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Abstract. The Malmquist bias, found in magnitude-limited sam-
ples, is studied from a new point of view. An analytical approach
is developed taking into account a more realistic space distri-
bution than in the traditional Malmquist approximation, thus
leading to accurate determination of this bias. In addition to the
well known dependence on the dispersion of absolute magnitude
it is found to be a function of other parameters of the sample.
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1. Introduction

Since accurate trigonometric parallaxes are available only for
nearby stars, the study of the absolute magnitude of a sample
of stars usually relies on statistical methods, which are very sen-
sitive to the selection criteria used to elaborate the sample. The
limiting magnitude of the survey is one of the most severe ob-
servational constraints; however magnitude-limited samples are
very common.

It is well known since the work of Malmquist (1936) that
the mean absolute magnitude of such a sample is biased. This
bias is, at first order, proportional to the dispersion of the in-
trinsic distribution of absolute magnitude. Malmquist assumed a
Gaussian form for this intrinsic distribution and obtained a series
development to approximate the observed distribution. The co-
efficients of this development depend on the spatial distribution
of the stars in the sample and its determination requires a good
knowledge of star counts for the type of stars involved.

The method we propose is more direct. Unlike Malmquist’s
method, ours needs to assume the form of the spatial distribution
of the stars, but this is a minor drawback because it is usually
known approximately.

2. A new approach to the Malmquist bias

We consider that we can characterize a given homogeneous sam-
ple of stars by its intrinsic distribution in absolute magnitude
oum(M). We will use a Gaussian distribution:

om(M) = Kexp [—% (M-_MO)Z] 0]

oM
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A reasonable choice for the spatial distribution taking into
account the flattening of the galactic system is:

ox(x) = K'exp (_lzzi> @

o

where the z axis is perpendicular to the galactic disk — Z, be-
ing the scale height — and we have assumed a homogeneous
distribution in x and y. Other distributions can also be easily
introduced.

If we assume that the distributions in M and x are indepen-
dent, the probability of having a star with an absolute magnitude
between M and M+dM in a position between x and x + dx
without any selection criteria is:

Pi(M,x) = —cl—lw(M) 0x(x) dM dx @)

where c; is the normalization constant.

But in the case of a sample which is limited in apparent
magnitude we have a cut for stars with m > m;,,. We can take
this into account by introducing a Heaviside function ®(m—my;y,),
so we will have:

Py(M,x) = ;12- 03 (M) x(x) O(m — mm) dM dx @

where ¢, is the new normalization constant.

The mean absolute magnitude in the non-selection case will
be:

M, = / M / 4 2 u(M) put2) )

while in the magnitude-limited case we will have:

W= / M / dx 22 pu(M) 9:(2) O(m — mu) ©)

The difference between the two mean magnitudes is the bias
we are looking for:
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Table 1. Values of AM as given by Eq. (11) for different sets of values of (mym — Mo,011,Z,)

oy | 04 0.6 0.8 1.0 1.2 14 oy | 04 0.6 0.8 1.0 1.2 1.4
Mim — M, | Z, Miim — M, | Z,
100 | 0.22 049 087 135 192 258 100 | 0.16 036 063 098 139 188
0 200 { 022 049 087 136 195 264 8 200 { 0.18 040 0.69 106 149 198
300 { 022 049 088 137 197 266 300 { 0.19 042 073 1.11 1.56 207
400 | 022 049 088 137 197 267 400 | 0.20 043 0.76 1.16 1.62 213
100 | 022 048 086 133 189 253 100 | 0.15 034 061 095 136 1.84
1 200 { 022 049 087 135 194 261 9 200 1 017 037 065 1.00 142 190
300 (022 049 087 136 195 264 300 { 0.18 039 069 105 148 197
400 | 022 049 0.88 137 196 265 400 | 0.18 041 071 1.09 153 203
100 { 021 048 084 130 1.84 . 245 100 | 0.15 034 060 093 134 182
2 200 | 022 049 086 134 191 256 10 200 { 0.16 035 062 096 137 185
300 | 022 049 087 135 193 260 300 { 0.17 037 065 100 141 190
400 [ 022 049 0.87 136 195 263 400 | 0.17 038 0.67 103 145 194
100 | 021 047 082 126 178 236 100 | 0.15 033 059 093 133 181
3 200 | 0.21 048 085 132 187 249 11 200 { 0.15 034 060 094 135 1.83
300 | 022 049 086 134 190 255 300 | 0.16 035 062 096 137 185
400 [ 022 049 087 135 192 258 400 | 0.16 036 0.63 098 139 1.88
100 { 020 045 079 121 170 225 100 | 0.1 033 059 092 133 1.81
4 200 [ 0.21 047 083 128 181 241 12 200 | 0.1S 033 059 093 133 181
300 | 021 048 085 131 186 248 300 { 0.15 034 060 094 135 183
400 [ 0.22 048 086 133 1.89 2353 400 | 0.15 0.34 061 095 136 1.84
100 { 020 043 076 1.15 1.62 213 100 | 0.1S 033 059 092 133 181
5 200 [ 021 046 081 124 174 230 13 200 [ 0.1S 033 059 092 133 181
300 | 021 047 083 128 1.81 240 300 { 0.15 033 059 093 133 1.81
400 [ 021 048 0.84 130 1.84 245 400 | 0.1S 034 060 093 134 182
100 | 0.18 041 071 1.09 153 203 100 | 0.15 033 059 092 133 181
6 200 [ 020 044 0.78 1.19 166 219 14 200 { 0.15 033 0.59 092 133 1.81
300 { 021 046 081 124 173 229 300 | 0.1S 033 059 092 133 181
400 [ 021 047 0.82 126 178 236 400 [ 0.15 033 0.59 093 133 1.81
100 | 0.17 038 067 103 145 194 100 | 0.15 033 059 092 133 180
7 200 | 0.19 042 074 1.12 157 208 15 200 { 0.15 033 059 092 133 181
300 | 020 044 077 1.18 1.65 2.18 300 { 0.1S 033 059 092 133 1.81
400 [ 020 045 079 122 170 225 400 | 0.15 033 059 092 133 1.81
From Egs. (8) and (10) the Malmquist bias is found to be:
AM =M, — M ©)

Using spherical galactic coordinates and introducing Egs. (1)
and (2) in Eq. (6) we obtain, after integration in (M,L,b):

M = 2V2Z,0m / r (1 —exp (__r_))
C 0 Zo
oM 2 VT
[—ﬁexp (—im) + M, 5 erfc(—a,m,)] dr ®)
with
Miim — 510810(") +5-M,
Qi = 9
i Jon ©
and

& = VInZ,on [ ”, (1 —exp (—ZL)) erfe(—ogm)dr  (10)

2 Jo o r(1—exp (—%)) exp (=, )dr
T j:o r (1 —exp (—E’;)) erfc(—om)dr

Numerical integration of this expression provides the value
of the bias for a given set of parameters (M,, op, Z,, Mim).
As can be seen, however, it is function of only three quantities
(Myim — M, oy, Z,). In Table (1) the bias is given for different
values of these quantities.

AM=0’M

(1)

3. Results and discussion

In Figs.(1-2) we show the dependence of the bias on oy and the
other parameters. As stated above, it is approximately propor-
tional to o3, but now we can see how it depends on the other
parameters.

The traditional correction applied to eliminate the Malmquist
bias uses the approximate formula

AM = 13802,

which assumes a constant space distribution function. As
Malmquist (1936) shows, this hypothesis holds only for sam-
ples of dwarf stars or giant stars, the latter when selected with

(12)
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Fig. 1. The bias as a function of oy for different absolute magnitudes
and my, = 15", Z, = 200pc. Dashed line: traditional correction
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Fig. 2. The bias as a function of o) for different values of scale height
M, = 0™, mlim = 15™. Dashed line: traditional correction

M, < 6™. The method we propose includes the dependence on
(Mo,Zo,myim) s0 it can provide a fairly precise estimation of the
bias for a general case — the precision depending on how realistic
are the distributions taken for the sample — in a very simple way.

We can compare the two corrections for F dwarfs. From
Mihalas (1981) we have M, = 6™, oy = 1™ and Z, = 200pc
for these stars. In a sample limited by my, = 15" we obtain
AM = 1.0™ with our expression, while Eq. (12) gives AM = 1.38™.
We can see that the difference is not negligible.

As expected, our method reproduces the traditional approx-
imation (12) for samples having a small distance modulus - see
Fig. (1) - which are near the sun, well inside the disc, and so
present an approximately homogeneous distribution.

An important advantage of our method is its flexibility: dif-
ferent forms of spatial distribution and/or absolute magnitude
distribution — see Jaschek & Gomez (1985) - can be easily intro-
duced. Furthermore, apparent magnitude selections other than a

§° -1.0

simple cut can also be implemented, even when dependent on I,b,
etc. — e.g. in the case of HIPPARCOS data, Gomez et al. (1989) -

4. Application to the determination of absolute magnitudes

This kind of probabilistic treatment of the Malmquist bias is
being implemented in a maximum likelihood method to obtain
mean parameters of samples of stars — see Luri et al. (1992) - In
Fig. (3) we can see that the mean absolute magnitudes of a set
of simulated samples - limited in apparent magnitude - follow
the prediction given by Eq. (8) - and are thus affected by the
Malmquist bias — while the values obtained by our maximum
likelihood method agree with the real mean value M,
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Fig. 3. Mean absolute magnitudes of simulated samples, containing
2000 stars, as a function of the o) with my, = 6.5, M, = 0.7" and
Z, = 100pc. Circles: mean magnitude affected by the Malmquist bias,
squares: values obtained by our maximum likelihood method. Solid line:
prediction of mean magnitude according to Eq. (8) dashed line: predic-
tion of mean magnitude using the traditional Malmquist correction -
Eq. (12) -

In this example we have only included the effect of a cut in
apparent magnitude, which causes the Malmquist bias, but in a
more general case we will have different selection criteria leading
to other biases. With the approach described above, the effect of
selection criteria is automatically taken into account and so the
method provides an estimation of the mean parameters which is
free of selection biases.
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