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Abstract

In this paper we characterize those quadratic functions whose re-
strictions to a convex set are boundedly lower subdifferentiable and,
for the case of closed hyperbolic convex sets, those which are lower
subdifferentiable but not boundedly lower subdifferentiable.

Once characterized, we will study the applicability of the cutting
plane algorithm of Plastria to problems where the objective function
is quadratic and boundedly lower subdifferentiable.
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1 Introduction

The notion of lower subdifferentiability was introduced by Plastria [12], as
a relaxation of the concept of subdifferentiability of convex analysis. The
motivation for introducing this new notion was algorithmic, since Plastria
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proved that the classical cutting plane method of Kelley for convex optimiza-
tion also works, under appropriate assumptions, using lower subgradients to
generate the cutting planes [12,13]. He also observed that lower subdiffer-
entiability of a function implies quasiconvexity. Later, it was shown [8,11]
that the notion of lower subdifferentiability can be obtained as a partic-
ular case of the c-subdifferentiability of Balder [3], within the framework
of the generalized conjugation theory of Moreau [10], and conditions were
given under which a quasiconvex fuction is lower subdifferentiable [8]. In
the latter paper, relations between the lower subdifferential, the tangential
of Crouzeix [5] and the quasisubdifferential of Greenberg and Pierskalla [6]
were studied. Some further results on lower subdifferentiable functions de-
fined on locally convex spaces can be found in [9]; applications in the field
of fractional programming are given in [4].

Based on the above mentioned results on lower subdifferentiability, we
regard this concept as a kind of qualified quasiconvexity which, on one hand,
is not too restrictive and, on the other, provides a new tool in quasiconvex
analysis which, in some aspects, plays a role similar to that played by the
subgradient in convex analysis.

Quasiconvexity of quadratic functions has been investigated by several
authors (see [16,1] and the references contained therein). Motivated by our
belief that lower subdifferentiability is probably the appropriate condition
one has to impose to quasiconvex functions in order to obtain a useful theory
parallel, to some extent, to convex analysis, we address in this paper to the
problem of finding conditions under which the restriction of a quadratic
function to a convex domain is lower subdifferentiable. We rely upon the
fundamental work of S. Schaible [16] characterizing quasiconvex quadratic
functions. When using his results in the text, we refer to the recent book
(1] on generalized concavity.

We shall use the following notation. By IR we shall denote the extended
real line [—00,+00]; by R* the set of real nonnegative numbers; the Eu-
clidean scalar product of z and y, vectors of IR™, will be denoted by zTy,
where T indicates transposition. We shall denote by || - || the Euclidean
norm and by B(0; N) the closed ball with radius N and center the origin.
For nonnecessarily square matrices B we will consider the norm subordinate
to the Euclidean vectorial norm, it is,

| Bll= max | Bzl| =+/p(BTB),

I f|=1

where p denotes the spectral radius. If the matrix is not square, we will say



that it is orthogonal if we have BT B = I, where I represents the identity
matrix. We will use the notation diag(a;,...,a,) to denote a diagonal
matrix having aj,...,a, as its diagonal entries.

The same symbol A is used to denote a real matrix m x n A and the
corresponding linear transformation z — Az from IR™ to R™. For notions
of convex analysis we will use the standard terminology and notation of [14],
with the following exceptions: we will denote by co K and €6 K the convex
and closed convex hull of the set K C IR", respectively. A convex set K is
solid if int K # 0. A function is merely quasiconvex if it is quasiconvex but
not convex.

We will consider quadratic functions Q(z) = -;-zTAz + 6Tz, where A is
a n X n real symmetric matrix and b € IR™.

Plastria [12] extended the notion of subdifferentiability as follows:

Definition 1.1 Let f : K ¢ R™ — . We say that f is lower subdiffer-
entiable at z if f(z) € IR and there ezists z* € R™ such that

fly) > f(z) + x"T(y —z) for every y € K with f(y) < f(z).

Vector z* is called lower subgradient of f at x. The set of lower subgradients
of f at z is the lower subdifferential of f at z and will be denoted by 3~ f(z).

Let f : K ¢ R® — IR. We say that f is lower subdifferentiable if it is
lower subdifferentiable at each point of K. We will write lower subdifferen-
tiable as l.s.d. If there exists N > 0 such that 8~ f(z) N B(0; N) # @ for all
z € K, we say that f is boundedly lower subdifferentiable (b.l.s.d.); in this
case, N is called a b.l.s.d.-bound of f.

The paper is organized as follows. In Section 2, we give some characteri-
zation of b.l.s.d. quadratic functions defined on convex domains. In Section
3, we state necessary conditions for lower subdifferentiability of quadratic
functions which, for hyperbolic (in the sense of [2]) closed convex sets, turn
out to be also sufficient. Finally, in Section 4 we study the specialization
of the cutting plane algorithm of Plastria [12] to the case of a quadratic
objective function.

2 Quadratic b.l.s.d. functions

In this section the following lemma will be useful:

Lemma 2.1 Let K C IR™ be a conver set and let f : ¢cl K — R be a
continuous function. Then the following statements are equivalent:



1. f is quasiconvezr on rt K,
2. f 1s quasiconvez on K,

S. f 1s quasiconvez on cl K.

Proof: Since the implications 3.=>2.=>1. are obvious, we only have to prove
that 1.=>3.. Let z,y be two points in cl K and let A € [0,1]. Since, by [14,
p.46, th.6.3], cl K = cl (ri K), there exist two sequences (zn),(yn) in riK
that converge to z,y respectively. By the continuity of f, the sequences

(f(zn)), (f(yn)) converge to f(x), f(y) respectively. Since f is quasiconvex
on ri K, we have

F((1 = Az + Ayn) < max {f(zn), f(yn)} .

Taking limits as n — oo, we have

(1= Az + Ay) < max {f(z), f(v)},

which concludes the proof. a

Remark. Even in the one-dimensional case, the continuity assumption
in the preceding statement can not be replaced by that of lower semicon-
tinuity (consider, e.g., f : [0,1] — IR defined by f(0) = f(1) = 0 and
f(z) =1 for z € (0,1)). However, it is easy to see that upper semicontinu-
ity suffices for the above equivalences to hold in the case of functions of one
real variable.

However, when n > 1, upper semicontinuity is not enough ( take, e.g.,
f:[-1,1] x [-1,1] = R given by f(z,y) =0if z#1, 1 —y?if z=1).

Lemma 2.2 Let K C IR™ be a conver set and let f : ¢l K — IR be a
continuous function. Then the following statements are equivalent:

1. firix t8 b.l.s.d. with b.l.s.d. bound N,

2. fix 18 b.l.s.d. with b.l.s.d. bound N,

S. f|clK ts b.l.s.d. with b.l.s.d. bound N.

Proof: As in Lemma 2.1, we only need to prove the implication 1.=3.
Let zp € cl K. By [14, p.46, th.6.3], cl K = cl(ri K); hence, there exists a



sequence (z,), with z, € ri K, that converges to zo. Since fj;x is b.l.s.d.
with b.l.s.d. bound N, there exists a sequence

(zp) with z; € 87 firik(za) N B(0; N).

Since (z;,) lies in a compact set, we can assume, without loss of generality,
that it converges to some z* € B(0; N).
We shall prove that z* € 9~ f]cl x (Zo)-

Let z € cl K be such that f(z) < f(zo); then, because of the convergence
of (z,) to 7o and the continuity of f, there exists ng such that f(z) < f(zn)
for every n > ng. Hence, if z € ri K, we have

f(z) > flzn) + 22T (z — 2n) for n>ng,
whence, taking the limit as n — oo, we obtain
f(2) > f(=0) + = (z — z0) .
In the general case, we can write z = limy o, 7,, where z/, € ri K and,
analogously, we can find n(, such that f(z}) < f(zo) for every n > nf . By
the preceding result, we have
f(zh) > f(zo) + z*T (2!, — zo) for n>nh,

whence, taking limits,

f(z) 2 fzo) + a:"T(z — zo) ,

from where we deduce that z* € 87 fi x(Zo) , and then 3~ fia (o) N
B(0; N) # 0, as we wanted to prove. O

Remark. Lemma 2.2 becomes false when one replaces b.l.s.d. by l.s.d.
in its statements, as shown by the function f : [-1,1] — IR given by f(z) =

—v1 — 22 (see [12, p.39]).

Given a set K C IR", as in (8, p.218], we will denote by ®(K) the union
of the projections of K onto the hyperplanes whose intersection with K is
nonempty, that is,

H hyperplane
HNK#0

where Ilg denotes projection onto H.
If the set K is bounded, one has



Lemma 2.3 (8, p.218, lemma 4.18] If K C R" is bounded, then ®(K) ss
bounded.

A characterization of merely quasiconvex quadratic functions that are b.l.s.d.
appears in the following theorem:

Theorem 2.4 Let K C R™ be a solid convez set and let Q(z) = 32T Az +
bTz be merely quasiconvezr on K. Then the following statements are equiv-
alent:

1. Q\x 1s b.ls.d.,

2. Q s Lipschitzsan on K,
8. @ is bounded below on K,
4. AK 15 bounded.

Proof: Implication 1.=-2. is true for any (nonnecessarily quadratic) func-
tion Q (see [12, p.39, th.2.2]).
2.=3. By the continuity of Q, we only need to prove that Q is bounded
below on int K. Let z; € int K. By [1, p.182, th.6.6], the matrix
A+ =V Q(20) VQ(z0)"

PRI 0 0

2(6 — Q(z0))
is positive semidefinite, where § = Q(s), s being a stationary point of Q.
By [1, p.173, th.6.2], A has exactly one negative eigenvalue A;. Let t; be a

unitary eigenvector of A associated with A; and let N be a Lipschitz constant
of @ on K. Then

0< tlTAtl + 5(6——_1Q—(;5)7 t1TVQ(zo)VQ(a:0)Tt1 =
VNS S T, \? __N
BTG R A e
hence N?
Q(xo) = 6 + m .

3.=4. According to [1, Section 6.1],there exists a bijective affine trans-
formation £ = Py + v from IR" into itself such that the composite function

G(y) = Q(Py +v)



can be written as G(y) = %yTAy + &, where A = diag (-1,1,...,1,0,...,0)
and § € R. Let r =rankAand D={y€e R"*|z=Py+ve K} . Since Q
is bounded below on K , so is G on D . Let m be a strict lower bound
of G on D. Without loss of generality, we may assume that, for every
v=(Y1,-..,Un)T € D, we have y; > 0 [1, Section 6.1]. Let

E={yeR"| G(y) <m,y1 >0}.

By [1, p.173, th.6.2], m < é and E is convex. Hence, since D and E
are disjoint convex sets, there exist real numbers a;,...,0pn,p such that
n 2
=1 >0,
n
Za.—y,- >p forall ye D
=1
and
n
Za;y,-ﬁp forall ye E.
1=1
We must have 0,41 = -+ = a, = 0, because G does not depend on

Yr+1y- -+ Yn - Since (y1,0,... ,O)T € F for large enough y; , we have a; < 0.
If we had a3 =0, then, as

T
r
(\JMZZa;2+2(6 —m),Maz,...,Ma,,O,...,O) €E

=2

for any real number M, taking M > -—,’;a‘—z

=2 4
in E not belonging to the halfspace defined by >, asy; < p , which is
a contradiction. Therefore, oy < 0 . Without loss of generality, we may

assume that o3 = —1 . Then, for any ys,...,y, € IR, the function

we should obtain a point

B(yzs---rur) = —Jiy.-’+2(6—m) +z':a.-y.-

=2 =2

is bounded above by p (since (— =2 Vit +2(6 —m),y2,...,¥,0,...,00T €

E). Let a = /3 1—; 52 . Since
20,2 _ 2(6-m
(A, ..., Aay) = Ao (o? — 1) — Hogml

¢;'az2+\/az+-z-('%—,‘—"—‘l




must remain bounded above when A — 400, we have a < 1. If we had
a = 1, by limy #(Aaz,...,Aa,) = 0, we should have p > 0 ; then, for
any y € D , using Cauchy-Schwarz’s inequality , we should obtain

r r r
0<p<—yi+) ey < —yi+ D o \JZy.-’ =

=2 =2 =2

r
=—y1+,lzyiz <0
=2

(the last inequality being a consequence of the relation G(y) < 6 (1,
p.174, th.6.3] ), implying D to be contained in the hyperplane defined by
—y1 + 2i=2 o4y; = 0 and thus contradicting the hypothesis that K is solid.
Therefore, a < 1.

Given any y € D , using again Cauchy-Schwarz’s inequality and the
relation G(y) < é , we obtain

r r
y1sza.-y.~—psa,l}:y.-2 ~p<ay—-p,
=2 =2

whence, by a < 1, y; is bounded on D . Finally, for any ¢t = 2,...,r, we

have
r
lvi| < ,IZykz <wu;
k=2

thus, all variables y,;, 1 = 2,...,r, are bounded on D. This proves that AD
is bounded. Therefore, since

AD = PTAPD = PTA(K —v) = PTAK — PTAv

and PT is nonsingular, we conclude that AK is bounded.

4.=1. We shall first assume that K itself is bounded. By Lemma 2.2,
it suffices to prove that Q¢  is b.l.s.d.. Let zo € int K be a nonminimal
point for Q . Since K is bounded, so is $(K) (see Lemma 2.3) and thus @
is Lipschitzian on ®(K) . We shall prove that

__N
I V@(zo) |l

where N is a Lipschitz constant for Q on ®(K) . Let Z € int K be such that
Q(Z) < Q(zo) and let =’ be the projection of £ onto the hyperplane defined

VQ(zo) € 87 Qjint x (%0) ,



by the equation VQ(zo)Tz = VQ(zo)Tzo. We have VQ(zo)T(:c' —2zp) =0
and hence, by the pseudoconvexity of Q on int K |1, p.179, cor.6.4], Q(z') >
Q(zo). Since %, z' € ®(K) and VQ(zo)T (2 — zo) < O (which follows from the
pseudoconvexity of Q on int K), we obtain

Q(2) —Qz) = QE)-Q()2-N|z-2| =

= N 20) T (2 — 2') =

BACTEA
—_— xon;-xo ,
ToQ0) | ¥ () (2 = =0)

which proves our assertion.

Let us now consider the general case. Take P,v,G,A,6,r and D as in
the proof of the implication 3.=>4. and let A, be the matrix obtained by
taking the first r rows and columns of A. Since G is quasiconvex on D, it is
easy to prove that the function

g(u) = luTA,u.
2
is merely quasiconvex on I, (D), where I, : R® — IR" denotes the projection
mapping onto the first r components. Since A Il (D) = II,(AD), AD is
bounded (as AK is bounded and PTAK = PTA(PD + v) = AD + PT Av)
and A, is nonsingular, II, (D) is bounded whence, as it is also a solid convex
set, by the preceding proof, g, (p) is b.ls.d., i.e., there exists N > 0 such
that
9~ g, (p)(uo) N B(O; N) # 8 for every wuo €Il (D).

Given zg € K, for ug = IL,(P~}(zo — v)) we have ug € II,(D); thus, using
the definition of G and the relation G = g o I1,, we can easily see that

(P~1)T(8" g, (py (o) x {0}) C 3~ Q)x (o).

Hence, there exists £ € 8~ Qx (o) that verifies || z3 || < || P~ ||- N, which
concludes the proof. O

Remark. The proof of implication 3.=-1. in the preceding theorem
that would be obtained joining the proofs of the implications 3.=>4. and
4.=1. would be rather involved. However, it is rather easy to prove the
weaker statement that if @ is bounded below on K then Qjinx is ls.d..
Indeed, by [1, p.174, th.6.3], there exists an upper bound 6 for Q on K



such that h(z) = —(6 — Q(z))Y/? is a convex function on K ; moreover, §
is a strict upper bound on int K, whence h is differentiable on int K , with
Vh(z) = 3(6 - Q(z))/*VQ(z) . Therefore, for any zo,z € int K one has

~(6 - Q@) 2 ~(6 - Q(zo))? + 5(6 — Qa0)) /Y Q(z0) (= ~ 20).

Multiplying by (6 — Q(z0))*/% + (6 — Q(z))¥/2 one gets, after simplication,

1 5§ - Q(z) \V? T
Q(:B) > Q(zo) + 5 (1 + (m) ) VQ(:C()) (.’E - ZQ) .

Hence, if Q(z) < Q(zo) and m is a lower bound of Q on K , one has

6—m

1/2
Q(z) > Q(:Do) + % (1 + (m) ) VQ(zo)T(z - Io) ’

which proves that

% (1 + (6%:&%)1/2) VQ(zo)

is a lower subgradient of Qin x at zo .

Definition 2.1 |2, p.182] An unbounded convez set K is said to be hyper-
bolic if there exists a bounded set L such that K C L + O (cl K) (in other
words, K is hyperbolic if it is O*(cl K)-bounded in the sense of D. T. Luc
(7, p.14]).

It is easy to see that it is not restrictive to take L a compact convex set
included in aff K.

As proved by J. Bair |2, p.183, prop.5], this is equivalent to saying that
the barrier cone of K coincides with the polar of O%(cl K) (which is just
the barrier cone of O*(cl K)) or, also, that the barrier cone of K is closed.

The class of hyperbolic convex sets includes all unbounded polyhedral
convex sets and convex cones (except {0}) as particular cases.

The following two results are easily proved:

Proposition 2.5 Let K C IR" be a nonempty convez set, L C IR"™ a bound-
ed set and D C IR™ a closed convez cone such that K C L + D. Then

O*(clK)C D.

10



Proposition 2.6 Let K C IR™ be a hyperbolic convex set and let A be a
linear transformation from R" to R™ . Then

cl AOT (1K) = O*(cl AK) .
With these results and Theorem 2.4 one can prove:

Corollary 2.7 Let K C IR™ be a hyperbolic solid convez set and let Q(z) =
% T Az + bT z be merely quasiconvez on K. Then Q| s b.l.s.d. if and only
if AOt(clK) = {0}.

For a general domain, i.e. nonnecessarily solid, we have the following

characterization of quadratic functions that are b.l.s.d.:

Corollary 2.8 Let K C R™ be a convez set and let Q(z) = 327 Az + bz
be merely quasiconvexr on K . Then the following statements are equivalent:
1. Qix s b.l.s.d,
2. Q 1s Lipschitzian on K ,
8. Q ts bounded below on K ,
4. The orthogonal projection of AK onto aff K is bounded .

Proof: If dim aff K = p, we can write aff K = h(IR?) , where A : R? — R"
is defined by h(y) = By+c, for some orthogonal matrix B and some ¢ € R".
We have that

(Qoh)(y) = %yTBTABy + (Ae+b)TBy + %cTAc +b67¢

is merely quasiconvex on h~1(K), which is a solid convex set; moreover, it
is easy to see that each of 1., 2., 3. holds if and only if the corresponding
statement holds for Q o h on h"l(K ). Therefore, in view of Theorem 2.4, it
suffices to prove that 4. holds if and only if BT ABA~1(K) is bounded. We
have

BTABR™Y(K) = BTABBT (K —¢)
and

K = h(h™}(K)) = BBT(K —¢) +¢,

whence BTABh™1(K) = BT A(K — ¢). Consequently, the boundedness of
BTABh™1(K) is equivalent to that of BBT A(K — ¢) (as B is orthogonal)
and, therefore, to 4., since BBT is just the orthogonal projection mapping
onto the subspace parallel to aff K. O

As a consequence of the preceding corollary, one obtains:

11



Corollary 2.9 Let K C IR™ be a hyperbolic conver set and let Q(z) =
%zTAz + bTz be merely quasiconver on K. Then Qix 18 b.l.s.d. if and only
if the orthogonal projection of A0t (cl K) onto aff K is the vector 0.

Remark. Using the transformation A employed in the preceding proof
and the remark after Theorem 2.4, one can give a simple demonstration of
the fact that if Q is bounded below on K then Qix is ls.d. (which is
weaker than implication 3.=>1. of Corollary 2.8).

3 Quadratic l.s.d. functions

It is untrue that every l.s.d. merely quasiconvex quadratic function on a
convex set is necessarily b.l.s.d. For example, take K = {z = (z3,23)T €
RZzy > 1,1 < z3 <2} and let Q(z) = —z,z2. It is not difficult to check
that 2VQ(z) € 0~ Qx(z) for every z € K ; hence Q|x is 1.s.d. However,
Q\x is not b.ls.d., since it is not Lipschitzian.

The characterizations of b.l.s.d. quadratic functions given in the preced-
ing section provide, obviously, sufficient conditions for a quadratic function
restricted to a convex domain to be l.s.d.. In this section, we will obtain a
necessary condition which, for hyperbolic domains, is also sufficient.

We will need the following result:

Lemma 3.1 Let K C R" be a convez set and let Q(z) = 32T Az + b7z
be quasiconvez on K. Then any local minimum of Q on K is also a global
mintmum.

Proof: Let zg € K be a local minimum of Q on K and let z € K . For small
A >0, we have Q({1 — X)zo + Az) > Q(zo) . If this inequality holds strictly,
by the quasiconvexity of Q, we have Q(zo) < Q((1 — A)zo + Az) < Q(z). If,
instead, Q((1 — A)zo + Az) = Q(zqo) for any X in some open interval, then Q
is constant on the line joining zp and z. In either case,

Q(zo0) < Q(=),

which proves that Q attains a global minimum on K at zo. O

We will make use of the following notation, taken from the field of mul-
tiobjective optimization theory (see, e.g., [15, p.33, Def. 3.1.1]: Given a set

12



X ¢ IR™ and a pointed convex cone D C IR", we define
E(X,D) =X\ (X+ (D\{0}))

(i.e., £(X, D) is the set of minimal points of X with respect to the compatible
(with the linear structure) order relation whose nonnegative cone is D ).

For the sake of clarity, we will first consider the case when the domain
is solid.

Theorem 3.2 Let Q(z) = 327 Az + bz be merely quasiconvez on a solid
convez set K C R™ such that AK is unbounded (in other words, by Theorem
2.4, such that Q| is not b.l.s.d.). If Qi is l.s.d., then

1. O*(clAK) is a half-line Rts (with s € R"\ {0}) orthogonal to
O*(clK),

2. Kc{zeR" sTz<sTv}u{zeé(clK,C)|sTz=sTv},
where

C = (0O (clK) \kerA) U {0} = Ot (clK)NR+* A" 1s
and v € R™ s any vector satisfying Av+ b= 0.

If K is a closed hyperbolic convez set and conditions 1. and 2. hold then
Qx s l.s.d.

Proof: First let us see that conditions 1. and 2. are necessary.

Let P,v,G,A,6,r,D,II,,g and A, be as in the proof of Theorem 2.4.
Then by [1, Section 6.1], v satisfies Av + b = 0 and § is an upper bound of
G on D. As we saw in the cited proof, II, (D) is a solid convex set and g is
merely quasiconvex on II, (D).

One can easily prove that G|p is l.s.d., but not b.ls.d.. Moreover,
g, (int D) is ls.d.. Indeed, if uo € Il (int D), there exists yo € int D such
that Il,yo = uo. Since G is pseudoconvex, but not convex, on int D, we have
VG(yo) # 0 and thus, by [8, p.217, cor.4.16], NVG(yo) € 9~ G|p(vo) for
some N > 1. But G(y) does not depend on the last n — r components of y;
therefore NVg(uo) € 3~ gjn, (int D) (v0)-

We shall first see that condition 1. holds.

Since A,II, is a linear transformation, AD is unbounded, I'I,MD is an
injective map and (as D and A,II, (D) are solid convex sets) A I, (int D) =
int A, II, (D) = intII,(AD), we obtain that the set II,(int D) is unbounded

13



and hence, by [14, p.64, th.8.4], O* (clII,(int D)) # {0}. Thus, we can take
z=(z1,...,2) € IR" such that

0 # z € O (clIL, (int D)) = Ot (int I1, (D)) .

Let w = A,z. Without loss of generality, we can suppose that y; > O for
every y = (y1,.-. ,y,.)T € D ([1, Section 6.1]) and therefore u; > 0 for all
v = (uy,... ,u,)T € II,(D). Then, clearly, z; > 0 and since g is bounded
from above by 6 on II,(D), we deduce that zTA,z < 0. If 2TA,z < 0, we
would have g(& + Az) < g(@) (for & € intIl,(D) = II,(int D) and large
enough 1), but using that g, (int D) is 1.5.d., g(& + Az) would appear to be
minorized by an affine function of A, for large enough A, which is impossible
if 2TA,z <0. Hence
zTA,z =0.

If z; = 0, fron the above equality we should obtain 2 = - =2, =0, a
contradiction. Therefore, z; > 0.

Let us take another 2z’ = (z},...,2")T € Ot(cI1I, (D)) \ {0} and let
w' = A,2' . By the preceding reasoning, we have 2| > 0 and 2T Az’ = 0 and,
since z + 2' € OF(cl1I, (D)), we deduce that (z + 2')TA(z + 2') = 0 and thus
2TA2' = 0. Hence,

r r r
Zz.-z:-_-zlz:'lz Jzz.z Zz:) .

=2 =2 =2

and therefore z! = az , { =2,...,r for some a € R*. Since z1,2) > 0, we
have a > 0. Thus, we obtain

w = A2 = Aoz = aAz = aw,

which shows that A,O%(clII,(D)) = R*w. From this equality, the fact
that O*(clIl,(AD)) = A,O%(clII,(D)) and the injectivity of Il,jsp, one
can prove that Ot (clAD) = R*q with ¢ = (w7,0)T € R™ \ {0} , since
AD is unbounded. On the other hand, O*(cl AK) = (PT)"lR%yg, i.e.,
Ot (cl AK) = R*s where s = (PT)"1qg € R"\ {0}.

Let d € O*(clK). From the preceding result, one has A, II,P~1d €
AJLOY(c1D) C A O (clI (D)) = R*w, whence A, II,P~1d = Aw for
some A > 0; so we obtain

sTd= ((PT)"q)Td = ¢" P14 = w I, P ld = (A,2)7I, P Yd =
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= 2T AL, P 'd = A2Tw=22TA,z=0,

which proves that
O*(c1 AK) = R*s is orthogonal to O*(c1K).

Now let us prove the second condition in the statement.

Let z € K; there exists y = (uT,u'T)T € D such that z = Py + v, with
u € I1, (D). Taking 2, w and ¢ as in the preceding paragraphs and since g is
bounded from above on II,(D) and, hence, on clII, (D) (by continuity), from
g(u+Az) = 2uT A ut+ AT A u+dA22T A, 246 = g(u)+ 22T Aru = g(u)+AwTu,
one deduces that wTu < 0. We have thus obtained

I,(D) c {€ R"|wFu <0};

consequently, sT(z — v) = ¢TP(z — v) = ¢Ty = wTI,y < 0, which
demonstrates the inclusion

Kc{zeR" sTz<sTv}.

I AO*(clK) = {0}, this latter inclusion is the one in the statement,
which concludes the proof in this case.

In the case AO*(cl K) # {0}, since AOt(clK) is a convex cone con-
tained in O*(c1AK) = R*s, we have AO*(c1K) = O*(cl AK). Let us
now assume that o € K satisfies sTzg = sTv . We have to prove that
zo € €(cl K,C). Suppose, a contrario, that there exists d € C \ {0} such
that zp — d € cl K. Without loss of generality, we can assume that Ad = s.
If o — d were a local minimum of Q on ¢l K , by Lemmas 2.1 and 3.1, it
would also be a global minimum, whence Q would be bounded below on K.
But this would contradict Theorem 2.4. Therefore, there exists a sequence
z; € cl K converging to g — d and satisfying

Qze) < Q(zo— d) = Q(zo) — dT (Azo + b) = Q(zo) — 8T (20 — v) =
= Q(xo) (k=1,2,...) ’

(we have used here that Ad = s, dTs = 0 and Av+b = 0). By the continuity
of Q, we can assume that z; € K. Take any z* € 3~ Qx(z0). We have

Q(zi) > Q(zo) + z*T(zx — zo) foreach k,
whence, taking limits, we obtain

Q(z0) = Q(zo — d) > Q(z0) — z*Td.
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Thus, z*Td > 0. We know that K is solid, so we can choose z; € int K. By
K c {z € R™| sTz < sTv}, this z; satisfies sTz; < sTv, whence
Qz1+ Ad) = Q(z1) + AsT(z1 —v) — —o0.

A—+oo

Therefore, for large enough A , we have Q(z; + Ad) < Q{(zo) and hence, by
d € O* (int K) [14, p.63, cor.8.3.1] and z* € 8~ Q|x(z0) , We obtain

Q(z1) + AT (z1—v) = Q(z1+Xd) >
> Q(zo) + x'T(:cl + Ad — zp) .

It follows that A(z*Td—sT(z;—v)) < Q(z1) — Q(z0) — z*T (21 — zo) , which
cannot hold for large A unless we have z*Td — sT(z; — v) < 0 . But this
yields z*Td < sT(:c1 —v) < 0, which is a contradiction. Thus, we must have
zg € € (el K, C), which concludes the proof of condition 2.

Let us now assume that K is a closed hyperbolic convex set. Then, we
can reformulate condition 1. as: AOT(K) = R*s for some s # 0 and this
half-line is orthogonal to Ot (K) (by Proposition 2.6). Let zo € K, take
% € int K and consider z; = (1 — %) zo + 1Z € int K, for k € IN. Since
K is a hyperbolic convex set, we can write K C L + O*(K), where L is a
bounded set such that zq, Z € int L. Therefore, every z € K can be written
T = p;+r; ,with p, € L and r, € O*(K); in particular, for z € K N L we
will take p, =z and r, = 0.

Given z € K such that Q(z) < Q(zo), we will consider the convex
compact set

I'(z) = ((Lu {z}) N K).
By Theorem 2.4, we have that Qr(;) is b.ls.d. and hence, by [8, p.217,
cor.4.16], there exists a positive number N(z) such that N (I)M
I VQ(ze) |l
97 Qir(z)(zk) (note that VQ(zi) # 0, since Q is merely pseudoconvex on
int K ([1, p.179, cor.6.4]), and thus

______N(z) )T (z -z
Qe) 2 Qe + gy V() (@~ 2). (1

We shall first demonstrate that Qg is ls.d. at zo if VQ(zo) # 0. In
order to prove it, we only need to check that the expression

a(z) — Q(.’Bo) - Q(z)
VQ(z0)™ (0 — z)
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is bounded above on {z € K| Q(z) < Q(zo0)}. First observe that, when z
belongs to this set, the denominator that appears in a(z) does not vanish
(it is easily verified by taking limits in inequality (1), as k — o0).

We have that Ar, = A.s for some A; > 0. A straightforward calculation,
using the orthogonality of s to O (K) and the equality Av + b = 0, gives

Q(:L‘o) — Q(Pz) - Az(}’;; — v)Ts
VQ(z0)T (zo — pz) — Az(zo — v)Ts
If we take d € O*(K) with Ad = s, that is, such that d € C'\ {0}, we obtain

2o+ d € K\ £(K,C). Therefore, by condition 2., sTzp = s7 (zo+d) < sTv .
Let

afz) =

M -— VQ(.’BQ)T.’EO
(v—20)Ts

. . T - T Y =
m-;gEQ(p),h—;lelgp s,M—iléEVQ(zo) pand A=

(note that, by zo € L, X > 0).
If A, > X, we have

Q(z0) —m — Az (h —vTs)

< .
=) < GG (20 70 = M = Aolzo —v)73
: : . h—v's :
Since this expression tends to ——————=— as A, — +o00 , a(z) is bounded
(zo —v)Ts

above on the set {z € K| Az > X, Q(z) < Q(z0)}-

On the other hand, since A {z € K| A, < A} C A coL + [0,1]s, by
Corollary 2.8, we have that Q| is b.ls.d., where E = co{z € K| A, < A}.
Since zy €int KN int L C int{z € K| A; = 0} C int E and VQ(z:) # O,
reasoning analogously as we have done to prove that the denominator in
a(z) does not vanish, one gets

N
— V¥
I VQ(zo) |

for every z € E such that Q(z) < Q(zo), where N is a b.l.s.d.-bound of Qi -
From this we easily deduce that a(z) is bounded above on {z € K |A; <
A, Q(z) < Q(zo) } . Hence, we have proved that for every zo € K such that
VQ(zo) # 0,a(z) is bounded above on the set {z € K| Q(z) < Q(zo)}, as
we needed in order to show the lower subdifferentiability of Qx at zo.

Q(z) = Q(zo) + Q(z0)” (z — zo)

Now, let zo € K be such that VQ(zo) = 0. We have VQ(z,) = $VQ(z),
since VQ(z) is an affine mapping. Let z € K with Q(z) < Q(zo). For large

17



enough k, Q(z) < Q(zi) and, therefore, we can write inequality (1) as

_NE) ooz -z
whence, taking limits as k — oo,
G DT (z—z

Therefore, VQ(z)T(z — z0) < 0.
Analogously to the preceding case, we have to verify that the expression

Q(z0) — Q(x)
VQ(z)T (2o — z)

is bounded above on {z € K| Q(z) < Q(zo)}. Similarly we can write

_ Q(zo0) — Q(p::) - Az(pz — v)Ts
VQ(2)T (2o ~ pz) — Az(Z — v)Ts

and, as Z € int K, by 2. we have (Z — v)Ts < 0. Defining m, h, M and X
analogously to the preceding case and using the same reasoning as we used
there, we deduce that §(z) is bounded above on {z € K |X; > X, Q(z) <
Q(z0) } -

It is easy to verify that, similarly to the preceding case, Qr is b.l.s.d.,
where F = co{z € K | A, < )}, and that 3(z) is bounded above on
{z€ K| Az <X, Q(z) < Q(z0) }, which concludes the proof. O

B(z) =

B(=z)

Remarks. 1. Since, in the preceding theorem, s is unique up to a
multiplication by a positive scalar and C does not depend on s, the set

{zeR" sTz<sTv}u{z € (I K,C)| sTx = sTv}

is independent of s. It does not depend on the choice of v either, since we
can write s = Ae for some e € R™ and, therefore, 57 (z—v) = (Ae)T (z—v) =
el (Az — Av) = €T (Az + b) and the sign of this expression does not depend
on v.

2. If K is not a closed hyperbolic convex set, conditions 1. and 2. of

Theorem 3.2 are not sufficient. Let, for example, K = {z = (z1,73)T €
R?| z; > 1,2z, > 22} and let Q(z) = —3z}. One has that K is a
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0

solid closed convex set, O (K) = R* ( 1

) , @ is merely quasiconvex

-1
0
dition in the theorem is verified with s = (—1,0)T. Taking v = O, one
gets {z = (z1,22)T | 8T (21,22)7 < 0} = {z| — z; < 0} D K. However,
Qx is not l.s.d. To see this, take, for example, Z = (2,5)T and suppose
that Qx is ls.d. at Z. Since € int K, there exists N > 1 such that

NVQ(z) € 0~ Qk(z) ([8, p.217, cor.4.16]). For A > 2, we have ( ’{\2 ) €K

on K ([1, p.193, th.6.15]) and Ot (AK) = R* ( ) . The first con-

and therefore, as ——A2 < =2,
2 )\ 2 _
—-,\ > -2+ (—N#,0) =-2-N51(A-2).

This expression has to be true for any A > 2, but, when A — 400, we have
a contradiction.

Note that, in the precedlng example, we have that AK is a closed hy-
perbolic set, which indicates that, in Theorem 3.2, the hypothesis that K is
hyperbolic can not be relaxed to AK hyperbolic.

For the case when K is nonnecessarily solid, one has the following gen-
eralization of Theorem 3.2.

Corollary 3.3 Let Q(z) = —zTA:c+bTa: be merely quasiconvez on a convez
set K C R™ such that l'I(AK ) is unbounded, where Il : R™ — IR" denotes
the orthogonal projection mapping onto the subspace parallel to aff K ( in
other words, by Corollary 2.8, such that Q|x s not b.l.s.d.).

If Q| 15 l.s.d. then

1. O*(clII(AK)) s a half-line RYs (with s € R"™ \ {0}) orthogonal to
O*(c1K),

2. Kc{zeR" sTz<sTv}u{z e &(clK,C)|sTz=8Tv}, where
C = (0" (c1K) \ ker1A) U {0} = O (c] K) nIR*(ITA)~?
and v s any vector in aff K satisfying II(Av + b) =

If K 15 a closed hyperbolic convez set and conditions 1. and 2. hold then
Qix 1s La.d.
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Proof: Let p,h, B and ¢ be as in the proof of Corollary 2.8. Then the
quadratic function Q o h is merely quasiconvex on h~1(K), which is a
solid convex set, and BT ABh~(K) is unbounded (otherwise, [I(AK) =
BBT ABh™(K) + II(Ac) would be bounded).

First let us see that conditions 1. and 2. are necessary.

Let Qx be ls.d.; it is easy to prove that Q o hjp-1(x) is L.s.d. Therefore,
by Theorem 3.2,

O*(c1 BTABR™}(K)) = R*z

for some z € IR? \ {0} , orthogonal to O*(clA~}(K)), and, also,
R YK)c{yeRP| 2Ty < 2Tw}u {ye E(clh7I(K),A)| 2Ty = 2Tw} ,
where
A = (0 (clh~Y(K)) \ ker BTAB) U {0}

and w € IR? is any vector that satisfies BT ABw + BT (Ac + b) =0.
Since the projection map onto the subspace parallel to aff K can be
written as BBT and, by [14, p.73, th.9.1], we have

O (cIN(AK)) = O*(cIII(ABh™(K))) = BO*(c1BTABR™}(K)) =
= R*B=.

We have seen that Ot (clII(AK)) = Rts with s = Bz € R" \ {0}
(since z # 0 and B is orthogonal). On the other hand, from the equality
Ot (clh~1(K)) = BTO*(cl K), we deduce that, for d € O (c1K), sTd =
2T BTd = 0, since z is orthogonal to O*(c1h~1(K)). We have thus proved
that

O*(cIII(AK)) = R*s is orthogonal to O*(cl K).
Let, now, v € aff K be such that II(Av+b) = O or, equivalently, BT (Av+
b) = 0. There exists w € R? with Bw + ¢ = v, namely, w = BT (v — ¢).
Since 0 = BT (A(Bw + ¢) + b) = BT ABw + BT (Ac + b) , we deduce
K = h(h"Y(K))=Bh}K)+c C
C {By+c|lyeRP, Ty<zTw}u
{By+c|ye€E(clh™I(K),A), Ty=2Tw}=
= {zeR"| 2TBT(z—-¢) < Tw}u
{zeaff K| BT (z—¢) € £(clh™}(K),A), 2T BT (z —¢) = 2Tw} =
= {zeR"|sTz<sTv}u
{zeaff K| BT (z —¢) € £(clh™Y(K),A), sTz = sTv}.
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It only remains to prove that this latter set coincides with the set {z €
E(c1K,C)| sTz = sTu} . To see this, take z € aff K verifying BT (z —
¢) € E(clh~1(K),A). Evidently, z € h(clh™*(K)) = clK. Let d € C \
{0} = O*(c1 K) \ ker I1A ; we have BTd € Ot (c1h~(K)) and d ¢ ker IIA =
ker BBTA = ker BTA, and thus BTABBTd = BT ATl(d) = BTAd # 0.
Hence BTd € A\ {0} and

h"Yz~d)=BT(z-¢)- BTd¢ h"}(c1K),

which indicates that z — d ¢ clK; in this way, we have seen that z €
&(c1 K,C), which proves that conditions 1. and 2. are necessary.

Let us see now that if K is a closed hyperbolic convex set, then conditions
1. and 2. are sufficient for Q|x to be ls.d. In this case, there exists a
bounded set L, which we can suppose to be included in aff K, such that
K C L+ O*(K) . We deduce that h"}(K) c h~Y(L) + O (h"Y(K)) .
Therefore, h~1(K) is also a closed hyperbolic set.

We know that Ot (clII(AK)) = BO*(c1 BT ABh~1(K)); hence we have
O*(cl BTABh™Y(K)) = R*z, where 2 = BT s R?\ {0}. On the other hand,
by [14, p.73, th.9.1}, O*(K) = BO*(h~}(K)). Taking d € OF(h~1(K)), we
have zTd = sTBd = 0, since s is orthogonal to O+ (K). We have seen that

O*(c1 BTABh™}(K)) = R*z is orthogonal to O*(h~1(K)).

Let w € IR? with BT ABw + BT (Ac +b) = 0 and let v = h(w) € aff K.
One has II(Av + b) = BBT(A(Bw + ¢) + b) = 0 and, therefore,
RHK) ¢ A Y{{zeR"|sTz<sTv})u
Uh ({z € £(K,C)| sTz=6Tv}) =
= {yeRP|sT(By+e¢)<sTv}u
U{y€eRP|By+ce é(K,C), sT(By+c)=sTv} =
= {yeRP|2Ty<Tw}u
U{ye R?| By+c€ £(K,C), 2Ty =2Tw}.

We want to see now that condition By + ¢ € £(K,C) is equivalent to
y€ E(hYK),A), where

A = (0t (h"1(K)) \ ker BTAB) U {0} .
Let y € R” satisfying By+c € (K, C). It is easy to prove that y € h™1(K)
and that, for e € A\ {0} = O (h~1(K))\ker BTAB, Be € BO*(h™}(K)) =
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O*(K) . Moreover, e ¢ ker BTAB = ker BBTAB = kerIIAB, it is, Be ¢
kerITA. Hence Be € O (K) \ kerI14A = C \ {0} and therefore

h(y—e)=B(ly—e)+c=By+c— Be ¢ K,

ie,y—e ¢ h"l(K), which means that y € £ (h™1(K),A). Thus we are
under the conditions of Theorem 3.2, for Qoh and the solid closed hyperbolic
convex set h~1(K); hence, Q o hin-1(x) is 1.5.d. Since

B3~ (Qo h)‘h_x(x)(BT(zo —¢)) C 7 Qk(zo) for every z; € K,

we deduce that Qg is l.s.d., which concludes the proof. O

Remark. Condition 2. in the preceding corollary can be written as
Kc{zecaff K|sTz<sTv}u{z € &(clK,C)|sTz=sTv},

and, analogously to what happen in Theorem 3.2, this set does not depend
onsandv.

4 Minimization of quadratic b.l.s.d. functions

In this section we will consider that the convex sets to which we restrict
our functions are solid. This does not mean loss of generality, since for any
nonempty convex set K C IR" such that p = dimaff K, defining h, B and
¢ as in the proof of Corollary 2.8, we have that h~}(K) is a solid convex
set and Q o hy-1(x) is b.ls.d. and if § is optimal for g on h™1(K), h(9) is
optimal for Q on K and conversely.

We know that if K C IR™ is a solid compact convex set and Q(z) =
32T Az + bTz is merely quasiconvex on K, for any zop € K such that

VQ(zo) # 0, one has that W—V-—Q%WVQ(:::O) € 07 Qx(zo), where N is a

Lipschitz constant of Q on the set ®(K) (see Section 2 and the proof of The-

orem 2.4). If VQ(zo) = 0, taking Z € int K, we have W%HVQ(f) €
07 Qk(zo) (see the proof of Theorem 3.2). Note that, in the latter case,

zo belongs to the boundary of K, since Q is merely pseudoconvex on int K

(see [1, p.179, cor.6.4]). It is easy to see, using [1, p.174, th.6.3], that the
following proposition holds:
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Proposition 4.1 Let K C R"™ be a nonempty compact convez set and let
Q(z) = % T Az + bT = be merely quasiconver on K. If VQ(zg) =0, then zo
ts a mazimum of Q on K.

We want to solve the problem

min Q(z)
z(eK } (P)

where K is a solid convex polytope and Q a quadratic merely quasiconvex
function on K . By Theorem 2.4, these hypotheses imply that Qx is b.l.s.d.
We can transform problem (P) into problem

min ¢
Q(z)-t<0
z€ K

Next we describe the cutting plane algorithm of Plastria [12, p.48] for
minimizing b.l.s.d. functions on polytopes, specialized to the quadratic case.
We will denote by N a Lipschitz constant of @ on ®(K) and by ¢ a fixed
positive number.

Algorithm
Step 0). Take zq € int K. (Therefore, VQ(zo) # 0).
Step 1). Let
N
zy = ——— VQ(z0),
O~ TvQGa ] o

which is a lower subgradient of Qx at zo.
Set k =1, go = Q(zo) and %y = z,.
Step 2). Solve the linear problem

min ¢
(Px) th;T(z—zj)+Q(x,-) J=0,...,k—1
z€ K

Since K is a compact set, problem (P;) has an optimal solution (t;, z;) .

Step 3). If Q(zx) < gk—1 then set gx = Q(zx) and Z; = x4 ;
otherwise, set gy = ¢x—1 and T = T;_; .
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If gx — ti < €|t then Z; is optimal. STOP.

If not, choose z a lower subgradient of @ at z, , with norm less than or
equal to N.

Increase k by 1 and return to step 2).

The sequence (t3), generated by the algorithm is non-decreasing, by
definition of problems (P;). However, since we can not assure that sequence
(Q(zk))x were non-decreasing, we have to consider the possibility that, in
some iteration, we obtain VQ(z;) = 0. In this case, we can take z} =

N . N
TveGE VQ(zo); when VQ(zi) # 0, z} = TveED T VQ(zi) can be

taken as a lower subgradient. In practice, if we are in the first case, instead
of adding the constraint ¢t > xiT (z — zx) + Q(zk) it is preferable to modify
the constraint corresponding to j = 0 altering, if necessary, its independent
term (since both linear inequalities determine parallel halfspaces).

For applying the preceding algorithm we need to know N, a Lipschitz
constant of Q on &(K). We can take N = /2M|| A || + || b ||, since if K C
B(0; M) we have ®(K) C B(0;v/2M) (by the proof of [8, p.218, lemma
4.18]) and therefore, given z € &(K) we have

IVRE) =l Az +bll <ALzl +lbll<VZM|Al+]b];

On the other hand, K being a compact set, there exists a minimum point
of @ on K and sequence (z;), has accumulation points.

An important property of sequence (t;),, valid for nonnecessarily qua-
dratic functions, appears in the following proposition. Its proof appears to
be not completely obvious, although it appears in [12] as a simple comment.

Proposition 4.2 For every k, t; 1s a lower bound of Q on K.

Proof: We will do it by induction on k.

Call m the minimum value of Q on K.

For k = 1, if zy is optimal we have t; < Q(zo) (as (Q(zo),z0) is a
feasible solution to (Py)). If zo is not optimal, taking Z, a minimum point
of Q on K, Q(%) < Q(zo) and, therefore, (Q(Z),Z) is admissible for (P;);
hence t; < Q(%) =m.

Let k > 1; by the induction hypothesis, t; < m for j = 1,...,k—1.
Since (Q(zk-1), ZTk-1) is admissible for (Pr_1) (as (tx—1,Ze—1) is and tp—1 <
m < Q(zk-1)), we obtain Q(zg—1) > t.

If z;—; is optimal for (P), then t; < Q(z4-1) = m.
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If z;—, is not optimal for (P), and zo,...,Zt-2 are not optimal either,
for any minimal point Z, we have Q(%) < Q(z;) for § =0,...,k —1; hence,
by z} € 07 Qk(z;) for j =0,...,k—1, (Q(%), %) is admissible for (Px) and
therefore m = Q(Z) > t.

If zx_; is not optimal for (P), but there exists z;, j € {0,...,k — 2},
which is optimal, let z;, with & € {0,...,k—2}, be the last optimum appear-
ing in the sequence zo, ..., z;_3. We have that (t,,z,) is an admissible point
for (Pa) , whence (Q(zy), z») satisfies the first h constraints of (P;) and, for
Il =h+1,...,k—1, we have Q(z3) < Q(z;). Since z} € 3" Qix(mi) , | =
h+1,...,k—1, we obtain that (Q(z,),za) also satisfies the last k —h — 1
constraints; from this we deduce that t; < Q(zp) =m. O

Using the preceding result, Plastria [12, p.48, th.4.1] proved that every
accumulation point of (z;), minimizes Q on K and that the sequence (t),
converges to the minimum value of Q on K (see [12, p.49, th.4.2]).
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