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Abstract. We consider the second order stochastic differential equation X+ f (X4, X t) =
W, where t runs on the interval [0, 1], {W;} is an ordinary Brownian motion and we impose
the Dirichlet boundary conditions X(0) = @ and X(1) = b. We show pathwise existence
and uniqueness of a solution assuming some smoothness and monotonicity conditions on
f, and we study the Markov property of the solution using an extended version of the
Girsanov theorem due to Kusuoka.

0. Introduction

In this paper we study a second order stochastic differential equation of the type:

X, i t,dx,) _aw,

dt2 dt /T Tdt (0.1)

where the time parameter ¢ runs over the interval [0,1] and we impose the Dirichlet type
boundary conditions
Xo = a, Xy = ba

a and b being fixed real numbers. Here {W;} is a one-dimensional Brownian motion
starting at zero. First we will give sufficient conditions on the function f : R? — IR for
the existence and uniqueness of a solution for any fixed continuous function W € Cy(0,1).
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Then we will study the Markov property of the solution assuming that W is the trajectory
of a Brownian motion. We recall the following types of Markov property:

(1) We say that a stochastic process {X;, 0 < t < 1} is a Markov process if for any
t € [0,1] the past and the future of {X,} are conditionally independent, given the present
state X;.

(2) We say that {X;, 0 <t <1} is a Markov field if for any 0 < s <t <1, the values
of the process inside and outside the interval [s,t] are conditionally independent, given
X, and X;.

(3) We say that {X;, 0 <t <1} is a germ Markov field if for any 0 < s <t <1, the
values of the process inside and outside the interval [s,t] are conditionally independent,
given the germ o-field (5 0(Xu,u € (s —€,5 + €) U (t —¢,t + €)).

Our main result is the following. The solution of (0.1) is a Markov process if f is
an affine function, and is not a germ Markov field otherwise. The main tool to study
the Markov property is an extended version of the Girsanov theorem due to Kusuoka [2],
which allows us to compute conditional expectations under a law under which the Markov
property is known to hold.

A similar negative result for first order stochastic differential equations with a more
general boundary condition has been obtained in the companion paper [5]. See also Donati-
Martin (1] for related results concerning another class of stochastic differential equations
with boundary conditions.

The organization of the paper is as follows. Section 1 is devoted to show the existence
and uniqueness theorems assuming some smoothness and monotonicity conditions on the
function f. In section 2 we compute the Radon-Nikodym derivative using Kusuoka’s
theorem, and finally we study the Markov property in section 3.

1. Existence and uniqueness of a solution

We denote by Cy(]0,1]) the set of all continuous functions on [0,1] which vanish at
zero. Suppose we are given a locally bounded and measurable function f : R? —» R, an
element W € Cy([0,1]), and two real numbers a,b € IR. Our aim is to find a solution for
the integral equation

t
X+ [ J0, Kyds = Kot W 0<2<T (L1)
0

with the boundary conditions X¢ = a, X; = b. Observe that the equation (1.1) can
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be formally written as X, + F(Xe, X¢) = W, and, therefore, it can be regarded as a

nonlinear second order differential equation.

In the sequel we set ¢ = b — a and we denote by Y;(W) (or simply Y; when there is

no confusion) the solution of equation (1.1) for f = 0. That means,

1 t
Y, =a+ct—t/ Wsds—l—/ W,ds, (1.2)
0 0

and we also have .
Y,=c— / Wds + W,. (1.2)
0

Notice that the transformation W — Y (W) from Cy([0,1]) into the space C; 4(0,1) of
continuously differentiable functions Y on (0,1) such that lim¢|o Y(¢) = a and lim,}; Y'(¢) =
b is bijective and for any Y € Ci,b (0,1) we can recover W by the formula W, = Yt - Yo.

In order to solve the equation (1.1) when the function f is non zero, we introduce the
mapping 7 : Cy([0,1]) — Co([0,1]) defined as follows

nw»=m+/ﬁw@nm& (1.3)

We remark the following two facts:

() If T(n) = W, then the function X; = Yi(n) is a solution of the equation (1.1). In

fact, we have

1
Xt=Yt(n)=b—a-/ ne ds +
0
t
=X0+W,—-/ f(Xe, Xo)ds.
0

(I1I) Conversely, if we are given a solution X of equation (1.1), then T(Y ~1(X)) = W.
Indeed, if we set Y ~1(X) =5, then

t
T(n)s =m+/ F(Yo(n), Yi(n)) ds = n¢ + Wy + Xo — X, = W,.
0

Consequently, we obtain the following result:

Proposition 1.1. Suppose that T is a bijection. Then equation (1.1) has the unique
solution X = Y/(T~Y(W)).
We are going to present some sufficient conditions on the function f for the transfor-

mation T to be bijective.



Proposition 1.2. Suppose that f is nonincreasing in each coordinate, locally Lipschitz
and with linear growth, then T is bijective.

Proof: Given n € Cy([0,1]) we have to show that there exists a unique function W €
Co([0,1]) such that T(W) = 7. Set V =7 — W. Then V satisfies the differential equation

. 1 t 1
Vt=f(t/0 Vsds—/o V3d3+§,,/0 Vsds——Vt+pt),

Vo =0,

where

1 t -
§t=a+ct—t/ nsds+/ ngds, and
0 0

) (1.4)
pt =c—/ Nsds + e .
0
For any = € IR we consider the differential equation
{Vt(m) :f(t:z—fot Ve(z)ds + & , :c~Vt(:1:)+pt) (1.5)
Vo(.’t) =0

By a comparison theorem for ordinary differential equations and using the monotonicity
properties of f we get that the mapping £ —— V;(z) is continuous and nonincreasing for
each t € [0,1]. Therefore, fol Vi(z)dt is a nonincreasing and continuous function of z,
and this implies the existence of a unique real number z such that fol Vi(z)dt = . This
completes the proof of the proposition. Q.E.D.

It is also possible to show that T is bijective assuming that f is Lipschitz and the
Lipschitz constant of f is small enough:

Proposition 1.3. Suppose that f is such that |f(z,y) — f(z,9)| < K(|lz — z| + |y — §])
with K < % Then T is bijective.

Proof: As in the proof of Proposition 1.2 we denote by V;(z) the solution of equation (1.5).
Then it suffices to check that the mapping z fol Vi(z) dt has a unique fixed point,
which is true because under our assumptions this mapping is a contraction:

1 1
| / Vi(z)dt - / V@)t < sup [Vila) - Vi(@)

<2Kle-#+ 2K sup [Vi(z) - Vi@l
2 2 o<i<1
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Q.E.D.

To conclude this section we discuss the particular case of an affine function f(z,y) =
azx + By + . In this particular case we have the following result.

Proposition 1.4. Suppose that f is affine. Then there exists a unique solution of equation
(1.1) for every W € Cy(0,1) (that means, T is bijective), if the following condition is
satisfied

/0 (exp[(1—s)M]),, (as+B)ds #1, (1.6)

where M denotes the matrix ['iﬂ —6’] and the subindex 21 means that we take the entry

of the second row and first column.

Proof: We want to show that there exists a unique function W € Cy(0,1) such that
T(W) = n, for any given function n € Co(0,1). Setting, as before, V = n — W, we want
to show the existence and uniqueness of a solution for the equation

{V‘—atfol Vids +a [! Vids —ab— B [} Vds + Vi — Bpi —7 =0
Vo =0,

where £, and p; are defined by (1.4). Putting ¢, = ali + Bp: + v, and Uy = fot Veds we
obtain the second order differential equation

{Ut“({lt+,3)U1 +01Ut+5Ut"1/)t =0
Uy=Uy =0,
which can be written in matrix form as

a]=[3 ][]

Consequently, t
U, = /; (exp [(t - S)M])Zl ((as + ,3)U1 + Q,b,) ds,

and applying condition (1.6) the value of U; is uniquely determined and the desired result
1s proved. Q.E.D.

Note that if the matrix M has two different real and nonzero eigenvalues A\; and \;,
then the condition (1.6) can be rewritten as

eAl eA2

—(a+B8)+ (M = A)7? {ﬁ(TI- - 12—) + afe* — e*’)} # 1.
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2. Computation of a Radon—Nikodym derivative

Let us now introduce the Wiener measure P on the Borel o—field F of Q = Cy([0,1])
so that the continuous function W in the equation (1.1) becomes a path of the Brownian
motion. Our aim is to study the Markov property of the stochastic process {X:} solution
of (1.1). This will be the contents of the next section. In this section we will construct a
new probability measure @ on Cy({0,1]) such that the law of {X,} under P is the same as
the law of the process {Y:} given by (1.2) under @, and we will give an explicit expression
for the Radon—Nikodym derivative of @ with respect to P. To do this we will apply the
following nonadapted extension of the Girsanov theorem proved by Kusuoka (see Theorem
6.4 of [2]).

Theorem 2.1. Consider a mapping T :  —  of the form T(w); = w¢ + fot K,(w)ds,
where K is a measurable function from ) into the Hilbert space H = L%(0,1), and suppose
that the following conditions are satisfied:
(1) T is bijective.
(i) For all w € Q there exists a Hilbert-Schmidt operator DK (w) from H into itself such
that:
(1) | K(w+ f; hsds)— K(w)— DK (w)(h)||n = o(||h||n) for all w € Q as ||k g tends to
zero.
(2) h — DK(w + [; hyds) is continuous from H into L*([0,1]?) for all w.
(3) I + DK(w): H — H is invertible, for all w.
Then the process {W, + fot K,(W)ds} is a Wiener process under the probability Q on
Co(0,1) given by
dQ

75 = lde(~DK)| exp (— §(K) — % /01 K dt) ) (21)

where d.(—DK) denotes the Carleman-Fredholm determinant of the square integrable
kernel DK € L*([0,1)?) and §(K) is the Skorohod stochastic integral of the process K.

We recall that the Carleman-Ferdholm determinant of a square integrable kernel
B € L?([0,1]?) is defined by

G
1

n.

dc(B) =1+ Z / det (B(t,',tj)) dty---dt,,

n=2 [0,1]"
where B(t,t;) = B(t;,t;) if i # j and B(t;,t;) = 0. If B is a square matrix then d.(B)
coincides with det (I — B)exp (trB). We refer to [10] for a survey of the main properties
of this determinant.



On the other hand let us recall briefly the notions of derivation on Wiener space and of
Skorohod integral. Let S denote the subset of L2({2) consisting of those random variables
of the form:

F= f(/: hl(t)th,...,/Ol ho(£)dW,)

where n € IN; hy,...,h, € L%(0,1); f € C°(IR™). For F € S, we set

1
0

n af 1
and we denote by ID!? the completion of S with respect to the norm || - ||1,2 defined by

1
IF|2, = E(F®) + E / \DF2dt, FeS.

Then the Skorohod integral is the adjoint of the derivation operator D considered as an
unbounded operator from L?(§) into L% x [0,1]). If a process u € L%(Q x [0,1]) is
Skorohod integrable, the Skorohod integral of u denoted by 6(u) is determined by the
duality relation

E(6(u)F) = E( /0 1 u D, Fdt), FeS.

From the proof of Theorem 5.2 in Kusuoka’s paper [2] it follows that a process K verifying
the above condition (ii) is locally Skorohod integrable in the sense that there exists a
sequence {(Q,,K,)} such that Q, € F, K, € L*(0,1;D"?), n € IN; Q, T Q as., as
n — oo and K = K, on Q, x [0,1]. Then for every n K, is Skorohod integrable and §(K)
is well defined by §(K)(w) = 6(Ky)(w), w € Qa, n € IN (see [4]). For more information
about the operators D and §, we refer in particular to Nualart-Zakai [6] and Nualart-
Pardoux [4].

We are going to apply the above theorem to the particular case K; = f(Y%, Yt) , where
Y: and Y; are given by the expressions (1.2) and (1.2)’. From the properties of the operator
D we deduce that

DY, =—-t(1=s)+(t—s)t =st—sAt (2.2)
DYy = —(1=s) + Lo 4(s) = s — 1p,11(s) - (2.3)

Therefore, if f is a continuously differentiable function, conditions (ii.1) and (ii.2) of The-
orem 2.1 are satisfied, and by the chain rule we get

Dy(f(Yy, Vo)) = fu(Ye, Vo) (st — s At) + fu(Ye, ¥2) (s — 1peqy(s)) - (2.4)
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In the sequel we will use the notation a; = f.(Y;, Y;) and 8, = fy(Ye, Yt) Moreover,

we denote by M, the matrix [~lﬂ ' —(?‘] and by &, the solution of the linear differential

equation

dfbt = Mt@t dt
®o =1 (2.5)

We will also denote by ®(t,s) the matrix ®,®;'. We now have:

Proposition 2.2. Let f : IR? —» IR be a continuously differentiable function such that for
K, = f(Y, Y,), the transformation T given by (1.3) is bijective. Assume moreover that

/0 Dy (1,8) (sas+ By)ds # 1. (2.6)

Then K, verifies the conditions of Theorem 2.1.

Proof: It remains to show that I + DK is invertible. From the Fredholm alternative, it
suffices to check that —1 is not an eigenvalue of DK (w), for each w € Q. Let h € L?(0,1)
such that (I + DK)h = 0. Then

1 1
he + at/ hs(st —sAt)ds+ ﬁt/ he(s — 1[t,1](3)) ds =0,
0 0

which can be written as

1 t 1 1 1
ht—i—tat/ shsds——at/ sh,ds—tat/ h,gd3+,6t/ sh,ds—ﬁt/ hsds = 0.
0 0 t 0 ¢

Setting g; = fot hsds and U, = fot gs ds we obtain

t

1
!Jt—(tat+ﬂt)/ gsds+at/ gsds+ Bige =0,
0 0

and
U, — (tag + B)Uy + U + U = 0. (2.7)

Then the solution of the second order differential equation (2.7) is given by

U, =U, / D, (t, s)(sas + Bs)ds (2.8)
0

and condition (2.6) implies U; = 0 for all ¢. Q.ED.

Let us exhibit two examples of functions f verifying the conditions of Proposition 2.2.
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(I) We denote by Cp the class of continuously differentiable functions f : R? — IR such
that f; < 0, f, < 0 and f has linear growth. Then any function f € Cp verifies the
assumptions of Proposition 2.2. In fact, Proposition 1.2 implies that T is bijective, and
(2.6) is satisfied because we have sa, + 8, < 0 and ®$2;(t,s) > 0 for all t > s.

(IT) If f is an affine function, then conditions (2.6) and (1.6) are equivalent.

Suppose that f : IR?® — IR is a function verifying the hypotheses of Proposition
2.2. Then we can apply Theorem 2.1 and the process n, = W; + fot FY(W), Y (W))ds
is a Wiener process under the probability @ given by (2.1). The equation (1.1) has a
unique pathwise solution X,(W) given by X(W) = Y(T~!(W)) (see Proposition 1.1).
Consequently the law of the process X(W) under the probability P coincides with the
law of Y;(W) under Q. In fact, P{X (W) € B} = Q{X(T(W)) € B} = Q{Y (W) € B} for
any Borel subset B of C; ;(0,1).

In order to study the Markov property of the process X;(W) we need an explicit
expression for the Radon-Nikodym derivative J = ‘;—ng-. This expression will be given by
the next theorem.

Theorem 2.3. Let f: R® — R be a continuously differentiable function satisfying the
assumptions of Proposition 2.2. Then we have

d 1 1 ! y ! y 1 ! ’
9 e (4 | v e /0 fYyedw -3 [ fr VR a),  (29)

where fol f(Y:,Y:)odW, is an extended Stratonovich integral (see [4]), and Z, is the solution
at time t = 1 of the second order differential equation

Zt+,6tzt't'atzt =0 2.10
{ZQ=0, Zo—'-_-]., ( )

a¢ and (¢ being, as before, f;(Yt,Yt) and f;(Yt,Yt)

The main ingredient in the proof of this theorem is the computation of the Carleman—
Fredholm determinant of the kernel DK, where K, = f(Y;, Yt) The details of this com-

putation are presented in the following lemma.

Lemma 2.4. Under the assumptions of Theorem 2.3 we have, for K, = f(Y3, Y,),

d.(—DK) = Z, exp (/Ol(t at+ Br) (1 - t)dt) . (2.11)

Proof: The idea of the proof is to approximate K by a sequence of elementary processes. For
each n > 1 we introduce the orthonormal functions e; = \/ﬁl[t.-_,,t.-] , ti = %, 1<:<n.
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Then we define
1 - t: — 1 i—1
Ki=— ; flateti-2 ; W(t;) + ~ ; W),
1 n
c—- Z; W(t;) + W(ti—l)) ei(t). (2.12)
]=
By taking a subsequence if necessary, it holds that

1 1
lim/ / |D,K; — D,K}|*dsdt =0,
n Jo Jo

for every W and, consequently, using the continuity in the Hilbert—Schmidt norm of the
Carleman-Fredholm determinant, we deduce that d.(—~DK™) converges to d.(—DK) as n
tends to infinity, for all W. The kernels DK™ are elementary in the sense that they can
be expressed as

K=Y U (W(e),...,W(en))ei(t), (2.13)
i=1
1 : n n
where W(e;) = [ ei(t)W(dt) = /n (W(t;)— W(ti-1)), and the functions ¥" : R" —» R
are given by

ci

\II?(vl,...,vn)=%f(a+—é——n—2i/—r_l(2(vl+...+vj))
=1

i—1

+ m(Z(vlﬁ--“%—vj)),

Jj=1
1 < 1
c_;l_\/'_ﬁ';(vl+"‘+vj)+7r—z'(vl+"'+vi—l))

ct

1 1 . :
= 75-f(a+-1—z-—m{—nv1 + (2 — 2n)vy + (2 — 3n)v,
+-+((-2)i— (i —n)viy
 (=)(n =i+ Do+ (=) =i+ Dvigs -+ (=i)va ]

1
ny/n

c__

(nvy + (R —)vg + -+ +va) + %(vl +---+v,~_1)) (2.14)

1
= ﬁf (pi(v), gi(v)).

From (2.13) we deduce

o\~ 097
DE" =Y oz, (Wler)s- o Wlen)) e @ ey,

i,7=1
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and, therefore, the Carleman-Fredholm determinant of —DK™ is equal to that of the
Jacobian matrix of U™ composed with the vector (W(e;),...,W(e,)). That means

de(—~DE™) = det (I, + JT") exp (—tr JU™) (2.15)

where JY¥™ denotes the matrix (%‘%" (W(er),---, W(en))) . From (2.14) we get that

q n

i<j - (R4 (n-i+])
(J¥);;={i>ji>1, -4 (j—%i)a?—(j—l)ﬁ{‘) (2.16)
i>j=1, -Xa",

where o} and B denote, respectively, the functions f}(pi(v), ¢:(v)) and f, (pi(v), ¢i(x))
evaluated at v = (W(e1),...,W(en)). Thus the trace of the matrix J¥" is equal to

1 < , wal n
i L (),
=1
which converges as n tends to infinity to

_ /1 [t(1—t) fu(Ye, Vo) + (1 — t) £ (Y3, o) dt,

and, therefore, the exponential appearing in the equation (2.15) converges to the exponen-
tial term in (2.11). So, it only remains to show that

lim det (I, + J¥") = Z;. (2.16)
Substracting every column from the next one we obtain that the determinant det (I,+J¥")
is equal to
(1-2(E+8) —HEE-)  -H(E -2 ]
~Far 1-F(EE+a)n-1) -H(EE+8)(n-2)
der|  —med —E(@-Dey-8) 1-H(E+a)n-2)
~kap  —E(@-%er-8p) -&(G-Y)ag-267)
[ —aza} —az(ay — B7) —qzr(an —267) o]
[ 1- (5 +8p) ~& (% +87) ]
1+ 2 ((1 - Dof + (- 1)5) 1- (%2 4 )
—det|  —&((0-2)er-sr) ~1+ % ((1-2)ad +(n - 1)85)
~&((1 - 2)az - 87) & (- )az - 87)
I —1Bn —zBn ]
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[ 1 0 ;17(4 +A7) ]
—2+ 27 (af +npy) 1 & (252 4 p7)
_ det 1- & —2+ (g +ny) - (% +6p)
0 - %’ ?%7(4_0'4' + B%)
| 0 0 o 1= L(an +67) ]
In conclusion we have to evaluate the determinant of the matrix
r 1 o 0 o0 --- -0y
p2 1 0 0 -+ —0
_ ™3 P3 1 o -.. —03
M = 0 T4 P4 1 .- —04
0 0 o0 0 - 1—-0,.
where o; = ;1,-("’ +B%), pi = -2+ (o} +npP) and m =1- —":: Define

recursively €, = 0y, €0 = 03 — p2¢&; and € = O — PrEk—1 — TkEk—2, 3 <k <n-—1.
Then, multiplying the first n—1 columns of the matrix M by €1, €2,...,6n-1 and
addding the result to the last column we obtain that

det (I, +J¥,)=(1—0p)+ pnén-1 + Tn€n-2
n 1 n n
= (1= zan+ ) + (-~ 2+ (ol +nBD) ena

n

+(1—ﬁn'-)€n 2.

Notice that af’nt] converges uniformly in ¢ to o = fL(Y%, Yt) as n tends toin-
finity, and in the same way ﬂ[';t] convergesto f,. Inparticular, a] and f con-
verge, respectively to f,(Y1, Y1) and f,(Y1,Y1). Therefore, in order to show (2.16)
it suffices to prove that lim, €,y = lim, €,—2 = 1 — Z;. Actually, it holds that
limp €ng = t — Z; for every t € [0,1). In fact, making a discretization of the dif-
ferential equation (2.10) and approximating the coefficients az/, and Bx/n by af

and B, respectively, we obtain the recursive equation
n?(6g — 26k—1 + 6k—2) + BR(nbr—1 — bk—2) + aRér—1 =0,

where 6z is an approximation of Z(k/n). If we substitute é; for -f; — &£ we obtain the
recursive equation which defines 5. We omit the additional details of this limit argument.
The proof of the lemma is now complete. Q.E.D.

Proof of Theorem 2.8: From the expression (2.1) and Lemma 2.4 we deduce that

Q

l . .
T alew ([ 0T+ fT) -t
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—/01 £(¥s, }"t)th—% /01 f(Yt,Yt)?dt), (2.17)

where here fol f(Yy, Yt)th denotes the Skorohod integral of f(Y%, Yt) Now from the
results of [4] we know that this Skorohod integral is equal to the extended Stratonovich

integral minus a complementary term given by 1 fol [D?’ (f(Y, Yt)) +Dj (f(Ys, Y}))] dt,
where Df K; = lim.jo D¢y Ky and Dy K; = lim,jo D;—. K;. We remark that the
process f(Y:, ¥;) belongs to the class ILE::‘;OC (see [4]) which allows to apply these
results. Then, from (2.4) we obtain that

1 . 1 . 1 1
| voawe= [ vedwi= [e-nacte-pald @18)

and substituting (2.18) into (2.17) we get the desired result. | Q.E.D.
3. The Markov property.

In this section we want to study the Markov properties of the process {X;} solution
of equation (1.1), where {W;} is a standard Brownian motion. As a solution of a second
order stochastic differential equation we might conjecture that this process is 2-Markovian
(see, for instance, Russek [9]), that means, the two dimensional process {(X;, X;)} is a
Markov process. We first show that this is true for the process {Y;} i.e., when f = 0.

Proposition 3.1. The process {(Y;, Y;), 0 <t < 1} defined by the equations (1.2) and
(1.2)’ is a Markov process.

Proof: Let ¥(z,y) be a real valued bounded and measurable function. Fix s < ¢ and set
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(= fol W¢ dt. We have to compute the conditional expectation

E(y(Ys, YOIYr, ¥7), 0< 7 < )

t
=E(¢(a+ct—t(+/ W.du, c—C+Wt)|(, W, 0§r_<_s)
0

8 t
=E(¢(a+ct—tc+/ Wudu+/ (Wy — Wy)du + (t — 8)W,,
0 s
c—(+Wi— W, + W,)|[¢, Wy, 0< 7 < 5)

=/ ¢(a+ct—t(+/ Wudu+w+(t—s)Ws,c—c+y+Ws)
R? 0

' N(((t - 323(21(3—;)2:«5 -0 /sl(wu —W.)du,

U= [ vy a). ) i )

where A denotes the conditional covariance matrix of the Gaussian vector ( f:(Wu -
W,) du, Wy, — W), given f: (W, — Wy)dt. Consequently, the above conditional expectation
will be a function of the random variables
—t(—}—/ Wadu + (t —s)W, =(t — s)Y, + Y, — ct — a,
0
- C + W, = Ys —C,

1
/ Wy —Wo)du=—-(1-8)Y,—-Y;+a+c,

and this implies the Markov property. Q.E.D.

We will see that, except in the linear case, the Markov property does not hold for the
process {X;}. One might think that the Markov field property is better adapted to our
equation because we impose fixed values at the boundary points t = 0 and ¢ = 1. However
this is not the case and, as we shall see, the nonlinearity of the function f prevents for any
type of Markov property. The main result of this section is the following.

Theorem 3.2. Let {X,, t € [0,1]} be the solution of equation (1.1) where {W,, t € [0,1]}
is an ordinary Brownian motion. Then,

(i) If f is an affine function verifying condition (1.6) the process {(X, X;)} is a Markov
process.
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(i) If f is a five times continuously differentiable function of the class Cp (i.e. fl <0,
fy <0 and f has linear growth) and the process {(Xj, X,); t € [0,1]} is a Markov field,
then the function f must be affine.

Before proving this theorem let us show a preliminary technical lemma. We recall (see
[4]) that D2 is the set of random variables F such that there exists {(Q,, F,,)} C F xID"?
with Q, T Q a.s. and F = F;, a.s. on §2,,.

Lemma 3.3. Let G; be the o-algebra generated by Y, Yt and fol W,ds. That means
G = a{ fol W,ds, Wy, fot Wsds}. Let F be a random variable in the space DL'? such that

loc

F1¢ is Gi—measurable for some set G € G,. Then there exist random variables A;(w),
By(w), and Cy(w) such that

DyF(w) = [Ae(w)8 + Co(w)] 1(0,q(8) + Be(w)(6 — 1) 11,1 () ,
for dP x df almost all (w,8) € G x [0,1].

Proof: Consider the subspace K of H = L?(0,1) spanned by the derivatives of the genera-
tors of the o—algebra G,;. This is the so—called tangent space of the o—-algebra G; and, in
our case, it is the deterministic subspace spanned by (see the expressions (2.2) and (2.3))

DgY: =t(1 - 0) + (t — )10 4(6) = 6(t — 1)10,4(6) + (0 — 1)t 1, y(6) ,  (3.1)

DgYy=—(1-8)+14(8) =6 1{o,q(6) + (6 — 1)1 15(8) (3.2)
and

1
Do(/ W,dt) =1-86.
0

Thus, K is the three-dimensional subspace generated by 61 (8), 1jo,q(f) and (6 —
1)1(;,1}(6). Then the fact that the o-algebra G, is generated by a finite number of random
variables of the first chaos allows to apply Lemma 4.5 of [5] and to conclude that DF
belongs to K a.s. on G, which gives the result. Q.E.D.

Remark 3.4. Let ®(t) be the solution of the linear system (2.5). Then, the components
of the matrix ®(t) satisfy the relations

d11(t) = —BeP11(t) — @@ (t),
®o1(t) = @11(2),
B15(t) = —BeP12(t) — ar®2a(2),
$oa(t) = B12(2).
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Observe that the entries of the matrix ®(¢) are nonnegative and ®,,(¢) > 0, ®,1(¢) > 0
and ®(t) > 0 for ¢t € (0,1) if we assume a; < 0 and §; < 0. The same results hold for
the entries of ®(¢,s) for 0 < s < t. The inverse matrix ®71(#) solves the linear system

CIT"\l(t) = —®~1(¢)M, . Consequently, we also have
$(1,1) = (1)@~ () = —@(1)@ ™} ()M, = —B(1,1) M,
that means .
®11(1,t) = Be®11(1,t) — 12(1, 1),
P12(1,t) = o @11 (1, 1),
(§21(17t) = ﬂtQZI(l’t) - @22(1at),
‘i)22(1,t) = Oltq)gl(l,t).

Proof of Theorem 8.3. Let Q be the probability measure on on Cy([0,1]) given by Theorem
2.3. From the results of Section 2 we know that the law of the process {X;} under P is
the same as the law of {Y;} under Q. Therefore, we can replace the process {(X;, X;)} by
{(¥3,Y;)} and the probability P by @ in the statement of the theorem. By Proposition 3.1
we already know that {(Y;,Y;)} is a Markov process under P and now we have to study
the Markov property with respect to an equivalent probability measure (). For any fixed
t €(0,1) and using Theorem 2.3 we can factorize the Radon-Nikodym derivative J = :li—%
as follows

J = iZ]lLtLt )

where

1 [t . t ) t .
Li=exp(5 [ fiV Vds— [ (¥, V)odW, — 2 [ 5(v,, V)2 ds),
2 0 v 0 2 1]

L* = exp (% /l (Y, Yy)ds — /1 F(Ys, V) od W, — %/1 F(Ya, V)2 ds).
t t t
We define the o-algebras
Fi=0{(¥,Y,), 0<s <t}
Ft=0{(Y,,Ys), t<s <1}, and Ff = F'V o {Y¥y, Yo} = F' Vol [, Widt}.

For any random variable £ integrable with respect to Q we set

Ne = Eg(¢/Fy) = %%. (3.3)
Then we have ,

Ep(1Z:\|Lt/Fy)
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because L; is Fy—measurable.

(i) Suppose first that f is an affine function verifying (1.6). In that case Z; is deterministic
and we get

_ Ep(€LY/F)
Ep(Lt/F:)
Then if ¢ is F'~-measurable, using the fact that L is also F*-measurable and applying the

Markov property of (Y;,Y;) under P we deduce that A¢ is o{Y3, Y;}-measurable and this
implies that {(Y;,Y;); t € [0,1]} is a Markov process under Q.

Ne

(i1) To prove the second assertion of the theorem we suppose that {(Y;, Y;); t € [0,1]} is
a Markov field under Q. This implies in particular that for any t € (0,1) and any F¢-
measurable random variable £, integrable with respect to @, the conditional expectation
Ne = Eg(&/Fy) is G = o{Ys, Y, fol W, dt}-measurable. Recall that f € C, implies
fz £ 0 and f, < 0 and, therefore, Z, > 0 for all t because Z; is given by the equation
(2.10). Consequently, we can put |Z;| = Z; in the formula (3.4). We can also transform
the expression (3.4) by means of a suitable decomposition of the random variable Z;. Set

[l -=o0lz] 69

that means,
Z, = @21(1,t)Zt + <I>22(1,t)Zt. (36)

In the sequel we will denote by F the conditional expectation of the random variable
F under P gvith respect to the o-algebra G;. The random variables Z; and Z, are Fe—
measurable and, on the other hand, ®,,(1,¢), and ®55(1,¢) are F*-measurable. Thus, from
(3.4) and (3.6) and applying the Markov field property of (Y;,Y;) under P we deduce that

A = £ (L DL 74+ €B,,(1,8) L 2,
®51(1,¢) Lt Z, + ®22(1,2) L Z,

and by our hypotheses this expression is G,—measurable. Therefore we obtain the follo-
wing equation '

{ Ne @21 (L) LT — €801 (1O L} 2y + { A¢ Baa(1,1) LT — E855(1, 1)L} 2, =0,  (3.7)

which is valid for any Fj-measurable random variable ¢ integrable with respect to Q. We
are going to apply this equation to the following random variables

i(t) = [®21(1,t)LF]7}

E2(t) = [@22(1,8)LY 7Y, (3.8)
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assuming that ¢t € (0,1). First we remark that for ¢t € (0,1) &(t) is Q-integrable and
nonnegative. In fact, using the equations satisfied by the matrix ®(¢,s) as a function of ¢,
(see Remark 3.4) we have 0 < ®5;(1,¢)"! < (1 —¢)7! and 0 < ®5,(1,¢)~! < 1. Then we

define
A% - Afl (t)@gl(l,t)Lt -1

By = Agi (1)@22(1,8) L ~ [@21(1,8)] 71 @22(1, 1)
A = N, () @21(1, 1)Lt — @21(1,8)[D22(1,1)] !
B} = g, ()®55(1,8)L* — 1

From (3.7) and (3.8) we deduce

AiZ,+BiZ,=0,i=1,2. (3.9)
Observe that the processes A} and B! are G,~adapted. For any ¢ € (0,1) we define the set
Gi={A]=42=0}€G;. (3.10)
Note that on G we also have B} = B? = 0 because Z; > 0 for ¢t € (0,1). Then the rest of

the proof will be done into several steps.

Step 1: The random variables 1¢, g:;(i’:)

Proof of Step 1: The definition of the set G; leads to the following equalities
1 _ [@21(1,‘0]—1@22(1,”
@21(1, t)Lt ‘1)22(1, t)Lt

[@22(1,8)] 71 @01 (1, ¢) _ 1
®51(1,1)L¢ ®42(1,2)L¢’

and 1(;:%%;—8% are G;—measurable.

a.s. on G;. Consequently, we obtain ®;,(1,t)[®22(1,¢)]"! = {[@21(1,t)]—1@22(1,t)}_1,
and by the strict Jensen inequality applied to the measure space (G;, Flg,, P) we get

that the random variable 1g, g;;gg is Gy—measurable. Note that Z; = ®,,(¢), and from

Remark 3.4 we deduce Z, = ®;,(t). Therefore on the set G{ we have that the random
variable

Z _ @u(t)
Z, ®nl(t)

1s G;—measurable.

Step 2: Two basic inequalities [(3.18) and (3.19) below].
Proof of Step 2: We define

$y(1,1
Pt = 2a(L,}) and Py =

_ Z_ 200
®,2(1,1)

A WO (3.11)
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From the properties of the matrices ®(¢,s) (see Remark 3.4), we deduce that ¢, and ¢
are continuously differentiable processes on [0,1], ;3 = 0, ¥ =0, ¢y > 0 for t € [0,1) and
Yy > 0for t € (0,1]. Also, from the linear differential equations satisfied by ®(t) and ®(1,¢)
we can derive Ricatti type differential equations for ¢; and ¢,. In fact, differentiating with
respect to t the equations

®91(1,1) = peP22(1,1)
0,1(t) = ¥ ®11(2),

and using the relations given in Remark 3.4 we obtain

1= PBipe —apps —1; @1 =0 (3.12)
Yo = Bt + agpf +1; tho =0 (3.13)
It is not hard to show that the random variables ®9;(1,t), ®22(1,t), ®21(t) and ®14(t)

1,2

belong to the space ID,;, for any t € (0,1). Consequently, the same is true for the random

variables ¢; and 4.

Applying the operator D , which commutes with the derivative with respect to the
time variable, to the equations (3.12) and (3.13) gives

d
E{Dow = (Bt — 2¢01a¢) Dot + 01 Do By — ¢ Dgayy, Dyp; =0,

d
d_tDawt = (Bt + 2a4¢1)Dopy + ¢ Doft + ¢12Daat, Dgypo = 0.

These linear differential equations can be solved and we get

1
Dypy = —/ Vs (%Dl)ﬂs - Lpnga,)ds (3.14)
t

t
Dy, = /0 10 (2 Dofs + 2 Docr,)ds, (3.15)

where

Yts = €xp (——/ (Br — 2<p,ar)dr) , and
t
t
Ets = €XP (/ (Br +21/J,»ar)dr> , for any s,t € [0,1].

In order to get a more explicit expression for the derivatives Dygps, Doy we have to
compute Dgf; and Dga;. Henceforth we will use the following notations

fi(9) = £ (Yo Vo), £2y(s) = fry (Yo, Vo), fyy(s) = firy(Ya, Vo).
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From (3.1) and (3.2) we obtain

Dyo = [(t — 1) f75(8) + f2,(1)]0110,(8) + [tf2. (1) + £, ()] (6 — D1pyy(6) . (3.16)

and

DgBe = [(t = 1) fi, (1) + £1,(£)])0110,(8) + [tfry(8) + 5, (D] (6 = D)1y(8) . (3.17)
Set
Ri(s) = afry(s) — @5 faz(s)
T1(8) = s fyy(8) = 3 f2y(8)
Ry(s) = o fay(s) + 3 fre(s)
T2(s) = afyy(s) + P2 fy(5)

We want to show the following equalities: -

1
/ R;y(8)v9sds + T1(0) = 0, for w€e€G;, t<6<L1, ae (3.18)
@

8
/ R3(s)egsds — T2(6) = 0, for weG;, 050t ae (3.19).
0

Proof of (3.18) and (3.19):

We will first show the equality (3.18). Using the expressions (3.16) and (3.17) we get
the following formula for Dy, if § > t and w € Gy,

o 1
Dypy = —(6 — 1)/ Yesaz(s)ds — 9/ Yes01(8)ds , (3.20)
t 9

where
ai(s) = (s — 1)Ry(s) + Ty (s), and
az(s) = sRy(s) + T1(s).

Now by step 1 of the proof and applying Lemma 3.3 to the random variable ¢, and to the
set GGy, there exists a random variable I'y (¢) such that

for all 6 € [t,1], w € Gy, a.e. Comparing (3.20) with (3.21) gives by choosing § =t

—t 1
Fl(t) = m ’Ytsal(s)dS,
t
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and hence

6 1 _ 1
(6 — 1)/t 'ytsag(s)dsﬂ—@/e yisa1(s)ds = t(f_ 1)/t Tsa1(s)ds, (3.22)

for w € G; and 4 € [t,1], a.e. Multiplying the expression (3.22) by v;, and differentiating
with respect to 8 we obtain

] 1
/ 1sa2(s)ds + (6 — 1)y10a2(6) + / isar(s)ds — B710a1(6)
t 8

(3.23)
" 1
= t—:/; 'ylsal(s)ds .
Put 6 = 1 in (3.23) and observe that a;(1) = 0 because 1 = 0. This implies
1
/ Y15((t — Daz(s) — tai(s))ds = 0. (3.24)
¢
From (3.22) (with ¢, replaced by v1,) and (3.24) we get
1
/ Y [(9 —1)az(s) — 9a1(s)] ds =0, (3.25)
6

that means )
[ nl@ - 9Ri(9) - Tio)ds =0,
which implies (3.18) by differentiating with respect to . The proof of the equality (3.19)

would follow exactly the same steps. To avoid repetitions we omit the details of this proof.

Step 3: The second derivative f,, is identically zero.

Proof of Step 8: The equations (3.18) and (3.19) imply that T;(s) is differentiable on (2,1)
for w € G, as., and Ty(s) is differentiable on (0,%) for w € G{ a.s. Consequently the
quadratic variation of these functions must vanish on these intervals. We can compute
these quadratic variations applying the extended It6-Stratonovich formula (see [4]) to the
processes Ti(s) and T5(s). In this way we obtain

!5?/?1;(3) ‘PSf:g:;;)y(S) =0, setl], weG: ae, (3.26)
and
i)+ baf(s) =0, s€l0d, weGi ae (3:27)
Computing again the quadratic variation yields
Fimu(8) = 0sfiy(8) =0,  s€ft1], weGi ae, (3.28)
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and
Fw()+ 0 f8,, () =0, selt, wel; ae (3.29)

Now we can use again the generalized It6-Stratonovich stochastic calculus to compute the
differential of the processes appearing in the preceding equations. In particular, differen-

tiating the left hand sides of the equalities (3.26) and (3.27) yields

B (8)e— fB) (s)Wope — f)(s)pa =0, s€ft,1], weG: ae,  (3.30)

31313117 :cyyx 35319‘

and
Fiua($)Ys + Fe()atbs + f (s =0, s€[0,8], weG ae  (3.31)

Now we compute the quadratic variation of the functions appearing in the equations (3.30)

and (3.31) and we get

ggz)yyz(s)y fiSI)yyy( ) sPs +fg(/§ Z(S) 993f£yyz(3) Llpsfgsyyz(s)

3.32
.1(.'::/)3/(3)(308 y(s) Sasf (3)) - 0 ( )

for s € [t,1] and w € Gy a.e., and

gggs/)yy:c(s)y + fz(czyyy(s) 81/’3 ;;Lz(s) + '(ps :E:‘:/)yz:(s) + ¢3 ;:Lz(s)

3.33
£ £ () f (5) + B2F (5)) = O, (3.33)

for s € [0,t] and w € G a.e. Using once more the extended It6-Stratonovich stochastic
calculus, we differentiate the functions appearing in the equations (3.28) and (3.29) and
we obtain

ggzg;yz(s)y £51:)yyy(s)yt9‘ps SOngg?;)yz(s) = 0’ s € [t’ 1]’ w e Gt a.e., (334)

and

F$e(Ya + FO (8)Yathe + 40 £S5 () =0,  s€[0,t], weG; ae  (3.35)

yyyyzr TTYYY yyyr

Substituting (3.34) and (3.35) into (3.32) and (3.33), respectively, and using (3.30) and
(3.31) yields

) (6 - %iTi(9)) =0, seltl], weGi ae, (3.36)

and

gu@( xnggzm sef0,t, weG ae (3.37)
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Define Fi(s) = ¢s — Y,Ti(s) and Fy(s) = s — Yy To(s). Note that the quadratic variations
of these functions vanish for s € [t,1], w € G; and s € [0,1], w € GY, respectively. On the
other hand, if we differentiate these functions we obtain:

Fi(s) = (F1(s)ps — fro(s)0?) Vs

(3.38)
+ (/Bs - 20‘3993) Y TI(S) s € [tv 1], w € Gt a.c.,

and ) ., o
Fy(s) = (2,(s)s + fia(s)$2) Yo
+ (Bs + 205004005 — Yo To(s),  s€[0,t], we€G; ae.
We come back now to the equations (3.18) and (3.19). If we differentiate the left hand

side of these equations we get

(3.39)

Ri(s) + Tu(s)(Bs — 2a50,) — Ti(s) =0,  s€[t,1], weG, ae, (3.40)

Ra(3) + To(8)(Bs + 20,0,) — Ta(s) =0,  s€(0,t], w€G; ae. (3.41)
So, from (3.38), (3.39), (3.40) and (3.41) we deduce

Fi(s) = (B, — 2a0,0,)Fi(s), s€t1], weG; ae, (3.42)
Fy(s) = (Bs + 20095 Fy(s), s€0,t], weGs ae (3.43)
Moreover, F1(1) = —1 and F3(0) = 1. Being the solutions of linear equations, we have

Fi(s) < 0 as. for s € [t,1] and w € Gy, and Fy(s) > 0 a.s. for s € [0,1] and w € Gf.
Consequently, from (3.36) and (3.37) we get f,(;“:',)y(s) =0for s € [t,1] and w E Gt a.s., and
also for s € [0,t] and w € G a.s. Now from (3.26) and (3.27) we deduce f, yyy(s) = 0 for

the same values of s and w.

We apply now the generalized It6—Stratonovich formula to the processes Y, and Y.,
and to the function f},(z,y) , and we get

(Y, Vh) = 1 (Y, Vo) / 9, (Y, Vi) Vdu + / £ (Ya V) 0 AW,

and

. . t
;/y(yt,yt):f;'y(yo,}’o)—f-/ fO (Yo, Y)Y, du+/ & (Y, Y,) 0 dW,,

Therefore for all ¢ in (0,1) we have l’l'y(Yt,Yt) = ;'y(Yl,Yl) on G; a.s. and ;'y(Yt,}"t) =
fyy(Y0,Yo) on Gf a.s. Putting s = 1 in the equation (3.40) and s = 0 in (3.41), and using
the fact that ¢1 = 0, 1 = —1, ¥y = 0 and ¥y = 1 we deduce ;’y(l) = 0 on Gy and
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»y(0) = 0 on Gf. Therefore the process {f, ()} vanishes a.s., and we have f, (z,y) =0
for all z,y.

Step 4: From Step 3 we know that the function f is of the form f(z,y) = yfi(z) + f2(z).
We are going to show that f] = 0 and fj’ = 0. First notice that our hypothesis f; < 0
implies f](z) = 0 for all z. On the other hand, the equations (3.18) and (3.19) can be
written now in the following form

1
[t rands =0, (3.44)
é

for 6 € [t,1] and w € G, and

)
/ P2 fy (Ye)epsds = 0, (3.45)
0

for s € [0,t] and w € G¢. Differentiating these functions, we obtain that the process f;'(¥5)
is identically zero. Therefore, fy'(z) = 0 for all z, which completes the proof of Step 4.
Q.E.D.

Remark 3.4

(1) If the function f(z,y) depends only on the variable = or on the variable y, then
the last part of the proof can be simplified. In fact, in these particular cases the equations
(3.18) and (3.19) imply directly that the second derivative of f vanishes. Moreover, in this
case we only need f to be twice continuously differentiable.

(2) If we assume in part (ii) of Theorem 3.2 that the process {(X;, X;)} is a Markov

field for each choice of the boundary conditions a,b € IR then the last part of the proof
can also be simplified and we only need f of class C3.

Corollary 3.5. Under the conditions of Part (ii) of Theorem 3.2, if {(Xy, X;)} is a germ
Markov field, then f is affine.

Proof : Fix t > 0 and for any € > 0 consider the o —field defined by G, = U(Yu,Yu, u €
[0,€) U (t — €,t + €)). It suffices to check that the germ o-field [ >0 Ge coincides up
to zero measure sets with the o-field generated by Y, YO, Y; and Yt, which is Gg =
a(fo ngs,ft W,ds,W,). Denote by H, the linear span in L?(]0,1]) of the functions
s — 10,g(8), s = 1[o,q(s)(t — s), and 1 — s. For each € > 0 let H, be the minimal closed
space containing Hy and the functions 15, B being a Borel subset of [0,€) U (t — ¢, + ¢).
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Clearly we have that for every ¢ > 0 G, is the o-field generated by the random variables
fol hydW,, h € H,. By Lemma 3.3 of [3] the germ o-field [, G¢ is equal to the o—field
generated by the stochastic integrals of the functions of the space [, , He. Consequently, it
suffices to check that the intersection of the subspaces H, is Hy, and this is straightforward.
Q.E.D.
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