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Introduction

The purpose of this paper is the determination of the

level, £(n), of an integer n with respect to the sum of

three squares, when n is not necessarily square-free.

We keep the definitions and basic notations given in [l].
A recursive formula for the main term in the evaluation

of t(n) is given in theorem 5, using p-adic densities.

The error term in the determination of ?.(n) can be now

estimated, unconditionally, thanks to Shimura's lifting,

which allows to know the growth of the Fourier coefficients

of certain cusp forms of weight 3/2 from some of weight 2,

when the Índex runs through a fixed quadratic class. This

estimation of the error term becomes important when n increases

in such a quadratic class. For this reason, the square-free

case was handled separately in a previous paper [l].

We conclude that if n / 0,4,7(mod 8) is a positive integer

sufficiently large (see Section 3), then

i) I(n) = 2 , if g.c.d. (n, 10) / 1,

ii) l(n) = 3 , if g.c.d.(n,10) = 1.



Finally, we give an application of this result to solve

an embedding problem of Galois theory.

The authors want to express their gratitude to E. Nart

for his careful reading and improvements of an earlier versión

of this paper.

1. The main térro in the determination of i(n)

As in [l], given a positive integer n f 0,4,7(mod 8), we

define the level of n as the máximum valué of t such that

there exists a representation of n as a sum of three integer

squares with í summands prime to n. It will be denoted by

l (n) .

We consider also the functions

s,(n) Sj(n) - 2s3(n)
g (n) = , g (n) = ,

r(n,I3) r(n,I3)

s. (n) - s, (n) + s, (n)
g (n) = — í ¿

r (n,Ij)

where

i 2 2 2
Sjín) = z (-1) p(ajjy(a2)g(a3) r(n,<a3,a2,a3>) ,

for i = 1,2,3. The sum (1) is taken over those sguare-free

positive integers a^ , j = 1,2,3, such that 1 < a^|n for
j £ i and a^ = 1 for j > i . We take = 3 - 2 [i/3] .

^ ^We^aeoall ([1], prop. 1) that t(n) > i is equivalent
< i

\



2 2 2
Let f = <a^,a2,a3> be a quadratic form such that

r(n,f) ^ 0, and where the a^'s are assumed to be square-
free positive integers dividing n. Let

dij = g-c-d- # 1 í i , j í 3 , i j ,

d123 = g-c.d. (ara2,a3) ,

d = d123 d12 d13 d23 ‘

The possible corranon factors of the a^’s can be avoided
by setting

r(n,<a|,aj,a]>) = r (nd~2,<b2,b2,b2>) ,

where b¿ = d^ d^ d123 ai ' for í = 1,2,3‘
In particular we have g.c.d. (b^,b^.) = 1, for i j and
g.c.d.(d,b^) = 1 , for i = 1,2,3.

Throughout this paper,a^,bif for i = 1,2,3 and d will
have the meaning just explained.

Next, we introduce the following average alternating

sums :

(n) = 1 (-1)iy(a3)y(a2)p(a3) r(nd 2,gen<b2,b2,b2>)
for i = 1,2,3. The sum (1) and are defined as for s^n)
Here gen f stands for the genus of the quadratic form

f(see [6]) .
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Note that if n is square-free, the average alternating

sums S^(n) are equal to the ones introduced in [l].

Now we define as in [l] s

s\(n) = r(n,I3)_1 Si(n) , i = 1,2,3.
I

We make the convention that S^(l) = 0, for i = 1,2,3.

Proposltion 1. n ¿ 0,4,7(mod 8), thtn

, . 3 (nd-2,<b?,b2,b?>)
S,(n) = p. Z (-1) w(a )ii(a-)u(a,) n -3 —-—-1

(1) q|a1a2a3 q 3q (n,I3>

io>i i = 1,2,3, tvheie q /iun4 ovan, all pilme, faetón o¿ a^a2a3,
and 3q ¿tandi ioi the q-adíe denilty {¿ee [1]).

Plooí. It suffices to apply Siegel's Hauptsatz and observe

that

3g(nd-2,<b2,b2,b2>) = 3g(n,I3) ,

for all prime q not dividing aja2a3 and that

3„(nd_2,<b2,b2,b2>) • 30o(n,I3)~1 = n q"1 ,
q aia2a3

for q prime.

The preceding formulae allow to extend the definition
I

of the (n) to those integers n e 7(mod 8). This extensión

will be needed later in an inductiva step.
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We define the main term G^n) in the determination of
the level of n as follows (cf.[l], Sect. 1) ;

Gjín) = S^(n) , G2(n) = sj(n) - 2S3(n) ,

G3(n) = sj(n) - S2(n) + sj(n) .

Since the evaluation of the main term leads te consider

-2 2 2 2 -1
quotients of densities 3 (nd ,<bi ,b9 ,b-,>) . 3 (n,I,)X * J (J J /

v/e begin by studying these densities first.

We denote by v^fn) the p-adic valuation of n.

Definition. Let n f 0,4(mod 8) be a po¿-Lt.ive. ¿niegen and let

p be a pn¿me iuch that v^ín) = a > 0. Wn¿t¿ng n = mpa, we
¿ntnodu.ee the ioltou>¿ng notatton:

3p(mpad~2,<b^,b2,b3>)
P 3p(n’parl3)

r I

3p(m,a) , ¿(j p|b¿ ion exaethj one i,
■

3 2(m,a), ¿i p|d.L P

That is, the above quotient is denoted by 3p(m,a) if p
»

divides exactly one a., and by 3 2(m,a) if p divides more1
P

than one a^ .

From the definition of p-adic density (cf. [X]) it follows
immediately that

2
3_(n,<p ,1,1>)

i F

i) 3_(m,a) =
p P 3p(n# 13)
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ii) 3 2(m,a)
P

3p(np'2,I3)
P 3p(níI3)

Siegel in his paper [6] about representations of positive

integers n by integral quadratic forms f gave formulae to cal¬

cúlate the p-adic densities 3p(n,f) when p/2 detf. In the case
f = I3 , we get the following

Proposltion 2. Leí n be a poótttve. ¿niege*. ¿ueh that 4/)'n. Leí

p be a p*¿me ¿ueh that vp(n) = a > 0 and ui*¿te n = rapa. Then:

(1+p-1)(l-p-(£5+1)) , ¿i a = 26+1,

i) 3 <n,I,) =
P 3

(1+p-1) (l-p-6) + (p2-l)p-(P+2) {l-(^)p-1} ,
í a = 26,

{o* p / 2.

ii) 32(n,X ^)

3/2 n : 1,2,5,6 (mod 8),

1 ,¿¿ n e 3 (mod 8),
0 ¿ ¡( n = 7 (mod 8) .

P*oo{. i) This is an inanediate consequence of [6] Hilfssatz 16.

ii) 32(n,Ij) is reduced to count r 3(n,I3), from which the
result follows.

Next, we explicit the valúes of 3p(n,<p ,1,1>) when
vp(n) > 0.
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For a positive integer n let e = 1 i£ n s 1(mod 4), and

en = i if n ; 3(mod 4).
The densities appearing in the next proposition are not

covered by Siegel's formulae.

Proposition 3. Let n be a po&¿t¿ve ¿niege*, iuch that 4¡(n. Let

p be a pA.¿me iuch that v^fn) = a > 0 and wAtte n = mpa. Then:

2+ep(l-p X)- p"B(l+p_1), ¿i a = 26+1
i) 3p(n,<p2,l,l>)

2+e2(l-p-1)-{l-(^) )p"B, ¿i a = 26

¿o* p ¥ 2.

Pao o ¿• i) In order to calcúlate these densities we consider

the following Gauss-Weber sums associated to a quadratic

ternary form fíx^Xj,^) :

Each /3 ,5^0 admits a unique representative in
P P

Op of the form mp~s with 0<m<ps, g.c.d.(m,p) = 1. This
allows us to define

0(5,f) = P_3S 0 s(m,f) •
P
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Then, one can see (cf.[3]r[8]) that

. (n, f) - Z.
!,V'p

0(£#f) <5 *-n > ,

where <,> denotes the usual pairing between 2^ and Q^/2^ .

Let Bs(n,f) = X
V*P

vp(í) - -

0(?,f) < % ,-n > .

From now on, f wlll be the quadratic form <p ,1,1> .

s ^
Then, for any m t (2/p 2)

0 g(m,f) = p0 s(m,I2) , if s > 3. Therefore

B (n,f) = p B (n,I,) for s > 3. So s
S S J "

3 (n, f) ŷ
V8p

vU) <- 2

p Bg (n,Ij) + B2(n,f) + B, (n,f) + B^ínjf)

Taking Into account well-known results about the valúes

taken for the ordinary Gauss sums (cf.[2], Ch.7), It is easy

to evalúate the sums B (n,f). They are given by :

[
p S/,,2(p-l) , if s < a

i) Bg(n,f) = _p-(a+l)/2 f if s = a+1

, if s > a+1

if s is odd.
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o if s < a

ii) Bg(n,f)
,-m. __a/2 . , . ,(—)p , if s = a+1

O , if s > a+1

if s is even.

To achieve the asserted results, it suffices now to

substitute these valúes in the expression of 3p(n,f).
ii) If p = 2, the calculation of 32(n,f) can be reduced
to that of r ,(n,f).

If n ? 0,4(mod 8) is a positive integer, we consider

a prime p dividing n such that v^(n) = a > 0 is even if
not all the exponents in the factorization of n are odd.

We can further assume that p / 2 (unless n = 2, in which
2

case the valúes of 3^(2,f), for f = 1^ or <2 ,1,1>, were
already calculated). We shall write n = mpa . Under this

convention we have.

Lemma 4. With ou4 pAeviouó notationi, ii q ii a pfiime

dividing a3a2a3 , q ^ p , ii holdi

i) 3q(ropa»I3) = 3q (m» I -j) •

3 (md 2,<b2,b2,b2>), ¿i Plaia2a3

ii) 3q(npad 2,<b2,b2,b2>) = <3q(md 2,<b2p 2,b2,b2>) pla^rP^aja-j ,

ISqÍHKl 2p2»<t>2,b2,b2>), ii p^a^ .
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Ct
Prioo^. i) This follows, under our convention on p ,

imraediately from prop. 2.

ii) Let us suppose that p^a^^a^ •

If q divides exactly one a^, say a^, then, as is
easily seen

9q(mpad-2,<b2,b2,b2>) = 9g(mpa,<q2,l,l>).
—2 222 2

Similarly, 9q(md ,<b^,b2»b3>) = 9q(m,<q ,1,1>) .

Applying now prop. 3, under the convention made on pa, we

get

9 {mpaf<q2,l,l>) = 9 (m,<q2,l,l>) .
4 4

If q divides more than one a^ , then

9q(mpV2,<b2,b2,b2>) = 9q(mpad"2,I3) and

9q(md“2,<b2,b2,b2>) = 9q(md_2,I3) .

By prop. 2, account being taken of the convention made on

pa, we get

9 (mpad"2,I,) = 9 (md“2,I3) .4 ^4 J

This proves the first case of ii).

The other two cases of ii) can be proved in a similar

manner.

If one substitutes all the valúes obtained in props.

2 and 3 in the corresponding expressions of the main term,

there appear rather complicated alternating sums. However,



the preceding lemma allows to simplify most of the densities

by comparing (n) with G¿ (m) , m = np_a . In this way, we
obtain the following recursive formulae for the evalúation

of the inain term.

Theorem 5. Let n be a poAitive integeA Audi that 4/fn and

WAtte n = mpa, with a = vp(n) >0. We aAAume that a tA even
tí not aií the. exponentA ocuAAing in the factoAtzation of

n a>te odd. Then:

1) G^n) = G^m) + 9p (m, a) (G2 (m) - G^m)) +

+ 9 ,(m,a)(l-G-(m)),
P

ii) G2(n) = G2(m) + 9p(m,a)(G3(ra) - G2(ro)) +

+ 9'2(m,a) (1 + G2(m) - 2G3(m)) ,

iil) G3(n) = G3(m) + (39p(m,a) - 29 2(m,a))(l - G3(m)) .

I

PAoof. Let us conslder the sums (n) . We break them up

into partlal sums according to the number of a^1s such that

Applying the results of lemma 4 and the definitions of
• •

9 (m,ct) and 9 2(m,a) we obtain :P n

S3(mpa) S^ím) + 9p(m,a) (3 - S^m)) ,
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S2(mpa) = S2(rn) + 29p{m, a) (S^ (m) - S2<m)) +

T I •

+ 9 2(m,a)(3 - 2S^(m) + S2(m)) ,

Sj(mpa) = Sj(m) + 9p(m,a)(S2(m) - 3S3(m)) 4

4 3' (m,a)(l - s'(m) 4 2 s'(m)) .

So, the assertion of the theorem follows from the defi-

nition of the main term.

2. Bound of the main term

In order to bound the main term we first bound the valúes
• •

of 9p(m,a) and 9

P

From props. 2 and 3, we get the

following

Proposition 6

W4¿-te n = mpa

i) 9p(m,a) =

ii) 9p<m,a) =

. Let n ¿ 0,4 (mod

, ic¿th Vp(n) = a >

pb

(p+D (p6+1 -1»

(24^)pB ~4 pg-1
(p+D [{p^-D + a-p

8) be a poA-tí-tue -¿niegen.

0 and p j* 2. Then

-(p+1)
, -ij a = 2041 .

-{!-(—) )

-1) ÍI-Í^ÍP-1} ]
¿i a = 26.
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iii)
1 -¿l! a = 26 + 1 .3 2(m,a) PB -

pB+1 - 1

iv) 3 2(m,a)
P

P r ¿i = 1 , a = 26 •

pB+pB_1-2
, *-i = -1, a = 26

LpP+1+PB-2

vii) I i p = 2, thzn

3-(m,1) =1/3,3 ,(m,1) = O¿ 2*

Corollary 7. Leí n / 0,4(mod 8) be a po&lt-ive /niegen.

W>i¿tz n = mpa with Vp(n) = a > 0 and p / 2. Thzn

i) 0 < 3p(m,a) < - .

• -i
ii) 0 < 3 - (m, a) < p

iii) 0 < 33^(111,01) - 23 ,(m,c.) < yj * P / 5,2'
P .

and

33_(m,a) - 23 _(ra,a) = 1 .
s 5

iv) 0 < 23 (m,cx) - 3 _(m,a) < =•
P p¿ D

13



Paco The proof of the above statements is elementary. One

needs only to consider the different cases : p e l or

3 (mod 4), a being odd or even, (~) =1 or -1 , and use the

expressions of prop. 6.

“l
Theorem 8. Let n = p^ •••Pk a poiittve ¿ntegeA uitth
4/|'n. Then theAe extit conitanti = c^(p3...pk) ludí that :

Gi(n) < c^(p^.•#Pk> < 1 t

¿oA i = 1,2,3 ¿i g.c.d.(n,10) = 1 ; and i = 1,2 t/¡

g.c.d.(n,10) / 1 . In the latteA ca&e me have G3(n) = 1.

Paoo¿. Let us suppose that g.c.d.(n,10) = 1 . We prove the

assertion of the theorem by induction on the number of

distinct prime factors of n.

If p / 2,5 . Then, by cor. 7 we have

• 1 7

Gj(pa) = 33 (l,a) - 29 2(l,e) < T3 < 1 ! and we can takeP
P

c3(p) = 7/13 .

&1 «k-l ak
Let now n = p^ ...pk_^ Pk » with k > 1 and p^ chosen

«1 ak-l
as in th. 5, and write m = p^ •••Pk-i * Then> we have,

by virtue of th. 5, cor. 7 and the induction hypothesis,

that

G3(n) < Gjtm) + yj (l-G^ím)) = yj + yj G^ím) < c3 (Pj_* • .Pk) < ^

with c3(p1...pk) : = ~ + ~ c3<Pi* • -Pk-l1 *

14-



By induction and applying again th. 5 and cor. 7, we get

that 0 < G^(n) < G2(n) < G^(n) < 1 . Therefore, it suffices

to take c^ = Cj = .

Let us now consider the case g.c.d.(n,10) ^ 1 . If 2|n ,

proceeding by induction on the number of distinct prime

factors of n, and taking into account th. 5 and cor. 7, we

get Gj(n) = 1 . On the other hand, in order to prove that
there exist c_(p....Pjt> such that G2(n) < c_ < 1 , we write

ak
n = mpk in accordance with th. 5, where pk can be taken
different from 2, unless n = 2 in which case

G2(2) = S = 0 • The fact that G^(m) = 1 , together
again with th. 5 and lemma 7, allows us to estímate G^(n)
also by induction as follows s

G2(n) = G2(m) + (28p (m,ak)
I

9 2 (m, cxj.)) (1-G2 (m)) <
Pk

< G2(m) + 5 ‘i - G2(m)) c2(p Pt) < 1

4 1
with c2(p^...pk) : = 5 + s’ c2 ^Pl‘''Pk-1^ *

If 5|n , we proceed in an analogous way, distinguishing the

case = 5 from the one in which pk f 5.

By induction and applying again th. 5 and cor. 7, we

get 0 < Gjín) < G2(n) < Gj(n) = 1 . Therefore, it suffices
to take = c2 .



3. The error term in the determination of Un). Asymptotic

behaviour of H(n)

In this section we first estímate the growth of

r(n,f) - r(n,genf) .

2
Lemma 9. Leí n = nQs be a poiíí-¿ve ¿niege*, n / 0,4,7(mod 8)

2 2 2
wheAe nQ ¿i iti ¿qua*e-¿*ee pa*í. Leí f = <b^,b2,b.j> be a
quadAatlc ¿oAm ¿uch that b^|n, g.c.d. (b^,bj) = 1 , {oA i / j,
and b¿ iquaAz- i5*ee ¿o* i = 1,2,3. Tben

r(n,f) - r(n,gen f) = O , (s ) ,
£ ' o'r

¿oa eveAíj c > 0.

PAaofr. Under these conditlons, the theta series 0(f,z)
2 2 2

associated to f belongs to the space Mq(3/2, 4b^b2b.j) of

2 2 2
modular forms of weight 3/2 with respect to Fo(4bjb2b2) .

Then, we can prove as in lemma 6 of [l] that r(n,gen f) =

= r(n,spnf) , where spnf stands for the spinorial genus of f
*

By results of Schulze-Pillot [4] , we have that
1 1

0(f,z) - 0(spnf,z) lies in U , where U is the orthogonal
2 2 2

complement, in the space of cusp forms Sq(3/2, 4b^b2b;j) °f
the space U = © U(nQ) • nD square-free, with

ü(no) = So(3/2,4b^b2b3>n íf*z) = £ >Hn)nexp (2ninon2z)} ,

16



with iji(n) a che.racter modulo an integer r such that
2 . 2. 2. 2

r no I blb2b3 •

2If n runs into a quadratic class n = n0s • then by
Shimura's nQ - lifting [5] and the theorem of Eichler-
Igusa (i.e., Ramanujan-Petersson for weight 2), we know

the growth of the Fourier coefficients a(n) of a cusp form
1

g lying in U(nQ) , in the sense that

2 ‘
a(nos > = °e,n ,g(s > »

for every e > 0 , (cf.[4], Hilfssatz 5).
Therefore, it suffices to apply these results to the

coefficients of 0(f,z) - 0(spnf,z) .

From lemma 9 we can give the growth of the error term:

g^ (n) - G1 (n) .

2
Theorem 10. Leí n = nQs , n f 0,4,7(mod 8), £et mo = nad n
be the pnoduet o¡{ the dtittnct pnime iactom n. Fot eveny

e > 0, ule have

gi (n) - Gi (n) e'no'mo
'I + E

(s )

ion i = 1,2,3.

Let no,mo be two square-free positive integers. We define
the following family

F(no,mo) : = {n i 0,4,7(mod 8) | n = nQS2, rad n = }.

17



Theorem 11. Let n f 0,4,7 (mod 8) be a poiitive integeK, tet

F(nQ,ino) the Family to whtch n belongi. Then, the>ie exliti
a con&tant c(no,mo) ¿uch that á.(¡ n > c(no,mo), then :

Í2 ii g.c.d.(n,10) / 1,3 t{j g.c.d.(n,10) = 1.

_ a. . a. 2
Pa.oo¿. Write n = n^^ = p^ . .p^ (p..^ ...p^) , where
p1f...,p. may appear among p 3+1' 'Pk . Let

a(n) = > a. , and e = 4/9 .

i=j+l 1

If g.c.d.(n,10) = 1 , by th. 8 there exist a constant

Cj(mo); and by th. 10 there exist a constant
c^ = c^(4/9,no,mo) such that :

-1/18
g^(n) < c^ + c^ s ' . Therefore, to achieve that g^(n) < 1

c4
it suffices to take a(n) > 18 log() , if mQ * nQ and

/ c4 1
a(n) > 18 log (•= ) , if n / m . Here p denotes

^'l-cy log PD o r o *o
the least prime factor of n.

Then, we can take :

c(no'mo) =
no + 18 log (I^) if no
n exp^ o

r c4 lo9 Pj, i
[36 log (l^-) ] if nD / .

Here p^ denotes the greatest prime factor of n.

18



Obviously, if n > c(r»o,mo), a(n) verifies the above
inequalities, and so g^fri) < 1 .

Similarly, if g.c.d.(n,10) / 1 , to achieve that

g2(n) < 1 , it suffices to take :

c(no'mo>
n„ + 18 log íi=lr) ' if no = mo !

f c5 lo9 Pi 1
nQ exp [36 log <3^) 3^-p- j , if nQ / mQ ,

where c2(mo) is the constant given in th. 8, and c,. (4/9 ,no,mo)
the O-constant in th. 10 corresponding to the error term

g2(n) - G2(n).

The following table, computed by P. Llórente, shows

that the constants c(no,mo) are, in general, non-trivial.
5Al1 non-square-free positive integers n < 10 not contained

in table II have the level expected from th. 8. '

Table II

F(n ,m )
O O

2
n - n s

0
£(n) c{n ,m ) >

0 0 -

F(10,30) 90 = 2.5.32 1 90

F(130,390) 1170 = 2.5.13.32 1 1170

F(190,570) 1710 = 2.5.19.32 1 1710

F(2210,6630) 19890 = 2.5.13.17.32 1 19890

19



Finally, we give an application to solve an embedding

problem of Galois theory.

Corollary 12. Let n e 3(mod 8), and n t 0 (mod 5) be a

poittxve ¿nte.ge.Ji ¿uch that n > c(no,mo) . Then, eveny
central exteniton o i the alteAnattng gAoup An can be
Jiealtied a¿ a Gato¿¿ gAoup ooeA <3(T) and, moAeoveA, ove* ©.

Paoo¿, One needs only to observe that all these integers

have level equal to 3, and apply th. 5.1 of [7].
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