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Abstract: In this paper we study how the addition of a non-minimal derivative coupling modi-
fies the energy-momentum tensor of conformally invariant scalar fields in a flat Robertson-Walker
spacetime. We argue that the resulting energy-momentum tensor is not that of a perfect fluid
with pressure proportional to density. This suggests that the departure from the cosmological fluid
behaviour is a general feature of non-minimally coupled massless scalar fields.

I. INTRODUCTION

In the standard cosmology, the isotropy and homogene-
ity of the universe imposed by the cosmological principle
require the metric tensor gµν to be of the Robertson-
Walker (RW) form. From the Einstein field equations
one then obtains that the energy-momentum tensor Tµν
must be that of a perfect fluid:

Tµν = (ρ+ p)UµUν + pgµν,

where Uµ is the velocity of the fluid in the comoving
frame, p its pressure and ρ its density.

In [1], P.D. Mannheim and D. Kazanas study a con-
formally coupled real massless scalar field ϕ in a RW
geometry. The action of this system reads

S =
1

2

∫
d4x
√
−g
[(

1

8πG
− ϕ2

6

)
R+ gµν∇µϕ∇νϕ

]
,

(1)
where g = det(gµν), R is the Ricci scalar and G is the
gravitational constant. Then, they explicitly derive a
perfect fluid form for the energy-momentum tensor of
the field, which the conformal invariance of the theory
forces to be traceless. This determines the equation of
state of a radiative fluid

p =
ρ

3
.

In this work, we shall restrict our attention to a
spatially-flat RW spacetime

ds2 = −dt2 + a(t)2
(
dr2 + r2dθ2 + r2sin2θdφ2

)
,

and consider the addition of a non-minimal derivative
coupling to the action (1). As shown in [2], the only way
to do so without introducing third order derivatives in the
resulting field equations is to consider the non-minimal
derivative coupling to be of the form

1

M2
Gµν∇µϕ∇νϕ,
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where Gµν is the Einstein tensor and M is a mass pa-
rameter. The addition of such a term modifies the scalar
field equation, yields a new expression for the energy-
momentum tensor and is found to break the conformal
invariance of (1). Nevertheless, we assume a perfect
fluid behaviour of the Hubble parameter H and treat
the non-minimal coupling as a perturbation by setting
H2M−2 � 1. On this framework, we find a first-
order perturbative solution to the non-minimally coupled
scalar field equation, for which we find a valid regime of
approximation. Under this regime, we use the incoher-
ent averaging of [1] to show that even at first-order in
the perturbation parameter, the pressure of the effective
fluid is not proportional to the density.

II. A REVIEW ON P.D. MANNHEIM AND D.
KAZANAS WORK

It is convenient for our purposes to give further in-
sight into Mannheim and Kazanas work [1]. As we said,
their starting point is action (1), a variation of which
with respect to ϕ and the metric tensor gives the follow-
ing scalar and gravitational field equations (we use the
notation ∇µϕ = ϕµ and ∇ν∇µϕ = ϕµν).

gµνϕ
µν

+
R

6
ϕ = 0, (2)

(
ϕ2

6
−M2

P

)
Gµν = ϕµϕν −

1

2
gµνϕαϕ

α

− 1

6
(ϕ2)µν +

1

6
gµν(ϕ2)α

α
,

(3)

where MP = (8πG)−1/2 is the reduced Planck mass.
Rewriting the RHS of (3) and considering the curvature-

dependent term ϕ2

6 Gµν as part of the source, one can
define the curvature-dependent energy-momentum ten-
sor

Tµν =
2

3
ϕµϕν −

1

3
ϕϕµν

− 1

6
gµνϕαϕ

α +
1

3
gµνϕϕα

α − 1

6
Gµνϕ

2,

(4)



that satisfies the usual Einstein field equations

Gµν = −M−2P Tµν (5)

and thus is covariantly conserved: ∇µTµν = 0.
The equation of motion (2) is invariant under confor-

mal transformations with conformal weight s = −2 in the
following sense. Consider a conformal transformation

g
µν
→ g̃

µν
= Ω2g

µν
, (6)

then the transformed version of (2) satisfies [3](
g̃µν ∇̃µ∇̃ν +

R̃

6

)
Ω−2ϕ = Ω−3

(
gµν∇µ∇ν +

R

6

)
ϕ = 0.

An ansatz of a solution of the form

ϕ =
u(η)g(r, θ, φ)

a(t)
, (7)

where η is the conformal time, leads to :

u′′

u
=

1

g(r, θ, φ)
γ−1/2∂i

[
γ1/2γij∂jg(r, θ, φ)

]
= −ω2, (8)

where γij =
gij
a(t)2 is the Euclidean 3-space metric, γ its

determinant and where a separation constant ω2 is in-
troduced. Here and henceforth, derivatives with respect
to η are denoted by a prime and derivatives with respect
to t are denoted by a dot. Therefore, u is harmonic in
conformal time and one finds that

g(r, θ, φ) = jl(ωr)ReY
m
l (θ, φ),

where jl and Y ml are respectively the spherical Bessel
functions and the spherical harmonics, for l = 0, 1, . . .
and m = −l,−l + 1, . . . , l. Thus, a complete set of solu-
tions to (2) is given by

ϕ =
Nm
l

a(t)

(
cosωη
sinωη

)
jl(ωr)P

m
l (cos θ)

(
cosmφ
sinmφ

)
, (9)

where Pml are the associated Legendre polynomials and
Nm
l is a normalisation constant given by

Nm
l = (−1)m

[
(2l + 1)(l −m)!

4π(l +m)!

]1/2
.

To find the hydrodynamical limit of the energy-
momentum tensor, an incoherent averaging over the dif-
ferent field propagation modes is performed: for fixed
values of m and l, one calculates Tµν for each of the 4
modes given in (9) and then sums their contributions.
This proves to be enough to eliminate the dependence
on both η and φ. Then, summing over all the possible
values of m using summation properties of the associated
Legendre polynomials further eliminates the dependence
on θ. Finally, summing over all the possible values of l

using summation properties of the spherical Bessel func-
tions ultimately removes the dependence on r. In this
process, all off-diagonal terms are found to vanish, and
what is left is a diagonal tensor with components

ρ = T tt =
ω4

2π2a4
, p = T rr = T θθ = Tφφ =

ω4

6π2a4
,

(10)
corresponding to a perfect radiative fluid.

III. THE NON-MINIMALLY COUPLED
GRAVITATIONAL AND SCALAR FIELD

EQUATIONS

The introduction of the non-minimal derivative cou-
pling in (1) yields the following action

S =
1

2

∫
d4x
√
−g
[(
M2
P −

ϕ2

6

)
R+

(
gµν − Gµν

M2

)
ϕµϕν

]
.

(11)
Again, the equation of motion for the scalar field and
the gravitational field equations are obtained by varying
the action (11) with respect to the field and the metric,
respectively, and read (see [2] and [4])(

gµν − Gµν

M2

)
ϕµν +

R

6
ϕ = 0. (12)

Gµν = −M−2P (Tµν + Θµν) . (13)

where Tµν is given by (4) and

Θµν =M−2
{
− 1

2
ϕµϕνR+ 2ϕαϕ(µR

α
ν) −

1

2
ϕαϕ

αGµν

− ϕαϕβRµανβ − ϕαµϕαν + ϕµνϕα
α

+
1

2
gµν

[
ϕαβϕ

αβ − (ϕα
α)

2 − 2ϕαϕβR
αβ
]}

.

(14)

Following a conformal transformation as (6), we have [3]

G̃µν ∇̃µ∇̃νϕ̃ = Gµν∇µ∇νϕ̃−GµνCαµν∇αϕ̃+ · · · . (15)

where ϕ̃ = Ωsϕ and

Cαµν = 2δα(µ∇ν) ln Ω− gµνgαβ∇β ln Ω.

The omitted terms in (15) involve only the conformal
factor Ω, the field, the metric and their covariant deriva-
tives. This is also the case for

g̃µν ∇̃µ∇̃νϕ̃+
R̃

6
ϕ̃.

We then see that the term GµνCαµν∇αϕ̃ cannot be can-
celled unless s = 0. But in this case one would lose the
conformal invariance of (2), that requires s = −2 (in the
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4-dimensional case). We conclude that conformal invari-
ance is broken by the addition of the non-minimal cou-
pling, which means that the traceless energy-momentum
tensor condition required for a radiative fluid is not ful-
filled. Therefore, we already see that if a perfect fluid
form was to be recovered from the non-minimally cou-
pled energy-momentum tensor, it would certainly not be
radiation.

Now, equation (12) can be unpacked as follows

a−3γ−1/2
{
−γ−1/2∂t

[
a3
(

1− 3H2

M2

)
∂tϕ

]
+a

(
1− 2Ḣ + 3H2

M2

)
∂i(γ

1/2γij∂jϕ)

}
= (Ḣ+2H2)ϕ,

(16)

where H = ȧ
a is the Hubble expansion parameter in cos-

mic time t. In terms of conformal time, the Hubble pa-
rameter is H = aH. Equation (16) is separable and we
set a solution of the form

ϕ(η, r, θ, φ) = f(η)g(r, θ, φ).

After the introduction of a separation constant −ω2 as
in (8), we find that the functions f(η) and g(r, θ, φ) are
given by

f ′′ + 2H
1− 3H′

a2M2

1− 3H2

a2M2

f ′+

+
H′ +H2 + ω2

[
1− 2H′+H2

a2M2

]
1− 3H2

a2M2

f = 0. (17)

∂i[γ
1/2γij∂jg(r, θ, φ)] + ω2γ1/2g(r, θ, φ) = 0. (18)

Equation (18) is the same as in (8). Therefore, the space-
dependent part of the solution is not modified by the
addition of the non-minimal derivative coupling, as ex-
pected by the fact that Gµν is maximally symmetric in
3-space. We can then completely recover the analysis of
[1] resulting in the same expression for g(r, θ, φ).

IV. PERTURBATIVE SOLUTION IN A
RADIATON-DOMINATED BACKGROUND

As we anticipated, we argue that the non-minimal
derivative coupling is subdominant, as it would be at late
times. To test whether p ∝ ρ, we assume the following
behaviour of the Hubble parameter:

H2 =
an0H

2
0

an
=⇒ H2 =

an
′

0 H2
0

an′ , (19)

where n > 0 and hence n′ = n− 2 and we set the initial
condition a(η0) = a(t0) = a0 = 1 so that H(η0) = H0

and H(t0) = H0, for initial times η0 and t0. We then
consider

ε = H2
0M

−2, ε� 1.

and seek a first-order perturbative solution to the non-
minimally coupled scalar field equation (12) of the form

ϕ = ϕ0 + εϕ1 = (f0 + εf1)g(r, θ, φ),

where f0 + εf1 is a first-order perturbative solution to
(17). To this purpose, it is convenient to introduce, as in
(7), the following rescaling for f

f =
u

a
=
u0 + εu1

a
.

The perturbative treatment of equation (17) then yields
the following equations for u0 and u1, at first order in ε

u′′0 + w2u0 = 0, (20)

u′′1 + ω2u1 =− H2

H2
0a

2
ω2(2 + n′)u0 + 3

H4

H2
0a

2

(
1 +

3n′

2

)
u0

− 6
H3

H2
0a

2

(
1 +

n′

2

)
u′0,

(21)

where we have also made use of the relation

H′ = −n
′

2
H2,

following from (19).
Equation (20) together with equation (18) imply that

the unperturbed term of our perturbative solution is pre-
cisely that of Mannheim and Kazanas for (2), namely

ϕ0 =
Nm
l

a(η)

(
cosωη
sinωη

)
jl(ωr)P

m
l (cos θ)

(
cosmφ
sinmφ

)
.

(22)
Of course, we had no reason to expect otherwise as (2)
is precisely recovered from (12) by setting ε = 0.

As for the perturbed term u1, we see that each of the
two modes of u0 will yield a different mode for u1, which
we denote by u11 and u12. Let us denote by q1(η) and
q2(η) the RHS of equation (21) for u0 = cosωη and u0 =
sinωη, respectively. Then, a general solution to (21) is
given, for i = 1, 2, by

u1i(η) = C1i cosωη + C2i sinωη+

+ ωsinωη

∫ η

η0

qi(s) cosωsds−

− ω cosωη

∫ η

η0

qi(s) sinωsds,

(23)

where the values of the constants are fixed by the fact
that for η → +∞ we expect to recover the unperturbed
solution. Thus,

C1i = ω

∫ +∞

η0

qi(s) sinωsds,

C2i = −ω
∫ +∞

η0

qi(s) cosωsds. (24)
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V. TESTING THE COSMOLOGICAL
ASSUMPTION

We now find a valid approximation for our perturbative
solution that will allow us to study the effect of the non-
minimal coupling on the energy-momentum tensor.

Making use of the Einstein field equations (13) together
with the expression for ρ in (10), we have that

H2 ∝ Gω4
(a0
a

)4
+O(ε),

In order to avoid quantum gravity regimes, we consider
G−1 � ω2. If we now set t = t0, we have

H2
0

ω2
∝ ω2G� 1 =⇒ ω � H0.

But H is a decreasing function of t so the previous rela-
tion actually holds for every t:

ω � H. (25)

We can use this to compare the three terms of hi(η):

− H
2

H2
0a

2
ω2(2 + n′)ω2u0 ∝

H2

a2
ω2 ∝ H2ω2

3
H4

H2
0a

2

(
1 +

3n′

2

)
u0 ∝

H4

a2
∝ a2H4

−6
H3

H2
0a

2

(
1 +

n′

2

)
u′0 ∝

H3

a2
ω ∝ aH3ω (26)

At first sight, we already realise that in account of condi-
tion (25) the first term in (26) dominates over the others
for t sufficiently close to t0 so that a(t) ≈ a(t0) = 1. For
increasing times, the other two terms will become larger
due to their dependence on the scale factor suggesting
that this approximation might fail eventually. However,
since we are takingG−1 to be various orders of magnitude
larger than ω2, we actually expect the regime of validity
of the approximation to extend even to times well into
the future.

Therefore, we restrict our attention to the regime of
validity of our approximation, and assume that the dif-
ferential equation (21) for u1 can be well approximated
by

u′′1 + ω2u1 ≈ −
H2

H2
0a

2
ω2(2 +m)u0. (27)

At this point, we can use (25) yet again in order to sim-
plify the calculations of the integrals in (23) and (24).
Indeed, from the fact that the frequency of oscillation
is large compared to the Hubble parameter follows that

H2 = H2

a2 is approximately constant over a period T of

oscillation. Therefore, in each period, H
2

a2 comes out of
the integral and what is left are the familiar integrals∫ ηj+T

ηj

cos2 ωsds =

∫ ηj+T

ηj

sin2 ωsds =
1

2
,∫ ηj+T

ηj

cosωs sinωsds = 0.

Breaking the whole integration interval into intervals of
width T and following this procedure on each of them
gives the following approximation for the required inte-
grals∫ η

η0

H2

a2
cos2 ωsds ≈

∫ η

η0

H2

a2
sin2 ωsds ≈ 1

2

∫ η

η0

H2

a2
ds,∫ η

η0

H2

a2
cosωs sinωsds ≈ 0. (28)

After these considerations, we find the values of the con-
stants to be

C11 = C22 = 0 ; C21 = −C12 =
n

n+ 2

ω

H0
.

Substituting in (23) and performing the integrals as in
(28) finally gives for the two modes of u1

u11 = − n

n+ 2

H

aH2
0

ω sinωη

u12 =
n

n+ 2

H

aH2
0

ω cosωη (29)

A. Incoherent averaging of the perturbed
energy-momentum tensor

We now study the appearance of the energy-
momentum tensor for our perturbative solution

ϕ(η, r, θ, φ) =

(
cosωη − ε n

n+2
Hω
aH2

0
sinωη

sinωη + ε n
n+2

Hω
aH2

0
cosωη

)
g(r, θ, φ)

a

(30)
in the region of validity of approximation (27). If we de-

note it by T̃µν , then from (13) in the perturbative setting
we get

T̃µν = Tµν + Θµν , ε� 1, (31)

Note that, since Θµν is already of first order in ε,

Θµν = 0Θµν +O(ε2),

where 0Θµν is calculated solely from the unperturbed
solution ϕ0. Thus, we can further set

T̃µν = Tµν + 0Θµν , ε� 1, (32)

In the case of Tµν , however, we do need to consider the
full peturbative solution. We proceed in a more general
way and consider a solution like (30) but with arbitrary
time-dependent modes v1 and v2, and we perform the in-
coherent averaging of [1], as explained before. By doing
so, all off-diagonal terms are found to vanish and the de-
pendence with respect to the space variables is removed
in exactly the same way as in [1] for the unperturbed solu-
tion. Indeed, this is a consequence only of the particular
space-dependence of the solution given by g(r, θ, φ) and
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does not involve its time-dependent part all. As for the
diagonal elements, we find

T tt =
ω2

4π2a4
[
(v21 + v22)ω2 + v′21 + v′22

]
T rr = T θθ = Tφφ =

ω2

12π2a4
[
− (v21 + v22)ω2

+ v′21 + v′22 − 2(v1v
′′
1 + v2v

′′
2 )
]
,

which, interestingly enough, is of the perfect fluid form.
In passing, we also note that by putting v1 = cosωη
and v2 = sinωη one recovers (10), as expected. Putting
instead the two modes in (30) and keeping only the terms
of leading order in ε (= H2

0M
−2), we find

T tt = ρ =
ω4

2πa4

(
1− nH2

2M2

)
T rr = T θθ = Tφφ = p =

ω4

2πa4

(
1

3
− nH2

2M2

)
. (33)

Note how in the limit M → ∞ we recover the radiation
fluid (10). We also see that at first order in ε

w = w(t) =
p

ρ
=

1

3
− nH2

3M2
, (34)

so that p 6∝ ρ.
The incoherent averaging of 0Θµν is also found to re-

duce it to a diagonal form. For all the non-diagonal el-
ements in (14) involving a product of two first covariant
derivatives of the field the vanishing of the off-diagonal
terms is obtained by the use of the same summation prop-
erties as in [1]. The only non-diagonal elements left are

ϕ0αµϕ0
α
ν ; ϕ0µνϕ0α

α.

The off-diagonal terms in ϕ0µνϕ0α
α are found to vanish

by the same properties after using that

ϕ0α
α = −R

6
ϕ0.

since ϕ0 is a solution to (2). Finally, the vanishing of
the off-diagonal elements in ϕ0αµϕ0

α
ν is obtained only

after having derived further summation properties ob-
tained simply by differentiation of the ones used in [1].
This is necessary in account of the new terms that ap-
pear when one considers a product of second covariant
derivatives, as is the case.

The calculation of the diagonal terms in 0Θµν , how-
ever, is found to be non-trivial as it requires further sum-
mation properties that cannot be obtained from the ones
in [1]. Although this exact calculation is left for future
work, we do realise that these elements will contain terms
that scale like different powers of the scale factor. This
means that the contribution of 0Θµν cannot cancel out
the perturbative term in (34). Therefore, the perturba-
tion in the energy-momentum tensor introduced by the
non-minimal coupling breaks the linear dependence when
ε = 0 between p and ρ.

VI. CONCLUSIONS

In this paper, we have investigated whether the pro-
portionality between p and ρ is a feature of the hydrody-
namical limit of a non-minimal derivatively coupled the-
ory of massless scalar fields. We have found that, even
when treated perturbatively, the non-minimal derivative
coupling not only rules out the possibility to recover a
radiative fluid, but it breaks the perfect fluid with p ∝ ρ
behaviour.

In future research, one would like to study whether a
general perfect fluid form can be recovered in any regime
for a non-minimal derivatively coupled massless scalar
field. If this was the case, one would aim to calculate its
equation of state and search for applications in realistic
cosmological scenarios.
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