊥

− 4ð1−QÞSið1Þ⊥ Sjð1Þ⊥ δijþ 2

	
2

χ̄H
∂⊥iv−

χ̄

H
∂⊥iΦ0 þ χ̄

H
∂⊥i∂2

∥v−
2

H
∂⊥i∂∥v− χ̄∂⊥iδ

ð1Þ
g þ χ̄ð1− 2QÞ∂⊥iΦ



∂i⊥Tð1Þ

þ 4Qð1Þ
	
Φ−

�
1−

1

χ̄H

�
Δ lnað1Þ þ 1

χ̄
Tð1Þ þ κð1Þ



þ 8ð1−QÞ

�Z
χ̄

0

d~χ

	
−Φ ~∂⊥mS

mð1Þ
⊥ þ

�
dΦ
d~χ

−
1

~χ
Φ
�
κð1Þ




−
1

χ̄

Z
χ̄

0

d~χðΦ2þΦ0Tð1Þ þ 2Φκð1Þ þ ~χ ~∂⊥iΦ ~∂i⊥Tð1ÞÞþ 1

χ̄

Z
χ̄

0

d~χð χ̄ − ~χÞ
	
−2Φ ~∂⊥mS

mð1Þ
⊥ þ 2

�
dΦ
d~χ

−
1

~χ
Φ
�
κð1Þ


�
: ð39Þ

where the density contrast at second order has been defined as

δð2Þg ¼ ngðx̄α; L̄Þð2Þ
ngðx̄0; L̄Þð0Þ

; ð40Þ
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and for convenience of notation we sometimes use nð2Þg ¼
ngðx̄α; L̄Þð2Þ. Here we have defined the first-order magni-
fication bias in the following way:

Qð1Þðx̄α; L̄Þ ¼ −
∂δð1Þg

∂ ln L̄
����
ā
: ð41Þ

Let us point out that, using the result from Ref. [50], we
have indirectly assumed that galaxy velocities follow the
matter velocity field, i.e. no velocity bias, and we have used

the velocity equation both at first and second order (for
example see Appendix A).
The readers interested in the primordial non-Gaussianity

contribution (or fNL for short) should keep in mind that it is
implicitly enclosed in second-order primordial quantities
such as Φð2Þ; see e.g., Sec. E 2 a.
Now, replacing Eq. (22) in Eq. (31) we have the galaxy

density contrast at first order that it is given by 8 terms
involving δg, first and second derivatives of the velocity,
potential, convergence, ISW and STD:

Δð1Þ
g ¼ δð1Þg −

1

H
∂2
∥vþ

	
be −

H0

H2
− 2Q − 2

ð1 −QÞ
χ̄H



∂∥v −

	
be −

H0

H2
− 4Qþ 1 − 2

ð1 −QÞ
χ̄H



Φ − 2ð1 −QÞκð1Þ

þ 1

H
Φ0 þ 2

	
be −

H0

H2
− 2Q − 2

ð1 −QÞ
χ̄H



Ið1Þ − 2

ð1 −QÞ
χ̄

Tð1Þ ¼
X8
a¼1

Δað1Þ
g : ð42Þ

At second order, replacing Eqs. (22), (34) and (35) in Eq. (39), we have

Δð2Þ
g ¼ Δð2Þ

gloc þ Δð2Þ
gint; ð43Þ

where we have separated the second-order contribution to Δð2Þ
g in local (subscript loc) and integrated (subscript int) terms.

Here the local contribution is the sum of three terms

Δð2Þ
g loc ¼

X3
i¼1

Δð2Þ
g loc−i; ð44Þ

where

Δð2Þ
g loc−1 ¼ δð2Þg − 2ð1−QÞΨð2Þ −

1

2
ð1−QÞĥð2Þ∥ −

	
be − 2Q− 1−

H0

H2
− ð1−QÞ 2

χ̄H



Φð2Þ þ 1

H
Ψð2Þ0− 1

2H
ĥð2Þ∥ 0− 1

H
∂2
∥v

ð2Þ

−
1

H
∂∥v̂

ð2Þ
∥ þ

	
be − 2Q−

H0

H2
− ð1−QÞ 2

χ̄H



ð∂∥vð2Þ þ v̂ð2Þ∥ Þ ð45Þ

contains all local contributions with second-order perturbation terms,

Δð2Þ
g loc−2¼2

	
−be−1þ4QþH0

H2
þ 2

χ̄H
ð1−QÞ



δð1Þg Φþ2

	
be−2Q−

H0

H2
−

2

χ̄H
ð1−QÞ



δð1Þg ∂∥v−

2

H
δð1Þg ∂2

∥v

þ 2

H
δð1Þg Φ0 þ 2

H
dδð1Þg

dχ̄
Φ−

2

H
dδð1Þg

dχ̄
∂∥vþ

	
−5þ4beþb2eþ

∂be
∂ ln āþ8Qþ16Q2−8beQ−16

∂Q
∂ lnL̄−8

∂Q
∂ ln ā

þ2ð−2−beþ4QÞH
0

H2
−
H00

H3
þ3

�
H0

H2

�
2

þ6

χ̄

H0

H3
ð1−QÞþ 4

χ̄H

�
−4Q2−beþbeQþ4

∂Q
∂ lnL̄þ ∂Q

∂ ln ā
�

þ 2

χ̄2H2

�
1−Qþ2Q2−2

∂Q
∂ lnL̄

�

Φ2þ2

	
−be−6Q−b2eþ6Qbe−8Q2þ8

∂Q
∂ lnL̄þ6

∂Q
∂ ln ā−

∂be
∂ ln ā

þð1þ2be−6QÞH
0

H2
þH00

H3
−3

�
H0

H2

�
2

−
6

χ̄

H0

H3
ð1−QÞþ 2

χ̄H

�
−1þ2beþQþ6Q2−2beQ−6

∂Q
∂ lnL̄−2

∂Q
∂ ln ā

�

þ 2

χ̄2H2

�
−1þQ−2Q2þ2

∂Q
∂ lnL̄

�

Φ∂∥vþ

2

H

	
−1−5Qþ2be−3

H0

H2
−
4ð1−QÞ

χ̄H



Φ∂2

∥v−
2

H2
Φ∂3

∥v
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þ 2

H

�
2−2beþ4Qþ3

H0
H2þ4ð1−QÞ

χ̄H

�
ΦΦ0 þ 2

H
ð−1þ2QÞΦ∂∥Φ−

2

H2
Φ∂2

∥Φþ 2

H2
Φ
dΦ0

dχ̄
þ 2

H2
ðΦ0Þ2

þ 2

H2
ð∂2

∥vÞ2þ
�
1−2beþb2eþ

∂be
∂ ln āþ8Q−4Qbeþ4Q2−4

∂Q
∂ lnL̄−4

∂Q
∂ ln āþ2ð1−beþ2QÞH

0

H2
−
H00

H3
þ3

�
H0

H2

�
2

þ6

χ̄

H0

H3
ð1−QÞþ 2

χ̄H

	
2−2be−2Qþ2beQ−4Q2þ4

∂Q
∂ lnL̄þ2

∂Q
∂ ln ā



þ 2

χ̄2H2

�
1−Qþ2Q2−2

∂Q
∂ lnL̄

��
ð∂∥vÞ2

þ 2

H

	
−1þ2be−2Q−3

H0

H2
−
4ð1−QÞ

χ̄H



Φ0∂∥vþ

2

H

	
1−2beþ4Qþ3

H0

H2
þ4ð1−QÞ

χ̄H



∂∥v∂2

∥v

þ4
ð1−QÞ

H
∂∥Φ∂∥vþ

2

H2
∂∥v∂2

∥Φ−
2

H2
∂∥v

dΦ0

dχ̄
þ 2

H2
∂∥v∂3

∥v−
4

H2
Φ0∂2

∥vþ4Qð1Þ
	�

2−
1

χ̄H

�
Φ−

�
1−

1

χ̄H

�
∂∥v



ð46Þ

contains all local projection terms with time and partial derivatives along the line-of-sight direction, and

Δð2Þ
g loc−3 ¼

2

H
∂⊥iv∂i⊥Φ −

4

H
∂⊥iv∂i⊥∂∥vþ

�
−1þ be −

H0

H2
− 2Q

�
∂⊥iv∂i⊥v ð47Þ

incorporates all local projection terms with transverse partial derivatives.
The integrated contribution can be divided into a sum of five terms

Δð2Þ
g int ¼

X5
i¼1

Δð2Þ
g int−i: ð48Þ

In particular,

Δð2Þ
gint−1 ¼ þ4

�	
−2be þ 2beQ − 4Q2 þ 4

∂Q
∂ ln L̄þ 2

∂Q
∂ ln āþ 2

H0

H2
ð1 −QÞ þ 2

χ̄H

�
2Q2 − 2

∂Q
∂ ln L̄

�

Φ

þ 1

H

	
1 − 2be þ 4Qþ 3

H0

H2
þ 4ð1 −QÞ

χ̄H



∂2
∥vþ

1

H

	
−1þ 2be − 2Q − 3

H0

H2
−
4ð1 −QÞ

χ̄H



Φ0 þ 1

H
ð1 − 2QÞ∂∥Φ

þ 1

H2
∂2
∥Φþ 1

H2
∂3
∥v −

1

H2

dΦ0

dχ̄
þ
	
be − 2Q −

H0

H2
−

2

χ̄H
ð1 −QÞ



δð1Þg −

1

H
dδð1Þg

dχ̄

�
Ið1Þ þ 4

�
be þ b2e þ

∂be
∂ ln ā

þ 2Q − 4Qbe þ 4Q2 − 4
∂Q
∂ ln L̄ − 4

∂Q
∂ ln āþ ð−1 − 2be þ 4QÞH

0

H2
−
H00

H3
þ 3

�
H0

H2

�
2

þ 6

χ̄

H0

H3
ð1 −QÞ

þ 2

χ̄H

	
−1 − 2be þQ − 4Q2 þ 2beQþ 4

∂Q
∂ ln L̄þ 2

∂Q
∂ ln ā



þ 2

χ̄2H2

�
1 −Qþ 2Q2 − 2

∂Q
∂ ln L̄

��
ðIð1ÞÞ2

þ 4

χ̄

	
−
�
be − beQþ 2Q2 − 2

∂Q
∂ ln L̄ −

∂Q
∂ ln ā

�
þ H0

H2
ð1 −QÞ þ 1

χ̄H

�
1 −Qþ 2Q2 − 2

∂Q
∂ ln L̄

�

Ið1ÞTð1Þ

þ
�
−
4

χ̄
ð1 −QÞδð1Þg − 2∂∥δ

ð1Þ
g þ 4

χ̄

�
−1þQþ 2Q2 − 2

∂Q
∂ ln L̄

�
Φþ 2

	
−be þ 2Qþ H0

H2
þ 4ð1 −QÞ

χ̄H



∂2
∥v

þ 4

	
be − 2Q −

H0

H2
−
3ð1 −QÞ

χ̄H



Φ0 þ 2

	
1þ be − 4Q −

H0

H2
− ð1 −QÞ 2

χ̄H



∂∥Φþ 2

H
∂3
∥v −

2

H
∂∥Φ0

�
Tð1Þ

þ 2

χ̄2

�
1 −Qþ 2Q2 − 2

∂Q
∂ ln L̄

�
ðTð1ÞÞ2 þ 4

�	
−1 − 3Qþ 2Q2 − 2

∂Q
∂ ln L̄þ 2be − 2

H0

H2
−
5ð1 −QÞ

χ̄H



Φ

þ 2ð1 −QÞ
χ̄

Z
χ̄

0

d~χ ~χΦ0 þ ð1 −QÞ
χ̄H

∂∥vþ
1

H
ð1 −QÞ∂2

∥v −
1

H
ð1 −QÞΦ0 − ð1 −QÞδð1Þg

�
κð1Þ
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þ 8

χ̄

�
1 −QþQ2 −

∂Q
∂ ln L̄

�
Tð1Þκð1Þ þ 2

�
1 −Qþ 2Q2 − 2

∂Q
∂ ln L̄

�
ðκð1ÞÞ2

þ 4

	
þ2 − be þ beQ − 2Q − 2Q2 þ 2

∂Q
∂ ln L̄þ ∂Q

∂ ln āþ H0

H2
ð1 −QÞ þ 1

χ̄H

�
3 − 3Qþ 2Q2 − 2

∂Q
∂ ln L̄

�

Ið1Þκð1Þ

þ χ̄ð1 −QÞ
	
−4

�
1þ 1

χ̄H

�
Ið1Þ −

4

χ̄

Z
χ̄

0

d~χ ~χΦ0 −
2

χ̄
Tð1Þ þ 2

χ̄H
Φ −

2

χ̄H
∂∥v



∇2⊥Tð1Þ

þ 4Qð1Þ
	
−2

�
1 −

1

χ̄H

�
Ið1Þ þ 1

χ̄
Tð1Þ þ κð1Þ



; ð49Þ

contains convergence, ISW and STD terms.
In

Δð2Þ
g int−2 ¼ þ4

�
χ̄∂⊥iδ

ð1Þ
g − χ̄

	
1þ be − 4Q −

H0

H2
− 2

ð1 −QÞ
χ̄H



∂⊥iΦþ χ̄

	
be − 2Q −

H0

H2
− 2

ð1 −QÞ
χ̄H



∂⊥i∂∥v

þ χ̄

H
∂⊥iΦ0 −

χ̄

H
∂⊥i∂2

∥v

�
Sið1Þ⊥ þ 2

�
−χ̄∂⊥iδ

ð1Þ
g −

χ̄

H
∂⊥iΦ0 − χ̄

	
be − 2Q −

H0

H2
þ 2Q
χ̄H



∂⊥i∂∥v

þ χ̄

	
2þ be − 4Q −

H0

H2
− ð1 −QÞ 2

χ̄H



∂⊥iΦþ

	
be − 2Q −

H0

H2
þ 2Q
χ̄H



∂⊥ivþ

χ̄

H
∂⊥i∂2

∥v

�
∂i⊥Tð1Þ

− 4ð1 −QÞSi⊥∂⊥iTð1Þ − 8ð1 −QÞχ̄∂⊥iIð1ÞS
ið1Þ
⊥ − 8ð1 −QÞSið1Þ⊥ ∂⊥i

Z
χ̄

0

d~χ ~χΦ0 þ ð1 −QÞϑð1Þij ϑ
ijð1Þ

− 4ð1 −QÞSið1Þ⊥ Sjð1Þ⊥ δij; ð50Þ

we have terms like ∂⊥iAð1Þ∂i⊥Bð1Þ, where Að1Þ or Bð1Þ can be a local or an integrated term at first order.
In

Δð2Þ
g int−3 ¼ −ð1 −QÞ 2

χ̄
Tð2Þ þ 2

	
be − 2Q −

H0

H2
− ð1 −QÞ 2

χ̄H



Ið2Þ þ 2ð1 −QÞχ̄∂⊥iSið2Þ − χ̄ð1 −QÞ∇2⊥Tð2Þ; ð51Þ

we find integrated terms such as, for example, ISW and STD at second order.
In the fourth term,

Δð2Þ
g int−4 ¼ þ8ð1 −QÞ

Z
χ̄

0

d~χ

	
−Φ ~∂⊥mS

mð1Þ
⊥ þ

�
dΦ
d~χ

−
1

~χ
Φ
�
κð1Þ




−
8ð1 −QÞ

χ̄

Z
χ̄

0

d~χðΦ2 þΦ0Tð1Þ þ 2Φκð1Þ þ ~χ ~∂⊥iΦ ~∂i⊥Tð1ÞÞ þ 4

	
be − 2Q −

H0

H2
− ð1 −QÞ 2

χ̄H




×
Z

χ̄

0

d~χ

	
Φ00Tð1Þ þ 2ΦΦ0 þ 2Φ0Ið1Þ þ 2Φ ~∂⊥jS

jð1Þ
⊥ − 2~χ ~∂⊥iΦ0Sið1Þ⊥ − 2

�
dΦ
d~χ

−
1

~χ
Φ
�
κð1Þ þ ~χ ~∂⊥iΦ0 ~∂i⊥Tð1Þ




þ 8ð1 −QÞ
χ̄

Z
χ̄

0

d~χð χ̄ − ~χÞ
	
−2Φ ~∂⊥mS

mð1Þ
⊥ þ 2

�
dΦ
d~χ

−
1

~χ
Φ
�
κð1Þ



− 4ð1 −QÞ

Z
χ̄

0

d~χ
~χ

χ̄

	
þ2~χ ~∇2

⊥ΦIð1Þ

þ 2 ~∇2
⊥Φ

Z
~χ

0

d~~χ ~~χΦ0 þ 2~χ∂⊥iΦ ~∂i⊥Ið1Þ þ 2 ~∂⊥iΦ ~∂⊥i

Z
~χ

0

d~~χ ~~χΦ0 − 2Φ ~∂⊥mS
mð1Þ
⊥ − ~∂⊥iΦ ~∂i⊥Tð1Þ −

2

~χ
Φκð1Þ




− 4ð1 −QÞ
Z

χ̄

0

d~χð χ̄ − ~χÞ ~χ
χ̄

	
−2 ~∂i⊥Φ ~∂⊥iΦþ 2 ~∂i⊥Φ ~∂⊥iIð1Þ − 2Φ ~∇2

⊥Φþ 2 ~∇2
⊥ΦIð1Þ − ~∇2

⊥ΦTð1Þ − ~∂i⊥Φ0 ~∂⊥iTð1Þ

þ 2

~χ

�
−
1

~χ
Φþ d

d~χ
Φ
�
κð1Þ þ 1

~χ
~∂⊥iΦSið1Þ⊥ −

3

2~χ
~∂⊥iΦ ~∂i⊥Tð1Þ þ ~χ

�
~∂⊥i

~∇2
⊥Φþ 1

~χ
~∂⊥iΦ0

�
ð2Sið1Þ⊥ − ~∂i⊥Tð1ÞÞ

þ 2 ~∇2
⊥Φκ þ 2Φ0 ~∂⊥mS

mð1Þ
⊥ −

�
Φ0 þ 1

~χ
Φ
�
~∇2
⊥Tð1Þ



ð52Þ
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we identify contributions in which the product between a
local and integrated term (or two local terms) is within
another integral along the line of sight. Finally in the fifth
term

Δð2Þ
g int−5 ¼−2ð1−QÞjγð1Þj2

þ 8ð1−QÞ
Z

χ̄

0

d~χð χ̄ − ~χÞ ~χ
χ̄

	�
~∂ðj
⊥ ~∂mÞ

⊥ −
1

2
Pjm ~∇2

⊥
�

×
Z

~χ

0

d~~χð ~χ − ~~χÞ ~χ
~~χ
Φ
�
~∂ðj
⊥ ~∂mÞ

⊥ −
1

2
Pjm ~∇2

⊥
�
Φ


:

ð53Þ
we find all symmetric trace-free terms with orthogonal
partial derivatives. Obviously, Eqs (44) and (48) are written
according to the properties of the various local and integral
terms. Hereafter for simplicity we will compress all these
equations by writing

Δð2Þ
g ¼

X
a

Δað2Þ
g ; ð54Þ

where Eq. (54) is given by the sum of all terms contained in
Eqs. (45), (46), (47), (49), (50), (51), (52) and (53).

IV. BISPECTRUM

The spherical Bessel representation uses a complete set
of orthogonal basis functions jklmi in a spherical Fourier
space (for a very brief review of this formalism, see
Appendix B). A scalar field like Δg in configuration space
can be decomposed in the following way:

Δg
lmðkÞ ¼ hklmjΔgi ¼

Z
d3xhklmjxihxjΔgi: ð55Þ

It is important to note that by definition the monopole
Δg

00 can be removed and set to zero for k → 0. In general,
we can discard Δg

00 because only the mean n̄gðzÞ contrib-
utes to the monopole. Therefore we will compute the
spherical power spectrum only for l > 0.
Here we introduce a more realistic definition of

hxjΔgi ¼ ΔgðxÞ which in a realistic case becomes

hxjΔgi → Wð χ̄ÞΔgðxÞ; ð56Þ
where we have included the radial selection functionWðχ̄Þ.
Then at first and second order we find

Δg
lmðkÞ ¼ Δgð1Þ

lm ðkÞ þ 1

2
Δgð2Þ

lm ðkÞ þ � � �

¼
X
b

Δbð1Þ
lm ðkÞ þ 1

2

X
a

Δað2Þ
lm ðkÞ þ � � � ; ð57Þ

where the index b runs over the terms defined in Eq. (42)
and a represents the index of summation over all additive

terms at second order; see Eq. (54). Finally, Δgð1Þ
lm ðkÞ is the

spherical Bessel transform of Eq. (42) and the second-order
terms are the spherical Bessel transforms of Eq. (54).

A. First-order terms

Considering each term of the first summation on the
right-hand side of Eq. (57), we have

Δbð1Þ
lm ðkÞ ¼ hklmjΔbð1Þi

¼
Z

d3xWð χ̄ÞhklmjxiΔbð1Þ
g ðxÞ; ð58Þ

where we have already included the radial selection
function. Usually, we can define a generic first-order
perturbation as follows

Δbð1Þ
g ðxÞ ¼

Z
χ̄

0

d~χWb

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η ;△n̂

�

×

	Z
d3k
ð2πÞ3 T

bðk; ~ηÞΦpðkÞeik ~x



; ð59Þ

where ΦpðkÞ is the primordial potential set during the
inflation epoch, T bðk; ηÞ is a generalized transfer function
which relates the linear primordial potential with a generic
perturbation term (here labeled with b). Here k is a Fourier
space vector, n̂ is the observed galaxy unity vector on the
sky, and we have used the following relationsZ

d3x ¼
Z

dχ̄χ̄2
Z

d2n̂

and

hxjklmi ¼ ℵlðkÞjlðkχÞYlmðn̂Þ;
where ℵlðkÞ is a function that depends on l and k (see
Appendix B) which specific expression depends on the
conventions adopted in the expansion.
For each contribution in Eq. (42), we have defined a

weight function Wb which is a generic operator that
depends on χ̄; η; ∂=∂χ̄; ∂=∂η and △n̂. This operator enc-
loses the physical effects due to the fact that in any
observation we collect the photons emitted from a source
after they have traveled through the past light cone of the
observer. It is this “projection effect” on the perturbations
that is captured by W; W takes slightly different explicit
expressions depending on what perturbation is being
considered, as labeled by its superscript index. Applying
it to the spherical harmonics, we find

Wb

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η ;△n̂

�
Ylmðn̂Þ

¼ Wb
l

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
Ylmðn̂Þ; ð60Þ
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where, in Wbð1Þ
l , through the relation

△n̂Ylmðn̂Þ ¼ −lðlþ 1ÞYlmðn̂Þ;

we have removed its angular dependence.
Using Eq. (60), we have

Wb

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η ;△n̂

�
½T bðk; ~ηÞeik ~x� ¼

X
lm

4πil
	
Wb

l

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T bðk; ~ηÞjlðk~χÞ



Y�
lmðk̂ÞYlmðn̂Þ: ð61Þ

Then, taking into account that Z
d2n̂Yl1m1

ðn̂ÞY�
l2m2

ðn̂Þ ¼ δKl1l2δ
K
m1m2

; ð62Þ

where δK denotes the Kronecker delta and * denotes complex conjugate, we find

Δbð1Þ
lm ðkÞ ¼

Z
d3 ~k
ð2πÞ3M

bð1Þ
l ðk; ~kÞY�

lmð ~̂kÞΦpð ~kÞ; ð63Þ

where

Mbð1Þ
l ðk; ~kÞ ¼

Z
dχ̄χ̄2Wð χ̄Þ½4πilℵ�

lðkÞ�jlðkχ̄Þ
Z

χ̄

0

d~χ

	
Wb

l

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T bð ~k; ~ηÞjlð~k ~χÞ



: ð64Þ

Before concluding this subsection, it is useful to calculate the spherical power spectrum (see also [17]), i.e.

hΔbð1Þ�
lm ðkÞΔcð1Þ

l0m0 ðk0Þi ¼ δKll0δ
K
mm0

Z ~k2d~k
ð2πÞ3M

bð1Þ�
l ðk; ~kÞMcð1Þ

l ðk0; ~kÞPΦð~kÞ; ð65Þ

where PΦð~kÞ is the power spectrum of the potential at initial epoch

hΦ�
pð ~kÞΦpð ~k0Þi ¼ ð2πÞ3δDð ~k − ~k0ÞPΦð~kÞ:

B. Second order (scalar case)

In the same way, at second order, the spherical Bessel transform of each term contained in the last summation of Eq. (57)
can be written as

1

2
Δað2Þ

lm ðkÞ ¼
Z

d3xWð χ̄Þhklmjxi 1
2
Δað2Þ

g ðxÞ: ð66Þ

In general (for the scalar case), similarly to what was done at first order, let us define the spherical multipole functions ~Mð2Þ,
at second order, in the following way:

1

2
Δað2Þ

lm ðkÞ ¼
X

lpmplqmq

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

~Mað2Þ
lmlpmplqmq

ðk;p;qÞY�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ: ð67Þ

In addition, as we will show explicitly in Sec. VI (see also Appendix F), ~M can be expanded as

~Mað2Þ
lmlpmplqmq

ðk;p;qÞ ¼
X
l̄ m̄

Mað2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞY l̄ m̄ðp̂ÞY �̄
l m̄

ðq̂Þ; ð68Þ

where we used the following theorem that relates Legendre polynomials Pl̄ to spherical harmonics
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Pl̄ðp̂ · q̂Þ ¼ 4π

2l̄þ 1

Xl̄
m̄¼−l̄

Yl̄ m̄ðp̂ÞY �̄
l m̄ðq̂Þ; ð69Þ

and we obtain

1

2
Δað2Þ

lm ðkÞ ¼
X

lpmplqmql̄ m̄

Z
d3p
ð2πÞ3

d3q
ð2πÞ3 M

að2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞY�
lpmp

ðp̂ÞY l̄ m̄ðp̂ÞY�
lqmq

ðq̂ÞY �̄
l m̄

ðq̂ÞΦpðpÞΦpðqÞ: ð70Þ

As we will see in Sec. VI and Appendix F,Mað2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞwill be computed explicitly for all terms contained in

Eq. (54). Finally, using Eqs. (63) and (70), in the next section we derive the expression for the spherical-Bessel bispectrum.

C. Master relation for bispectrum (scalar case)

In order to compute the projected bispectrum in spherical Fourier space, let us start with the following relation6:

hΔgðk1ÞΔgðk2ÞΔgðk3Þi ¼
X

l1m1l2m2l3m3

ð4πÞ3ð−iÞl1þl2þl3

ℵ�
l1
ðk1Þℵ�

l2
ðk2Þℵ�

l3
ðk3Þ

Yl1m1
ðk̂1ÞYl2m2

ðk̂2ÞYl3m3
ðk̂3Þ

× hΔg
l1m1

ðk1ÞΔg
l2m2

ðk2ÞΔg
l3m3

ðk2Þi; ð71Þ

where we used

ΔgðkÞ ¼
X
lm

4πð−iÞl
ℵ�
lðkÞ

Ylmðk̂ÞΔg
lmðkÞ:

See also Eq. (B18). In particular

hΔg
l1m1

ðk1ÞΔg
l2m2

ðk2ÞΔg
l3m3

ðk2Þi ¼
�
1

2
Δgð2Þ

l1m1
ðk1ÞΔgð1Þ

l2m2
ðk2ÞΔgð1Þ

l3m3
ðk3Þ

�
þ
�
Δgð1Þ

l1m1
ðk1Þ

1

2
Δgð2Þ

l2m2
ðk2ÞΔgð1Þ

l3m3
ðk3Þ

�

þ
�
Δgð1Þ

l1m1
ðk1ÞΔgð1Þ

l2m2
ðk2Þ

1

2
Δgð2Þ

l3m3
ðk3Þ

�
: ð72Þ

For simplicity, let us consider only the first additive term of Eq. (72)

�
1

2
Δgð2Þ

l1m1
ðk1ÞΔgð1Þ

l2m2
ðk2ÞΔgð1Þ

l3m3
ðk3Þ

�
¼

X
abc

�
1

2
Δað2Þ

l1m1
ðk1ÞΔb

l2m2
ðk2ÞΔc

l3m3
ðk3Þ

�
ð73Þ

where the index a identifies all the terms at second order in Eq. (54), and the indexes b and c identify all the terms in
Eq. (42). For a, b and c fixed we have

�
1

2
Δað2Þ

l1m1
ðk1ÞΔb

l2m2
ðk2ÞΔc

l3m3
ðk3Þ

�
¼

X
lp1mp1lq1mq1l̄1m̄1

Z
p2
1dp1

ð2πÞ3
q21dq1
ð2πÞ3

q22dq2
ð2πÞ3

q23dq3
ð2πÞ3

× ½Mað2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1;p1; q1ÞMbð1Þ
l2

ðk2; q2ÞMcð1Þ
l3

ðk3; q3Þ�

×
Z

d2p̂1d2q̂1d2q̂2d2q̂3Y�
lp1mp1

ðp̂1ÞYl̄1m̄1
ðp̂1ÞY�

lq1mq1
ðq̂1ÞY �̄

l1m̄1
ðq̂1Þ

× Y�
l2m2

ðq̂2ÞY�
l3m3

ðq̂3ÞhΦpðp1ÞΦpðq1ÞΦpðq2ÞΦpðq3Þi: ð74Þ

6In general, one might think that hΔgðk1ÞΔgðk2ÞΔgðk3Þi ¼ ð2πÞ3δDðk1 þ k2 þ k3ÞBðk1;k2;k3Þ. However, we cannot, a priori,
assume that the bispectrum in redshift space preserves the property of homogeneity and isotropy; therefore, we need to proceed as in
Eq. (71).
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Taking into account that

hΦpðp1ÞΦpðq1ÞΦpðq2ÞΦpðq3Þi ¼ ð2πÞ6½δDðp1 þ q1ÞPΦðp1ÞδDðq2 þ q3ÞPΦðq2Þ�
þ ð2πÞ6½δDðp1 þ q2ÞPΦðq2ÞδDðq1 þ q3ÞPΦðq3Þ�
þ ð2πÞ6½δDðp1 þ q3ÞPΦðq3ÞδDðq1 þ q2ÞPΦðq2Þ� ð75Þ

and using

ð2πÞ3δDðqi þ qjÞ ¼
π

2q2i
δDðqi − qjÞ

X
l0ijm

0
ij

ð4πÞ2ð−1Þl0ijþm0
ijYl0ijm

0
ij
ðq̂iÞYl0

ij−m
0
ij
ðq̂jÞ;

we find

�
1

2
Δað2Þ

l1m1
ðk1ÞΔb

l2m2
ðk2ÞΔc

l3m3
ðk3Þ

�
¼ ϒ½1�abc

l1m1l2m2l3m3
ðk1; k2; k3Þ þ ϒ½2�abc

l1m1l2m2l3m3
ðk1; k2; k3Þ

þ ϒ½3�abc
l1m1l2m2l3m3

ðk1; k2; k3Þ ð76Þ

whereϒ½j�abc
l1m1l2m2l3m3

, for j ¼ 1, 2, 3, are the bispectrum building blocks and contain all of the information on the bispectrum
in redshift space. Explicitly, we have

ϒ½1�abc
l1m1l2m2l3m3

ðk1; k2; k3Þ ¼
X

lp1mp1lq1mq1l̄1m̄1l01m
0
1

δKm2−m3
δKl2l3ð−1Þl

0
1
þl2þm2þmp1G

lp1l̄1l
0
1

−mp1m̄1m0
1
G
lq1l̄1l

0
1

mq1m̄1m0
1

×
Z

q21dq1
ð2πÞ3

q22dq2
ð2πÞ3 ½M

að2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1;q1; q1ÞMbð1Þ
l2

ðk2; q2ÞMcð1Þ
l3

ðk3; q2Þ�PΦðq1ÞPΦðq2Þ;

ð77Þ

ϒ½2�abc
l1m1l2m2l3m3

ðk1; k2;k3Þ ¼
X

lp1mp1lq1mq1l̄1m̄1

ð−1Þl2þl3−m2−m3þmp1þmq1þm̄1G
lp1l̄1l2
−mp1m̄1−m2

G
lq1l̄1l3
mq1m̄1m3

×
Z

q22dq2
ð2πÞ3

q23dq3
ð2πÞ3 ½M

að2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1;q2;q3ÞMbð1Þ
l2

ðk2;q2ÞMcð1Þ
l3

ðk3;q3Þ�PΦðq2ÞPΦðq3Þ;

ð78Þ

and ϒ½3�abc
l1m1l2m2l3m3

ðk1; k2; k3Þ is obtained from ϒ½2�abc
l1m1l2m2l3m3

ðk1; k2; k3Þ if we note that Mað2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼
Mað2Þ

lmlqmqlpmpl̄ m̄
ðk; q; pÞ. Here G is the usual Gaunt integral [see Eq. (5)]. For symmetry reasons one may expect that

ϒ½2�abc
l1m1l2m2l3m3

ðk1; k2; k3Þ ¼ ϒ½3�abc
l1m1l2m2l3m3

ðk1; k2; k3Þ:

In Appendix D will show explicitly that this is the case. The explicit proof offers a consistency check on our calculations and
expressions. In Appendix D we will also prove that

ϒ½1�abc
l1m1l2m2l3m3

ðk1; k2; k3Þ ∼ δKl10
:

This implies that we can discard ϒ½1�abc because here we consider only terms with l > 0. Finally we will demonstrate
that the three-point function of the coefficients defined in Eq. (72) may be factorized by isotropy7 into

7Precisely, here the term isotropy means that Bl1l2l3
ðk1; k2; k3Þ is rotationally invariant for rotations around the line of sight passing

through the circumcenter.
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hΔg
l1m1

ðk1ÞΔg
l2m2

ðk2ÞΔg
l3m3

ðk2Þi ¼
�
l1 l2 l3

m1 m2 m3

�
Bl1l2l3ðk1; k2; k3Þ; ð79Þ

where l1 þ l2 þ l3 ¼ even, m1 þm2 þm3 ¼ 0 and l1, l2, l3 satisfy the triangle rule.
From the above relation and Eq. (71) we can write one of the main results of this paper, i.e.

hΔgðk1ÞΔgðk2ÞΔgðk3Þi ¼
X

l1m1l2m2l3m3

ð4πÞ3ð−iÞl1þl2þl3

ℵ�
l1
ðk1Þℵ�

l2
ðk2Þℵ�

l3
ðk3Þ

Yl1m1
ðk̂1ÞYl2m2

ðk̂2ÞYl3m3
ðk̂3Þ

×

�
l1 l2 l3

m1 m2 m3

�
Bl1l2l3ðk1; k2; k3Þ: ð80Þ

The rest of paper is devoted to computing explicitly all Mað2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ in Eq. (54) and in Sec. VII we give a

prescription to incorporate consistently the bias at second order within δð2Þg .

V. SPHERICAL MULTIPOLE FUNCTIONS AT FIRST ORDER

Using the prescription in IVA, it is easy to rewrite the matter overdensity at first order [Eq. (42)] in terms ofMbð1Þ
l ðk; ~kÞ.

Specifically, we obtain the following relations (see also [17]):

M
δgð1Þ
l ðk; ~kÞ ¼

Z
dχ̄χ̄2Wð χ̄Þ½4πilℵ�

lðkÞ�jlðkχ̄Þjlð~k χ̄ÞT δgð ~k;ηÞ;

M
∂2∥vð1Þ
l ðk; ~kÞ ¼

Z
dχ̄χ̄2Wð χ̄Þ½4πilℵ�

lðkÞ�
	
−

1

HðηÞ


jlðkχ̄Þ

	 ∂2

∂χ̄2 jlð~k χ̄Þ


T vð ~k;ηÞ;

M
∂∥vð1Þ
l ðk; ~kÞ ¼

Z
dχ̄χ̄2Wð χ̄Þ½4πilℵ�

lðkÞ�
	
beðηÞ−

H0ðηÞ
H2ðηÞ− 2QðηÞ− 2

ð1−QðηÞÞ
χ̄HðηÞ



jlðkχ̄Þ

	 ∂
∂χ̄ jlð~k χ̄Þ



T vð ~k;ηÞ;

MΦð1Þ
l ðk; ~kÞ ¼ −

Z
dχ̄χ̄2Wð χ̄Þ½4πilℵ�

lðkÞ�
	
beðηÞ−

H0ðηÞ
H2ðηÞ− 4QðηÞ þ 1− 2

ð1−QðηÞÞ
χ̄HðηÞ



jlðkχ̄Þjlð~k χ̄ÞT Φð ~k;ηÞ;

MΦ0ð1Þ
l ðk; ~kÞ ¼

Z
dχ̄χ̄2Wð χ̄Þ½4πilℵ�

lðkÞ�
	

1

HðηÞ


jlðkχ̄Þjlð~k χ̄Þ

∂
∂ηT

Φð ~k;ηÞ;

Mκð1Þ
l ðk; ~kÞ ¼

Z
dχ̄χ̄2Wð χ̄Þ½8πlðlþ 1Þilℵ�

lðkÞ�½1−QðηÞ�jlðkχ̄Þ
Z

χ̄

0

d~χ

	ð χ̄ − ~χÞ
χ̄ ~χ

jlð~k ~χÞT Φð ~k; ~ηÞ


;

MIð1Þ
l ðk; ~kÞ ¼ −

Z
dχ̄χ̄2Wð χ̄Þ½8πilℵ�

lðkÞ�
	
beðηÞ−

H0ðηÞ
H2ðηÞ− 2QðηÞ− 2

ð1−QðηÞÞ
χ̄HðηÞ



jlðkχ̄Þ

Z
χ̄

0

d~χ

	
jlð~k ~χÞ

∂
∂ ~ηT

Φð ~k; ~ηÞ


;

MTð1Þ
l ðk; ~kÞ ¼

Z
dχ̄χ̄2Wð χ̄Þ½16πilℵ�

lðkÞ�
	
1−QðηÞ

χ̄



jlðkχ̄Þ

Z
χ̄

0

d~χ½jlð~k ~χÞT Φð ~k; ~ηÞ�: ð81Þ

Note that here and hereafter for clarity we have made explicit what term the superscript index b ofM refers to, by writing
in its place the physical quantity involved e.g. δg for galaxy over density, κ for convergence etc. Here we used

∇2⊥Ylmðn̂Þ ¼
1

χ̄2
△n̂Ylmðn̂Þ ¼ −

1

χ̄2
lðlþ 1ÞYlmðn̂Þ;

and the following definitions:

δð1Þg ðk; ηÞ ¼ T δgðk; ηÞΦpðkÞ; vð1Þðk; ηÞ ¼ T vðk; ηÞΦpðkÞ; and Φð1Þðk; ηÞ ¼ T Φðk; ηÞΦpðkÞ: ð82Þ
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VI. SPHERICAL MULTIPOLE FUNCTIONS AT SECOND ORDER

In this section we will apply the instructions contained in Sec. IV B where we proved that a generic (scalar) term at

second order can be expressed in terms ofMað2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ. In the next subsections wewill consider separately each
additive term contained in Eqs. (44) and (48), i.e. Δð2Þ

g loc−i for i runs from 1 to 3, and Δð2Þ
g int−j where j runs from 1 to 5.

A. Terms from Δð2Þ
g loc− 1 [see Eq. (45)]

Equation (45) contains all local contributions with second-order perturbation terms. These additive terms can be written
in the following way:

1

2
Δα½b�ð2Þ

lm ðkÞ ¼
Z

d3xWð χ̄Þℵ�
lðkÞjlðkχÞY�

lmðn̂ÞWα

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
1

2
Δbð2Þðx; ηÞ; ð83Þ

where Wα has been introduced in Eq. (59), and the superscript α½b� means that we are taking combinations of different
explicit “projection effect” expressions W, labeled by the superscript index α, with Δ labeled by the superscript index b.

Here Δbð2Þ ¼ δð2Þg ;Φð2Þ;Ψð2Þ; vð2Þ, respectively, for b ¼ δð2Þg ;Φð2Þ;Ψð2Þ; vð2Þ and

1

2
Δbð2Þð ~k; ηÞ ¼

Z
d3p
ð2πÞ3

d3q
ð2πÞ3 ð2πÞ

3δDðpþ q − ~kÞ 1
2
Fbð2Þðp;q; ~k; ηÞT Φðp; ηÞT Φðq; ηÞΦpðpÞΦpðqÞ; ð84Þ

where Fbð2Þðp;q; ~k; ηÞ are specific kernel functions (fully symmetric functions) and depend also on the parameters related to
primordial non-Gaussianity. Explicit expressions for Fbð2Þðp;q; ~k; ηÞ are reported in Appendix E 2.
Using Eq. (83) we find

1

2
Wα

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
Δbð2Þðx; ηÞ ¼

Z
d3 ~k
ð2πÞ3

1

2
Wα

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
½Δbð2Þð ~k; ηÞei ~kx�

¼
X

lpmplqmq

ð4πÞ2ilpþlq

�Z
d3p
ð2πÞ3

d3q
ð2πÞ3W

α

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�

×

	
1

2
Fbð2Þðp;q; ~k; ηÞjlpðpχ̄Þjlqðqχ̄ÞT Φðp; ηÞT Φðq; ηÞ




× Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ
�
Ylpmp

ðn̂ÞYlqmq
ðn̂Þ: ð85Þ

Here, by construction, we note that, in these kernels, ~k is related to p, q, and the angle between them, cosðθp qÞ via

~k½p; q; cosðθp qÞ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ q2 þ 2pq cosðθp qÞ

q
;

where cosðθp qÞ ¼ p̂ · q̂. Then Fbð2Þðp;q; ~k; ηÞ ¼ Fbð2Þ½p; q; cosðθp qÞ; η� and in general we can expand in Legendre
polynomials the dependence of the kernel on θpq using

Fbð2Þ
l̄

ðp; q; ηÞ ¼ 2l̄þ 1

2

Z
1

−1
d cosðθpqÞPl̄½cosðθpqÞ�Fbð2Þ½p; q; cosðθpqÞ; η�: ð86Þ

Hence the second-order kernels can be expanded as

1

2
Fbð2Þðp;q; ~k; ηÞ ¼

X
l̄

1

2
Fbð2Þ
l̄

ðp; q; ηÞPl̄½cosðθpqÞ� ¼
X
l̄ m̄

4π

2l̄þ 1

1

2
Fbð2Þ
l̄

ðp; q; ηÞYl̄ m̄ðp̂ÞY �̄
l m̄ðq̂Þ: ð87Þ

In Appendix F we present an alternative way to compute these terms. This new method might be important if
Fbð2Þðp;q; ~k; ηÞ is function of ~kn, where n < 0.
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Finally we find

Mα½b�ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

×

�
Wα

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�	
1

2
Fbð2Þ
l̄

ðp; q; ηÞjlpðpχ̄Þjlqðqχ̄ÞT Φðp; ηÞT Φðq; ηÞ

�

jlðkχ̄Þ: ð88Þ

Below we show explicitly all the terms in Eq. (45):

M
δð2Þg ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

×

	
1

2
F
δgð2Þ
l̄

ðp; q; ηÞjlpðpχ̄Þjlqðqχ̄ÞT Φðp; ηÞT Φðq; ηÞ


jlðkχ̄Þ; ð89Þ

MΨð2Þð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ½−2ð1 −QÞ�

×

	
1

2
FΨð2Þ
l̄

ðp; q; ηÞjlpðpχ̄Þjlqðqχ̄ÞT Φðp; ηÞT Φðq; ηÞ


jlðkχ̄Þ; ð90Þ

MΦð2Þð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmþ1ilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

	
be − 2Q − 1 −

H0

H2
− 2

ð1 −QÞ
χ̄H




×

	
1

2
FΦð2Þ
l̄

ðp; q; ηÞjlpðpχ̄Þjlqðqχ̄ÞT Φðp; ηÞT Φðq; ηÞ


jlðkχ̄Þ; ð91Þ

MΨð2Þ0ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H

�

×
∂
∂η

	
1

2
FΨð2Þ
l̄

ðp; q; ηÞT Φðp; ηÞT Φðq; ηÞ


jlpðpχ̄Þjlqðqχ̄Þjlðkχ̄Þ; ð92Þ

M
∂∥vð2Þð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

	
be − 2Q −

H0

H2
− 2

ð1 −QÞ
χ̄H




×
1

2
Fvð2Þ
l̄

ðp; q; ηÞ ∂
∂χ̄ ½jlpðpχ̄Þjlqðqχ̄Þ�jlðkχ̄ÞT

Φðp; ηÞT Φðq; ηÞ; ð93Þ

M
∂2∥vð2Þð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmþ1ilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H

�

×
1

2
Fvð2Þ
l̄

ðp; q; ηÞ ∂2

∂χ̄2 ½jlpðpχ̄Þjlqðqχ̄Þ�jlðkχ̄ÞT
Φðp; ηÞT Φðq; ηÞ: ð94Þ

B. Terms from Δð2Þ
g loc− 2 [see Eq. (46)]

All local projection terms with time and partial space derivatives along the line-of-sight direction of Δð2Þ
g loc−2 in Eq. (46)

can be written in the following way:

1

2
Δijð2Þðx; ηÞ ¼

	
Wi

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;△n̂

�
Δið1Þðx; ηÞ


	
Wj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;△n̂

�
Δjð1Þðx; ηÞ



; ð95Þ

where the superscript ij means that we are taking combinations of different WbΔbð1Þ labeled by the superscript indices

b ¼ i or j, where Δið1Þðx; ηÞ can be Φ; v; δð1Þg . [Note that in Eq. (57) the index a also runs through all combinations of i, j.]
Applying the weight function Wj on Δjð1Þ we have
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Wj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;△n̂

�
Δjð1Þðx; ηÞ ¼

Z
d3k
ð2πÞ3W

j

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;△n̂

�
T jðk; ηÞΦpðkÞeikx ð96Þ

¼
X
lm

4πilYlmðn̂Þ
Z

d3k
ð2πÞ3

	
Wj

l

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T jðk; ηÞjlðkχ̄Þ



Y�
lmðk̂ÞΦpðkÞ; ð97Þ

where we have used Eq. (60). Starting from Eq. (66) and using Eq. (5), we find

1

2
Δijð2Þ

lm ðkÞ ¼
X

lpmplqmq

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�
ð4πÞ2ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

×
1

2

	
Wi

lp

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T iðp; ηÞjlpðpχ̄ÞWj

lq

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T jðq; ηÞjlq

ðqχ̄Þ

þWi
lq

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T iðq; ηÞjlqðqχ̄ÞWj

lp

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T jðp; ηÞjlpðpχ̄Þ



jlðkχ̄Þ

�
× Y�

lpmp
ðp̂ÞY�

lqmq
ðq̂ÞΦpðpÞΦpðqÞ: ð98Þ

Then, explicitly, we have

Mijð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

×
1

2

	
Wi

lp

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T iðp; ηÞjlpðpχ̄ÞWj

lq

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T jðq; ηÞjlqðqχ̄Þ

þWi
lq

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T iðq; ηÞjlqðqχ̄ÞWj

lp

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T jðp; ηÞjlp

ðpχ̄Þ


jlðkχ̄Þ: ð99Þ

Replacing the indices ij by the corresponding symbol for each additive contribution in Eq. (46)—and thus making more
explicit their physical meaning—below we list all Mij

lmlpmplqmql̄ m̄
:

M
δgΦð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

×
1

2

	
−be − 1þ 4Qþ H0

H2
þ 2

χ̄H
ð1 −QÞ



½T δgðp; ηÞT Φðq; ηÞ

þ T δgðq; ηÞT Φðp; ηÞ�jlpðpχ̄Þjlqðqχ̄Þjlðkχ̄Þ; ð100Þ

M
δg∂∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

	
be − 2Q −

H0

H2
−

2

χ̄H
ð1 −QÞ




×
1

2

�
T δgðp; ηÞT vðq; ηÞjlpðpχ̄Þ

	 ∂
∂χ̄ jlqðqχ̄Þ




þ T δgðq; ηÞT vðp; ηÞjlq
ðqχ̄Þ

	 ∂
∂χ̄ jlp

ðpχ̄Þ

�

jlðkχ̄Þ; ð101Þ

M
δg∂2∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
−

1

H

�

×
1

2

�
T δgðp; ηÞT vðq; ηÞjlpðpχ̄Þ

	 ∂2

∂χ̄2 jlqðqχ̄Þ



þ T δgðq; ηÞT vðp; ηÞjlqðqχ̄Þ
	 ∂2

∂χ̄2 jlpðpχ̄Þ

�

jlðkχ̄Þ; ð102Þ
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M
δgΦ0ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H

�

×
1

2

�
T δgðp; ηÞ

	 ∂
∂η T

Φðq; ηÞ


þ T δgðq; ηÞ

	 ∂
∂η T

Φðp; ηÞ

�

jlpðpχ̄Þjlqðqχ̄Þjlðkχ̄Þ; ð103Þ

M
∂∥δgΦð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H

�

×
1

2

�
T δgðp; ηÞT Φðq; ηÞ

	 ∂
∂χ̄ jlpðpχ̄Þ



jlqðqχ̄Þ þ T δgðq; ηÞT Φðp; ηÞ

	 ∂
∂χ̄ jlqðqχ̄Þ



jlpðpχ̄Þ

�
× jlðkχ̄Þ; ð104Þ

M
δ0gΦð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
−

1

H

�

×
1

2

�	 ∂
∂η T

δgðp; ηÞ


T Φðq; ηÞ þ

	 ∂
∂ηT

δgðq; ηÞ


T Φðp; ηÞ

�
jlpðpχ̄Þjlqðqχ̄Þjlðkχ̄Þ; ð105Þ

M
∂∥δg∂∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
−

1

H

�

×
1

2
½T δgðp; ηÞT vðq; ηÞ þ T δgðq; ηÞT vðp; ηÞ�

	 ∂
∂χ̄ jlpðpχ̄Þ


	 ∂
∂χ̄ jlqðqχ̄Þ



jlðkχ̄Þ; ð106Þ

M
δ0g∂∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H

�

×
1

2

�	 ∂
∂η T

δgðp; ηÞ


T vðq; ηÞjlpðpχ̄Þ

	 ∂
∂χ̄ jlq

ðqχ̄Þ



þ
	 ∂
∂ηT

δgðq; ηÞ


T vðp; ηÞjlqðqχ̄Þ

	 ∂
∂χ̄ jlpðpχ̄Þ


�
jlðkχ̄Þ; ð107Þ

MΦ2ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ 1

2

	
−5þ 4be þ b2e þ

∂be
∂ ln ā

þ 8Qþ 16Q2 − 8beQ − 16
∂Q
∂ ln L̄ − 8

∂Q
∂ ln āþ 2ð−2 − be þ 4QÞH

0

H2
−
H00

H3
þ 3

�
H0

H2

�
2

þ 6

χ̄

H0

H3
ð1 −QÞ þ 4

χ̄H

�
−be − 4Q2 þ beQþ 4

∂Q
∂ ln L̄þ ∂Q

∂ ln ā
�

þ 2

χ̄2H2

�
1 −Qþ 2Q2 − 2

∂Q
∂ ln L̄

�

T Φðp; ηÞT Φðq; ηÞjlpðpχ̄Þjlqðqχ̄Þjlðkχ̄Þ; ð108Þ

M
Φ∂∥vð2Þ
lmlpmplqmql̄m̄

ðk;p;qÞ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

	
−be−6Q−b2eþ6Qbe

−8Q2þ8
∂Q
∂ ln L̄þ6

∂Q
∂ ln ā−

∂be
∂ ln āþð1þ2be−6QÞH

0

H2
þH00

H3
−3

�
H0

H2

�
2

−
6

χ̄

H0

H3
ð1−QÞ

þ 2

χ̄H

�
−1þ2beþQþ6Q2−2beQ−6

∂Q
∂ ln L̄−2

∂Q
∂ ln ā

�
þ 2

χ̄2H2

�
−1þQ−2Q2þ2

∂Q
∂ ln L̄

�


×
1

2

�
T Φðp;ηÞT vðq;ηÞjlpðpχ̄Þ

	 ∂
∂χ̄ jlqðqχ̄Þ



þT Φðq;ηÞT vðp;ηÞjlqðqχ̄Þ

	 ∂
∂χ̄ jlpðpχ̄Þ


�
jlðkχ̄Þ;

ð109Þ
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M
Φ∂2∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ 1

H

	
−1 − 5Qþ 2be − 3

H0

H2

−
4ð1 −QÞ

χ̄H



1

2

�
T Φðp; ηÞT vðq; ηÞjlpðpχ̄Þ

	 ∂2

∂χ̄2 jlqðqχ̄Þ



þ T Φðq; ηÞT vðp; ηÞjlq
ðqχ̄Þ

	 ∂2

∂χ̄2 jlpðpχ̄Þ

�

jlðkχ̄Þ; ð110Þ

M
Φ∂3∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
−

1

H2

�

×
1

2

�
T Φðp; ηÞT vðq; ηÞjlpðpχ̄Þ

	 ∂3

∂χ̄3 jlqðqχ̄Þ


þ T Φðq; ηÞT vðp; ηÞjlqðqχ̄Þ

	 ∂3

∂χ̄3 jlpðpχ̄Þ

�

× jlðkχ̄Þ; ð111Þ

MΦΦ0ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

×
1

H

�
2 − 2be þ 4Qþ 3

H0

H2
þ 4ð1 −QÞ

χ̄H

� ∂
∂η ½T

Φðp; ηÞT Φðq; ηÞ�jlpðpχ̄Þjlq
ðqχ̄Þjlðkχ̄Þ;

ð112Þ

M
Φ∂∥Φð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ 1

H
ð−1þ 2QÞ

× T Φðp; ηÞT Φðq; ηÞ ∂
∂χ̄ ½jlpðpχ̄Þjlqðqχ̄Þ�jlðkχ̄Þ; ð113Þ

M
Φ∂2

∥Φð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
−

1

H2

�

×
1

2
T Φðp; ηÞT Φðq; ηÞ

�
jlpðpχ̄Þ

	 ∂2

∂χ̄2 jlqðqχ̄Þ


þ jlqðqχ̄Þ

	 ∂2

∂χ̄2 jlpðpχ̄Þ

�

jlðkχ̄Þ; ð114Þ

MðΦ0Þ2ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H2

�

×

	 ∂
∂η T

Φðp; ηÞ

	 ∂

∂η T
Φðq; ηÞ



jlpðpχ̄Þjlqðqχ̄Þjlðkχ̄Þ; ð115Þ

M
Φ∂∥Φ0ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H2

�

×
1

2

�
T Φðp; ηÞ

	 ∂
∂η T

Φðq; ηÞ


jlpðpχ̄Þ

	 ∂
∂χ̄ jlqðqχ̄Þ




þ TΦðq; ηÞ
	 ∂
∂η T

Φðp; ηÞ


jlqðqχ̄Þ

	 ∂
∂χ̄ jlpðpχ̄Þ


�
jlðkχ̄Þ; ð116Þ

MΦΦ00ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
−

1

H2

�

×
1

2

�
T Φðp; ηÞ

	 ∂2

∂η2 T
Φðq; ηÞ



þ T Φðq; ηÞ

	 ∂2

∂η2 T
Φðp; ηÞ


�
jlpðpχ̄Þjlqðqχ̄Þjlðkχ̄Þ; ð117Þ
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M
ð∂∥vÞ2ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

×
1

2

	
1 − 2be þ b2e þ

∂be
∂ ln āþ 8Q − 4Qbe þ 4Q2 − 4

∂Q
∂ ln L̄ − 4

∂Q
∂ ln ā

þ 2ð1 − be þ 2QÞH
0

H2
−
H00

H3
þ 3

�
H0

H2

�
2

þ 6

χ̄

H0

H3
ð1 −QÞ þ 2

χ̄H

�
2 − 2be − 2Qþ 2beQ − 4Q2 þ 4

∂Q
∂ ln L̄þ 2

∂Q
∂ ln ā

�

þ 2

χ̄2H2

�
1 −Qþ 2Q2 − 2

∂Q
∂ ln L̄

�


× T vðp; ηÞT vðq; ηÞ
	 ∂
∂χ̄ jlpðpχ̄Þ


	 ∂
∂χ̄ jlq

ðqχ̄Þ


jlðkχ̄Þ; ð118Þ

M
ð∂2∥vÞ2ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H2

�

× T vðp; ηÞT vðq; ηÞ
	 ∂2

∂χ̄2 jlp
ðpχ̄Þ


	 ∂2

∂χ̄2 jlqðqχ̄Þ


jlðkχ̄Þ; ð119Þ

M
Φ0∂∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H

�	
−1þ 2be − 2Q − 3

H0

H2

−
4ð1 −QÞ

χ̄H



×
1

2

�	 ∂
∂η T

Φðp; ηÞ


T vðq; ηÞjlpðpχ̄Þ

	 ∂
∂χ̄ jlqðqχ̄Þ




þ
	 ∂
∂η T

Φðq; ηÞ


T vðp; ηÞjlqðqχ̄Þ

	 ∂
∂χ̄ jlpðpχ̄Þ


�
jlðkχ̄Þ; ð120Þ

M
∂∥v∂2∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H

�	
1 − 2be þ 4Qþ 3

H0

H2

þ 4ð1 −QÞ
χ̄H



×
1

2
T vðp; ηÞT vðq; ηÞ

�	 ∂
∂χ̄ jlpðpχ̄Þ


	 ∂2

∂χ̄2 jlqðqχ̄Þ



þ
	 ∂
∂χ̄ jlq

ðqχ̄Þ

	 ∂2

∂χ̄2 jlpðpχ̄Þ

�

jlðkχ̄Þ; ð121Þ

M
∂∥Φ∂∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ 2δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ ð1 −QÞ

H

×
1

2
½T Φðp; ηÞT vðq; ηÞ þ T Φðq; ηÞT vðp; ηÞ�

	 ∂
∂χ̄ jlpðpχ̄Þ


	 ∂
∂χ̄ jlqðqχ̄Þ



jlðkχ̄Þ; ð122Þ

M
∂2∥Φ∂∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H2

�

×
1

2

�
T Φðp; ηÞT vðq; ηÞ

	 ∂2

∂χ̄2 jlpðpχ̄Þ

	 ∂

∂χ̄ jlqðqχ̄Þ



þ T Φðq; ηÞT vðp; ηÞ
	 ∂2

∂χ̄2 jlqðqχ̄Þ

	 ∂

∂χ̄ jlpðpχ̄Þ

�

jlðkχ̄Þ; ð123Þ
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M
∂∥Φ0∂∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
−

1

H2

�

×
1

2

�	 ∂
∂η T

Φðp; ηÞ


T vðq; ηÞ þ

	 ∂
∂η T

Φðq; ηÞ


T vðp; ηÞ

�	 ∂
∂χ̄ jlpðpχ̄Þ


	 ∂
∂χ̄ jlq

ðqχ̄Þ


jlðkχ̄Þ;

ð124Þ

M
Φ00∂∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H2

�

×
1

2

�	 ∂2

∂η2 T
Φðp; ηÞ



T vðq; ηÞjlpðpχ̄Þ

	 ∂
∂χ̄ jlqðqχ̄Þ




þ
	 ∂2

∂η2 T
Φðq; ηÞ



T vðp; ηÞjlqðqχ̄Þ

	 ∂
∂χ̄ jlpðpχ̄Þ


�
× jlðkχ̄Þ; ð125Þ

M
∂∥v∂3∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H2

�

×
1

2
T vðp; ηÞT vðq; ηÞ

�	 ∂
∂χ̄ jlpðpχ̄Þ


	 ∂3

∂χ̄3 jlq
ðqχ̄Þ



þ
	 ∂
∂χ̄ jlq

ðqχ̄Þ

	 ∂3

∂χ̄3 jlpðpχ̄Þ

�

jlðkχ̄Þ;

ð126Þ

M
Φ0∂2∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ −2δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H2

�

×
1

2

�	 ∂
∂η T

Φðp; ηÞ


T vðq; ηÞjlpðpχ̄Þ

	 ∂2

∂χ̄2 jlq
ðqχ̄Þ




þ
	 ∂
∂η T

Φðq; ηÞ


T vðp; ηÞjlqðqχ̄Þ

	 ∂2

∂χ̄2 jlpðpχ̄Þ

�

× jlðkχ̄Þ; ð127Þ

MQð1ÞΦð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ 2δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
2 −

1

χ̄H

�

×
1

2
½T Qð1Þ ðp; ηÞT Φðq; ηÞ þ T Qð1Þ ðq; ηÞT Φðp; ηÞ�jlpðpχ̄Þjlq

ðqχ̄Þjlðkχ̄Þ; ð128Þ

M
Qð1Þ∂∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ −2δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1 −

1

χ̄H

�

×
1

2

�
T Qð1Þ ðp; ηÞT vðq; ηÞjlpðpχ̄Þ

	 ∂
∂χ̄ jlqðqχ̄Þ



þ T Qð1Þ ðq; ηÞT vðp; ηÞjlqðqχ̄Þ

	 ∂
∂χ̄ jlpðpχ̄Þ


�
× jlðkχ̄Þ: ð129Þ

C. Terms from Δð2Þ
g loc− 3 [see Eq. (47)]

InΔð2Þ
g loc−3 [see Eq. (47)], we find all local projection terms with transverse partial derivatives and we can write these terms

as

1

2
Δrsð2Þðx; ηÞ ¼

	
∂⊥iWr

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
Δrð1Þðx; ηÞ


	
∂i⊥Ws

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
Δsð1Þðx; ηÞ



; ð130Þ

where here the indices r, s, and rs have the same meaning of the superscript i, j and ij of previous subsection, Δsð1Þ was
already defined in the previous subsection, and
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∂⊥iWj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
Δð1Þjðx; ηÞ ¼

Z
d3k
ð2πÞ3

	
∂⊥iWj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T jðk; ηÞeikx



ΦpðkÞ ð131Þ

¼
X
lm

4πil½∂⊥iYlmðn̂Þ�
Z

d3k
ð2πÞ3

	
Wj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T jðk; ηÞjlðkχ̄Þ



Y�
lmðk̂ÞΦpðkÞ: ð132Þ

Starting from (see Appendix C)

∂⊥iYlmðn̂Þ ¼
1

χ̄
ð2Þ∇iYlmðn̂Þ ¼

1

χ̄
ðmþimj

−
ð2Þ∇jYlmðn̂Þ þm−im

j
þð2Þ∇jYlmðn̂ÞÞ

¼ −
1

χ̄

ffiffiffi
1

2

r
ðmþiðYlmðn̂Þ þm−ið̄Ylmðn̂ÞÞ ¼

1

χ̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

2

r
½−mþi1Ylmðn̂Þ þm−i−1Ylmðn̂Þ�; ð133Þ

where we used

m�m∓ ¼ 1; m�m� ¼ 0; Pj
i ¼ mþimj

− þm−im
j
þ;

ðYlm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p
1Ylm and ð̄Ylm ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p
−1Ylm; ð134Þ

we find

1

2
Δrsð2Þðx; ηÞ ¼ −

X
lpmplqmq

ð4πÞ2ilpþlq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lpðlp þ 1Þlqðlq þ 1Þp

2χ̄2
½1Ylpmp

ðn̂Þ−1Ylqmq
ðn̂Þ þ −1Ylpmp

ðn̂Þþ1Ylqmq
ðn̂Þ�

×
Z

d3p
ð2πÞ3

d3q
ð2πÞ3

1

2

�	
Wr

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T rðp; ηÞjlp

ðpχ̄Þ

	

Ws

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T sðq; ηÞjlpðqχ̄Þ




þ
	
Wr

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T rðq; ηÞjlqðqχ̄Þ


	
Ws

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T sðp; ηÞjlpðpχ̄Þ


�
Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂Þ

×ΦpðpÞΦpðqÞ: ð135Þ

Here ð2Þ∇i
is the covariant derivate on the unit sphere, ð (ð̄) is the spin raising (lowering) operator and sYlm are spin-

weighted spherical harmonics (for more details, see Appendix C). Using

s1Yl1m1
ðn̂Þs2Yl2m2

ðn̂Þ ¼
X
~l ~m ~s

ð−1Þ ~mþ~s
−~sY ~l− ~mðn̂ÞI−s1−s2−~s

l1l2 ~l

�
l1 l2

~l

m1 m2 ~m

�
; ð136Þ

where we have defined

I s1s2s3
l1l2l3

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2l2 þ 1Þð2l3 þ 1Þ

4π

r �
l1 l2 l3

s1 s2 s3

�
; ð137Þ

we have

½1Ylpmp
ðn̂Þ−1Ylqmq

ðn̂Þ þ −1Ylpmp
ðn̂Þþ1Ylqmq

ðn̂Þ� ¼
X
~l ~m

ð−1Þ ~mY ~l− ~mðn̂ÞðI−110
lplq ~l

þ I1−10
lplq ~l

Þ
�
lp lq

~l

mp mq ~m

�
ð138Þ

i.e. we can set ~s ¼ 0 (because s1 þ s2 þ ~s ¼ 0where ~s ¼ s3). This implies that we can projectΔað2ÞðxÞ on jklmi space and
finally obtain
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1

2
Δrsð2Þ

lm ðkÞ ¼
X

lpmplqmq

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�
ð4πÞ2ℵ�

lðkÞð−1Þmþ1ilpþlq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lpðlp þ 1Þlqðlq þ 1Þp

2

�
lp lq l

mp mq −m

�

× ðI−110
lplql

þ I1−10
lplql

Þ
Z

dχ̄Wð χ̄Þ 1
2

	�
Wr

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T rðp; ηÞjlpðpχ̄Þ

�

×

�
Ws

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T sðq; ηÞjlpðqχ̄Þ

�
þ
�
Wr

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T rðq; ηÞjlqðqχ̄Þ

�

×

�
Ws

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T sðp; ηÞjlpðpχ̄Þ

�

jlðkχ̄Þ

�
Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ: ð139Þ

Here we may further simplify the notation in the following way. We note that

�
lp lq

~l

−1 1 0

�
¼ ð−1Þlpþlqþ ~l

�
lp lq

~l

1 −1 0

�

then we find

I−110
lplql̄

þ I1−10
lplq ~l

¼ ½1þ ð−1Þlpþlqþ ~l�I1−10
lplq ~l

¼
(
2I1−10

lplq ~l
lp þ lq þ ~l even

0 lp þ lq þ ~l odd:

Given that lp þ lq þ l̄ is even, we can use the following identity [124]:

�
lp lq

~l

1 −1 0

�
¼ ½ ~lð ~lþ 1Þ − lpðlp þ 1Þ − lqðlq þ 1Þ�

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lpðlp þ 1Þlqðlq þ 1Þp �

lp lq
~l

0 0 0

�

and defining [125]

Imm1m2

ll1l2
¼ ð−1Þm ½l1ðl1 þ 1Þ þ l2ðl2 þ 1Þ − lðlþ 1Þ�

2
Gll1l2
−mm1m2

; ð140Þ

we can rewrite Eq. (139) as

1

2
Δrsð2Þ

lm ðkÞ ¼
X

lpmplqmq

Z
d3p
ð2πÞ3

d3q
ð2πÞ3 fð4πÞ

2ℵ�
lðkÞilpþlqI

mmpmq

llplp

Z
dχ̄Wð χ̄Þ

×
1

2

	�
Wr

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T rðp; ηÞjlpðpχ̄Þ

��
Ws

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T sðq; ηÞjlpðqχ̄Þ

�

þ
�
Wr

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T rðq; ηÞjlqðqχ̄Þ

��
Ws

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T sðp; ηÞjlp

ðpχ̄Þ
�


jlðkχ̄Þ
�

× Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ: ð141Þ

and, explicitly, we have

Mrsð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄Wð χ̄Þ

×
1

2

	�
Wr

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T rðp; ηÞjlpðpχ̄Þ

��
Ws

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T sðq; ηÞjlpðqχ̄Þ

�

þ
�
Wr

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T rðq; ηÞjlq

ðqχ̄Þ
��

Ws

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�
T sðp; ηÞjlpðpχ̄Þ

�

jlðkχ̄Þ:

ð142Þ
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Applying Eq. (142) for each term in Eq. (47) we find

M∂⊥v∂⊥Φð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄Wð χ̄Þ

×
�
1

H

�
1

2
½T Φðp; ηÞT vðq; ηÞ þ T Φðq; ηÞT vðp; ηÞ�jlpðpχ̄Þjlqðqχ̄Þjlðkχ̄Þ; ð143Þ

M
∂⊥v∂⊥∂∥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ −2δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄Wð χ̄Þ

×

�
1

H

�
T vðp; ηÞT vðq; ηÞ ∂

∂χ̄ ½jlpðpχ̄Þjlqðqχ̄Þ�jlðkχ̄Þ; ð144Þ

M∂⊥v∂⊥vð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄Wð χ̄Þ

×
1

2

�
−1þ be −

H0

H2
− 2Q

�
T vðp; ηÞT vðq; ηÞjlp

ðpχ̄Þjlqðqχ̄Þjlðkχ̄Þ: ð145Þ

D. Terms from Δð2Þ
g int− 1 [see Eq. (49)]

Δð2Þ
g int−1 contains convergence, ISW and STD terms. Then, in Eq. (49), we have two possible contributions: (i)

1

2
Δjð2Þðx; ηÞ ¼

	X
kj

Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
Δð1Þkjðx; ηÞ



×
Z

χ̄

0

d~χWj

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η ;△n̂

�
Φð ~x; ~ηÞ ð146Þ

or (ii)

1

2
Δijð2Þðx; ηÞ ¼

	Z
χ̄

0

d~χWi

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η ;△n̂

�
Φð ~x; ~ηÞ



×

	Z
χ̄

0

d~χWj

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η ;△n̂

�
Φð ~x; ~ηÞ



: ð147Þ

For the case (i) we obtain

1

2
Δjð2Þðx; ηÞ ¼

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

� X
lpmplqmq

ð4πÞ2ilpþlq

Z
χ̄

0

d~χ
X
kj

1

2

	�
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðp; ηÞjlpðpχ̄Þ

�

×

�
Wj

lq

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðq~χÞ

�
þ
�
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðq; ηÞjlqðqχ̄Þ

�

×

�
Wj

lp

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞ

�

Ylpmp

ðn̂ÞYlqmq
ðn̂Þ

�
Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ;

ð148Þ

and, using the Gaunt integral Eq. (5), Δjð2ÞðxÞ=2 projected in jklmi space turns out

1

2
Δjð2Þ

lm ðkÞ ¼
X

lpmplqmq

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�
ð4πÞ2ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
X
kj

×
1

2

	�
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðp; ηÞjlp

ðpχ̄Þ
��

Wj
lq

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðq~χÞ

�

þ
�
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðq; ηÞjlq

ðqχ̄Þ
��

Wj
lp

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞ

�

jlðkχ̄Þ

�
× Y�

lpmp
ðp̂ÞY�

lqmq
ðq̂ÞΦpðpÞΦpðqÞ; ð149Þ
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and the transfer function can be written in the following way:

Mjð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
X
kj

×
1

2

�	
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðp; ηÞjlpðpχ̄Þ


	
Wj

lq

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðq~χÞ




þ
	
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðq; ηÞjlqðqχ̄Þ


	
Wj

lp

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞ


�
jlðkχ̄Þ:

ð150Þ

Likewise, for (ii), we have

Mijð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

dχp

Z
χ̄

0

dχq

×
1

2

�	
Wi

lp

�
χ̄; χp; η; ηp;

∂
∂χp ;

∂
∂ηp

�
T Φðp; ηpÞjlpðpχpÞ




×

	
Wj

lq

�
χ̄; χq; η; ηq;

∂
∂χq ;

∂
∂ηq

�
T Φðq; ηqÞjlqðqχqÞ




þ
	
Wi

lq

�
χ̄; χq; η; ηq;

∂
∂χq ;

∂
∂ηq

�
T Φðq; ηqÞjlq

ðqχqÞ



×

	
Wj

lp

�
χ̄; χp; η; ηp;

∂
∂χp ;

∂
∂ηp

�
T Φðp; ηpÞjlpðpχpÞ


�
jlðkχ̄Þ: ð151Þ

Explicitly, we list the terms computed from Eq. (49)

MIð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ

¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ

×
�	

−2be þ 2beQ − 4Q2 þ 4
∂Q
∂ ln L̄þ 2

∂Q
∂ ln āþ 2

H0

H2
ð1 −QÞ þ 2

χ̄H

�
2Q2 − 2

∂Q
∂ ln L̄

�


×

	
T Φðp; ηÞ

�
−

∂
∂ ~η T

Φðq; ~ηÞ
�
jlpðpχ̄Þjlqðq~χÞ þ T Φðq; ηÞ

�
−

∂
∂ ~η T

Φðp; ~ηÞ
�
jlpðp~χÞjlq

ðqχ̄Þ



þ 1

H

	
1 − 2be þ 4Qþ 3

H0

H2
þ 4ð1 −QÞ

χ̄H


	
T vðp; ηÞ

� ∂2

∂χ̄2 jlpðpχ̄Þ
��

−
∂
∂ ~η T

Φðq; ~ηÞ
�
jlqðq~χÞ

þ T vðq; ηÞ
� ∂2

∂χ̄2 jlq
ðqχ̄Þ

��
−

∂
∂ ~η T

Φðp; ~ηÞ
�
jlpðp~χÞ



þ 1

H

	
−1þ 2be − 2Q − 3

H0

H2
−
4ð1 −QÞ

χ̄H




×

	� ∂
∂η T

Φðp; ηÞ
�
jlpðpχ̄Þ

�
−

∂
∂ ~η T

Φðq; ~ηÞ
�
jlqðq~χÞ þ

� ∂
∂η T

Φðq; ηÞ
�
jlqðqχ̄Þ

�
−

∂
∂ ~η T

Φðp; ~ηÞ
�
jlpðp~χÞ




þ ð1 − 2QÞ
H

	
T Φðp; ηÞ

� ∂
∂χ̄ jlpðpχ̄Þ

��
−

∂
∂ ~η T

Φðq; ~ηÞ
�
jlqðq~χÞ þ T Φðq; ηÞ

� ∂
∂χ̄ jlqðqχ̄Þ

��
−

∂
∂ ~η T

Φðp; ~ηÞ
�
jlpðp~χÞ




þ 1

H2

	
T Φðp; ηÞ

� ∂2

∂χ̄2 jlpðpχ̄Þ
��

−
∂
∂ ~η T

Φðq; ~ηÞ
�
jlqðq~χÞ þ T Φðq; ηÞ

� ∂2

∂χ̄2 jlqðqχ̄Þ
��

−
∂
∂ ~η T

Φðp; ~ηÞ
�
jlpðp~χÞ




þ 1

H2

	
T vðp; ηÞ

� ∂3

∂χ̄3 jlpðpχ̄Þ
��

−
∂
∂ ~η T

Φðq; ~ηÞ
�
jlqðq~χÞ þ T vðq; ηÞ

� ∂3

∂χ̄3 jlqðqχ̄Þ
��

−
∂
∂ ~η T

Φðp; ~ηÞ
�
jlpðp~χÞ




−
1

H2

	� ∂
∂η T

Φðp; ηÞ
�� ∂

∂χ̄ jlpðpχ̄Þ
��

−
∂
∂ ~η T

Φðq; ~ηÞ
�
jlqðq~χÞ
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þ
� ∂
∂η T

Φðq; ηÞ
�� ∂

∂χ̄ jlqðqχ̄Þ
��

−
∂
∂ ~η T

Φðp; ~ηÞ
�
jlpðp~χÞ



þ 1

H2

	� ∂2

∂η2 T
Φðp; ηÞ

�
jlpðpχ̄Þ

�
−

∂
∂ ~η T

Φðq; ~ηÞ
�
jlqðq~χÞ

þ
� ∂2

∂η2 T
Φðq; ηÞ

�
jlqðqχ̄Þ

�
−

∂
∂ ~η T

Φðp; ~ηÞ
�
jlpðp~χÞ



þ
	
be − 2Q −

H0

H2
−

2

χ̄H
ð1 −QÞ




×

	
T δgðp; ηÞjlpðpχ̄Þ

�
−

∂
∂ ~η T

Φðq; ~ηÞ
�
jlqðq~χÞ þ T δgðq; ηÞjlq

ðqχ̄Þ
�
−

∂
∂ ~η T

Φðp; ~ηÞ
�
jlpðp~χÞ




−
1

H

	
T δgðp; ηÞ

� ∂
∂χ̄ jlpðpχ̄Þ

��
−

∂
∂ ~η T

Φðq; ~ηÞ
�
jlq

ðq~χÞ þ T δgðq; ηÞ
� ∂
∂χ̄ jlqðqχ̄Þ

��
−

∂
∂ ~η T

Φðp; ~ηÞ
�
jlpðp~χÞ




þ 1

H

	� ∂
∂η T

δgðp; ηÞ
�
jlpðpχ̄Þ

�
−

∂
∂ ~η T

Φðq; ~ηÞ
�
jlqðq~χÞ þ

� ∂
∂η T

δgðq; ηÞ
�
jlq

ðqχ̄Þ
�
−

∂
∂ ~η T

Φðp; ~ηÞ
�
jlpðp~χÞ




− 2

�
1 −

1

χ̄H

�	
T Qðp; ηÞ

�
−

∂
∂ ~η T

Φðq; ~ηÞ
�
jlpðpχ̄Þjlqðq~χÞ þ T Qðq; ηÞ

�
−

∂
∂ ~η T

Φðp; ~ηÞ
�
jlpðp~χÞjlqðqχ̄Þ


�
jlðkχ̄Þ;

ð152Þ

MI2ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ 2δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

dχp

Z
χ̄

0

dχq

×

�
be þ b2e þ

∂be
∂ ln āþ 2Q − 4Qbe þ 4Q2 − 4

∂Q
∂ ln L̄ − 4

∂Q
∂ ln ā

þ ð−1 − 2be þ 4QÞH
0

H2
−
H00

H3
þ 3

�
H0

H2

�
2

þ 6

χ̄

H0

H3
ð1 −QÞ þ 2

χ̄H

	
−1 − 2be þQ − 4Q2 þ 2beQþ 4

∂Q
∂ ln L̄þ 2

∂Q
∂ ln ā




þ 2

χ̄2H2

�
1 −Qþ 2Q2 − 2

∂Q
∂ ln L̄

��

×
� ∂
∂ηp T

Φðp; ηpÞ
�� ∂

∂ηq T
Φðq; ηqÞ

�
jlpðpχpÞjlqðqχqÞjlðkχ̄Þ; ð153Þ

MITð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ

¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

dχp

Z
χ̄

0

dχq

×

�
−
2

χ̄

	
−
�
be − beQþ 2Q2 − 2

∂Q
∂ ln L̄ −

∂Q
∂ ln ā

�
þ H0

H2
ð1 −QÞ þ 1

χ̄H

�
1 −Qþ 2Q2 − 2

∂Q
∂ ln L̄

�


×

	�
−

∂
∂ηp T

Φðp; ηpÞ
�
T Φðq; ηqÞ þ

�
−

∂
∂ηq T

Φðq; ηqÞ
�
T Φðp; ηpÞ



jlpðpχpÞjlqðqχqÞjlðkχ̄Þ

�
; ð154Þ

MTð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ

×

�
−
2

χ̄

�
−1þQþ 2Q2 − 2

∂Q
∂ ln L̄

�
½T Φðp; ηÞT Φðq; ~ηÞjlpðpχ̄Þjlqðq~χÞ

þ T Φðq; ηÞT Φðp; ~ηÞjlpðp~χÞjlq
ðqχ̄Þ�

−
	
−be þ 2Qþ H0

H2
þ 4ð1 −QÞ

χ̄H


	
T vðp; ηÞ

� ∂2

∂χ̄2 jlpðpχ̄Þ
�
T Φðq; ~ηÞjlq

ðq~χÞ

þ T vðq; ηÞ
� ∂2

∂χ̄2 jlqðqχ̄Þ
�
T Φðp; ~ηÞjlpðp~χÞ



− 2

	
be − 2Q −

H0

H2
−
3ð1 −QÞ

χ̄H
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×

	� ∂
∂η T

Φðp; ηÞ
�
jlpðpχ̄ÞT Φðq; ~ηÞjlqðq~χÞ þ

� ∂
∂η T

Φðq; ηÞ
�
jlqðqχ̄ÞT Φðp; ~ηÞjlp

ðp~χÞ



−
	
1þ be − 4Q −

H0

H2
− ð1 −QÞ 2

χ̄H


	
T Φðp; ηÞ

� ∂
∂χ̄ jlpðpχ̄Þ

�
T Φðq; ~ηÞjlqðq~χÞ

þ T Φðq; ηÞ
� ∂
∂χ̄ jlqðqχ̄Þ

�
T Φðp; ~ηÞjlpðp~χÞ



−

1

H

	
T vðp; ηÞ

� ∂3

∂χ̄3 jlpðpχ̄Þ
�
T Φðq; ~ηÞjlqðq~χÞ

þ T vðq; ηÞ
� ∂3

∂χ̄3 jlqðqχ̄Þ
�
T Φðp; ~ηÞjlpðp~χÞ



þ 1

H

	� ∂
∂η T

Φðp; ηÞ
�� ∂

∂χ̄ jlpðpχ̄Þ
�
T Φðq; ~ηÞjlqðq~χÞ

þ
� ∂
∂η T

Φðq; ηÞ
�� ∂

∂χ̄ jlqðqχ̄Þ
�
T Φðp; ~ηÞjlpðp~χÞ




þ 2

χ̄
ð1 −QÞ½T δgðp; ηÞjlpðpχ̄ÞT Φðq; ~ηÞjlqðq~χÞ þ T δgðq; ηÞjlqðqχ̄ÞT Φðp; ~ηÞjlpðp~χÞ�

þ
	
T δgðp; ηÞ

� ∂
∂χ̄ jlp

ðpχ̄Þ
�
T Φðq; ~ηÞjlq

ðq~χÞ þ T δgðq; ηÞ
� ∂
∂χ̄ jlqðqχ̄Þ

�
T Φðp; ~ηÞjlp

ðp~χÞ



−
2

χ̄
½T Qðp; ηÞT Φðq; ~ηÞjlpðpχ̄Þjlqðq~χÞ þ T Qðq; ηÞT Φðp; ~ηÞjlpðp~χÞjlqðqχ̄Þ�gjlðkχ̄Þ; ð155Þ

MT2ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ 4δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄Wðχ̄Þ

�
1 −Qþ 2Q2 − 2

∂Q
∂ ln L̄

�

×
Z

χ̄

0

dχp

Z
χ̄

0

dχqT Φðp; ηpÞT Φðq; ηqÞjlpðpχpÞjlqðqχqÞjlðkχ̄Þ; ð156Þ

Mκð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wðχ̄Þ

Z
χ̄

0

d~χ

×

�	
−1 − 3Qþ 2Q2 − 2

∂Q
∂ ln L̄þ 2be − 2

H0

H2
−
5ð1 −QÞ

χ̄H




×

	
T Φðp; ηÞjlpðpχ̄Þ

�
−lqðlq þ 1Þ χ̄ − ~χ

χ̄ ~χ

�
T Φðq; ~ηÞjlqðq~χÞ

þ T Φðq; ηÞjlqðqχ̄Þ
�
−lpðlp þ 1Þ χ̄ − ~χ

χ̄ ~χ

�
T Φðp; ~ηÞjlp

ðp~χÞ



þ ð1 −QÞ
χ̄H

	
T vðp; ηÞ

� ∂
∂χ̄ jlp

ðpχ̄Þ
��

−lqðlq þ 1Þ χ̄ − ~χ

χ̄ ~χ

�
T Φðq; ~ηÞjlqðq~χÞ

þ T vðq; ηÞ
� ∂
∂χ̄ jlqðqχ̄Þ

��
−lpðlp þ 1Þ χ̄ − ~χ

χ̄ ~χ

�
T Φðp; ~ηÞjlpðp~χÞ




þ ð1 −QÞ
H

	
T vðp; ηÞ

� ∂2

∂χ̄2 jlpðpχ̄Þ
��

−lqðlq þ 1Þ χ̄ − ~χ

χ̄ ~χ

�
T Φðq; ~ηÞjlqðq~χÞ

þ T vðq; ηÞ
� ∂2

∂χ̄2 jlq
ðqχ̄Þ

��
−lpðlp þ 1Þ χ̄ − ~χ

χ̄ ~χ

�
T Φðp; ~ηÞjlpðp~χÞ




−
ð1 −QÞ

H

	� ∂
∂η T

Φðp; ηÞ
�
jlpðpχ̄Þ

�
−lqðlq þ 1Þ χ̄ − ~χ

χ̄ ~χ

�
T Φðq; ~ηÞjlqðq~χÞ

þ
� ∂
∂η T

Φðq; ηÞ
�
jlqðqχ̄Þ

�
−lpðlp þ 1Þ χ̄ − ~χ

χ̄ ~χ

�
T Φðp; ~ηÞjlpðp~χÞ




− ð1 −QÞ
	
T δgðp; ηÞjlp

ðpχ̄Þ
�
−lqðlq þ 1Þ χ̄ − ~χ

χ̄ ~χ

�
T Φðq; ~ηÞjlqðq~χÞ
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þ T δgðq; ηÞjlqðqχ̄Þ
�
−lpðlp þ 1Þ χ̄ − ~χ

χ̄ ~χ

�
T Φðp; ~ηÞjlpðp~χÞ




þ
	
T Qðp; ηÞjlp

ðpχ̄Þ
�
−lqðlq þ 1Þ χ̄ − ~χ

χ̄ ~χ

�
T Φðq; ~ηÞjlqðq~χÞ

þ T Qðq; ηÞjlqðqχ̄Þ
�
−lpðlp þ 1Þ χ̄ − ~χ

χ̄ ~χ

�
T Φðp; ~ηÞjlpðp~χÞ


�
jlðkχ̄Þ; ð157Þ

M

R
~χ
~χΦ0κð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ 2δK

l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

dχp

Z
χ̄

0

dχq

×

	
χp

� ∂
∂ηp T

Φðp; ηpÞ
�
jlpðpχpÞ

�
−lqðlq þ 1Þ χ̄ − χq

χ̄χq

�
T Φðq; ηqÞjlqðqχqÞ

þ χq

� ∂
∂ηq T

Φðq; ηqÞ
�
jlqðqχqÞ

�
−lpðlp þ 1Þ χ̄ − χp

χ̄χp

�
T Φðp; ηpÞjlpðpχpÞ



jlðkχ̄Þ; ð158Þ

MTκð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ 4δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄ χ̄Wð χ̄Þ

Z
χ̄

0

dχp

Z
χ̄

0

dχq

×

�
1 −QþQ2 −

∂Q
∂ ln L̄

�	
lqðlq þ 1Þ χ̄ − χq

χ̄χq
T Φðp; ηpÞjlpðpχpÞT Φðq; ηqÞjlq

ðqχqÞ

þ lpðlp þ 1Þ χ̄ − χp
χ̄χp

T Φðq; ηqÞjlqðqχqÞT Φðp; ηpÞjlpðpχpÞ


jlðkχ̄Þ; ð159Þ

Mκ2ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ

¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1 −Qþ 2Q2 − 2

∂Q
∂ ln L̄

�

×
Z

χ̄

0

dχp

Z
χ̄

0

dχq

	
lqðlq þ 1Þlpðlp þ 1Þ χ̄ − χq

χ̄χq

χ̄ − χp
χ̄χp

T Φðp; ηpÞT Φðq; ηqÞjlpðpχpÞjlqðqχqÞjlðkχ̄Þ


; ð160Þ

MIκð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

×

	
2 − be þ beQ − 2Q − 2Q2 þ 2

∂Q
∂ ln L̄þ ∂Q

∂ ln āþ H0

H2
ð1 −QÞ

þ 1

χ̄H

�
3 − 3Qþ 2Q2 − 2

∂Q
∂ ln L̄

�


×
Z

χ̄

0

dχp

Z
χ̄

0

dχq

	
lqðlq þ 1Þ χ̄ − χq

χ̄χq

� ∂
∂ηp T

Φðp; ηpÞ
�
jlpðpχpÞT Φðq; ηqÞjlqðqχqÞ

þ lpðlp þ 1Þ χ̄ − χp
χ̄χp

� ∂
∂ηq T

Φðq; ηqÞ
�
jlqðqχqÞT Φðp; ηpÞjlpðpχpÞ



jlðkχ̄Þ; ð161Þ

M
I∇2⊥Tð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄ χ̄Wðχ̄Þ

	
−2ð1 −QÞ

�
1þ 1

χ̄H

�


×
Z

χ̄

0

dχp

Z
χ̄

0

dχq

	�
−

∂
∂ηp T

Φðp; ηpÞ
�
lqðlq þ 1ÞT Φðq; ηqÞ

þ
�
−

∂
∂ηq T

Φðq; ηqÞ
�
lpðlp þ 1ÞT Φðp; ηpÞ




× jlpðpχpÞjlqðqχqÞjlðkχ̄Þ; ð162Þ
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M

R
~χ
~χΦ0∇2⊥Tð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ δK

l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄Wð χ̄Þ½−2ð1 −QÞ�

Z
χ̄

0

dχp

Z
χ̄

0

dχq

×

	
χp

� ∂
∂ηp T

Φðp; ηpÞ
�
lqðlq þ 1ÞT Φðq; ηqÞ þ χq

� ∂
∂ηq T

Φðq; ηqÞ
�
lpðlp þ 1ÞT Φðp; ηpÞ




× jlpðpχpÞjlqðqχqÞjlðkχ̄Þ; ð163Þ

M
T∇2⊥Tð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄Wðχ̄Þ½2ð1 −QÞ�

Z
χ̄

0

dχp

Z
χ̄

0

dχq

× ½lqðlq þ 1Þ þ lpðlp þ 1Þ�T Φðp; ηpÞT Φðq; ηqÞjlpðpχpÞjlqðqχqÞjlðkχ̄Þ; ð164Þ

M
∇2⊥Tð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ

¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄Wð χ̄Þ ð1 −QÞ

H

Z
χ̄

0

d~χ

×

�
½T Φðp; ηÞjlpðpχ̄Þlqðlq þ 1ÞT Φðq; ~ηÞjlqðq~χÞ þ T Φðq; ηÞjlqðqχ̄Þlpðlp þ 1ÞT Φðp; ~ηÞjlpðp~χÞ�

−
	
T vðp; ηÞ

� ∂
∂χ̄ jlpðpχ̄Þ

�
lqðlq þ 1ÞT Φðq; ~ηÞjlq

ðq~χÞ þ T vðq; ηÞ
� ∂
∂χ̄ jlqðqχ̄Þ

�
lpðlp þ 1ÞT Φðp; ~ηÞjlpðp~χÞ


�
jlðkχ̄Þ:

ð165Þ

E. Terms from Δð2Þ
g int− 2 [see Eq. (50)]

Here we have terms like ∂⊥iAð1Þ∂i⊥Bð1Þ, where Að1Þ or Bð1Þ can be a local or an integrated term at first order. From Δð2Þ
g int−2

we can write these terms as (i)

1

2
Δjð2Þðx; ηÞ ¼

	X
kj

∂⊥iWkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
Δð1Þkjðx; ηÞ



×
Z

χ̄

0

d~χ ~∂i⊥Wj

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η ;

�
Φð ~x; ~ηÞ ð166Þ

or (ii)

1

2
Δrsð2Þðx; ηÞ ¼

	Z
χ̄

0

d~χ ~∂⊥iWr

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
Φð ~x; ~ηÞ



×

	Z
χ̄

0

d~χ ~∂i⊥Ws

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
Φð ~x; ~ηÞ



; ð167Þ

where here the index a ¼ rs. Following the prescription in Sec. VI C we obtain

Z
χ̄

0

d~χ ~∂i⊥Wj

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
Φð ~x; ~ηÞ

¼
Z

d3k
ð2πÞ3

Z
χ̄

0

d~χ

	
~∂i⊥Wj

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T jðk; ~ηÞeik ~x



ΦpðkÞ

¼
X
lm

Z
d3k
ð2πÞ3 ð4πi

lÞ
Z

χ̄

0

d~χ½ ~∂i⊥Ylmðn̂Þ�
	
Wj

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T jðk; ~ηÞjlðk~χÞ



Y�
lmðk̂ÞΦpðkÞ

¼
X
lm

Z
d3k
ð2πÞ3

Z
χ̄

0

d~χ
4πil

~χ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

2

r
ð−miþ1Ylmðn̂Þ þmi

−−1Ylmðn̂ÞÞ
	
Wj

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T jðk; ~ηÞjlðk~χÞ




× Y�
lmðk̂ÞΦpðkÞ: ð168Þ

RELATIVISTIC WIDE-ANGLE GALAXY BISPECTRUM ON … PHYS. REV. D 97, 023531 (2018)

023531-31



Then, for (i) we find

1

2
Δjð2Þðx; ηÞ ¼

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�Z
χ̄

0

d~χ
X

lpmplqmq

ð4πÞ2ð−1Þilpþlq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lpðlp þ 1Þlqðlq þ 1Þp

2χ̄ ~χ

×
X
kj

1

2

	�
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðp; ηÞjlpðpχ̄Þ

��
Wj

lq

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðq~χÞ

�

þ
�
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðq; ηÞjlq

ðqχ̄Þ
��

Wj
lp

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞ

�


× ½1Ylpmp
ðn̂Þ−1Ylqmq

ðn̂Þ þ −1Ylpmp
ðn̂Þþ1Ylqmq

ðn̂Þ�
�
Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ

¼
Z

d3p
ð2πÞ3

d3q
ð2πÞ3

�Z
χ̄

0

d~χ
χ̄ ~χ

X
lpmplqmq

~l ~m

ð4πÞ2ilpþlqI
− ~mmpmq

~llplq

×
X
kj

1

2

	�
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðp; ηÞjlpðpχ̄Þ

��
Wj

lq

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðq~χÞ

�

þ
�
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðq; ηÞjlq

ðqχ̄Þ
��

Wj
lp

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞ

�

Y l̄−m̄ðn̂Þ

�
× Y�

lpmp
ðp̂ÞY�

lqmq
ðq̂ÞΦpðpÞΦpðqÞ ð169Þ

and, for (ii),

1

2
Δrsð2ÞðxÞ ¼

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�Z
χ̄

0

dχp

Z
χ̄

0

dχq
X

lpmplqmq

ð4πÞ2ð−1Þilpþlq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lpðlp þ 1Þlqðlq þ 1Þp

4χpχq

×

	�
Wr

lp

�
χ̄; χp; η; ηp;

∂
∂χp ;

∂
∂ηp

�
T Φðp; ηpÞjlpðpχpÞ

��
Ws

lq

�
χ̄; χq; η; ηq;

∂
∂χq ;

∂
∂ηq

�
T Φðq; ηqÞjlqðqχqÞ

�

þ
�
Wr

lq

�
χ̄; χq; η; ηq;

∂
∂χq ;

∂
∂ηq

�
T Φðq; ηqÞjlqðqχqÞ

��
Ws

lp

�
χ̄; χp; η; ηp;

∂
∂χp ;

∂
∂ηp

�
T Φðp; ηpÞjlp

ðpχpÞ
�


× ½1Ylpmp
ðn̂Þ−1Ylqmq

ðn̂Þ þ −1Ylpmp
ðn̂Þþ1Ylqmq

ðn̂Þ�
�
Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ

¼
Z

d3p
ð2πÞ3

d3q
ð2πÞ3

�Z
χ̄

0

dχp
χp

Z
χ̄

0

dχq
χq

X
lpmplqmq

~l ~m

ð4πÞ2ilpþlqI
− ~mmpmq

~llplq

×
1

2

	�
Wr

lp

�
χ̄; χp; η; ηp;

∂
∂χp ;

∂
∂ηp

�
T Φðp; ηpÞjlpðpχpÞ

��
Ws

lq

�
χ̄; χq; η; ηq;

∂
∂χq ;

∂
∂ηq

�
T Φðq; ηqÞjlqðqχqÞ

�

þ
�
Wr

lq

�
χ̄; χq; η; ηq;

∂
∂χq ;

∂
∂ηq

�
T Φðq; ηqÞjlqðqχqÞ

��
Ws

lp

�
χ̄; χp; η; ηp;

∂
∂χp ;

∂
∂ηp

�
T Φðp; ηpÞjlp

ðpχpÞ
�


× Y l̄−m̄ðn̂Þ
�
Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ; ð170Þ

where we have directly used the following identity:

½1Ylpmp
ðn̂Þ−1Ylqmq

ðn̂Þ þ −1Ylpmp
ðn̂Þþ1Ylqmq

ðn̂Þ� ¼
X
~l ~m

−2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lpðlp þ 1Þlqðlq þ 1Þp I

− ~mmpmq

~llplq
Y ~l− ~mðn̂Þ; ð171Þ
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where I
~mmpmq

~llplq
has already been defined in Eq. (140). Projecting these contributions in jklmi space, we find, for (i),

1

2
Δjð2Þ

lm ðkÞ ¼
X

lpmplqmq

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�
ð4πÞ2ℵ�

lðkÞilpþlqI
mmpmq

llplq

Z
dχ̄ χ̄Wð χ̄Þ

Z
χ̄

0

d~χ
~χ

×
X
kj

1

2

	�
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðp; ηÞjlpðpχ̄Þ

��
Wj

lq

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðq~χÞ

�

þ
�
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðq; ηÞjlqðqχ̄Þ

��
Wj

lp

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞ

�

jlðkχ̄Þ

�
× Y�

lpmp
ðp̂ÞY�

lqmq
ðq̂ÞΦpðpÞΦpðqÞ ð172Þ

and, consequently,

Mjð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplq

Z
dχ̄ χ̄Wð χ̄Þ

Z
χ̄

0

d~χ
~χ

×
X
kj

1

2

	�
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðp; ηÞjlpðpχ̄Þ

��
Wj

lq

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlq

ðq~χÞ
�

þ
�
Wkj

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η

�
T kjðq; ηÞjlqðqχ̄Þ

�
×

�
Wj

lp

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞ

�

× jlðkχ̄Þ: ð173Þ

Finally, for (ii), we have

1

2
Δrsð2Þ

lm ðkÞ ¼
X

lpmplqmq

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�
ð4πÞ2ℵ�

lðkÞilpþlqI
mmpmq

llplq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

dχp
χp

Z
χ̄

0

dχq
χq

×
1

2

	�
Wr

lp

�
χ̄; χp; η; ηp;

∂
∂χp ;

∂
∂ηp

�
T Φðp; ηpÞjlpðpχpÞ

��
Ws

lq

�
χ̄; χq; η; ηq;

∂
∂χq ;

∂
∂ηq

�
T Φðq; ηqÞjlqðqχqÞ

�

þ
�
Wr

lq

�
χ̄; χq; η; ηq;

∂
∂χq ;

∂
∂ηq

�
T Φðq; ηqÞjlqðqχqÞ

��
Ws

lp

�
χ̄; χp; η; ηp;

∂
∂χp ;

∂
∂ηp

�
T Φðp; ηpÞjlpðpχpÞ

�


× jlðkχ̄Þ
�
Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ ð174Þ

and

Mrsð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

dχp
χp

Z
χ̄

0

dχq
χq

×
1

2

	�
Wr

lp

�
χ̄; χp; η; ηp;

∂
∂χp ;

∂
∂ηp

�
T Φðp; ηpÞjlpðpχpÞ

�

×

�
Ws

lq

�
χ̄; χq; η; ηq;

∂
∂χq ;

∂
∂ηq

�
T Φðq; ηqÞjlqðqχqÞ

�

þ
�
Wr

lq

�
χ̄; χq; η; ηq;

∂
∂χq ;

∂
∂ηq

�
T Φðq; ηqÞjlqðqχqÞ

�

×

�
Ws

lp

�
χ̄; χp; η; ηp;

∂
∂χp ;

∂
∂ηp

�
T Φðp; ηpÞjlpðpχpÞ

�

jlðkχ̄Þ: ð175Þ
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Here below we list all transfer spherical multipole functions for cases (i) and (ii):

MS⊥ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ

¼ −δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
~χ

×

�
½T δgðp; ηÞjlpðpχ̄ÞT Φðq; ~ηÞjlq

ðq~χÞ þ T δgðq; ηÞjlqðqχ̄ÞT Φðp; ~ηÞjlpðp~χÞ�

−
	
1þ be − 4Q −

H0

H2
− 2

ð1 −QÞ
χ̄H



½T Φðp; ηÞjlpðpχ̄ÞT Φðq; ~ηÞjlqðq~χÞ þ T Φðq; ηÞjlqðqχ̄ÞT Φðp; ~ηÞjlpðp~χÞ�

þ
	
be − 2Q −

H0

H2
− 2

ð1 −QÞ
χ̄H


	
T vðp; ηÞ

� ∂
∂χ̄ jlpðpχ̄Þ

�
T Φðq; ~ηÞjlqðq~χÞ þ T vðq; ηÞ

� ∂
∂χ̄ jlqðqχ̄Þ

�
T Φðp; ~ηÞjlpðp~χÞ

�


þ 1

H

	� ∂
∂η T

Φðp; ηÞ
�
jlpðpχ̄ÞT Φðq; ~ηÞjlqðq~χÞ þ

� ∂
∂η T

Φðq; ηÞ
�
jlqðqχ̄ÞT Φðp; ~ηÞjlpðp~χÞ




−
1

H

	
T vðp; ηÞ

� ∂2

∂χ̄2 jlpðpχ̄Þ
�
T Φðq; ~ηÞjlqðq~χÞ þ T vðq; ηÞ

� ∂2

∂χ̄2 jlqðqχ̄Þ
�
T Φðp; ~ηÞjlp

ðp~χÞÞ

�

jlðkχ̄Þ; ð176Þ

M∂⊥Tð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ

¼ −δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄ χ̄Wð χ̄Þ

Z
χ̄

0

d~χ

×

�
−½T δgðp; ηÞjlpðpχ̄ÞT Φðq; ~ηÞjlqðq~χÞ þ T δgðq; ηÞjlqðqχ̄ÞT Φðp; ~ηÞjlpðp~χÞ�

−
1

H

	� ∂
∂η T

Φðp; ηÞ
�
jlpðpχ̄ÞT Φðq; ~ηÞjlqðq~χÞ þ

� ∂
∂η T

Φðq; ηÞ
�
jlqðqχ̄ÞT Φðp; ~ηÞjlpðp~χÞ




þ
	
2þ be − 4Q −

H0

H2
− 2

ð1 −QÞ
χ̄H



½T Φðp; ηÞjlpðpχ̄ÞT Φðq; ~ηÞjlqðq~χÞ þ T Φðq; ηÞjlqðqχ̄ÞT Φðp; ~ηÞjlp

ðp~χÞ�

−
	
be − 2Q −

H0

H2
þ 2Q
χ̄H


	
T vðp; ηÞ

� ∂
∂χ̄ jlp

ðpχ̄Þ
�
T Φðq; ~ηÞjlq

ðq~χÞ þ T vðq; ηÞ
� ∂
∂χ̄ jlqðqχ̄Þ

�
T Φðp; ~ηÞjlp

ðp~χÞ
�


þ 1

χ̄

	
be − 2Q −

H0

H2
þ 2Q
χ̄H



½T vðp; ηÞjlpðpχ̄ÞT Φðq; ~ηÞjlqðq~χÞ þ T vðq; ηÞjlqðqχ̄ÞT Φðp; ~ηÞjlp

ðp~χÞÞ�

þ 1

H

	
T vðp; ηÞ

� ∂2

∂χ̄2 jlpðpχ̄Þ
�
T Φðq; ~ηÞjlqðq~χÞ þ T vðq; ηÞ

� ∂2

∂χ̄2 jlqðqχ̄Þ
�
T Φðp; ~ηÞjlpðp~χÞÞ


�
jlðkχ̄Þ; ð177Þ

MS⊥∂⊥Tð2Þ
lmlpmplqmql̄m̄

ðk;p;qÞ¼−2δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄ χ̄Wð χ̄Þð1−QÞ

Z
χ̄

0

dχp
χp

Z
χ̄

0

dχq
χq

× ½χqT Φðp;ηpÞjlpðpχpÞT Φðq;ηqÞjlqðqχqÞþχpT Φðq;ηqÞjlq
ðqχqÞT Φðp;ηpÞjlpðpχpÞ�jlðkχ̄Þ;

ð178Þ

MS⊥∂⊥Ið2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ −2δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄χ̄2Wð χ̄Þð1 −QÞ

Z
χ̄

0

dχp
χp

Z
χ̄

0

dχq
χq

×

	
χqT Φðp; ηpÞjlpðpχpÞ

� ∂
∂ηq T

Φðq; ηqÞ
�
jlqðqχqÞ

þ χpT Φðq; ηqÞjlqðqχqÞ
� ∂
∂ηp T

Φðp; ηpÞ
�
jlpðpχpÞ



jlðkχ̄Þ; ð179Þ

DANIELE BERTACCA et al. PHYS. REV. D 97, 023531 (2018)

023531-34



M
S⊥∂⊥

R
~χΦ0ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ 2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

dχp
χp

Z
χ̄

0

dχq
χq

×

	
χ2qT Φðp; ηpÞjlpðpχpÞ

� ∂
∂ηq T

Φðq; ηqÞ
�
jlq

ðqχqÞ

þ χ2pT Φðq; ηqÞjlqðqχqÞ
� ∂
∂ηp T

Φðp; ηpÞ
�
jlpðpχpÞ



jlðkχ̄Þ; ð180Þ

M
ϑijϑ

ijð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄Wðχ̄Þð1 −QÞ

Z
χ̄

0

dχp
χp

Z
χ̄

0

dχq
χq

× ðχ̄ − χpÞðχ̄ − χqÞT Φðp; ηpÞjlpðpχpÞT Φðq; ηqÞjlqðqχqÞjlðkχ̄Þ; ð181Þ

MS⊥S⊥ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ −2δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄χ̄2Wð χ̄Þð1 −QÞ

Z
χ̄

0

dχp
χp

Z
χ̄

0

dχq
χq

× T Φðp; ηpÞjlpðpχpÞT Φðq; ηqÞjlqðqχqÞjlðkχ̄Þ: ð182Þ

F. Terms from Δð2Þ
g int− 3 [see Eq. (51) (only for scalar terms)]

In Δð2Þ
g int−3 we find integrated terms as, for example, ISWand STD at second order. In particular, for the first two additive

terms of Eq. (51), we can use the following expression:

1

2
Δað2Þ

lm ¼
Z

d3xWð χ̄Þℵ�
lðkÞjlðkχÞY�

lmðn̂Þ
Z

χ̄

0

d~χWa

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
1

2
ðΦð2Þð ~x; ~ηÞ þ Ψð2Þð ~x; ~ηÞÞ: ð183Þ

In this case, applying the same prescription used in Sec. VI A, we find quickly

MTð2Þð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ 2ð4πÞ3ℵ�
lðkÞð−1Þmilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ

×

	
1

2
FΦð2Þ
l̄

ðp; q; ~ηÞ þ 1

2
FΨð2Þ
l̄

ðp; q; ~ηÞ


T Φðp; ~ηÞT Φðq; ~ηÞjlpðp~χÞjlqðq~χÞjlðkχ̄Þ ð184Þ

and

MIð2Þð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmþ1ilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

	
be − 2Q −

H0

H2

− 2
ð1 −QÞ
χ̄H



×
Z

χ̄

0

d~χ
∂
∂ ~η

�	
1

2
FΦð2Þ
l̄

ðp; q; ~ηÞ þ 1

2
FΨð2Þ
l̄

ðp; q; ~ηÞ


T Φðp; ~ηÞT Φðq; ~ηÞ

�
× jlpðp~χÞjlqðq~χÞjlðkχ̄Þ: ð185Þ

Using the same approach, the last two additive terms of Eq. (51) can be written together in the following way:

1

2
Δ½2∂⊥Sð2Þ−∇2⊥Tð2Þ�ð2Þðx; ηÞ ¼ −ð1 −QÞ

Z
χ̄

0

d~χð χ̄ − ~χÞ ~χ
χ̄
~∇2
⊥
	
1

2
Φð2Þð ~x; ~ηÞ þ 1

2
Ψð2Þð ~x; ~ηÞ



¼ −ð1 −QÞ

Z
χ̄

0

d~χ
ð χ̄ − ~χÞ
χ̄ ~χ

×
X

lpmplqmql̄ m̄

ð4πÞ3ilpþlqð2l̄þ 1Þ−1ð2Þ∇2½Ylpmp
ðn̂ÞYlqmq

ðn̂Þ�

×
Z

d3p
ð2πÞ3

d3q
ð2πÞ3

�	
1

2
FΦð2Þ
l̄

ðp; q; ~ηÞ þ 1

2
FΨð2Þ
l̄

ðp; q; ~ηÞ



× T Φðp; ~ηÞT Φðq; ~ηÞjlpðp~χÞjlqðq~χÞ
�
Y�
lpmp

ðp̂ÞYl̄ m̄ðp̂ÞY�
lqmq

ðq̂ÞY �̄
l m̄ðq̂ÞΦpðpÞΦpðqÞ: ð186Þ
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From Eq. (133), we note that

ð2Þ∇2½Ylpmp
ðn̂ÞYlqmq

ðn̂Þ� ¼ −lpðlp þ 1ÞYlpmp
ðn̂ÞYlqmq

ðn̂Þ − lqðlq þ 1ÞYlpmp
ðn̂ÞYlqmq

ðn̂Þ
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lpðlp þ 1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lqðlq þ 1Þ

q
½1Ylpmp

ðn̂Þ−1Ylqmq
ðn̂Þ þ −1Ylpmp

ðn̂Þþ1Ylqmq
ðn̂Þ�; ð187Þ

and using Eqs. (5) and (171) we find

M
½2∂⊥Sð2Þ−∇2⊥Tð2Þ�ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞilpþlqð2l̄þ 1Þ−1f−2Imm1m2

ll1l2
þ ½lpðlp þ 1Þ þ lqðlq þ 1Þ�ð−1ÞmGllplq

−mmpmqg

×
Z

dχ̄ χ̄Wð χ̄Þð1 −QÞ
Z

χ̄

0

d~χ
ð χ̄ − ~χÞ

~χ

	
1

2
FΦð2Þ
l̄

ðp; q; ~ηÞ þ 1

2
FΨð2Þ
l̄

ðp; q; ~ηÞ



× T Φðp; ~ηÞT Φðq; ~ηÞjlpðp~χÞjlqðq~χÞjlðkχ̄Þ: ð188Þ

Let us conclude by noting that, in Appendix F, we compute also these terms in a different way.

G. Terms from Δð2Þ
g int− 4 [see Eq. (52)]

InΔð2Þ
g int−4, each contribution is an integral along the line of sight of the product between a local and an integrated term (or

two local terms). Specifically, we have the following possible terms (i)

1

2
Δijð2Þðx; ηÞ ¼

Z
χ̄

0

d~χ

�	
Wi

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η ;△n̂

�
Φð ~x; ~ηÞ



×

	
Wj

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η ;△n̂

�
Φð ~x; ~ηÞ


�
; ð189Þ

(ii)

1

2
Δuvð2Þðx; ηÞ ¼

Z
χ̄

0

d~χ

�	
~∂⊥iWu

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η ;△n̂

�
Φð ~x; ~ηÞ



×

	
~∂i⊥Wv

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η ;△n̂

�
Φð ~x; ~ηÞ


�
; ð190Þ

(iii)

1

2
Δijð2Þðx; ηÞ ¼

Z
χ̄

0

d~χ

�	
Wi

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η ;△n̂

�
Φð ~x; ~ηÞ



×

	Z
~χ

0

d~~χWj

�
~χ; ~~χ; ~η; ~~η;

∂
∂ ~~χ ;

∂
∂ ~~η ;△n̂

�
Φð ~~x; ~~ηÞ


�
; ð191Þ

and (iv)

1

2
Δuvð2Þðx; ηÞ ¼

Z
χ̄

0

d~χ

�	
~∂⊥iWu

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η ;△n̂

�
Φð ~x; ~ηÞ




×

	Z
~χ

0

d~~χ ~~∂i
⊥Wv

�
~χ; ~~χ; ~η; ~~η;

∂
∂ ~~χ ;

∂
∂ ~~η ;△n̂

�
Φð ~~x; ~~ηÞ


�
: ð192Þ

Following the approach used in the previous subsection we find, for (i),

1

2
Δijð2Þ

lm ðkÞ ¼
X

lpmplqmq

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�
ð4πÞ2ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wðχ̄Þ

Z
χ̄

0

d~χ

×
1

2

	
Wi

lp

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞWj

lq

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðq~χÞ

þWi
lq

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðq~χÞWj

lp

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞ




× Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ
�

ð193Þ

and, therefore,
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Mijð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ

×
1

2

	
Wi

lp

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞWj

lq

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlq

ðq~χÞ

þWi
lq

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðq~χÞWj

lp

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞ



jlðkχ̄Þ:

ð194Þ

For (ii), we obtain

1

2
Δuvð2Þ

lm ðkÞ ¼
X

lpmplqmq

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�
ð4πÞ2ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
~χ2

×
1

2

	
Wu

lp

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞWv

lq

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðq~χÞ

þWu
lq

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðq~χÞWv

lp

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlp

ðp~χÞ


jlðkχ̄Þ

�
× Y�

lpmp
ðp̂ÞY�

lqmq
ðq̂ÞΦpðpÞΦpðqÞ ð195Þ

and, consequently,

Muvð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
~χ2

×
1

2

	
Wu

lp

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞWv

lq

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlq

ðq~χÞ

þWu
lq

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðqχ̄ÞWv

lp

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞ



jlðkχ̄Þ:

ð196Þ

Instead for (iii) we have

1

2
Δijð2Þ

lm ðkÞ ¼
X

lpmplqmq

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�
ð4πÞ2ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
Z

~χ

0

d~~χ

×
1

2

	
Wi

lp

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞWj

lq

�
~χ; ~~χ; ~η; ~~η;

∂
∂ ~~χ ;

∂
∂ ~~η

�
T Φðq; ~~ηÞjlqðq~~χÞ

þWi
lq

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðqχ̄ÞWj

lp

�
~χ; ~~χ; ~η; ~~η;

∂
∂ ~~χ ;

∂
∂ ~~η

�
T Φðp; ~~ηÞjlpðp~~χÞ



jlðkχ̄Þ

�

× Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ ð197Þ

and so

Mijð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
Z

~χ

0

d~~χ

×
1

2

	
Wi

lp

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞWj

lq

�
~χ; ~~χ; ~η; ~~η;

∂
∂ ~~χ ;

∂
∂ ~~η

�
T Φðq; ~~ηÞjlq

ðq~~χÞ

þWi
lq

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðq~χÞWj

lp

�
~χ; ~~χ; ~η; ~~η;

∂
∂ ~~χ ;

∂
∂ ~~η

�
T Φðp; ~~ηÞjlpðp~~χÞ



jlðkχ̄Þ:

ð198Þ
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Finally, for (iv), it turns out

1

2
Δuvð2Þ

lm ðkÞ ¼
X

lpmplqmq

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�
ð4πÞ2ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
~χ

Z
~χ

0

d~~χ
~~χ

×
1

2

	
Wu

lp

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞWv

lq

�
~χ; ~~χ; ~η; ~~η;

∂
∂ ~~χ ;

∂
∂ ~~η

�
T Φðq; ~~ηÞjlqðq~~χÞ

þWu
lq

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðqχ̄ÞWv

lp

�
~χ; ~~χ; ~η; ~~η;

∂
∂ ~~χ ;

∂
∂ ~~η

�
T Φðp; ~~ηÞjlp

ðp~~χÞ


jlðkχ̄Þ

�

× Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ ð199Þ

and hence

Muvð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
~χ

Z
~χ

0

d~~χ
~~χ

×
1

2

	
Wu

lp

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðp; ~ηÞjlpðp~χÞWv

lq

�
~χ; ~~χ; ~η; ~~η;

∂
∂ ~~χ ;

∂
∂ ~~η

�
T Φðq; ~~ηÞjlq

ðq~~χÞ

þWu
lq

�
χ̄; η; ~χ; ~η;

∂
∂ ~χ ;

∂
∂ ~η

�
T Φðq; ~ηÞjlqðqχ̄ÞWv

lp

�
~χ; ~~χ; ~η; ~~η;

∂
∂ ~~χ ;

∂
∂ ~~η

�
T Φðp; ~~ηÞjlpðp~~χÞ



jlðkχ̄Þ:

ð200Þ

Here below we write explicitly all terms contained in Eq. (52):

M

R
½Φ∂⊥S⊥�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ 2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
~χ

Z
~χ

0

d~~χ
~~χ

×

	
be − 3þQ −

H0

H2
− 2

ð1 −QÞ
χ̄H

þ 3
ð1 −QÞ~χ

χ̄



½lqðlq þ 1ÞT Φðp; ~ηÞjlp

ðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ

þ lpðlp þ 1ÞT Φðq; ~ηÞjlqðq~χÞT Φðp; ~~ηÞjlpðp~~χÞ�jlðkχ̄Þ; ð201Þ

M

R
½∂∥Φκ�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ −2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
~χ

Z
~χ

0

d~~χ
ð ~χ − ~~χÞ

~~χ

×

	
2 − be þ

H0

H2
þ 2

ð1 −QÞ
χ̄H

−
ð1 −QÞ~χ

χ̄


�
lqðlq þ 1ÞT Φðp; ~ηÞ

	 ∂
∂ ~χ jlpðp~χÞ



T Φðq; ~~ηÞjlqðq~~χÞ

þ lpðlp þ 1ÞT Φðq; ~ηÞ
	 ∂
∂ ~χ jlqðq~χÞ



T Φðp; ~~ηÞjlpðp~~χÞ

�
jlðkχ̄Þ; ð202Þ

M

R
½Φ0κ�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ 2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
~χ

Z
~χ

0

d~~χ
ð ~χ − ~~χÞ

~~χ

×

	
2 − be þ

H0

H2
þ 2

ð1 −QÞ
χ̄H

−
ð1 −QÞ~χ

χ̄


�
lqðlq þ 1Þ

	 ∂
∂ ~η T

Φðp; ~ηÞ


jlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ

þ lpðlp þ 1Þ
	 ∂
∂ ~η T

Φðq; ~ηÞ


jlqðq~χÞT Φðp; ~~ηÞjlpðp~~χÞ

�
jlðkχ̄Þ; ð203Þ
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M

R
½Φκ�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ −2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

	
be − 2 −

H0

H2
− 2

ð1 −QÞ
χ̄H




×
Z

χ̄

0

d~χ
~χ2

Z
~χ

0

d~~χ
ð ~χ − ~~χÞ

~~χ
½lqðlq þ 1ÞT Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlq

ðq~~χÞ

þ lpðlp þ 1ÞT Φðq; ~ηÞjlqðq~χÞT Φðp; ~~ηÞjlpðp~~χÞ�jlðkχ̄Þ; ð204Þ

M

R
Φ2ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ −4δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ

× T Φðp; ~ηÞT Φðq; ~ηÞjlpðp~χÞjlqðq~χÞjlðkχ̄Þ; ð205Þ

M

R
½Φ0T�ð2Þ

lmlpmplqmql̄ m̄
ðk;p;qÞ ¼ 4δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄ χ̄Wð χ̄Þð1−QÞ

Z
χ̄

0

d~χ
Z

~χ

0

d~~χ

×

�	 ∂
∂ ~ηT

Φðp; ~ηÞ


jlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ þ

	 ∂
∂ ~ηT

Φðq; ~ηÞ


jlq

ðq~χÞT Φðp; ~~ηÞjlpðp~~χÞ
�
jlðkχ̄Þ;

ð206Þ

M

R
½∂⊥Φ∂⊥T�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ −δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄χ̄2Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
~χ2

�
3 − 5

~χ

χ̄

�Z
~χ

0

d~~χ

× ½T Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ þ T Φðq; ~ηÞjlqðqχ̄ÞT Φðp; ~~ηÞjlpðp~~χÞ�jlðkχ̄Þ; ð207Þ

M

R
½Φ00T�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ −2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

	
be − 2Q −

H0

H2
− 2

ð1 −QÞ
χ̄H




×
Z

χ̄

0

d~χ
Z

~χ

0

d~~χ

�	 ∂2

∂ ~η2 T
Φðp; ~ηÞ



jlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ

þ
	 ∂2

∂ ~η2 T
Φðq; ~ηÞ



jlqðq~χÞT Φðp; ~~ηÞjlp

ðp~~χÞ
�
jlðkχ̄Þ; ð208Þ

M

R
½Φ0Φ�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ 2δK

l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

	
be − 2Q −

H0

H2
− 2

ð1 −QÞ
χ̄H




×
Z

χ̄

0

d~χ

�	 ∂
∂ ~η T

Φðp; ~ηÞ


T Φðq; ~ηÞ þ

	 ∂
∂ ~η T

Φðq; ~ηÞ


T Φðp; ~ηÞ

�
jlpðp~χÞjlqðq~χÞjlðkχ̄Þ; ð209Þ

M

R
½Φ0I�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ −2δK

l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

	
be − 2Q −

H0

H2
− 2

ð1 −QÞ
χ̄H




×
Z

χ̄

0

d~χ
Z

~χ

0

d~~χ

�	 ∂
∂ ~η T

Φðp; ~ηÞ


jlpðp~χÞ

	 ∂
∂ ~~η T

Φðq; ~~ηÞ


jlqðq~~χÞ

þ
	 ∂
∂ ~η T

Φðq; ~ηÞ


jlqðq~χÞ

	 ∂
∂ ~~η T

Φðp; ~~ηÞ


jlpðp~~χÞ

�
jlðkχ̄Þ; ð210Þ

M

R
½∂⊥Φ0S⊥�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ 2δK

l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
Z

~χ

0

d~~χ
~~χ

×

	
1þ be − 3Q −

H0

H2
− 2

ð1 −QÞ
χ̄H

− ð1 −QÞ ~χ
χ̄


�	 ∂
∂ ~η T

Φðp; ~ηÞ


jlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ

þ
	 ∂
∂ ~η T

Φðq; ~ηÞ


jlqðqχ̄ÞT Φðp; ~~ηÞjlpðp~~χÞ

�
jlðkχ̄Þ; ð211Þ
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M

R
½∂⊥Φ0∂⊥T�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ −2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
~χ

Z
~χ

0

d~~χ

×

	
2þ be − 4Q −

H0

H2
− 2

ð1 −QÞ
χ̄H

− 2ð1 −QÞ ~χ
χ̄


�	 ∂
∂ ~η T

Φðp; ~ηÞ


jlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ

þ
	 ∂
∂ ~η T

Φðq; ~ηÞ


jlqðqχ̄ÞT Φðp; ~~ηÞjlpðp~~χÞ

�
jlðkχ̄Þ; ð212Þ

M

R
½△ΩΦI�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ −2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄χ̄2Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
~χ

Z
~χ

0

d~~χ

×

�
lpðlp þ 1ÞT Φðp; ~ηÞjlpðp~χÞ

	 ∂
∂ ~~η T

Φðq; ~~ηÞ


jlqðq~~χÞ

þ lqðlq þ 1ÞT Φðq; ~ηÞjlqðq~χÞ
	 ∂
∂ ~~η T

Φðp; ~~ηÞ


jlpðp~~χÞ

�
jlðkχ̄Þ; ð213Þ

M

R
½ΔΩΦ

R
~~χΦ0�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ 2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
~χ

Z
~χ

0

~~χd~~χ

×

�
lpðlp þ 1ÞT Φðp; ~ηÞjlpðp~χÞ

	 ∂
∂ ~~η T

Φðq; ~~ηÞ


jlq

ðq~~χÞ

þ lqðlq þ 1ÞT Φðq; ~ηÞjlqðq~χÞ
	 ∂
∂ ~~η T

Φðp; ~~ηÞ


jlpðp~~χÞ

�
jlðkχ̄Þ; ð214Þ

M

R
½∂⊥Φ∂⊥I�ð2Þ

lmlpmplqmql̄ m̄
ðk;p;qÞ ¼ 2δK

l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄χ̄2Wð χ̄Þð1−QÞ

Z
χ̄

0

d~χ
~χ

Z
~χ

0

d~~χ

×

�
T Φðp; ~ηÞjlpðp~χÞ

	 ∂
∂ ~~ηT

Φðq; ~~ηÞ


jlqðq~~χÞ þ T Φðq; ~ηÞjlqðq~χÞ

	 ∂
∂ ~~ηT

Φðp; ~~ηÞ


jlpðp~~χÞ

�
jlðkχ̄Þ;

ð215Þ

M

R
½∂⊥Φ ~∂⊥

R
~~χΦ0�ð2Þ

lmlpmplqmql̄ m̄
ðk;p;qÞ ¼−2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄ χ̄Wð χ̄Þð1−QÞ

Z
χ̄

0

d~χ
~χ

Z
~χ

0

~~χd~~χ

×

�
T Φðp; ~ηÞjlpðp~χÞ

	 ∂
∂ ~~ηT

Φðq; ~~ηÞ


jlqðq~~χÞþT Φðq; ~ηÞjlq

ðq~χÞ
	 ∂
∂ ~~ηT

Φðp; ~~ηÞ


jlp

ðp~~χÞ
�
jlðkχ̄Þ;

ð216Þ

M

R
½∂⊥Φ∂⊥Φ�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ 4δK

l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
~χ
ð χ̄ − ~χÞ

× T Φðp; ~ηÞT Φðq; ~ηÞjlpðp~χÞjlqðq~χÞjlðkχ̄Þ; ð217Þ

M

R
½ΦΔΩΦ�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ −2δK

l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞð−1Þmilpþlq ½lqðlq þ 1Þ þ lpðlp þ 1Þ�Gllplq
−mmpmq

×
Z

dχ̄ χ̄Wð χ̄Þð1 −QÞ
Z

χ̄

0

d~χ
~χ
ð χ̄ − ~χÞT Φðp; ~ηÞT Φðq; ~ηÞjlpðp~χÞjlqðq~χÞjlðkχ̄Þ; ð218Þ

M

R
½△ΩΦT�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ 2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
~χ
ð χ̄ − ~χÞ

Z
~χ

0

d~~χ

× ½lpðlp þ 1ÞT Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ
þ lqðlq þ 1ÞT Φðq; ~ηÞjlq

ðq~χÞT Φðp; ~~ηÞjlpðp~~χÞ�jlðkχ̄Þ; ð219Þ
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M

R
½∂⊥ΦS⊥�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ δK

l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
~χ
ð χ̄ − ~χÞ

Z
~χ

0

d~~χ
~~χ

× ½T Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ þ T Φðq; ~ηÞjlqðqχ̄ÞT Φðp; ~~ηÞjlp
ðp~~χÞ�jlðkχ̄Þ; ð220Þ

M

R
½∂⊥ ~∇2⊥ΦS⊥�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ −2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
~χ
ð χ̄ − ~χÞ

Z
~χ

0

d~~χ
~~χ

× ½lpðlp þ 1ÞT Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ
þ lqðlq þ 1ÞT Φðq; ~ηÞjlqðq~χÞT Φðp; ~~ηÞjlpðp~~χÞ�jlðkχ̄Þ; ð221Þ

M

R
½∂⊥ ~∇2⊥Φ∂⊥T�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ 2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞilpþlqI
mmpmq

llplp

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
~χ2

ð χ̄ − ~χÞ
Z

~χ

0

d~~χ

× ½lpðlp þ 1ÞT Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlq
ðq~~χÞ

þ lqðlq þ 1ÞT Φðq; ~ηÞjlqðq~χÞT Φðp; ~~ηÞjlpðp~~χÞ�jlðkχ̄Þ; ð222Þ

M

R
½△ΩΦκ�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ −2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1Þmilpþlqlpðlp þ 1Þlqðlq þ 1ÞGllplq
−mmpmq

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

×
Z

χ̄

0

d~χ
~χ2

ð χ̄ − ~χÞ
Z

~χ

0

d~~χ
~~χ
ð ~χ − ~~χÞ½T Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlq

ðq~~χÞ

þ T Φðq; ~ηÞjlqðq~χÞT Φðp; ~~ηÞjlpðp~~χÞ�jlðkχ̄Þ; ð223Þ

M

R
½Φ0∂⊥S⊥�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ −2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χð χ̄ − ~χÞ
Z

~χ

0

d~~χ
~~χ

×

�
lqðlq þ 1Þ

	 ∂
∂ ~η T

Φðp; ~ηÞ


jlp

ðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ

þ lpðlp þ 1Þ
	 ∂
∂ ~η T

Φðq; ~ηÞ


jlqðq~χÞT Φðp; ~~ηÞjlpðp~~χÞ

�
jlðkχ̄Þ; ð224Þ

M

R
½Φ0△ΩT�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ 2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
~χ
ð χ̄ − ~χÞ

Z
~χ

0

d~~χ

×

�
lqðlq þ 1Þ

	 ∂
∂ ~η T

Φðp; ~ηÞ


jlp

ðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ

þ lpðlp þ 1Þ
	 ∂
∂ ~η T

Φðq; ~ηÞ


jlqðq~χÞT Φðp; ~~ηÞjlpðp~~χÞ

�
jlðkχ̄Þ; ð225Þ

M

R
½Φ△ΩT�ð2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ ¼ 2δKl̄0δ

K
m̄0ð4πÞ3ℵ�

lðkÞð−1ÞmilpþlqG
llplq
−mmpmq

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
~χ2

ð χ̄ − ~χÞ
Z

~χ

0

d~~χ

× ½lqðlq þ 1ÞT Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ
þ lpðlp þ 1ÞT Φðq; ~ηÞjlqðq~χÞT Φðp; ~~ηÞjlpðp~~χÞ�jlðkχ̄Þ: ð226Þ

H. Terms from Δð2Þ
g int− 5 [see Eq. (53)]

We immediately see that Δð2Þ
g int−5 contains all symmetric trace-free terms with orthogonal partial derivatives. In order to

compute correctly all these relations, it is useful to rewrite ∂̄i⊥∂̄j
⊥ with covariant derivates ð2Þ∇i and, then, the usual spin-

raising and spin-lowering operators (for more details, see Appendix C). In particular, we have
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∂̄⊥ði∂̄⊥jÞΦ ¼ 1

χ̄2
ð−n̂ðið2Þ∇jÞΦþ ð2Þ∇ðið2Þ∇jÞΦÞ; ð227Þ

where

mi
�m

j
�∂̄⊥ði∂̄⊥jÞΦ ¼ 1

χ̄2
mi

�m
j
�
ð2Þ∇ðið2Þ∇jÞΦ ð228Þ

and using Pij ¼ 2mþðim−jÞ, we find

ð2Þ∇ðið2Þ∇jÞΦ −
1

2
Pij

ð2Þ∇2Φ ¼ 2Φmþimþj þ −2Φm−im−j;

ð229Þ

where

2Φ ¼ mi
−mj

−
ð2Þ∇i

ð2Þ∇jΦ ¼ 1

2
ð2Φ and

−2Φ ¼ miþm
j
þð2Þ∇i

ð2Þ∇jΦ ¼ 1

2
ð̄2Φ: ð230Þ

Using

1Φ ¼ mi
−
ð2Þ∇iΦ ¼ −

ffiffiffi
1

2

r
ðΦ and

−1Φ ¼ miþð2Þ∇iΦ ¼ −
ffiffiffi
1

2

r
ð̄Φ; ð231Þ

then

∂̄⊥ði∂̄⊥jÞΦ−
1

2
Pij∇2⊥Φ¼ 1

χ̄2

	 ffiffiffi
1

2

r
n̂ðiðmþjÞðΦþm−jÞð̄ΦÞ

þ1

2
ðð2Φmþimþjþ ð̄2Φm−im−jÞ



:

ð232Þ

Now taking into account Eq. (134) and

ð2Ylmðn̂Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2Þ!
ðl − 2Þ!

s
2Ylmðn̂Þ and

ð̄2Ylmðn̂Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2Þ!
ðl − 2Þ!

s
−2Ylmðn̂Þ; ð233Þ

Eq. (229) turns out

2Φmþimþj þ −2Φm−im−j

¼
X
lm

ð2πÞil
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2Þ!
ðl − 2Þ!

s

× ð2Ylmðn̂Þmþimþj þ −2Ylmðn̂Þm−im−jÞ

×
Z

d3k
ð2πÞ3 jlðkχ̄ÞY

�
lmðk̂ÞΦðkÞ: ð234Þ

Using these results we can focus on the following terms: (i)

Δγ2ð2Þ ¼ −2ð1 −QÞjγð1Þj2 ¼ −ð1 −QÞγð1Þij γ
ijð1Þ ð235Þ

and, (ii) a shear term related to post-Born term
perturbations

ΔγPost-Bornð2Þ ¼ 8ð1 −QÞ
Z

χ̄

0

d~χðχ̄ − ~χÞ ~χ
χ̄

�
~∂⊥ðj ~∂⊥mÞΦ −

1

2
Pjm

~∇2
⊥Φ

�
×

	�
~∂ðj
⊥ ~∂mÞ

⊥ −
1

2
Pjm ~∇2

⊥
�Z

~χ

0

d~~χð~χ − ~~χÞ ~χ
~~χ
Φ


:

ð236Þ

For (i) and using Eqs. (25) and (232) we find

γð1Þij ¼ 2

Z
χ̄

0

d~χ
ð χ̄ − ~χÞ
χ̄ ~χ

	 ffiffiffi
1

2

r
n̂ðiðmþjÞðΦþm−jÞð̄ΦÞ þ 1

2
ðð2Φmþimþj þ ð̄2Φm−im−jÞ




¼ −2nði
	Z

χ̄

0

d~χ
ð χ̄ − ~χÞ
χ̄ ~χ

ðmþjÞ1Φþm−jÞ−1ΦÞ


þ ð2γð1Þmþimþj þ −2γ

ð1Þm−im−jÞ

¼ 2nðiðmþjÞ1γ
ð1Þ þm−jÞ−1γ

ð1ÞÞ þ ð2γð1Þmþimþj þ −2γ
ð1Þm−im−jÞ; ð237Þ

where

1γ
ð1Þ ¼ −

Z
χ̄

0

d~χ

	ð χ̄ − ~χÞ
χ̄ ~χ 1Φ



¼

ffiffiffi
1

2

r Z
χ̄

0

d~χ

	ð χ̄ − ~χÞ
χ̄ ~χ

ðΦ



¼
X
lm

ð4πÞil
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

2

r
1Ylmðn̂Þ

Z
d3k
ð2πÞ3 Y

�
lmðk̂ÞΦpðkÞ

Z
χ̄

0

d~χ
ð χ̄ − ~χÞ
χ̄ ~χ

jlðk~χÞT Φðk; ~ηÞ; ð238Þ
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−1γ
ð1Þ ¼ −

Z
χ̄

0

d~χ

	ð χ̄ − ~χÞ
χ̄ ~χ −1Φ



¼

ffiffiffi
1

2

r Z
χ̄

0

d~χ

	ð χ̄ − ~χÞ
χ̄ ~χ

ð̄Φ



¼ −
X
lm

ð4πÞil
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

2

r
−1Ylmðn̂Þ

Z
d3k
ð2πÞ3 Y

�
lmðk̂ÞΦpðkÞ

Z
χ̄

0

d~χ
ð χ̄ − ~χÞ
χ̄ ~χ

jlðk~χÞT Φðk; ~ηÞ; ð239Þ

2γ
ð1Þ ¼ mi

−mj
−γ

ð1Þ
ij ¼ 2

Z
χ̄

0

d~χ

	ð χ̄ − ~χÞ
χ̄ ~χ 2Φ



¼

Z
χ̄

0

d~χ

	ð χ̄ − ~χÞ
χ̄ ~χ

ð2Φ



¼
X
lm

ð4πÞil
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2Þ!
ðl − 2Þ!

s
2Ylmðn̂Þ

Z
d3k
ð2πÞ3 Y

�
lmðk̂ÞΦpðkÞ

Z
χ̄

0

d~χ
ð χ̄ − ~χÞ
χ̄ ~χ

jlðk~χÞT Φðk; ~ηÞ; ð240Þ

−2γ
ð1Þ ¼ miþm

j
þγ

ð1Þ
ij ¼ 2

Z
χ̄

0

d~χ

	ð χ̄ − ~χÞ
χ̄ ~χ 2Φ



¼

Z
χ̄

0

d~χ

	ð χ̄ − ~χÞ
χ̄ ~χ

ð̄2Φ



¼
X
lm

ð4πÞil
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2Þ!
ðl − 2Þ!

s
−2Ylmðn̂Þ

Z
d3k
ð2πÞ3 Y

�
lmðk̂ÞΦpðkÞ

Z
χ̄

0

d~χ
ð χ̄ − ~χÞ
χ̄ ~χ

jlðk~χÞT Φðk; ~ηÞ; ð241Þ

and

1

2
Δγ2ð2Þ ¼ −ð1 −QÞ½1γð1Þ−1γð1Þ þ −1γ

ð1Þ
1γ

ð1Þ� − ð1 −QÞ
2

½2γð1Þ−2γð1Þ þ −2γ
ð1Þ

2γ
ð1Þ�: ð242Þ

Therefore Eq. (242) reads

1

2
Δγ2ð2ÞðxÞ ¼

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�
ð1 −QÞ

X
lpmplqmq

ð4πÞ2ilpþlq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lpðlp þ 1Þlqðlq þ 1Þp

2

× ½1Ylpmp
ðn̂Þ−1Ylqmq

ðn̂Þ þ −1Ylpmp
ðn̂Þþ1Ylqmq

ðn̂Þ�
Z

χ̄

0

dχp

Z
χ̄

0

dχq
ð χ̄ − χpÞ
χ̄χp

ð χ̄ − χqÞ
χ̄χq

T Φðp; ηpÞT Φðq; ηqÞ

× jlpðpχpÞjlqðqχqÞ
�
Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ

þ
Z

d3p
ð2πÞ3

d3q
ð2πÞ3

�
−
ð1 −QÞ

2

X
lpmplqmq

ð4πÞ2ilpþlq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlp þ 2Þ!
ðlp − 2Þ!

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlq þ 2Þ!
ðlq − 2Þ!

s

× ½2Ylpmp
ðn̂Þ−2Ylqmq

ðn̂Þ þ −2Ylpmp
ðn̂Þþ2Ylqmq

ðn̂Þ�
Z

χ̄

0

dχp

Z
χ̄

0

dχq
ð χ̄ − χpÞ
χ̄χp

ð χ̄ − χqÞ
χ̄χq

T Φðp; ηpÞT Φðq; ηqÞ

× jlpðpχpÞjlqðqχqÞ
�
Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ: ð243Þ

Using Eqs. (136) and (137) we have

½2Ylpmp
ðn̂Þ−2Ylqmq

ðn̂Þ þ −2Ylpmp
ðn̂Þþ2Ylqmq

ðn̂Þ� ¼
X
~l ~m

ð−1Þ ~mY ~l− ~mðn̂ÞðI−220
lplq ~l

þ I2−20
lplq ~l

Þ
�
lp lq

~l

mp mq ~m

�
: ð244Þ

Noting that

I−220
lplql̄

þ I2−20
lplq ~l

¼ ½1þ ð−1Þlpþlqþ ~l�I2−20
lplq

~l
¼

� 2I2−20
lplq ~l

lp þ lq þ ~leven

0 lp þ lq þ ~lodd;

and taking into account Eq. (171), we can easily project Δγ2ð2ÞðxÞ on jklmi space. Indeed
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1

2
Δγ2ð2Þ

lm ðkÞ ¼
X

lpmplqmq

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�
ð4πÞ2ℵ�

lðkÞilpþlq

	
I
mmpmq

llplq
þ ð−1ÞmGllplq

−mmpmq

�
lp lq l

2 −2 0

�

×

�
lp lq l

0 0 0

�−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlp þ 2Þ!
ðlp − 2Þ!

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlq þ 2Þ!
ðlq − 2Þ!

s 
Z
dχ̄Wð χ̄Þ½−ð1 −QÞ�

Z
χ̄

0

dχp
χp

Z
χ̄

0

dχq
χq

ð χ̄ − χpÞð χ̄ − χqÞ

× T Φðp; ηpÞT Φðq; ηqÞjlpðpχpÞjlqðqχqÞjlðkχ̄Þ
�
Y�
lpmp

ðp̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ: ð245Þ

and, finally, we find

Mγ2ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δK
l̄0
δKm̄0ð4πÞ3ℵ�

lðkÞilpþlq

	
I
mmpmq

llplq
þ ð−1ÞmGllplq

−mmpmq

�
lp lq l

2 −2 0

��
lp lq l

0 0 0

�−1

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlp þ 2Þ!
ðlp − 2Þ!

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlq þ 2Þ!
ðlq − 2Þ!

s 
Z
dχ̄Wð χ̄Þ½−ð1 −QÞ�

Z
χ̄

0

dχp
χp

Z
χ̄

0

dχq
χq

ð χ̄ − χpÞð χ̄ − χqÞ

× T Φðp; ηpÞT Φðq; ηqÞjlpðpχpÞjlq
ðqχqÞjlðkχ̄Þ: ð246Þ

Here we can immediately see that the first additive term within square brackets cancels Eq. (181).
For case (ii), using the relations written above we can quickly obtain

ΔγPost-Bornð2Þ ¼ 8ð1 −QÞ
Z

χ̄

0

d~χ
ðχ̄ − ~χÞ
χ̄ ~χ

	 ffiffiffi
1

2

r
n̂ðiðmþjÞðΦþm−jÞð̄ΦÞ þ 1

2
ðð2Φmþimþj þ ð̄2Φm−im−jÞ�

×
Z

~χ

0

d~~χ
ð~χ − ~~χÞ
~χ ~~χ

	 ffiffiffi
1

2

r
n̂ðiðmjÞ

þðΦþmjÞ
− ð̄ΦÞ þ 1

2
ðð2Φmiþm

j
þ þ ð̄2Φmi

−mj
−Þ


: ð247Þ

Projecting this relation on jklmi space, it turns out

1

2
ΔγPost-Born

lm ðkÞ ¼
X

lpmplqmq

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�
ð4πÞ2ℵ�

lðkÞilpþlq

	
I
mmpmq

llplq
þ ð−1ÞmGllplq

−mmpmq

�
lp lq l

2 −2 0

�

×

�
lp lq l

0 0 0

�−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlp þ 2Þ!
ðlp − 2Þ!

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlq þ 2Þ!
ðlq − 2Þ!

s 
Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
~χ2

ð χ̄ − ~χÞ
Z

~χ

0

d~~χ
~~χ
ð ~χ − ~~χÞ

× ½T Φðp; ~ηÞjlp
ðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ þ T Φðq; ~ηÞjlqðqχ̄ÞT Φðp; ~~ηÞjlpðp~~χÞ�jlðkχ̄Þ

�
× Y�

lpmp
ðp̂ÞY�

lqmq
ðq̂ÞΦpðpÞΦpðqÞ ð248Þ

and hence

MγPost-Bornð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ δKl̄0δ
K
m̄0ð4πÞ3ℵ�

lðkÞilpþlq

	
I
mmpmq

llplq
þ ð−1ÞmGllplq

−mmpmq

�
lp lq l

2 −2 0

��
lp lq l

0 0 0

�−1

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlp þ 2Þ!
ðlp − 2Þ!

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlq þ 2Þ!
ðlq − 2Þ!

s 
Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
~χ2

ð χ̄ − ~χÞ
Z

~χ

0

d~~χ
~~χ
ð ~χ − ~~χÞ

× ½T Φðp; ~ηÞjlpðp~χÞT Φðq; ~~ηÞjlqðq~~χÞ þ T Φðq; ~ηÞjlqðqχ̄ÞT Φðp; ~~ηÞjlp
ðp~~χÞ�jlðkχ̄Þ: ð249Þ

VII. BIAS

To correctly incorporate galaxy bias in the expression for the overdensity, which appears e.g., in Eqs. (30), (31), (39), (42)
etc., we treat the galaxy bias up to second order using the comoving-synchronous (CS) gauge. We argue that the CS gauge is
entirely appropriate to describe the matter overdensity at second order (for details, see [63]). The bias should be defined in
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the rest frame of CDM, which is assumed to coincide with
the rest frame of galaxies on large scales and can be
computed using the peak-background split approach [126].
In CS gauge, the spherical collapse model has an exact GR
interpretation [70,98,127,128]. Indeed, only in this frame
we can resort to the peak-background split [129,130]
approach, in which, in the Press-Schecter-inspired pre-
scription [126], halos of a given mass, M, collapse when the
linearly growing local density contrast (smoothed on the
corresponding mass scale) reaches a critical value. This is
important for a self-consistent calculation of the so-called
non-Gaussian halo bias and for precision parameter esti-
mates, introduced by nonlinear projection effects.
In ΛCDM, the CDM rest frame is defined up to second

order in the CS gauge—in which the galaxy and matter
overdensities are gauge invariant. The CS gauge is defined
by gCS00 ¼ −1, gCS0i ¼ 0 and viCS ¼ 0. At second order,

ds2 ¼ aðηÞ2
	
−dη2 þ

�
δij þ hCSij

ð1Þ þ 1

2
hCSij

ð2Þ
�
dxidxj



;

ð250Þ

where hCSij
ðnÞ ¼ −2ψ ðnÞ

CSδij þ ð∂i∂j − δij∇2=3ÞχðnÞCS þ
∂iχ

CS
j

ðnÞ þ ∂jχ
CS
i þ χCSij

ðnÞ, ∂iχ
iðnÞ
CS ¼ ∂iχ

ijðnÞ
CS ¼ 0 (where,

for simplicity, we have removed the purely transverse
space-dependent constant C⊥

i in g0i; see [131]).
Before proceeding into the main part of this section,

some comments are in order.

(i) The primordial non-Gaussianity (NG) has to be
considered in all second-order contributions. NG is set at
primordial inflationary epochs on large scales. At later
times cosmological perturbations reenter the Hubble radius
during the radiation or during the matter epoch. Beyond
linear order, integrated (or projection) effects couple large
and small scales. Thus the NG large-scale information leaks
into smaller scales. Therefore a complete general relativ-
istic computation is required to evaluate all the observable
imprint of PNG in the LSS.
(ii) The long-mode curvature perturbation modulates the

matter overdensity, with an effective fGRNL ¼ −5=3 [64], but
this effect cancels out in the halo overdensity, when
perturbations are evaluated at a fixed local scale ~x, rather
than fixed global scale x. More in detail, the small-scale
density at a fixed local physical scale is independent of the
long-wavelength perturbation. Thus the long-wavelength
mode has no effect on the small-scale variance of the
density field smoothed on a fixed mass scale. In other
words, the long-wavelength perturbations are not observ-
able locally if the distribution of the primordial metric
perturbation8 ζ is a Gaussian random field and we conclude

that, within δð2ÞmCS, f
GR
NL ¼ −5=3 is, in the strictly squeezed

limit, reabsorbed via a local coordinate transformation (see
[64,132,133] and Appendix E 2 a).
Taking into account the above discussion, we define the

scale-independent bias in a completely general way at first
and second order (considering scales down to the mildly
nonlinear regime) as [56,59,60,62,65,66] 16)

δð1ÞgCS þ
1

2
δð2ÞgCS ¼ b10δ

ð1Þ
mCS þ b∇2δ∇2δð1ÞmCS þ b01ζ þ

1

2
b10δ

ð2Þ
mCS þ

1

2
b∇2δ∇2δð2ÞmCS þ

1

2
b20ðδð1ÞmCSÞ2 þ b11ζδ

ð1Þ
mCS þ

1

2
b02ζ2

þ 1

2
bs2s

2 þ 1

2
bð∇2δÞ2ð∇2δð1ÞmCSÞ2 þ bδ∇2δδ

ð1Þ
mCS∇2δð1ÞmCS þ bð∂δÞ2δKijð∂iδ

ð1Þ
mCSÞð∂jδ

ð1Þ
mCSÞ; ð251Þ

where9 b10, b∇2δ; b01; b11; b20; b20; bs2 ; bð∇2δÞ2 ; bδ∇2δ; bð∂δÞ2 depend on the conformal time,10 ζ is the comoving curvature
perturbation and

10Rigorously b10, b∇2δ; b01; b11; b20; b20; bs2 ; bð∇2δÞ2 ; bδ∇2δ; bð∂δÞ2 should be also functions of space and time. Then, in Fourier space,
δgCSðkÞ should be written in the following way:

δð1ÞgCSðkηÞ ¼ b10ðkηÞδð1ÞmCSðkηÞ − b∇2δðkηÞk2δð1ÞmCSðkηÞ þ b01ðkηÞζðkÞ; ð252Þ

δð2ÞgCSðkηÞ ¼
Z

d3p
ð2πÞ3

d3q
ð2πÞ3 ð2πÞ

3δDðpþq−kÞ½b10ðp;q; k;ηÞδð2ÞmCSðp;q; k;ηÞ− b∇2δðp;q; k;ηÞk2δð2ÞmCSðp;q; k;ηÞ

þ b20ðp;q; k;ηÞδð1ÞmCSðp;ηÞδð1ÞmCSðq;ηÞþ b11ðp;q; k;ηÞðζðpÞδð1ÞmCSðq;ηÞþ ζðqÞδð1ÞmCSðp;ηÞÞþ b02ðp;q; k;ηÞζðpÞζðqÞ
þ bs2ðp;q; k;ηÞsðp;ηÞsðq;ηÞþ bð∇2δÞ2ðp;q; k;ηÞp2q2δð1ÞmCSðp;ηÞδð1ÞmCSðq;ηÞ
− bδ∇2δðp;q; k;ηÞðp2 þ q2Þδð1ÞmCSðp;ηÞδð1ÞmCSðq;ηÞ− 2bð∂δÞ2ðp;q; k;ηÞðp ·qÞδð1ÞmCSðp;ηÞδð1ÞmCSðq;ηÞ�: ð253Þ

8Here the comoving curvature perturbation ζ has the same definition and notation as in e.g. Refs. [58,100,132]. Finally ζ here is −ζ in
[122], and ζ ¼ −Rc defined in [99].

9Let us note that if the single-field consistency conditions hold, then for example we have b01 ¼ 0.
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s2 ¼ sijsij; with sij ¼
�∂i∂j

∇2
−
δKij
3

�
δð1ÞmCS: ð254Þ

Let us point out that δð2ÞgCS depends also on primordial non-Gaussianity (see Appendix E 2 a for an analysis at k ≤ keq where
the primordial fNL is written explicitly).
Now we need to connect δgCS in Eq. (251) with δg defined above in the Poisson gauge. From [46,47,50] we know that

δg ¼ δgCS − beHvþ 3Hv; ð255Þ

δð2Þg ¼ δð2ÞgCS−beHvð2Þ þ3Hvð2Þ þðbeH0−3H0 þHb0eþb2eH2−6beH2þ9H2Þv2þHbevv0−3Hvv0

−2HbevδgCSþ6HvδgCS−2vδgCS0−
1

2
∂iχð−beH∂ivþ3H∂ivþ2∂iδgCSÞ

− ðbe−3ÞH∇−2
�
v∇2v0−v0∇2v−6∂iΦ∂iv−6Φ∇2vþ1

2
∂iχ

ð1Þ∂i∇2vþ1

2
∂iv∂i∇2χð1Þ þ∂i∂jχð1Þ∂i∂jv

�
: ð256Þ

Note the useful relation11 v ¼ χð1Þ0=2. In particular, Eq. (256) can be expressed as follows:

δð2Þg ¼ δð2ÞgCS − ∂iχð1Þ∂iδgCS − ðbe − 3ÞHvð2Þ þ ½ðbe − 3ÞH0 þHb0e þ ðbe − 3Þ2H2�v2 þ ðbe − 3ÞHvv0 − 2vδ0gCS
− 2Hðbe − 3ÞvδgCS − ðbe − 3ÞH∇−2ðv∇2v0 − v0∇2v − 6∂iΦ∂iv − 6Φ∇2vÞ; ð257Þ

where we used the relation ∇2ð∂iχ
ð1Þ∂ivÞ ¼ ∂iχ

ð1Þ∂i∇2vþ ∂iv∂i∇2χð1Þ þ 2∂i∂jχ
ð1Þ∂i∂jv. Bearing in mind Eqs. (251),

(255) and (257) become

δg ¼ b10δ
ð1Þ
mCS þ b∇2δ∇2δð1ÞmCS þ b01ζ − ðbe − 3ÞHv; ð258Þ

δð2Þg ¼ b10δ
ð2Þ
mCS þ b∇2δ∇2δð2ÞmCS þ b20ðδð1ÞmCSÞ2 − b10∂iχð1Þ∂iδ

ð1Þ
mCS − b∇2δ∂iχð1Þ∇2∂iδ

ð1Þ
mCS þ bs2s

2 þ bð∇2δÞ2ð∇2δð1ÞmCSÞ2

þ 2bδ∇2δδ
ð1Þ
mCS∇2δð1ÞmCS þ 2bð∂δÞ2∂iδ

ð1Þ
mCS∂iδð1ÞmCS − ðbe − 3ÞHvð2Þ − 2½b010 þHðbe − 3Þb10�vδð1ÞmCS

− 2½b0∇2δ
þHðbe − 3Þb∇2δ�v∇2δð1ÞmCS þ 2b11ζδ

ð1Þ
mCS − b01∂iχð1Þ∂iζ − 2½b001 þHðbe − 3Þb01�vζ

− 2b10vδ
ð1Þ
mCS

0 − 2b∇2δv∇2δð1ÞmCS
0 þ b02ζ2 þ ðbe − 3ÞHvv0 þ ½ðbe − 3ÞH0 þHb0e þ ðbe − 3Þ2H2�v2

− ðbe − 3ÞH∇−2ðv∇2v0 − v0∇2v − 6∂iΦ∂iv − 6Φ∇2vÞ: ð259Þ

Now, using this definition for the bias in Eqs. (251) and (255), the transfer function T δg , defined in Eq. (82), can be
explicitly written as

T δgðk; ηÞ ¼ b10ðη; L̄ÞT δSCðk; ηÞ − b∇2δðη; L̄Þk2T δSCðk; ηÞ þ b01ðη; L̄ÞT ζðk; ηÞ − ðbeðη; L̄Þ − 3ÞHT vðk; ηÞ: ð260Þ

Finally we can also rewrite the magnification bias, which first appeared in Sec. III, as

Qð1Þðx̄α; L̄Þ ¼ −
∂δg
∂ ln L̄ ¼ −

∂δgCS
∂ ln L̄þH

∂be
∂ ln L̄ v ¼ −

∂b10ðx̄0; L̄Þ
∂ ln L̄ δð1ÞmCS −

∂b∇2δðx̄0; L̄Þ
∂ ln L̄ ∇2δð1ÞmCS −

∂b01ðx̄0; L̄Þ
∂ ln L̄ ζþH

∂be
∂ ln L̄ v;

ð261Þ

and, consequently, T Qð1Þ
, in Eq. (128), turns out to be

T Qð1Þ ðk;η; L̄Þ¼−
∂b10ðη; L̄Þ
∂ ln L̄ T δSCðk;ηÞþ∂b∇2δðη; L̄Þ

∂ ln L̄ k2T δSCðk;ηÞ−∂b01ðη; L̄Þ
∂ ln L̄ T ζðk;ηÞþH

∂beðη; L̄Þ
∂ ln L̄ T vðk;ηÞ: ð262Þ

11For simplicity we have defined χð1Þ ¼ χð1ÞCS.
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Appendix E is devoted to write explicitly all the transfer
functions T bðk; ηÞ and the kernels Fbð2Þ

l̄
ðp; q; ηÞ for the

(spatially flat)ΛCDMmodel (all these results can be quickly
generalized for CDMþ dynamical dark energy models).

VIII. CONCLUSIONS

In this paper we presented, for the first time, the full
expression of the galaxy three-point function (the bispec-
trum) including all relativistic local and integrated terms at
second order in the perturbations, in the wide-angle geom-
etry (we never rely on the Limber and flat-sky approxima-
tions) and including the non-Gaussianity parameter fNL. We
also include the galaxy bias up to second order, including a
tidal term and add all magnification corrections. We believe
that the calculations and expressions presented here, despite
being cumbersome and appearing tedious and complicated,
are a valuable and timely contribution. Future and forth-
coming galaxy surveys will map the sky on ultralarge scales
with unprecedented precision bringing LSS in regime where
the simple Newtonian approximation is not longer sufficient.
The next-to-leading-order correlation (such as the bispec-
trum) despite being a lower signal-to-noise quantity than the
power spectrum, encloses key complementary physical and
cosmological information, which should not be neglected if
we are maximizing the scientific return from this observa-
tional effort. Given that the bispectrum on large scales will
be measured, the correct interpretation of the measurement
relies on accurate and precise theoretical modeling of the
signal. It is for this reason that we believe it is of fundamental
importance at this point to have the full expression of the
galaxy bispectrum, and we embarked in this challenging and
time consuming task, despite its apparent complexity.
Working in spherical Bessel coordinates, we derived a

compact expression for the bispectrum that encompasses all
the physical contributions at first and second order, in curved
sky and including integrated terms for radial configurations.
We found that we can write the full GR bispectrum as

hΔgðk1ÞΔgðk2ÞΔgðk3Þi

¼
X3

limi¼1

Ul1l2l3
ðk1;k2;k3Þ×T SH

li;mi ×Bl1l2l3ðk1;k2;k3Þ;

after resumming over fl1m1;l2m2;l3m3g, U is a scale-
dependent angular function and T SH

li;mi are tripolar spheri-
cal harmonics; see Eq. (80).
In this case, the bispectrum in Fourier angular space is

written as

Bl1l2l3ðk1; k2; k3Þ

¼
X
abc

Cjl

Z
q22dq2
ð2πÞ3

q23dq3
ð2πÞ3 ½K

að2Þ
l1lp1lq1l̄1

ðk1; q2; q3Þ

×Mbð1Þ
l2

ðk2; q2ÞMcð1Þ
l3

ðk3; q3Þ�PΦðq2ÞPΦðq3Þ þ cyc;

whereCjl is a combination ofmultipoles and 3j- and 6j-Wigner
symbols, PΦ denotes the primordial (linear, Gaussian) power
spectrum of the Bardeen gravitational potential and

Kað2Þ
l1lp1lq1l̄1

ðk1; q2; q3Þ ∝ Mað2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1; q2; q3Þ
and Mιð1Þ

lι
ðkι; qιÞ [see Eq. (81)] are spherical multipole

functions at second and first order, respectively, containing
all the physical effects. For the explicit expressions of all
the terms, a concise summary can be found in Sec. II and
the details in the rest of the text. In particular,

Mað2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1; q2; q3Þ are in Eqs. (89)–(94),
(100)–(128), (143)–(145), (152)–(165), (176)–(182), (184)–
(185), (188), (201)–(226), (246), (249), (F6)–(F11), (F13)–
(F14) and (F16).
It is evident that the expressions provided here will likely

be impractical for most realistic applications or data
analyses. Hence approximations will have to be made.
The results presented here provide the starting point to
devise suitable approximations and a reference and bench-
mark to assess the validity, accuracy, performance, advan-
tages and disadvantages of any such approximation. For
example for numerical and computational reasons, real data
analyses should involve an optimal choice of which terms
to include. We envision that the results presented here will
be a reference for assessing which physical effects are most
important and which one are ultimately negligible. The
choice will depend on specific survey characteristics, on the
physics to test, models considered or question at hand.
Significant work remains to be done in evaluating the
relative importance of the (many) different terms and
physical contributions to the overall signal in different
regimes. While preliminary investigation suggest that this
is a viable program, we leave this effort to future work.
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APPENDIX A: USEFUL RELATIONS
IN THE POISSON GAUGE

Here we report the expressions for the metric and the
four-velocities in Poisson gauge [70,123] used in Sec. III.
From Eq. (9) the perturbation of the FRWmetrics gμν and

gμν is

g00¼−a2ð1þ2ΦþΦð2ÞÞ;
g00¼−a−2½1−2Φ−Φð2Þþ4Φ2�;
g0i¼a2ωð2Þ

i ; g0i¼a−2ωið2Þ;

gij¼a2ðδij−2δijΦ−δijΨð2Þþ ĥð2Þij =2Þ;
gij¼a−2½δijþ2δijΦþδijΨð2Þ− ĥijð2Þ=2þ4δijðΦÞ2�; ðA1Þ

For the four-velocity uμ, we have

u0 ¼ −a
	
1þΦþ 1

2
Φð2Þ −

1

2
Φ2 þ 1

2
vkvk



; ðA2Þ

ui ¼ a

	
vi þ

1

2
ðvð2Þi þ 2ωð2Þ

i Þ − 2Φvi



; ðA3Þ

u0 ¼ 1

a

	
1 −Φ −

1

2
Φð2Þ þ 3

2
Φ2 þ 1

2
vkvk



; ðA4Þ

ui ¼ 1

a

�
vi þ 1

2
við2Þ

�
: ðA5Þ

Given Tμν
m ¼ ρmuμuν, i.e. the cold dark matter stress-

energy tensor, for first- and second-order perturbations we
obtain

δm0þ∂ivi−3Φ0 ¼ 0;

vi0 þHviþ∂iΦ¼ 0;

1

2
δð2Þ0m þ1

2
∂ivið2Þ−

3

2
Ψð2Þ0 þ1

4
ĥið2Þ0i −Hvivi

þðΦþδmÞ∂iviþvi∂iδm−3δmΦ0−3vj∂jΦ−6ΦΦ0 ¼ 0;�
1

2
við2Þ þωið2Þ

�
0 þH

�
1

2
við2Þ þωið2Þ

�
þ1

2
∂iΦð2Þ

þvj∂jvi−2viΦ0 þΦ∂iΦ¼ 0: ðA6Þ

APPENDIX B: SPHERICAL FOURIER
DECOMPOSITION: jklmi FRAME

Let us start with the plane-wave representation

hxjki ¼ eixk ¼
X
lm

ð4πÞiljlðkχÞY�
lmðk̂ÞYlmðn̂Þ ðB1Þ

where x ¼ χ̄ n̂ and k ¼ kk̂ and defining the complete
radial and angular basis in a spherical Bessel Fourier

space as jklmi, its representation in configuration
space is

hxjklmi ¼ ℵlðkÞjlðkχÞYlmðn̂Þ: ðB2Þ
This basis is orthonormal, i.e.

hklmjk0l0m0i ¼ ℶlðkÞδDðk − k0Þδll0δmm0 ðB3Þ

and

hk0jklmi ¼ ℷlðkÞYlmðk̂ÞδDðk − k0Þ: ðB4Þ

At the moment, ℵlðkÞ;ℶlðkÞ and ℷlðkÞ are generic
functions. Obviously, as we will see below, these functions
are closely related to each other.
The completeness conditions on all possible bases are

defined in the following way:

1 ¼
Z

d3xjxihxj ¼
Z

d3k
ð2πÞ3 jkihkj

¼
X
lm

Z
k2dk
ð2πÞ3 ℸlðkÞjklmihklmj ðB5Þ

Here, by construction, ℶlðkÞ and ℸlðkÞ are real, i.e.

ℶlðkÞ ¼ ℶ�
lðkÞ and ℸlðkÞ ¼ ℸ�

lðkÞ: ðB6Þ

Now, projecting the field ϕ ¼ jϕi, respectively on jxi,
jki and jklmi, i.e.

hxjϕi¼ϕðxÞ hkjϕi¼ϕðkÞ hklmjϕi¼ϕlmðkÞ; ðB7Þ

and using the completeness conditions, we find

ϕðxÞ ¼
Z

d3k
ð2πÞ3 hxjkihkjϕi ¼

Z
d3k
ð2πÞ3 e

ixkϕðkÞ;

ϕðkÞ ¼
Z

d3xhkjxihxjϕi ¼
Z

d3xe−ixkϕðxÞ; ðB8Þ

For ϕlmðkÞ:

ϕlmðkÞ ¼
Z

d3xhklmjxihxjϕi

¼
Z

d3xℵ�
lðkÞjlðkχÞY�

lmðn̂ÞϕðxÞ ðB9Þ

or

¼
Z

d3 ~k
ð2πÞ3 hklmj ~kih ~kjϕi

¼
	
k2ℷ�lðkÞ
ð2πÞ3


 Z
d2k̂Y�

lmðk̂ÞϕðkÞ: ðB10Þ
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Relations between ℵlðkÞ;ℶlðkÞ; ℷlðkÞ and ℸlðkÞ: (i)
From hxjki

hxjki ¼
X
lm

Z ~k2d~k
ð2πÞ3 ℸlð~kÞhxj~klmih~klmjki

¼
X
lm

	
k2ℵlðkÞℷ�lðkÞℸlðkÞ

ð2πÞ3


jlðkχÞY�

lmðk̂ÞYlmðn̂Þ

ðB11Þ

we find

k2ℵlðkÞℷ�l ðkÞℸlðkÞ
ð2πÞ3 ¼ ð4πÞil: ðB12Þ

From the above relation, immediately, we obtain the
following property:

ℵlðkÞℷ�l ðkÞ ¼ ð−1Þlℵ�
lðkÞℷlðkÞ: ðB13Þ

(ii) From hklmjk0l0m0i

hklmjk0l0m0i ¼
Z

d3xhklmjxihxjk0l0m0i

¼ δKll0δKmm0
π

2k2
jℵlðkÞj2δDðk − k0Þ ðB14Þ

or

¼
Z

d3 ~k
ð2πÞ3 hklmj ~kih ~kjk0l0m0i

¼ δKll0δ
K
mm0

k2

ð2πÞ3 jℷlðkÞj
2δDðk − k0Þ; ðB15Þ

where we have used

Z
dχ̄χ̄2jlðkχ̄Þjlðk0χ̄Þ ¼

π

2k2
δDðk − k0Þ:

Then we find

ℶlðkÞ ¼
π

2k2
jℵlðkÞj2 ¼

k2

ð2πÞ3 jℷlðkÞj
2: ðB16Þ

In the literature, these coefficients are usually fixed in the
following way:

ð1Þ ℵlðkÞ ¼ k

ffiffiffi
2

π

r
; ℶlðkÞ ¼ 1;

ℷlðkÞ ¼
ð2πÞ3=2ð−iÞl

k
; ℸlðkÞ ¼

ð2πÞ3
k2

;

ð2Þ ℵlðkÞ ¼ 4πil; ℶlðkÞ ¼
ð2πÞ3
k2

;

ℷlðkÞ ¼
ð2πÞ3
k2

; ℸlðkÞ ¼ 1; ðB17Þ

where in (1) see Refs. [17,114] and in (2) see
Refs. [2,110,111].
In the paper it is also useful to write the inverse of

Eq. (B10). Using the results obtained in this section, we
immediately find

ϕðkÞ ¼
X
lm

Z ~k2d~k
ð2πÞ3 ℸlð~kÞhkj~klmiϕlmð~kÞ

¼
X
lm

4πð−iÞl
ℵ�
lðkÞ

Ylmðk̂ÞϕlmðkÞ: ðB18Þ

APPENDIX C: COVARIANT DERIVATIVE ON
UNIT SPHERE AND THE SPIN-WEIGHTED
SPHERICAL HARMONIC DECOMPOSITION

In this appendix, we outline the decomposition of three
dimensional quantities on a unity sphere in the observer
tangent space and show how one can derive the relation
between the covariant 2D derivative and spin-weighted
spherical harmonics function. This discussion is based on
Refs. [117,125,134–139].
Starting from the orthonormal polar basis vectors

fn; eθ; eφg, it is possible to define the following helicity
basis

m� ¼ eθ ∓ ieφffiffiffi
2

p

which are also called spin� 1 unit basis vector on the unity
sphere. (In the literature, e.g. Refs. [136,137], m� is also
denoted as mþ ¼ m̄ and m− ¼ m.) Under a right-handed
rotation of the coordinate system feθ; eφg around n by an
angle ψ , so that

eθ → e0θ ¼ cosψeθ þ sinψeφ

eφ → e0φ ¼ − sinψeθ þ cosψeφ;

m� transform as

m� → m0
� ¼ exp ð�iψÞm�:

In particular, m� satisfy the following properties:
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mi
� ¼ Pi

jm
j
�; mi

�m�i ¼ 0; mi
�m∓i ¼ 1;

nim�i ¼ 0; Pj
i ¼ mþimj

− þm−im
j
þ:

Given a spin-weight s complex function sfðnÞ, it trans-
forms as sfðnÞ → e−isψs fðnÞ. Then, defining the projected
tensor as

Ti1…is ¼ Pj1
i1
…Pjs

is
Tj1…js ;

Ti1…ism
i1−…mis− transforms as a spin-weight s object.

Specifically, if Tj1…js is tensor symmetric and a trace-free
component of a rank s tensor, we can associate it with a s-
spin weight function in the following way:

sfðnÞ ¼ Ti1…ism
i1−…mis−

−sfðnÞ ¼ Ti1…ism
i1þ…misþ ðC1Þ

or conversely

Tj1…js ¼ sfðnÞmþi1…mþis þ −sfðnÞm−i1…m−is : ðC2Þ

At this point it is important to define the covariant
derivative on the unit sphere12

1

χ̄
ð2Þ∇iTj1…js ¼ Pp

i P
q1
j1
…Pqs

js
∂pTq1…qs : ðC3Þ

From the above relation we note immediately that

for s ≠ 0; ∂⊥i ≠
1

χ̄
ð2Þ∇i

and, for s ¼ 0 we have

∂⊥if ¼ 1

χ̄
ð2Þ∇if and ∂if ¼ ∂∥f þ 1

χ̄
ð2Þ∇if: ðC4Þ

(Here 0f ¼ f.) Instead, with two derivates we find

∂⊥i∂⊥jf ¼ −
1

χ̄2
njð2Þ∇if þ 1

χ̄2
ð2Þ∇i

ð2Þ∇jf: ðC5Þ

Now it is useful to relate ð2Þ∇i to the usual spin-raising
and lowering operators, i.e. ð and ð̄, defined and analyzed
for the first time in Refs. [140–145] (see also e.g.
[146–149]). First of all, the spin operators are defined in
the following way:

ðsf ¼ −sinsθ
�
∂θ þ

i
sin θ

∂φ

�
1

sinsθ sf;

ð̄sf ¼ −
1

sinsθ

�
∂θ −

i
sin θ

∂φ

�
sinsθsf;

and have the ability to transform under the angle ψ
rotation as

ðsfðnÞ → e−iðsþ1ÞψðsfðnÞ;
ð̄sfðnÞ → e−iðs−1Þψ ð̄sfðnÞ:

Then the covariant derivate of Tj1…js can be written as
follows:

ð2Þ∇iTj1…js ¼ ½DisfðnÞ�mþj1…mþjs

þ ½Di−sfðnÞ�m−j1…m−js ; ðC6Þ

where

−
ffiffiffi
2

p
½DisfðnÞ� ¼ ðsfmþi þ ð̄sfm−i: ðC7Þ

Conversely,

ðsf ¼ −
ffiffiffi
2

p
mj

−mi1−…mis−
ð2Þ∇jTi1…is ;

ð̄sf ¼ −
ffiffiffi
2

p
mj

þmi1−…mis−
ð2Þ∇jTi1…is ;

for s ≥ 0, and we have to replace mis− with misþ for s < 0.
In order to describe correctly objects of spin-weight s we

need to generalize the spherical harmonic basis Ylmðθ;φÞ.
This new basis is called spin-weight spherical harmonics
sYlmðθ;φÞ and it can be related with the usual Ylmðθ;φÞ ¼
0Ylmðθ;φÞ in the following way:

sYlmðθ;φÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − jsjÞ!
ðlþ jsjÞ!

s

×

�
ðsYlmðθ;φÞ for 0 ≤ s ≤ l

ð−1Þsð̄jsjYlmðθ;φÞ for − l ≤ s ≤ 0

ðC8Þ

and satisfies the properties

sY�
lmðθ;φÞ ¼ ð−1Þmþs−sYl−mðθ;φÞ;

ðsYlmðθ;φÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − sÞðlþ sþ 1Þ

p
sþ1Ylmðθ;φÞ;

ð̄sYlmðθ;φÞ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ sÞðl − sþ 1Þ

p
s−1Ylmðθ;φÞ;

ð̄sðsYlmðθ;φÞ ¼ −ðl − sÞðlþ sþ 1ÞsYlmðθ;φÞ: ðC9Þ

Then we find12In Ref. [139] ð2Þ∇i ¼ Di.
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ð̄sðsYlmðθ;φÞ ¼ ðsð̄sYlmðθ;φÞ

¼ ð−1Þs ðlþ jsjÞ!
ðl − jsjÞ! Ylmðθ;φÞ; ðC10Þ

and we can rewrite Eq. (C7) by using the spin-s spherical
harmonics, i.e.

−
ffiffiffi
2

p
½DisYlmðθ;φÞ�

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − sÞðlþ sþ 1Þ

p
sþ1Ylmðθ;φÞmþi

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ sÞðl − sþ 1Þ

p
s−1Ylmðθ;φÞm−i: ðC11Þ

Now we have all the required tools to connect quickly the
covariant derivative on the unit sphere with the spin-s
spherical harmonic basis. For example,

mi
−
ð2Þ∇iYlm ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − sÞðlþ sþ 1Þ

2

r
sþ1Ylm; ðC12Þ

miþð2Þ∇iYlm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ sÞðl − sþ 1Þ

2

r
s−1Ylm; ðC13Þ

and

ð2Þ∇iYlmðθ;φÞ

¼−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ1Þ

2

r
½1Ylmðθ;φÞmþi−−1Ylmðθ;φÞm−i�: ðC14Þ

Let us conclude this section with the orthogonality and
completeness expressionZ

d2n̂sYl1m1
ðn̂ÞsY�

l2m2
ðn̂Þ ¼ δKl1l2

δKm1m2
; ðC15Þ

X
lm

sYlmðθ1;φ1ÞsY�
lmðθ2;φ2Þ ¼ δDðφ1 − φ2ÞδDðθ1 − θ2Þ;

ðC16Þ

and the generalization of the Gaunt integralZ
d2n̂s1Yl1m1

ðn̂Þs2Yl2m2
ðn̂Þs3Yl3m3

ðn̂Þ

¼ I−s1−s2−s3
l1l2l2

�
l1 l2 l3

m1 m2 m3

�
; ðC17Þ

where I s1s2s3
l1l2l2

has already been defined in Eq. (137).

APPENDIX D: PROPERTIES OF ϒ½#�abc

This section is devoted to compute and prove some
subtle cancellations of the bispectrum building blocks ϒ
which are already mentioned and briefly discussed in
Sec. IV C.

1. Proof that ϒ½1�abc ∝ δKl10

Let us start with ϒ½1�abc defined in Eq. (77). For i ¼ 2, 3
of Eq. (44) and i ¼ 1, 2, 4, 5 of Eq. (48), we have

Mað2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1; q1; q1Þ ∝ δKl̄10
δKm̄10

ð4πÞ3ℵ�
l1
ðkÞð−1Þm1ilp1þlq1G

l1lp1lq1
−m1mp1mq1

× � � � :

Using δK
l̄10

δKm̄10
, it is possible to rewrite the Gaunt integrals in ϒ½1�abc as

δKl̄10
δKm̄10

G
lp1l̄1l

0
1

−mp1m̄1m0
1
G
lq1l̄1l

0
1

mq1m̄1m0
1
¼ G

lp10l
0
1

−mp10m
0
1
G
lq10l

0
1

mq10m
0
1
∝ δKl0

1
lp1

δKl0
1
lq1

δKm0
1
mp1

δKm0
1
−mq1

¼ δKlp1lq1
δKmp1−mq1

:

Then we find

ϒ½1�abc ∝ δKl2l3δ
K
m2−m3

ð−1Þl2þm2

X
lp1

ð−1Þlp1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lp1 þ 1

q
Cl10
lp10lp10

Xlp1
mp1¼−lp1

C
l1−mp1
lp1−mp1lp10

×… ∝ δKl2l3δ
K
m2−m3

δKl10; ðD1Þ

because [124]

Xlp1
mp1¼−lp1

C
l1−mp1
lp1−mp1lp10

¼ ð2lp1 þ 1ÞδKl10;

where Ccγ
aαbβ are the ClebschGordan coefficients which are related to Wigner 3-j symbols in the following

way:
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ffiffiffiffiffiffiffiffiffiffiffiffiffi
2cþ 1

p �
a b c

α β γ

�
¼ ð−1Þcþγþ2aCcγ

a−αb−β: ðD2Þ

Here we consider only l1 > 0, then we can discard ϒ½1�abc for all the terms considered.
Instead, for i ¼ 1 of Eq. (44) and i ¼ 3 of Eq. (48),Mað2Þ

lmlpmplqmql̄ m̄
ðk;p; qÞ is independent with m̄1 and we find directly

that [124]

Xl̄1
m̄1¼−l̄1

Xl01
m0

1
¼−l1 0

G
lp1l̄1l

0
1

−mp1m̄1m0
1
G
lq1l̄1l

0
1

mq1m̄1m0
1
∝ C

lp10
l̄10l0

1
0
C
lq10
l̄10l010

Xl̄1
m̄1¼−l̄1

Xl01
m0

1
¼−l0

1

C
lp1−mp1

l̄1−m̄1l01−m
0
1

C
lq1mq1

l̄1−m̄1l01−m
0
1

∝ δKlp1lq1δ
K
mp1−mq1

: ðD3Þ

Taking into account the above relation and Mað2Þ
lmlpmplqmql̄ m̄

ðk1;p1; q1Þ ∝ ð−1Þ−mq1G
l1lp1lq1
−m1mp1mq1

we have

δKlp1lq1δ
K
mp1−mq1

ð−1Þ−mq1G
l1lp1lq1
−m1mp1mq1

∝ C
lq1−mq1
lq1−mq1l10

ðD4Þ

and, finally, we obtain

ϒ½1�abc ∝ …:: ×
X

l̄1l01lq1

…: ×
Xlq1

mq1¼−lq1

C
lq1−mq1
lq1−mq1l10

∝ δKl10: ðD5Þ

2. Proof that ϒ½2�abc =ϒ½3�abc

For simplicity, let us start to write again Eq. (76)

�
1

2
Δað2Þ

l1m1
ðk1ÞΔb

l2m2
ðk2ÞΔc

l3m3
ðk3Þ

�
¼ ϒ½1�abc

l1m1l2m2l3m3
ðk1; k2; k3Þ þ ϒ½2�abc

l1m1l2m2l3m3
ðk1; k2; k3Þ

þ ϒ½3�abc
l1m1l2m2l3m3

ðk1; k2; k3Þ ðD6Þ

whereϒ½j�abc
l1m1l2m2l3m3

, for j ¼ 1, 2, 3, are the bispectrum building blocks and contain all of the information on the bispectrum
in redshift space. Explicitly, we have

ϒ½1�abc
l1m1l2m2l3m3

ðk1; k2; k3Þ ¼
X

lp1mp1lq1mq1l̄1m̄1l01m
0
1

δKm2−m3
δKl2l3

ð−1Þl01þl2þm2þmp1G
lp1l̄1l

0
1

−mp1m̄1m0
1
G
lq1l̄1l

0
1

mq1m̄1m0
1

×
Z

q21dq1
ð2πÞ3

q22dq2
ð2πÞ3 ½M

að2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1;q1; q1ÞMbð1Þ
l2

ðk2; q2ÞMcð1Þ
l3

ðk3; q2Þ�PΦðq1ÞPΦðq2Þ;

ðD7Þ

ϒ½2�abc
l1m1l2m2l3m3

ðk1; k2;k3Þ ¼
X

lp1mp1lq1mq1l̄1m̄1

ð−1Þl2þl3−m2−m3þmp1þmq1þm̄1G
lp1l̄1l2
−mp1m̄1−m2

G
lq1l̄1l3
mq1m̄1m3

×
Z

q22dq2
ð2πÞ3

q23dq3
ð2πÞ3 ½M

að2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1;q2;q3ÞMbð1Þ
l2

ðk2;q2ÞMcð1Þ
l3

ðk3;q3Þ�PΦðq2ÞPΦðq3Þ;

ðD8Þ

and
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ϒ½3�abc
l1m1l2m2l3m3

ðk1; k2;k3Þ ¼
X

lp1mp1lq1mq1l̄1m̄1

ð−1Þl2þl3−m2−m3þmp1þmq1þm̄1G
lp1l̄1l3
−mp1m̄1−m3

G
lq1l̄1l2
mq1m̄1m2

×
Z

q22dq2
ð2πÞ3

q23dq3
ð2πÞ3 ½M

að2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1;q3;q2ÞMbð1Þ
l2

ðk2;q2ÞMcð1Þ
l3

ðk3;q3Þ�PΦðq2ÞPΦðq3Þ;

ðD9Þ

Here below we prove that ϒ½2�abc
l1m1l2m2l3m3

ðk1; k2; k3Þ ¼ ϒ½3�abc
l1m1l2m2l3m3

ðk1; k2; k3Þ. First of all, by construction, we note that

Mað2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ Mað2Þ
lmlqmqlpmpl̄ m̄

ðk; q; pÞ: ðD10Þ

Then, for example, using Eq. (D9)

ϒ½3�abc
l1m1l2m2l3m3

ðk1; k2;k3Þ ¼
X

lp1mp1lq1mq1l̄1m̄1

ð−1Þl2þl3−m2−m3þmp1þmq1þm̄1G
lp1l̄1l3
−mp1m̄1−m3

G
lq1l̄1l2
mq1m̄1m2

×
Z

q22dq2
ð2πÞ3

q23dq3
ð2πÞ3 ½M

að2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1;q3;q2ÞMbð1Þ
l2

ðk2;q2ÞMcð1Þ
l3

ðk3;q3Þ�PΦðq2ÞPΦðq3Þ

¼
X

lp1mp1lq1mq1l̄1m̄1

ð−1Þl2þl3−m2−m3þmp1þmq1þm̄1G
lp1l̄1l3
−mp1m̄1−m3

G
lq1l̄1l2
mq1m̄1m2

×
Z

q22dq2
ð2πÞ3

q23dq3
ð2πÞ3 ½M

að2Þ
l1m1lq1mq1lp1mp1l̄1m̄1

ðk1;q2;q3ÞMbð1Þ
l2

ðk2;q2ÞMcð1Þ
l3

ðk3;q3Þ�PΦðq2ÞPΦðq3Þ

¼
X

lq1mq1lp1mp1l̄1m̄1

ð−1Þl2þl3−m2−m3þmq1þmp1þm̄1G
lq1l̄1l3
−mq1m̄1−m3

G
lp1l̄1l2
mp1m̄1m2

×
Z

q22dq2
ð2πÞ3

q23dq3
ð2πÞ3 ½M

að2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1;q2;q3ÞMbð1Þ
l2

ðk2;q2ÞMcð1Þ
l3

ðk3;q3Þ�PΦðq2ÞPΦðq3Þ;

where, in the last step, we renamed lp1 → lq1, lq1 → lp1, mp1 → mq1, and mq1 → mp1. Now, it is easy to see that

G
lq1l̄1l3
−mq1m̄1−m3

G
lp1l̄1l2
mp1m̄1m2

¼ G
lq1l̄1l3
mq1−m̄1m3

G
lp1l̄1l2
−mp1−m̄1−m2

:

For the terms considered in this work,Mað2Þ
lmlpmplqmql̄ m̄

does not depend on the sign of m̄1 and we can redefine m̄1 as −m̄1.

This concludes the proof.

3. Proof of isotropy of Eq. (72)

Let us start with ϒ½2�abc. From the results obtained in Sec. VI, it is possible to redefine the kernel at second order in the
following way:

Mað2Þ
l1m1lp1mp1lq1mq1l̄1m̄1

ðk1; q2; q3Þ ¼ ð−1Þm1G
l1lp1lq1
−m1mp1mq1

Kað2Þ
l1lp1lq1l̄1

ðk1; q2; q3Þ

and we find13

13Here ð−1Þ−mi ¼ ð−1Þmi because all mi are integers.
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X
mp1mq1m̄1

ð−1Þ−m2−m3þm1þmp1þmq1þm̄1G
l1lp1lq1
−m1mp1mq1

G
lp1l̄1l2
−mp1m̄1−m2

G
lq1l̄1l3
mq1m̄1m3

¼
�
l1 l2 l3

m1 m2 m3

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2l2 þ 1Þð2l3 þ 1Þ

4π

r
×

	
ð−1Þ−ðl̄1þlq1þlp1Þ

ð2l̄1 þ 1Þð2lq1 þ 1Þð2lp1 þ 1Þ
4π

×

�
lq1 l1 lp1

0 0 0

��
lp1 l2 l̄1

0 0 0

��
l̄1 l3 lq1

0 0 0

��
l1 l2 l3

l̄1 lq1 lp1

�

; ðD11Þ

where we have used the identity

X
m4m5m6

ð−1Þ
P

6

i¼4
ðli−miÞ

�
l5 l1 l6

m5 −m1 −m6

��
l6 l2 l4

m6 −m2 −m4

��
l4 l3 l5

m4 −m3 −m5

�
¼

�
l1 l2 l3

m1 m2 m3

��
l1 l2 l3

l4 l5 l6

�
:

ðD12Þ

Here fj1j3
j2
j

j12
j23

g is the definition of the Wigner 6j symbols. Due to the properties of the Gaunt integrals we note that

l1 þ l2 þ l3 is even. Then we can recast Eq. (78) as

ϒ½2�abc
l1m1l2m2l3m3

ðk1; k2; k3Þ ¼
�
l1 l2 l3

m1 m2 m3

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2l2 þ 1Þð2l3 þ 1Þ

4π

r

×
X

lp1lq1l̄1

ð−1Þ−ðl̄1þlq1þlp1Þ
ð2l̄1 þ 1Þð2lq1 þ 1Þð2lp1 þ 1Þ

4π

×

�
lq1 l1 lp1

0 0 0

��
lp1 l2 l̄1

0 0 0

��
l̄1 l3 lq1

0 0 0

��
l1 l2 l3

l̄1 lq1 lp1

�

× ð−1Þl2þl3

Z
q22dq2
ð2πÞ3

q23dq3
ð2πÞ3 ½K

að2Þ
l1lp1lq1l̄1

ðk1; q2; q3ÞMbð1Þ
l2

ðk2; q2ÞMcð1Þ
l3

ðk3; q3Þ�PΦðq2ÞPΦðq3Þ

ðD13Þ

Taking into account that ϒ½2�abc ¼ ϒ½3�abc and using the same prescription for all additive terms in Eq. (72) we obtain, at
second order, the final result

hΔg
l1m1

ðk1ÞΔg
l2m2

ðk2ÞΔg
l3m3

ðk2Þi ¼
�
l1 l2 l3

m1 m2 m3

�
Bl1l2l3ðk1; k2; k3Þ: ðD14Þ

APPENDIX E: TRANSFER FUNCTIONS
AT FIRST AND SECOND ORDER

1. Transfer functions at first order

At background level,

H2 ¼ a2H2
0ðΩm0a−3 þ ΩΛ0Þ; ðE1Þ

H0

H2
¼

�
1 −

3

2
Ωm0a−3

�
; ðE2Þ

ρ̄0m ¼ −3Hρ̄m; ðE3Þ

where Ωm0 ¼ 8πρ̄m 0=3H2
0, ΩΛ0 ¼ 1 −Ωm0 and we set

a0 ¼ 1. A useful relation is the following:

�
H
a

�0
þ 3

2

Ωm

a
H2 ¼ 0;

where Ωm ¼ 8πρ̄m 0=3a2H2 ¼ a−3Ωm0 or, equivalently,
aH2Ωm ¼ H2

0Ωm0, and, at the first perturbative order,
for k < keq, where keq ¼ 0.073 Mpc−1Ωm0h2, for our aims
the relevant equations are
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Φ00 þ 3HΦ0 þ ð2H0 þH2ÞΦ ¼ 0; ðE4Þ

Φ0 þHΦ ¼ −4πGρ̄ma2v ¼ −
3

2a
H2

0Ωm0v; ðE5Þ

v0 þHvþΦ ¼ 0; ðE6Þ

∇2Φ ¼ 4πGρ̄ma2δ
ð1Þ
mCS ¼

3

2a
H2

0Ωm0δ
ð1Þ
mCS: ðE7Þ

Defining Φðk; ηÞ ¼ DðηÞΦ0ðkÞ=a where Dðη0Þ ¼ 1, and
Φ0ðkÞ ¼ Φðk; η0Þ, and combining Eqs. (E4) and (E7) we
find the well-known differential equation

δð1ÞmCS
00 þHδð1ÞmCS

0 −
3

2
H2Ωmδ

ð1Þ
mCS ¼ 0 or; equivalently;

D00 þHD0 −
3

2a
H2

0Ωm0D ¼ 0: ðE8Þ

Here selecting only DðηÞ the growth mode we find

δð1ÞmCS ¼ Dδð1ÞmCS0, and defining the growth factor f ¼
d lnD=d ln a it is easy to see that�

f þ 3

2
Ωm

�
H2D ¼ const ðE9Þ

and we can write

D ¼ ðf0 þ 3
2
Ωm0Þ

ðf þ 3
2
ΩmÞ

H2
0

H2
¼ 5Din

2ðf þ 3
2
ΩmÞ

H2
in

H2
; ðE10Þ

where we use the subscripts in as generic time during the
EdS period (for example during the recombination epoch),
i.e. when Ωm in ¼ 1; Din ∝ ain; fin ¼ 1. Solving directly
Eq. (E8), we immediately find

DðηÞ ¼
HðηÞ½1þ 5H3

in
2ain

R
aðηÞ
ain

d ~a
H3ð ~aÞ�

aðηÞH0½1þ 5H3
in

2ain

R
1
ain

d ~a
H3ð ~aÞ�

: ðE11Þ

From Eq. (E5), for the velocity potential we have

v ¼ −
2

3HΩm
fΦ ðE12Þ

and from Eq. (E6), for the derivate of the velocity potential

v0 ¼ 2

3Ωm

�
f −

3

2
Ωm

�
Φ: ðE13Þ

In order to compute all T i, we also need the expression
for the density contrast in the Poisson gauge, i.e.

3

2

H2
0Ωm0

a
δð1Þm ¼ ð∇2 − 3fH2ÞΦ ðE14Þ

and the comoving curvature perturbation at first order:

−ζðxÞ ¼ Φþ 2

3

1

1þ w
ðΦþH−1Φ0Þ; ðE15Þ

where w is the total equation state which for η≳ ηrec can be
written as w ¼ Ωm − 1 in ΛCDM model and we can write

ζðxÞ ¼ −
2

3

ðf þ 3
2
ΩmÞ

Ωm
Φ:

For completeness let us also write explicitly linear metric
perturbations quantities in SC gauge with ζ. From
[70,98,99]

−ζðxÞ ¼ ψ ð1Þ þ 1

6
∇2χð1Þ and

χð1Þ ¼ 2

ðf þ 3
2
ΩmÞH2

ζ ¼ −
4

3ΩmH2
Φ or

−ψ ð1Þ ¼ 1

3

1

ðf þ 3
2
ΩmÞH2

∇2ζ þ ζ: ðE16Þ

Finally, for scales k > keq, we have to consider the
evolution of the perturbation modes that enter the horizon
before and around the epoch of matter-radiation equality,
i.e. theMeszaros effect.14 At linear order and for η≳ ηrec, it
is possible to implement these scales analytically by using
the transfer function TmðkÞ defined by Eisenstein and Hu
[150] (or BBKS by [118]), i.e.

Φðk; ηÞ ¼ DðηÞ
a

Φ0ðkÞ ¼
9

10

DðηÞ
Din

ain
a
TmðkÞΦpðkÞ

¼ −
3

5

DðηÞ
Din

ain
a
TmðkÞζpðkÞ; ðE17Þ

where ΦpðkÞ ¼ −2ζðkÞ=3. Here ζðkÞ is the primordial
curvature perturbation set at the inflation epoch.
In conclusion, we find

T Φðk; ηÞ ¼ 9

10

DðηÞ
Din

ain
a
TmðkÞ; ðE18Þ

T δSCðk; ηÞ ¼ −
3

5H2
0Ωm0

ain
Din

DðηÞk2TmðkÞ; ðE19Þ

T vðk; ηÞ ¼ −
3

5H2
0Ωm0

ain
Din

HfDðηÞTmðkÞ; ðE20Þ

Tζðk; ηÞ ¼ −
3

5Ωm

�
f þ 3

2
Ωm

�
DðηÞ
Din

ain
a

TmðkÞ; ðE21Þ

14Note that for η < ηrec and k≳ keq is not valid Eq. (E15); for
example see [122].
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Tχðk; ηÞ ¼ −
6

5ΩmH2

DðηÞ
Din

ain
a
TmðkÞ; ðE22Þ

T δmðk; ηÞ ¼ −
3

5H2
0Ωm0

ain
Din

DðηÞðk2 þ 3fH2ÞTmðkÞ; ðE23Þ

T δgðk; ηÞ ¼ −
3

5

DðηÞ
Din

ain
a

�
a
½b10k2 − b∇2δk

4 þ ð3 − beÞfH2�
H2

0Ωm0

þ ðf þ 3
2
ΩmÞ

Ωm
b01

�
TmðkÞ; ðE24Þ

T Qð1Þ ðk; η; L̄Þ ¼ 3

5

DðηÞ
Din

ain
a

�
a
½∂b10ðk;η;L̄Þ∂ ln L̄ k2 − ∂b∇2δðk;η;L̄Þ∂ ln L̄ k4 − ∂beðη;L̄Þ

∂ ln L̄ fH2�
H2

0Ωm0

þ ðf þ 3
2
ΩmÞ

Ωm

∂b01ðk; η; L̄Þ
∂ ln L̄

�
TmðkÞ: ðE25Þ

2. Transfer functions at second order

In this subsection we give some examples in which we provide a prescription to compute kernels at second order

Fbð2Þ
l̄

ðp; q; ηÞ, starting from numerical or analytical results found in literature.

a. Large scales, i.e. for p;q < keq
Here below, as an illustrative example, we will write explicitly all kernels Fbð2Þ

l̄
ðp; q; ηÞ. In particular, we will use the

analytical results obtained in Refs. [98,99,101,151].
Starting from [101] (see also [71])

Φð2Þðx; ηÞ ¼
	
3

�
D
a

�
2

− 2
D
a
Din

ain

�
fNL þ

5

6

�
þ 2

3

D2f2

a2Ωm



½Φ0ðxÞ�2 þ 12

	
2

�
D
a

�
2

−
5

3

D
a
Din

ain
þ 2

3

D2f2

a2Ωm



Θ0ðxÞ

þ 2

3

D2

a2Ωm
∂iΦ0ðxÞ∂iΦ0ðxÞ −

4

3

D2ð1þ F=D2Þ
a2Ωm

Ξ0ðxÞ; ðE26Þ

Ψð2Þðx; ηÞ ¼
	
−
�
D
a

�
2

− 2
D
a
Din

ain

�
fNL þ

5

6

�
þ 2

3

D2f2

a2Ωm



½Φ0ðxÞ�2 þ 12

	�
D
a

�
2

−
5

3

D
a
Din

ain



Θ0ðxÞ

þ 2

3

D2

a2Ωm
∂iΦ0ðxÞ∂iΦ0ðxÞ −

4

3

D2ð1þ F=D2Þ
a2Ωm

Ξ0ðxÞ; ðE27Þ

vð2Þðx; ηÞ ¼ 2

3

Df
aHΩm

	
D
a
þ 2

Din

ain

�
fNL −

5

3

�

½Φ0ðxÞ�2 − 8

D2f
a2HΩm

Θ0ðxÞ −
4

9

D2f
a2H3Ω2

m
∂iΦ0ðxÞ∂iΦ0ðxÞ

þ 8

9

F 0

a2H4Ω2
m
Ξ0ðxÞ; ðE28Þ

where

Θ0ðxÞ ¼
1

6
∇−2½∂iΦ0ðxÞ∂iΦ0ðxÞ − 3∇−2∂i∂jð∂iΦ0ðxÞ∂jΦ0ðxÞÞ� ¼ ∇−2

	
Ξ0ðxÞ −

1

3
∂iΦ0ðxÞ∂iΦ0ðxÞ




and15

Ξ0ðxÞ ¼ −
1

2
∇−2½ð∇2Φ0ðxÞÞ2 − ∂i∂jΦ0ðxÞ∂i∂jΦ0ðxÞ�:

Here F is the solution of the following differential equation:

15In [71,101,151] Ψ0 is equal to our definition Ξ0.
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F 00 þHF 0 −
3

2
H2ΩmF ¼ 3

2
H2ΩmD2: ðE29Þ

Instead, for the density contrast at second order in the CS gauge one finds [98,99,101]

δð2ÞmCS ¼ −
8

3

D
aH2Ωm

Din

ain

	�
fNL þ

5

12

�
∂iΦ0ðxÞ∂iΦ0ðxÞ þ

�
fNL −

5

3

�
Φ0ðxÞ∇2Φ0ðxÞ




þ 4

9

D2

a2H4Ω2
m

	�
1þ F

D2

�
ð∇2Φ0ðxÞÞ2 þ

�
1 −

F
D2

�
∂i∂jΦ0ðxÞ∂i∂jΦ0ðxÞ



: ðE30Þ

To the aim of computing the halo density contrast to second order the CS gauge second-order density contrast will have to
be multiplied by the linear bias term. As widely discussed in the recent literature, however (see [64,132,133]), this
procedure makes unavoidable the use of some sort of “peak background” or “short-long” splitting, where local coordinates
are defined within a patch whose size is much larger than the typical halo Lagrangian radius but much smaller than the
distance over which correlations are computed; as a consequence of this short-long splitting, inherent in the halo bias
approach, the −5=3 additive term in the first line of the above expression, which would act as a local fNL-like contribution,
can be removed (in the strict squeezed limit) by a local (i.e. within the patch) coordinate transformation, yielding the
effective expression

δð2ÞmCS ≃ −
8

3

D
aH2Ωm

Din

ain

	�
fNL þ

5

12

�
∂iΦ0ðxÞ∂iΦ0ðxÞ þ fNLΦ0ðxÞ∇2Φ0ðxÞ




þ 4

9

D2

a2H4Ω2
m

	�
1þ F

D2

�
ð∇2Φ0ðxÞÞ2 þ

�
1 −

F
D2

�
∂i∂jΦ0ðxÞ∂i∂jΦ0ðxÞ



ðE31Þ

which can be used in connection with halo bias calculations, up to negligible corrections of order ðλS=λLÞ2, with λS and λL
typical scales much smaller and much larger than the patch size, respectively.
Transforming to Fourier space Eqs. (E26), (E27), (E28), (E31), and applying Eqs. (84) and (E17) we find the following

kernels:

FΦð2Þðp;q; ~k; ηÞ ¼ 3 − 2
a
ain

Din

D

�
fNL þ

5

6

�
þ 2

3

f2

Ωm
þ 12

�
2 −

5

3

a
ain

Din

D
þ 2

3

f2

Ωm

�
FΘðp;q; ~kÞ

þ 2

3

1

Ωm
pqðp̂ · q̂Þ − 4

3

ð1þ F=D2Þ
Ωm

FΞðp;q; ~kÞ; ðE32Þ

FΨð2Þðp;q; ~k; ηÞ ¼ −1 − 2
a
ain

Din

D

�
fNL þ

5

6

�
þ 2

3

f2

Ωm
þ 12

�
1 −

5

3

a
ain

Din

D

�
FΘðp;q; ~kÞ

þ 2

3

1

Ωm
pqðp̂ · q̂Þ − 4

3

ð1þ F=D2Þ
Ωm

FΞðp;q; ~kÞ; ðE33Þ

Fvð2Þðp;q; ~k; ηÞ ¼ 2

3

f
HΩm

	
1þ 2

a
ain

Din

D

�
fNL −

5

3

�

− 8

f
HΩm

FΘðp;q; ~kÞ − 4

9

f
H3Ω2

m
pqðp̂ · q̂Þ

þ 8

9

F 0

D2H4Ω2
m
FΞðp;q; ~kÞ; ðE34Þ

FδmCSð2Þðp;q; ~k; ηÞ ¼ 4

3

1

H2Ωm

a
ain

Din

D

	
2

�
fNL þ

5

12

�
pqðp̂ · q̂Þ þ fNLðp2 þ q2Þ




þ 4

9

1

H4Ω2
m

	�
1þ F

D2

�
p2q2 þ

�
1 −

F
D2

�
p2q2ðp̂ · q̂Þ2



; ðE35Þ

where (see also [151]),
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FΘðp;q; ~kÞ ¼ 1

2

�
1

3

pq
~k2

ðp̂ · q̂Þ − p2q2

~k4

	
1þ

�
p
q
þ q
p

�
ðp̂ · q̂Þ þ ðp̂ · q̂Þ2�

�
¼ −

pq
~k2

	
FΞðp;q; ~kÞ

pq
þ 1

3
ðp̂ · q̂Þ



; ðE36Þ

FΞðp;q; ~kÞ ¼ 1

2

p2q2

~k2
½1 − ðp̂ · q̂Þ2�: ðE37Þ

Finally, from Eq. (259) we have

Fδgð2Þðp;q; ~k; ηÞ ¼ b10FδmCSð2Þðp;q; ~k; ηÞ − ðbe − 3ÞHFvð2Þðp;q; ~k; ηÞ − 2f
Ωm

ðbe − 3Þ ðpþ qÞ2
~k2

þ 4b02
9Ω2

m

�
f þ 3

2
Ωm

�
2

þ 4f2

9Ω2
m

	
ðbe − 3Þ2 þ ∂be

∂ ln a


þ 2f
3Ωm

ðbe − 3Þð1 − fÞ

−
8f

9HΩ2
m

�
f þ 3

2
Ωm

�
½b001 þHðbe − 3Þb01�

þ
	
−

4f2b10
9H2Ω2

m
−

4f
9H3Ω2

m
½b010 þHðbe − 3Þb10� þ
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p
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þ q
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m
p2q2 þ 4b10

9H4Ω2
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p
q
þ q
p

�
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9H2Ω2
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�
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2
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�
pqðp̂ · q̂Þ − bs2

3
þ bs2ðp̂ · q̂Þ2
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m
p3q3

�
p2

q2
þ q2

p2

�
ðp̂ · q̂Þ þ 4bð∇2δÞ2

9H4Ω2
m
p4q4 −
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9H4Ω2
m
p3q3

�
p
q
þ q
p
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−
8bð∂δÞ2
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m
½b0∇2δ

þHðbe − 3Þb∇2δ�pq
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p
q
þ q
p

�

þ 4f2b∇2δ

9H3Ω2
m
p2q2

�
p2

q2
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p2

�
; ðE38Þ

where

F∇2δmCSð2Þðp;q; ~k; ηÞ ¼ −~k2FδmCSð2Þðp;q; ~k; ηÞ: ðE39Þ

Now, using Eq. (86) we can rewrite the above relations in the following way:

FΦð2Þ
l ðp; q; ηÞ ¼

	
3 − 2

a
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�
fNL þ

5

6
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2

3

1
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�
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5
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a
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−
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ð1þ F=D2Þ
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lðp; qÞ; ðE40Þ

FΨð2Þ
l ðp; q; ηÞ ¼
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a
ain

Din

D

�
fNL þ
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−
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FΞ
lðp; qÞ; ðE41Þ

Fvð2Þ
l ðp;q;ηÞ¼ 2

3

f
HΩm
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a
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fNL−
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l ðp;qÞþ
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lðp;qÞ; ðE42Þ

FδmCSð2Þ
l ðp; q; ηÞ ¼ 4
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; ðE43Þ
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F
δgð2Þ
l ðp; q; ηÞ ¼ b10F

δmCSð2Þ
l ðp; q; ηÞ − ðbe − 3ÞHFvð2Þ
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l2 ðE44Þ

In order to write explicitly F∇2δmCSð2Þ
l ðp; q; ηÞ; FΘ

l ðp; qÞ & FΞ
lðp; qÞ, let us consider the following relations (see also [151]):

ðp̂ · q̂Þ ¼ 1

2

~k2
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q
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�
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where ~k2 ¼ p2 þ q2 þ 2pqðp̂ · q̂Þ. Then we can recast Eqs. (E36), (E37) and (E39) as

FΘðp;q; ~kÞ ¼ 1
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; ðE45Þ
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and consequently we find
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where
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σnlðp; qÞ ¼
2lþ 1

2

Z
1

−1

PlðxÞdx
ðp2 þ q2 þ 2pqxÞn=2 :

In Appendix F we will compute ~Fa
lðp; q; ~k; ηÞ. With this new approach we will not need to compute σ2lðp; qÞ.

b. Prescription for SONG

SONG16 is an open-source second-order Boltzmann code which includes all the effects of metric, CDM, baryons,
photons and neutrinos; see e.g. Ref. [112]. From this code one can compute all possible kernels in Fourier space from the
radiation era, both at large and small scales; the addition of the non-Gaussianity parameter fNL is straightforward following
our prescription.
Taking into account that SONG is written in the Poisson gauge, i.e.

fð2Þðk; ηÞ ¼
Z

d3p
ð2πÞ3

d3q
ð2πÞ3 ð2πÞ

3δDðpþ q − kÞKfð2Þ
SONGðp;q; k; ηÞδð1Þm ðp; ηÞδð1Þm ðq; ηÞ; ðE51Þ

where fð2Þ ¼ fΦð2;Ψð2Þ; vð2Þ; δð2Þm g, we can quickly correlate Kbð2Þ with Fbð2Þ in the following way:

Fbð2Þðp;q; k; ηÞ ¼ Kbð2Þ
SONGðp;q; k; ηÞ

T δmðp; ηÞ
T Φðp; ηÞ

T δmðq; ηÞ
T Φðq; ηÞ : ðE52Þ

Now, for simplicity, setting be ¼ 0, δð2ÞgCS → δð2ÞmCS, δ
ð2Þ
g → δð2Þm and δg → δð1Þm , from Eq. (257) we can immediately obtain

the gauge transformation

δð2ÞmCS ¼ δð2Þm þ ∂iχð1Þ∂iδ
ð1Þ
mCS − 3Hvð2Þ − 3ð3H2 −H0Þv2 − 6Hvδð1ÞmCS þ 3Hvv0 þ 2vδð1ÞmCS

0

− 3H∇−2ðv∇2v0 − v0∇2v − 6∂iΦ∂iv − 6Φ∇2vÞ: ðE53Þ

Then we obtain

FδmCSð2Þðp;q; k; ηÞT Φðp; ηÞT Φðq; ηÞ ¼ Kδmð2Þ
SONGðp;q; k; ηÞ − 3HKvð2Þ

SONGðp;q; k; ηÞ

−
1

2
ðp · qÞ½T χðp; ηÞT vðq; ηÞ þ T χðq; ηÞT vðp; ηÞ� − 3ð3H2 −H0ÞT vðq; ηÞT vðp; ηÞ

þ ðf − 3ÞH½T δmCSðp; ηÞT vðq; ηÞ þ T δmCSðq; ηÞT vðp; ηÞ�

þ 3

2
H½T vðp; ηÞT vðq; ηÞ0 þ T vðq; ηÞT vðp; ηÞ0�

þ 3

2
H

ðk21 − k22Þ
k2

½T vðp; ηÞT vðq; ηÞ0 − T vðp; ηÞ0T vðq; ηÞ�

þ 9H
p · q
k2

½T Φðp; ηÞT vðq; ηÞ þ T Φðq; ηÞT vðp; ηÞ�

þ 9
H
k2

½q2T Φðp; ηÞT vðq; ηÞ þ p2T Φðq; ηÞT vðp; ηÞ�: ðE54Þ

Here, in Eq. (E54), we did not explicitly write the transfer functions because all the quantities should be numerically
evaluated with SONG.

APPENDIX F: Mað2Þ
lmlpmplqmql̄ m̄

ðk; p;qÞ FOR EQS. (45) AND (51): DIFFERENT METHOD

Here below we present a different way to computeMað2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ for Eqs (45) and (51). Finally, using this new
approach, in Sec. F 3 we will rewrite the second-order kernel at large scales.

16https://github.com/coccoinomane/song.
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1. Eq. (45)

Starting from Eqs. (83) and (84), let us now write the right-hand side of Eq. (85) in a different way

1

2
Δbð2Þðx; ηÞ ¼

Z
d3 ~k
ð2πÞ3

d3p
ð2πÞ3

d3q
ð2πÞ3 ð2πÞ

3δDðpþ q − ~kÞ 1
2
Fbð2Þðp;q; ~k; ηÞT Φðp; ηÞT Φðq; ηÞΦpðpÞΦpðqÞei ~kx: ðF1Þ

Then, if we do not apply immediately the δDðpþ q − ~kÞ constraint on Fbð2Þðp;q; ~k; ηÞ, ~k does not depend on p, q and
cosðθp qÞ, and the second-order kernels can be expanded as
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Now using

ð2πÞ3δDðpþq− ~kÞ¼
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where
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ðp; q; ~kÞ ¼

Z
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d~χ ~χ2jlpðp~χÞjlqðq~χÞj ~lð~k ~χÞ;

and after few simple algebraic manipulations, Eq. (F1) yields
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l m̄ðq̂ÞY�
lqmq

ðq̂ÞΦpðpÞΦpðqÞ ðF4Þ

and finally we find

Mα½b�ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z ~k2d~k
2π2

Wα

�
χ̄; η;

∂
∂χ̄ ;

∂
∂η ;

�

×

	
1

2
~Fbð2Þ
l̄

ðp; q; ~k; ηÞT Φðp; ηÞT Φðq; ηÞjlð~k χ̄Þ


J lplqlðp; q; ~kÞjlðkχ̄Þ: ðF5Þ

Here below we show explicitly all the terms in Eq. (45):

M
δð2Þg ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z ~k2d~k
2π2

×

	
1

2
~F
δgð2Þ
l̄

ðp; q; ~k; ηÞT Φðp; ηÞT Φðq; ηÞjlð~k χ̄ÞJ lplqlðp; q; ~kÞ


jlðkχ̄Þ; ðF6Þ

MΨð2Þð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ½−2ð1 −QÞ�

Z ~k2d~k
2π2

×

	
1

2
~FΨð2Þ
l̄

ðp; q; ~k; ηÞT Φðp; ηÞT Φðq; ηÞjlð~k χ̄ÞJ lplqlðp; q; ~kÞ


jlðkχ̄Þ; ðF7Þ
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MΦð2Þð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmþ1ilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

	
be − 2Q − 1 −

H0

H2
− 2

ð1 −QÞ
χ̄H




×
Z ~k2d~k

2π2

	
1

2
~FΦð2Þ
l̄

ðp; q; ~k; ηÞT Φðp; ηÞT Φðq; ηÞjlð~k χ̄ÞJ lplqlðp; q; ~kÞ


jlðkχ̄Þ; ðF8Þ

MΨð2Þ0ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H

�Z ~k2d~k
2π2

×
∂
∂η

	
1

2
~FΨð2Þ
l̄

ðp; q; ~k; ηÞT Φðp; ηÞT Φðq; ηÞ


jlð~k χ̄ÞJ lplqlðp; q; ~kÞjlðkχ̄Þ; ðF9Þ

M
∂∥vð2Þð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

	
be − 2Q −

H0

H2
− 2

ð1 −QÞ
χ̄H




×
Z ~k2d~k

2π2
1

2
~Fvð2Þ
l̄

ðp; q; ~k; ηÞ ∂
∂χ̄ ½jlð~k χ̄Þ�jlðkχ̄ÞJ lplqlðp; q; ~kÞT Φðp; ηÞT Φðq; ηÞ; ðF10Þ

M
∂2∥vð2Þð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmþ1ilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

�
1

H

�Z ~k2d~k
2π2

×
1

2
~Fvð2Þ
l̄

ðp; q; ~k; ηÞ ∂2

∂χ̄2 ½jlð~k χ̄Þ�J lplqlðp; q; ~kÞjlðkχ̄ÞT Φðp; ηÞT Φðq; ηÞ: ðF11Þ

2. Eq. (51)

Starting from Eq. (183), [i.e. considering only the first two additive terms of Eq. (51)] and using Eq. (F4) with
b ¼ Φð2Þ þ Ψð2Þ we find immediately

Mαð2Þ
lmlpmplqmql̄ m̄

ðk;p;qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

Z
χ̄

0

d~χ
Z ~k2d~k

2π2

×Wa

�
χ̄; ~χ; η; ~η;

∂
∂ ~χ ;

∂
∂ ~η

��	
1

2
~FΦð2Þ
l̄

ðp;q; ~k; ~ηÞ þ 1

2
~FΨð2Þ
l̄

ðp;q; ~k; ~ηÞ


T Φðp; ~ηÞT Φðq; ~ηÞjlð~k ~χÞ

�

× J lplqlðp; q; ~kÞjlðkχ̄Þ; ðF12Þ

and find

MTð2Þð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ 2ð4πÞ3ℵ�
lðkÞð−1Þmilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
Z ~k2d~k

2π2

×

	
1

2
~FΦð2Þ
l̄

ðp; q; ~k; ~ηÞ þ 1

2
~FΨð2Þ
l̄

ðp; q; ~k; ~ηÞ


T Φðp; ~ηÞT Φðq; ~ηÞJ lplqlðp; q; ~kÞjlð~k ~χÞjlðkχ̄Þ;

ðF13Þ

and
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MIð2Þð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmþ1ilpþlqð2l̄þ 1Þ−1Gllplq

−mmpmq

Z
dχ̄χ̄2Wð χ̄Þ

	
be − 2Q −

H0

H2
− 2

ð1 −QÞ
χ̄H




×
Z

χ̄

0

d~χ
Z ~k2d~k

2π2
∂
∂ ~η

�	
1

2
~FΦð2Þ
l̄

ðp; q; ~k; ~ηÞ þ 1

2
~FΨð2Þ
l̄

ðp; q; ~k; ~ηÞ


T Φðp; ~ηÞT Φðq; ~ηÞ

�

× J lplqlðp; q; ~kÞjlð~k ~χÞjlðkχ̄Þ: ðF14Þ

Finally, for the last two additive terms of Eq. (51), Eq. (186) becomes

1

2
Δ½2∂⊥Sð2Þ−∇2⊥Tð2Þ�ð2Þðx; ηÞ ¼ −ð1 −QÞ

Z
χ̄

0

d~χð χ̄ − ~χÞ ~χ
χ̄
~∇2
⊥
	
1

2
Φð2Þð ~x; ~ηÞ þ 1

2
Ψð2Þð ~x; ~ηÞ




¼ ð1 −QÞ
Z

χ̄

0

d~χ
ð χ̄ − ~χÞ
χ̄ ~χ

X
~l ~mlpmplqmql̄ m̄

ð4πÞ3ilpþlqð2l̄þ 1Þ−1ð−1Þ ~mþ1ð2Þ∇2½Y ~l ~mðnÞ�

× G
lplq ~l
mpmq− ~m

Z
d3p
ð2πÞ3

d3q
ð2πÞ3

�Z ~k2d~k
2π2

	
1

2
~FΦð2Þ
l̄

ðp; q; ~k; ~ηÞ þ 1

2
FΨð2Þ
l̄

ðp; q; ~k; ~ηÞ



× T Φðp; ~ηÞT Φðq; ~ηÞJ lplq ~l
ðp; q; ~kÞj ~lð~k ~χÞ

�
× Y�

lpmp
ðp̂ÞY l̄ m̄ðp̂ÞY�

lqmq
ðq̂ÞY �̄

l m̄
ðq̂ÞΦpðpÞΦpðqÞ ðF15Þ

and, using ð2Þ∇2YlmðnÞ ¼ −lðlþ 1ÞYlmðnÞ, we find

M
½2∂⊥Sð2Þ−∇2⊥Tð2Þ�ð2Þ
lmlpmplqmql̄ m̄

ðk;p; qÞ ¼ ð4πÞ3ℵ�
lðkÞð−1Þmilpþlq

lðlþ 1Þ
ð2l̄þ 1Þ G

llplq
−mmpmq

Z
dχ̄ χ̄Wð χ̄Þð1 −QÞ

Z
χ̄

0

d~χ
ð χ̄ − ~χÞ

~χ

×
Z ~k2d~k

2π2

�	
1

2
~FΦð2Þ
l̄

ðp; q; ~k; ~ηÞ þ 1

2
~FΨð2Þ
l̄

ðp; q; ~k; ~ηÞ


J lplqlðp; q; ~kÞjlð~k ~χÞ

�
× T Φðp; ~ηÞT Φðq; ~ηÞjlðkχ̄Þ: ðF16Þ

3. ~Fbð2Þ
l̄

ðp;q;~k; ηÞ
Now, using the results in Sec. E 2 a, we obtain immediately

~FΦð2Þ
l ðp; q; ~k; ηÞ ¼

	
3 − 2

a
ain

Din

D

�
fNL þ

5

6

�
þ 2

3

f2

Ωm



δKl0 þ

2

3

1

Ωm
pqδKl1

þ 12

�
2 −

5

3

a
ain

Din

D
þ 2

3

f2

Ωm

�
~FΘ
l ðp; q; ~kÞ −

4

3

ð1þ F=D2Þ
Ωm

~FΞ
lðp; q; ~kÞ; ðF17Þ

~FΨð2Þ
l ðp; q; ~k; ηÞ ¼

	
−1 − 2

a
ain

Din

D

�
fNL þ

5

6

�
þ 2

3

f2

Ωm



δKl0 þ

2

3

1

Ωm
pqδKl1 þ 12

�
1 −

5

3

a
ain

Din

D

�
~FΘ
l ðp; q; ~kÞ

−
4

3

ð1þ F=D2Þ
Ωm

~FΞ
lðp; q; ~kÞ; ðF18Þ

~Fvð2Þ
l ðp; q; ~k; ηÞ ¼ 2

3

f
HΩm

	
1þ 2

a
ain

Din

D

�
fNL −

5

3

�

δKl0 −

4

9

f
H3Ω2

m
pqδKl1 − 8

f
HΩm

~FΘ
l ðp; q; ~kÞ

þ 8

9

F 0

D2H4Ω2
m

~FΞ
lðp; q; ~kÞ; ðF19Þ
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~FδmCSð2Þ
l ðp; q; ~k; ηÞ ¼ 4

3

1

H2Ωm

a
ain

Din

D

	
fNLðp2 þ q2ÞδKl0 þ 2

�
fNL þ

5

12

�
pqδKl1




þ 8

27

1

H4Ω2
m
p2q2

	�
2þ F

D2

�
δKl0 þ

�
1 −

F
D2

�
δKl2



; ðF20Þ

~F∇2δmCSð2Þ
l ðp; q; ~k; ηÞ ¼ −~k2 ~FδmCSð2Þ

l ðp; q; ~k; ηÞ; ðF21Þ

~F
δgð2Þ
l ðp; q; ~k; ηÞ ¼ b10 ~F

δmCSð2Þ
l ðp; q; ~k; ηÞ − ðbe − 3ÞH ~Fvð2Þ

l ðp; q; ~k; ηÞ þ b∇2δ
~F∇2δmCSð2Þ
l ðp; q; ~k; ηÞ

þ
�
4b02
9Ω2

m

�
f þ 3

2
Ωm

�
2

þ 4f2

9Ω2
m

	
ðbe − 3Þ2 þ ∂be

∂ ln a


þ 2f
3Ωm

ðbe − 3Þð1 − fÞ

−
8f

9HΩ2
m

�
f þ 3

2
Ωm

�
½b001 þHðbe − 3Þb01� þ

4b20
9H4Ω2

m
p2q2 þ

	
−2

fðbe − 3Þ
Ωm

1

~k2
−

4f2b10
9H2Ω2

m

−
4f

9H3Ω2
m
½b010 þHðbe − 3Þb10� þ

4b11
9H2Ω2

m

�
f þ 3

2
Ωm

�
−

4f
9H3Ω2

m
½b0∇2δ

þHðbe − 3Þb∇2δ�

−
4bδ∇2δ

9H4Ω2
m
p2q2



pq

�
p
q
þ q
p

�
þ 4bð∇2δÞ2
9H4Ω2

m
p4q4 þ 4f2b∇2δ

9H3Ω2
m
p2q2

�
p2

q2
þ q2

p2

��
δKl0

þ
	
−4

fðbe − 3Þ
Ωm

1

~k2
þ 8b01
9H2Ω2

m

�
f þ 3

2
Ωm

�
þ 4b10
9H4Ω2

m
pq

�
p
q
þ q
p

�
−

8bð∂δÞ2
9H4Ω2

m
p2q2

−
4b∇2δ

9H4Ω2
m
p2q2

�
p2

q2
þ q2

p2

�

pqδKl1 þ

3

2
bs2δ

K
l2: ðF22Þ

Finally for ~FΘ
l ðp; q; ~kÞ & ~FΞ

lðp; q; ~kÞ we find

~FΘ
l ðp; q; ~kÞ ¼

1

4

	
−
1

6
−
1

3

pq
~k2

�
p
q
þ q
p

�
þ 1

2

p2q2

~k4

�
p
q
−
q
p

�
2


δKl0; ðF23Þ

~FΞ
lðp; q; ~kÞ ¼

�
1

8

�
p
q
þ q
p

�
þ 1

2

p2q2

~k2

	
1 −

1

4

�
p
q
þ q
p

�
2

�

δKl0 −
1

4
δKl1: ðF24Þ
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[132] R. de Putter, O. Doré, and D. Green, J. Cosmol. Astropart.

Phys. 10 (2015) 024.
[133] L. Dai, E. Pajer, and F. Schmidt, J. Cosmol. Astropart.

Phys. 10 (2015) 059.
[134] M. Zaldarriaga and U. Seljak, Phys. Rev. D 55, 1830

(1997).
[135] W. Hu and M. J. White, Phys. Rev. D 56, 596 (1997).
[136] T. Okamoto and W. Hu, Phys. Rev. D 67, 083002 (2003).
[137] P. G. Castro, A. F. Heavens, and T. D. Kitching, Phys. Rev.

D 72, 023516 (2005).
[138] A. Lewis, A. Challinor, and N. Turok, Phys. Rev. D 65,

023505 (2001).
[139] C. Pitrou, T. S. Pereira, and J. P. Uzan, Phys. Rev. D 92,

023501 (2015).
[140] R. Penrose, Proc. Cambridge Philos. Soc. 55, 137 (1959).
[141] E. Newman and R. Penrose, J. Math. Phys. (N.Y.) 3, 566

(1962).
[142] R. Sachs, Phys. Rev. 128, 2851 (1962).
[143] E. T. Newman and R. Penrose, J. Math. Phys. (N.Y.) 7, 863

(1966).

DANIELE BERTACCA et al. PHYS. REV. D 97, 023531 (2018)

023531-66

https://doi.org/10.1093/mnras/290.4.651
https://doi.org/10.1093/mnras/290.4.651
https://doi.org/10.1046/j.1365-8711.2002.05620.x
https://doi.org/10.1093/mnras/stv961
https://doi.org/10.1093/mnras/stv961
https://doi.org/10.1088/1475-7516/2011/04/011
https://doi.org/10.1088/1475-7516/2011/04/011
https://doi.org/10.1155/2010/157079
https://doi.org/10.1155/2010/157079
https://doi.org/10.1103/PhysRevD.76.083004
https://doi.org/10.1103/PhysRevD.76.083004
https://doi.org/10.1088/0004-637X/703/2/1230
https://doi.org/10.1088/0004-637X/703/2/1230
https://doi.org/10.1103/PhysRevD.74.023522
https://doi.org/10.1016/S0370-1573(02)00135-7
https://doi.org/10.1103/PhysRevD.78.023523
https://doi.org/10.1103/PhysRevD.78.023523
https://doi.org/10.1103/PhysRevD.83.083518
https://doi.org/10.1103/PhysRevD.84.063512
https://doi.org/10.1103/PhysRevD.84.063512
https://doi.org/10.1046/j.1365-8711.2001.04281.x
https://doi.org/10.1046/j.1365-8711.2001.04281.x
https://doi.org/10.1088/1475-7516/2012/02/047
https://doi.org/10.1103/PhysRevD.88.063512
https://doi.org/10.1103/PhysRevD.95.043528
https://doi.org/10.1103/PhysRevD.95.043528
https://doi.org/10.1103/PhysRevD.96.043526
https://doi.org/10.1103/PhysRevD.96.043526
https://doi.org/10.1086/311051
https://doi.org/10.1086/311051
https://doi.org/10.1046/j.1365-8711.2000.03494.x
https://doi.org/10.1143/PTPS.133.183
https://doi.org/10.1088/0264-9381/27/12/124009
https://doi.org/10.1088/0004-637X/785/1/2
https://doi.org/10.1088/2041-8205/794/1/L11
https://doi.org/10.1088/2041-8205/794/1/L11
https://doi.org/10.1088/1475-7516/2016/01/030
https://doi.org/10.1088/1475-7516/2016/01/030
https://doi.org/10.1086/311293
https://doi.org/10.1086/311293
https://doi.org/10.1086/423168
https://doi.org/10.1111/j.1365-2966.2008.13572.x
https://doi.org/10.1111/j.1365-2966.2008.13572.x
https://doi.org/10.1111/j.1365-2966.2010.17388.x
https://doi.org/10.1111/j.1365-2966.2010.17388.x
https://doi.org/10.1111/j.1365-2966.2009.15353.x
https://doi.org/10.1111/j.1365-2966.2010.17638.x
https://doi.org/10.1111/j.1365-2966.2010.17638.x
https://doi.org/10.1086/152431
https://doi.org/10.1093/mnras/275.2.483
https://doi.org/10.1093/mnras/275.2.483
https://doi.org/10.1103/PhysRevD.86.125013
https://doi.org/10.1103/PhysRevD.86.125013
https://doi.org/10.1103/PhysRevD.87.043504
https://doi.org/10.1103/PhysRevD.87.043504
http://arXiv.org/abs/1405.2280
https://doi.org/10.1093/mnras/249.4.678
https://doi.org/10.1093/mnras/249.4.678
https://doi.org/10.1046/j.1365-8711.2000.03774.x
https://doi.org/10.1046/j.1365-8711.2000.03774.x
https://doi.org/10.1111/j.1365-2966.2004.08146.x
https://doi.org/10.1111/j.1365-2966.2004.08146.x
https://doi.org/10.1093/mnras/stx1039
https://doi.org/10.1093/mnras/stx1039
https://doi.org/10.1103/PhysRevD.86.083527
https://doi.org/10.1086/164143
https://doi.org/10.1143/PTPS.78.1
https://doi.org/10.1143/PTPS.78.1
http://arXiv.org/abs/astro-ph/9503125
https://doi.org/10.1086/176550
https://doi.org/10.1016/j.physrep.2009.03.001
https://doi.org/10.1103/PhysRevD.62.043007
https://doi.org/10.1086/152650
https://doi.org/10.1086/152650
https://doi.org/10.1088/1126-6708/2004/04/006
https://doi.org/10.1088/1126-6708/2004/04/006
https://doi.org/10.1103/PhysRevD.79.123507
https://doi.org/10.1046/j.1365-8711.1999.02692.x
https://doi.org/10.1046/j.1365-8711.1999.02692.x
https://doi.org/10.1103/PhysRevD.82.103002
https://doi.org/10.1103/PhysRevD.82.103002
https://doi.org/10.1103/PhysRevD.94.083515
https://doi.org/10.1103/PhysRevD.94.083515
https://doi.org/10.1088/1475-7516/2015/10/024
https://doi.org/10.1088/1475-7516/2015/10/024
https://doi.org/10.1088/1475-7516/2015/10/059
https://doi.org/10.1088/1475-7516/2015/10/059
https://doi.org/10.1103/PhysRevD.55.1830
https://doi.org/10.1103/PhysRevD.55.1830
https://doi.org/10.1103/PhysRevD.56.596
https://doi.org/10.1103/PhysRevD.67.083002
https://doi.org/10.1103/PhysRevD.72.023516
https://doi.org/10.1103/PhysRevD.72.023516
https://doi.org/10.1103/PhysRevD.65.023505
https://doi.org/10.1103/PhysRevD.65.023505
https://doi.org/10.1103/PhysRevD.92.023501
https://doi.org/10.1103/PhysRevD.92.023501
https://doi.org/10.1017/S0305004100033776
https://doi.org/10.1063/1.1724257
https://doi.org/10.1063/1.1724257
https://doi.org/10.1103/PhysRev.128.2851
https://doi.org/10.1063/1.1931221
https://doi.org/10.1063/1.1931221


[144] J. N. Goldberg, A. J. MacFarlane, E. T. Newman, F.
Rohrlich, and E. C. G. Sudarshan, J. Math. Phys. (N.Y.)
8, 2155 (1967).

[145] W. B. Campbell, J. Math. Phys. (N.Y.) 12, 1763 (1971).
[146] T. Dray, J. Math. Phys. (N.Y.) 26, 1030 (1985).
[147] R. Gomez, L. Lehner, P. Papadopoulos, and J. Winicour,

Classical Quantum Gravity 14, 977 (1997).

[148] E. T. Newman and G. Silva-Ortigoza, Classical Quantum
Gravity 23, 497 (2006).

[149] M. Boyle, J. Math. Phys. (N.Y.) 57, 092504 (2016).
[150] D. J. Eisenstein and W. Hu, Astrophys. J. 511, 5 (1999).
[151] T. Tram, C. Fidler, R. Crittenden, K. Koyama, G. W.

Pettinari, and D. Wands, J. Cosmol. Astropart. Phys. 05
(2016) 058.

RELATIVISTIC WIDE-ANGLE GALAXY BISPECTRUM ON … PHYS. REV. D 97, 023531 (2018)

023531-67

https://doi.org/10.1063/1.1705135
https://doi.org/10.1063/1.1705135
https://doi.org/10.1063/1.1665802
https://doi.org/10.1063/1.526533
https://doi.org/10.1088/0264-9381/14/4/013
https://doi.org/10.1088/0264-9381/23/2/014
https://doi.org/10.1088/0264-9381/23/2/014
https://doi.org/10.1063/1.4962723
https://doi.org/10.1086/306640
https://doi.org/10.1088/1475-7516/2016/05/058
https://doi.org/10.1088/1475-7516/2016/05/058

