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Prym varieties of bi-elliptic curves

JUAN-CARLOS NARANIO

O0.Introduction
Let 7 : C — C be an unramified double cover of a smooth curve of genus g. One

defines the associated Prym variety as the abelian variety of dimension g — 1
P(C,C) = Ker(Nm,)°,

where Nm, : J(C) — J(C) is the induced norm map of Jacobians. The principal
polarization on J(C) restricts to twice a principal polarization = on P(C, C) ([Mu],p.333).
In the sequel we shall consider P(C,C) always endowed with this canonical principal
polarization. We denote by R, and A, the moduli spaces for the pairs (C,C) as above

and for principally polarized abelian varieties of dimension g respectively. The morphism:
P . Rg 4 Ag—l

sending (C,C) to P(C,C) is called the Prym map. Beauville ([Bel]) introduces Ry D R,
parametrizing allowable double covers of stable curves of genus ¢ and he extends P to a

proper map

This map is known to be dominant for ¢ < 6 and generically injective for ¢ > 7 ([F-
S),[K],[We1],[Del]). On the other hand Donagi associates two allowable double covers to
an unramified double cover of a smooth tetragonal curve (i.e.: with a linear series g} ), the
three having the same Prym variety. This construction, called the tetragonal construction,

proves that P is non-injective for all g. Donagi conjectures:

Tetragonal conjecture(Donagi,[Do]): If two elements (€, C) and (C’,C") of R, verify
P(C,C) = P(C',C") then (C',C") is obtained from (C, C) by succesive applications of the

tetragonal construction.




Debarre proves in [De2] that the conjecture is true for the fibre over the Prym variety

of a sufficiently general tetragonal curve of genus g > 13.

We shall say that a smooth curve C is bi-elliptic if it can be represented as a ramified
double cover of an elliptic curve. In this paper we study the fibre of the Prym map over a
Prym variety associated to a unramified double cover of a generic bi-elliptic curve of genus
g > 10. We shall recall the decomposition of the moduli space for the elements (C' ,C)E R,
with C bi-elliptic ([De3]) and then we shall work separately with generic elements of each
component(§2 and §§5,6 and §7 respectively). We obtain a complete description of the
fibre of the Prym map, thereby confirming the tetragonal conjecture in almost all the
cases (Th.(5.11), (5.19), (6.11) and (6.24)). See (2.12) for further comments on the cases
where the results do not agree with the conjecture as stated above. Paragraph 3 is devoted

to establish some basic facts about bi-elliptic curves and in §4 we prove a lemma of technical

nature.

I am deeply indebted to Gerald E. Welters for his guidance during the preparation of
this work. I wish also to stress the influence of the work of O.Debarre in the present paper.

1.Notation

Throughout this paper we work over the field of the‘complex numbers. The constant ¢
will be greater than or equal to 10.

Let D, D' be two divisors on a smooth curve C. We shall use the expression
D=D

to say that they are linearly equivalent. We shall denote by Pic?(C) the set of isomorphism
classes of degree d divisors on C. Usually we shall not make difference between a divisor
and its equivalence linear class in Pic4(C). For two non-negative integers r,d we shall

consider the subvarieties of Pic?(C):
2(C) = {¢ € Pic*(C)/h°(¢) 2 r +1}

Let 7 : C — C a double cover of a smooth curve either unramified or ramified exactly at
the points Qq,...,Qk € C. Let A be the discriminant divisor, that is to say

k
A= ZW(Q,-).
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Once C is given, the morphism 7 and the curve C are determined by A and a unique
clement ¢ € Pic(C) satisfying 26 = A. In fact C = Specc(Oc ® Oc(—£)) where the
Oc-algebra structure is determined by the map O¢(—¢) ® Oc(—€) = Oc(-A) — O¢
given by multiplication with an equation for A. The class £ verifies 7*(€) = Zle Q. We

will refer to £ and A as the class and the discriminant divisor respectively attached to the

cover.,

If A is an abelian variety and n is a positive integer, thc group of the elements z € A
such that nz = 0 will be written by ,A.

Let (C,C) € R, and P its associated Prym variety (cf Introduction). There is a natural
model (P*,Z*) of (P, Z) in Pic29~2(C) described as follows ([Mu]):
P* = {( € Pic¥ 2 C)/Nm({) = Kc, h%C) even}
= ={(e P* /() 2 2}
In these terms, the singular locus of = is described (loc. cit.) as:

Sing=* = Singj="

U Sing;,=*
where
Sing},=" = { € P*/h°({) 2 4}
and Sing[,Z* = {{ € P*/{=7*(()+ (o, R°($0) 21, R%(¢) 22}
The singularities of the first kind are called stable and the singularities of the second kind
are called exceptional. This definition depends on .

2.Summary of known results
The following facts mostly come from [De 3].

Let B, be the moduli space for the bi-elliptic curves of genus g and let Rp 4 be the
moduli space for unramified double covers of bi-elliptic curves, obtained by the pull-back
diagram:

RBg — Ry

l !

B, —— M,

Let us fix an element (C,C) € Rp 4 and let € : C — E be a morphism of degree two
on a smooth elliptic curve E (¢ is unique up to automorphisms of E if g > 6). The Galois
group of € over E may be identified with either -2% or % X z_ZZ' We shall denote by R,
the subset of the elements with Galois group -2%
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(2.1).- If Galg(C) = '2"Z' X %, we write for the elements of the group: Id,,tq,ts,
where ¢ is the involution which interchanges the sheets of the double cover n. Let C; =
C'/(z,l), C, = é/(Lz) be the quotient curves.

One has a commutative diagram:

(2.2) )
C
voolm NG
C C, C,
e 1% 4,
F

where 71, 73,€1 and €, are the obvious morphisms. We shall always assume that ¢(C;) <

g(C3). 1t is easy to check the equality:

9(C1) +9(C2) =g + 1;

so if g(C1) = t+1, we obtain g(C;) = g—t and t+1 < g—t implies that t € {0,...,[43}]}.
Let R p,g,¢ be the subset of Rp 4 consisting of the elements (C, C) with Galg(C) = ZxZ
and g(C1)=t+1, ¢(C2)=g—t.

One finds that R'g o RBgt-..sRp g, [851] are the irreducible components of R g 4 and
that each one has dimension 2g 2.

(2.3).- Let (C,C) € Rp,g,¢. Inrelation to the diagram (2.2) we fix the following notation:
i) 7,7, and 19 are the involutions of C, C, and C; associated to ¢,e; and ¢, respectively.

ii) P, ... ,}329_2 € E are the discriminant points of € and A = Zfi;2 P; is the dis-
criminant divisor. We write Py,..., Pyy_2 for the corresponding ramification points of
E.

iii) £ € Pic~1(E) is the class associated to €. Hence 2¢ = A.
iv) n €2 JC is the class associated to .

We may assume that Py, ..., Py are the discriminant points of €; and that Pyeyy,..., Pyg_y
are those of £,. We shall denote by Ay, A,, & and €, the discriminant divisors and the
classes associated to £; and e; respectively. So:

A=51+A2 and 2lEA_1, 2625A2.
(2.4).- It is easy to check the following facts:
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i) £ =6 + 6.
ii)775pl+"'+P2t—5*(f_1)EP2t+1+"'+Pzg—2—€*(f_2)-
i) C = C, xg Cs.

iv) ty01g =101y = ¢, LOL] = 1101 =1g, L0ty =190 =17.

v) The involutions ¢; and ¢y are liftings to C of the involution 7 of C. Analogously «
and ¢» both lift 7; and ¢ and +; both lift 7.

vi) e}(Az) and €}(&;) (resp. €3(A,) and €3(£;)) are the discriminant divisor and the

class associated to 7y (resp. w2).

(2.5).- We keep the assumption (C,C) € Rp ¢ and we write P = P(C,C). We have
the description:

E* = {r}(Q) +m3(0) | G EWCL), GeW, 4(Ca),
Nmel(Cl) + Nmtz(c2) = E}

(2.6).- For g > 7 define the following subvarieties of =*:

V={r{(G)+73(&) | G eW(C), (€ ng—t-l(C2),
Nmel(CI) =£—1a chz(c2)=£—2}

= {m1(¢1) + 73((2) + w*(e* (C)) | G € Wt0—2+a(cl)a ¢2 € W:—t—a—3(02)a
C € PICZ(E)’ Nm,, (Cl) + Nmez(c2) + 24— = E}

where @ € {0,2,~2}. Then Sing=* 2 V U W_; U W, U W, with equality if A does not
belong to the image of the addition map | £ | x | £ |—| 2 | (this happens if (C,C) is
general). Otherwise a finiie number of new isolated singularities could appear.

(2.7).- The following table contains relevant information to be used in the sequel:
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1% 0 ) ) dim ¢g-7 irred.
dim g¢g-7
W_, ) ) ) 0 irred.
dim ¢g-5
Wo 0 0 irred. irred. irred.
dimg — 5 dimg — 5 dimg — 5
W, irred. irred. irred. irred. irred.
dimg — 5 dimg — 5 dimg — 5 dimg — 5 dimg — 5

As we shall see in (3.4), when t = 3 and (C,C) is general V has two components.
The singularity corresponding to a element of each one of these varieties is stable for V,
exceptional for Wy and stable and exceptional for W_, and W,.

By using (2.4.v) the reader can observe that all these varieties are fixed by the reflection
with respect to K (i.e.: fixed by ¢).

(2.8).- Consider now the abelian varieties P, = Ker(Nm,,) (if t 2 1) and P, =
Ker(Nm.,). We define the morphisms:

p: Py xP,— P

by sending ((1,¢2) to 77(1) + 73((2), if t > 1, and

v:P,— P
by sending (2 to n3((2) if t = 0. Then ¢ and 1 are isogenies and:

Ker(¢) = {(e1(@),€3(@))/@ €2 JE}
Ker(¥) = {0,63(61)}
(2.9).- Remark. The definitions of ¢, 7, Py,..., P3g—2,A,£ and 5 given in (2.3) make

still sense if (C,C’) € R’p , and we will use them throughout.
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Now we want to apply the tetragonal construction to an element (C,C) € RB,gy. As-
suming first that (C,C) € R B.g.t and keeping the notation of (2.3), fix a linear series g2
on E inducing an involution v such that v(P;) # P, for 1 <i < 2t < j < 2g —2. Applying
the tetragonal construction to (C,C) with respect to £*(g3) one obtains two elements of
R4 (cf Introduction) but only one of them lives in R4. Call this element (C’,C"). In terms
of the data introduced in (2.1), (C',C’) can be described by the new set of data:

(2.10)
C~vl
S LN
C' C Cs
N e
E

Note that (C',C") € Rp g, and that (C',C") = (C,C) if t = 0.

(2.11).- In order to describe a certain link between Rp 40 and Rz , we need to say a
few words about the "non-smooth cover” attached to elements of R g 4 ¢ via the tetragonal
construction. We write H, for the subset of R, parametrizing the elements (C,C) where
C is constructed from a smooth hyperelliptic curve of genus g — 2 by identifying two pairs
of points. Now the non-smooth covers coming from elements of Rp 40 belong to H,,
and each point of H, may be obtained in this way. On the other hand the tetragonal
construction attaches two points of H, to a cover (C,C) € R'p , With a general g§ chosen

on C, and (again!) the whole H, is covered by these elements.

(2.12).- Remark. From (2.11) we see that for each element of either Rp 40 or 'R’B’g
there exists an element in the other component giving the same Prym variety. This implies
that the tetragonal conjecture as stated in the introduction is not true. This suggests the
need for extending the tetragonal construction to the case of allowable double covers and

for extending the tetragonal conjecture to the proper map P in order to keep its chances
to hold true.

(2.13).- Although we have no description of Sing=* when we are in R , we deduce from
Remark (2.12) and Table (2.7) that Sing=* has a unique component of dimension g — 5
and possibly a finite number of isolated singularities.

(2.14).- Finally we recall two lemmas borrowed from [Mu] and [De2]. First we need a
definition. Let 7 : ¢ — C be a double cover of a smooth curve. We shall say that an

effective divisor on € is m-simple if it does not contain inverse images of effective divisors
of C. Let { € Pic(C) be the class attached to m. With this notation one has:
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(2.15).- Lemma ([Mu],p.338). If £ is an invertible sheaf on C and D is an effective

=-simple divisor on C there exists an exact sequence:
0 — £ — 1y (7%(£) ®0z Oc(D)) — L B0 Oc(Nmu(D) - () — 0.

(2.16).- Lemma (Debarre,[De2],p.550). Let 7 : C — C be an allowable double cover
of a stable curve C, £ an invertible sheaf on € and D a reduced element of | Ke ®
(Nm (L))" | with non-singular support. Suppose that h%(L Ro, OC(D)) > 1 for all
effective divisor D such that Nm,(D) = D. Then h°(L) > 1.



3.Some properties of bi-elliptic curves
This section deals with properties of bi-elliptic curves that will be used later on. In a

first reading it may be skipped and kept for reference purposes.

Let ¢ : C — E be a (2:1) morphism of smooth curves where F is an elliptic curve. We

denote by A and € the discriminant divisor and the class determining ¢. By Riemann-

Hurwitz:

degA = 2g — 2, degé =g — 1.

Let 7 : C — C be the involution which interchanges the points of each fibre.

(3.1).-Lemma Let A, B be effective divisors on E and C respectively. Assume that B
is e-simple (cf (2.14)). Then:

deg(A) + deg(B) < g(C)—1 = h%e*(A) + B) = h°(A).
Proor: By applying (2.15) we obtain an exact sequence:
0— Op(A) — €.(Oc(e*(A) + B)) — Opg(A+ Nm . (B) - £) — 0.
Thus:
h°(e*(A) + B) < h%(4) + k(A + Nm.(B) - £) = h°(4).

On the other side, one has an injection ¢ :| A |—| ¢*(A)+ B | given by ¢(R) = ¢*(R)+ B,
so h%(e*(A) + B) = h%(A). 11

Note that B is fixed in the linear series | €*(4) + B | and that ¢ is a bijection. In
particular, if B = 0:

deg(A) < g(C)-1 = h%e*(4)) = h°(A)
and
|e*(A) I={e*(R) | Re| A} =€*(| A]).
(3.2).- If ¢(C) > 5, then C is not trigonal (cf [Te}).

(3.3).- If g(C) > 4, then C is not hyperelliptic. To see this, take D > 0 a divisor of
degree two on C. By (3.1) k(D) = 1.



(3.4).- Assume that C is general, of genus 4. Then W} (C) has two different points. In
fact the canonical model of C is the complete intersection of a cubic and a quadric in P3.
The rulings of the quadric cut on C' the linear series g3 of this curve. Let D > 0 be a
degree 3 divisor on C such that R%(D) = 2. If | D | were the unique g3 then:

D = r(D).
We write Q1,...,Qs € C for the ramification points of €. For each 7 € {1,...,6} we find
points z;,y; € C such that D = Q, + z; + y;, hence:
Tity = T(J:,') + T(y,').

By (3.3) this is an equality. If y; = 7(z;) then D = Q; + £*(¢(z:)) and by (3.1) h°(D) = 1.
We deduce that z; = 7(z;), yi = 7(y;)- Now, by taking norms, there appear linear
equivalences between divisors on E having support on discriminant points. This contradicts
the generality of C.

(3.5).- Assume that C is general, of genus 3. Then C is not hyperelliptic. Indeed, by
using that C can be hyperelliptic in at most one way we can imitate the proof of (3.4).

(3.6).- We consider the following subvarieties of Pic#(©)~1(C):

Z'={( €Sing®" | Nm,(()=¢}
z2"={*@+§)+{'| Z,y€E, (eWyg} if ¢(C)=5
A={e*(z)+('| ZT€E, (eW)g-3}D2Z" if ¢(C)>3.

Remarks: i) If g(C) > 3, then A is irreducible of dimension ¢(C) — 2.

ii) If g(C) > 6, then Z' and Z" are irreducible of dimension g(C)—4 and Sing®* = Z'UZ"

([We2],Prop.3.6). If g(C) = 5, then the equality holds but Z’ is not always irreducible (in
fact by [Te] there is a bijection between its components and the bi-elliptic structures on

C).

(3.7).- In order to avoid annoying notation for the varieties V and W, (where a € 2,0, -2)
described in (2.6) we use the definitions of (3.6) applied to C; and C>. In these terms the
descriptions of (2.5) read:

V={xj(Q)+73(¢2)| G €Z), (€23}
Wo={n}(C1)+73(¢2) | G €ZY, (2€03 Nm.((1)+Nme,(()=E}
Wo={r}(C1) +73(C2) | (1€ A1, (2€ Az, Nmy(G)+Nme(() =€}
W_p={n}(C)+7m3(¢) | 1 €6}, (€2ZY, Nm,(G)+Nme(G)=¢E)
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(3.8).- Lemma([De3],Lemma 5.2.10). Assume ¢(C) > 6 and fix A € Pic9“)=1(E). Then
{¢C € Z"| Nm.(¢) = A} is irreducible of dimension g(C) — 5.

In particular Z' N Z" is irreducible.

The following facts will be used throughout.
(3.9).-Proposition. One has the following equalities:
1) If ¢(C) > 3 then:

{a€edC | a+ACA}={c"(a) | ae€Pic(E)}
ii) If g(C) > 5 then:
{a€lJC| a+2"CA}={a€lJC| a+2"CO*}=

={a€JC| a+2Z2'NZ"CA}={a€lC| a+2Z'nZ"CO*}=
={e*(z)-r—s| T€E, rseC}.

ii1) If g(C) > 5 then:
{a€lC| a+2"c2"}={a€ldC| a+2Z2'NZ2"Cc2Z"}=
={e*(a)| a € Pic’(E)}.

PROOF: i). The inclusion of the second member in the first one is clear. Let a € JC such
that a+ A C A. In particular, for all Z € E and D € C9~3 one has h%(a+¢*(z)+ D) > 0.
Then:

h%(a +€*(z)) > 0.
Indeed, otherwise by Riemann-Roch
UK. —e*(Z) —a) = h%(e*(£ —z) — a) = g(C) - 3.

By taking points z,,...,Z4c)—3 such that z;;) is not a base point of the linear series
| (6 — %) —a— 3 —--+ — ; |, one finds an effective divisor D = E"(C)_s z; verifying

=1

h%(e*(€ —z) —a— D) = 0. So h®%(a + £*(Z) + D) = 0, which is a contradiction.

Now we may write a = D — €*(Z) where D is an effective divisor of degree two verifying
R(D + e*(a)) > 0 for all & € Pic’(E).
By applying (2.15) we conclude that D € Im(e*), thereby proving i).
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i1). All the equalities are an easy consecuence of the following one:
{a€eJCla+2'NZ"CcO*}={e(z)—r—-s|z€E, rseC}.

This fact was proved by Debarre in [De5]. We give here an sketch of the proof. We only
prove the inclusion of the left hand side member in the right hand side member. Write
a =D —¢*(A), where A € Pic"(E) and D is effective. If we assume that D is e-simple
then 2r < g + 1. In fact it is not necessary to consider the case the case 2r = ¢ + 1. It

suffices to obtain a contradiction if r > 2.

Suppose that 2r < g — 2. For a generic element B € Pic"(E) there exists D' > 0 such
that:

e D+ D’ is e-simple.
¢ 2B+ Nm(D") = £.
Then ¢*(B) + D' € Z' n Z". By applying (2.15)
0< h’a+e*(B)+D')=h"(D+ D +e*(B-A))
<h'(B-A)+h" (Nm,(D+D)+B—-A-§)
= h%B - A) + h%(Nm. (D) - A - B)
which is a contradiction because B is generic. The cases 2r = g — 1, g are similar.

Part iii) follows from ii). i

4.A key lemma

Let f : N — N be a (2:1) morphism of smooth curves with ramification divisor
E?_,l Q.'. We denote by o the involution of N attached to f.

We start with a characterization of the line bundles on N invariant by o.

Let L be a line bundle on N with o*(L) = L. Choose an isomorphism ¢ normalized in
such a way that:

o*(p)o ¢ =Id;.
Writing L[] for the pointwise fibre of L over # € N, one obtains isomorphisms:
0@ : L[Q:] — o*(DQ:] =Le(@) =L[Q:) ie{l,...,k}
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given by multiplication with constants A; with A? = 1. We attach to L a vector v(L) =
(M, ..., M) € (p2)* which depends on the choice of . The ambiguity disappears when we

pass to the quotient modulo p, by the natural action. Then we have an homomorphism

of groups:

k
v:Ker(c®" -1) — M
{2

We use the notation v(D) and v(L) for D a divisor and £ an invertible sheaf on N.

(4.1).- Proposition. There exists a line bundle L on N such that f*(L) = L iff v(L) =
1., 1)

PRrROOF: It suffices to use [G],Th.1,p.17. §

(4.2).- Proposition. Let £ be an invertible sheaf on N such that o*(£) = £. Then

there exists a divisor D on N with 0 < D < Ele Qi and an invertible sheaf £ on N such
that

(L) = L®Oxy(-D)

PROOF: By using the exact sequence:
0— OC(—Qi) — 0(; — OQ‘ — 0

and by observing that Os(—Q;) ¢ Im(f*) (hence by (4.1) v(—Qy) # (1,...,1)) one has
v(=Q:) =(1,...,~1,...,1). Then, by tensoring £ with suitablc sheaves O@(-Q,-) we can
make all the coordinates of the corresponding vector be equal. §i

Let (C,C) € Rp,y. We keep the notations of §2. In particular n €; JC is the class
determining 7 : ¢ — C.

(4.3).- Corollary. One has (C,C) € Rlg , iff 7*(n) # 7.

PROOF: By (2.4.i), *(n) = n when (C,C) ¢ R’p 4 Conversely suppose 7*(n) = 7.
Applying (4.2) we may write:

292
n=D-¢*(Ad) with 0<D< ) P
=1
Let C; (resp. C,) be the double cover on E given by the class of A (resp.f — A) and the
discriminant divisor Nm,(D) (resp. A — Nm,(D)). Observe that:
e*(Nme(n)) =21 =0.
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So due to the injectivity of £*:
Nm(n)=0 and 2A = Nm.(D).
Then C = C; x g Cy and C 2 C/(11013), ¢; and ¢5 being the involutions of C' attached to

the projections on Cy and C'; respectively. Hence (C,C) € Rp g, for some t. §

(4.4).- Lemma. Assume ¢ > 0. We consider the commutative diagram:

» -
4] T

JE —— JC,

2

Then:
Im(x$) 0 Im(x5) = {x*(e"(@)) | & € Pic*(E)}

ProoF: Fix B € Im(r¥) N Im(x}) and B; € JC;, B2 € JC; such that B = 7}(B) =
73(02). By the assumption ¢t > 0, the morphisms 7, and n, are ramified, hence 7} and
73 are injective. Thus we need to find an element 3 € Pic®(E) such that §; = =}(5) and
B2 = w3(B). To see this observe that ¢3(8) = B. On the other side from (2.4.v) one has:

13(B) = 3(71(B1)) = w1 (1 (Br))
therefore
7}(B1) = B = n} (11 (B1))

and

B = Tf(ﬂl)-

In a similar way we get 82 = T{(ﬂz) By applying (4.2), there exist divisors Dy on Cy, D,
on C, and classes &, & € Pic’(E) such that:

(45) ,31 = 6;(&1) - Dl, ﬂg = E;((_Xz) — D2

where 0 < D; < ramificaticn divisor of €;, 1 =1,2.

Hence:
7*(e*(@y — @2)) = my(D1) — m3(D2)
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Let R; and R be the effective divisors on C such that

™ (R1) = n1(D1), 7*(Rz)=m3(Ds)

thus
29-2
0<R,<ZP,, 0< R, < Z P,
i=2¢+1
From

W*(E*(C_Yl — @2)) = W*(Rl - Rz),
two possibilities appear:
either 1) 6*(5!1 — &2) = R1 - R2
or 11) 6*(&1 - &2) = R] - R2 + 7.

We first suppose i). From (4.1) we have v(R; — Rp) = (1,...,1), i.e.: v(R;) = v(Ry). By
applying the proof of (4.2) we can compute these vectors:

v(Ry) = (A1,..., A2, 1,...,1) with X;=-1 iff P; € Supp(R;)
'U(Rz) = (1, ey 1,A2t+1,. .o ,/\29_2) with A,‘ =-1 iff P,' € Supp(R2)

We conclude that Ay = -+ = Azt = Age41 = -+ = Agy—2, that is to say, either R; = R, =0
or Ry = Y1, P, Ry=3%332,Pi. Ry = Ry =0, then Dy = D; = 0 and we finish by
taking B = @, = G,. Similarly, if Ry = z,_l P, Ry = Ei=2t+l P; we get Dy = e}(&)
and Ds = €3(&;) (see (2.3)). By replacing in (4.5):

Br=cj(ar— &), B2 =ce3(az—&).

On the other side, by (2.4.ii):

29-2
e¥(ay — @) = ZP— Z Pi=e*& - &)
=1 1=2t+1

and one finally obtains f = a; — &; = @, — &;.

In the case ii) we can imitate the above proof by replacing n by the expression of

(2.4.ii). I
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5.The components Rp ,; when ¢t > 3

In the first half of this paragraph (C,C) is an element of RpB,ge witht > 4 and P =
P(C~', C'). We keep the notations of §1 and 2. In particular g > 10.

In order to describe the fibre of the Prym map over P we shall use ideas from [Wel]
and [De2]. Via geometric constructions we recover essential information that almost gives
the initial data. To make the construction intrinsical we will need to recognize some

components of Sing=*. For instance we can recognize V by its dimension. Our first goal

will be to recover from P other components.

Recalling the descriptions of (3.7) one has:

(5.1).- Proposition. The variety W_, N W is irreducible of dimension ¢ — 9 and one
has the equality:

W_a N Wa = {n7(C1) + 73(C2) | Q1 € ZY, (2 € Z5, Nme (1) + Nme, ($2) = €}

PROOF: We check first the equality. Clearly the second member is contained in the first
one. To see the opposite inclusion we apply (4.4). Indeed, suppose that

(5:2) m1(C1) + 73(C2) = m1(¢1) + 73((2)

where

Cl € 6;7 C2 € Zga C; € Z;” Cé € 9':’
a‘nd Nmtl(CI) + Nmtz(<2) = Nm€1 (ci) + Nm32(<£) = E

Then:
(G = G1) = 73(G — Ga)-
By (4.4) there exists a € Pic?(E) such that:

(1 — ¢ =¢1(a)
(2 — G2 = £3(a).
In particular {; = €}(@&) + (] and replacing this in (5.2) we are done.
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Consider now the morphism:

V: 2! x Z¥ — Pic¥%(C)
(€1,C¢2) — 71(C1) + m3(C2)

Let us define T = {((1,(2) € Z{ x Z¥ | Nm,(¢1) + Nm,(¢2) = €}. Clearly ¥(T) =
W_, N W,. Since each fibre of the induced map T — W_, N W; is isomorphic to E (use
(4.4)) it suffices to prove that T is irreducible of dimension g — 8. To see this look at the
first projection: T — Z{'. Clearly Z}' is irreducible and by (3.8) the fibres are irreducible
of dimension ¢ —t — 5 (note that ¢ > 10, ¢t >4 andt+1 < g —timply g —¢t > 6 ). Thus
T is irreducible and dimT =dimZ) +g—-t—-5=t—-3+g—-t—-5=9g—8.

(5.3).- Proposition. The varieties Wo N W_, and Wy N W, are both irreducible of

dimension ¢ — 7 and they are described as follows:

Wo N W_z = {n]((1) + 73(C2) | (1 € 27, G2 € Az, N, (G1) + Nme,(C2) = €}
Wo N Wy = {n{({1) + 73(¢2) | (1 € A1,(2 € Z),Nm,,(¢1) + Nm,(¢2) = £}

PROOF: By symmetry only one variety has to be considered, for instance Wy N W,. Imi-
tating the proof of (5.1) one finds the equality. The irreducibility and dimension may be
obtained as in Loc. cit. replacing ¥ by the morphism:
V' Ay x ZY — Pic®%(C)
(€1, €C2) — 77(¢1) + 73(C2)
and T by T' = {((1,C2) € A1 X Z3 | Nme, (1) + Nmey(G2) = €} B
(5.4).- Remark. The second statement of Proposition (5.3) still holds true if ¢t > 2.

(5.5).- We put
Ae={e€P|z2+WonW, C Wy}

where a = 2, -2.

Due to (5.1) and (5.3) we know Wy among the components of Sing=* of dimension g — 5.
‘Therefore we recognize also {(Wo N W3),(Wo N W_3)}. Combining both facts {A_2 U Az}
is intrinsically recovered from P. Our next aim is to compute A_, and A,.

17



(5.6).- Proposition. One has the equalities:

i) A= {r{(el(ZT)—r—3)|T2€E, rse€Ci, 27=¢e(r)+ei(s)}
i) Ap={m3(e}(&)—r—3s)|TEE, r,s€Cy 2% =cy(r)+eas)}

PROOF: We only prove the second one, the first one being equivalent. Looking at (5.3) it
is easy to check that the second member of this equality is contained in the first one (by

(2.8) its elements belong to P). We show the opposite inclusion. Fix a € A,. By using
(2.8) we may write

= mi(a1)+ m3(az) with Nm,,(a1) = Nm,,(az) =0.

Let 71(¢1) + 73(¢2) € Wo N W, where (1 € 41, (2 € ZY¥ and Nm,, (1) + Nme,((2) = €

(cf (5.3)). Applying Lemma (4.4) there exist elements {} € 4;, (3 € A; and @ € Pic’(E)
such that:

ay + ¢ = ¢ +ej(a) € 4
az + G2 = Ch — e3(@) € 4s.

Therefore a; + A; C A; and a; + Z) C A;. Then by using (3.9.i) and (3.9.i1) we finish the
proof.

(5.7).- Proposition. Assumet > 4. The sets A_sN2A_3 and A;N2A, are two symmetric
irreducible curves. Their normalizations are C; and C respectively, and 7, and 77 are the
involutions induced by the (-1) map of P.

PROOF: We first observe that:

A = {ni(z +y - n(z) -n@)| =yeCi}
202 = {nj(z+y—m(z) - )| =z,y€Cs}.

Now, it suffices to consider the set A_3 N 2A_5. One has:
A_2N2A_; = {rj(z —n(z))| =z€Ci}
Indeed, since 7y has fixed points, 7}(z — 71(z)) € 2A_; for all z € Cy. Moreover:

mi(z — ni(z)) = m(ei(er(z)) — 2m(z)) € Ay

18



So the right hand side member of the equality is contained in the left hand side member.
To see the opposite inclusion, take z € E and r,s € C; such that 2T = ¢;(r) + €2(s) and

suppose that 7{(ej(z) —r — 3) € 2A_,. We obtain a linear equivalence:

(@) —r—s) =7y + 2 —n(y) — n(2))

where y, z € C1. Since 77 is injective:
(5.8) (@) +ny)+nz)=y+z+r+s.

By assumption ¢ > 4 and then (3.1) implies that A%(e}(Z)+ 11 (y) +71(2)) = 1 iff 11(2) # y.
If y = 71(z) the initial element belongs to the right hand side member trivially. Thus we
can assume that (5.8) is an equality of divisors and then either y = 71(2) or y = 71(y) or

z = 71(z). In any case the inclusion follows.

Now, taking the morphism

(pl M Cl — A_z ﬂ 2A—2
z — 7i(z — 11(z))

the statement follows by observing that ¢ is birational (C; is not hyperelliptic by (3.3))
and that ¢;(11(z)) = —p1(z) I

(5.9).- Let 7' : D — D be an unramified double cover of smooth curves such that
P(D,D) = P. Since the singular locus of the theta divisor of P has dimension g — 5 =
dimP — 4, D is either trigonal or bi-elliptic (cf. [Mu),p.344). If D is trigonal P is the
Jacobian of a curve (cf [Re]). Then, by [Sh] C has to be either hyperelliptic or trigonal,
which contradicts either (3.2) or (3.3). Thus D is bi-elliptic.

Moreover, looking at the table (2.7) plus the observation of (2.13) we deduce that
(f),D) € RpB,g,s With s > 4. Let D; and D, be the bi-elliptic curves of genus s + 1
and g — s attached to (D, D) in the usual way (cf (2.1)). Since as we have seen in (5.7)
(C1,71) and (C,,72) can be recovered from P, one has isomorphisms

(p,‘:D,'——DC,' i=1,2

commuting with the corresponding involutions. In particular the base elliptic curve is the
same and s = t. Summarizing, if the diagram attached to (D, D) is:

~

. D
Tom g
D Dl. D,
NOB oA
E
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there exist ®; € Aut(FE) (¢ = 1,2) such that

D, —, ¢,

.| [

F ——— E.

.
Thus we obtain a diagram .
D
s LN
D Ci, C,
\ l 5‘1‘{/{;{2
E.
Composing with a suitable automorphism of E we get
(5.10) _
D
s ooLoN
D Cy C,
N B
E

?

where ® € Aut(E) and &(P;) # Pj, forall1 <i <2t <j <2g-2.
(5.11).-Theorem The tetragonal conjecture holds for the unramified double covers of

smooth curves corresponding to generic elements of Rp 4 with ¢ > 4 and g > 10.

PROOF: By (5.9) it only remains to see that each diagram (5.10) can be obtained by
applying successively the tetragonal construction starting from the initial element (C,C).
By (2.9) it suffices to see the following fact:

Lemma. Assume that E is general. Then the set:
I'={®cAut(E) |®(P)# Pj, for 1<i<2t<j<29-2}

is generated multiplicatively by the elements of I' that correspond to the linear series g3
of E.

PROOF: Let ® € I'. Take a point ¥ € E and put § = ®(7). Let ® be the associated
isomorphism of JE. In other words:

]
E —— E

o s

¢
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where t],t; are the embeddings of F in its Jacobian via translations by 7 and s respectively.
Since E is general and $(0) = 0 one has ® = +Id. Then either ®(z) =7 -7+ s for all
T € Eor ®(z) =7+ 35— 17 for all 7 € E. In the second case ® is the automorphism
determined by the linear series | 7 + § |. Now assume that &(Z) = 7 — 7 + 3. Let us

consider the automorphisms @, and @, of E given by the linear series | 27 | and | 7 + 3 |.
Then:

¢,(z)=2F -7
and
®(P1(2))=7+5-P1(2)=7F+35-3,(Z)=7+5—-2F+T =T —F+3.

So: @5 0®,; = &. Moreover for a general ¥ € E one has ®; € I'. Since the linear series
| T+ ®(z) | varies with Z when & is not an automorphism associated to a g3 we obtain
®, € T also for a general 7 € E. This ends the proof of the lemma. §

The rest of the section will be devoted to proving the analogue of the Theorem (5.11)
for the component Rp 3. Let (é’, C) be a general element of this component. Since the

map
RB,g,Ii — B,
(C,C) — Cy

1s surjective, we may suppose that C; is general. Hence we shall assume that C; has two
different linear series g (cf (3.4)). We shall denote by D' and D" two divisors belonging
respectively to these linear series. By applying (2.15) one obtains:

Nm (D)= Nm,(D")=&.
From (2.6), (2.7) and (3.7) we have the decomposition:
Sing=*=V'uv"”
where V' and V" are irreducible varieties and are described as follows:
V' = {n}(D") + 73(C2) | 2 € 23}
V" = {m{(D") + 73(¢2) | G2 € 23}
(5.12).- Lemma. With the above notations:
i) WenV'={x{(D')+73((2) | (2 € 2,025
i) WanV"={a}(D")+73((2) 1 2 € 2,nZ;
i) WonV' =wonv"=4.
PROOF: It suffices to imitate the proof of (5.3). §
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(5.13).- Proposition. One has the equalities (cf (2.8) for notation):
D) {a€Pla+W,C W)= {x}(8) | Nm.,(3) = 0} = n{(P))
i) {aePla+WoenV' CWol={ri(ej(@)+y—D)Y+mi(e5(2)—r—3) |
Z,2€ E,y€ C1,r,s € C2,2Z +e1(y) =& and 27 = eq(r) +e2(s)}
i) {@aePla+WonV"C Wy} ={rj(c](z) +y—D")+m5(e3(2) =7 — )|
i,2€ E,yeC1,r,s € C2,22 +e1(y) =& and 2z = e2(r) +e2(s)}
PROOF: We show first the equality i). To prove the inclusion of the right hand side

member in the left hand side member we consider 7}(8) € 7}(P;) and we take an element

71(€1) +73((2) € W2 where (1 € O3, (3 € Z and Nm.,({1) + Nme,((2) = €. Since the

map
Pic’(E) x C¥ — Pic3(Cy)
1s surjective, we may write
B+¢ = +e7(p), where (; € Of,p € Pic’(E).
Then
m1(B) + 71(61) + 73(¢2) = 71(¢1) + 73($2 + €3(P)) € W

To see the opposite inclusion take @ = n}(a1) +73(az) € P with a; € Py,a; € P, (cf. (2.8)
for definitions ) and such that é + W, C W,. By applying Lemma (4.4) as before (see for

instance the proof of (5.6)) we get a; + Z3 C Z;. By (3.9.iii) there exists a €2 JE such
that a; = e3(a). Therefore a € n}(Py).

In ii) only the inclusion of the first member in the second one has to be proved. Take
again @ = 7}(a;) + 73(az) € P and assume that @ + W, N V' C Wy. By using (5.12) and
Lemma (4.4) one has:

a1 +D' =¢€j(T) +y
where z € E,y € C, and
az+ 23N 23 C A,.
We end the proof of the proposition by applying (3.9.i1). K
(5.14).- Let us define the following sets:
Y={aeP|la+WoCcWeln{aeP|a+W,nV' Cc W}
and X' ={aePla+W,cWr}n{aeP|a+W,nV" C Wy}
By dimension count we may distinguish the components Wy, W, from the components

V',V". The lemma gives a way to differenciate W from W;. So we obtain {£',Z"}
intrinsically from P.
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(5.15).- Proposition. With the above notations:

S = {7H e @) +y D) | 22+ e1(y) = &)
S = {n}(e](@) +y ~D") | 22 +ex(y) = &)

PRrooF: It suffices to use Lemma (4.4). §

(5.16).- Since
D'+ D" = K¢, =el(&)

it 1s easy to see that:

22 = {r}(z —1(2)+ D" -D') |z € Cy}
28 = {rj(z —n(2) + D' = D") |z € C}.

These curves have normalization C,. On the other side they are not invariant by the
(-1)-map of P. Our aim is to define an involution on either of them inducing on C; the
involution 7;. To do this we need the following

Lemma. Let X = {z — y(z) € JC, | z € C1}. Then:
a+XCX=a=0

PROOF: Since 0 € X we may assume that a = y — 71(y) wherey € C;. Nowa+ X C X
implies that for all £ € C; there exists ' € C; such that

y—n(y)+z—7(z) =z’ — ().
Hence:
(5.17) y+2z+mn(z') =2 +n(y) + n(e).

If R%(y + = + 11(z')) > 2, then the linear series | y + = + 71(z') | is one of the g} series on
C,. If, for instance, y + = + 71(z") = D' then

D'=n(D)=n(y+z+n(z))=y+z+n(2) =D,

which is a contradiction. Now assume that (5.17) is an equality of divisors. By taking «
such that z # 71(z) and =z # 71(y) we get y = 71(y) and a = 0. &
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(5.18).- Corollary. Let @ € 2X'. There exists a unique element B € 2%’ such that:

PROOF: We write & = n}(z — m1(z) + D" — D') and 8 = 7}(y — 71(y) + D" — D'). Then
—(&+25") = ni(ni(z) — z) + 7(X)
and
B+25" =7i(y — n(y)) + 77(X)
By applying the lemma we find 71(z) —z =y — 71(y)- B

Putting o(&) = B defines an involution of 2X'. Consider now the normalization map

p:Cy — 2%
r — my(z —1(z) + D" = D).

Then o(¢(z)) = ¢(11(z)).

(5.19).-Theorem. The tetragonal conjecture holds for the unramified double covers of

smooth curves corresponding to generic elements of Rp 4,3 with g > 10.

PROOF: First we observe that the methods used in the first part of this section (i.e.: for
(é,C) € RBygt, t = 4)in order to recover the set of data (C3,72) are still valid (cf.
(5.4),(5.6.i1) and (5.7)). On the other side we have seen in (5.12), (5.13), (5.14), (5.16) and

(5.18) how to recognize intrinsically in P the data (C1,71). Then the proof continues as
in (5.11). §
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6.The components Rp 42 and Rp 41
In this paragraph we wish to prove the analogue of Theorem (5.11) for the components
RB,g2 and Rp,g,1. We use essentially the same ideas. Only the way to recover (Cy,7)
needs a new point of view; we shall consider the study of some intersections Z*NZ=*;. We

keep the assumptions and notations of §1 and §2.

Let us denote by (C,C) a general element of Rp ,,. From (2.6) and (2.7) we may
suppose that:

Sing=* = Wy U W,.
Our first goal is to make a difference between both components.
(6.1).- Proposition. One has the equalities:
i) {aePla+W,CWp}=mni(P1) (cf(2.8))
i71) {@aeP|a+WyCWo}=n*(e"(2JE)).
In particular dim{@ € P |a+ W, C W;} =dimP; =2 and dim{@é € P |a+ W, C Wy} = 0.
PROOF: Proceed as in (5.6). 1§
(6.2).- Remark. We imitate §5 (see (5.4), (5.5) and (5.7)) and obtain from P* the curve
A2 N2A2 = {7;(z — m2(z)) | = € Ca2}.
By normalizing we recover (Cs, 72).
Now we aim at describing a subvariety of x}(P;) that determines the curve C,.

(6.3).- Proposition. One has the following equalities:
i) If @ = w3(z — m(z)), where = € C;, then

=*NE: = FUX(d)
where
X(a) = {7}(¢1) + 73(¢2) | €1 € ©3,(2 € ©3,h%(( —2) > 0
and Nm., (1) + Nm,(¢2) = €}

is the moving part of this algebraic system and F is the fix part (see below for a description
of F).
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i) Let N = {7{(C1) + 73(C2) | (1 € OF, Nm,(C1) = &1, G2 € Z3}. Then:

N X(a)=WeUW,UN,
Zlé/\gﬁ?/\z)—{o}

and N is the union of the irreducible components distinct from Wy U W.

i) If @ = n}{(a1), where a; € Py, then:

NNE; = {n}(C)+7m3((2) | (1 € OTN(O])ay, N e, (C1) = &1, (2 € Z3}
U{ri(C) + m5(¢2) | ¢ € OF, Nm, (G1) = €1, € Z3 N ZY'}.

PROOF: 1). Let ¢ = n3((1)+73(¢2) € E*NEL with @ = 3 (z — m2(z)). By applying Lemma
(4.4) we find elements (] € ©},(} € O3 and p € Pic’(E) such that:

(6.4) ¢1=¢ +€1(p)
To(z) — x + (2 = (5 — €3(p).

Suppose first that p = 0. Then

(2 € 93N (03)z—r(z) = {(2 € O3 | 1°(¢2 — 2) > 0}
U{C2 € O3 | A°((2 + 72(2)) = 2}

If {3 belongs to the second set, by Riemann-Roch one has
ho(K02 — (2 — Tz(:t)) > 0.
Define A = £, — Nm.,(C2), B = (1 —€3() and Bz = (2 + €3(2). Then

R(B1) = k(61 — e1(€z — Nmey((2))) = hO(=11(G1) +1(62)) = R°(11($1)) > 0
(B2 - z) = h%(Ke, — 73((2) — 2) = h*(Kc, — (2 — m2(2)) > 0.

Thercfore 71(¢:) + 73(C2) = 71(By) + 73(B2) € X(@).
On the other hand if 5 # 0 then
(1 €OIN(ONerp) = A1U{¢1 € OF | Nm,, (1) = & + 7}

If Nm, (1) = & + p then p = Nm,,(¢1) — &, = & — Nm,,((2) and by replacing in (6.4)
one has

73(C2) + 2 — m2(2) = Ko, — -
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Thus (; € ©3N(03);:_r,(-) and proceeding as above we conclude that (; € X(a). We have
proved the inclusion Z* N Z} C F U X(a), where

F = {WI*(CI) + W;(C?) l Cl € Alac2 € e;7Nm€1(Cl) + Nmez(c2) = g}

The inclusion of X(a) in the left hand side member is trivial. Take now { = Ti(¢i) +
73((2) € F. Since the map

Pic’(E) x C¥ ™ — Pict™3(C,)
(a, D) —ej(a)+ D
is surjective we can write
T —T1(x)+ (2= D +ej(a)
and then 73(z — 72(2)) + ¢ = 7(¢1 + €3(a)) + 73(D) € E*.
The reader may observe that F and X(a) have pure dimension ¢ — 3 and that dim(F N
X(a)) = g — 4 for all a. This concludes the proof of i).

i1) The inclusion

WoUW,UNC ()| X
G€EA2N2ZA;—{0}
is left to the reader.

To see the opposite inclusion let { = 73(() + 73(¢2) € X (@) for all & € A, N 2A, — {0}.
Then for all z € C, there exist (] € 0%,(} € O3 and p € Pic®(E) such that
A(Gy - ) > 0
(6.5) ¢1= (1 +e1(P)
(2 = (3 — €3(p)-
Let T be an irreducible component of the fibre of the map
Pic®(E) x Cy x C¥ ™ — Pic(C)
(5,D) — z+D—e}(p)
over (3. In these terms the conditions (6.5) say that we may (and will) assume that the
projection from T to C, is surjective. Suppose that the projection T — Pic?(E) is

constant and let po be the image. Then for all z € C; we find an effective divisor D such
that:

(2=z + D —e3(po)-

Therefore h%((; + €3(po) — z) > 0 for all z € C; and hence ¢ € Sing®} = Zy U Z¥. So {
belongs to W, U N.
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If T — Pic®(E) is surjective we find that
h%(¢2 +€5(p) > 0

for all p € Pic®(E). Hence (; € A;. Moreover one has h%(¢; —¢}(p)) > 0 for all 5 € Pic®(E).

Hence (; € A, and we are done.

From the descriptions it is clear that N has not components contained in Wy U W, This
finishes the proof of ii).

ii1) The inclusion of the right hand side member in the left hand side member is left to the

reader. To see the opposite inclusion let 71((1) + 73({2) such that ¢; € 8}, Nm.,({1) =
1, (2 € Z} and suppose that

mi(—a1 + G1) + 73(C2) € E*.
Again there exist (] € @}, (3} € O3 and p € Pic’(E) with
—a1 + G = +€1(p)
(2 = (3 — €3(p).
If 5 =0 then (; € ©] N(O7)a,. On the other hand p # 0 implies that
(2 € 03N (03)es(p) = A2U {(2 € O3 | Nm,,((2) = €2 — p).

Since {; € Z4, only ( € A, is possible and then {; € Z; N Z7. 1
(6.6).- We shall define

N(@) = {{(¢) + 73(¢2) | ¢1 € ©1 N(O])ay, Ny (G1) = 1,2 € Z3}-

This set is recovered from N N E% as the union of the components not contained in W,.
Our next goal is to distinguish points in 7}(P;) looking at the number of components of
N(@). We will see below that the set ©3 N (0%)as, N Nm () is finite. The cardinal of
this set coincides with the number of irreducible components of N ().

(6.7).- Let D be the ample divisor induced by ©; on the abelian surface P;. By Riemann-
Roch
D? 0/ 2
R*(D) = > and h%(D)? = deg(Ap).
By using [Mul],p.330 we obtain deg(Ap) = 4 and therefore D? = 4.
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(6.8).- Let x € C'y and let ay = x — 71(z) € P;. One has
O1N(O)a, = (z +C)U (¢ € OF | h(¢1 +7i(x)) = 2.

The first component meets Nm;j(g',) at the points z + y and = + 7,(y) where ¢,(y) =
£, — €1(x). On the other hand if the divisor r + s verifies Ro(r + s + r(r)) = 2 and
e1(r) + €1(s) = £; then by Riemann-Roch

0< kK¢, —r~s—ri(z)) = hO(ri(r) + 11(s) — 1i(z)) = hO(r + s — ).

Hence the second component intersects Nm_'(€;) at the same points.

The picture is:

(6.9).- Let & be the curve given by the pull-back diagram:
(2)
1

X — C
L e
|& | —— E®

the horizontal arrows being inclusions. By studying the (4:1) cover & —| &, | it is casy
to obtain that p,(¥) < 3.

We shall denote by ¥y the image of the map
y— Py
r+y—z+y—n(z)—n(y).

The map © — ¥ is birational (use Proposition (4.2) to show this) and the curve ¥y has

singularities away from the origin.
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(6.10).- Proposition. One has:
{a € 71(P;) | number comp. N(a) <4} =11 U n](Zo)
where Il = {#{(z — 1i(z)) | z € C1}.

Proor: By (6.6) we must study te cardinal of the set O} N (©])a, N Nm'(£;) when
a; € P;. From (6.8) we have the inclusion of II in the left hand side member. To see the

rest of the statement we shall need the following properties of the quartic plane curve Cjy:

¢ The lines determined by the divisors €}(Z) with £ € E all pass through a common

point O€P?, where O¢ C,. (In fact O=P(H°(E,Og(&))Y) cPHY(C,,K¢,)*).
o The ramification points Py, ..., P; of £; belong to a line I and O¢ L
o If z,y € C, verify e1(z) + €1(y) = & then O€ 7.

The picture is:

In fact the involution 7; admits the following description: let z € C, and take z’ € 1 NOx,
then I o,z'; 17,T1(5L') I:-_ —1.

Take now a point = + y € O} N (0%})s, N Nm_!(£;). The following equalities are well-
known:

¥ =PTo:(z+y) CPTyc,(z+y) = PH°(Cy, Kc,)*
5 = PTes), (T +y) where r +s €Elz+y—a|.

| &

-

Since £1(z) + €,(y) = €1(r) + €1(s) = £, both lines pass through O. They are equal iff the
following equality of divisors holds

z+y+ni(e) +n(y) =71+ s+ n(r) +nls),
that is to say iff 7}(a;) € MU 7}(Zo).
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Assume first that 7§ (ay) ¢ ITU7$(Z0). In this case the curve O] N(O7)q, is not singular
at @ + y and it suffices to show that O¢ PTp (0) in order to obtain transversality in the

intersection. Indeed;
Tp(0) = (H(C\,K¢e)T) = HYE,Op(é)* = HY(E,0p)* c H(C),K¢,)*.

On the other hand, if sp is an equation for the ramification divisor R = ;| P/ then the

1nclusion

HYE,Op) — H(C\,Iic,)

8 — 5;(s).cu

induces an equality PH(E, Og) = {R}. By dualizing we get O¢ | = PTp,(0). Observe in
particular that it follows from this that the set ©7N(0})q, NNm (1) is finite. Combining

(6.7) with the transversality we find
mi(ay) ¢ U n](2e) = number comp. N(a) = 4.

Finally if ay € Zo then PTo;(z +y) = PT(er),, (z +y). Thus ©F N(O]),, is singular at
X+y.

The picture is in this case:

N

| .~

Therefore ay € £y == number comp. N(@) < 4. I

(6.11).- Theorem. The tetragonal conjecture holds for the unramified double covers of

smooth curves corresponding to generic elements of Rp 42 with g > 10.
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Proor: In view of the proof of (5.11) it suffices to show how to recognize (Cy,7;) and
(Cq,72) from P. By combining (6.1), (6.2), (6.3), (6.6) and (6.10) we recover the set
[TU n3(Z0) intrinsically. By (6.9) one obtains that 7}(Xy) is singular away from the origin
and it verifies p,(77(20)) < 3. Thus if it is irreducible then we distinguish II as the
component of the set smooth away from the zero. Otherwise II is the unique component
with p, equal to 3. Now by normalizing the symmetric curve II we obtain (Cy,7;). On
the other hand (6.2) says how to recover (Cy,72). i

In the rest of this section (C, C) will be a general element of Rp 4. By (2.6) and (2.7)

we can assume that Sing=* = W, is irreducible of dimension g — 5.
(6.12).- Proposition. One has the following equalities:
1) {de€ Pla+ W, C Wy} =ni(P).
i) {a€P|a+W,CZE"}={r](a1)+m3(ex(Z) —7 —3) |
a, € Py, 7 E'E, T, S ECI, 25561(7‘)-}-61(8)}.

PROOF: Equality i) may be proved by arguing as in (5.13.1). In equality ii) the inclusion
of the second set in the first one is clear. To see the opposite inclusion take & = n{(a1) +
w3(ay) € P where a; € P1, a3 € P; and such that &+ W, C E*. Let { = x}(z) +73(¢2) €
W,, with z € Cy, (2 € ZY and €,(z) + Nm,,({2) = £. By applying Lemma (4.4) one
finds elements z' € C1,(; € W{_,(C2) and p € Pic’(E) such that

(6.13) a; +z = +e3(p)
az + (2 = (; — €3(p)-
Let us define the following subvariety of Cy x 24
Y ={(z,(2) € C1 x Z3 | ea(2) + Nme,(C2) = €}
Consider now the morphism:

¥ : Pic®%(E) x C; x C¥~2 — Pic}(Cy) x Picd"2(C3)
(P_s :t', D) — (x' + ET(I_’) - al’D - e;(ﬁ) - 02)‘

In these terms the equivalences of (6.13) read: ¥ C Im(¥). Since Y is irreducible (it
suffices to apply (3.8) to the fibres of the projection map from Y to C; ) there exists an
irreducible component X of ¥~}(Y) such that the induced map

vV: X —Y
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is dominant. If ¢ : X — Pic®(E) is the first projection we call Y; := \il(q_l(ﬁ)) for all
p € Pic®(E). Two cases are possible:
either a) Y;=Y forsome p € Pic®(E)
or b) Y;#£Y forall pe Pic’(E).
In case a) define
b1 =ay — E’;(ﬁ) and b2 =as + E;(ﬁ)
Then (6.13) says:

R%(8y 4+ ) > 0, R(bs + (2) >0 forall (z,{) €Y.

Hence by = 0 and b + Z; T ©3. Therefore by using (3.9.11) we finish the proof.

In case b) we write A : Y — C; C Pic!(C,) for the first projection. We claim that A Y,
is non-surjective for general p € Pic’(E). Otherwise for all z € C, one finds an element
(2 € Z} such that (z,(2) € Y;. In particular h%(a; + z — €}(p)) > 0 and then a; = £}(p).

Now since for a general p, Y, contains components of codimension 1 in Y we deduce
from the claim the following fact: there exists o € Cy such that A7!(z¢) C Y;. Hence
(6.13) reads:

R%(ay + o —€l(p)) >0 and h%as + (2 +€3(p)) >0
for all {; € Z}§ with Nm,,((;) = € — €1(z¢). In particular

az +€3(p) + {C2 € Z3 | Nm,,((2) = € — e1(20)} C O3

The proof ends by observing that
{¢2 € Z3' | Nm,,(G2)} = e3(a) + 23N 23

where 2& = £ — £1(z0), and applying (3.9.ii). I
We shall denote by B the set described in (6.12.ii).

(6.14).- Proposition. The abelian variety 7;(P;) acts on BN 2B by translations on P

and the quotient
Bn2B P

(P - TPy

1s a symmetric curve with normalization C,. The reflection on P induces on C; the

involution 7.
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Proor: By using the standard arguments of the §5 one has:
BN2B = {rj(a;)+ rj(x — m2(x)) | a1 € P1,z € C}.

Now the morphism

BN2B
AN:Cyp — ————
P APy

z — mi(z — 12(x))

is birational and verifies A(72(z)) = —A(z). U
(6.15).-The reader can prove without much work the following properties:
e P, C JC, is an elliptic curve .

¢ The morphism

p:Cy — Py

r — z — 11(x)

is a double cover with two ramification points inducing on C; a new bi-elliptic structure.

The attached involution 7| is the composition of r; with the hyperelliptic involution.

e We shall write @, and @Q; for the fixed points of r; and Pj, Pj for the ramification
points of €;. With the notations of (2.1) :

Q1+Q25P1,+P2'EKCI

and

1(Q1) = Qa, €1(Q1) = €1(Q2) €} & |
m1(P}) = P3, u(P;)=p(P;)=0.

We write Q1 = u(Q1) and Q, = pu(Q2).
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The picture is:

1

o

-0
R

—_— e —— —

where | £; |= {P}.

e Note that @1 = u(Q1) = Q1 —11(Q1) = —(Q2 — 11(Q2)) = —p(Q2) = —Q2. Moreover
pr(0) =P +P; =01+ Qa2

Summarizing we obtain (composing with ny : P, — w{(P;)) that C; can be represented
as the double cover of #(P;) associated to the class of the origin (as a point of the abelian
subvariety of P) and the discriminant divisor 7}(Q;) + 7}(Q2). Since the class is trivially
recovered from n}(P;), we only need to find the divisor inside P. Moreover the involution
71 will appear when composing the canonical involution of C; with the involution attached

to this cover.

(6.16).- Proposition. Let @ = nf(z — 71(z)) # 0 where z € Cy. Then:

where
F'= {z}(y) +73(¢2) | y € C1,(2 € Az, e2(y) + Nme,(2) = €}
R(a) = {n}(z) + 73(C2) | {2 € O3, e1(x) + Nme,((2) = €}

a
opposite inclusion. Fix ¢ = n¥(y)+ 73((2) with y € C1,(2 € O3 and €1(y) + Nm,({2) = ¢
verifying

PROOF: To see the inclusion F' U R(&) C Z* N E} compare with (6.3.i). We prove the



By the lemma (4.4) one finds elements 2 € C1,(3 € W)_,(C2) and p € Pic’(E) such that
(6.17) y+1i(z)—z =2+ ¢5(p)
G2 = (3 — €5(p).

We consider the possibilities:

1) p=0

12) p# 0.
If 1) occurs one has

y+n(z)=z+ 2.

The equality would lead to y = z (recall that z # r1(z) due to @ # 0) and ¢ € R(&). So
we only consider the case:

(6.18) y+n(e) = Ke,.

Defining & = &; — £1(y) one finds

(6.19) y+ei(a) =y + Kg —ei(ei(y)) = Ko, —ni(y) =ni(Ke, —y) ==
Moreover Nm.,((2) =€ — €1(y) = & + &. Hence

(6.20) h°((2 — €%(@)) = h*(Kc, — 72(C2)) = h%(m2(¢2)) = h%((2) > 0.

Combining (6.19) and (6.20) one has:
¢ =iy +€1(@) + 73(¢2 — €3(a)) = 7i(2) + 73(¢2 — £3(a)) € R(a).
From now on we assume 5 # 0. By (6.17) we get
(2 € ©3N(03)_e5(5) = A2U {(2 € W,_3(C) | Nm,({3) = &2 — p}

(cf.[De4),p.9). When (3 € Aj, clearly ( € F'. On the other hand if Nm,,((2) = & — p we
deduce

ay) =& +p.
By replacing p in the first linear equivalence of (6.17):
ni(z) + Ko, =z + n(y) + 2.

Writing K¢, = z + z' we have now 71(z) + 2’ = z + 11(y). We deduce as before that either
g =yor z+7(y) = Kc,. The first possibility leads directly to { € R(&) and the second
one implies

1(z) +y = Kc,.
Going back to (6.18) we end the proof as in case i). §
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(6.21).- Remark. As a matter of fact the computation of =* - Z% has been made by

Debarre in [De3]. He finds:
=2 = {C € =" [ h%({ = nf(z)) 2 1} for & = n}(z — m(x))
and
Sing(Z* - =3) D {( € E* | h%({ — w}(2)) = 2}.
We addapt his general proof to our case. First we note that
F'UR(a) ={C € Z* | R°({ — 7}(z)) > 1}.
Indeed, the inclusion of F'UR(&) in the right hand side member comes from the descriptions
of (6.16). Next if { = 73(y) + 73((2) € =* with hO(n(y — z) + 73((2)) 2> 1 one has either
that 73((z) is not n;-simple (cf. (2.14)) or
0 < h%(y — ) + h%(y — 2 + Nmg, (13((2)) — €31(62)) =
=h'(y —2) + Ry —z + i€ —ea(y)) — €i(&e)) =
= h(y —z) + h'(e1(&1) — = — n(y))-
It is easy to check that the first case implies that (; € A, and then ¢ € F'. The second
case leads to one of the following two possibilities:
i) y==z
i) 4+ 7m(y)=ei(&) = Ke,-

The recurrent argument starting at (6.18) finishes the proof of the inclusion.

Next, note that {¢ € =* | h%({ — n3(z)) > 1} is a special subvariety associated to the
linear system | Kc — Nmg(n}(z)) | in the sense of [Be2] (cf. also [We2]). In other words,
defining X by the pull-back diagram

1 Lo

| K¢ — Nma(ni(z)) | —— €979
the image of X by the morphism
@ : C?99 _, Pic?9-((C)
D—xiz)+D
has two connected components. Only one of these components sits inside P* and it equals

E*NE;. In loc. cit., Beauville computes the cohomology class of special subvarieties. In

the present case the class is [5]2. So =* - E} is reduced and the equality of the statement
holds.
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Suppose now that { € Z* verifies h%({ —#1(z)) > 2. We can assume that R%(¢) = h%(( —
71(z—71(x))) = 2 (otherwise either ¢ € Sing=" or € SingZ2, hence { € Sing(Z*-=2)). It
suffices to check that the tangent spaces of the two divisors at the point are equal. Taking
bases for both H°(¢) and H°({ — n#(z — r1(z))) the reader can apply [Mu], p.343 for this

computation.

We remark also that, since on Z* ¢ is one-to-one outside {¢ € =* | R%({ — =x}(z)) >
2}, a characterization of Welters (cf. [We2] and [Be2]) of the singularities of the special

subvarieties gives the inclusion:

(6.22)
Sing(Z* - 2%) C {{ € Z* | A%({ — =¥ (z)) > 2} U {x¥(z) + D such that
for A > 0 maximal with 7*(4) < D, h°(A+e*(e1(z))) > 1}.

The next result allows one to find distinguished points in #(Py).

(6.23).- Proposition. Let ¢ = nj(z — 71(z)) € 7§(Py). Then there exist singular points

*

of =* - =% away from F' iff ¢,(z) = £;.

PROOF: From (6.21) and (6.22) it suffices to see the following facts:

1) If ei(z) ¢|&1|, then R(@)— F' does not intersect the second member of (6.22).
i) T ex(z)€l &l then (R(@) - F)n{ € B° | B —m3(e)) 2 2} #0.

To see ii) observe that
{r(2) + 73(Ca) | G2 € 23— 2, N 23, ea(z) = &1}

1s contained in the above intersection.

Assume now that &;(z) ¢| £; | and take ¢ = n*(z) + 73(¢z) such that {; ¢ A;. Then
R(C — 7i(2)) = hO(x3(C2)) = R(C2) + h%(G2 — €3(6r)) = h®(Ga)-

So hO({ — n¥(z)) > 2 implies (; € Sing®3 = Z}U Z}. Since (; ¢ A2 D 23 and Nm,,((2) #

E_g this is a contradiction.

Suppose finally that there exists a divisor A > 0 on C such that

RO(r3(Ca) — 7(4)) > 0 and h%(A +€*(ex())) 2 2.
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In particular A # 0. By using (3.1) the second inequality says that 4 is not e-simple. We

conclude that we may write

*(A))+ B

™

w3(C2) = 77(
where 4 and B are effective divisors on E and C respectively and A is not trivial. Then
0 < h%(m3(C2 — €3(A4))) = h(C2 — €3(4)) + h((2 — e3(A4) —€3(61))

which contradicts that (> ¢ A,. I

(6.24).- Theorem. The tetragonal conjecture holds true for the unramified double covers

of smooth curves corresponding to generic elements of Rp 4 1.

PROOF: Let (C,C) be a generic element of Rp 41 and suppose that there exists an element
(D,D) € R, such that P(C,C) = P(D, D). By using the arguments of (5.9) we conclude
that (D, D) € Rp,,. Then, from the number of irreducible components of Sing=* (cf. (2.7)
and (2.13)) we conclude that

(D,D)e R ,URB40URB,g1-
As we shall see in (7.1.1) (combined with (2.12)) the property
dim{a € P | a + Sing=* C Sing=*} =1

(cf. (6.12.1)) does not hold in the components R’g ;, and Rp,g,0. So (D,D) € Rp4,. By
arguing as in (5.11) it suffices to explain how to recover (Cy,7;) and (C2,72) from P. The
way to do it in the first case comes from Propositions (6.12) and (6.14). In the second case
this is done by combining (6.15), (6.16) and (6.23). &
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7.The components Rp 40 and Ry,

As we remarked in (2.12) the study of these two components should be done simul-
taneously. Our approach consist in looking at each component independently and then,
comparing the constructions made in each case, to establish a bijection between both of

them commuting with the Prym map.

Let (C, C) € Rp,g,0- We keep the notations of §1 and §2. In this section we do not
need the assumption of generality. Although the equality Sing=* = W, cannot be used,
W, appears as the unique component of dimension greater than 0. Recall that t = 0

implies that £; and m, are unramified. We shall denote by A the non trivial element of

7*(e*(2J E)).
(7.1).- Proposition. One has the equalities:
i) {aePla+W,CWy}=1{0,X}
1) {@a€ePla+W,CE*}={r3(e3(z)—r—3s)|Z€E,
r,s € Ca, 2T =ea(r)+e2(s)}

PROOF: In both equalities the inclusion of the right hand side member in the left hand
side member is clear. We fix @ € P. By (2.8) we may write @ = 73(az) where a; € P;.
First we suppose that a + W, C W,. Since

Wy = {r3(C2) | (2 € Z5, Nme,(G2) = €}
and
Ker(n3) = {0,€3(61)}
we deduce that for all (2 € Z4 with Nm.,(¢2) = €
(7.2) az + (2 € Z3.
By taking a = e3(a) with 2a = &; we get
a+{C2 € Z7 | Nme,((2) = €} = 2, N Z5.

So (7.2) reads
as —a+2,NZ) C 2,

Hence, by (3.9.iii), a; € P; N Im(e}) and we are done.
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Next we assume that a + W, C =*. We obtain similarly

az +{C2 € Z3 | Nm,,((2) = €} C O3 U(03).x (g,
Taking a- as before one has:
az —a+ 23N Z) COTU(O3).. )
By using the irreducibility of Z; N Z4 (cf.(3.8)) and (3.9.ii) we end the proof. §

Let us denote by S the set described in (7.1.ii). Then

(7.3).- Proposition The set SN2S is a symmetric curve with normalization C,. Moreover
75 is the involution induced on C; by the (-1) map of P.

PROOF: We claim that the following equality holds
(7.4) SN2S ={m(z — 7m(z)) |z € Ca}.

First we see that all the statements are a consequence of this claim. In fact, only the
birationality of the map
p:Cp— SN2S
z — m3(z — 2())
needs to be proved. Assume that ¢(z) = ¢(y). Then z + m(y) — 72(z) — y € Ker(73) =

{0,e3(£1)}. Hence:
2z + 272(y) = 2y + 272(x).

The equality of divisors would conduce to either z = y or z = 73(z). So we can suppose
that h°(2z + 275(y)) > 2. Since all the linear series g} on C; come from g}’s on E one finds
a divisor A € E® such that 2z + 273(y) = €*(4) and then we have again either z = y or

T = 79(x).
In order to prove (7.4) we observe that
25 = {x3(¢2 — 12(¢2)) | C2 € W3(Ca)}-

Suppose that 7*(e3(3) —r — ) € 25 where Z € E, r,s € C; and 2% = gq(r) + €2(s). For

some points y, z € C; one has

either €3(Z)—r—s=y+2z—T7(y) — m2(2)
or e3(8) —r—s=y+z—my) —(z) +e3(6)-
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Since both cases are similar we suppose that

ex()+m(y)+mz)=y+2z+7+s.
If h%(e3(z) + m2(y) + 72(2)) = 2, then Lemma (3.1) implies that z = 7(y) and one has:

73(e3(Z) —r —s) =my(y + 2~ ay) — ma(2)) = 0.

Otherwise we get an equality of divisors. The proof ends by looking at the different

possibilities. The opposite inclusion is left to the reader. B

(7.5).- Remark. The data (C5, 72) do not determine the initial element (é’, C). However,
by recovering the class €3(£;), the curve C; (hence (C,C)) may be reconstructed from our

information.

(7.6).- Theorem. Let (C,C) and (D, D) be two elements of Rp 4,0 verifying P(C, C) &
P(D, D). Then: (C,C) = (D, D).

PROOF: By (7.1), (7.3) and (7.5) it suffices to exhibit a way to recover e3(£;) from P.
Going back to the proof of (7.3) one finds a morphism:

Cz — P
inducing a morphism:
j:JCy — P.
Since j(75(a)) = —j(a) one can factorize j into j' o h, where
b JCy —r 2 P,

Ker(ry — 1) -

is the obvious map and j' = 3| p, (cf [Ma),p.225). Then Ker(j') = {0,¢3(£1)}. Hence we
obtain 6;(5—1) € P2 C J02 .

Let (C,C) € R4 We keep the notations and assumptions of §1 and §2 (see specially
(2.9)). In particular g > 10. Recall that by (4.3) one has 7%(n) # 7.

(7.7).- Proposition. With the above notations, Sing=* has a unique irreducible com-
ponent of dimension g — 5. This component admits the description:

W= {r*(c"(z+7)+{€P*|z55€E/ € W, _1o(O)}.
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PROOF: Acording to (2.13) it only remains to check that dimW = ¢g — 5 (note that by
definition 1V C Sing7,=* C Sing=* (cf.§1)). We consider the morphism:

k: E® x C(29-10) Piczg_Q(C')
(Z49,D) — D+ 7*(e*(z +§)).
Let us define T = k7 }(P*)and & : T — P* the restriction of x. The fibre of the projection
of T onto E? over a point Z + 7 is isomorphic to a special subvariety (in the sense of
[We2] and [Be2]) associated to the linear system | K¢ — 2¢*(Z + §) |=| *(€ — 2% — 27) |

of dimension g — 6. Hence dimT = g — 4. Since £(T) = W and the generic fibre of & has
dimension 1 we conclude that dimW =g — 5. 11

(7.8).- Proposition. One has the equality:
{aePla+WcC=)={r*(*z)-CeP|zeE{ecW)C)}

PROOF: Let @ € P such that @ + W C =*. We wish to see that @ is in the right hand side
member. By hypothesis

ho(a+7*(e*(Z +9)) +{) > 2

for all (Z + §,{) € E® x WP,_1o(C) such that 7*(¢*(z + §)) + { € P*. By standard facts
from the theory of Prym varieties this implies that:

RG@+r (@ +§)+0) 21

for all (z + §,¢) € E® x Wz"g_m(é') such that 2¢*(Z + §) + Nm.({) = K¢. By applying
(2.16) one has:

(7.9) h'(D + 7*(e*(z+9))) >0 forall z,§y€E.

In particular we may write & = D—n*(¢*(2+§)) where D € €® and Nm,(D) = 2e*(Z+¥).
Then (7.9) reads
KD + n*(e*(@))) >0 for all @& € Pic’(E).

Let us make the decomposition D = 7*(¢*(D) + D) + D' where D,D, D' are effective
divisors on E,C and C respectively, D is e-simple and D' is w-simple (cf. (2.14)). Note
that it suffices to see that the divisor D is not trivial.
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Then by applying (2.15) twice one has:

0 < %D+ m*(e*(a))) = RO(x*(*(D + @)+ D)+ D) <
<h%(eD+a)+ D)+ h(e*(D+a)+ D+ Nm(D") —1n)

and
h°(e*(D + @) + D) < h%(D + a) + h%D + &+ Nm.(D) — &).

Since deg(D + & + Nm,(D)) <deg(D) = 8 < g — 1 =deg(£) we obtain
0<h®(D+a)+h%e*(D+a)+ D+ Nmg(D') - ).
Suppose now that deg(D) = 0. Then we have
(7.10) 0 < he*(@)+ D+ Nma(D")—n) forall @ € Pic’(E) — {0}.
On the other side Nm,(D) = 2¢*(Z + §) implies that
2D + Nmn(D') = 2¢*(z + §).
So (7.10) reads
0< he*(22+2§+a)— D —n) forall &€ Pic®(E) — {0}.
Let D' > 0 such that
(7.11) e*(2z+2§j+a)-D—-D'=q.

Then 2(D + D') €| €*(2(2% + 2y + @)) | . Since deg(2(2z + 2§ + a)) = 8 < g — 1, we can
apply (3.1). Therefore there exists an effective divisor F' on E such that

oD + D') = e*(F).

In particular D 4+ D' is 7-invariant. Looking at (7.11) we conclude that 7*(n) = 5, which
is a contradiction. [

Let us denote by S’ the set {a € P|a+ W C E*}.
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(7.12).- Proposition. The following inclusions hold:
S'N2S'CT ={D-(D)eJC|DeW)C).Nmu(D) €Im(e*)} C §'
Proor: .Let us define
U={D~-D)|DeWXC),Nm(D) € Im(c*)}
By (7.8) one has 25’ C U. So, our statements follow from the claim:
uvns' =1'.

The inclusion T' C U N S’ is clear. We prove the opposite inclusion. Let D — *(D) € U
and 7,5 € E such that Nm,(D) = e*(7 + 3). If we suppose that D — :*(D) € S’ then one
finds elements D' € C® and z € E such that

(7.13) (D) + D' = D + n*(e*(3)).

We may write D = 7*(A) + B where B > 0 is m-simple and A is effective. Looking at the
degree of A we have three possibilities:

a) deg(A)= 2. In this case D —*(D) =0€ T".
b) deg(A) = 1. Therefore deg(B) = 2. By replacing in (7.13)
D'+ .%(B) = B + =*(e*(3)).

The equality of divisors would imply B < 7*(¢*()). Since B is 7-simple, Nm(B) = e*()
and then
D-(D)y=B-(B)eT.

We suppose now that
2 < RYB + =*(*(2))).

By applying (2.15)
2 < h(e*(%)) + RANmu(B) + €*(Z) — 1) = 1 + h°(Nmo(B) + £*(2) —n).
On the other side Nmq(B) = Nmo(D) — 24 = *(F + 5) — 2A. So
0 < A% (Nmn(B) +€*(z) —n) = h°(e*(F + 5+ ) — 24 — n).
Arguing as in (7.11) we get 7*(n) = 7, which is a contradiction.
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¢) deg(4) = 0. Then D is 7-simple. We go back to (7.13). If there is an equality, then
D = n*(e*(Z)). Hence D — /*(D) = 0. Otherwise, by applying (2.15)

2 < YD)+ 7*(*(7))) < 1+ h°(e*(8) + Nm«(D)) — 7).

Since Nma(.*(D)) = e*(7 + §) one has h°(e*(z + 7 + §) — n) > 0. Again this implies
7*(n) = n, which is a contradiction. §

(7.14).- Note that the remark (2.12) makes it possible to compare the variety S’ with
the variety S which appears in the first part of this section. So S' N 2S’ is a symmetric
irreducible curve of genus ¢g. Since T’ is also a curve we conclude that S' N 2S’ is an

irreducible component of T'.

In order to study the curve T’ we define T as the variety given by following pull-back
diagram:
T, ¢

1 e

E— co.

Note that the morphism
C®» - p
D — D - D)
sends T birationally to T".

We shall denote by j the involution of T' induced by :(?). The above diagram can be

factorized as follows:

T — C®

4 LM
T)j — 6@/,
il L*

E < e®
where:

i) the maps f; and f, are double covers, f; is ramified at the points (P)eT, 1=
1,...,2g — 2, where P; are the ramification points of ¢ and f, is unramified. In particular

T/j is a smooth curve.
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ii) Similarly hi, hy are (2:1) morphisms, the ramification locus of h; is the diagonal

A C C™ and hy is unramified. In particular C?)/,(?) is an smooth surface.

(7.16).- Lemma.-The morphism f; is the double cover associated to the class N =
Nmg(n) €, JE — {0}.

PROOF: We start by noting that 7 = 0 implies n + 7*() = 0 and then 7*(5) = 5. Next,

fixing suitable elements ¢ and (: of C'? and C® one has a commutative diagram:

e 4, ge

”(2)1 le,

c» g
By applying the functor Pic® we obtain:
Pic®(C®) —— Pic®(J&)
Pico(n(z))T T(Nmr).
Pic®(C®) —— Pic®(JC)
the horizontal arrows being isomorphisms. Since 7* and Nm, are dual to each other
(cf.[Mu]) and Ker(r*) = {0,n} we obtain that t(Ae(n)) € Ker(Pic®(n(?)). In this way we

get the class defining h;. Now restricting this class to E we end the proof by noting that
to restrict this class to E is equivalent to taking the norm of n. |

(7.17).- Proposition. T is an irreducible smooth curve of genus g.

PRroor: By (7.16) T/j is an irreducible smooth elliptic curve. As we indicate in (7.14)
T' contains an irreducible curve of genus g, namely S’ N 2S’. Therefore T contains an

irreducible component of geometric genus g. We call this component X. Since

fux:X —T/j
ramifies in at most 2¢g — 2 points, by applying Riemann-Hurwitz to the normalization of X

we conclude that f, | X ramifies in exactly 2g — 2 points. Thus X is smoothand X =T. §
(7.18).- Corollary. The equality T’ = S’ N 25’ holds. Moreover T' is symmetric and

the multiplication by -1 induces on T the involution j.

(7.19).- Comparing with the construction made in the first part of the section (from
(7.1) to (7.6)) we note that (T,j) play the réle of (C2,72). There we obtained a point of
2(JC2) which allowed us to reconstruct C;.
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By translating this to the present context we can conclude that there exists an intrinsical

way to recognize a certain element of JT. Moreover this class appears in Im( f7).

Our next aim is to compute this point in terms of the initial data. To do this we imitate

the proof of (7.6).

Let v : T —> P be the composition of the normalization map with the inclusion 7' — P.

Since ¥(j(z)) = —j(z) the induced map between JT and P factorizes through a morphism
¥ : Ker(Nmy, ) — P.

We want to find the kernel of 4. Previously:

(7.20).- Lemma. Let ¢ € Pic?(C). Consider the morphism

T E® 25 56
an the induced morphism
v:JT — JC

Then: Im(t/I Ker(Nmfl)) C P and the restriction
v:Ker(Nmyg)— P

1s 5.

PROOF: Straighforward. i

Now, since the unique non zero element of Ker(#) appears in Im(f}) it suffices to study

the Kernel of Y| Im(f})"
An easy computation gives the following result:
(7.21).- Lemma. The following diagram commutes:
JT —— JC
(o | [conr
JE —— JE.
Corollary. Ker(%) = (f2 © f1)*(2JE).
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PROOF: From Lemma (7.20) we have Ker(5) = Ker (7). By applying Lemma (7.21) one
finds

Ker(u hm((fzoﬁ)')) = (f2 o] fl)*(Z']E) C Ker(Nmfl).
Since f} is surjective Im((f2 o f1)*) = Im(f}) and hence Ker (¥) = (fz 0 f1)*(2JE). I
(7.22).-Theorem. Let (C,C),(D,D) € R, such that P(C,C) = P(D,D). Then
(C,C)=(D,D).

PROOF: It suffices to show that the initial data are determined by T, and fy(2JE).

Indeed the non-zero element of fy(2JE) gives a point of ,J(T'/j) that allows us to recover
the morphism T/; — E.

Now consider the pull-back diagram

X — T

! !

3
E — (T/5)®.

Then, the morphism
C— X
F—s (& +3") + (& + )

where 7(&) + n(#') € Im(e*), is an isomorphism and the involution j(® of T induces on

C the involution ¢. ']

Finally we point out that the constructions used to prove Theorems (7.6) and (7.22) can
be compared in order to obtain a bijection between R p,g,0 and Rp , commuting with the

Prym map. We explain how this map goes.

Start with an element (C,C) € Rp,40. With the notations of §2, observe that t = 0
implies that C; is also elliptic. We call f; : E — C to the transposed morphism. Then
the pull-back diagram

¢ —— ¢

|l

C, __f;_, E®@)

gives an element (€', Cc" € R'p g, Where C' = C'/., « being the restriction to €' of the

involution .
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Conversely, fix (C',C') € R/, . Suppose that ¢’ : C' — E’ is a bi-elliptic structure of
) B.g P
C'.

Construct the pull-back diagram

T —— C'®

! !

E' _(f_)_, C'(2)

The involution ¢(?) restricts to an involution j of T. Then T'/; is an elliptic curve. We call
¢1: E' — T/j to the transposed map. By taking again a pull-back diagram we get
C —— T
! |
o

The curve C has two involutions attached to the projections; call « the composition of this
involutions. Then (C,C/t) € Rp 4 is the image of (C',C").
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