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ON TRANSLATION INVARIANCE FOR Wr.
d

^ 0 INTRODUCTION
Let us consider a projective non-singular curve C of

genus g.The set of all line bundles of degree d on C is

a variety denoted by Pic^fC).There is a natural action of

the Jacobian JC=Pic^(C) of C (which is an abelian variety)
d v

on Pie (C)for any d.We may consider the subschemes W^(C)
of Picote) parametrizing those divisors on C of degree d

whose space of sections has dimensión at least r.Let

us write Q(W^(C)) for the subgroup of the Jacobian leaving
W.(C) invariant under translation.

d

In his paper [w] (cf Hilfsatz 3) Weil proved that

for any curve C and dsg-1 , Q( W° ( C ) ) =0 (for d>g W^Pic^tC)
and then obviously Q(W°(C))=JC).We could ask whether the

same holds for other valúes of r.The answer is no

if we do not impose any restrictions on C.For instance,

we could consider a bielliptic curve,that is to say,

a curve whith a two to one morphism onto an elliptic

curve E.Then (C) is the pull-back of W* (E), and

so is isomorphic to E and we get Q((C)) =E (see^4,5
for more counterexamples ) .Nevertheless,we have proved

that,when C is assumed to be generic (in the sense
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of moduli) and W ^(C) is neither empty ñor
of Picd(C),then g(w£(C))=0.

the whole

This paper is organised as follows: In yl we have ga-

thered a few well-known definitions and result.s.either

to have them at hand or because we have not been able

to find a proper reference in the 1itera ture.The

second paragraph is rather t echn ica 1 i n it we prove

that when a curve moves in a good family,the subgroups

P
of the Jacobians leaving the W^'s invariant fit toghether

This allows us to show g(W^(C))=0 in (j 3 by reduction
to the case of a rational cuspidal curve ( see the

introduction to | 3 for more details).In j 4 and
P

5 we study the possible dimensions of g ((C)) for

a fixed r and give examples of curves for which those

dimensions are reached.The last paragraph is of a

different nature;in it we determine all curves for which

C](W* LC ) ) £0. These turn out to be the bielliptic ones3 g-2

Horeover we show that for all C.

I would like to thank Gerald Welters for his guidance

before and during the preparation of this work.
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} 1 ZMtlíIüMII?
Let 0 --*■ S be a projective morphism of schemes

of finite type over the field $ of complex numbers

whose fibers are curves of arithmetic genus g which

are either non singular or whith cusps as their only

singular i ti es.We shall assume that p has disjoint

sections s for t big enough.Under those conditions

there exist Picard schemes Pie ^(p) for every d^O (see

[g] V Th.3.1).Horeover,Pic° (p) has a natural structure

of a group scheme over S and there is a natural action

of Pic°(p) on Picd(p) for every d.

One can also define a scheme W^ (p),a subscheme

of Pie d(p) which parametrizes the linear equivalence

classes of divisors of degree d and dimensión at. least r

(see [a,c] and [ F , l] ).We recall here its definition.

Let i be a Poincare bundle over Pie d(p) x 0 .We
S

denote by p ,p the canonical projections

Pic d(p) X0 p2 0
i p* i

Picd(p ) -* S

If t»2g-l-d, then E = p [ X. Qp ( ts^ (S) )] is a vectoro

bundle on Picd (p) of rank d+t+l-g.This follows from

the fact that the dimensión of the cohomology of the

fibers is constant (see [h],C1i III Th(1.2.8)).

£ - s ^ (S ) + . . .+ s (S)We define the divisor on e d
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and Ffc= JL «P* 0 D( tSQ ( S ) ) . We have

( tso(S)-Dt)-» i«PÍ0^ (ts
The direct image of á^under p^
from E^_ to F ^ which fits in
above sequence:

an exact sequence

Q(S) í-WllSp^Qp (tsQ(S))->0

gives rise to a morphism or^
the direct image of the

Pj*[ Í-S'ff 00 (tsD (S)-Dt] - Et Ft

(1 . 1 ) . Definition.One defines w’’ (p ) as
a

the locus

where rank ^ t+d-g-r sí i th its natural structure

given locally by the vanishing of the minors of the

matrices of <r .

X'
( 1.2 ) .Remark.The construction of W ^ (p) commutes

with base change,that is to say,given a morphism

V :T -> S

if we consider the pull-back family

e‘ e x t g
s

then w^P')=w^P)xgT .

Proof:It is known that Picd (p') is obtained as

the pull-back of Pie d(p) and that the pull-back of

a Poincaré bundle ¿ on Pie d(p)Xg 0 is a Poincaré
bundle L' on Picd(p')xT 0' ([g]vi Th.3.3.1).

By definition W^(p) and W^j(p') are given by the
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vanishing oí' the minors of the morphism o f fiber bundles

Pl1t ( í «P|C^>( t s o ( S ) ) ) —»Plj(_(l«p*0D(tso(S)))
and

pi*(^^e(t5o'(T))) -> (['«p^-tT)))
pespecti vely , where s: T -> 0 are obtained from s:S->0

by base extensión and D ' is defined similarly to D .

Because of the base change property for P i c^ this

last morphism is

P'lw (V*Id)* (JLBf^G0Ítso (S)))-í* pl' (Vxldf (J>R* 0D( tsQ (S) ) )
—

d d ^
where denotes the morphism Pie (p' ) -■> Pie (p) Corning

from

Therefore our assertion will be proved if we show

that the natural morphisms( [h]111 Rem.9.1)

p'te( (Vxldf (I»^G|9(t8o (S) ) ) ) ♦- i>* (Plx( i •tJ0g(tso (s)))
and

p'* ((Vxldf (I«p*0D(tso(S) ) ) ) <--(f*(plítI«p»0D(t(so(S)))
are isomorphisms.This is true because the above holds

over closed points.

( 1.3 ) . Remark . E very component of W *" ( p ) has dimensión
d

at least equal to dim S +p,where p is the Brill- Noether
number p=g-(r+1)(g-d+r).In particular,for a given
curve C,W^j(C) has dimensión at least p at every closed
point.In fact this follows from the definition of

W^(p) (see [A,C,fi,H ] p.83) .
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{ 1.4 ) . Remark^If se S is such that dim W^(0(s))=p,then
r TT

W J p ) - > S
is fíat in a neighborhood of s.

Proof:Because of (1.3),there is a neighborhood
S' of s where all fibers of TI have dimensión ^ .Then,
when restricting to the pulí —back family Q,'= 0^S' —> S',
all components of W^(p') project onto S'(by (1.3)and(1.? ) )
Under those conditions , W^p ') being the locus where
a certain morphism of vector bundles drops rank.it
must be Cohen-Macaulay(see for instance [A,C,G,h]
Prop.(4.1 ) ) .Then we deduce flatnessfrom thecriterion

i n [njch.IXI Ex.10.9.

( 1.5) . Lemma^I.et C be a cuspidal rational curve,

F a torsión free sheaf on C of rank one ( i.e.F8K(C)=K(C ) ,

where K(C) denotes the field of rational functions

on C).If P is a cusp in C,then the fiber Fp of F over P
is isomorphic either to the local ring Qp of C at P
or to its maximal ideal M.

Proo f: As K(C) is the quotient field of 0p , Fp 8K ( C )
is the symmetrization of Fpin the set S=Qp- {Oj .Moreover,

Fp being torsión free,the morphism Fp-> S Fp is injecti-
ve.Therefore we may assume that Fpis a submodule of K(C).

2 3
We shall use the model Qp=(<f(t it )) ^2 ^3 j ,

so M=(t2,t3) and K (C ) = ($( t)) ( Q ) .
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Then,because Fp has a finite number of generators,
there is a k such that

tkFpCP=((Kt))(t) .

So we may assume also FpCR.(1.5.1).Recause K(C) is the quotient field of 0 ,

the condition F ®K(C)=K(C) is seen to be equivalentP 0P
to Fp flQ* 0 .

Now let I be an ideal of Op.I^ 0 .We claim:(1.5.2).I is isomorphic either to 0por to M.
Proo f: I f I M.then 1= 0p. So we may assume ICM.

Every element of I is of the form

S ( t2 , t ^
Q ( t 2 t ^

2 3
with 0(O,O)+O,S(O,O)=O.The elemente of the form S(t ,t )

also generate I.

. • ■ n > v n .k ,k +1 . m I
Let us choose S ín I S=a, t+a . t +...+a t ,a.±0

k K+l m k

and k minlmal over all Sel.Then

(t -t ^ + j/^ ) S = t ( ^ + c t +...)

so,as the element in the parenthesis is a unit in Qp, we
k + 2_ , x

have t £ (S)CI.Then

_ .3 . .2. ,k + 2 ,k + 3, .2 .

S.t -(ak+1t ).t =t (ak+ct +...)
k+3

so t also belongs to the ideal generated by S,and

therefore the same holds for tk+rfor r>2.

I f I=(S),it is isomorphic to Qp .So we may assume

I^(S).Then there must be an element of the form
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b, tk+b t^+1 in I such that b /a, ^b /a .We havek k+1 kkk+J k+1
k+l k k k+1

therefore that t and t belong t o I and so I=(t ,t. )

is isomorphic to M,the isomorphism being given by

k — 2
multipli catión «ith 1/t

Write now I = F fíQp.
Let us assume first that 1=0 . I f I = F p there is

nothing to prove.0therwise,1et us consider the exact

sequence

0 -» 0D -> R -Z* O
n ” t t

0 -» 0p Fp-*g(F/)-> 0
where g(f) = (df)(0) is the differential of f at O.The

condition Qp^Fp means that g(F)^0,so we must have
g (F) = <f and F = R.Now R is isomorphic to M as an Qpinodule ,

2
the isomorphism being given by mu 11ip1ication by t .

If F
p c M,(1.5.2) gives the desired result,Thus,

it only remains to consider the case Fp ^F í) Qp c: M.We
shall see that this never happens.In fact Fp 4 means
there are f in Qp and g in Qp - {°} such that f/g€Fp-Qp
Then.f € FpnGpcM so f ( 0 ) =0 , d f ( O ) =0 . We deduce d(f/g)(0)=0
which contradicts f/g 40p*

(1.6). Corollarjr^On a rational cuspidal curve the

tensor product of torsión free rank one sheaves is

a closed operation.

Proof:From (1.5) and keeping the same notation

it suffices to prove that M9M=M.We have a presentation
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of M

0 0p ->0p© 0p -V M -9. 0
2 3

where h(f,g)=t f + t" g . B y l.ensoring t h i s exact sequen ce

w i t h M we obtain the result.

j2 CONSTHUCTION_OF_ft_SCHEME_9XW^_ÍPÍ2z
We keep the notations of |l.Woreover,»e shall

f>
assume that W, (p) is fíat over S.We shall show thatd

there is an S-subscheme of Pic° (p) whose closed points

correspond to a curve 0(s) in the family p and a point

a 6 Pic° (0 (s)) such that atlí 9C (s) )=# 9 6 (s) ) .As oned d

could expect.this scheme is in fact a group scheme,has

a universal property and behaves w e 11 under base change.

In what follows we shall supress the indi catión

to p from the notation where there is no danger of

confusión.

o r r
Let us write A=Pic x„ W .Since by hypothesis W,

S d d

is fíat over S and flatness is preserved under base

changel [h] ChIII (9.2.b)),it follows that A is fíat
_ • o

over Pie .

We define

where i s

p denotes

jjj = ( Pj , l|Jd ) : Pic° xPicd Pie' d S
the natural action of Pie

projection onto the i — ^

o ■ d
x P i c

over Pie and

factor.Then
i

is an isomorphism because it has an i n verse

V
d
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Y-W ’ Vd <Y- ° P1 ’P 2))
11 °

where ^denotes "inverse" in Pie.

We shall denote by B the scheme-theoretic image

of A under jjj ^ . A s ¡jj ^ is a Pic° -isomorphism.B must be
fíat over Pic°.So,both A and B induce classifying isomor-

phisms of Pic° to the Hilbert scheme of subschemes

of Picd fíat over S

Pic° v->Hilb dXg* Pie /S

( 2.1 ) . Def i.ni t ion^Le t Q be the maximal subscheme

of Pie° where those two morphisms coinci de,i.e.the

subscheme defined by the pull-back diagram

Hilb, Picd/S
l 1 A

Y*<XAXB>
Pie Hilbpicu/sXsHilbp.Ga/s

where A denotes the diagonal morphism (which is an immersion).

(2.2).Proposition.lf all fibers of p are non- singular,then

9 is projective over S.

, o
Proof:Under these conditions Pie -> S is projective

( [g] VI ,Cor.4.2 . ) , so, it is enough to show that Q is
o

closed in Pie .

The Hilbert scheme of fíat subschemes whith a

given Hilbert polynomial P of a scheme X projective

over S is projective ( [g] VI Th.3.1 ) and.in particular



separated.Let P
^ ( P ) be the Hilbert polynomial corres-

ponding to the fibers of A (B) over Pie °.As Q is non-

empty.we must have P = P and Q can be obtained by

replacing Hilb Pic^/S by H i 1 b R Pic^/S in Definition (2.1)

Then the diagonal map is a closed inmersión and so

Q is a closed subset of Pic°.

(2.3).Remark^The subscheme Q is a final object
o r

among those subschemes of Pie which leave W, invariant
d

under the natural action.More precisely,given a morphism

R -t Pic°

such that

R + Wdr=(Wd>R
then f may be factorised in a unique way through

R -* Pic°
f

V
(Here (W *!) denotes Rx „Wj =Rx (Pic° x tl^ ) and R + W^dR bd o Sd d

Pie

i s the image of RXp^o(P
o r

ic x^W^) under the morphism Idx^d)
Proof¡The pull-back of A by f is (W*; ) and

a K
that

of B is Rx(R + W . As A
n

and B are fíat r> • O
over Pie f th ése

two schemes are fíat over R.Therefore we have classifying

morphisms yA RxA

Ry-> Hilb Plcd/SA RxB

the compositions fo X. and foX„
A B

which in fact are . S i n c e,
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by hypothesis, ^ rxb • the product of those two nor-

phisms factorises through the diagonal morphism

R -» Pic°-*HÍlb Picd/5xflb P i c d/S
♦ ♦
I

H i 1 b j d
.7 PJC /S

\ g

and we dedude from this the morphism R -»Q .

( 2.4 ) . P ropos i. t¿on^ Q has a natural structure of

a group-subscheme of Pic°.

Proof:This follows from Remark (2.3) coupled w ith

the formal properties of Pic° as a group-scheme and

those of the action of Pic° on Picd.

( 2.5 ) . ProposjL tjlon^The construction of g commutes

whith base change.In particular,the restriction of

g to a geometric fiber 6 (t) of the family p is the

subgroup of the Jacobian of C (t) of those elements

leaving the scheme W1] (Q, ( t) ) invariant under translation
d

Proof:Given a pull-back diagram

e' -»e
P ' y P

S ' —S

we noted in (1.2) that we have pull-back diagrams

Picd(p' ) -*■ P i cd ( p ) Wj(p ' ) -* Vrtp)
l i d i ld
Y t and * *S' -» S an S' s

So.there is a natural morphism
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Hilb a -■> Hilb d x 5‘
Pie (p')/S' Pie (p)/S s

Moreover A'=Ax S' and B' = Bx S'.Therefore the diagramS 5

defining Q (p') factors^ through the pull-back of

the diagram defining Q(p).Therefore Q(p') is the pull-back

of g(p).

f 3 ¥ANISHING_OF 9iWdiC22_FOR_A_GENERIC__CURVE
In all of these paragraph,g,r,d will denote three

integers ^0 such that the Brill-Noeter number

=g- ( r+ 1 ) ( g-d + r )

satisfies

g

This is equivalent with the fact that for any genus g

r d
curve W (C) is neither empty ñor the whole of Pie

d

We are going to show that, Q ( W ^ ( C ) ) =0 for a generic
curve C of genus g over (f.The proof consists of two

parts.In the first one we show that,under suitable

conditions,the property (C ) )=0 extends to all

curves in a neighborhood of C.In the second we prove

that g(W ^(C))=0,for a cuspidal rationa 1 curve C and

that ,when we deform the curve to a non singular one ,

we can also deform the group which becones a member

of a projective family.We have encountered here a

few difficulties arising from the fact that Pic° (C)

is non compact and that.when we compactify it,it loses
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its group structure.We have been able to overeóme

this problem by proving first that the action of Pie °(C)

over Pic^fC) extends to an action of their compac tifica-

tions and secondly that the family of groups we defined

in | 2 is in fact closed in the compactification of
the family of Pic° of the curves.

( 3.1 ) . Propos^ti.on^Let Q -S T be a projective group-

scheme.T a non-singular scheme over the field <f such

that the fiber Q( t ) over a closed point t 6T is the3 o o

zero group.Then Q(t)=0 in a neighborhood of t .

Proof :No fiber of p can be empty because p has

the zero section e:T -»Q -As Q(t ) is zero-dimensional,

we may assume ,by restricting T if necessary, that

all fibers are zero-dimensiona1.Before we proceed

we need to prove the following:

(3.1.1).Lemma^Under the above conditions,if x

is a closed point of Q belonging to a component which

projeets onto T, then Q is non-singular at x and the

morphism p is unramified at x.

Proof ¡Denote by t the point p(x).We have an exact

sequence of tangent spaces

0 T «. . -> T— -> T
g (t), x g, x t , x

As g(t) is a group-scheme over $ it is non-singu1ar,so,
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being zero-di raensi onal,Tn . =O.Then the above exact

sequence proves the second assertion •

The assuption of the lemma is dim T íj dim g .So

we have

dim T $ dim
X

Q < d i m T
y*

d i m T
X

and the first assertion of the lemma follows.

Now the lemma gives us that g is non-singular

at the single point x^ of g ( t )J o
because x^ belongs

to the component G which contains the zero section.So,

this must be the only component of Q containing x^. The
morphism being projecti ve,we may restrict T to a neighbor

hood of t and assume that all components of Q project
o 3

onto T.Ther. p is fíat ( [h] III ex.10.9).As it has

finite fibers and is unramified by (3.1.1),it is étale.

So h°( g(t) ,0g(t) ) is exactly the number of elements
of the fiber Q(t).By assumption it is one for t=t and we

have already noted that it is always at least one

because all fibers contain the zero e1ement.So,(3.1)

follows by upper-semicontinuity.

(3.2).Corollar^^If is a non-singular curve

such that dim W^(C )=o and g(W*~(C ))=0,then Q(W^(C))=0do do d

for all curves C in an open neighborhood of C in the

moduli space.
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Proof:Use (1.4),(2.1),(2.2),(2.4) and (3.1) together

whith the well-known existence theorem for a family

containing C and projecting onto an open neighborhood
o

of C in the moduli space of curves,
o

(3.3).Let e|t J ,be a projective fíat
morphism of finite presentation whith Q and T non-

singular irreducible schemes over the complex field

such that the fiber over the point t is
o

a rational

curve whith g cusps and the fiber over any closed

po i n t t4t is a
o

non-singular curve of genus g> We shal 1

assume moreover that p has disjoint sections s .

o ..s^.For
the existence of such a family see [ E,h] p.394 and

apply the usual technical device to construct the

sectionsfsee for instance [C ],(1.2)).
Since for a cuspidal curve #^(C ) has dimensión p ,do \

by Remark (1.4) , we may also assume that W j(p) is fíatd

over T and construct Q as in (2.1).

By restricting the natural action of Pic° (p) over

Pic^(p),we then have a morphism

Yd: gXWd(p) -* Wd(p)
Under our conditions,we may apply the theory

of Altman and Kleiman ( [a,k] 1 and 2) showing the

existence of projective T-schemes Pic^(p) which compacti-

fy the schemes Pie **( p ) . They represent the equivalence
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classes of fíat families of sheaves over G whose geome-

tric flbers are torsión free rank one sheaves on the

fibers of p “i. t h Euler characteristic d+l-g.Moreover,

there is a universal sheaf ]_ o n P i c d ( p ) x 0 normal i 7. edd

along a section of p (see [k] for a summary of results).

(3.4).Lemma.The action of Pic° (p) over Pie d(p)
extends to an action of Pic°(p) over Pie (p)

Pic°(p)x Pic^lp) -> Picf(p)
IT — i
*

. d , _ v ^773^Pie (p)x^Pic (p) Pie (p)

Proof:For a cuspidal curve the tensor product

of torsion-free rank one sheaves is again a torsion-

free rank one sheaf ( c f . ( 1.6 ) ) . Ob v i ou s ly the same

holds for non-singular curves.

Let us consider the scheme Pic° (p)x Pie d
and denote by p . (resp. p . ) the pro jection onto the

J k J

factor j (resp. onto the product of the factors k

and j).Then p*g £0IBp23 Al is 3 flat sheaf over
this scheme because is fíat over Pie °(p)xT0 and

is fíat over Picd(p)xC •
d

T

By restricting this sheaf to a fiber of the projec-

tion p we get

( P 13L<?P23 Xcfyl,J x(gxC(t) Io|{Lo) xC( t)” Id | { Ld} Xe(t)
which is a torsion-free rank one sheaf on 0 (t) as

mentioned above.
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Because the family is fíat,the Hilbert polynomials

over the fibers are constant ( [ H ] III p.261-262) and

on the generlc non-singular fibers they are nd+l-g.Then

we apply the universal property of Pic^ (p) to obtain

the morphism

We can copv the construction in (1.1) replacing

Pie ^(p) by Pie ^ (p) and the Poincaré bundle ¿ by £.
r f)

We get in this way a closed subscheme W.(p) of Pie (p)
d

which parametrizes those torsion-free rank one sheaves

on the fibers of p whose space of sections has dimensión

at least r+1.

(3.5).Lemma.No point of Pic° (C ) -Pic° (C ) leaves
o o

W1, (C ) invariant under the action W, of (3.4).do 1 d

Proof:By the results of Eisenbud and Harria ( [e,h]

Cor.(4.4)),we have

w*'(c )=Wr,(C )U U W ^ (C . . )d o do . . d J., . . .i .

V-Xj 1 J
j

whpre C. is the normalization of C at the cuspa
i, . . . i . o1 J

r
P. ...P. and the elements of W, (C. . ) are inter-

i. d i ... i
1 J 1 J

preted as those torsion-free rank one sheaves on C which
o

fail to be locally free precisely at the cusps P. ... P..
X1 J

Let j be the máximum integer j such that

Wd-j(Ci1...i.)+0
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As the curves C.
^ are ratlonal cuspidal curves11 ' ‘ ' j

of gemís g-j,this is equivalent (by [e,h] Th.5.1 ) to

0 d-j , r , g-j )

and because

^ ( d-j , r , g-.i ) = ^>(d,r,g)-j
we have

j ^ ^ ( d , r , g ) < p
the 1 a s t inequality following frorn our ’ ni tf al hypothesis

on d,r,g.

Let I. be an element i n Plc°(C )-Plc°(C) .As I, corres-
o o

ponds to a non- Invertible sheaf on C ,it fails to
o

be locally free at at least one of the cusps.say P^ . We
want to show

l. + W^(C ) W§(C )do o

Let L
o

be an elenent ii. n V/
d̂

(c
o

) correspondinp to a

point in Wa (Cid-Jo I-.- ‘ Jo
) . . Then LbL

o
fails to be locally

free a t the cusps P
1

F
, and
’o

D The re fore,by definition

•P
0

<WO does not belonp to «*;
n

(c )
O

•

(3.6).Lema^ 9(C )=0.

Proof:Let us conrider the se heme-theoretic closure

Q(C ) of g(C ) in Pie °(C ) (see [k.R.a] p.324-325).
o o o

Be cause 9(C ) is a proup-soheme over $ , i t is reduced
o

^

and so is 9( C ).Moreover,by defi o ition, g ( C ) is dense

in g<C ).J
o
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r p
We also have that W d^o ^ is dense in W (j(cCf ) and

reduced ([e,h] Th.4.5 and Th.5.1)

By construction, Q(C ) leaves W^ (C ) invariant.So
o do

by continuity ,we get a f ac tor i za t i on of IjTj in the
following »ay:

g (C ) X w c ) -* w^(c )J o do do

+ ♦

g (c ) x w *!( c ) w ^ c )^ o
j d o do

—— *—d— ü - -
Pie (C ) x P i c (C ) Pie (C )

o o o

Now,by Lemma ( 3.5 ) , we have CJ( ) C Pic° ( = . As g(CQ)

proper and <|) ® is affine, 9(CQ ) is f inite. Horeover,

g(Co)c implies g< ) = g< C o ) . So , g(CQ ) being a group
subscheme of (f^which is torsion-free,it, is trivial.

We shall denote by g the scheme-theoretic closure

of(g(p))red inside Pic^(p).

( 3.7 )¿Lemma.^ 9 (P) redxxWd ' P ^ is ^ense in 9 XTWd
Proof: Let y be a point in Q xm W ^ ( p ) - g (p)x. W '"(p)J T d T d

and x,w the projections of y in g and W^(p) respectively.d

We have that p (x)=p. (w)=t where p. iPic1 (p) -* T
o d i

is the structural morphism.

If x = 0,x belongs to the component which contains

the zero section 0:T -> g and this component dominates

T.If x^O.then by Lemma (3.6),x^ gTc^"^) • So , i n either
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case,there is a component G of Q containing x such

that p (G)=T'^ ít | is a closed irreducible subset
o o

of T.

We know that W
^ ( p ) x T ' coincides whith W1] (p')¡ hered T d

p' is obtained by pulling back p to T' ( cf. (1.2)).As

F
all fibers of W (p) over the closed points of T have

dimensión (by (3.3)),the same must be true for the

je*
fibers of W^(p') over the closed points of T'.Henee

F
we deduce that all the components of (p') have dimen¬

sión equal to dim T'+^> and dominate T' (see (1.4)).
Because W r( p' ) is dense in W ^ (p' ) (see fE.Hl' p.394)

d d u J

the same is valid too for the components of (p').Let
F

W be a component of (p') containing w.Then.there

is a closed irreducible set in Gx^ , W containing y
and such that its projections on Q(p) and Pic^ (p)

are G and W respectively (see [e.G.a] Ch.I (3.4)).This

proves the lemma.

( 3.8) . Lemma^ Q coincides whith 9^J,ecj and so 9^^ is
projective.

Proof:By applying (3.7),we get a factorization

of the restriction of Ij)^ to (Qx^W^íp)) as shown in the
red

diagram below.Then,because of (3.5),it follows that

g=<g(p)) .So,g<p) is a closed set of Pic° (p) and in
red

particular it is projective.
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< g

< g

Pie
o

X W (p) )T d red red
I
*

XTWd(p)red)red "">
I
+

(p ) x TPic (p)

<(p) .d red
i

w^(p)d red
I

Picd(p)

( 3.9 ) . TheorenwFor a generic (non-singular) curve

of genus g, the only translation leaving (C) invariant

is the identity ( 0$ (d, r ,g) $g-l ) .

Proof:By (3.1 ) , (3.3 ) , (3.8) and (3.6) there are

non-singular curves whith Q(W^(C))=0 and such that
dim W*|(C)=D.Then use Corollary (3.2).

A ■ POSSIBLE DIMENSIONS OF THE GROUPS g(W§(C)).
We show here that,for any curve C,0< dim Q(W^(C))< r.

Con ve rse ly , for any s such that 1 < s < r we construct

curves such that dim Q(W^r( C ))=s.For s = 0,we have already
seen (cf. ^3) that for a generic curve Q ((C))=0,so
Q (W^ (C)) is zero dimensional .We have not been able

d

to find an example of a curve whith Q ( W1] (C)) zeroJ d

dimensional but not trivial (see (5.8)).

( 4.1 ) . Lemma. I f a+(wf ) . c ( wf ) , and r + g-k ^1
k red k red

(or equivalently ),then a+(W¡~) ,c ( W*") ^ t<k.k t red t red

Proof: Let Lew^, D^s|l| and be a generic effect.i-
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ve divisor of degree k-t.Then 0J D , + D, . ) e W,r.So,bvC t k-t k

hypothesis, O^ía + D Í- + Dk_t ) e w k • By Riemann-Roch this
is equivalent to

h° ( K-a-Dt-r>k_t) >r + g-k 5^1
„ . . . _ (k-t)
So.D^ being generic m C

h°(K-a-D^) 5- r + g-k + ( k -1) = r + g-t
which again by Riemann-Roch gives

h°(a + D^) > r + 1
or equivalently 0^,a + D^)e W^.

(4.2). P£2E2®:i¿i2í*iI f ^ ( d , r , g ) < g.then dim Q ( ) < r.
Proof:Let be the minimum integer d such that

Under those conditions Fu 1 ton , Harris and Lazarsfeld

proved ( see [A,C,G,H] p.329 ) :dim (W ^ )$ r.Horeover,
o

r* r

by (4.1), Q(W^) leaves the support of invariant.So,
o

r
when we choose an element w in W. ,we get an injection

do

9(»h) -*• <d

i +

,r. _ , . .,r

o

> a + w

Henee,we deduce dim Q(w^)< dim ^ r
o

( 4.3 ) . Progosi. ti.on^Let C be a generic genus h

curve 1 r,C Cq a (ramified) double covering
of C such that g(C) >6r+13.Then W„,r„ (C) is reduced2h + 2r

and coincides whith the pull-back of Pich+r (C ) under
o

the morphism induced by p.So Q(W ^j.) *s su*,8rouP
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of dimensión h in Pie (C) obtained as the pull-back

of Pic°(C ) .
O

Proof:By Riemann-Roch W. r (C )=Pic ^+ r (C ).So,inh + r o o

order to prove the proposition we must show that

a) if Lew r (C),there exists a L e W r (C )2h+2r o h+r o

such that L = p L ;
o

b) W r (C) is reduced.
2h + 2r

Proof of a):Let LeW„. _ (C).Then any subspace2h + 2r

of dimensión r + 1 in H° (L) determines a norphism l'of
~

i r
C onto a non-degenerate curve C of P .

c -* c -* |pr

We shall use the following two classical lemmas

(see for instance [a,C,G,h] p.116 and p.366 resp.).

(4.3.1).Lemma^(Caste 1nuovo).Let C be a curve of

degree d in not contained in any hyperplane and

let g be its geometric genus.Then

g -5 ( ( r-1 ) +me

m= —j-J (that is to say.the largest integer
d-1 .

where

Xess than or equal to r-1
) and e=d-l-m(r-1).

(4.3.2).Lemma.Let be covering of degree

of a curve C of geometric genus and a covering

of degree d^ of a curve of geometric genus g^.Then
e ither the geometric genus of C satisfies

g(C) ^(dirl)(4, -l)+g1d1+g2d2
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or both coverings are composite with the same involution

(i.e. there is a third curve C and a morphism of

degree at least two C -■* such that the given morphisms

factorize

*
/

C -»
\

*

\
c

i

If r > 1 (4.3.1) tells us that g(C) > g(C) , so the

morphism is not birrational.For r=l this is obviously

true.Let k be the degree of f.

|Pr , i t has

> r and therefore

As the curve C is non-degenerate in

2h + 2r
degree at least r.So.we have

k ^ 4.We can use now (4.3.1) to prove that the genus

of C is bounded by h+l.Then,by (4.3.2),we may conclude

that f and p are composite with the same involution.As

p has degree 2,this means that f factorizes through

P c
rf . o

C
N y

-*|Pr

Thus we can write L = p L +F,where L is an invertible
o o

sheaf of degree at most h+r and dimensión at least

r in C and F is the fixed part of L.
o

On the other hand.C being generic.we have
o
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dim W|1 + ^ C )=^(h+r-l,r,h)<0
that is to say,W r (C )=<|>,so L has degree exactly

n + r — 1 o o

h+r and F=O.This completes the proof of a).

Proof of b) : We shall prove that the tangent space

to W r„ (C) at the point L = p* I, has dimensión h and
2 h + 2 r o

so.because of a),W r is non_ s i n8u 1 ar •

Let us denote by A the ramification divisor of p

and let D be a (not necessarily effective) divisor

such that 2D = A and p Q = Q„ 8 Q (-D).Then.by Hurwitzíf L» L/ _ l;
0 o

Formula 2deg D +2(2h-2)= 2g-2 .So.deg D =g-2h+l.

Since H°(L)=H °( L )®H°(L -D) and deg(L -D ) < 0,we
O O o

have H°(L)=H°(L ).(Note that those are spaces of sections
o

of line-bundles on different curves,we hope it is

clear to which curve they refer in each casej.ln particu¬

lar this implies h°(L)=h°(L )=r + l,where the last equality
» o

has been seen to hold at the end of the proof of a).This

r* d
allows us to compute the tangent space to W (C)cpic (C)

h + r

as the subspace orthogonal to the image of the Petri

morphism:

H°(L) 8 H °( K- L ) -♦ H°(K)

where H °(K) is to be interpreted as the dual of the

tangent space to Picd(C) (see for Instance [a,C,G,h]
p.189)

By taking into account that K =p*K +p*D ([h] IV' U c
O

prop.2a3),we get K^-L=p (Kc +D-L£ and so
o
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H°(K —L)=H °(K +D-L ) O H°(K -L )C C o C o
o o

We may now decompose the Petri morphism in the following

way :

H°(L ) 8 H °(K + D-1. ) H°(K +D)
. o C o C

O o

H °( L ) 0 H °( K -L ) -> H° {K )
o O o U

o o

We have h ° ( K
^ - L ^ ^ 0 because deg L. =h + r 2h-2=deg K . S 6 ,

o o

the second component of the Petri morphism .is zero.Then,

as h°(K )=h,showing that dim Tt (C)=h is equiva¬le L 2 h + 2 r
o

lent to proving that the morphism

H°(Lo) 8 H°(Kc +D-Lq) -» H (Kc+D)
o o

is onto and that follows from the Castelnuovo Generalized

Lemma ( [ M ] Th.2.1).

5 •

In this paragraph we

C of genus 37 such that

the_set tf * (C) invariant

trivial.

( 5.1 ) . De f¿njL t i. orwLe t and be two rank 3 quadrics

of |P whose vértices are two disjoint 2-planes (whith

a suitable choice of coordinates we may assume that

2 2
their equations are x - x x and x - x x ) . Let Q be

o 1 2 3 4 5

give an example of a curve

the subgroup of JC leaving

is zero-dimensional but not

a generic quadric and S a generic cubic hvpersurface
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in p ^ .We define C as the complete intersection of

Q^’Q^.Q and S.By the genericity of 0 and S,C is non-

singular.It has degree 24 and its canonical divisors

are cut by the hypersurfaces of degree 3 in |P (i.e.

K = 0^3)) ( see [ H] II ex.8.4).(5.2).Lemma^Given k points in pr not contained

in a hyperplane, for any j such that 1 ^ k < jr + l,there

are j hyperplanes of p r whose unión contains exactly

k-1 of those points.

Proof:Use induction on j.(5.3).Lemma^Gi ven a g^ on C whithout fixed points
and k ^ 12,the divisors of the g * generate a linear

space of dimensión at most 3 in |p^ .

Proof: Let Deg* ,D=P+E where P is a point in C

and E an effective divisor.By hypothes i s , h° ( E ) =h° ( D ) — 1

So,by Riemann-Roch,h ° (K-E)=h ° (K-D).This means that

any canonical divisor containing E must also contain P.

Let us assume now that D is not contained in any

hyperplane of p5.Then,by (5.2) we could find three

hyperplanes of p^ whose unión would contain all points

of D except one.This is impossible because the unión

of the hyperplanes cuts a canonical divisor on C.Henee

.4 5
we have D c p C p .if D were not contained in a hyper-
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4
plañe of |P ,we could apply (5.2) again and reach

a contradiction as above.

(5.4).Lemma^Given a without fixed points on

C whith k 55. 12,this must be the non-fixed part of the

series cut on C by the rulings of a quadric of |P whose

rank is at most 4 and which contains C.

Proof:Let us denote by L the line bundle correspon-

ding to the hyperplane section of |P5.By (5.3) ,h°(L-g^) 5-2 .
1 r

Let us write L-g = F + g ,where F is the fixed part ofk J

the series L-g^ and r > 1-We choose D ^.D^in g^ and
~

r

D^in g such that there is no common point to any

pair of those four divisors and such that no one of

those divisors contains a point of F.As ty +D^ +F belongs
to | L | and C is projectively normal ( see for instance

[«] II ex.8.4) , there must be a hyperplane in |P5 con-

taining this divisor.Let 1 be an equation for this

hyperplane.Then,the rational function

111122

112121

cuts on C the divisor +D^ + 2F-(D^ + + D ^ + 2 F ) = 0 ,

so it must be constant on C:

*11 ^2 2

112121
,= k +0
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Thus C íb contained in the quadric of equation

1 ll1?? k]12
One of the two (possibly coincident) rulings of this

quadric is the set of three-planes whith equations

a 1
„ . +bl = 0
11 21

k a 1
, „ + bl = 0
12 22

For b = 0 the cor r espond i ng plañe cuts +F and for

a=0 it cuts D +F as we wanted to show.

5
{5.5).Lemma^The only quadrics of |P of rank^4 containing

C are Q
^ and Q

Proof:As C is a complete intersection,the quadrics

containing C are those o f the two-p1ane generated

by Q Q and 9 inside the |P2° of a 11 quadrics in

|P 5 ( see [A,C,G ,H] p. 139)., The set of quadrics of rank 4

form a variety of puré codimension 3 in this Ip”1^ .Let

us denote it by V.The pencil generated by and Q,,say 1,

cuts V in exactly those two points.as one can check

from the equations of 0 and given in (5.1).We

need to prove that one can choose 0 in such a way

that the two-plane generated by ,Q^ and 0 cuts V
in exactly those two points.To this end,let us cut

V whith 17 generic hyperplanes containing l.The intersec¬

tion is a finite number of points in a |F^ containing

1, so we can choose a two-plane inside this |F^ containing
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1 and avoiding all the other points except and .

( 5.6 KLemmsuThe curve C has exactly two linear

series of degree 12 and dimensión 1 , g ^ and h ^ ,which
are cut by the rulings of and Q^.

Proof:Use (5.4),(5,5) and the fact that the vértices

of Q^and Q 2 cannot cut C beca use of the generic selec-
tion of 0 and S.(5.7)-Corollarj^The subgroup of the Jacobian of

C leaving the set W * invariant under translation

consists of two elements.

Proof: It is clear from (5.6) that 2g^ =2h^2 .So,
11 1

LQ=g12-h12^0 leaves W^ÍC) invariant (as a set).(5.8).Remark^In this case (C) is non-reduced

as one can see by computing its tangent space by means

of Petri's morphism ( [a,C,G,h] p.l89).We do not know

whether the translation whith L preserves the scheme

s tructure .
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{ 6 9í^g_32_*22 Sí^giilj.
We show in this paragraph that QtW^1^ (C ) ) =0 for

all C and that Q(W * ^ (C))=0 for any curve of genus
g 7 except when C is bieiliptic (in which case it

is isomorphic to the corresponding associated elliptic

curve).

(6.1) .Lerama^For a hypere11 iptic (resp. trigonal)

curve of genus at least 2 (resp. 5) and a k such that

2<k^g (resp.3^ k ^ g),the condition a + W ^ = implies
a = 0.

Proof:By our condition on the genus W* (resp. W ^ )
consists of a single point (use for instance (4.3.1)).

Then by (4.1),we would have a + g^g* (resp. a + g^ =g^ ) and
so a=0.

(6.2KLemma^Let C be a curve of genus g 7.1f

we have the set-theoretical equality a + W * =W * whith
g-2 g-2

O^a e JC.then there is a component of dimensión at

least g-3 in the inverse image of W 0£-a ^y niorphism
c(g-2) pice_2(c)

Proof:Let us assume the contrary and we shall

reach a contradiction.

For a given LE and P , Q e C , we have h°(L-P+Q)^l
So W ^tC-CCK °„ .Because of condition a + W ^ = W^ „ ,we

g-2 g-2 g-2 g-2
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ha ve

Therefore

W 1 +C-C-a=W 1 +C-C
g-2 g-2

1

g-2' g-2
o

g-2

Our assumption means that the dimensión of the right

hand side is g-4,so the intersection of W ° and W ° - a
g-2 g-2

is proper and the dimensión of the left hand side

is at most g-4.

On the other hand.for any curve the dimensión

of any component W of W^^^is at least the Bri11-Noether
number ^ (g-2,1,g)=g-6 (cf. (1.3)).As C generates JC,
dim(W+C-C)=dim W+2.Therefore,dim W=g-6 and dim(W + C-C)=g-4.

The latter equality implies that W+C-C is a component

of W ° (W ° -a).
g-2 g-2

The cohomology classes of any transíate of W ^_ , C
g-2

and W ° in the cohomology ring of JC are (because
g-2

of the fact that W * has the right dimensión g-6)
g-2

9 9
g-1

9
and

3 ! 4! (g-1) ! 2!

respectively (see [a,C,G,h] p.320).So,the cohomology

class of W ° (W ° -a) is given by the intersection
g-2 g-2

2 2 4
9 9 9

and the cohomology class of W +C-C is computed by
g-2

means of the Pontrjagin product
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6 g-1 g-1 4
1 9 9 9 1 5(g-5)(g-4) ©
x 3 ! 4 ! (g-1)! (g-1)! X 4!

x being the degree of the map

W 1 x C-C -*• Pic8_2(C)
g-2

(we recall that C cannot be hy pere 11 ip t i c by (6.1)

and so the morphism C-C -» JC is birrational).

We are going to compute x.Let L be a generic point

in a component W of W 1 (C) and P and Q generic points
g-2

in C.Assume that we have the equality L+P-Q5E+P-Q í

whith L'in W1 .and P'.Q'in C.If we had h°(L+P+Q') >3 ,

g-2

because L is generic in W and P generic in C we would

2
obtain dlm W >. dim W+l=g-5.This is a contradiction

g
2 1

because,by Riemann-Roch,W =W .Therefore,
g g-2

| L + P + Q'| = |L|+P + Q'

and because of the hypothesis L + P + Q ' = L'+P'+Q,also

|l'+p'+q|=|l'|+p'+q

Then,by the genericity of Q, we deduce Q=Q' and therefore

L + P = L ' + P ' .

Let F (resp. F' ) be the fixed part of the éénies

|L| (resp. |L'| ) and write L=L ^+F (resp. L'=L'+F' ).
Because of (6.1) C is not trigonal,so g-2-deg F > 3.

Moreover, |L ^|+F + P=|L'^|+F' + P' implies F + P = F' + P'. Therefore,
either P'=P or P' ^ F.So,the degree x of the morphism

W * x C-C -» Picg_2(C)
g-2

satisfies x = deg F *-1 .< g-5 .



a set- theoretlcNon,from the fact that W ^
^ +C-C i s

component of W ° (W °„ -a),the above computations and
g-2 g-2

assuming W^^reduced we obtain
5(g — 5) (g-4) 1

4! (degF + 1 ) 4

Therefore

g-5 >( degF+1 ) is.*Mg-5)( g-4)>t~( g-5 )

which is a contradiction.

It only remains to prove that under our conditions

W i s reduced.Let us assume this «ere not the case.Then
g-2

by the Cohen-Macau1 ayness of (cf. [A,C,G,H] Prop.4.X)

we would have a component, W of W ^ cont.ained in the
g-2

singular locus of W .This locus is the unión of
g-2

2 2
W

„ and those points not irt W _ for which the Petri
g-2 H g-2

morphism is not injective ( [A,C,G,H] p.189).As
dim W ^ g-7 by (6.1) and Mar tens'Theorem ( [a,C,G,h]
Th.5.1),our hypothesis would imply that for a generic

point L of W the Petri morphism is not injective.Let

us write L = L ^+F,where F is the fixed part of L.Then
the kernel of the Petri morphism is fP(K-2I^-F) ( [ A , C , G , H ]
p.196 ).Therefore we have h ° (K-2L1 -F) l.Let t be
the degree of F.When L moves in W,L moves in a component

of dimensión at least g-6-t of ^ ^.-As dim W^2 = g-6,
C is neither hyperelliptic or trigonal ñor bielliptic

or a plañe quint.ic.Then Mumford's Theorem ( [a,C,G,h]
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p.193) gives dim V=g-6-t O and so F is generic in

C .Therefore h°(K-2L ) ^t+1 and we obtain a component

of W ^ ^ of dimensión at least g-6-t2g-2-2(g-2-tT 21 + 2

On the other hand.by using Mumford's Theorem again.we

obtain dim ^¿t*2 ^ 0•So,t = g-6,deg L^=4 and h°(2L ) 4 .

Moreover.by (4.1),W* cannot consist of a single4

point.Let g \ El1 and consider the product of the
4 4 4

morphisms associated to those linear series

C -* |P -St |P |P 3
Then.by (4.3.1),either the morphism is birrational

and gí 9 or it has degree 2 and C is either bielliptic

or hyperel1iptic (which contradicts dim W =g-6).Now
g-2

by the study of Coppens of quatrigonal curves of genus

at least 7 ( [c ] p.32 ) , the only curves which have

more than one g ^ one of which satisfies h° (2g^ ) > 4
are of genus 7 and have exactly 2 linear series of

degree 4 and dimensión 1 g1 and h^ with h°(2g* )=4,
4 4 4

h°( 2h* ) =3 . Then the condition a+W^=W* means a = g'¡,-h \ = h*-g \ .4 4 4 4 4 4 4

So,2g1=2h1 which is a contradiction because the space4 4

of sections of those bundles have different dimensions.

(6.3) . Lemma^Le t C be a bielliptic curve,C -§• E

the associated double coveri ng. Then for all k , 4s5k$g2 ,

we have W* ( C ) = p*W* (E)+W°^(C) and g(W ^JSE.
1 f .1

Proof:Let and consider the morphism C |P

associated to a two-dimensional subspace of H° (L).By
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(4.3.2),the morphism

C -» E x |P

cannot be birrational.So.f is composite whith p.Then,

gj^ is a pull-back of a series of dimensión at least
one in E.So,this series must have degree at least

two in E.This proves the first assertion.lt follows

from this that p*Pic °(E)SE leaves W* invariant set-

theoretically.The second assertion is that equality

also holds scheme-theoretically when k=g-2.To this

end it is enough to check that there are no iromersed

X
components in W (C) .Viere that to happen , they would

g-2

have dimensión at least equal to the Bri11-Noether

number g-6 (see [ EN] p . 202 ) . We shall check that the

singular locus of W „ (C) coincides whith W _ (C)
g-2 g-2

and so has dimensión g-7 by Mumford's Theorem.

Let Lew * -W 2 . Then L = p* D + F with deg D = 2 and
g-2 g-2

no divisor of the form p *P whith P in E satisfies

* 2
p Pe F,foriotherwise L would belong to W ^ -Let us
consider the canonical immersion of C in |l^ * .There

is a point X in |P g 1 -C such that the projection from

X is the morphism p ( A,C,G,H p.269 ) and we have

the diagram

(6.4.1)
C e,
r
+

jg-1 _

E
r
*

>K-2

The tangent space to W^ ^ at L is the subspace orthogonal
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to the image of the Petri morphism ( see [a,C,G,h] p . 189)

H °(L) 0 H °( K-L ) H °(K)

and the kernel of this morphism is easily proved to

be H °(K —2p* D-F) ( [A,C,G,H] p . 196 ).Therefore I. i s

a singular point of ^if and o ni y i f
h°(K-2p*D-F) ^ 2

On the other hand.by diagram (6.4.1) and denoting

by M the sheaf which gives the inmersión of E in

g-2
|P ,we have

h°(C,K -2p*D-F)-h°(E,M-2D-p(F))=1
where the last equality follows from the Riemann-Roch

Theorem.

(6.4).Theorem^Let C be a curve of genus g> 7.Then

Q(W '*’„(C))=0 if and only if C is bielliptic.3 g-2
Proof :Necessity is proved in (6.3).We are going

to prove sufficiency.Let „ 1 ,, 1
us assume a + W =W

g-2 g-2
. Then

by (6.2), we have that the
_ ,, o

inverse image A of W -a i n

( c— 2)
C ® has dimensión at least g-3.Therefore for a

generic divisor D in é® ^|l) + C <-* ^ must cut A.This

means that there is a point in C,P(D),such that

h°(D + P(D) + a) ^1

By Riemann-Roch this is equivalent to

h°(K-a-D-P(D))» 2

If for a generic D we had h°(K-a-D)>3,then
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h°(K-a)=h°(K-a-D)+g-3=g
and a would be zero contrary to our hypothesis.Thus,for

a generic D we have that h° (K-a-D)=2 and P(D) is a

fixed point of the series |K-a-D|.

Let us assume first that the complete linear series

| K — a | has no fixed points and consider the morphism

associated to it

C -* C -*■ | K-a f = IP8-2
If f were birrationa1,C would have degree 2g-2.The

condition that |K-a-D| has a fixed point for generic

D means that given g-3 generic points of C,the linear

i 2 —P
variety of codimension two in |P which contains

them, contains also another point of C .This contradicts

the principie of general position ( [a,C,G,h] p.109).So,

f has degree d^2.

As C is a non-degenerate curve in | P8 2 ,C must

have degree at least g-2.We must have

<3 ( g-2 ) d • deg C =deg (K-a)=2g-2

So

2 .< d <; 2g~2 < 3
g-2

i.e. d = 2 and C has degree g-l.It follows that C is

an elliptic curve (use for instance (4.3.1)) and so

C is bielliptic.

Let us consider now the case when |K-a| has a

fixed point P.Then h°(K-a-P)=h°(K-a)=g-l and,by Riemann-
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Roch this means that h°(a+P)= 1.So,a + PíQ and aSQ-P.

Let us assume that C is not bie 11 iptic . Then , the

hypothesis a + W * =W * aio.gives that a=Q-P,QiP,as
g-2 g-2

we have just seen.But.as

2 a + W 1 =a+(a + W 1 )=W *
g-2 g-2 g-2

we should have either 2a=0 or 2a-R-S.The former condition

is 2P=2Q and the lat.ter 2P+Sf2Q+R.So,in the former

case C would be hyperel1iptic and in the latter trigonal

which contradicts (6.1).

(6.5)^Theorem^For any curve C

itnplies a = 0.

Proof:By a result of Welters

a is such that a + W ''(C)cw °.g-1 g-1

can imítate the last part of the

obtain that a=0.

a + W * (C)=W 1 (C)
g-1 g-1

( [We] Th.5.1 ) •H

then a eC-C.Then we

proof of (6.4) to
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