ZERO SETS OF HOLOMORPHIC FUNCTIONS IN THE
BIDISK

JOAQUIM ORTEGA-CERDA

ABSTRACT. We characterize in geometric terms the zero sets of holomor-
phic functions f in the bidisk such that log |f| € L (D?), for 1 < p < oo.

1. INTRODUCTION

In this work, we study some geometrical characterization of the analytic
varieties in the bidisk D? = {z € C? : |z1| < 1, |22 < 1} defined by
an holomorphic function with some restriction on its growth. In a strictly
pseudo-convex domain, this kind of problems are better understood and, for
instance, there is a complete characterization of the zero sets of holomorphic
functions in the Nevanlinna class (see [Khe75], [Sko76]).

In the bidisk much less is known. Nevertheless there are some cases where
the zero sets have been described. For instance, in the class of holomorphic
functions such that log|f| € L'(D?) (see [Cha84] and [And85]). In this
work we consider a variant of this problem, namely functions such that
log |f| € LP(D?). We obtain a complete characterization of the zero sets
of this class. This problem is closely related to one considered by Beller in
one variable (see [Bel75]), where he studied the zero sequences of functions
such that log™ |f| € LP(D). This problem in one variable has been further
studied in [BO96].
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help and attention.

2. ZEROS OF FUNCTIONS WITH log |f| € LP(D?)

2.1. Statement of the results. In this section we will give a complete
characterization of the zero sets of holomorphic functions, f € H(ID?), such
that log |f| € LP(D?). Our main tool will be the Poincaré-Lelong theorem
[Lel68] that shows that this problem is related to the problem of solving the
equation i00u = © with good estimates on u in terms of ©. In order to
state the theorem we need to introduce some notation.
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2 JOAQUIM ORTEGA-CERDA

Let © be a closed positive (1,1)-current in the bidisk; for any z € D and
fixed 0 < e < 1 let D, be a small disk

_ S
DZ—{CG]D), 1-C <5}.

If © is a closed positive (1, 1)-current then it can expressed in coordinates
as

2
@(Z) =1 Z 970(2>d2’1 A de,
ij=1
and 611(z1,22) is a positive measure in the first variable, if we fix 29, be-
cause O can always be expressed as i09Ju, where u is plurisubharmonic; thus

011 = A, u > 0. Accordingly #22(21, 22) is a positive measure in the second
variable if we fix z;. Therefore we can define 011(D,,, 22) as

011(Dz,, 22) = / d11(¢, z2).
¢eD.,

Provided with this notation, we can state our main theorem:

Theorem 2.1. Let © be a closed positive (1,1)-current on the bidisk, then
the equation

i00u = ©
has a solution v € LP(D?), for a 1 < p < oo if, and only if, the function
(1) f(zlazQ) :011(D21722) +922(Z17DZ2)

belongs to LP(D?).

The disks D,, and D,, that appear in the statement of condition (1)
depend on ¢ but the condition itself does not. This can be proved in a way
completely analogous to the case of one variable in [Lue86]: Let 0 < § <
e <1, we call

ke(2) = 011(Dy, (€), 22).
Then:
Proposition 2.2 (Luecking). ks € LP(D?) if, and only if, k. € LP(D?).

Theorem 2.1 has an immediate corollary for zero-varieties. Fixed z € D?,
we consider the cross formed by:

C.={CeD’ (=2, GeED,LIU{CED? (=2, (1 €D}

Let ny(z) be the number of points that an analytic variety V meets the
cross C, (counted with multiplicity), then,

Corollary 2.3. The analytic variety V is the zero set of a function f with
log | f| € LP(D?) if, and only if,

ny € LP(D?).

Proof. If we take into account the Lelong-Poincaré theorem, the corollary is
in fact a reformulation of theorem 2.1. 'y
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Remark. Theorem 2.1 and corollary 2.3 have direct generalizations to the
case of the polydisk D™ with n > 2. In this setting, the geometric condition
that appears in the theorem is: f € LP(D"™), where

f(z) = 0ii(z1,.. ., Dayyo s 2m).
=1

For the sake of simplicity in the computations we will give the proof in the
case n = 2, although the same proof can be carried out in higher dimensions.
Moreover we will not consider the case p = 1. This case is already known, it
has been studied by Charpentier [Cha84, page 58] and Andersson [And85,
thm. 1]. The theorem that they prove is the following:

Theorem 2.4 (Charpentier). If we have a closed positive (1,1)-current ©
in the bidisk, there is a solution u € L*(D?) to the equation

i00u = ©
if, and only if,
L= () + (1= fzan(2) < +oc.
D

This weighted Blaschke condition is equivalent to condition (1) when p =
1. Indeed, if we apply Fubini’s theorem:

/2 911(DZ1722) + 922(2’1, DZQ)dm(z) =
D
=/ijMm@HM%%wm@ﬁ
D

g@a—mﬁ%mw+a—mﬁ%ﬁw

We will divide the proof of theorem 2.1 into two parts. In the first one we
will show the necessity of condition (1); in the second one, which is slightly
more technical since we need estimates of some integral kernels, we will show
the sufficiency.

2.2. Proof of the necessity of (1). The scheme of the proof is the fol-
lowing: we start by a Riesz-type decomposition of the plurisubharmonic
function u. We evaluate it on the origin, and one gets a new decomposition
by composing u with the automorphisms of the bidisk. This new decomposi-
tion has better properties than the original for our interests. This technique
has been used in one variable, at least by Pascuas in [Pas88|, Ahern and
Cuckovié in [AC95] and Luecking in [Lue96]. The necessity of the condition
follows immediately from the new decomposition.

Let w € PSH(D?) N LP(D?), 1 < p < co. We consider the decomposition
of u into

(2) u = H[u] + L[0du],

where IT[u] is the orthogonal projection of u onto the pluriharmonic functions
with the natural scalar product in L?(ID?), i.e.

() =+ [ (G 2)uC)im(c).

™
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where the kernel is

(¢, 2) =

1

1
1.

(1 —C121)%(1 — C222)? -

1-260)21—2E)*

A priori, this decomposition is valid only in the case p = 2, but, since the
kernel defines a bounded operator in LP(D?) for 1 < p < 0o, we can extend
the decomposition to all LP spaces.

The other term in the decomposition (2) has an integral expression of the

type

L[odu](2) = / 1C, 2) A Odu(C),

¢en?

and the function L[©] is the minimal solution in L?(D?) of the equation
i00v = O. Note that in view of (2), the operator L is just determined on
closed (1, 1)-currents ©.

The computation of the kernel [({, z) and the estimates of its size were
carried out by Andersson in [And85]. The expression of the kernel I((, z) is
not unique. There are other kernels that give the same solution. Instead of
writing down [((, z) explicitly, we exhibit L as a linear combination of com-
positions of explicit operators. In the statement that follows A1 By means
the integral operator

A1B2[0](z)

/ a(Gy 21) A b(Gas 22) A O(C),
¢eb?

and the kernels appearing are

1 C—z P A=A, of 112
e =or it e TH (u—zzM’
"¢, 2) = o-dC A dC,
i [Ea =), 2 -
WA =g [Tt (l_cz)z]da
. _ 2
S A € e o B

T2 (-3 2)
i(C,2) = 58(¢ — 2)d¢ A dC.
_ 4 dgAdg

2w (1 —(2)%
Theorem 2.5 (Andersson). Let us call
(4) L=19My + M +T1 Ky + K1 Ty — TyTy + My Iy — My Py + T1 K.
Then

p(¢, 2)

L[odu](2) = / 1(C, 2) A 9Fu(C)

¢en?
gives the second term of the decomposition (2).

From the explicit decomposition (2) we can already draw some conclu-
sions. Since u € LP by hypothesis, then II[u] € LP. Therefore, because
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of decomposition (2), we conclude that L[@0u] € LP(D?). This is a neces-
sary condition on ddu if v € LP. In fact, since the operator L solves the
d0-equation, we can say that L[O] € LP(D?) is a necessary and sufficient
condition for the existence of an LP solution to the i90u = © equation. This
condition is poorly handled, since the kernel that defines L is not of constant
sign and therefore there are cancelations in L[©] that do not allow to obtain
geometric conditions in the variety associated to ©.

We will find another decomposition of v composing with the automor-
phisms of the bidisk. In order to avoid some technical difficulties, we will
assume that v € C>°(D?). Afterwards, using an appropriate regularizing
process, we will get the general case.

Let us call

(Gt Gt 2 2
no = (22 ata) (ep

We define u,(¢{) = wo 7,(¢). We have u,(0) = u(z) and applying the
decomposition (2) to the function u, at the origin we get

© )= [ 0@+ [ 160 n95u(0)

¢eb?

We take the first integral on the right hand side of (5), and we make the
change of variables n = 7,(¢):

/ (¢, 0)us(C) = / ua(7=(0)) dm(C) =
¢eh? ¢eh?

2
1—|z1? 11—z
[ (i) an.
neD? |1 —z1m[? [1 — Zamg|

Now we will proof that the operator R defined by

2
1—’21‘2 1—‘2’2’2 )
Rlul(z) = / U < - - dm(n),
[ ]( ) D2 (77) ‘1 — 21771‘2 ’1 — 22,'72’2 (77)
is bounded in LP(D?), i.e. ||R[u]|l, < [lullp. In order to prove so, we will use
Schur’s lemma that states

Lemma 2.6 (Schur). Assume that (X, p) is a measure space and K a mea-
surable non-negative function defined in X x X. Let T be the integral oper-
ator defined by K,

Tf(z) = /X K (2,9)f(5)dp(y)-

Let p be such that 1 < p < oo and q be such that 1/p+1/q = 1. If there is
a constant C' > 0 and a positive measurable function h such that

[ Kle.phwdu(s) < Chiz)? - ae. e X
and
[ Klephierdut) < Chtyy n-ac. ye X,

then T is bounded in LP(X,du) with norm smaller or equal than C.
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In our case we take as a function h(w) = (1 — |wi|?)?(1 — |wa|?)?, with
a properly chosen 3 such that —1 < 8 < 0. The estimates needed in the
hypothesis of Schur’s lemma, come from the following inequality ([Rud80,
prop. 1.4.10]):

1— 2\«
/(‘1|Z|Z‘)Bdm(z) S (1_ ‘w’2)a—5+2 ifoa>—1anda—fB+2<0,
D _

We have proved that if v € LP(D?), then
| 1o navu(o e o2
¢eb?

with LP-norm controlled by that of u. Now, considering the expression (4) of
1(¢, z) and taking into account that t(¢,0) = 0, p(¢,0) = p(¢,0) = 7°(¢, 0),
we obtain:

(6) / 1C,0) A 9us(C) =
cem?
= / = (m(¢, 0)d¢ A dEy +m(Cr, 0)60(Co)dCa A dlo) A DDu ().
CEDQ 27T

Let us consider the first term in the right-hand side of (6). For bidegree
reasons it is enough to consider

(1 —[22*)?

TENSAL dGa N dGy,

9202u(¢) = O22(72(C))

and, therefore,

/ m(CQ, 0)d<1 A dfl A 85%(@“) =
¢en?

-/ (bg 2= G 2+<1—r¢2|2><1—|z2\2>> y
¢en?

1-— 5222 ’1 — 52z2|2
2
1-— |Zl‘2
—— 0 .
X <|1 BYOERE 22(C1, C2)
From the second term in the right hand side of (6) we only have to consider
(1—|=a1f)?

O101u-(¢) = 011(7=(C))

and, therefore,

[ m(.0)00(@)dee A dGe 1 00u(¢) =
¢en?
2 2 2
1-— 1-—
(o L 0-laP) = ap)
G1eD 11— iz
Both terms of (6) are, therefore, negative and moreover

z2—¢ 2+ (LA —2?) o 1A= [CP)20—12)*

1—-Cz 11— (2|2 -2 11— (2|4

21— G
1-G=

) 011(C1, 22)-

log
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In consequence,

_ 2\2 - 212
(7) /; . (1 |C’11|_) 5(1121‘4|Zl‘ ) 911(41722) c LP(]D)2)

with norm controlled by the norm of u. Obviously, the same happens if we

permute the indexes, since the solution L[©] is symmetric in both variables.
Finally, note that for ¢; € D,,,

|1 — 5121‘ ~1-— |Zl‘2 ~1-— ’C1|2.
From (7) we can conclude
1011 (Dzy, 22)[],, S llwllp-

From this inequality, we can obtain the general case (recall that we have
only proved the necessity when u € C*°(ID2)). For an arbitrary u € LP(D?)
we pick a sequence of u, € C>®°(D?) such that u, — wu in LP. Since the
convergence in LP implies the convergence in the distribution sense, then
0" = 90u,, — d0u = O, weakly.

We want to check that ||611(Dy,, 22)||, < co. But, for any function ¢ €
C*>(D?) positive with compact support, and if 1/p + 1/q = 1 the following
holds

n—oo

Y(2)011(Dz,, 22)dm(2)
]D)Q

lim / D)0 (D, 22)dm(2)| <
]D)2

AN

T Jfunllp 16 < llullplll
thus, we have obtained the desired result. N

2.3. Proof of the sufficiency of (1). We will show that condition (1) is
sufficient in order to obtain a solution u € LP(D?) to i00u = ©. We assume
initially that © is a closed positive (1, 1)-form and that © € C*°(D?). We will
show, that under this hypothesis the solution L[©] € LP(D?) with controlled
norm. Later on, we will drop the regularity hypothesis. In order to show
this we will make use of the expression of [((, z) that we have given in (4),
ie.

(8) l(g,z):W?/\mQ—le/\Wg—i—ﬂ/\/{2—1—]%1/\&—
—t1 Ata+mi1 Adg —mi ADa +t1 A ko.
Recall that the definition of the kernels that appear in (8) are given explicitly
in (3).
We need the following bounds of the moduli of the respective kernels that
can be found in [And85]:

(1 I¢P)? 1-C
9 S —|1+1
) m(¢ 2 S e [ es| = ||
L¢P
+ < - B
162 S g
where ¢,z € D. The terms of the type T} K> are as follows:

= 1— [ _
[ TG mIG  f g 1 0(0) = Dl ).
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We are going to rewrite D(z1, z2) in a more convenient way. Since ¢((1,21) =
0 when [(;| = 1, by Stokes theorem

_ - (1-1ePa —C2Z2 ‘ — (o 2
O_A@W“““”ﬁ 01— G2 % G- =

2
:/ 0 1(Gra) LA =02y 11~ G
¢eDn?

(1 CQZQ)(l |Z2| ) <2 Z9
t z 8
/ 5 (<17 1) CQ

[(1 — |¢al?
+D(z1, 22).

ANO(¢) =

022(¢)dm(C) +

1- |Z2|

(1= (o2

An immediate computation yields the following estimates:

_ 1
0, t(C1,21)| S m——3>
10, t( ) TEAE

‘8 (1- !_C2|2)(1 — (272) 1 .
(1= Gz)(1—[222) |~ 1 [z
Hence,

1 1-|GP, |1-Ganl

022(C)dm(C) +

D(z1, 22 ,S/ — lo
| ) cep? |1 = Grz1)? 1 — |22 G — 22

1—|¢f? 1 ‘ @22
+ C 6 dm(().
/CeID)Q ‘1 — C121|2 1-— ‘22|2 Co — ‘ 12(()‘ (C)
Finally, as
10g 1_5222 2N (1—’C2| ) 1—|2’2‘ ‘ CQ __22 1
G-zl -Gl 1— G|~ 2
we can estimate D(z1, z2) as follows:
(10) [D(e1, )] <
1 (- eP? | — G |?
& C C 14log |————=1 | 622(C)dm(C) +
/CGJDﬂ 11— Crz1]? |1 — Cazof? o — 2 22(¢)dm(C)

=GP 1—]¢f? 1 1—72 ; .
+/CGID>2 11— Gz1? [1 = Gazaf? <1+ ad |012/(C)dm/(C).

We claim that |L[©](z)] is controlled by a sum of terms of the type
1 1— 2)\2
(11) / L (1~ G| )2 4o ‘ (22
cep? |1 = Grz1]? |1 — Coza| G —

1—]G2 1—]¢)? ’ C222 2
il - lo
(12) /C <1 + G

ep2 |1 — G212 |1 — Coza)?

1—1¢412)2 2
[ OGP (|G
aep |1 =Gzl G-
Indeed, in (10) we have already seen that T3 K> is bounded by (11)+(12).
The term in 7175 is smaller than (12) and moreover (9) implies that Mo

2
) 022(¢)dm(C),

) 012[(¢)dm(C),

) 011(C1, 22)dm(Cy).
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is bounded by (13) and Py Ms, TIYM; by (11). They do also appear the
same terms changing the indexes. We will show that under the hypothesis
(1) all of them belong to LP(D?). The terms of type (11) and (12) will be
considered jointly by means of the following two lemmas.

Lemma 2.7. The condition (1) implies
(1 = [G[*)*011(D2) + (1 = [¢2[*)*02(D-)
| D |

(L= 162 — 1601 (D:)
|D-|

€ LP(D?),

€ LP(D?),

where D, = D,, x D, and |D,| is the Lebesque measure of D,.

Proof. Indeed, consider the operator v defined as
1

wLﬂ(UOZZ‘ﬁ§;T cen.

[F(Oldm(¢),  weD.

It is bounded from LP(D) to LP(D). If we apply this operator to the function
f(z1,22) = 011(D,, z2) (as function of z2) and to g(z1, 22) = 022(z1, D>,) (as
a function of z1), we have proved the first part of the statement of the
claim. The second is an immediate consequence of the first. In fact, by the
positivity of the current ©, one has

(1 =1 = [¢f*)|012](D2) Pt —[G1*)201(D.) | (1= ¢al?)?02(D.)
|D.| - |D.| |D.| '

And this function belongs to LP(ID?). [ )

Lemma 2.8. If u is a positive measure in the bidisk such that

Lo e (o),

d
/ — l;(C) —— | 1+ 1log
cen? |1 — Gzl = (o2

Proof. We will split the integral that we want to estimate in two parts

(14) /D du(¢)

2 |1 = Gzt 2|1 = Gozal?

dp(C)
- 1
+_j€erlk2|]_'<1Zﬂ2(1'_’C2P)2 o

As the function

then

1— (oo
G2 — 22

2
) € L*(D?).

-2
1 — (o2

G2 — 22

1
1= Gzl = Gzl
is plurisubharmonic, we have the sub-mean inequality:
1 < 1 dm(n)
11— Gzl = G2 ~ Dl Jyep, 11 —mzl?(1 —n2ze|*
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If this inequality is inserted in (14) we get that the first integral in (14) is
bounded by

1 dm(n)
= —du(¢) =
/cemz /neDC |Del [T —mz12[1 — 222 ©

1 dp(¢)
= - —dm(n) <
/@2 /@n D L= mal?h —map
M(Dn> dm(n)

- /ne]D)2 1Dyl |1 =mz[?[1 =z
Now, Schur’s lemma implies that the kernel
1
11 —mZzi2|1 — meza|?’

defines a bounded operator in LP(ID?) and hence we can conclude that the
first term in (14) is in LP(D?). The second one is a bit more involved.
Due to the subharmonicity of the function

o
11— Ciz1)?

we have, as before,

/ du(¢) 1 1—(oz
¢

= log
epxD., |1 = Gz1f? (1 —[¢2f?)? G2 — 22

2
S

2
du(() =

5/ / 627712(77) _ 1 log 1— G2
¢cedxD., Jnep,, (1= [n?)?[1 —nz1]* (1 = [Gf?) G — 2
1

du(Q) 1— Gz |?
= /1761D> |1 —nz? (/éfg;; (1—[n]2)2(1 —|¢2[?)2 log = )dm(n) =
= A(z1, 22).
We want to prove that A € LP(D?). Since
1
[1— 7212

defines a bounded operator from LP(D) to LP(D),

| A z)Pdm(e) <
z€D?
> dm(n)dm(z2).

dp(¢) 1-Gnlt)
<
~ ﬁze@ (/CeanDzQ (1—1n?)2(1 —|¢2]?)? g G2 — 22

neD

Now we apply Jensen’s inequality to estimate this by

1—6222 2
G2 — 22

D, x D,,)P~!
Aem /cD (1 —#l(ﬁ\g)%(l —)|<2|2>2p log” dpu(C)dm(n)dm(zz).

WED <2 GDZQ

If 2o € D, (), then D, C D¢, (8) for some § > €. Since the hypothesis of the
lemma is independent of €, we may assume that D., C D¢, and D, C D,.
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If we apply Fubini’s theorem we get the estimate

u(D¢) )
/<6D2/’7€D<1 A [GRZ( — [GP %

Since
log?
Jren,

22 GDC2

1— Gzl
G2 — 22

dm(n)dm(z2)du(C).

= 2
L= %l ea)dm(n) < (1~ G221 — (),

we get as a final bound

< p(D)P!
I e

It is then enough to show that this last integral is bounded by

w(D)P
/zew = )2 (1 = [z ")

In order to check this

a D) () =

ep2 (1 —[21?)?P (1 — |22])?P

— (D, )Pt
_/zeJD)2 (1= [z1[?)% (1 = |z2|)r /CeDzd (Q)dm(z) Z
D2)p 1
/CGDZ LGDC 1—|¢?)z(1 - |<2|)2pdm(z)dﬂ(§) =

u(D2p!
= / dp(C)-
cepz (1= |21]?)?P2(1 — [G2[)?P—2
With this, we have proved the lemma. ®

Now, combining lemmas 2.7 and 2.8, taking

du(¢) = (1= 1¢11*) (1 = [G2I*)[612(¢)|dm (<)
and
du(C) = (1~ |¢2[*)?b22(C)dm(C)
respectively we see that the terms (11) and (12) belong to LP(D?).
In order to finish the proof of the theorem it remains to estimate the
terms of type (13). In order to control it we split it in two, according to

the contribution of D7 and D,, in the integral. The contribution of DZ, is
bounded by

(16) / (1 - |<1‘2)27911(C17 Z2)dm(C1)
¢1€D ’1 - Clzl|2 '
Due to the subharmonicity of
1
7’2 P
(G, 21) = Tk

we have

/ (1 - |C1|2)27911(Claz2)dm(gl) < / Mdm(gl)
G1eD N ¢

11— Gz1]? en |1 —CGzf?
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Since ¢((1,21) is a kernel that defines an operator bounded from LP(D) to
LP(D) and, by hypothesis (1), 611(D.,, 22) € LP(D?), it follows that (16)
belongs to LP(D?).

The contribution of D,, is bounded by

/ ‘ C121
CieD., G —

We want to prove that

/z€D2 </Cl€Dzl ‘ ClClZ1

In order to check this, we apply Jensen’s inequality and estimate the integral

/ / 011 21722) Pl IOg
z€D? J(i1eDyy

We apply Fubini’s theorem, integrating first in z; and we obtain the estimate

/ 611(Dey 20)P (1 = 1) 26001 (C1, 22)dm ().
¢1€D

011(C1, 22)dm(Cy).

p
011(C1,zg)dm(C1)> dm(z) < +00.

Cm 011(C1, 22)dm(C1)dm(2).

If we now argue as in (15), this is, in turn, bounded by

/ 011(DZ1,22)pdm(z).
z€D?

Therefore we have already proved that there exists a solution u of i00u = ©
with
[ully S N1611(D=y, 22)llp + (162221, Dz, )l

if© € COO(W). In the general case, by an standard regularizing process (see
for instance [Cha84]), we can find a sequence ©" — © in a distributional
sense and with ©" € C*°(D?), in such a way that

1011 (D=5 22)lp + 1022 (21, Dzy)llp S 1611 (Dzys 22) lp + [1622(21, Dy ) -

We have already proved that there exists a sequence u, with i00u, = O"
and such that

lunllp S 1011(Dz2y s 22)llp + [1022(21, D2y)lp-

There is a subsequence such that u, — v with i00u = © and
[ully S 11611(Dzy, 22)[lp + [1022(21, Dz, ) ||~
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