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UNIVERSITY OF BARCELONA

Abstract

Polymers are ubiquitous in our everyday lives, presenting many industrial applications and

playing essential biological roles. For instance, DNA, proteins or polysaccharides (among many

others) can be considered polymers, usually referred to as biopolymers. Those polymers con-

taining a large number of charged groups are known as polyelectrolytes and they are frequently

classified in terms of their ionization properties strong (completely ionized) and weak (partially

ionized). In this thesis, I investigate different theoretical aspects of the conformational, ioniza-

tion, elastic and diffusive properties of weak polyelectrolytes and biopolymers using theoretical

and computational simulation techniques.

On the one hand, I focus in the complex interplay of the ionization and conformational degrees

of freedom of weak polyelectrolytes using the recently developed Site Binding Rotational Iso-

meric State (SBRIS) model. A new analytical technique, the Local Effective Interaction Parame-

ters (LEIP) method, is presented to solve the SBRIS model including long range intramolecular

electrostatic interactions. The model is validated against constant pH Monte Carlo (MC) simu-

lations. The SBRIS model is used to study the elastic response of a model weak polyelectrolyte.

A new force regime is found for which (i) the force-extension curves are significantly depen-

dent on the pH and the ionic strength values (ii) the polyelectrolyte charge is modified by the

stretching force. The conformational and elastic properties of the polyelectrolyte are observed

to be significantly affected by the presence of charge regulation.

On the other hand, I study the diffusive and ionization properties of biopolymers in solution

with a high concentration of macromolecules. These conditions, known as macromolecular

crowding, are characteristic of biological media where up to the 40% of the volume is occupied

by macromolecules. The diffusion of two globular proteins, α-chymiotrypsin and streptavidin,

is analyzed in different crowding conditions with Brownian Dynamics simulations. A new

coarse grained model is proposed, named as Chain Entanglement Softened Potential (CESP),

which is found to reproduce quantitatively the experimental data. I have investigated the effect

of macromolecular crowding in the binding and conformational properties of two Intrinsically

Disordered Proteins (IDPs), histatin-5 and β-amyloid 42, which are modelled using a bead and

spring model. The crowders are modelled using the CESP model mimicking Bovin Serum

Albumin (BSA). The IDPs global charge is found to exhibit significant variations when neutral

and charged crowders are added to the system.
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UNIVERSIDAD DE BARCELONA

Resumen

Los polı́meros son omnipresentes en nuestras vidas diarias, presentes en múltiples aplica-

ciones industriales e involucrados en procesos biológicos esenciales. Por ejemplo, el ADN,

las proteı́nas y los azúcares pueden ser considerados polı́meros, normalmente denominados

biopolı́meros. Los polı́meros con un gran número de grupos cargados se denominan polielec-

trolitos y son clasificados según su ionización como fuertes (totalmente ionizados) y débiles

(parcialmente ionizados). En esta tesis, investigo diferentes aspectos teóricos de las propiedades

conformacionales, elásticas, difusivas y de ionización de polielectrolitos débiles y biopolı́meros.

Por una parte, me centro en la compleja interacción entre los grados de libertad de ionización y

conformacionales de polielectrolitos débiles usando el modelo Site Binding Rotational Isomeric

State (SBRIS), recientemente desarrollado. Se introduce una nueva técnica analı́tica, el método

Local Effective Interaction Parameters (LEIP), para resolver el modelo SBRIS incluyendo las inter-

acciones electrostáticas intramoleculares de largo alcance. El modelo se valida comparándolo

con simulaciones Monte Carlo a pH constante. El modelo SBRIS se utiliza para estudiar la

respuesta elástica de un polielectrolito modelo. Se encuentra un nuevo régimen de fuerza en

el que (i) las curvas fuerza-extensión son significativamente dependientes del valor del pH y

la fuerza iónica (ii) la carga del polielectrolito es modificada por la fuerza de estiramiento. Se

observa que las propiedades conformacionales y elásticas del polielectrolito se ven significati-

vamente afectadas por la regulación de la carga.

Por otra parte, evalúo las propiedades diffusivas y de ionización de biopolı́meros en solución

con una elevada concentración de macromoleculas. Estas condiciones, conocidas como crowd-

ing macromolecular, son caracterı́sticas de los medios biológicos dónde hasta el 40% del vol-

umen está ocupado por macromoleculas. Se analiza la difusión de dos proteı́nas globulares,

α-chimiotripsina y estreptavidina, en diferentes condiciones de crowding macromolecular con

simulaciones de Dinámica Browniana. Un nuevo modelo de grano grueso es propuesto, nom-

brado Chain Entanglement Softened Potential (CESP), el cual reproduce cuantitativamente los

datos experimentales. Se ha investigado el efecto de la crowding macromolecular en las propieda-

des conformacionales y de ionización de dos proteı́nas intrı́nsicamente desordenadas (IDPs),

histi-dina-5 y β-amiloide 42, las cuales son modelizadas usando un modelo de cuentas y muelles.

Se agrega una alta concentración de albumina de suero bovino (BSA), modelizada con el mod-

elo CESP. Se encuentra que la carga global de las IDPs exhibe variaciones significativas cuando

macromoléculas neutras y cargadas son añadidas al sistema.

v
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UNIVERSITAT DE BARCELONA

Resum

Els polı́mers són omnipresents a la nostra vida diària, presents en múltiples aplicacions indus-

trials i involucrats en processos biològics essencials. Per exemple, l’ADN, les proteı̈nes i els

sucres poden ser considerats polı́mers, normalment denominats biopolı́mers. Aquells polı́mers

amb un gran nombre de grups carregats són coneguts com a polielectròlits i freqüentment clas-

sificats en termes de la seva ionització com a forts (completament ionizats) o febles (parcialment

ionizats). En aquesta tesi, investigo diferents aspectes teòrics de les propietats conformacionals,

elàstiques, difusives i d’ionització de polielectròlits febles i biopolı́mers.

Per un costat, em centro en la complexa interació entre els graus de llibertat d’ionització i con-

formacionals dels polielectròlits febles utilitzant el model Site Binding Rotational Isomeric State

(SBRIS), desenvolupat recentment. S’introdueix una nova tècnica analı́tica, el mètode Local

Effective Interaction Parameters (LEIP), per resoldre el model SBRIS incloent les interaccions elec-

troestàtiques intramoleculars de llarg abast. El model es valida comparant els resultats amb la

solució obtinguda per simulacions Monte Carlo a pH constant. El model SBRIS s’utilitza per es-

tudiar la resposta elàstica d’un polielectròlit model. Es troba un nou règim de força en el que (i)

les corbes força-extensió són significativament dependents del valor del pH i la força iònica (ii)

la càrrega del polielectròlit es modificada per la acció de la força d’estirament. S’observa que les

propietats conformacionals i elàstiques del polielectròlit es veuen significativament afectades

per la presència de fluctuacions en la càrrega.

Per l’altre costat, avaluo les propietats difusives i d’ionització de biopolı́mers en solució amb

una elevada concentració de macromolecules. Aquestes condicions, conegudes com crowding

macromolecular, son caracterı́stiques dels medis biologics on fins el 40% del volum es ocupat

per macromolecules. S’analitza la difusió de dues proteı̈nes globulars, α-chimiotripsina i estrep-

tavidina, en diferents condicions de crowding macromolecular amb simulacions de Dinàmica

Browniana. Es proposa un nou model de gra gruixut, anomenat Chain Entanglement Softened

Potential (CESP), el qual es trobat que reprodueix quantitativament les dades experimentals.

S’ha investigat l’efecte del crowding macromolecular en les propietats conformacionals i de pro-

tonació de dues proteı̈nes intrı́nsecament desordenades (IDPs), histidina-5 i β-amiloide 42, les

quals són representades amb un model de perles i motlles. S’agrega una alta concentració

d’albumina de sèrum bovı́ (BSA), que es modelitzada utilitzant el model CESP. Es troba que la

càrrega global de les IDPs exhibeix variacions significatives en afegir macromolècules neutres i

carregades al sistema.
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Chapter 1

Introduction

1.1 Polymer structure

1.1.1 Fundamental concepts

Polymers are molecules formed by a large number of atoms, i.e. they are macromolecules.

The distinctive feature of polymers is their chemical structure, which is formed by repeating

units known as monomers. For instance, the polymer with the simplest chemical structure is

polyethylene,

CH3 −CH2 −CH2 −CH2 − ...−CH2 −CH2 −CH3 = CH3 − (CH2)n −CH3, (1.1)

which is formed by n repeating units of its monomer CH2. Polymers are named after this con-

cept and the word polymer is combination of the greek terms polus πoλúζ (many) and meros

µερoζ (part). Polymers are ubiquitous in our daily life due to their unique physical properties

such as their toughness, high elasticity and viscoelasticity. Synthetic polymers (e.g. polyethy-

lene, polystyrene, polyvinyl chloride) are commonly used as manufacturing materials. Natural

polymers (i.e. biopolymers) such as DNA, proteins or polysaccharides are essential for living

organisms and play key biological roles1.

In solution, polymers frequently exhibit a characteristic dynamic structure2. Polymer confor-

mational properties are highly dependent on the medium conditions (solvent, salt concentra-

tion, temperature...) and chemical composition3. A particular spatial distribution of the poly-

mer atoms is known as a conformation. In solution, polymers usually are constantly rearrang-

ing the relative position of its atoms which yields to a huge number of different conformations.

1
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When the polymer does not have any preferred conformation is usually regarded as being in a

random coil conformation.

Possible conformations are, however, restricted by the polymer inner chemical geometrical re-

strictions. For instance, one can consider the simple case of polyethylene chain, illustrated in

Fig. 1.1. The monomer j has a covalent bond with its neighboring monomer j + 1. As a result,

the distance between j and j + 1 will be almost constant and, on average, equal to the bond

length l, with only very small thermal oscillations. This is also true for the angle formed by the

monomers j− 1, j and j+ 1 which also fluctuates around the bond angle θ. The relative position

between groups separated by three covalent bonds (e.g. the monomers j− 1 and j + 2 in Fig.

1.1) is usually measured by its dihedral angle φ. φ is the angle between the plane formed by the

first group and the central ones (yellow plane enclosing monomers j− 1, j and j + 1 in Fig. 1.1)

and the plane formed by the last group and the central ones (blue plane enclosing monomers

j, j + 1 and j + 2 in Fig. 1.1).

φ is usually dynamic due to thermal fluctuations and the polymer readily changes it by per-

forming rotations around the axis formed by each bond of its chain. As can be observed in

Fig. 1.2 (up), the polymer can change the relative position of the monomers j− 1 and j + 2 by

performing a rotation around the axis defined by the central bond i. In the case depicted in Fig.

1.2 (up), this rotation changes the phi-value from φ = 0° (cis conformation) to φ = 180° (trans

conformation).

FIGURE 1.1: Scheme illustrating the concepts of bond length l, bond angle θ and dihedral angle
φ for the particular case of a polyethylene chain. For a given monomer j, l is the equilibrium
distance between j and its first neighbours j± 1. θ is the equilibrium value of the angle formed
by j− 1, j and j + 1. φ is the angle between the planes formed by the central monomers and

their first neighboring monomers j− 1 (orange plane) and j + 2 (blue plane).
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The rotation of the dihedral angle is not free in general and it has an associated energetic

cost (torsional energy) due to factors such as excluded volume, electrostatic interaction, Van

der Waals forces or hydrogen bonds. An illustrative example of a torsional energy curve is

shown in Fig. 1.2 (down) for a bond i of polyethylene. Typically, the conformational states with

φ = 60, 180, 300 are of minimal energy since the groups are alternated. These states are known

as trans (φ = 180), gauche+ (φ = 60) and gauche- (φ = 300). Conversely, the conformations

where the groups are eclipsed (i.e. φ = 0, 120, 240) are usually states of maximum energy. Al-

though the bond conformation strongly determines its torsional energy, it also depends on the

conformation of the next (first, second,...) neighbouring bonds. In other words, bond confor-

mations are not independent. This is specially dramatic in polymers, where the rotation of the

dihedral angle can also be affected by long range intramolecular interactions (e.g. electrostatic

interactions or hydrogen bonds) involving distant groups of the chain. As a result, the confor-

mation of a given bond is not independent but highly coupled with the conformation of the

other bonds in the chain.

FIGURE 1.2: (Layout of polyethylene showing the torsional energy associated to the rotation
around the axis defined by bond i. The rotation changes the dihedral angle φ value from 0 (cis
conformation) to 180 (trans conformation). Typically, alternated conformations (gauche± and
trans) are states of minimum energy whereas eclipsed conformations are maximum energy

states.
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There are several magnitudes which measure the conformational properties of polymers. The

ones used throughout this thesis are illustrated in Fig. 1.3, again considering the simple exam-

ple of polyethylene. The magnitudes of study are the following : the end-to-end distance~r, the

radius of gyration Rg, the persistence length lp and the contour length LC.

The end-to-end distance~r measures the distance between the two ends of the polymer chain

(See Fig. 1.3). Considering the general case of a polymer with M bonds in its principal chain,~r

can be calculated as

~r =
M

∑
i=1

~li. (1.2)

where ~li is a vector with the same direction of the bond i and magnitude equal to the bond

length of i. However, the key magnitude that allows to quantify the polymer size is not~r but

the thermal average of its second moment < r2 >. Considering Eq. 1.2, < r2 > can be expressed

as

< r2 >=<~r ·~r >=
M

∑
i,j

<~li ·~lj >=
M

∑
i=1

<~l2
i > +2

M

∑
i=1

M

∑
j=i+1

<~li ·~lj > (1.3)

The polymer size can also be quantified with its radius of gyration, Rg, defined as the root mean

square distance of the monomers with its center-of-mass (C.M.)

R2
g =

1
M + 1

M

∑
i=1

< s2
i > (1.4)

where si is the distance between the group i and the C.M. (See Fig. 1.3). According to a theorem

due to Lagrange4, Eq. 1.4 can be rewritten as

R2
g =

1
(M + 1)2

M

∑
i<j

< r2
ij > (1.5)

where rij is the distance between the monomers i and j. Using Eq. 1.5, it can be proved that, for

a long enough chain (M → ∞) and identical bonds, < r2 > and R2
g are directly linked by the

relation

R2
g =

< r2 >

6
. (1.6)

The latter equation is valid for any polymer chain only subject to local constrains related to the

geometrical features of bond structure, and hindrances of rotation about bonds4. However, Eq.

1.6 is no longer applicable when long range intramolecular interactions are non-negligible (e.g.

in presence of electrostatic interactions between charged groups in the polymer chain).

A useful quantity to measure the chain stiffness is the persistence length lp, defined as the

average sum of the projections of all the bonds j ≥ i on bond i in an infinitely long chain (See
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Fig. 1.3). Considering the simple case of a polymer with bonds with an equal length l, lp reads

lp =
1
l

M

∑
i≤j

< li · lj >= l +
1
l

M

∑
j=i+1

< li · lj > . (1.7)

Comparing the last terms of Eqs. 1.3 and 1.7, one can relate < r2 > and lp. For a long enough

chain (M→ ∞), both equations can be combined, which yields to

< r2 >= Ml2 − 2Mlpl − 2Ml2 = Ml(2lp − l) (1.8)

or

lp =
< r2 >

2Ml
+

l
2

. (1.9)

For short polymer chains, end effects can be significant. As a result, the value of lp becomes

dependent of the first bond chosen in Eq. 1.7, thereby different for each bond of the chain.

The contour length LC is defined as the polymer maximum length, i.e. the polymer length when

its chain is totally extended (See Fig. 1.3). LC and < r2 > can be related using the expression

< r2 >= Mllk = LClk (1.10)

where lk defines the so-called Kuhn length of the polymer. lk can be understood as the length of

a ”super bond” linking different nodes of the polymer chain. The resulting chain composed of

the super bonds with length lk behaves, in an effective way, as the Freely Jointed Chain model,

which will be introduced in the next section. Eqs. 1.3 and 1.10 can be combined to prove that,

for a long enough chain, lk and lp are linked by

lk = 2lp − l. (1.11)
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FIGURE 1.3: Outline of the conformational magnitudes used and/or calculated throughout this
thesis: end-to-end distance~r, radius of gyration Rg, persistence length lp and contour length
LC. ~r measures the distance between the two chain ends. Rg measures the average distance
between the polymer center-of-mass (C.M.) and the polymer monomers. For a given bond i,
lp is the length necessary to found a bound whose conformational state is uncorrelated with
that of i. LC is the polymer maximum length, i.e. the polymer length when its chain is totally

extended.

1.1.2 Freely Jointed Chain model

The Freely Jointed Chain (FJC) model represents the polymer chain as a set of bonds with an

equal length lk, usually referred as Kuhn length. Each bond is represented as a vector~l which

joins two consecutive nodes of the polymer (i.e. monomers or atoms), as outlined in Fig. 1.4.

The direction of a given bond i,~li, is considered to be independent of the position of any other

bond~lj, i.e. all bonds are uncorrelated and

<~li ·~lj >= 0 ∀ i 6= j. (1.12)

This assumption implies that the directions of the bonds are fully uncorrelated. Moreover, the

bonds can inter-cross/overlap each other (for this reason, the FJC chain is also usually referred

to be a ”phantom” chain).
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As a result of considering that the bond directions are independent (Eq. 1.12), it follows from

Eq. 1.8 that the end-to-end distance < r2 >FJC for a FJC chain of M bonds can be straightfor-

wardly calculated as

< r2 >FJC= Ml2
k = LClk. (1.13)

where LC,FJC = Mlk is the countour length of a FJC. A natural consequence of Eq. 1.12 is that,

for the FJC model, the persistence length lp (Eq. 1.9) is equal to the bond length (Kuhn length)

lp,FJC = lk. (1.14)

FIGURE 1.4: Scheme illustrating the Freely Jointed Chain (FJC) model. In this model, all the
bonds are considered to have the same length lk, named Kuhn length. The direction of bond
i, ~li, is considered to be uncorrelated from the directions of the other bonds, which yields to

possible bond inter-crossing.

1.1.3 Freely Rotating Chain model

The Freely Rotating Chain (FRC) model improves the FJC and considers a chain that not only

has bonds with a fixed length l but also with a fixed bond angle θ (See Fig. 1.5). In the simple

case, the values of l and θ are considered to be constant and equal for all bonds. Moreover,

the torsional energy of each bond i is constant and all the dihedral angle φ values are equally-

probable (i.e. the rotation about i axis is free). However, unlike the FJC model, the directions

between the bonds are correlated due to the geometrical restriction of fixing θ. As can be ob-

served in 1.5, the rotation of the last bond is limited to the positions delimited by the blue

circumference.
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For a given bond i + 1, its projection on the preceding bond i is l cos(π− θ), as can be observed

in Fig. 1.5. In the same way, it is straightforward to find that the LC of FRC with M bonds is

given by

LC,FRC = Ml cos((π − θ)/2). (1.15)

Under the assumption of free rotation around i axis, the projections in directions perpendicular

to the bond direction average to zero. It follows that

<~li ·~li+k >= l2αk (1.16)

where α = cos(π − θ). For a long enough chain of M bonds, from Eqs. 1.8 and 1.16 it follows

that4

< r2 >FRC= Ml2 (1 + α)

(1− α)
. (1.17)

Direct comparison of Eqs. 1.10 and 1.17 shows that the Kuhn length for a FRC lk,FRC is equal to

lk,FRC = l
(1 + α)

(1− α)
. (1.18)

The persistence length of a FRC lp,FRC can be calculated as4,5

lp,FRC =
l cos ((π − θ)/2)

| ln(α)| (1.19)

FIGURE 1.5: Outline of the Freely Rotating Chain (FRC) model. Analogously to the FJC chain,
all bonds are considered to have the same bond length l. However, the FRC model goes one
step further to the FJC chain and considers a fixed bond angle θ between the bond vector~li and

its first neighbour ~li+1.
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1.1.4 Worm-like Chain model

The Worm-like Chain (WLC) model was firstly proposed by Porod and Kratky in 19496,7. In

this model, the polymer chain is represented as a string with a continuous curvature, the di-

rection at any point of the trajectory being random. It is particularly suited for describing the

conformational properties of semi-flexible polymers (stiff but with a certain torsion modulus),

although it use has not been restricted to them alone8.

The WLC model can be understood as the continuous curvature limit of the FRC model (See Fig.

1.6). In this limit, the polymer chain is indefinitely divided in M smaller fragments (M → ∞),

reducing the bond length l′ → 0 (and consequently increasing the bond angle value to θ′ → π)

but retaining the polymer maximum extension LC

lC,WLC = lim
l′→0,M→∞

Ml′, (1.20)

and persistence length lp,

lp,WLC = lim
l′→0,θ→π

l cos ((π − θ)/2)
| ln(α)| , (1.21)

as finite values, where α = cos(π− θ′). In this limit, the < r2 > for the FRC (Eq. 1.17) converges

to

< r2 >WLC= 2LClp
[
1− (lp/LC)(1− e−LC/lp

]
. (1.22)

which for an infinitely long chain (M→ ∞) yields to4

< r2 >WLC= 2lpLC. (1.23)

Direct comparison of Eqs. 1.13 and 1.23 shows that an infinitely long WLC has a Kuhn length

lk,WLC = 2lp.
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FIGURE 1.6: Layout illustrating the derivation of the Worm-Like Chain (WLC) model from the
FRC model. The WLC can be understood as the continuous curvature limit of the FRC model,
in which the bond length l′ → 0 and the bond angle θ′ → π, but keeping LC and lp constant.

1.1.5 Rotational Isomeric State model

The Rotational Isomeric State (RIS) model was firstly proposed by Flory4 as a natural improve-

ment of the FRC model. In the RIS model, the free rotation assumed in the FRC model is

replaced by the torsional energy of the bonds. The basic assumption of RIS model is that the

torsional energy can be introduced in a discrete way, considering only the more representative

rotational states. In the simplest case, only the states of minimum energy are considered, which

typically are trans, gauche+ and gauche- states (See Fig.1.2). A particular conformational state

can thus be defined by a set of variables {cj}, j = 3, ..., M − 1, where M is the number of the

bonds and its torsional free energy reads

FRIS({cj}) =
M−1

∑
j=3

F (cj) (1.24)

where F (cj) is the torsional energy of bond j in the rotational state cj. Then, the conformational

properties can be calculated applying the proper statistical weight to each conformational state

and averaging over all the possible conformational states.

The RIS model can be illustrated using the simple examples of butane and pentane molecules.

Butane molecule only has one dihedral angle φ, whose value changes when the central bond of
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the molecule is rotated, as can be observed in Fig. 1.7. The statistically predominant rotational

states of butane are those of minima energy: trans, gauche+ and gauche- states. Following the

RIS model the canonical partition function Z of butane reads4

Z(butane) = e−βF (t) + e−βF (g+) + e−βF (g-) = 1 + σ + σ (1.25)

where σ = exp(−βF (g)). The latter equality in Eq. 1.25 considers the trans conformation

as the energy origin. The energy of the two possible gauche conformations is equal due to the

symmetry of the rotation.

FIGURE 1.7: Qualitative layout of the butane torsional energy as a function of its single dihedral
angle φ, highlighting the more characteristic rotational states. σ denotes the Boltzmann factor

corresponding to the energy difference between the gauche states σ = exp(−βF (g)).
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The pentane molecule has one methylene group more than butane, and consequently two di-

hedral angles are necessary, as can be observed in Fig. 1.8. Again following the RIS approxima-

tion, one can consider that each φ can only adopt trans and gauche± states. Then, the pentane Z

can be calculated as

Z(pentane) = e−βF (t,t) + 2e−βF (t,g±) + 2e−βF (g±,t) + e−βF (g+,g+) + e−βF (g−,g−) + e−βF (g−,g+)

+ e−βF (g+,g−) = 1 + 4σ + 2σ2ψ + 2σ2ω

(1.26)

where F (φ1, φ2) is the torsional energy of the conformational state corresponding to the di-

hedral angles φ1 and φ2. The rotation around one bond is hindered by the excluded volume

of the neighbouring groups, thereby the conformational states of φ1 and φ2 are no longer in-

dependent. The later equality in Eq. 1.26 is obtained by splitting the energy two contribu-

tions: (i) the torsional energy of a single bond F (φ) in a φ conformation and (ii) the interac-

tion energy FI(φ1, φ2) between bonds 1 and 2 in the conformational states φ1 and φ2, respec-

tively. Then, for molecular symmetry, F (g+, g+) = F (g−, g−) = 2F (g) + FI(g+, g+) and

F (g+, g−) = F (g−, g+) = 2F (g) + FI(g+, g−). The corresponding statistical weights of

the interaction energies are ψ = exp(−βFI(g+, g+)) and ω = exp(−βFI(g+, g−)). The cho-

sen origin of energy is the conformation with the two rotating bonds in trans, F (t,t) = 0.

In principle, one could compute Z for molecules with an increasing number of methylene

groups following the same approach. In practice, the exponentially increasing number of possi-

ble conformational states requires a more efficient method than listing all the possible rotational

states. The transfer matrix method, borrowed from classical statistical mechanics9,10, allows to

FIGURE 1.8: Example illustrating the transfer matrix U for the pentane molecule, which has two
dihedral angles φ1 and φ2. Each element Uij contains the statistical weight corresponding to the
energy increment of the system in adding a bond in the state j given that previous bond is in the
state i where i, j = trans, gauche+ and gauche-. σ = exp(−βF (g)), ψ = exp(−βFI(g+, g+))
and ω = exp(−βFI(g+, g−)) are the statistical weight corresponding to gauche state torsional
energy F (g) and the interaction energies FI(g+, g+)) and FI(g+, g−)) of having two neigh-

boring bonds in the same/opposite gauche state, respectively.
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readily obtain the Z of polymer linear chain with M groups if Z for the same polymer but with

M− 1 groups is known.

For instance, following with the previous examples, Z(pentane) can be directly calculated from

Z(butane) using the transfer matrix framework as

Z(pentane) = ~Z(butane)U~E = 1 + 4σ + 2σ2ψ + 2σ2ω (1.27)

where ~E =
(

1 1 1
)T

is the ending vector, which sums over all the possible final terms, and

~Z(butane) =
(

1 σ σ
)

is a vector whose elements are each of the terms of the butane Z (Eq.

1.25). U is the transfer matrix, which in this case, reads

U =




1 σ σ

1 σψ σω

1 σω σψ


 . (1.28)

Each element Uij contains the statistical weight corresponding to the energy increment when a

new bond in the state j is ”added” to the system given that the previous bond is in the state i,

as outlined in Fig. 1.8. For instance, the element U23 = σω corresponds to the energy variation

associated to add a new bond in gauche-, which has a torsional energy of σ = exp(−βF (g)),

given that the previous bond is in gauche+. The Boltzmann factor associated to the interaction

energy is ω = exp(−βFI(g+, g−)).

The transfer matrix method allows to compute Z of linear molecules with any number of

methylene groups (butane, pentane, hexane, heptane...). Considering only first neighbour cor-

relations, the Z of a polyethylene chain with M bonds in its backbone reads4

Z = ~IUM−2~E (1.29)

where~I =
(

1 0 0
)

and the origin of energy has been settled to the conformation of maximum

extension, i.e. all bonds in trans conformation. By replacing M = 3 and M = 4 in Eq. 1.29,

one can easily calculate Z(butane) (Eq.1.25) and Z(pentane) (Eq. 1.26), respectively. For a

sufficiently large number of methylene groups, one obtains the polyethylene polymer chain

(Eq. 1.1).

Despite here introduced for the case of polyethylene, the definition of U in the form of Eq.

1.28 is valid for any symmetric aliphatic carbon chain with rotational states equal to trans,

gauche+, and gauche-. For asymmetric chains, proper transfer matrix can also be defined. In

fact, RIS model can be applied to a wide variety of linear polymers such as polyoxyethylene,

polyethyleneimine or polypropylene4,11. The inclusion of polymers with monomers composed
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of more than one chemical group or with tacticity (in the case of asymmetric chains) needs of

to the definition of more than one transfer matrix per monomer. In these cases, the product in

Eq. 1.27 must be generalized, so that

Z = ~I
M−2

∏ Ui~E. (1.30)

Moreover, the RIS model is not restricted to only consider three rotational states but it can take

into account any number of rotational states.

In general, the expression for the RIS model for the < r2 > of a polymer chain with M bonds

reads4

< r2 > (RIS) =
M

∑
i=1

l2
i + 2Z−1~I

M

∑
i<j

Ui−1
1 (Eν ×~lT

i )× [(U× E3)||T||]j−i
i (Eν ×~lj)U

M−j
j

~E (1.31)

where Eν is the unit matrix of size ν,~li is the vector pointing in the same direction than the bond

i with magnitude equal to the bond length li and × is the direct product of the matrices. Ti is a

transformation matrix which which transforms the coordinates of~li+1 to the reference frame of

bond~li and it is given by

Ti =




cos(π − θi) sin(π − θi) 0

sin(π − θi) cos(φi) − cos(θi) cos(φi) sin(φi)

sin(π − θi) sin(φi) − cos(π − θi) sin(φi) − cos(φi)


 , (1.32)

where θi is the bond angle between bonds i and i + 1 and φi is the dihedral angle governing the

rotation around bond i. The radius of gyration and the persistence length can also be calculated

using the RIS model using expressions similar to Eq. 1.31 that can be found in the Chapter IV

of Ref.4.

1.2 Polyelectrolyte ionization

1.2.1 Fundamental concepts

Within polymer macromolecules, the ones with monomers holding charged groups, commonly

known as polyelectrolytes, exhibit unique technological applications and biological roles very

different from their neutral counterparts12. The unique features of polyelectrolytes make them

excellent as glues, binders, thickeners, additives to ceramic glaze and as stabilizing agents in

inks, photography, and lithographic processes13. Polyelectrolyte conformational properties are

greatly influenced by the long-ranged electrostatic generated by the polyelectrolyte charged
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groups14–17. It is important to note that these electrostatic interactions can be intramolecular

(between the charged groups in the polyelectrolyte chain) and intermolecular (between the

charged polyelectrolyte groups and the other charged species in solution). Moreover, the large

number of charged groups in polyelectrolytes produces unique electrostatic-based phenomena

not observed in small ions. For instance, polyelectrolytes attract a significant fraction of small

counter-ions in their nearby, phenomenon known as counterion condensation18.

In turn, polyelectrolytes can be classified in terms of the dissociation of their acid/base groups

in solution. In an analogous way to strong acids/bases, strong polyelectrolytes completely

dissociate in solution. An illustrative example is the ionization of a polyanion composed of

monomers with a strong acid groups, as depicted in Fig. 1.9. When dissolved, each acid group

of the polyanion dissociates following the chemical equation

−HA→ −A− + H+ (1.33)

where HA/A− are the protonated/unprotonated forms of the acid group and H+ is a proton.

For a strong polyelectrolyte, this chemical reaction is fully shifted to its right side; so the polyan-

ion is always completely dissociated, at least at reasonable pH values. Several examples can be

found of polymers that are strong polyelectrolytes, both from synthetic (e.g. polyDADMAC)

and natural (e.g. DNA) sources.

In a similar way as weak acids/bases, weak polyelectrolytes are only partially dissociated in

solution19. Their ionization is dynamic and highly depending on factors such as the tempera-

ture, the concentration of binding species (e.g. protons or metals), salt concentration or external

fields20–26. For instance, in the case of a weak polyanion in aqueous solution, its weak acid

FIGURE 1.9: Outline of the two different ionization behaviours of polyelectrolytes in solution,
illustrated for the case of a polyacid. Strong polyelectrolytes completely dissociate in solution
while weak polyelectrolyte only have a partial dissociation, holding both uncharged (blue)
and charged (red) acid/base groups. The acid/base groups of weak polyelectrolytes have a

dynamic binding equilibrium, which is governed by the acid equilibrium constant Ka.
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groups dynamically bind/unbind protons (See Fig. 1.9) following the chemical equilibrium

−HA↔ −A− + H+. (1.34)

In the absence of interactions, the equilibrium is governed by its intrinsic equilibrium acid

constant, Ka, which can be calculated as

Ka =
aH aA

aHA
= K−1. (1.35)

where aHA, aH and aA are the the chemical activities of the species HA, H+ and A−, respectively.

Note that Ka is the inverse of the proton binding constant, K. Both equilibrium constants are

usually expressed in logarithmic units log(K) = − log(Ka) = pKa to be compared with the pH-

value, pH = − log(aH). An example of a synthetic weak polyelectrolyte is linear poly(ethylene-

imine),

NH3 − (CH2 −CH2 −NH2)n −CH2 −CH2 −NH3, (1.36)

and many examples can be also found in biopolymers belonging to proteins or polysaccharide

families.

The dynamic nature of the binding equilibrium implies that weak polyelectrolytes can mod-

ulate its charge in response to external physicochemical perturbations such as pH variations,

changes in the salt concentration, interaction with other macromolecules in solution or external

fields. This phenomenon is known as Charge Regulation12,27, and it is ubiquitous in a wide

range of processes such as protein–protein28 and protein-surface interactions29, the stability of

colloidal systems and nanoparticle coating30,31 and receptor-ligand interactions in biochemical

systems32 among many others.

For weak polyelectrolytes conformational and binding degrees of freedom are highly coupled:

a change in the pH-value alters the polyelectrolyte charge which in turn can induce dramatic

structural changes in the macromolecule16,17. A classical example of this phenomenon is the

swelling of poly(methacrylic) acid in a very narrow range of pH33. The coupling between

ionization and conformation is fundamental in biopolymers. For instance, it can be observed

in the helix–coil transitions of poly(peptides)34 or in the strong influence of ionization in the

folding of proteins35. Recently, the ionization and configuration coupling have been found to

be specially important in proteins with disordered regions or entirely disordered, known as

Intrinsically Disordered Proteins (IDPs)36,37.

The ionization of a weak polyelectrolyte is typically characterized by measuring the polyelec-

trolyte degree of ionization θ. For a polyelectrolyte with N ionizable groups, θ quantifies the
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ratio of charged groups of the polyelectrolyte and it reads

θ =
< NC >

N
, (1.37)

where < NC > is the average number of charged groups. In the ideal case where electrostatic

interactions are absent, the corresponding ideal degree of ionization θID can be calculated from

the well-known Henderson-Hasselbalch equation. For the simple case of a polyacid composed

by identical binding sites, θID reads

θID =
cA−

cHA + cA−
=

10 pKa−pH

1 + 10 pKa−pH . (1.38)

where ci (i = A−, HA) is the ”concentration” of i. For the case of a polyacid with N different

independent binding sites, Eq. 1.38 can be extended summing the contribution of each site as

θID =
1
N

N

∑
i=1

10 pKa,i−pH

1 + 10 pKa,i−pH . (1.39)

where pKa,i is the acid equilibrium constant of the site of type i. In general, electrostatic interac-

tions, both intermolecular and specially intramolecular, can not be neglected and the value of θ

is different from the ideal value θID.

Those deviations from ideality can by quantified in terms of the effective protonation constant

Kc, which estimates the average affinity of the macromolecular sites for the protons. Kc can be

calculated generalizing the Henderson-Hasselbalch as

logKc(pH, I, ...) = pH + log
(

θ

1− θ

)
, (1.40)

where log(K) = pKa has been used. For the ideal case where electrostatic interactions are

negligible, logKc is constant with a value equal to the intrinsic acid constant pKa. However, in

general, logKc depends on the pH-value, the ionic strength of the medium I and the interaction

of the polyelectrolyte with other charged species present

Finally, the propensity of a species to bind/unbind to the polyelectrolyte can be quantified in

terms of its binding capacity C. C is defined as the variance of the probability distribution of

NC and reads28,38

C =
dθ

d ln aH
=
〈
(NC − Nθ)2

〉
. (1.41)

As can be observed in Eq. 1.41, C is directly proportional to the fluctuation in the charge of the

weak polyelectrolyte. The Fluctuation-Dissipation theorem dictates that, given that a system

obeys detailed balance, the fluctuations of a physical variable predict the response quantified
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by the impedance of the same physical variable. Thus, C can be used as an indicator to pinpoint

the conditions where it is more feasible to observe charge regulation.

1.2.2 Site Binding model

Ionization processes have been mainly rationalized using the so-called Site Binding (SB) model.

In this model, the polyelectrolyte is defined as a set of sites, whose ionization state can change

by binding/unbinding chemical species.23 No delocalization of proton binding is thus consid-

ered. In a similar way to the classical Ising model for ferromagnets, the ionization state of each

site i is defined by the state variable si, so the complete set {si}, i = 1, ..., N, where N is the total

number of binding sites, defines all the possible ionization microstates of the polyelectrolyte.

When the SB method is applied to proton binding, si take two possible values: si = 0 (site i

unprotonated) or si = 1 (site i protonated). In the SB model, the electrostatic interactions are

divided in ”clusters” grouping pairwise interactions, triplet interactions, quadruplet interac-

tions etc. In this way, the free energy of the system FSB is commonly written as the cluster

expansion14,16,26

βFSB({si})
ln 10

=
N

∑
i=1

µisi +
N−1

∑
i,j

φij sisj +
N−2

∑
i,j,k

λijk sisjsk..., (1.42)

where µi = pH− pKa,i = − log (KaaH) is the reduced chemical potential of the ionizable site

i, which depends on the proton activity, aH, and the intrinsic acidic equilibrium constant of the

site i, pKi. The term ”reduced” refers to the fact that the chemical potential incorporates both

the pH-value and pKi. In using the cluster expansion, the electrostatic interactions between

charged sites are calculated by means of their corresponding cluster parameters, for instance:

φij is the pairwise interaction energy between sites i and j and λijk is the triplet interaction

energy between sites i, j and k. In principle, one could extend the cluster expansion until the

exact limit of considering the Nth-interactions in the polyelectrolyte chain. However, the main

advantage of the cluster expansion is that it converges to the exact value of the free energy very

quickly with only a few terms in Eq. 1.42.14,23,26 The interaction (or cluster) parameters are

usually expressed in thermal units, i.e., β = 1/kBT = 1, and divided by a factor ln 10 in order

to be compared in the pH scale. In the SB model, the conformational degrees of freedom are

disregarded so these cluster parameters should be understood as averages over the possible

bond rotations.16

With the free energy (Eq. 1.42) so defined, the machinery of statistical mechanics can be used

to quantify mesoscopic quantities such as the polyelectrolyte titration curves, macroscopic pro-

tonation constants, site–site binding correlations and many others20,21,23,25,26,39,40. The proper
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statistical ensemble to be used is the semi-grand canonical ensemble, where the system is con-

sidered to be in equilibrium with a reservoir that keeps aH constant. The corresponding semi-

grand canonical function reads26

Ξ = ∑
{si}

an
HeβF (SB) (1.43)

Once Ξ is computed, the thermal averages can be readily computed. For instance, the average

degree of ionization θ (Eq. 1.37) can be calculated as

θ =
aH

N

(
∂ ln Ξ
∂aH

)
. (1.44)

In order to illustrate the SB model, one can consider the paradigmatic case of the proton bind-

ing/unbinding to a linear weak polyelectrolyte, such as polyethyleneimine (Eq. 1.36). For

simplicity, one can consider that all the binding sites identical and only first neighboring elec-

trostatic interactions are present, as depicted in Fig. 1.10. In this case, the free energy of the

system is then given by16,17,26

βFSB({si})
ln 10

=
N

∑
i=1

µsi +
N−1

∑
i=1

φ sisi+1, (1.45)

where µ is the reduced chemical potential of the sites and φ is the first neighbour interaction

parameter. In an analogous way of the one presented for RIS model in section 1.1.5, in this

simple case the transfer method can be used to compute the semi-grand canonical function Ξ

of this system. Firstly, one defines a partition (file) vector ~ΞN , whose elements are the partition

functions of the chain with N sites with the last state variable sN constrained to a particular

value. The partition function of a polyelectrolyte chain with N + 1 sites ΞN+1 can be calculated

FIGURE 1.10: Outline of the Site Binding (SB) model corresponding to a linear weak poly-
electrolyte chain with identical sites, when only neighboring interactions are considered. The
system resembles polyethyleneimine (Eq. 1.36), a weak polycation. The polyelectrolyte is mod-
elled as a set of binding sites, each site i having with two possible binding states si: protonated
(red) or unprotonated (blue). The corresponding transfer matrix of the system U depends on

the protonation energy z and the first neighbor interaction u.
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using the transfer matrix method9,10, as follows

ΞN+1 = ~ΞNV. (1.46)

The corresponding transfer matrix V can be found by inspection of Eq. 1.45

V =

(
1 z

1 zu

)
, (1.47)

where z = exp(−βµ) and u = exp(−βφ) are the statistical weights corresponding to the proto-

nation and first neighbour interaction energies, respectively. Each element in V stands for the

energy increment in the system in adding a site i + 1 in a particular state si+1 if the previous

site i is in the state si, as outlined in Fig. 1.10. Using the recursive relation presented in Eq. 1.46,

one can compute the semi-grand canonical of a polyelectrolyte with N sites as

Ξ = ~IVN~E (1.48)

where~I =
(

1 0
)

and ~E =
(

1 1
)T

.

The SB model is not restricted to proton binding but it can be adapted to include a wide

range of phenomena such as chelate complexation of metal ions23, proton binding to polyam-

pholytes20,41, super-capacitator charging42 or protein-DNA binding43. The model can also be

extended to take into account long-range electrostatic interactions in a approximate way17.

1.3 Single-chain polymer elasticity

1.3.1 Fundamental concepts

The elastic response of a single polymer chain has been object of interest for decades due to its

implications in the mechanical properties of polymeric materials. For many time, direct mea-

surement of the elastic response of a single chain was unfeasible, and the field was mainly re-

stricted to theoretical considerations8. However, the recent development of methods to manip-

ulate single-molecules has allowed to obtain direct measurements of the mechanical response of

single polymer chains54. These techniques require two basic elements: (i) a probe that can gen-

erate and detect forces and displacements, and (ii) a method for spatially locating the molecules.

The typical scenario in the stretching of a single-chain is displayed in Fig. 1.11 for a polyethy-

lene chain. Firstly, one end of the polymer chain is chemically attached to a surface. Then,

the mechanical force ~F necessary to maintain a given polymer extension in the direction of the
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force Lz is measured. By convention, ~F is typically considered to have the same direction that

the laboratory z-axis and perpendicular to the surface to which the chain is attached. It is im-

portant not to confuse Lz with the polymer contour length LC (See Fig. 1.3). LC is defined as

the polymer maximum length and it is strictly only equal to Lz at the infinite force limit, when

the polymer chain is completely extended.

Various techniques have been used for the study of single-molecule stretching, with detectable

forces ranging from femtonewtons to a few nanonewtons.55 The more common tools are me-

chanical transducers and external field manipulators. On the one hand, mechanical transduc-

ers, for instance Atomic Force Microscopy56,57 (AFM), apply or sense forces through the dis-

placement of a bendable beam. On the other hand, external field manipulators, for example

optical tweezers58,59, can be used to exert forces on macromolecules either by acting on the

molecules themselves or by exerting forces through “handles” attached to the molecules. These

experiments have proved that some chemical reactions can be induced by stretching a molecule,

leading to the creation of the field of mechano-chemistry. For instance, AFM have proven that

single-molecule stretching can affect enzyme catalysis60, induce cis-to-trans isomerization of

carbon-carbon double bonds61 or produce surface desorption of polypeptides62,63.

FIGURE 1.11: Outline of a single-chain stretching experiment, illustrated for the case of a
polyethylene chain. One end of the chain is chemically attached to a surface, and the me-
chanical force ~F necessary to fix a given polymer extension in the direction of the force, Lz,
is measured. By convention, ~F is tipically considered to act along the laboratory z-axis and

perpendicular to the surface.

1.3.2 Force regimes in the force-extension response

The polymer force-extension response has been found to exhibit a rich scaling behaviour which

depends on the force regime and, in general, it cannot be fitted to a single model in the full force



Introduction 22

range. Instead, in each force regime the polymer has a preferred model description, as outlined

in Fig. 1.12.

At very small forces, the elastic response of the polymer chain follows the well-known clas-

sical entropic spring model. This model basis relies in the idea that the mechanical force is

acting against the thermal fluctuations of the polymer. The force/extension curve, which can

be derived from the fluctuation-dissipation theorem, reads8

Lz =< r2 > βF ≈ Ml2
k

3
βF (1.49)

where β = 1/(kBT) is the inverse of the thermal energy, with kB as the Boltzmann constant and

T as the absolute temperature. This force regime is known as the linear response regime of the

polymer chain, and it is usually valid for F < β−1/ < r >. De Gennes67 proved that Eq. 1.49

can be extended to consider ”swollen” polymer chains, i.e. chains whose self-crossing is not

FIGURE 1.12: Outline of the typical force regimes observed in the force/extension curve of a
single polymer chain. At low forces (F < β−1/ < r >) the polymer exhibits a linear stretching
response (Eq. 1.49)8. At intermediate forces (β−1/ < r > < F < β−1/lK), it behaves as a
chain of blobs, with a characteristic size lB, which acts as a swollen random walk but keeping
the blob chain in the direction of force following a Pincus scaling (Eq. 1.51)64,65. At high forces
(F > β−1/lK), the polymer is well represented by the WLC model and it follows the Marko-

Siggia scaling (Eq. 1.52)66

.
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negligible, leading to the prediction

Lz =< r2 > βF ≈ M6/5l2
k

3
βF (1.50)

Pincus64,65 found an intermediate force regime (β−1/ < r > < F < β−1/lK), where the

force/extension curve deviates from the linear regime. In this regime, the polymer acts as a

chain of blobs with a characteristic size lB. At length scales shorter than lB, each blob acts as a

swollen random walk but the blob chain is pulled in the direction of force. This model predicts

the force-extension scaling law

Lz ∼ F1/ν−1. (1.51)

At higher forces (F > β−1/lK), the Marko-Siggia elastic model66 fits the stretching response of

a variety of polymers in which electrostatic interactions are either missing or negligible.8. The

Marko-Siggia model relies in a WLC description of the polymer, with exponential backbone

correlations. In the high-force limit, the force-extension expression for the Marko-Siggia model

reads

Lz(WLC) ≈ LC

(
1−

√
1

β4Flp

)
. (1.52)

It also worth to mention that an expression, in principle valid in the full force regime, can also

be derived for the FJC model using basic statistical mechanics68

Lz(FJC) = LC

(
coth(βFlk)−

1
βFlk

)
. (1.53)

One can note that at the low force limit (F → 0), the linear regime is recovered (Eq. 1.49). At

high forces (F → ∞), Eq. 1.53 can be approximated as

Lz(FJC) ≈ LC

(
1− 1

βFlk

)
. (1.54)

It can be noted that FJC (Eq. 1.54) and WLC (Eq. 1.52) have different predictions for the

force/extension curve. It is also worth noting that in FJC and WLC models one does not con-

sider the torsional energy involved in the rotation of the dihedral angles of the bonds. For

flexible polymer chains, the elastic response of the chain is dependent on its conformational

properties, as it will be assessed in forthcoming chapters of this thesis.

The models above mentioned only account for short range interactions (chain self-crossings)

and can not be applied to polyelectrolytes, where the long-ranged electrostatic forces can not

be neglected. The presence of electrostatic forces produces new elastic regimes for polyelec-

trolytes, which strongly deviate from the FJC and WLC models.71 Further, the polyelectrolyte
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elastic response is affected by different factors which are not relevant in the stretching of neu-

tral chains. For instance, experiments with single-stranded nucleic acids (ss-DNA and ss-

RNA) have shown that polyelectrolyte force/extension curves are highly dependent on the

valence and concentration of the counterions58,59,72–76. Recent Monte Carlo simulations77,78,

have shown two elastic regimes for polyelectrolytes. At low forces, the polyelectrolyte behaves

as a set of swollen electrostatic blobs on a long length scale, while at high forces a short length,

ion-stabilitzed, crumpling structure is detected77–80. These findings have motivated the devel-

opment of the ”snake chain model”79,81, which seemingly explains well both elastic regimes.

1.4 Macromolecular crowding

1.4.1 Fundamental concepts

In biological media, although the concentration of a single macromolecule is usually low, there

is a high total concentration of macromolecules (e.g. proteins, polysaccharides, etc.) surround-

ing the biopolymer. The term ”macromolecular crowding” has been coined to refer to these

heterogeneous and concentrated solutions of macromolecules82. For instance, the weight frac-

tion of protein is around 5% in lymph, 9% in blood plasma and 35% in hemolysate83,84. In

general, macromolecular crowding occupies around 30–40% of the volume cellular cytosol85.

In the recent years, the study of biopolymer reactivity, dynamics and structural properties in

crowded media has attracted an increasing interest84,85. The relevance of such studies was

firstly highlighted by Laurent86: the natural medium where biopolymers carry out their bi-

ological functions is very different of the classic in vitro experiment. The general scenario is

depicted in Fig. 1.13 where a hypothetical biopolymer (grey circles) in solution with small ions

(red and green circles) can be found in the left-hand panel. This ”ideal” situation is only real-

istic in in vitro studies and it is far from the real situation when it is in biological media, where

there is a high macromolecular concentration (right panel in Fig. 1.13).

Macromolecular crowding substantially alters the reactivity82,84–90, conformational properties91–96

and diffusion processes97–105 of biopolymers. These changes are produced by non-specific in-

teractions among macromolecular species due to excluded volume, Van der Waals, electrostatic

and hydrodynamic interactions.

For instance, the impact of macromolecular crowding in enzymatic reactions has been mainly

rationalized with thermodynamic models relying on the excluded volume effect82,84,86. For in-

stance, the velocity of some enzymatic reactions is increased when carried out in macromolec-

ular crowding conditions. This is explained as a cage effect due to an effective increase in the
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reactants concentration caused by the excluded volume of the crowders. Moreover, recent stud-

ies highlight that the effect of macromolecular crowding in enzymatic reactivity also depends

on the relative enzyme-crowder size ratio87,89.

Macromolecular crowding is also known to present significant influence on the conformational

stability of biopolymers95. In general, macromolecular crowding stabilizes compact conforma-

tions of the macromolecules due to volume exclusion. However, in the case of proteins without

a well-defined structure, the so-called Intrinsically Disordered Proteins (IDPs), crowding af-

fects their structure in a highly heterogeneous manner91–96. In fact, regarding their response

to crowding, IDPs have been classified as foldable (fold upon crowding), unfoldable (extend

upon crowding) and non-foldable (mostly unaffected upon crowding)95. This variability sug-

gests that other IDP-crowder interactions in addition to the exclusion volume may be necessary

to rationalize these systems.

1.4.2 Polymer diffusion in crowded media

Polymer diffusion in crowded media is known to be different than that observed in dilute con-

ditions100,101,106. Crowder particles slow down the tracer polymer diffusion due to volume

exclusion and hydrodynamic interaction leading to different diffusive regimes. In this section,

the fundamental notions of diffusion in dilute and crowded media are briefly outlined.

FIGURE 1.13: Scheme of macromolecular crowding. A hypothetical biopolymer is depicted as
a set of grey circles together with small ions (red and green circles). Two different situations are
shown: (left) the biopolymer is in a ”dilute” solution, typical of in vitro experiments and (right)
the biopolymer is surrounded other biopolymers, referred to as macromolecular crowding,

which is the usual scenario in biological media.
.
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Polymer motion in dilute solution follows the well-known random walk or Brownian dynam-

ics107, which is illustrated in Fig. 1.14. This motion results from the isotropic collisions of the

polymer with the solvent molecules, which produce the polymer movements to be erratic and

random. The classical magnitude to measure the polymer motion is the mean square displace-

ment < r2
MSD(t) >, which is the second moment of the difference between the polymer initial

position and its position at the measure time t. In dilute solution, < r2
MSD(t) > follows the

well-known Einstein-Smoluchowski relation

< r2
MSD(t) >= 2dD0t, (1.55)

where d is the topological dimension of the system and D0 is the diffusion coefficient of the

polymer in dilute solution. Considering the polymer a spherical particle in a Newtonian fluid,

D0 can be calculated by means of the Stokes-Einstein equation

D0 =
kBT

6πηRH
, (1.56)

where η is the solvent viscosity and RH is the hydrodynamic radius of the particle. Note that

D0 only depend on the medium conditions (η and T) and the particle dimensions (RH) but it is

independent of the time of measure.

When macromolecular crowding is present, the situation changes and the polymer diffusion

coefficient D is no longer constant over time100,101,106. As outlined in Fig. 1.15, in this situation

the diffusion coefficient has three different temporal regimes: (i) at short times, the diffusion

coefficient has a constant value Dshort; (ii) at intermediate times, D decays over time and (iii)

FIGURE 1.14: Graphical scheme illustrating the motion of a generic polymer (purple circle) in
solution. The polymer follows a random (brownian) walk due to the isotropic collisions with
the solvent. Typically, the polymer diffusion is quantified measuring the displacement rMSD
from the polymer position at the measure time t to its position at the initial time t = 0. rMSD
is directly proportional to the polymer diffusion coefficient D, and follows the well known

Einstein-Smoluchowski relation (Eq. 1.55).
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at long times, the diffusion coefficient reaches a stationary value Dlong. The physical reason for

such transition can be explained as follows.

The situation at short times is depicted in the panel 1 in Fig. 1.15. The polymer tracer particle

(purple circle) is still close to its original position (dashed circle) and it has still not collided with

any crowder particle (purple circles). As a first intuition, one would naively expect the diffusion

coefficient at these times to be equal to its dilute (ideal) value Dshort = D0. However, this is

not generally true since the crowders influence the polymer motion through Hydrodynamic

Interactions (HI)108–111. HI are solvent-mediated tracer-crowder interactions due to the solvent

fluxes originated by the motion of the crowders. Dshort can be estimated using the analytical

expression derived by Tokuyama108. It assumes a solution of equal-sized spherical brownian

particles interacting through mean field HI:

Dshort(φ) =
D0

[1 + H(φ)]
; H(φ) =

2b2

1− b
− c

1 + 2c
− bc(2 + c)

(1 + c)(1− b + c)
, (1.57)

where φ is the volume fraction occupied by the crowders, H(φ) is the contribution due to the

HI, only valid in the short-time regime, b =
√

9
8 φ and c = 11

16 φ.

At intermediate times, the tracer particles start to collide with the crowders in the nearby (See

panel 2 in Fig. 1.15). In this transition regime, the polymer motion deviates from the Einstein-

Smoluchowski equation and its diffusion is called anomalous diffusion. Under these condi-

tions, diffusion is described by a generalization of the Einstein-Smoluchowski equation (Eq.

FIGURE 1.15: Scheme outlining the different temporal regimes of the diffusion coefficient D of
a polymer in a crowded media. D undergoes a transition from a constant value at short times,

Dshort, to a different constant value at long times Dlong

.
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1.55), which reads100,101,106

< r2 >= (2d)Γαtα. (1.58)

This is formally equivalent to having a diffusion coefficient that is not constant on time112:

D(t) =
Γtα−1

2d
, (1.59)

where α is the anomalous diffusion exponent and Γα is a generalized transport coefficient. The

value of α allows to differentiate between the two different types of anomalous diffusion: super-

diffusive (α > 1) and sub-diffusive (α < 1). Macromolecular crowding is known to produce

only sub-diffusive behaviour97,98,100,101,104. For α = 1, the Einstein-Smoluchowski equation (Eq.

1.55) is recovered.

Finally, at long times, the polymer motion is stationary and the diffusion coefficient reaches an

asymptotic value Dlong (See panel 3 in Fig. 1.15). At long times, one observes the ”average”

motion of the particle, impeded by the crowded particles. A mean field analytical expression

for Dlong has also been derived by Tokuyama109,110, under the same assumptions used to derive

Eq. 1.57, which reads

Dlong(φ) =
Dshort(φ)

[
1 + κ

Dshort(φ)
D0

(
φ

φc

)(
1− φ

φc

)−2]
,

(1.60)

where κ and φc are parameters with values κ = 2.0 and φc = 1.09.

The diffusion coefficient is usually experimentally measured using spectroscopic techniques,

mainly Flourescence Correlation Spectroscopy113 (FCS) and Flourescence Recovery After Pho-

tobleaching98,99 (FRAP). An scheme of both techniques can be found in Fig. 1.16, where the

tracer macromolecules are represented as green circles. In FRAP and FCS experiments, fluores-

cent markers are specifically bound to tracer particles and the intensity of the fluorescense (I)

is measured over time. In FCS, the fluctuations in fluorescence intensity are recorded and used

to calculate the temporal auto-correlation function, which allows determining the diffusion co-

efficient. In FRAP, a small volume of the sample is lighted with a laser beam. The molecules

in the lighted region become bleached (grey circles in Fig. 1.16) and no fluorescence is exhib-

ited. Then, the diffusion coefficient of the fluorescent molecule can be estimated by means of

the velocity of fluorescence recovery in the bleached region. Both techniques usually measure a

characteristic residence time around 1–3 ms97–99, which is defined as the time which the tracer

particle needs to traverse the characteristic length of the detection volume. Since this value is

much larger than the characteristic times where Dlong is measured in computational simula-

tion97–105, the D measured in these experiments should reasonably correspond to Dlong.
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FIGURE 1.16: Outline of two spectroscopic techniques used to measure macromolecular dif-
fusion: Flourescence Correlation Spectroscopy (FCS) and Flourescence Recovery After Photo-
bleaching (FRAP). In both techniques, a flourescent marker is bounded to the tracer macro-
molecule (green circles) and the intensity of fluorescence (I) is measured at different times t. In
FCS, the fluctuations in I are measured and used to calculate the tracer diffusion coefficient. In
FRAP, a small region of the sample is bleached with a laser beam, making the macromolecules
to lose their flourescence (grey circles). Then, the velocity of the flourescence recovery in the

bleached region is measured, which allows to estimate the diffusion coefficient.

1.5 Thesis outline

I have carried out this thesis in the Biophysical Chemistry of Macromolecules and Colloids

research group of the University of Barcelona. In the recent years, the research group have made

significant contributions to the study of the conformational, binding, diffusion and reactivity

properties of weak polyelectrolytes and biopolymers14,16,17,52,53,87,89,98–101,104,130.

On the one hand, the group has contributed to the design and development of the Site Binding

Rotational Isomeric State (SBRIS) model for weak polyelectrolytes (Sec. 2.1)14. They have also

successfully used the SBRIS model to reproduce the complex experimental titration curves of

polyethylenimine16. At high ionic strength vales, the SBRIS analytical prediction of polyethylen-

imine radius of gyration was also in good agreement with constant pH simulations, where

long range electrostatic interactions where explicitly included. Moreover, they have recently

extended the Site Binding model (Sec. 1.2.2) to include long range electrostatic interactions

using the Gibbs-Bogoliubov variational principle17.
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On the other hand, the research group has done significant contributions in the study of biopoly-

mer diffusion and reactivity in crowded media87,89,98–101. They tracked the diffusion of α-

chymiotrypsin in solutions crowded by different-sized dextran macromolecules98,99. They ra-

tionalized the experimental results comparing them with on-lattice Monte Carlo (MC) simula-

tions, observing a qualitative agreement between both sets of data100,101. Moreover, the group

reported that the enzyme kinetics of L-Lactate Dehydrogenase are altered by macromolecular

crowding, dependent on factors such as excluded volume and crowder size87,89.

The present thesis follows the efforts of the research group in the development of theoretical

and computational models for weak polyelectrolytes and biopolymers. In Chapter 2, the differ-

ent theoretical and computational methodologies employed in this thesis are presented. Chap-

ters 3 to 7 include articles published in peer-reviewed scientific journals. Chapter ?? encloses

a manuscript that has been also submitted to a scientific journal and it has been just accepted

after peer-review. A brief summary of each publication is included at the beginning of each

chapter, prior to the corresponding original article. The thesis is organized as follows:

• In Chapter 2, the theoretical and computational methods used in this thesis are intro-

duced. The Site Binding Rotational Isomeric State (SBRIS) model is explained, which is

later used in chapters 3 to 5. Moreover, a general outline of the polymer models more

relevant for the scope of this thesis is given, highlighting their different levels of the de-

scription of the macromolecules. The different computational methods used in this thesis,

Semi Grand Canonical Monte Carlo (Chapters 3 to 5 and Chapter 8) and Brownian Dy-

namics (Chapters 6 and 7) simulations, are explained. Finally, computational details are

given explaining the two computational codes that I developed throughout this thesis.

• In Chapter 3, the analytical resolution of the SBRIS model is extended to include in-

tramolecular long range electrostatic interactions. The long range interactions are taken

into account by defining effective short range and pH-dependent parameters, such as ef-

fective microscopic protonation constants and rotational bond energies. The technique

is tested with a minimal model of a flexible linear polyelectrolyte, containing only one

type of rotating bond. The analytical prediction of structural and binding properties of

a model polyelectrolyte is compared to those obtained by Semi-Grand Canonical Monte

Carlo (SGCMC) simulation. The chapter corresponds to the publication ”P. M. Blanco,

S. Madurga, F. Mas, and J. L. Garcés. Coupling of charge regulation and conforma-

tional equilibria in linear weak polyelectrolytes: Treatment of long-range interactions via

effective short-ranged and pH-dependent interaction parameters. Polymers, 10(8):811,

2018”134. I programmed the SGCMC code and I have performed all the simulations ex-

hibited in the chapter. I wrote the main text of the article, in collaboration with the other

authors of the publication.
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• In Chapter 4, the model of a flexible linear polyelectrolyte proposed in the previous chap-

ter is extended to investigate the elastic response of a model weak polyelectrolyte chain

with SGCMC simulations. The hypothesis that the ionization of weak polyelectrolyte

is sensitive to the action of a force stretching the polymer chain is proposed and vali-

dated. The force/extension curves of the polyelectrolyte chain are analyzed at different

pH and ionic strength conditions and different force regimes are identified and rational-

ized. Moreover, the structural, binding and elastic properties of the polyelectrolytes are

assessed in the different force regimes. The chapter corresponds to the publication ”P. M.

Blanco, S. Madurga, F. Mas, and J. L. Garc és. Effect of Charge Regulation and Conforma-

tional Equilibria in the Stretching Properties of Weak Polyelectrolytes. Macromolecules,

52:8017–8031, 2019”135. I did the necessary modifications to the SGCMC code developed

in the previous chapter to include the action of an stretching force and I have performed

all the simulations and I did all the data analysis. I have also planned the simulation

framework and I proposed the analysis of the Pincus exponent as a function of the pH-

value. I wrote the main text of the article, in collaboration with the other authors of the

publication.

• In Chapter 5, the study presented in the previous chapter is continued to investigate the

effect of charge fluctuation in the conformational and stretching properties of weak poly-

electrolytes. The structural and elastic magnitudes measured by SGCMC simulation are

compared with those obtained with MC simulation with the same charge but keeping it

constant. The Pincus stretching regime is studied in detail, extending the results obtained

in the previous chapter. Moreover, the effect of excluded volume in the stretching and

conformational properties of the weak polyelectrolyte is assessed in a wide range of pH

and ionic strength conditions. The chapter corresponds to the publication ”P. M. Blanco,

S. Madurga, C. F. Narambuena, F. Mas, and J. L. Garcés. Role of Charge Regulation and

Fluctuations in the Conformational and Mechanical Properties of Weak Flexible Polyelec-

trolytes. Polymers, 11:1962, 2019”136. This work was done in collaboration with Dr. Clau-

dio F. Narambuena from the Universidad Tecnologica Nacional (UTN) and CONICET

(San Rafael, Argentina). I participated in the conceptual framework of the article and

I proposed to perform the constant charge MC simulation to assess the role of charge

fluctuation. I programmed the constant charge MC code, performed all the simulations

shown in the chapter and I did all the data analysis. I wrote the main text of the article, in

collaboration with the other authors of the publication.

• In Chapter 6, the diffusion of two globular proteins, α-chymiotrypsin and streptavidin,

in media crowded by dextran macromolecules is investigated with BD simulations. The

macromolecules were modelled as hard spheres, using a sing sphere coarse-grained model

with an effective radius. Two different treatments of the hydrodynamic interactions, the
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Rotne-Prager-Yamakawa and Tokuyama methods, are investigated. Different possible

choices for the effective radius of the spheres representing the dextran crowders are anal-

ysed. Finally, the diffusive properties measured in the BD simulations are tested against

experimental data. The chapter corresponds to the publication ”P. M. Blanco, M. Via, J. L.

Garcés, S. Madurga, and F. Mas. Brownian dynamics computational model of protein dif-

fusion in crowded media with dextran macromolecules as obstacles. Entropy, 19(3):105,

2017”137. I programmed the BD code with the different treatments for the hydrodynamic

interactions and I have performed all the simulations. I proposed the idea that an effec-

tive radii is necessary to describe dextran macromolecules in crowded media, due to their

expected compaction and entanglement in such conditions. I wrote the main text of the

article, in collaboration with the other authors of the publication.

• In Chapter 7, the study done in the previous chapter is improved by proposing a new

coarse-grained model, which is able to reproduce macromolecular entanglement in crowded

media in a effective way. The model, named Chain Entanglement Softned Potencial

(CESP), describes the macromolecules as double-shelled spheres. The spheres have a soft

outer region (corresponding to the less dense, branched region of the macromolecule) and

a hard inner region (corresponding to the dense core of the macromolecule). The CESP

model is used to study streptavidin diffusion in dextran-crowded media with BD simula-

tions and it is tested against experimental data and compared against the results obtained

in the previous chapter. Moreover, a new empirical expression is proposed which de-

scribes the full temporal evolution of the diffusion coefficient observed in crowded media.

The chapter corresponds to the publication ”P. M. Blanco, J. L. Garcés, S. Madurga, and F.

Mas. Macromolecular diffusion in crowded media beyond the hard-sphere model. Soft

Matter, 14(16):3105–3114, 2018”138. I proposed the idea of describing the macromolec-

ular flexibility using a double-shelled description and designed the equation used for

the CESP model. I have also proposed the empirical expression used to fit the diffu-

sion coefficient temporal evolution obtained in the simulations. I designed the simulation

framework of the study, adapted the BD code to the CESP potential and performed all

the simulations exhibit in the chapter. I wrote the main text of the article, in collaboration

with the other authors of the publication.

• In Chapter 8, the fundamental and technical knowledge gathered in all the previous

chapters is applied to study the influence of macromolecular crowding in the structural

and binding properties of two Intrinsically Disordered Proteins (IDPs), histatin-5 and β-

amyloid. The investigation is motivated by the hypothesis that, in the same way that the

conformational and ionization degrees of freedom are coupled in weak polyelectrolytes,

the macromolecular crowding should also cause a charge regulation in IDPs whose flex-

ible structure is similar to those of weak polyelectrolytes. Two possible mechanisms
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through by macromolecular crowding can alter the IDP ionization are proposed: (i) the

increase in the effective ionic strength (same ions in a reduced volume) and (ii) the IDP

compaction due to macromolecular crowding. We investigate the binding properties of

the IDPs using SGCMC simulations with MOLSIM software139. The IDPs are modelled

with a bead-and-spring model and the crowders are modelled after Bovin Serum Albu-

min (BSA) protein using the CESP model developed in the previous chapter. The chapter

corresponds to a just accepted manuscript, ”P. M. Blanco, S. Madurga, J. L. Garcés, F. Mas,

R. S. Dias. Influence of Macromolecular Crowding in the Charge Regulation of Intrin-

sically Disordered Proteins. Soft Matter, 2020, DOI: 10.1039/D0SM01475C ”. This work

was done in collaboration with Dr. Rita S. Dias from Norges Teknisk-Naturvitenskapelige

Universitet NTNU (Trondheim, Norway), during a research stay on her research group.

Dr. Dias collaborated with me in the development of the research plan, the discussion

of the results and the manuscript writing. I proposed the investigation and the differ-

ent hypothesis aforementioned. I have implemented the CESP potential as a module in

MOLSIM software and I have performed all the simulations. I wrote the main text of the

article, in collaboration with the other authors of the manuscript.





Chapter 2

Methodology

2.1 The Site Binding Rotational Isomeric State model

The Site Binding Rotational Isomeric State (SBRIS) model was proposed as a combination of

the SB and RIS models14. The resulting model treats the conformational and binding equilibria

on the same foot14,16. In an analogous way to RIS model (sub-section 1.1.5), the conformational

state of the polyelectrolyte is defined by the set of variables {ci}, i = 1, ..., M, where M is the

total number bonds in the polymer backbone, which describe the rotational state of each bond.

In the same fashion as in the SB model (sub-section 1.2.2), the ionization state of the binding

sites of the polyelectrolyte is given by the state variables {si}, i = 1, ..., N, where N is the total

number of binding sites. The SBRIS free energy is the sum of both energy contributions, RIS

and SB, and reads14,16

FSBRIS({ci}, {si}) = Fp({ci}, {si}) +FRIS({ci}), (2.1)

where FRIS({ci}) is the free energy of the reference state, corresponding to the fully unbinded

state of each conformer, and follows Eq. 1.24. Fp({ci}, {si}) is the protonation free energy,

which calculated in a similar way to the SB model (Eq. 1.45) with the cluster expansion14,16

βFp({ci}, {si})
ln 10

=
N

∑
i=1

µi(ci)si +
N−1

∑
i,j

φij(ci)sisj +
N−2

∑
i,j,k

λijk(ci)sisjsk + ..., (2.2)

where µi(ci) is the reduced chemical potential of the site i, φij(ci) is the pairwise interaction

energy between sites i and j and λijk(ci) is the triplet interaction energy between sites i, j and

k. The parameters depend on the rotational state {ci} of bond i which holds the sites i and

i + 1. The difference between SBRIS and SB models is precisely that in the SBRIS model the

35
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conformational degrees of freedom are explicitly introduced whereas in the SB model they are

only present in an average way through the interaction parameters.14

The SBRIS model can be illustrated considering the hypothetical case of a polycarboxylic acid

which has one carboxylic group pending of every carbon of its backbone chain as depicted in

Fig. 2.1. The monomeric units of the polyelectrolyte can be represented as binding sites joined

by rotating bonds. In the simplest case, one can (i) reduce the rotational states to those of min-

ima energy (trans, gauche+ and gauche-), (ii) consider the binding constant to be independent of

the conformational state (µi(ci) = µi) and (iii) consider only nearest interactions between bonds

and sites. Under these assumptions, the protonation energy reads

βFp({ci}, {si})
ln 10

=
N

∑
i=1

µisi +
N−1

∑
i=1

φ(ci) sisi+1, (2.3)

FIGURE 2.1: Scheme of the Site Binding Rotational Isomeric State (SBRIS) model, correspond-
ing to the case of a linear poly(ethyleneimine) chain with only first neighbour interaction. Each
monomer is enclosed in a binding site, which is joined with its neighbours with rotating bonds
that can be in three conformational states (c): trans (t), gauche+(g+) and gauche- (g-). The confor-
mational state of the bond holding two neighboring sites changes the value of the first neigh-
bour interaction u(c). The semi-grand canonical partition function can be calculated as a prod-
uct of the super matrix V which depends on the RIS model transfer matrix U, the protonation

energy z and the first neigbour interaction energy matrix u(c) .
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The semi-grand canonical partition function of this system, Ξ, can be computed as the product

(Eq. 1.43) of the transfer super-matrix V, which in this case reads16

V =

(
U Uz

U Uzu

)
; u =




u(t) 0 0

0 u(g+) 0

0 0 u(g−)


 , (2.4)

where U is the RIS model transfer matrix (defined in Eq. 1.28) and z = exp(−β ln 10(pH −
pKa)). u(c) is the statistical weight corresponding to interaction energy between site i and i± i

through a bond in the conformational state c.

The SBRIS model has been used to rationalize the complex titration curves of poly(acrylic acid)

(PAA) and poly(methacrylic acid) (PMAA)14. In particular, the ”jump” in the experimental

PMMA titration curve was quantitatively reproduced using the SBRIS model and found to

be a consequence of a conformational transition. In turn, the experimental titration curve of

poly(ethylenimine) has been found to follow the SBRIS model for polyelectrolyte chains of dif-

ferent length16. In this work, the SBRIS model was compared with Monte Carlo (MC) simu-

lations, were long range interactions (electrostatic and excluded volume) are explicitly consid-

ered. For long poly(ethylenimine) chains, the SBRIS was found to overestimate the radius of

gyration value in comparison with the corresponding value obtained by MC simulation. This

result suggests that long range interactions are necessary for a proper theoretical description of

poly(ethylenimine) conformational properties.
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2.2 Polymer models at different levels of description

A wide variety of models, with varying levels of description, have been designed to explain the

structural, binding, elastic and dynamic properties of polymers, polyelectrolytes and biopoly-

mers2,12,16,19,46,50,128–130. Regarding this thesis, the more relevant ones are presented in Fig. 2.2,

where they are illustrated for the case of polyethylenimine linear chain. The models are ordered

from top to bottom in decreasing level of detail.

Atomistically-detailed models aim to accurately describe the specific interactions between all

the atoms of the system88,128. These models are typically used in the study small molecules

or fragments of macromolecules128,131. A remarkable exception is the study of conformational

properties of proteins, where all-atom molecular dynamics simulation are commonly used132

(and references quoted therein). These simulations are computationally expensive and they

have characteristic running times of several weeks. The computational cost can be reduced

removing the solvent atoms and approximating the solvent as a continuum with a dielectric

constant ε, i.e.. performing simulations with implicit solvent113 (and references quoted therein).

This approximation implies the loss of specific solvent-solute interactions and solvation effects.

One strategy to avoid the computationally demanding computation associated to atomistically-

detailed simulations is to reduce the system resolution, retaining the more relevant physico-

chemical aspects for the problem of interest. One example of this procedure is the Site Binding

Rotational Isomeric State (SBRIS) model14,16, where only the atoms of the polymer backbone

chain are explicitly simulated and the rest of atoms of the chain are included implicitly in the

torsional energy of the chain. Furthermore, the conformational degrees of freedom of the poly-

mer chain are reduced to a selected number of torsional states. Another example is the use

of bead-and-spring models, which are specially popular in polymer computational simula-

tion19,46,47,50,53,129,130,133. These models reduce the number of particles of the systems by rep-

resenting the polymer as a set of spheres, usually named beads. Each bead encloses some of the

atoms of the polymer, typically one monomeric unit, effectively occupying the same volume.

SBRIS and bead-and-spring models (when studied in the Semi-Grand Canonical ensemble) still

retain the coupling between the conformational and binding degrees of freedom, allowing to

study them at the same foot. Classical theoretical models usually focus in either the confor-

mational or the binding degrees of freedom and consider the other in an average way. On the

one hand, the Freely Jointed Chain (Sec. 1.1.2), Freely Rotating Chain (Sec. 1.1.3), Worm-Like

Chain (Sec. 1.1.4) and Rotational Isomeric State (Sec. 1.1.5) models describe the polymer con-

formational degrees of freedom2,11,71,131. On the other hand, the Site Binding model (Sec. 1.2.2)
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FIGURE 2.2: Schematic outline of the different models used in the theoretical and compu-
tational investigation of polymer chains. The models are illustrated using as example a
polyethylenimine linear chain. The models are ordered, from top to bottom, in decreasing

level of detail.
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is designed to study binding properties of weak polyelectrolytes20,23,41. These theoretical mod-

els are often used to rationalize the experimental data, for instance polymer force-extension

curves54 , since they usually have analytical solution.

In the limit of lower resolution, the whole macromolecule is modelled as a single sphere with

an effective radius R. This single-sphere coarse-grained models are usually employed in the

study of highly concentrated solutions of macromolecules, where the quantity of atoms makes

the computational cost of all-atom models prohibitive105,120.

2.3 Semi-Grand Canonical Monte Carlo (SGCMC) simulation

Alternatively to the transfer matrix method described for SB and SBRIS models, the ioniza-

tion properties of weak polyelectrolytes can be calculated using Monte Carlo (MC) simulation

techniques. The more characteristic feature of Semi-Grand Canonical Monte Carlo (SGCMC)

simulations is that the polyelectrolyte charge is not constant over the simulation but it fluc-

tuates as a natural result of the dynamic proton binding/unbinding. Semi-Grand Canonical

Monte Carlo (SGCMC) simulations were originally developed to study phase behaviour of re-

active mixtures44. In SGCMC, the system is in equilibrium with a reservoir which maintains

the chemical potential of one component of the mixture fixed. Its use was firstly extended to

weak polyelectrolytes by Reed and Reed45, which proposed a linear polyelectrolyte chain in

equilibrium with a reservoir which maintains the proton chemical potential constant. A direct

consequence of fixing the proton chemical potential is that the pH value of the medium is also

kept constant.19

In MC simulation, the phase space of the system is explored by using the Metropolis algo-

rithm22,40, which is outlined in Fig. 2.3. Starting from an initial state, the algorithm generates

random trial states, which are accepted or rejected depending on the energy difference between

the initial and trial states ∆F . If ∆F ≤ 0 the trial state is always accepted. Otherwise, the trial

state is accepted with a probability P = exp (−β∆F ). If the trial state is accepted, the system

is updated to that state whereas in the opposite case the system remains in the initial state.

This procedure is repeated until the magnitudes of interest converge to their equilibrium value.

When MC simulations are applied to simulate polymer chains, these trial movements typically

can include translations of a whole polymer chain, pivot rotations of segments of the chain and

small translations of a monomer of the chain (among others).

In SGCMC simulations, in addition of these trial movements, the Metropoli algorithm gener-

ates new ionization states of the weak polyelectrolyte by randomly changing the ionization

state of the ionizable groups, as outlined in Fig. 2.3. For instance, the algorithm can randomly
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pick an ionized group of the polyelectrolyte (A−) and change it to its protonated (HA) counter-

part. Naturally, the reverse case can also occur and the algorithm can change the protonation

state of protonated group to its unprotonated state. When salt ions are explicitly taken into ac-

count, The electroneutrality is usually maintained by coupling this change of identity with the

insertion/deletion of a counter/co-ion. If ∆F > 0, the probability of accepting the trial state is

given by19,45

P = min[exp (−β∆F + ξ(pH− pKa) ln 10)], (2.5)

where pKa is the intrinsic acid constant value of the chosen group and ξ is the extent of the

protonation reaction, which corresponds to one step in the protonation (ξ = 1) or the deproto-

nation (ξ = −1) direction.

SGCMC simulations have been used to rationalize a wide spectra of systems including weak

polyelectrolytes such as nanoparticle coating and bridging by weak polyelectrolytes46,47, ad-

sorption of weak polyelectrolytes and proteins on charged surfaces29,48–51, ion binding to ion-

izable surfaces52,53, weak polyelectrolyte conformational properties16 and many others19 (and

references quoted therein).

FIGURE 2.3: (left) Scheme illustrating the Metropolis algorithm22,40 applied to Monte Carlo.
(right) Scheme showing the ionization step in a Semi-Grand Canonical Monte Carlo simulation.
In this case, the algorithm proposes a change in the identity of one random ionizable particle

(ionized↔ unionized) in each realization.
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2.4 Brownian dynamics simulation

The diffusion of biopolymers in crowded media has been studied with computational tech-

niques ranging from on-lattice Monte Carlo simulations100,101 to Molecular Dynamics simula-

tions88,114,115. One popular approach is the use of Brownian Dynamics (BD) simulations88,105,116,117,

where the effect of the solvent is implicitly included in the simulation, reducing the computa-

tional cost.

BD simulations rely on the classical Langevin equation, which describes the brownian motion

of a particle immersed in a fluid118. The Langevin equation reads

m
d2~r
d2t

= −~∇V(~r)− kBTD−1 d~r
dt

+
√

2D~ξ(t) (2.6)

where m is the particle mass,~r is the particle position, ~∇V(~r) is the gradient in potential energy

and D is the diffusion tensor. The last term in Eq. 2.6 mimics the brownian motion of the

particle due to the solvent as a gaussian random force. By construction, ~ξ(t) is a random vector

that satisfies < ~ξ(t) >= 0 and < ~ξ(t) · ~ξ(t′) >= δ(t− t′), where δ is the Direct delta function,

at any given t time.

In BD simulation, the Langevin equation (Eq. 2.6) is integrated in the so-called overdamped

limit, in which one assumes that the particle acceleration is, on average, zero107. Under this

assumption, the integration of the Langevin equation yields107

~r(t + ∆t) =~r(t)− ∆t
kBT

D~∇V(~r) +
√

2D∆t~ξ(t) (2.7)

where ∆t is the integration time step.

The different BD algorithms can be classified in terms of the treatment of the inter-particle Hy-

drodynamic Interactions (HI), which are briefly outlined in Fig. 2.4. In the classic BD algorithm

proposed by Ermak and McCammon119, HI are neglected and the diffusion tensor D is con-

sidered to be equal to the ideal diffusion coefficient D = D0I (where I is the identity matrix).

Under this approximation, anomalous diffusion in crowded conditions is still observed due to

volume exclusion88,117,120. A natural consequence of neglecting HI is that in these simulations

the diffusion coefficient at short times is equal to D0, Dshort = D0.
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FIGURE 2.4: Outline of the possible algorithms in Brownian Dynamics. In conventional Brow-
nian Dynamics (BD) the diffusion tensor D calculation is avoided by taking D = D0, which
implies neglecting inter-particle Hydrodynamic Interaction (HI). In BD with HI, D needs to be
computed every time step which is computationally very demanding. Alternatively, HI can
be included in BD following Tokuyama mean field approach108–110, which replaces D by the
diffusion coefficient at short times Dshort calculated with Eq. 1.57 as a function of the volume

fraction occupied by the crowders, φ.

HI interactions have been reported to play a crucial role in macromolecular diffusion in crowded

media111,121. In order to accurately include HI in the BD simulation, one needs to compute D

and its factorization which is a computationally expensive procedure as it scales with the num-

ber of particles N as N3 122. Typically, D is computed using procedures based on the Rotne-

Prager-Yamakawa (RPY) method123,124. It is worth to mention that the RPY method can be

extended to include many-body and near-field HI125,126 and it has been recently generalized to

different-sized particles127.

Alternatively, one can include the HI in the BD simulation following the mean-field approach

developed by Tokuyama108–110. In this method, HI are included in an effective way by replacing

in Eq. 2.7 D by DshortI, where the diffusion coefficient at short times Dshort is estimated with Eq.

1.57. Within this procedure, Tokuyama et al.109 have obtained good agreement for the diffusion

coefficient at long times (Dlong, Eq. 1.60) between Brownian Dynamics simulations, Molecular

Dynamics with explicit solvent and experimental data.
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2.5 Software developed

2.5.1 Semi-Grand Canonical Monte Carlo software

I have programmed a Monte Carlo (MC) code in C++, which allows the simulation of a sin-

gle linear polymer chain in solution. The polymer can be either a neutral polymer, a strong

polyelectrolyte or a weak polyelectrolyte. In the latter case, the program can perform simula-

tions in the Semi-Grand Canonical ensemble, where the pH of the media is fixed (i.e. it is an

input variable) and the charge of the polyelectrolyte fluctuates (i.e. it is an output). The pro-

gram is prepared, but not restricted, to work with the Site Binding Rotational Isomeric State

method. The program allows to specify the geometrical restrictions (bond length, bond angle,

torsional energy), charge, hard-sphere radius, pKa-value and specific first-neighbour electro-

static interaction energy for each unit (site) of the chain. Moreover, the code can deal with any

arbitrary distribution of the sites along the chain, which is chosen by the user. Thus, the code

is not restricted to periodic polymer chains but can also deal with atactic chains. The program

is prepared to simulate not only the behaviour of a polymer in solution but also to perform

simulations of single-molecule stretching.

As output, the program returns the polymer average conformational (end-to-end distance, ra-

dius of gyration, persistence length, kuhn length and the probability of the bonds of being in a

given conformational state), binding (degree of ionization and binding capacitance) and elas-

tic (chain extension) properties. The program allows to perform several MC simulations (with

different random seeds) in parallel using OPENMPI libraries, averaging the results over all the

simulations. This procedure allows to compute the precision of the measurements, which is

estimated as the standard deviation of the results obtained in the different simulations. The

program also gives the fluctuation of the measures, calculated as the standard deviation within

one MC simulation. All the magnitudes are measured after a certain number of equilibration

MC steps, which the user can settle as input. Moreover, a supplementary script (programmed

in Python3) can be used to calculation the correlation between conformational states.

The solvent is approximated as a continuum with a dielectrical constant ε. The salt ions are

implicitly included in the simulations in the ionic strength of the solution I. Both input pa-

rameters, ε and I, change the electrostatic interaction between the charged sites of the chains,

which is calculated with the mean-field Debye-Hückel potential. The bond length and bond

angle are simulated as springs with a harmonic potential. The torsional energy of the bonds

is calculated with specific energetic parameters for each possible conformation, following the

Rotational Isomeric State method. In one MC step, the program attempts to change (i) the ion-

ization state of one binding site, (ii) the rotational state of all bonds, (iii) all bond lengths, (iv)
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all bond angles and (v) the spatial orientation of the polymer chain in the laboratory reference

frame. The generated trial states are accepted/discarded following the conventional Metropoli

algorithm22,40. The program ensures a 20% of acceptance ratio of the trial movements iii-v

using a self-consistent algorithm. This algorithm measures the acceptance ratio of each trial

movement throughout the simulation. If the acceptance ratio is below the 20 %, the algorithm

generates trial states more similar to the initial state (the algorithm reduces the differential be-

tween states). Otherwise, the algorithm generates states more distant to the initial state (the

algorithm increases the differential between states).

2.5.2 Brownian Dynamics software

I have developed a Brownian Dynamics (BD) program in C++, which allows the simulation

of macromolecular diffusion in crowded media. The program supports two different models

for the macromolecules: the hard-sphere and the Chain Entanglement Soft Potential (CESP)

models. The program distinguishes between two kinds of particles: the tracer and the crow-

ders. For each kind of particle, the user can specify their characteristic radii and their ideal

diffusion coefficient. As output, the program returns the average mean square displacement

(r2
MSD) time profile of each kind of particle. The program allows to perform several Brownian

Dynamics simulations in parallel using OPENMPI libraries, averaging the r2
MSD values over all

the simulations.

Several supporting scripts allow to do further analysis of the simulations. I programmed an

Octave script that can be used to fit the r2
MSD temporal profile to the new empirical equation (Eq.

??) proposed in Chapter 7. Another script, programmed in FORTRAN90, allows to compute the

radial distribution functions between different kinds of particles of the systems.

The program can perform BD simulations without Hydrodynamics Interactions (HI), with HI

using Tokuyama mean-field method108–110 and with HI computing the diffusion tensor D.

When HI are included using Tokuyama mean-field method, the diffusion coefficient at short

times Dshort, necessary as input, can be calculated using a supplementary script provided with

the code. The scripts solve Tokuyama mean-field equations (Eqs. 1.57 and 1.60) and compute

Dshort and Dlong as a function of the excluded volume of the system. When HI are included

calculating the diffusion tensor, the conventional Rotne-Prager-Yamakawa (RPY) tensor123,124

is calculated at every time step and it is checked to be always definite positive. When different-

sized particles are simulated in the system, the RPY tensor is corrected using the procedure

explained in Ref.127 Periodic boundary conditions are applied in all the directions of space and

the particles interactions are calculated using the minimum image convention.
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3.1 Summary

3.1.1 Introduction

The ionization state of weak polyelectrolytes in solution is a dynamic phenonmeon due to the

binding of proton, metals and other chemical species to the macromolecule skeleton. The abil-

ity of weak polyelectrolytes to modulate its charge in response of medium conditions (pH, ionic

strength) or external perturbations, known as Charge Regulation (CR), is fundamental to under-

stand the physico-chemistry of charged macromolecules in multiple systems.24,32,140,143,145,148

Although CR can occur in rigid structures22 (e.g. nanoparticles or charged surfaces), weak

polyelectrolytes frequently posses a flexible structure with significant thermal fluctuations. In

a flexible weak polyelectrolyte a conformational change can modify its ionization state. For

instance, if the conformational change brings together two equally-charged groups of the poly-

electrolyte chain, the electrostatic repulsion between them can change the ionization state of

these groups. In turn, changes in the ionization state of the weak polyelectrolyte can produce

a conformational change of the macromolecule. For example, the ionization of two consecutive

binding sites of the macromolecule with a charge of equal sign promotes extended conforma-

tions, which reduce the electrostatic repulsion between the sites. In summary, ionization and

conformational degrees of freedom are highly coupled in flexible weak polyelectrolytes. Several

examples of the conformation-ionization interplay in syntetic polyelectrolytes and biopolymers

can be found in the literature.33–37

Theoretically, the ionization of weak polyelectrolytes has been mainly studied using the Site

Binding (SB) model.20,21,23,25,26,39,40 In this model, the macromolecule is described as a set of

binding sites, which have two possible states: ionized or neutral. The conformational de-

grees of freedom are implicitly included in the binding parameters, which should be under-

stood as proper averages over all the possible conformations of the polyelectrolyte. Recently,

the SB model has been combined with the Rotational Isomeric State (RIS) model. The result-

ing method, named Site Binding Rotational Isomeric State (SBRIS) model, allows to study the

ionization and conformational degrees of freedom on the same foot.14 The SBRIS model has

been used in a recent work to analyze the conformational and ionization degrees of freedom of

polyethylene(imine).16

For a linear polyelectrolyte chain, the SB, RIS and SBRIS can be solved using the transfer matrix

method. This method relies in a recursive relation between the partition function of a sys-

tem with N ionizable sites with the one of a system with N − 1 sites.9,10 Once the partition

function of the system is calculated, one can obtain the thermal averages of the properties of

interest (end-to-end distance, bond state probabilities, average degree of ionization and many
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others). As a result, the transfer matrix method has been adapted to study many different

phenomena20,20,23,42,43. The principal restriction of the transfer matrix method is that it can

only consider Short Range (SR) interactions. This is an important limitation when dealing with

polyelectrolytes, since electrostatic interactions are long-ranged. This limits the utility of the

transfer matrix to high ionic strength conditions, where electrostatic interactions are screened

and Long Range (LR) interactions can be safely neglected.

In a recent work17, a new method has been proposed to solve the SB model including the LR

interactions within the transfer matrix framework. The method, named Local Effective Interac-

tion Parameters (LEIP), modifies the SR free energy to include the LR interactions in an effective

way. In this way, the new effective SR parameters (protonation energies, pair interaction ener-

gies, etc.) can be calculated using Gibbs–Bogoliubov variational principle163, which quickly

converges to the exact solution. In this study, the results obtained with LEIP method and with

Monte Carlo simulation exhibited an almost exact agreement. However, the LEIP method was

only studied in rigid polyelectrolytes, where the conformational degrees of freedom are absent.

The objective of this chapter is to extend the LEIP method to solve the SBRIS model, i.e. to

the study of flexible weak polyelectrolytes. The new treatment includes not only effective ion-

ization parameters but also effective conformational parameters. The details of the theoretical

derivation can be found in the publication enclosed at the end of the chapter. The new method

is studied in a model linear polyelectrolyte, which has an ionizable site (blue) every three chain

positions as shown in Fig. 3.1. Only the bonds joining two non-binding neutral sites (grey) are

allowed to rotate, which can be in the conformational states trans, gauche+ and gauche-. When

using the LEIP method, the torsional energy of these rotating bonds is replaced by an effective

rotational energy, as outlined Fig. 3.1. This effective rotational energy includes the LR interac-

tion energy and it is dependent on the pH and ionic strength of the medium. The analytical

resolution of the LEIP method is compared with Semi-Grand Canonical Monte Carlo (SGCMC)

simulations, which allows to assess the accuracy of LEIP method when applied to flexible poly-

electrolytes.
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FIGURE 3.1: Outline of the model polyelectrolyte used in the publication. The polyelectrolyte
has one ionisable site (blue) every three chain positions. Only the bonds holding two non-
ionisible sites (grey) are allowed to rotate. The LEIP method is used to analytically solve the
SBRIS model, which accounts for the conformational and ionization degrees of freedom on the
same foot. In this way, the rotational energy of the bonds becomes effective and dependent on

the long range electrostatic interaction of the charged sites.

3.1.2 Results

The model weak polyelectrolyte used in the publication has the following assumptions:

• Only proton binding is considered. All binding sites are equal (i.e. all sites have the

same protonation constant pKa = 9). The sites are charged when protonated and neutral

otherwise.

• Only the bonds holding two non-ionisible sites (from now on c bonds) are allowed to

rotate. The bond rotations are independent when the macromolecule is uncharged.

• All c bonds are equal and can only be in the conformational trans, gauche+ and gauche-.

Both gauche states are symmetrical and have a torsional energy of the trans ←→ gauche

rotation is given by σ.
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• The nearest neighbour electrostatic interactions are characterized by the energies εt (when

the c bond is in trans) and εg (when the c bond is in gauche).

• co- and counter ions are only present through the Debye-Hückel potential describing the

long-range electrostatic interactions. Excluded volume effects are only present through

the electrostatic inter-site repulsion.

The model can be regarded as a ”minimal” model of a flexible weak polyelectrolyte with only

four energetic parameters (pKa, εt, εg and σ). The conformational (probability of a bond of

being in a gauche state) and ionization (average degree of ionization θ) properties of this model

polyelectrolyte are calculated with the LEIP method and SGCMC simulations. Here, the only

the case with εt = 1, εg → inf and σ = 10 are shown, although a more complete analysis can be

found in the publication enclosed at the end of the chapter. The case with εg = inf and σ = 10

is interesting because it implies that, for a given bond c, its gauche states are promoted when it

is holding at least one uncharged site (for instance because of hydrogen bonding) but are they

are forbidden otherwise. As a result, in this case the propensity of the conformational change

with the ionization of the sites, i.e. with the pH-value.

The titration curve obtained at different ionic strength (I) values ranging from 1 M to 0.001

M (from top to bottom) can be observed in Fig. 3.2. The red dot markers depicts the results

obtained from SGCMC simulation while the black continuous lines represent the prediction

obtained with LEIP method correcting pKa and σ. It can be observed that the LEIP method

reproduces almost exactly the SGCMC results for all the range of pH and I values. The dashed

line represents the titration curve at I = 0.001 M obtained with the LEIP method when only

pKa is corrected. Comparing the results with the corresponding ones obtained with SGCMC

simulation, a clear deviation is observed. This indicates that it is necessary to correct the effect

of the LR interaction in the torsional energy in order to properly reproduce the SGCMC results.

In this dramatic case, neglecting the coupling between ionization and conformational degrees

of freedom results in a phase transition-like artifact at pH ' 5.
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FIGURE 3.2: Average degree of ionization θ as a function of the pH-value for a SBRIS model
lineal polyelectrolyte with pK = 9 , εt = 1, εg → ∞ and σ = 10. From bottom to top the ionic
strength values are 0.001 M, 0.01 M, 0.1 M and 1 M. Red markers represent the results obtained
by SGCMC simulation while black continuous lines is the solution of the LEIP method with
pK and pσ corrected. The green dashed line depicts the LEIP values obtained when only pK is

corrected, for the case with I = 0.001 M.

The probability of a rotating bond to be in gauche state as function of the pH-value is depicted

in Fig 3.3 at different I-values: 0.001 M (triangles and dashed line), 0.01 M (squares and dotted

line) and 1 M (circles and continuous line). Again, the red markers correspond to the values

obtained by SGCMC simulation and the black lines to the LEIP values correcting both pKa and

σ. A very good agreement between the LEIP prediction and the SGCMC results is obtained.

Two asymptotic behaviors can be observed. At low pH-values, the gauche probability tends

to zero while at high pH-values it tends to almost 1. This is because at high pH-values the

polyelectrolyte is almost uncharged and the gauche states are energetically promoted. When

the pH-value is decreased, the polyelectrolyte is, in turn, charged. The electrostatic repulsive

interactions cause the polyelectrolyte to be on average more extended, which promotes trans

conformations where the sites are more separated between them.

FIGURE 3.3: Probability of the gauche state as a function of the pH-value for a SBRIS model
lineal polyelectrolyte with pK = 9 , εt = 1, εg → ∞ and σ = 10 at different I-values: 0.001 M
(triangles and dashed line), 0.01 M (squares and dotted line) and 1 M (circles and continuous
line). Again, the red markers correspond to the values obtained by SGCMC simulation and the

black lines to the LEIP values correcting both pKa and σ.
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The effect of the long range interactions in the rotational properties of the polyelectrolytes can

be better analyzed in terms of the LEIP correction to the σ, xσ. xσ can be understood as the

average energy contribution to the torsional energy of the c bonds due to LR electrostatic inter-

action. In Fig. 3.4, xσ is plotted as a function of the pH-value at different I values ranging from

0.001 M to 1 M (from top to bottom). It can be appreciated that xσ increases when I increases.

This is because at low I-value the electrostatic repulsive are less screened, thus being the elec-

trostatic LR influence in σ is more important. It can also be observed that at high pH-values xσ

tends to zero, since the polyelectrolyte is almost uncharged.

FIGURE 3.4: LEIP correction to torsional energy of bonds c xσ as a function of the pH-value.
From top to bottom the I values are 0.001 M, 0.01 M, 0.1 M and 1 M.

3.1.3 Conclusions

In this chapter, the Local Effective Interaction Parameters (LEIP) method is extended to calcu-

late the conformational and ionization properties of a flexible weak polyelectrolyte using the

Site Binding Rotational Isomeric State (SBRIS) model. This method was recently developed

to study the ionization properties of a rigid polyelectrolyte in the full ionic strength range.

The LEIP theoretical prediction for a flexible polyelectrolyte is validated against Semi-Grand

Canonical Monte Carlo (SGCMC) simulations.

For polyelectrolytes with different energetic parameters, the degree of ionization and the gauche

state probabilities are computed both with LEIP method and SGCMC simulation. For all the

cases of study, a very good agreement is observed in both magnitudes. The computational

cost associated is, however, is orders of magnitude lower in LEIP case. As a result, it could

be used to fit experimental titration data, obtaining conformational and binding information.

This information could be used, for instance, to develop pH-dependent force-fields based on

experimental data. Moreover, the LEIP method could also be extended to study the competitive

binding of metal ions in weak polyelectrolytes.



Coupling of Charge Regulation and Conformational Equilibria in Linear Weak Polyelectrolytes:
Treatment of Long Range Interactions via Effective Short-Ranged and pH-Dependent Interaction
Parameters 55

3.2 Publication



polymers

Article

Coupling of Charge Regulation and Conformational
Equilibria in Linear Weak Polyelectrolytes: Treatment of
Long-Range Interactions via Effective Short-Ranged and
pH-Dependent Interaction Parameters

Pablo M. Blanco 1,* , Sergio Madurga 1,* , Francesc Mas 1 and Josep L. Garcés 2

1 Physical Chemistry Unit, Department of Materials Science and Physical Chemistry & Research Institute of
Theoretical and Computational Chemistry (IQTCUB) of Barcelona University (UB),
08028 Barcelona, Catalonia, Spain; fmas@ub.edu

2 Department of Chemistry, Technical School of Agricultural Engineering & Agrotecnio of Lleida
University (UdL), 25003 Lleida, Catalonia, Spain; jlgarces@quimica.udl.cat

* Correspondence: pmblanco@ub.edu (P.M.B.); s.madurga@ub.edu (S.M.)

Received: 15 June 2018; Accepted: 23 July 2018; Published: 24 July 2018
����������
�������

Abstract: The classical Rotational Isomeric State (RIS) model, originally proposed by Flory,
has been used to rationalize a wide range of physicochemical properties of neutral polymers.
However, many weak polyelectrolytes of interest are able to regulate their charge depending on the
conformational state of the bonds. Recently, it has been shown that the RIS model can be coupled
with the Site Binding (SB) model, for which the ionizable sites can adopt two states: protonated or
deprotonated. The resulting combined scheme, the SBRIS model, allows for analyzing ionization and
conformational equilibria on the same foot. In the present work, this approach is extended to include
pH-dependent electrostatic Long-Range (LR) interactions, ubiquitous in weak polyelectrolytes at
moderate and low ionic strengths. With this aim, the original LR interactions are taken into account
by defining effective Short-Range (SR) and pH-dependent parameters, such as effective microscopic
protonation constants and rotational bond energies. The new parameters are systematically calculated
using variational methods. The machinery of statistical mechanics for SR interactions, including
the powerful and fast transfer matrix methods, can then be applied. The resulting technique, which
we will refer to as the Local Effective Interaction Parameters (LEIP) method, is illustrated with
a minimal model of a flexible linear polyelectrolyte containing only one type of rotating bond. LEIP
reproduces very well the pH dependence of the degree of protonation and bond probabilities obtained
by semi-grand canonical Monte Carlo simulations, where LR interactions are explicitly taken into
account. The reduction in the computational time in several orders of magnitude suggests that the
LEIP technique could be useful in a range of areas involving linear weak polyelectrolytes, allowing
direct fitting of the relevant physical parameters to the experimental quantities.

Keywords: polyelectrolytes; charge regulation; long-range interactions; Debye–Hückel interactions;
transfer matrix; Ising models; semi-grand canonical ensemble; Monte Carlo simulations;
conformational equilibria; variational methods

1. Introduction

The ionization state of charged macromolecules in solution is regulated by the binding of small
ions (protons, metal ions, etc.) present in the backward medium. In particular, acid-basic equilibria
in weak polyelectrolytes represent the paradigmatic mechanism of charge regulation due to the
ubiquitous presence of proton ions in aqueous solution. These processes are of paramount importance

Polymers 2018, 10, 811; doi:10.3390/polym10080811 www.mdpi.com/journal/polymers
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to understand the physicochemical behavior of charged macromolecules in a wide range of situations.
Just to mention a few examples, charge regulation plays a fundamental role in receptor–ligand
equilibria in biochemical systems [1–4], supramolecular chemistry [5–7], the role of natural organic
matter in geochemical cicle of metal ions [8], wastewater treatment [9], stability of colloidal systems [10],
advanced coating in material science [11–13] or drug delivery [14]. Charge regulation can take place
on rigid structures, such as surfaces or nano-particles [15], but in general polyelectrolytes are flexible
and conformational and ionization degrees of freedom are strongly coupled. This fact can result in
dramatic structural changes in the macromolecule. Classical examples are the helix–coil transitions
of poly(peptides) [16], the swelling of poly(methacrylic) acid in a very narrow range of pH [17] or
the strong influence of ionization in the folding of proteins [18]. More recently, the importance of the
ionization configuration in the conformational properties of intrinsically disordered proteins, whose
function-structure relationship still remains a controversial matter, has been recognized [19,20].

The understanding of the ionization processes has been mainly based on the so-called Site
Binding (SB) model. In this approach, the ionization configuration of the macromolecule is defined
as a set of sites which can be in two possible states, i.e., protonated or deprotonated, as outlined
in Figure 1a. The free energy is then parametrized by site-specific microscopic protonation constants
and interaction energies between sites. Triplet or higher-order interactions among sites can also be
considered. Once the system is parametrized, the machinery of statistical mechanics can be used
in order to quantify the relevant physical properties such as titration curves, site-specific binding
probabilities, macroscopic protonation constants, microscopic protonation enthalpies, site–site binding
correlation, etc. [5,15,21–25]. For systems with a small number of sites (N ≤ 20), the necessary thermal
averages can be performed by direct enumeration, while, for a large number of sites, Monte Carlo
(MC) simulations become necessary [26–37].

In the case of linear polyelectrolytes, the transfer matrix method can be used to compute the
relevant thermal averages [15]. This powerful and elegant technique was originally designed to solve
the classical Ising model of ferromagnets. It is based on the fact that the partition function of a system
with N + 1 sites can be related in a recursive way to the one of a system with N sites. The resulting
recursive relationship can be expressed in terms of the transfer matrix, whose elements represent the
contributions of the new site to the partition function, for a given state of the preceding site [38,39].
The technique is very versatile and can be generalized to systems composed with repetitive units
(spins, bonds or binding sites), which can take in principle more than two states. When applied to the
binding of ions to polyelectrolytes, the method can be adapted to include a wide range of phenomena
such as triplet interactions between sites [21], chelate complexation of metal ions [23], proton binding
to polyampholytes [40,41], protein-DNA binding [42], super-capacitator charging [43] or coupling
between ionization and conformational degrees of freedom [44–46].

Probably the most productive application of transfer matrices was proposed by Flory in the context
of the Rotational Isomeric State (RIS) model [47,48], aiming to compute conformational properties of
neutral linear molecules. The RIS model relies on the observation that, although a particular bond
can adopt in principle any rotation angle, only those of minimum energy (typically trans, gauche+
and gauche−) are significantly populated. As a consequence, each bond can be regarded as a ‘unit’ of
the system adopting three possible states. The corresponding partition function and the necessary
thermal averages (bond probabilities, end-to-end distance, radius of gyration, etc.) can be calculated
using a proper product of transfer matrices. In recent works [45,46], it has been shown that SB and
RIS models can be combined in a unique scheme so that conformational and ionization equilibria
can be analyzed on the same foot. It has been shown that all the matricial expressions of RIS can be
systematically extended to account for the ionization degrees of freedom. The resulting SBRIS model,
outlined in Figure 1b, has been recently applied to the detailed characterization of the conformational
and ionization properties of linear poly(ethylene)imine [46].
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Figure 1. (a) Outline of the Site Binding (SB) model for a linear polyelectrolyte represented as
a linear chain of ionizable sites. The ionization state of the macromolecule is characterized by a set of
variables s = {si}, i = 1, ... , N, which can adopt two possible values: si = 1 if the site i is protonated
(dark blue circles) and si = 0 if it is deprotonated (cyan circles); (b) sketch of a linear chain joining
ionizable sites by means of rotating bonds as an example of the Site Binding-Rotational Isomeric State
(SBRIS) model. Both ionization and conformation degrees of freedom are now taken into account.
In the depicted chain, only the bonds type c are able to rotate, which can take three possible states of
minimum energy, i.e., trans, gauche+ and gauche−.

The main limitation of the transfer matrices used in SB, RIS and SBRIS models is that they can only
deal with Short-Range (SR) interactions [49,50]. SR interactions are chemically specific and can produce
important correlations between neighbouring sites and bonds. They cannot be modeled by simple
continuous force fields (such as van der Waals or Debye–Hückel potentials) [51] but, in exchange,
they can be easily implemented in a transfer matrix scheme. For polyelectrolytes, however, this is
an important restriction, due to the Long-Range (LR) nature of coulombic interactions, which severely
restricts the range of application of the transfer matrix approach. In practice, the possibility of
neglecting LR coulombic interactions must be restricted to high ionic strengths, an important limitation
specially for polyelectrolytes which become insoluble under such conditions [52–55].

In a recent paper [56], the SB model has been extended to include LR interactions by introducing
a modified free energy involving Local Effective Interaction Parameters (LEIP), which account for the
LR interactions in an effective way. The LR force field is thus replaced by a short-ranged effective one.
The new local effective parameters, i.e., effective protonation free energies, effective pair interactions
and so on, can be systematically calculated by using the Gibbs–Bogoliubov variational principle [39].
The resulting modified free energy converges very fast to the exact free energy. It was found that the
correction to the site protonation pK (first order correction) is enough to obtain an excellent, exact
from a practical point of view, agreement between theory and MC simulations. This previous study,
however, was restricted to rigid molecules, and conformational degrees of freedom were not taken
into account.

The main goal of the present work is to extend the LEIP method to account for the coupling
between charge regulation and conformational equilibria involving LR interactions. In addition to
allow much faster computations of ionization/conformational properties (computational times are
reduced in orders of magnitude), the methodology here presented adds new physical insight in the
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interplay of conformational and ionization degrees of freedom in polymeric structures. For instance,
the energy of the gauche state of a bond will now depend on the pH and the ionic strength, even if such
a bond does not hold any ionizable group. The use of the LEIP technique in the SB model is reviewed
in Section 2. In Section 3, the technique is generalized in order to include conformational equilibria
coupled to LR coulombic interactions represented by the Debye–Hückel potential. In Section 4,
semi-grand canonical Monte Carlo simulations are introduced as a tool to test LEIP accuracy when
applied to flexible polyelectrolytes. In Section 5, LEIP theoretical results are compared to MC
simulations. The new ideas here introduced are illustrated with a minimal model of a flexible linear
weak polyelectrolyte containing only one type of rotating bond.

2. Simultaneous Treatment of Short- and Long-Range Interactions in Rigid Molecules

The ionization state of a macromolecule with N ionizable sites can be characterized by a set of
variables s = {si}, i = 1,... , N, which can adopt two possible values: si = 1 if the site i is protonated,
and si = 0 if it is deprotonated. The corresponding reduced free energy can be expressed in terms of
the variables si by means of the so-called cluster expansion [24]

H (s)
ln 10

= ∑ µisi + ∑
i>j

φijsisj + ∑
i>j>k

τijksisjsk + . . . , (1)

where µi = pH− pKi = − log (KiaH) is the reduced chemical potential, which depends on the proton
activity, aH, and the protonation pK-value of the ionizable site i, pKi; φij represents the interaction
energy of the sites i and j; τijk accounts for possible triplet interactions among sites i, j and k, and so
on. The term “reduced” refers to the fact that the chemical potential incorporates both the pH
and the protonation pK, which simplifies the subsequent expressions. The interaction (or cluster)
parameters are expressed in thermal units, i.e., β = 1/kBT = 1, and divided by a factor ln 10 in
order to be compared in the pH scale. Note that the conformation degrees of freedom are omitted in
Equation (1), so that the interaction parameters should be understood as proper averages over the
conformational states. The mathematical form of these averages is not trivial and expressions for them
are given in [45]. Throughout this work, we will assume that a site is charged when it is protonated,
i.e., we are dealing with poly-cations. However, the subsequent arguments are also applicable to
poly-anions with a suitable change in the protonation variables [15]. The expansion of the free energy
(1) usually converges very fast to the exact free energy, and, for most of the cases, the inclusion of
triplet interactions is enough to accurately reproduce the measurable quantities, such as the degree of
ionization of the individual sites [22]. These can be obtained from H (s) by means of the semi-grand
canonical partition function

Ξ = ∑
s

e−H(s). (2)

The average degree of protonation of a particular site i is related to Ξ as

θi = 〈si〉 = −
∂ log Ξ

∂µi
=

1
ln 10

∂Ω
∂µi

, (3)

where Ω = − ln Ξ is the thermodynamic potential associated with the semi-grand canonical ensemble.
The average number of bound protons is given by

ν =

〈
∑

i
si

〉
=

∂Ω
∂ ln aH

. (4)

The correlation of the protonation degrees of two sites i and j, a quantity which will be used later, can
be expressed as

hij =
〈
sisj
〉
= − 1

(ln 10)2
∂Ω

∂µi∂µj
. (5)
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As can be seen, the quantification of all the relevant physical quantities relies in the accurate
determination of the partition function Ξ. If the number of sites is small (N ≤ 20), Ξ can be evaluated
by direct enumeration of all the possible ionization states. Otherwise, Monte Carlo (MC) simulations
must be performed. In some cases, however, methods borrowed from Statistical Mechanics can be used.
Among them, probably the most elegant one is the transfer matrix method, consisting of relating the
partition function for a system with N + 1 sites with that with N sites in a recursive way. This method
was firstly used in the exact solution of the Ising model of ferromagnets [38,39]. The link between both
partition functions is the transfer matrix whose elements are the Boltzmann factors corresponding to
the increase in the reduced free energy. For instance, for the linear polyelectrolyte sketched in Figure 1a
and assuming only nearest neighbour interactions, the partition function can be expressed as [47]

Ξ = qTNpT, (6)

where T is the transfer matrix

T =

(
1 z
1 z u

)
. (7)

z = KaH represents the reduced activity and ε = − log u is the interaction free energy between
neighbouring sites. q = (1, 0) and p = (1, 1) are the initiating and terminating vectors. This would be
the simplest use of the transfer matrix.

The main limitation of the transfer matrix methods is that they can be only used when Long-Range
(LR) interactions are neglected, since the size of the transfer matrices grows exponentially with the
range of the interactions [50]. This is an important limitation of the method when dealing with
polyelectrolytes, since it can be only used at high enough ionic strengths, for which the screening is
enough to avoid the LR interactions. In a recent paper [56], we introduced a method which allows for
including the LR interactions in a very accurate way. In this approach, the full free energy Equation (1)
is replaced by a new one involving only Short-Range (SR) interaction parameters, accounting for the
LR interactions in an effective way. The resulting formalism deals with both SR and LR interactions
simultaneously. The method can be used for any kind of molecular or surface geometry, but it is
restricted to rigid structures, so that the conformational degrees of freedom are not explicitly taken
into account. Since the main goal of this work is to extend this formalism to flexible molecules and
polyelectrolytes, we briefly outline the basic ideas of the method. The details of the derivations are
given in Reference [56]. Although the following arguments can be readily generalized to the general
form of the free energy Equation (1), let us consider the simplest case of a rigid linear chain with
identical sites, such as the one sketched in Figure 1a. For this system, µ1 = µ2 = ... = µ and triplet
interactions are omitted, i.e., τijk = 0. The reduced free energy H can be split into two contributions
H = H0 (x) + ∆H (x) such as

H0
ln 10 = (µ− x)∑

i
si + ε ∑

i
sisi+1,

∆H
ln 10 = ∑

j>i+1
φijsisj + x ∑

i
si,

(8)

where x is a parameter to be determined. Note that H0 corresponds to a reduced free energy containing
only nearest neighbour interactions of energy ε = φi,i+1, which can be exactly solved by using the
transfer matrix (7). Now, we can use the Gibbs–Bogoliubov variational principle [39,57]

Ω ≤ Ω̃ = Ω0 (x) + 〈∆H (x)〉0 (8)

to determine the optimal value of x, where Ω0 (x) = − ln Ξ0 and 〈· · · 〉0 represent the free energy and
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the thermal average corresponding to H0, respectively. Minimizing Ω̃ with respect to x, it is found that
x fulfills the equation [56]

x =
dϕ0/dx
dν0/dx

=
dϕ0

dν0
, (9)

where

ϕ0 =

〈
∑

j>i+1
φijsisj

〉

0

= ∑
j>i+1

φijh0
ij (10)

is the LR energy averaged over the unperturbed free energy H0, whose correlation function h0
ij, can be

exactly evaluated using (5). If the optimal value for x is used in the computations, the variational
principle (8) implies that all the thermal averages (degree of protonation, correlation functions, etc.)
can be obtained replacing the average 〈· · · 〉 by 〈· · · 〉0, which can be exactly determined since only
SR interactions are involved. Equation (9) provides a transparent physical interpretation of x: it is
the average change in the LR interaction energy when a new proton is bound to the molecule at
a given pH-value. As expected, x vanishes in the absence of LR interactions and the nearest neighbour
interaction model becomes exact. Therefore, x can be interpreted as the necessary correction to the
reduced chemical potential µ in order to account for the LR interactions but in a local effective way.
By the definition of µ = pH− pK, x can also be understood as the correction to the site pK-value,
so that pKeff = pK − x is the effective pK-value, and it represents the extra energetic cost of the
site protonation due to the presence of LR interactions. We will refer to this procedure as the Local
Effective Interaction Parameters (LEIP) method. It is important to highlight that LEIP, unlike other
approaches involving some mean-field approximation (such as the Bragg–Williams approximation
in Ising models), includes the correlations via Equation (10), although in an approximate way. This
approximation, however, results in being extremely accurate, as can be observed in Figure 2a, where
the titration curves corresponding to a rigid linear chain with identical sites are depicted. The chosen
parameters are pK = 9 and ε = 1.5. In this model, the LR interactions between distant sites are
described by the Debye–Hückel potential

φij =
1

ln 10
`Be−κdij

dij
; j > i + 1, (11)

where `B ' 0.7 nm is the Bjerrum length in water at 298 K, dij is the distance between the sites i
and j, and κ−1 (nm) = 0.304/

√
I (M) is the Debye length at the ionic strength I. For a rigid linear

chain, as the one shown in Figure 1, dij = |j− i| b, where b is the separation between consecutive
protonating sites. We have plotted the titration curves obtained by Monte Carlo (MC) simulations in
the semi-grand canonical ensemble, i.e., at constant pH (blue circles), together with the ones calculated
using Equations (9) and (10) (continuous lines) for all the range of ionic strengths and b = 0.2 nm.
Surprisingly, simulated and calculated curves overlap, so that, for this model, the LEIP solution can be
regarded as exact from the practical point of view. The computational cost of LEIP methods is many
orders of magnitude lower than that required in MC simulations, allowing the fitting of parameters to
experimental titration curves. The correction to the pK, x, shown in Figure 2b, increases in lowering
the pH (i.e., increasing the charge), and in decreasing the ionic strength (lower electrostatic screening),
since the energetic cost to protonate a site increases with the macromolecular charge and with the
intensity of the LR interactions.

Another advantage of the LEIP method is that it can be systematically improved by selectively
correcting other cluster parameters. For instance, one could decide to correct, not only the pK-value
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(pK → pK − x), but also the nearest neighbour interaction energy (ε → ε + xε). Proceeding in the
same way, it can be shown that x and xε fulfill the nonlinear system of equations [56]

J

(
x
xε

)
=



(

∂ϕ0
∂x

)
xε(

∂ϕ0
∂xε

)
x


 ; J =



(

∂ν0
∂x

)
xε

(
∂D0
∂x

)
xε(

∂ν0
∂xε

)
x

(
∂D0
∂xε

)
x


 , (12)

where ν0 (x, xε) and D0 = 〈sisi+1〉0 = h0
12 (x, xε) represent the average number of protons and the

average number of nearest neighbour interactions, respectively, which can be exactly calculated
using H0. Solving Equation (12), the correction to the pK and ε are obtained as functions of the pH.
The physical meaning of x and xε becomes transparent if Equation (12) are rewritten in terms of ν0 and
D0 as independent variables. After some elementary algebra, x and xε adopt the much simpler form

x =

(
∂ϕ0

∂ν0

)

D0

; xε =

(
∂ϕ0

∂D0

)

ν0

. (13)

(a) (b)

(c)

Figure 2. (a) Titration curves corresponding to a rigid linear chain with interacting ionizable sites
separated by a distance b = 0.2 nm obtained using Monte Carlo (MC) simulations (blue circles), Local
Effective Interaction Parameters (LEIP) method correcting only the pK-value (continuous line) and
LEIP method correcting the pK-value and the the nearest neighbour interaction energy ε (red triangles).
The chosen parameters are pK = 9 and ε = 1.5. The Long-Range (LR) interactions are calculated
using the Debye–Hückel potential. The dashed line represents the titration curve in the absence of LR
interactions. Note that the correction to the pK-value is enough to reproduce almost exactly the MC
simulations and no significant improvement is obtained in correcting ε; (b) correction x to the pK-value
using the LEIP method; (c) corrections x (black lines) and xε(blue lines) to the pK-value and the nearest
neighbour interaction energy ε, respectively. In all the figures, from top to bottom, the ionic strengths
are 1 M, 0.5 M, 0.1 M, 0.05M, 0.01 M and 0.001 M.
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Equation (13) states that x represents the increase in ϕ0 for a constant number of interactions
D0, while xε can be interpreted as the change in ϕ0 in creating a nearest neighbour interaction,
keeping constant the number of bound protons ν0. Intuitively, one can guess that xε is much smaller
than x, so that the correction to the pK is enough to reproduce almost exactly the exact free energy,
generating physical properties almost indistinguishable from the MC simulations. In Figure 2a,
the titration curves have been recalculated using the correction to ε. As expected, no significant
improvement is obtained. x and xε as functions of the pH are shown in Figure 2c, where it is clearly
observed that xε is much lower than x for all the ionic strengths. Note that the wavy behaviour of
x in Figure 2b is no longer present in Figure 2c, and seems to be replaced by the contribution xε.
Using the same procedure, corrections to higher order interactions, such as triplet or next-nearest
neighbour interactions, can be calculated until the desired accuracy is obtained, and expressions of
type (13) can be generalized in a straightforward manner. The same treatment leads to very good
results for heterogeneous polyelectrolytes and polyampholytes, by correcting the pK-values of the
different kind of sites (pKi → pKi − xi) [56].

3. Coupling of Ionization and Conformational Equilibria

For a linear macromolecule composed by M bonds, a particular conformational state is denoted
by a set of variables c = {cα}, j = 1, ..., M. The variables cα can adopt several values corresponding
to the rotational angles of the bond α. The possible states of the bonds are usually chosen as those of
minimum energy, three in the simplest situation: trans, gauche+ and gauche−. The selection of a finite
number of rotational states instead of working with the full continuous rotational potential greatly
simplifies the statistical mechanics treatment, and constitutes the basis of the Rotational Isomeric State
(RIS) model, mainly developed by Flory [47]. In the case of linear polymers, the transfer method can
be used to determine the conformational partition function Ξrot, which can be expressed as

Ξrot = qU1U2...UM−1UMpT, (14)

where Uα is the transfer matrix corresponding to the bond α. For a symmetric chain, for which the
states gauche+ and gauche− have the same energy and identical bonds, the transfer matrices are of
the form

U =




1 σ σ

1 σψ σω

1 σω σψ


 , (15)

where σ, ψ and ω are the Boltzmann factors associated with the conformational energies of the bonds:
−kBT ln σ is the free energy of the gauche states while ψ (ω) are related to the interaction energies
between two consecutive gauche states of different (same) orientation. ψ and ω equate one if the
rotation of the bonds is independent. q = (1, 0, 0) and p = (1, 1, 1) are the initiating and terminating
vectors. As in the SB model, the necessary thermal averages can be obtained by performing proper
derivatives of the partition function. For instance, the average number of bonds in the gauche state is
given by [47]

g =
∂ ln Ξrot

∂ ln σ
. (16)

The RIS model can be generalized in order to take into account the protonation degrees of freedom.
If the macromolecule is in a protonation state s, the pair (s, c) defines a roto-microstate with reduced
free energy

F (s, c) = Frot (c) + Fp (s, c) . (17)
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Frot (c) is the free energy corresponding to the fully deprotonated state of each conformer,
while Fp (s, c) represents the reduced free energy due to the protonation process, which, for a given
conformation, can be expressed as

βFp (s, c)
ln 10

= ∑
i

µi (c) si + ∑
j>i

φij (c) sisj, (18)

where triplet interactions have been neglected. Note that the cluster parameters now depend on
the conformational state c. The reduced free energy Equations (17) and (18) combines the RIS
and the SB model and defines the SBRIS model, which allows for studying conformational and
ionization properties on the same foot. In recent publications, the SBRIS model has been used to
explain conformational transitions in weak linear polyelectrolytes [45] and in the characterization of
ionization/conformational properties of linear poly(ethylenimine) [46]. The probability of a specified
roto-microstate is given by

p (s, c) =
e−βF(s,c)

ΞSBRIS
, (19)

where the SBRIS partition function ΞSBRIS is defined as

ΞSBRIS = ∑
s,c

e−βF(s,c). (20)

The SBRIS partition function can alternatively be expressed in the fashion

ΞSBRIS = ∑
s

Ξrot (s) , (21)

where Ξrot (s) denotes the rotational partition function for the macromolecule in a ’frozen’ binding
configuration s = {s1, s2, · · · , sN}. Ξrot (s) can then be calculated as a RIS partition function as
in Equation (14), but now decorating the transfer matrices with the suitable binding parameters.
The sum over the protonation states can be performed by using proper matricial methods described
elsewhere [46]. They are outlined as supplementary information and here we just comment the
final results. The SBRIS partition function is obtained by replacing the conformational RIS transfer
matrices U (Equation (15)) for suitable super-matrices. The rule is that, if a bond is holding at its ends
two ionization groups, U must be replaced by

U→ B =

(
U Uz
U Uuz

)
, (22)

where u is a diagonal matrix containing the Boltzmann factors corresponding to the short-range interactions

u =




ut 0 0
0 ug 0
0 0 ug


 . (23)

In matrix (23), −kBT ln ut and −kBT ln ug represent the short-range interaction energy between
two protonated sites separated by a bond in trans and gauche conformation, respectively. For the bonds
which do not hold ionization sites, the substitution is

U→ B =

(
U 0
0 U

)
. (24)
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The resulting SBRIS partition function reads

ΞSBRIS = rB1B2...BM−1BMtT, (25)

where r = (q q) and t = (p p) are the initiating and terminating vectors, respectively. The average
number of bound protons and the bond state probabilities can be again obtained by proper derivatives
of Equation (25). It can also be shown that matricial expressions for other physical quantities derived
in the context of the RIS model can also be generalized to ionizable molecules by performing suitable
substitutions by super-matrices [45]. For instance, there are available matricial expressions for the
average square distance between two sites of the chain. These expressions are used in this work to
estimate the average distance between charged sites and the corresponding LR interaction energy.

As commented on in the preceding section, transfer matrix methods can only be applied if only SR
interactions are taken into account. In this work, we propose to use the LEIP technique to include the
LR interactions via local parameters, as done in the case of rigid molecules. Now, however, not only the
ionization parameters, such as pK → pK− x, but also the conformational parameters must be corrected
as outlined in Figure 3. In the simplest case, with only one kind of rotating bonds, the substitution
pσ→ pσ+xσ where pσ = − log σ will be necessary. The treatment is almost identical to the one used
for rigid molecules. Now, the “unperturbed” free energy is Ω0 = − ln ΞSBRIS (x, xσ) . It can be easily
shown that the corrections x for the pK and xσ for pσ fulfill equivalent equations to (12)

J

(
x
xσ

)
=



(

∂ϕ0
∂x

)
xσ(

∂ϕ0
∂xσ

)
x


 ; J =



(

∂ν0
∂x

)
xσ

(
∂g0
∂x

)
xσ(

∂ν0
∂xσ

)
x

(
∂g0
∂xσ

)
x


 , (26)

where ν0 (x, xσ) represents the average number of bound protons (Equation (4)) and g0 (x, xσ) the
average number of bonds in the gauche state (Equation (16)), calculated using the unperturbed free
energy. If we use ν0 and g0 as independent variables, instead of x and xσ, Equation (26) can be rewritten
in a similar fashion as Equation (13)

x =

(
∂ϕ0

∂ν0

)

g0

; xσ =

(
∂ϕ0

∂g0

)

ν0

, (27)

which essentially tell us that x represents the average change in ϕ0 when a new proton is bound
(keeping constant the number of bonds in gauche) while xσ is the the average change in ϕ0 when
a bond is brought to its gauche state (keeping constant the number of bound protons). Note that
the LEIP method always leads to expressions for the interaction corrections of the same type of
Equations (13) and (27).
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Figure 3. Outline of the Local Effective Interaction Parameters (LEIP) method. LEIP accounts for the
Short-Range (SR) interactions exactly, but LR interactions are replaced by effective SR free energies.
In the resulting scheme, only SR interactions are present, which considerably simplify the theoretical
treatment. The bonds “feel” the presence of the LR interactions in an effective way, which leads to
an apparent pH-dependent rotational energy. Other parameters, such as the protonation pK-values,
also become pH-dependent due to the presence of LR interactions.

As in the previous section, LR interactions are described by the Debye–Hückel potential, although
the method could in principle be applied to other kind of interactions such as van der Waals interactions.
Moreover, by including convenient “hard core” terms in the interaction potentials, the excluded volume
effect could in principle be taken into account. The study of this effect, however, is not trivial and it is
out of the scope of this work. Unlike rigid molecules, for flexible molecules, the average LR interaction
energy ϕ0 for the unperturbed free energy can only be approximately calculated. In this work, as a first
approximation, we assume that

ϕ0 =

〈
∑
ij

φ
(
dij
)

sisj

〉

0

'∑
ij

φ

(√〈
d2

ij

〉
0

) 〈
sisj
〉

0 . (28)

This approximation could in principle be improved by using higher order moments of dij.

Matricial expressions for
〈

d2
ij

〉
0

and higher moments where derived by Flory and Jernigan [47,58] for
neutral chains. Here, these expressions are modified in order to account for the protonation degrees of
freedom. An outline of the derivations is provided as supplementary information.

4. Monte Carlo Simulations

In order to estimate the accuracy of the LEIP method when applied to flexible polyelectrolytes,
we compare the theoretical values with those resulting from MC simulations. Two main MC
techniques have been previously proposed: the Reaction Ensemble approach, for which the pH is
a calculated quantity [59,60], and the constant pH method, corresponding to the semi-grand canonical
ensemble [33,61–63]. Since the control variable in the LEIP method is the pH-value, as indicated
by the reduced free energies in Equations (1) and (17), the constant pH method has been chosen
here. In previous studies about polyelectrolyte ionization properties, both Reaction Ensemble and
constant pH methods have been coupled to Molecular Dynamics schemes in order to deal with explicit
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ions. In this work, free protons, co- and counter-ions are not explicit in the simulations and the
screening effects are taken into account via the Debye length parameter, κ–1. The MC code generalises
the one previously used in the computation of conformational and ionization properties of linear
poly(ethylenimine) [46]. The polyelectrolyte is modeled as a linear chain with rigid bond lengths and
angles. Bonds can adopt one of the three states of minimum energy (trans, gauche+ or gauche−). Each
change of a bond state implies a 120° rotation of its dihedral angle and the recalculation of distances
among the sites situated before and after the rotating bond. The linear chain is composed of interacting
nodes which can correspond to inert or protonating groups. In Figure 4, two snapshots of Monte Carlo
simulations at ionic strength 0.001 M and two pH-values (four in Figure 4a and eight in Figure 4b)
are presented. As in Figures 1 and 3, the ionizable sites are depicted in blue (dark blue if they are
protonated and cyan otherwise). It can be observed that a decrease in the pH-value promotes the
elongation of the chain, and the consequent reduction of the electrostatic repulsion, by increasing the
number of bonds in the trans conformations.

In the MC simulations, the free energy of the system is divided into SR and LR terms

F(s, c) = FSR + FLR + ∑
i
(pH− pKi)si. (29)

The SR term is computed using SBRIS free energy (Equation (17)) which involves the energies
present in the transfer matrices (σ, ψ, ω, ut and ug), while the LR contribution is calculated using the
Debye–Hückel potential (Equation (11)). If FLR is set to zero, the obtained results coincide, within the
numerical error, with those obtained using the transfer matrix method. This was one of the tests used
to check the reliability of the Monte Carlo code. A Metropolis algorithm [15,27] is used to generate
roto-microstates at constant pH in a chain with 50 ionizable sites (i.e., 148 nodes or 147 bonds). In each
new MC configuration, the polyelectrolyte can change either (i) the conformational state of a rotating
bond or (ii) the ionization state of a binding site, with trial probabilities of 0.999 and 0.001, respectively.
These trial probabilities allow us to obtain a good equilibration of the conformational structure for
each ionization state and the system does not become trapped in local minima. The probability to
accept a new configuration is obtained by computing the free energy difference (∆F(s, c)) between
trial and actual conformations. When the state of the bond α is changed, the following free energy
differences must be calculated: (i) the conformational energy of bond α and its interaction with bonds
α± 1 (corresponding to the parameters σ, ψ and ω); (ii) the electrostatic SR interaction between the
two sites bound to α when they are charged (corresponding to ut and ug, which depend on the new
conformation of α ); and (iii) the change in the LR Debye–Hückel interaction among sites before and
after α, which involves the recalculation of the distances between the charged sites. On the other hand,
a change in the ionization state of a site si implies to recalculate: (i) the reduced chemical potential
of the site i by an amount ∆µi = (pH− pKi)∆n, where ∆n = ±1 is the variation in the number of
protons; (ii) the SR repulsive interaction between si and si±1; and (iii) the LR Debye–Hückel interactions
between the trial protonating site and the rest of ionized sites. Once ∆F(s, c) is computed, the new
configuration is always accepted if ∆F(s, c) < 0 and accepted with a probability exp(−β∆F(s, c)) if
∆F(s, c) > 0. The values presented are the average over eight different MC simulations. Each MC
simulation has been equilibrated in the first 5× 107 configurations and the thermal averages have been
computed in the following 4.5× 108 realizations. The simulations were performed using a parallel
code developed in C++ on a 126 CPU cluster. For each pH and ionic strength (one point of the curves),
typical jobs were run using 8 CPUs during 1 to 2 h.
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(a) (b)

Figure 4. Two snapshots of Monte Carlo simulations with pK = 9, εt = 1, ug = 0, σ = 10
and pH = 4 (a) and pH = 8 (b). Note that elongated conformations are promoted at low pH as
a consequence of polyelectrolyte global charge increase.

5. Results and Discussion

As a model system, we use the linear polyelectrolyte outlined in Figure 1b, with protonating sites
situated every three chain positions. Only c bonds are allowed to rotate and they can adopt the three
states of minimum energy, i.e., trans, gauche+ or gauche−. The conformation of c bonds determines
the intensity of the SR interactions between neighbouring protonated sites. The rest of bonds (a and
b in the figure) are forced to be in the trans state. The energy of the gauche state of the c bonds is
denoted as pσ = − log σ. The c bonds are assumed to rotate independently when the macromolecule
is uncharged (ω = ψ = 1 in Equation (15)). The protonating sites are considered to be identical with
the same protonation pK-value. The interactions between protonated sites are characterized by the
energies εt = − log ut (when the bond c is in trans state) and εg = − log ug (when the bond c is in
gauche state). In the computations, the used values of the bond length and the bond angle are 0.2 nm
and 120°, respectively. This model can be regarded as a minimal model of a flexible polyelectrolyte,
with only four energetic parameters involved (σ, εt, εg and pK), and it is here used to illustrate the
application of the LEIP method to the analysis of the interplay of conformational and protonation
degrees of freedom.

Let us firstly consider the case for which c bonds can freely rotate when the adjacent sites are
deprotonated (i.e., σ = 1). When both sites are charged, however, the very strong SR repulsion hinders
the gauche conformation, so that we take ug = 0 (i.e., εg → ∞). The resulting titration curves are
shown in Figure 5a for ionic strengths ranging from 1 M to 0.001 M. The chosen parameters are pK = 9
and εt = 1. The black continuous lines represent the average protonation degree θ calculated using
the LEIP method correcting both the pK-value (pK → pK − x) and the conformational energy of c
bonds (pσ→ pσ + xσ), while the red circles represent the results of the MC simulations. It is observed
that the LEIP method reproduces very accurately the MC simulations for all the range of pH-values
and ionic strengths. The dashed line depicts the values provided by LEIP for I = 0.001 M if only
the pK-value is corrected, while σ remains constant. Although relative good prediction of the MC
simulations is obtained, the quality of the titration curve clearly improves if σ is corrected. This means
that the rotational energy of the c bonds is affected by LR interactions even if their pendant sites are
not charged, as a result of the tendency of the chain to separate the rest of charged groups. Actually,
the system behaves as if c bonds “feel” the LR interactions in an effective way. This effect is more
remarkable in the subsequent case.
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(a) (b)

Figure 5. Titrations curve for the model polyelectrolyte depicted in Figure 2 with pK = 9 , εt = 1,
ug = 0 (i.e., εg → ∞) and σ = 1 (a) ; σ = 10 (b). The chosen ionic strengths are, from top to bottom,
1 M, 0.1 M, 0.01 M and 0.001 M. Black continuous lines represent calculations using the LEIP method in
which two effective short-range parameters (pK and pσ) has been corrected. Red circles depict the MC
values. The green dashed line corresponds to the LEIP values for I = 0.001 M when only the pK-value
is corrected, while pσ is kept constant.

Let us check the accuracy of LEIP method when the gauche states of the c bonds are favored,
for instance, because of the existence of hydrogen bond, which means that σ > 1. When the adjacent
sites are both protonated, on the contrary, the electrostatic repulsion is so strong that the gauche states
are forbidden (ug = 0). In this case, the conformational propensity changes when the ionization
state of the sites change. Figure 5b compares the titration curves obtained using LEIP correcting pK
and pσ and MC simulations for pK = 9, εt = 1 and σ = 10. As can be observed, LEIP method and
MC simulations yield to almost identical titration curves. In this case, however, the correction of pσ

becomes compulsory. If only pK is corrected, the titration curve obtained by LEIP at 0.001 M (green
dashed line) exhibits a phase transition-like behaviour at pH ≈ 5. This is an artifact resulting from
the impossibility to explain the complex interplay of charge regulation and conformational transition
without taking into account the influence of LR interactions in the effective energy of the gauche state.

For the two cases commented above, the gauche state probabilities versus the pH are shown
in Figure 6a,b. Markers correspond to MC simulations while black lines represent the theoretical
values at ionic strengths 1 M, 0.01 M and 0.001 M, for pK = 9, εt = 1 and ug = 0. Figure 6a corresponds
to the case with σ = 1. A good correspondence between simulated and theoretical profiles is obtained
for all the ionic strengths. Since at low pH-values, the polyelectrolyte is almost fully protonated,
the gauche state probability tends to zero because of the high electrostatic repulsion between the
nearest charged sites in the gauche position (ug = 0). On the other hand, at high pH-values, the
macromolecule is completely uncharged and the c bonds are freely to rotate. As a result, the probability
of the two gauche conformers tends to 2/3. For I = 1 M, the LR interactions can be neglected and total
correspondence between simulated and calculated values is found. At higher ionic strengths (0.01 M
and 0.001 M), for which the Debye–Hückel potential is not screened enough, some small differences
arise. However, still now, good agreement between the LEIP method and MC simulations is observed.
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(a) (b)

Figure 6. Gauche state probabilities of bond c versus the pH-value computed by means of MC
simulations (red markers) and using the LEIP method (black lines) for ionic strengths: 1 M (circles and
continuous line), 0.01 M (squares and dotted line) and 0.001 M (triangles and dashed lines). The chosen
parameters are pK = 9, εt = 1, ug = 0 and σ = 1 (a); σ = 10 (b).

Figure 6b corresponds to the case with σ = 10. Simulated and theoretical probabilities are also in
good agreement. Again, the gauche state probability tends to zero for low pH-values, while, at high
pH-values, the population of the gauche conformer is 2σ/(2σ + 1) = 0.95. A continuous transition
from gauche to trans conformations as the pH decreases is observed. This transition is sharper than in
the previous case. Note that, from the LEIP point of view, this transition occurs because of a double
effect. On the one hand, there is the charging process, so that two adjacent sites tend to minimize
the repulsion when the bonds adopt the trans conformation. This effect is present even when LR
interactions are not present. On the other hand, the effective gauche state energy is increasing due
to the average effect of the LR interactions (pσ → pσ + xσ). Both effects are important to correctly
reproduce the MC simulations. Otherwise, the lack of flexibility in the conformational energy leads to
the spurious phase transition observed in Figure 5b (green dashed line).

Figure 7 shows the LEIP method correction xσ to the bond conformational energy (pσ→ pσ + xσ)
for σ = 1 (Figure 7a) and σ = 10 (Figure 7b). In both cases, it is observed that xσ tends to zero at high
pH-values, since the molecule is uncharged and no LR interactions are present, so no correction is
necessary. As a general tendency, xσ tends to increase as the pH decreases due to the charging process
and the corresponding increase in the LR interactions. This effect is larger at low values of the ionic
strength since the Debye–Hückel potential is less screened. For the case σ = 10, a wavy behaviour is
observed for ionic strengths 0.1 M and 0.01 M and xσ exhibits a smooth maximum at pH ' 4, which
coincides with the pH regime where the trans to gauche transition is sharper. This fact could be due to
correlations between the rotation of neighbouring bonds or because part of the correction is effectively
included in the pK-correction x. Further analysis would probably be necessary in order to clarify
this point.

In the two cases discussed above, we have taken ug = 0, which means that bonds between
two protonated sites cannot be in the gauche state. Let us now relax this condition and take a finite
value for ug, so that the electrostatic interaction between two charged sites in gauche is not forbidden
but only penalized. LEIP predictions (black lines) and MC simulations (red markers) are plotted
in Figure 8. Figure 8a shows the computed titration curves with εg = 2 at ionic strengths ranging,
from top to bottom, from 1 M to 0.001 M. Excellent agreement between the theoretical predictions and
simulations is obtained for all the ionic strengths, so that the relaxation of the condition ug = 0 does
not seem to affect the accuracy of the LEIP approach. Gauche state probabilities versus pH at three
ionic strengths are depicted in Figure 8b: 1 M (circles and continuous line), 0.01 M (squares and dotted
line) and 0.001 M (triangles and dashed line). As expected, even at low pH-values, some bonds can
remain in the gauche state due to the finite value of ug. Despite the complexity of the obtained profiles
for this case, LEIP is able to accurately reproduce the MC simulations.
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(a) (b)

Figure 7. Correction to the gauche state energy xσ versus the pH for pK = 9, εt = 1, ug = 0 and
σ = 1 (a); σ = 10 (b). From the bottom to the top, the ionic strengths are 1 M, 0.1 M, 0.01 M and 0.001 M.
xσ represents the average effective energy “felt” by c bonds as a result of the LR interactions.

(a) (b)

Figure 8. Titration curves (a) and gauche state probabilities (b) obtained using the LEIP method (black
lines) and MC simulations (red markers). The chosen parameters are pK = 9, εt = 1, εg = 2 and
σ = 1. (a) the ionic strength are, from top to bottom, 1 M, 0.1 M, 0.01 M and 0.001 M; (b) three different
ionic strengths are shown: I = 1 M (circles and continuous line), 0.01 M (squares and dotted line) and
0.001 M (triangles and dashed line).

6. Conclusions

The ionization and conformational properties of polyelectrolytes are determined by a combination
of Short-Range (SR) and Long-Range (LR) interactions between bonds and ionizable sites. In particular,
electrostatic LR interactions can only be neglected at high enough ionic strengths, which is an important
limitation for many macromolecular systems of interest. The present work explores the possibility
of defining local, short-ranged, interaction parameters which are corrected to account for the
LR interactions in an effective way. The new parameters are systematically calculated by using
variational methods and equations for them are provided. The resulting approach, the Local
Effective Interaction Parameters (LEIP) method, was firstly developed to study the binding properties
of rigid polyelectrolytes. In this paper, these ideas are extended to flexible polyelectrolytes, for
which conformational and ionization equilibria (charge regulation) are strongly coupled. With this
aim, LEIP is combined with the Site Binding Rotational Isomeric State (SBRIS) model in order to
deal simultaneously with conformational and protonation degrees of freedom for the full range of
ionic strengths.

The LEIP method is illustrated by using a model of a linear symmetric polyelectrolyte containing
protonating sites situated regularly along the polymer backbone. The charged sites interact by means
of the Debye–Hückel potential, which accounts for the electrostatic screening in an average way,
while excluded volume effects are neglected. The bonds linking the ionizable sites can be in three
possible states, i.e., trans, gauche+ and gauche−. This model with only four relevant parameters
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(protonation pK-value, gauche state energy and SR electrostatic interactions between neighbouring
sites through bonds in trans and gauche states) can be regarded as a minimal model of a flexible
polyelectrolyte where conformational and binding equilibria are strongly coupled. The LEIP method
is applied to correct both the protonation pK-values and the gauche state energy. As a result, local
pH dependent rotational potentials are obtained. The correction to the gauche energy represents the
contribution of the LR interactions in rotating a bond to its gauche state.

The degree of protonation and the gauche state probabilities obtained using the LEIP method are
compared with those computed using semi-grand canonical Monte Carlo (MC) simulations. In all of
the studied cases, the agreement between LEIP and MC simulations is excellent. The computational
cost, however, is orders of magnitude lower in the LEIP method. This fact allows using LEIP to directly
fit parameters to experimental information. The LEIP method could also represent a complementary
tool to the study of other aspects of the polyelectrolyte physical chemistry, such as the dependence of
the molecular size on the pH, the influence of excluded volume interactions, the presence of attractive
hydrophobic interactions or the competitive binding of metal ions. The clarification of these points,
which have not been the subject of the present study, would be desirable in order to extend the
applicability of the LEIP method. We think that the ideas presented here could be useful in the design
of pH-dependent force fields based on experimental ionization and conformational properties.

Supplementary Materials: General equations for SBRIS partition function and mean square distance between
sites, necessary in the computations of this work, are provided as supplementary information (can be available
online at http://www.mdpi.com/2073-4360/10/08/811/s1). The transfer matrices corresponding to the model
polyelectrolyte used here are also reported.
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4.1 Summary

4.1.1 Introduction

The mechanical stretching response of a single polymer chain has been widely studied exper-

imentally, theoretically and computationally. The setup of a single-molecule stretching experi-

ment is the following.54,58. First, one chemically attaches the polymer chain to a surface. Then, a

controlled force is applied to the macromolecule and the average extension of the chain is mea-

sured. The extension of the chain is usually measured using spectroscopic techniques, mainly

Atomic Force Microscopy56,57,61,166,167 (AFM) and optical tweezers.58,59 Single-chain stretching

experiments have proved that many interesting physico-chemical events can be triggered by

the action of a mechanical force. For instance, one can induce isomerization reactions61,166,167,

break hydrogen bonding56,57 or even cause ring opening reactions, forbidden in normal condi-

tions.168,169

Several theoretical models have been proposed to explain the single-molecule stretching ex-

periments.54,58,172 Many of them rely on the Freely Jointed Chain (FJC) and Worm-Like Chain

(WLC) models, which propose a coarse-grained description of the polymer chain. Both models

have been used to study a wide variety of synthetic polymers and biopolymers,5,54,66,173–175,

obtaining good agreement with the experimental stretching response of neutral polymers and

polyelectrolytes with negligible electrostatic interactions. However, strong deviations from the

ideal FJC and WLC models have been found for polyelectrolytes where long-range coulombic

interactions are important.71 In particular, the stretching response of single stranded nucleic

acids have been found to exhibit two unique elastic regimes.77,78 Moreover, the elastic response

of these strong polyelectrolytes was found to be dependent on the concentration and valence

of the counterions.77,78 All these observations have motivated the development of the snake

chain model,79,81 which seemingly is able to explain well the elastic response of strong poly-

electrolytes.

The aforementioned experiments where conducted with strong polyelectrolytes (single stranded

nucleic acids), where the charge is constant and not fluctuating. There are few experiments on

the elastic response of weak polyelectrolytes, which have mainly focused in the effect of tem-

perature or have been carried out in pH-conditions where charge regulation is neglectible.57,183

Thus, the impact on the elastic properties of weak polyelectrolytes of the conditions such as the

pH or the ionic strength is still unknown.

In this chapter, it is investigated the physicochemistry involved in the mechanical stretching

of a single weak polyelectrolyte. The SBRIS model polyelectrolyte introduced in the previous
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chapter, which is outlined in Fig. 4.1a, is extended to study its elastic response. This is done per-

forming SGCMC simulations at varying conditions of pH, ionic strength and stretching force.

A snapshot of one of the simulations can be found in 4.1b. In the publication presented in this

chapter, we answer the following questions:

• In the previous chapter, special focus have been placed in the coupling between the ion-

ization and conformational degrees of freedom of weak polyelectrolytes. Is it possible to

change the ionization state of a weak polyelectrolyte by mechanically stretching its chain?

• In affirmative case, until which extent is it possible to modify the polyelectrolyte charge

and in which conditions?

• Are the force/extension curves of flexible weak polyelectrolyte dependent of the pH and

ionic strength conditions?

• Which are the different force regimes observed in weak polyelectrolyte stretching?

FIGURE 4.1: (a) Model weak polyelectrolyte used in the publication presented in this chap-
ter. The polyelectrolyte has an ionizable site (blue circles) every three chain positions. Only
the bonds joining two non-ionizable sites (grey circles) can change its conformation, which is
restricted to trans (t), gauche+ (g+) and gauche- (gauche-) states. The ionizable sites can dynam-
ically change its charge via protonation/deprotonation processes. (b) Snapshot taken from one

of the SGCMC simulations exhibited in the publication presented in this chapter.
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4.1.2 Results

The model polyelectrolyte used in the publication exhibited in this chapter aims to retain the

more fundamental physicochemical aspects relevant in the stretching of a weak polyelectrolyte:

proton binding, dihedral angle rotation, bond stretching and bending. The model can be con-

sidered an extension of the SBRIS model presented in the previous chapter and it follows the

same assumptions listed in Section 3.1.2. In addition to those, two new assumptions are con-

sidered:

• The bond stretching and bond bending are included in the model with harmonic poten-

tial, which allow small thermal fluctuations of the bond length and bond angle around

their equilibrium value.

• All the bonds are considered to have the same equilibrium bond length, equilibrium bond

angle and harmonic constant values for the bending and stretching potentials.

The results presented in this section correspond to the case with pKa = 9, σ = 10, εu,t = 1,

εu,g = ∞, equilibrium bond length l0 = 1.5 Å and equilibrium bond angle α0 = 120°. In the

publication presented in this chapter, the case with σ = 1 is also studied and a more complete

casuistry, including wider pH and ionic strength conditions is studied.

The elastic response of the model weak polyelectrolyte can be observed in Fig. 4.2, where the

polyelectrolyte extension Lz is shown as a function of the stretching force applied F. In Fig.

4.2a, the force/extension are obtained at a constant ionic strength I = 0.001 M and pH-values

(a) (b)

FIGURE 4.2: Chain extension Lz normalised to the contour length LC = Nl0 cos((π − α0)/2),
where N is the number of bonds of the polyelectrolyte. (a) constant ionic strength I = 0.001 M
and pH-values 4 (squares), 6 (circles), 8 (upwards triangles) and 10 (downwards triangles). (b)
constant pH-value pH = 6 and ionic strengths: 1 M (green squares), 0.1 M (turquoise circles),

0.01 M (cyan upwards triangles) and 0.001 M (blue downwards triangles).
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(a) (b)

FIGURE 4.3: Average ionization degree θ as a function of the stretching force F for simulations
with (a) constant ionic strength I = 0.001 M and pH-values ranging from 4 to 10 and (b) con-
stant pH-value pH = 6 and I-values ranging from 1 M to 0.001 M. The markers follow the same

symbols as the ones depicted in Fig. 4.2.

ranging from 2 to 10, from top to bottom. It can be observed that, for a given F-value, the poly-

electrolyte is easier stretched at small pH-values. This can be understood because at low pH

values most of the polyelectrolyte binding sites are protonated, i.e. charged. The intramolecular

electrostatic repulsion between charged sites contributes to stretching the polymer chain. The

same fundamental reasoning can be applied to explain the force/extension curves in Fig. 4.2b,

which are obtained at constant pH = 6 and I-values ranging from 0.001 M to 1 M, from top to

bottom. In this case, for a given F-value, the chain is easier stretched at low I-values because

the intramolecular electrostatic interaction is less screened. It is important to note that those

effects only occur for 0.5 ≤ F ≤ 100 pN.

The effect of the mechanical stretching of the polyelectrolyte on its ionization is investigated

analyzing the degree of ionization θ as function of F, which is depicted in Fig. 4.3. The SGCMC

results shown in Fig. 4.3a are obtained at a constant ionic strength I = 0.001 M and pH-values

ranging from 4 to 10 and the ones in Fig 4.3b at a constant pH-value pH = 6 and I-values

ranging from 1 M to 0.001 M. It can be observed that θ increases in increasing F for all the

cases of study. This is because the charged sites are separated when the polyelectrolyte chain

is elongated. As a result, the electrostatic repulsion among charged sites is reduced and the

system admits more charged sites. Note that, again, the force regime where the θ increase

is observed is also 0.5 ≤ F ≤ 100 pN. It is also relevant to highlight that this effect is more

important at intermediate pH-values and high I-values. The reason of this latter observation

will be explained in the following chapter.

The conformational properties of the polyelectrolyte chain can be assessed in Fig. 4.4, where

the polymer persistence length lp is shown as a function of F. Again, the left-side panel (Fig.

4.4a) corresponds to SGCMC simulations at constant ionic strength I = 0.001 M while those in
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the right-side panel (Fig. 4.4b) correspond to results at constant pH-value pH = 6. It can be

observed that the chain is stiffer (larger lp values) at low pH and I values. This can be justified

since at these conditions the intramolecular repulsive electrostatic interactions are more impor-

tant, which cause the chain to be more extended (at low pH values the polyelectrolyte is more

charged and at low I values the electrostatic interactions are less screened). Note that, while lp
is constant for F < 1 pN, it increases in increasing F otherwise. This is because the mechanical

stretching elongates the chain which makes the chain stiffer (in turn increasing lp ). A deeper

analysis of the conformational properties of the polyelectrolyte, including the response of the

rotational states to the mechanical stretching, can be found in the publication included in this

chapter.

Three different force regimes have been identified. At low forces F < FE = kBT/lp ' 1 pN, the

chain behaves as a set of segments with characteristic length lp.5 The existence of this ”entropic”

force regime can be assessed in Fig. 4.4, where it can be observed that lp remains constant in this

force regime. In Fig. 4.5, the low force regime is analyzed in detail at pH-values ranging from

2 to 10, from top to bottom. The simulated elongation results (markers) are fitted to the linear

prediction of the force/extension response Eq. 1.49 (dashed lines) and to the Pincus scaling law

Eq. 1.51 (continuous lines). It can be observed that at very low forces, F < 0.1 pN the elongation

follow a linear behavior. For higher forces, 0.1 pN < F < 1 pN, the simulations results

deviate from the linear regime and follow the Pincus scaling law. The Pincus scaling exponent,

ν, exhibits two asymptotic behaviors: at low pH values (where the chain is charged) it tends

to ν = 3/5 while at high pH values (where the chain is uncharged) it tends to ν = 1/2. The

first value was predicted by Pincus64 for strong polyelectrolytes and it is result of the swelling

of the polyelectrolyte due to the intramolecular electrostatic repulsion of its charged groups.

The latter limiting value recovers the linear regime, expected for a neutral polymer following

ideal chain statistics. Interestingly, at intermediate pH-values a transition between both limiting

(a) (b)

FIGURE 4.4: Persistence length lp normalized to the equilibrium bond length l0 as a function
of the stretching force F for simulations with (a) constant ionic strength I = 0.001 M and pH-
values ranging from 4 to 10 and (b) constant pH-value pH = 6 and I-values ranging from 1 M

to 0.001 M. The meaning of the markers used is the same as in Fig. 4.2.
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FIGURE 4.5: Force/extension curves obtained in the low-force regime at constant I = 0.001
M and pH values from top to bottom of 2, 4, 6, 8 and 10. Markers corresponds to the results
obtained with SGCMC. Lines show the best of the simulation results to the linear Eq. 1.49

(dashed lines) and to the Pincus scaling law 1.51 (continuous lines).

situations is observed, suggesting that weak polyelectrolytes can be understood as intermediate

situation between strong polyelectrolytes and neutral chains. This transition is analyzed in

more detail in the following chapter.

At intermediate forces (1 pN < F < 100 pN), the mechanical stretching force is directly affecting

the conformational properties of the polymer. This fact can also be observed in Fig. 4.4, where

lp increases with F for F > 1 pN. Further prove of this affirmation is provided in the publication

at the end of this chapter, where the dynamics of the conformational bond states is analyzed in

the full force range. It is in this regime, in which the stretching force changes the conformation

of the polyelectrolyte, when the ionization is also modified, as can be observed in Fig. 4.3.

Finally, at high forces F > 100 pN, the chain is almost fully elongated, as can be observed in

Fig. 4.2. In this high force regime, the mechanical force starts to elongate the bond angle and

bond length, in this order. In the publication presented in this chapter, this latter affirmation

is assessed studying the average values of the bond length and the bond angle. The results

indicate that their values only increase with the stretching force in this high force regime.

4.1.3 Conclusions

In this chapter, the physico-chemistry involved in the mechanical stretching of a weak polyelec-

trolyte chain is investigated with Semi-Grand Canonical Monte Carlo (SGCMC) simulations at

different pH, ionic strength (I) and stretching force F conditions. The chosen model for the

weak polyelectrolyte is an extension of the SBRIS model presented in the previous chapter,

with an ionizable site very three chain positions. The conformational (persistence length lp and

the probabilities of the gauche states), ionization (average degree of ionization θ and effective
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protonation constant) and elastic (chain extension Lz are analyzed in the full range of stretching

forces at varying conditions of pH and I.

Three different force regimes are identified. At low forces F < 1 pN, the polymer behaves as a

structureless chain of segments of constant length equal to lp. In this ”entropic” force regime, lp
is constant and independent of the stretching force. The Pincus scaling exponent ν is found to

exhibit two limiting behaviors with the pH. At low pH-values (highly charged chain) ν tends to

3/5, which is the value theoretically predicted for a strong polyelectrolyte. At high pH-values

(neutral chain) ν tends to 1/2 and the linear regime is found, which is the theoretical prediction

for ideal neutral chain. At intermediate pH-values, ν is found to have a transition between

these two limiting values, indicating that weak polyelectrolytes have an intermediate behavior

between a strong polyelectrolyte and a neutral ideal chain.

At intermediate forces 1 pN < F < 100 pN, the stretching force acts in the rotational degrees

of freedom. The stretching force promotes trans conformational state, where the polymer is

more elongated, and the gauche state probabilities are observed to decay. In turn, lp becomes

force-dependent and it start to increase in increasing F. In this force regime, θ is observed to

increase as F increases. This is because in elongating the chain, one separates the distance be-

tween charged sites, diminishing the intramolecular electrostatic repulsion and allowing the

creation of new charged sites. Moreover, the force/stretching curves are found to be pH and

I dependent on this force regime. As a general trend, the polyelectrolyte is found to be easier

stretched in conditions of significant electrostatic interaction (low pH and I values). In sum-

mary, it is in the intermediate force regime where the elastic, conformational and ionization

properties are highly coupled, exhibiting an interesting and complex interplay.

At high forces F > 100 pN, the force/stretching curves are found to be independent of the I

and pH values. The chain is fully stretched and the bonds are found to be all in trans states. In

this force regime, the stretching force is found to first increase the average value of the bond

angle and then increase the average bond length.
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ABSTRACT: Weak polyelectrolytes can modulate their charge in response to external perturbations, such as changes in the
pH, ionic strength (I), or electrostatic interactions with other charged species, a phenomenon known as charge regulation (CR).
On the other hand, it is well established that CR is highly coupled with the conformational degrees of freedom. In this paper,
the influence of CR in the stretching properties of weak polyelectrolytes is analyzed, and the possibility of CR induced by
mechanical stretching is explored. With this aim, we make use of a minimal model, which captures the fundamental aspects
present in the stretching of a flexible weak linear polyelectrolyte: internal angle rotation, bond stretching, bond bending, and
proton binding, which is the paradigmatic mechanism of CR. The angle rotation is described by using the rotational isomeric
state approximation, while for protonation, the site binding model is assumed. Mechanical stretching is studied by performing
semi-grand canonical Monte Carlo simulations at different pH and ionic strength conditions. The simulations simultaneously
provide both conformational (bond state probabilities, persistence length lP, and chain elongation) and protonation properties
(degree of protonation θ and the effective protonation constant Kc). The obtained force−extension curves suggest that the pH
value and the ionic strength I have a significant effect on polyelectrolyte stretching. Three different force regimes can be
observed. For large forces (F > 100 pN for typical force constants), the force−extension curve is almost independent of the pH
and I. For low forces, the persistence length lP is force-independent, although it strongly increases with the pH value. Under this
regime, linear and Pincus scaling behaviors are observed. Finally, in the intermediate-force regime, both rotational and
protonation degrees of freedom are mechanically activated, and the picture becomes more complicated. It is found that lP
increases with F and, under certain conditions, a significant increase of θ with F is observed, indicating that CR could in
principle be induced by means of mechanical stretching. This fact can be explained by analyzing the coupling between θ and the
probability of a bond to be in the gauche state P(g). P(g) decreases with F as the bonds adopt the trans conformation so that the
electrostatic repulsion is reduced and θ increases. Finally, the intricate interplay between short-range and long-range interactions
is analyzed, leading to apparently contradictory behaviors (P(g) and lp simultaneously decrease with I), which can only be
explained by CR and the presence of complex spatial correlations.

■ INTRODUCTION

In the last two decades, the development of single-molecule
force spectroscopy has led to an extraordinary expansion of the
field of mechanochemistry.1,2 By applying a controlled external
force to a molecule that is chemically attached to a surface, a
wide range of mechanically induced physicochemical events
can take place. Just to mention a few examples, AFM has been
used to mechanically induce cis-to-trans isomerization of
carbon−carbon double bonds,3 prolyl cis−trans isomeriza-

tion,4,5 or conformational chair−boat transitions or hydrogen
bond breaking in polysaccharides.6,7 Some ring-opening
reactions, normally forbidden by orbital symmetry, become
possible if a tensile force is applied to the polymer chain.8,9

Single-molecule AFM experiments have been recently used in
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monitoring force-dependent enzyme catalysis10 and surface
desorption of polypeptides;11,12 the characterization of new
supramolecular polymers based on host-enhanced π−π
interaction;13 or the design of mechanophores embedded in
macrocycles, which allows pinpointing of the mechanochem-
ical bond rupture.14 Optical tweezers have also been used in
the study of the elastic properties of biomacromolecules such
as single-stranded DNA (ss-DNA).2,15

In parallel to the experimental work, several theoretical
approaches have been developed, differing in the detail of
description of the macromolecular structure.1,2,16 In the freely
jointed chain (FJC) model, the polymer chain is represented at
the coarse-grain level by a set of rigid links joined with fully
random orientations. Although able to account for the
stretching properties of a wide variety of synthetic polymers
with different structures and solvents,1 this model was shown
to present clear deviations from the elastic response of many
other macromolecules of interest, such as double-stranded
DNA (ds-DNA). Aiming at overcoming these limitations,
Marko and Siggia modeled the polymer as a worm-like chain
(WLC), which, assuming exponential decaying correlations
between chain segments, accounted for the capability of the
chain to deform on short-length scales.17 The resulting high-
force regime matched very well with a variety of polymers for
which electrostatic interactions can be neglected, such as some
polypeptides18 or ds-DNA.19 Models including freely rotating
bonds,20 bond elasticity,21 or ligand−receptor equilibria22 have
also been proposed, leading to theoretical predictions of new
force−extension regimes.
As an alternative to these coarse-graining approaches,

theoretical methods based on first principles, which account
for the detailed atomistic structure of the macromolecular
backbone, have also been proposed.23 In most of these studies,
ab initio calculations are first performed in order to detect the
more stable conformational states of the interacting monomers
at different elongations of the bonds.24 Once the structural
microscopic information is available, the necessary thermal
averages are performed by using Monte Carlo (MC) or
transfer matrix techniques.25,26 The resulting scheme has been
successful in reproducing the experimental force−extension
curves of several polymers.20,27−29 In particular, the stretching
behavior of poly(ethylene glycol) (PEG) has been analyzed in
detail.27,30,31 In essence, this methodology can be regarded as a
generalization of the rotational isomeric state (RIS) model
developed mainly by Flory to study the conformational
properties of linear chains32,33 in which only the rotational
states of minimum energy (commonly trans, gauche+, and
gauche−) are taken into account in the computation of the
thermal averages.
The methods mentioned above only account for short-range

interactions and cannot thus be applied to charged macro-
molecules for which the long-range Coulombic forces cannot
be neglected. The presence of self-avoiding electrostatic forces
produces, however, new elastic regimes, which strongly deviate
from the ideal, non-interacting FJC and WLC models.34 The
resulting stretching behavior, mainly studied in single-stranded
nucleic acids (ss-DNA and ss-RNA), is extremely dependent
on the valence and concentration of the counterions2,15,35−39

and seems to be well explained by the recently proposed
“snake chain model”.40,41 This model was motivated by recent
MC simulations with explicit ions,42,43 which suggested two
elastic regimes. At low forces, the polyelectrolyte behaves as a
set of swollen electrostatic blobs on a long-length scale, while

at high forces, a short-length, ion-stabilized, crumpling
structure is detected.41−44 Since ss-DNA and ss-RNA are
strong polyelectrolytes, in those studies, the macromolecular
charge is considered constant and independent of the degree of
stretching.
However, this could not be the case of weak polyelectrolytes

for which the charge is in general a dynamical and fluctuating
variable. This fact leads to the phenomenon of charge
regulation (CR), defined as the capability of weak polyelec-
trolytes to modulate their ionization state as a response to
some physicochemical perturbation.45,46 The main aim of the
present work is to study the influence of CR in the stretching
properties of weak polyelectrolytes. The possibility of
mechanically induced CR will also be explored. CR is
ubiquitous in a wide range of processes of biological,
environmental, and technological interest. A few examples
are the stability of colloidal systems and nanoparticle
coatings,47,48 receptor−ligand interactions in biochemical
systems,49 and protein−protein50 and protein−surface inter-
actions,51 among many others, which can be found in ref 52
and references quoted therein. The paradigmatic mechanism
for CR is the binding of protons and other small ions present
in the backward medium. Although CR can take place in rigid
structures such as nanoparticles or surfaces, most polyelec-
trolytes are flexible so that alterations in the ionization state
induce changes in the rotational states of the bonds.
Sometimes, this can even produce dramatic conformational
transitions in the global macromolecular structure, such as the
helix−coil transitions of polypeptides53 or the abrupt swelling
of poly(methacrylic acid) in a very narrow range of pH
values.54

The mechanochemistry of weak polyelectrolytes is still a
fairly unexplored area from the experimental, theoretical, and
computational point of view. Although some AFM experi-
ments7,55 have been performed on weak polyelectrolytes (such
as hyaluronic acid), they have been either focused on the
temperature effect7 or carried out at pH conditions where CR
is negligible.55 As a result, the effect of other environmental
variables such as pH or salt concentration is still unknown. In
this work, we introduce a minimal model that captures the
fundamental aspects present in the stretching of a flexible weak
linear polyelectrolyte: internal angle rotation, bond stretching,
bond bending, and proton binding. The model presented is
based on the site binding rotational isomeric state (SBRIS)
model.52,56−58 The model is implemented in a Monte Carlo
simulation scheme in the semi-grand canonical ensemble
(SGCMC) widely used in computational modeling of CR
phenomena.51,59−66 An outline of the used methodology is
reported in Model and Simulations, while the Results and
Discussion section is devoted to analyzing the behavior of both
the conformational (bond state probabilities, persistence
length, and chain extension) and protonation properties
(degree of protonation θ).

■ MODEL AND SIMULATIONS
Minimal Site Binding Rotational Isomeric State

(SBRIS) Model of Stretched Weak Polyelectrolytes. In
this work, we will make use of a model, which, containing a
minimum number of parameters, still captures the fundamental
aspects present in the stretching of a flexible weak linear
polyelectrolyte: internal angle rotation, bond stretching, bond
bending, and proton binding. The polyelectrolyte, outlined in
Figure 1a, can be considered a simplification of a previously
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proposed model for linear poly(ethylenimine) (LPEI).57 A
similar model has been recently proposed to study the role of
long-range interactions in the conformational/protonation
coupling.52 Let us assume that the chain is symmetric (i.e.,
the chain has a plane of symmetry when it is completely
elongated), thus avoiding the question of tacticity, and
contains a protonating site situated every three chain positions.
In Figure 1, inert and protonating sites are depicted in gray and
blue, respectively. A macromolecule with N protonating sites
thus contains M = 3N − 3 bonds.
The protonation equilibria are treated using the site binding

(SB) model for which the protonating sites can adopt two
possible states: protonated (dark blue) and deprotonated
(cyan). Within the SB approach, the ionization state of the
macromolecule can be characterized by a set of variables s =
{si}, i = 1, ..., N, with values 0 (deprotonated) or 1
(protonated). On the other hand, the conformational degrees
of freedom are treated assuming the rotational isomeric state
(RIS) approximation;32,33 that is, only the rotational states
corresponding to local energy minima are taken into account,
typically trans (t), gauche+ (g+), and gauche− (g−). A
conformational state of the macromolecule can now be defined

by a set of variables c = {cj}, j = 1, ..., M where cj is the row
vector with as many components as the number of states can
adopt the bond j. In our case, each cj can only take three
different values: c (1, 0, 0)j = if bond j is in trans,

c (0, 1, 0)j = if it is in gauche+, and c (0, 0, 1)j = if it is
in gauche−.
Since the chain is symmetric, gauche+ and gauche− states

have the same energy. For simplicity, let us also assume that
only the bonds with adjacent protonating sites (c bonds in
Figure 1a) are allowed to rotate, while the rest of the bonds (a
and b) are forced to be in the trans state. This approximation
has been previously used in the modeling of stretching
properties of poly(ethylene glycol) (PEG),27 the neutral
counterpart of the model proposed here. As a result, in our
model, only N − 1 bonds from the total M bonds are allowed
to rotate. Finally, we introduce the possibility of elastic bond
stretching and bending.
Combining the SB and RIS approaches, we obtain the

SBRIS model, which deals with ionization and conformational
equilibria simultaneously.52,56,57 The resulting free energy
can be expressed as the sum of five contributions

W length angle SR LR= + + + + (1)

The term

rW F= − (2)

represents the mechanical work exerted by the applied force F,
which is considered to act in the z axis direction, as shown in
Figure 1, and r is the polyelectrolyte chain end-to-end vector.
length and angle quantify the elastic deformation of the length

and the angles of the M bonds, respectively, which can be
important at large forces. In this work, they are represented by
the harmonic potentials
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where lj, αj, lj,0, and αj,0 represent, respectively, the length, the
bending angle, the equilibrium length, and the equilibrium
bending angle of bond j. Finally, klength, j and kangle, j denote the
bond stretching and bending force constants. Note that the
geometrical parameters and the force constants in the
potentials (eqs 3 and 4) do not depend on the ionization
state of the sites. At this level of description, this is a reasonable
approximation, according to quantum-mechanical computa-
tions, which show only small variations in the bond lengths
(see, for instance, the results for LPEI at different degrees of
ionization67). On the other hand, as will be shown in the next
section, the bond bending and bond stretching will be
essentially induced by the mechanical work at high enough
forces rather than by electrostatic repulsions.
The electrostatic/conformational interaction free energy has

been split into short-range (SR) SR and long-range (LR) LR
contributions, as depicted in Figure 1. This distinction
becomes necessary due to the fundamental differences in the
physical chemistry of SR and LR interactions. It is well
established that LR interactions are chemically unspecific,

Figure 1. (a) Outline of the model of a weak polyelectrolyte proposed
in the present work. The monomers are represented as sites joined by
flexible harmonic bonds. Only the rotational states corresponding to
minimum energy (rotational isomeric state approximation), that is,
trans (t), gauche+ (g+), and gauche− (g−), are taken into account. In
order to minimize the number of parameters, only the bonds holding
protonable sites (c bonds) are allowed to rotate, while the rest of the
bonds (a and b) are forced to be in the trans state. The
macromolecular chain is considered symmetric so that g+ and g−

have the same energy εσ. Two kinds of sites are considered: inert sites
(gray) and protonating sites. The latter can adopt two possible states:
protonated (dark blue) or deprotonated (cyan), with protonation
constant K (site binding model). Long-range (LR) and short-range
(SR) interactions are treated in a different way. LR interactions
(mediated by the solvent) are described by the Debye−Hückel
potential. Conversely, neighboring protonated sites linked by a c bond
in the trans state interact with energy εu, t since SR interactions are
mainly mediated by the macromolecular skeleton. Two neighboring
sites linked by a c bond in the gauche state cannot be simultaneously
protonated due to the huge electrostatic repulsion (εu, g → ∞). (b)
Snapshot from a semi-grand canonical Monte Carlo (SGCMC)
simulation of the stretching of a weak polyelectrolyte with pK = 9, pH
= 6, I = 10−3 M, F = 10 pN, εσ = − 1, εu, t = 1, l0 = 1.5 Å, and α0 =
120°. Both the extension and the degree of protonation depend on
the applied force in the z axis direction.
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mediated by the solvent, and can be reasonably approximated
by a simple pair-interaction continuous force field. Conversely,
SR interactions between neighboring sites and bonds are
mediated by the macromolecular skeleton so that they depend
on the detailed chemical environment of the site. As a result,
they cannot be described by simple potentials, and specific
interaction parameters must be used. These parameters will
depend on the particular rotational state of the bond
connecting the two protonating sites (in our case, the c
bonds). SR is the result of two contributions

c s c( ) ( , ),SR rot p= + (5)

c( )rot , corresponding to the classical RIS model,32,33

represents the conformational energy of the bonds for a
given conformational state c = {cj} when the polyelectrolyte is
uncharged. On the other hand, s c( , )p includes the binding
free energy and the SR electrostatic interaction between
charged sites and accounts for the coupling between the
conformational and ionization degrees of freedom. The term
rot can be expressed as

c E c
c( )

ln 10 j

M

j j
T

j

M

j j j
Trot

1 1

∑ ∑ϵ ϵ
β = + + ···

= = (6)

where β = 1/kBT is the inverse of the thermal energy, ϵj is a
row vector whose elements are the free energies associated
with the rotational state of bond j, and Ej is a square matrix
containing the interaction energies between the neighboring
bonds j and j + 1. ϵ and E are expressed in thermal units and
divided by a factor ln 10 in order to be compared with the pH
scale. The sum in eq 6 could be extended to take into account
three-bond interactions, four-bond interactions, and so on. In
this work, however, we only considered SR interactions
involving the first neighbor bonds. Following Flory,32,33 we
choose as the ground state the configuration with all the bonds
in the trans state. In this way, the rotational parameters ϵj and
Ej can be expressed as

E(0, , ) ,
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where εσ, j is the free energy of the gauche states, while εψ, j and
εω, j are related to the interaction energies between two
consecutive gauche states with the same and different
orientation, respectively. The Boltzmann factor corresponding
to εα is precisely α, that is, εα = − log α (α = σ, ψ, ω). In
choosing this notation, the resulting Boltzmann factors are
denoted by the same symbols used in previous works,33,56−58

which make use of the transfer matrix approach. For instance,
the transfer matrix corresponding to the free energy (eq 6) is
given by
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On the other hand, the second term in eq 5, p, can be
expressed in terms of the ionization state s = {si} by means of
the cluster expansion52
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(9)

where μi = pH − pKi = − log (KaH) is the reduced chemical
potential of the ionizable site i, which depends on the proton
activity, aH, and the pK values of the protonation constant of
site i, pKi. ϵu is a row vector whose components correspond to
the electrostatic interaction energy between the neighboring
charged sites i and i + 1. The intensity of the interaction is
determined by the rotational state of the c bond between the
two sites (bond number 3i − 1 in the chain)

( , , )u i u t u g u g i, , , ,ϵ ε ε ε= (10)

In eq 10, we have assumed that only the bonds of type c are
able to rotate. Note that in the SBRIS model, the SR
electrostatic interactions depend on the conformation of the
bond linking of the sites, which couples the ionization and the
conformational degrees of freedom. As in eq 6, the sum in eq 9
could be extended to take into account triplet interactions,
quadruplet interactions, and so on. In this work, however, only
neighboring pair SR interactions will be taken into account.
Finally, as in most of the previous literature,57,68 LR

electrostatic interactions will be described by the Debye−
Hückel (DH) potential

l
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s se
i

N

j i

N

ij

d
i jLR

1 2

B ij∑ ∑β = κ

= = +
−

(11)

where B ≈ 0.7 nm is the Bjerrum length in water at 298.15 K,
di j i s the distance between sites i and j , and

I M(nm) 0.304/ ( )1κ =− is the Debye length for water
298.15 K at ionic strength I.
Since we are interested in a model with the minimum

number of parameters in order to analyze the fundamental
aspects of the stretching, in this work, we will restrict ourselves
to the special situation in which all the bonds have the same
length, bond angle (lj,0 = l0 and αj,0 = α0), and force constants
(klength, j = klength and kangle, j = kangle). Moreover, we consider
that all the protonating sites are identical (pKi = pK) and the
possible end effects of the chain are neglected so that ϵi = ϵ
and ϵu, i = ϵu. It is also assumed that when two neighboring
sites are charged, the very strong SR repulsion hinders the
gauche conformation of the c bond so that ug = 0 or εu, g → ∞.
Since one of every two consecutive bonds is always in the trans
state, the interaction terms εψ and εω become irrelevant, and
they can be taken as zero without loss of generality. To
summarize, the model presented involves the following
assumptions:

1. The SBRIS model is used to describe the conformational
and protonation equilibria on the same foot.

2. The molecule contains one protonating site every two
inert groups, as shown in Figure 1.

3. The ionizable sites are identical, with the same pK value,
and the bonds have the same length, bending angle, and
constant forces.

4. Only the bonds of type c are allowed to rotate, while
bonds of types a and b are constrained to be in the trans
state. In practice, this implies that the rotation of the
bonds is independent when the macromolecule is fully
uncharged.

5. LR interactions are described by the DH potential,
which accounts for screening effects so that co- and
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counterions intervene only in an effective way. Only
excluded volume effects induced by electrostatics are
taken into account.

6. Specific parameters are used to describe interactions
between neighboring sites. Moreover, when two
neighboring sites are simultaneously protonated, the c
bond linking the sites cannot adopt the gauche state.

7. As a result, the parameters involved in the model are εσ
(free energy difference between gauche and trans states),
interaction energy between neighboring sites (εu, t)
when the c bonds are in the gauche state, equilibrium
length and equilibrium angle of the bonds (l0 and α0),
and constant forces for the bending and bond stretching
(klength and kangle). The control variables are the reduced
chemical potential of the protonating sites (μ = pH −
pK) and the ionic strength (I).

Finally, note that in the absence of LR interactions
( 0LR = ), that is, at high enough ionic strengths, the model
can be exactly solved by using the transfer matrix (TF)
method.52,57,58 When applied to calculate stretching properties,
the resulting TF combine conformational energies, by means
of TF of the type (eq 8), and geometrical restrictions imposed
by the macromolecular skeleton. In the absence of ionization
processes, this method has been used to study the stretching of
chains with freely rotating bonds20 and the stretching
properties of POE.20,27 However, in this work, we are
especially interested in the effect of electrostatic interactions
that are long ranged, and the LR term (eq 11) cannot be
neglected. As a consequence, the transfer matrix approach
would be too restrictive since only the cases of high ionic
strength could be analyzed. For this reason, a Monte Carlo
computational code has been developed in order to implement
the model, which is described in the next subsection.
Monte Carlo Simulations at Constant pH Value. The

proposed SBRIS model is analyzed by means of simulations in
the semi-grand canonical Monte Carlo (SGCMC); that is, the
pH value is the control variable, and it is kept constant along

the computation. The SGCMC code is a modification of the
one previously developed by our group to compute conforma-
tional and ionization properties of linear polyelectrolytes.52,57

In particular, it has been extended in order to include the effect
of mechanical work. As a result, bending and stretching of the
bonds have also been implemented. The resulting program is
rather general since it allows working with sites and bonds of
different pK values, interaction energies, conformational
energies, and so on. Excluded volume effects can also be
taken into account. Moreover, the code can deal with any
arbitrary distribution of the sites along the chain, which is
chosen by the user. However, in this paper, we restrict its use
to the assumptions detailed previously. A snapshot of one of
the SGCMC realizations is shown in Figure 1.
The Metropolis algorithm68,69 generates new states at

constant pH in a chain with N = 50 ionizable sites (i.e., 148
nodes or M = 147 bonds), a number which is large enough to
avoid end effects and ensures the reproducibility of the
intensive properties of the polymer, such as bond state
probabilities or degree of protonation. An outline of the
algorithm is depicted in Figure 2. In each new MC
configuration, the polyelectrolyte can change either (A) the
rotational state of a bond, (B) the length or bending angle of a
bond, (C) the ionization state of a binding site, or (D) the
spatial orientation of the polyelectrolyte chain in the laboratory
reference frame, with trial probabilities of 0.88, 0.1, 0.01, and
0.01, respectively. These values allow us to obtain a good
equilibration of the conformational structure for a given
ionization state so that the system does not get trapped in local
minima. Each change in the rotational state of a bond j implies
a ±120° rotation of its dihedral angle and the recalculation of
distances among the sites situated before and after the rotating
bond. The changes in the stretching and bending states of
bond j are Δlj = ± 0.01 Å and Δαj = ± 0.5°, respectively.
These variations provide an average acceptance ratio of ∼20%,
which is an acceptable value to make proper statistics. The
global spatial orientation of the polymeric chain is altered by

Figure 2. Metropolis algorithm of the SMGMC simulation code. In each new MC configuration, the polyelectrolyte can change either (A) the
rotational state of a bond, (B) the length or angle of a bond, (C) the ionization state of a binding site, or (D) the spatial orientation of the
polyelectrolyte chain in a laboratory coordinate frame with trial probabilities of 0.88, 0.1, 0.01, and 0.01, respectively.
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changing the polar angle θ and the azimuth angle ϕ of the first
and second bonds of the polyelectrolyte with respect to the
laboratory coordinate frame by amounts Δθ = ± 2° and Δcos
(ϕ) = ± 0.1, respectively. The latter change is important to
avoid preferred orientations in the space at zero force. Once
the free energy difference (ΔF of eq 1) between trial and
current conformations is calculated, the new configuration is
always accepted if 0Δ < and accepted with a probability
exp( )β− Δ if 0Δ > .
The results presented represent the average over eight

different SGCMC simulations. Each simulation has been
equilibrated in the first 5 × 107 configurations, and the thermal
averages have been computed in the following 4.5 × 108

realizations. The simulations were performed using a parallel
code developed in C++ on a 126 CPU cluster. For each pH,
ionic strength, and force, typical jobs were run using eight
CPUs for 1 to 2 h. The chosen parameters are pK = 9 and ut =
10, similar to those corresponding to LPEI. Note, however,
that the reduced free energy only depends on the reduced
chemical potential μ = pH − pK. This means that the results
and conclusions taken from the simulations are the same for
any pK value by choosing a suitable pH value for which the
difference pH − pK is the same. The simulations are
performed at room temperature T = 298.15 K. Free protons,
co-ions, and counterions are not explicit in the simulations, and
the screening effects are taken into account via the Debye
length parameter, κ−1, in eq 11. The chosen values for the
parameters in the stretching and bending potentials are l0 = 1.5
Å, α0 = 120°, klength = 300 kcal mol−1 Å−2, and kangle = 0.01 kcal
mol−1 deg−2, which are typical values used in molecular
dynamics force fields for C−C bonds.70

The average degree of protonation (θ) is computed as

N
N

θ = ⟨ ⟩+
(12)

where ⟨N+⟩ is the thermal average number of protonated sites.
Note that since the simulations are performed at constant pH,
N+ is a fluctuating quantity, different in each new accepted
configuration. Another interesting quantity is the effective
protonation constant (Kc), which provides information about
the average affinity of the macromolecular sites for the
protons.62,71,72 In general, Kc depends on the charge of the
macromolecule, different at each pH value. It is defined as

Klog pH log
1c

θ
θ

= + −
i
k
jjj

y
{
zzz (13)

The probability of a rotating c bond to be in the gauche state,
P(g), is calculated as

P g
N

N
( )

1
g= ⟨ ⟩

− (14)

where ⟨Ng⟩ is the thermal average number of rotating bonds in
a gauche state. Other quantities, such as the probability of
having two neighboring c bonds in given conformations, (e.g.,
tt, tg+, g+g+, etc.) can be calculated in the same way. The
extension of the polyelectrolyte chain (Lz) in the direction of
the mechanical force, that is, the z axis, is obtained as

L z zz M 1 1= ⟨ − ⟩+ (15)

where zi is the z coordinate of site i in the laboratory
coordinate frame. Finally, a very useful quantity to understand

Figure 3. (a, b) Titration curves and (c, d) effective pK value for the polyelectrolyte depicted in Figure 1 in the absence of the pulling force. The
images on the left side correspond to σ = 1, and those on the right side refer to σ = 10. The chosen ionic strengths are 1 M (green squares), 0.1 M
(turquoise circles), 0.01 M (cyan upward triangles), and 0.001 M (blue downward triangles). The rest of the parameters have the same values as
those in Figure 1b.
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the mechanism of macromolecular stretching is the persistence
length lP, defined as the average sum of the projections of all
the bonds j ≥ i on bond i in an indefinitely long chain

l l b b/
j i

i jP 0 ∑= ⟨ · ⟩
≥ (16)

where bi are unitary vectors pointing to the direction of the
bonds. It is straightforward to show that, for a long enough

chain (M → ∞), lP is related to the average square end-to-end

distance ⟨r2⟩ by the relationship32

l
Ml

l
Ml

lr r
2 2

( r )
2 2

M
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2

0

0 1 1
2

0

0= ⟨ ⟩ + = ⟨ − ⟩ ++
(17)

where ri is the position of site i. As a consequence of eq 17, the

Kuhn length

Figure 4. (a, b) Chain elongation Lz normalized to the contour length LC, (c, d) gauche state probability, (e, f) persistence length, and (g, h) degree
of protonation versus the applied force F at a constant ionic strength of 0.001 M and pH values of 4 (squares), 6 (circles), 8 (upward triangles), and
10 (downward triangles). The images on the left side correspond to σ = 1, and those on the right side refer to σ = 10. The rest of the parameters
have the same values as those in Figure 1b.
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can be directly related to the persistence length by lK = 2lP − l0.

■ RESULTS AND DISCUSSION

In this section, we will discuss the effect of the pH value and
the ionic strength on the force−extension curves by
simultaneously analyzing the dependence of conformational
(chain elongation, bond state probabilities, and persistence
length) and protonation properties (degree of protonation and
effective protonation constant). As commented above, the
microscopic pK value of the protonating sites will be fixed at
pK = 9 throughout this section without loss of generality.
Concerning the energy of the gauche state in the absence of
charge, two cases physically relevant are considered. In the first
case, the polyelectrolyte exhibits free rotation (i.e., gauche and
trans states have the same energy, εσ = 0, σ = 1). In the second
case, the gauche states of the c bonds are favored, for instance,
because of the existence of hydrogen bonding between two
consecutive protonating sites, which means that σ > 1 (we take
εσ = 1, σ = 10). This phenomenon has been observed in LPEI
and POE.57 The case σ < 1 is not much interesting since most
of the bonds are in the trans state so the chain is basically
extended even in the absence of force. Finally, the interaction
energy between two charged neighboring sites through a trans
c bond is fixed at εu, t = 1 (ut = 0.1) for all the studied cases,
which is the order of magnitude found in a number of weak
polyelectrolytes by using potentiometry. These works indicate
that, for the same molecule, neighboring interactions are rather
independent of the ionic strength.56,57,69

Since charge regulation is a key ingredient of the model, let
us first analyze the behavior of the degree of protonation θ
when no mechanical force is applied, which will be useful in
the foregoing discussion. In Figure 3, the titration curves for
the cases σ = 1 (a) and σ = 10 (b) are shown at four different
ionic strengths (I): 1, 0.1, 0.01, and 0.001 M, from top to
bottom. It can be observed that in both cases, lowering the
ionic strength results in a decrease of the degree of protonation
for all of the pH values, which is explained by the increase in
the LR electrostatic repulsion. Note that this effect is larger in
the case σ = 10, which can be explained by the fact that gauche
states are energetically favored, which hinders the possibility of
having two neighboring sites charged (since ug = 0). The
effective protonation constant Kc is depicted in Figure 3c,d for
σ = 1 and σ = 10, respectively. Clearly, Kc presents two
asymptotic values. At high pH, the macromolecule is not

charged, electrostatic interactions are absent, and the Kc value
corresponds to the microscopic pK value of the ionizable sites
(pK = 9). However, as pH decreases, sites get ionized and the
work needed to protonate an empty site increases due to
electrostatic repulsion. This results in a decrease in Kc, which,
at low enough pH values, reaches a new asymptotic value. This
decrease in the affinity for the proton is especially relevant at
low ionic strengths for which the LR interactions are stronger
since screening is weaker. Finally, note that, for the same pH
and I values, the decrease in pKc in the case σ = 10 is more
pronounced than in the case σ = 1. For σ = 10, the gauche
states are energetically promoted, the chain is more folded, and
the distance between charger sites is shorter, which leads to
larger LR interactions.

Effect of the pH Value on the Force−Extension
Curves. The force−extension curves are shown in Figure 4a,b
for the cases σ = 1 and σ = 10, respectively, for pH values
ranging from 4 to 10 (top to bottom). The chain extension is
normalized to the contour length

L Nl cos(( )/2)C 0 0π α= − (19)

defined as the length of the fully extended chain (i.e., all the
bonds are in the trans state) with bond lengths and angles in
their equilibrium position. The chosen value for the ionic
strength is 0.001 M, a small value for which the LR
electrostatic interactions are maximized. In order to better
understand the extension curves, the gauche state probability
(Figure 4c,d) and persistence length (Figure 4e,f) are also
represented. On the other hand, the degree of protonation is
depicted in Figure 4g,h. The images in the left side always
correspond to the case σ = 1, while those in the right side refer
to the case σ = 10. It is important to stress that stretching,
conformational, and ionization properties are highly coupled,
so we will discuss them all at once. Owing to the lack of space,
in the main document of this work, we just present and discuss
the force−extension curves, which are more relevant for the
purpose of this study. However, for the lecturers interested, the
full casuistry, covering the complete range of pH values and
ionic strengths, is reported in the Supporting Information.
Let us first analyze the different force regimes in terms of the

progressive activation of the degrees of freedom of the bonds,
that is, rotational, bending, and stretching. First of all, note
that, for low enough forces and for all the pH values, both the
gauche state probability P(g) and the normalized persistence
length lP/l0 remain constant. Despite this fact, the chain is
considerably extended, around 10% for pH = 10 and a
remarkable 50% for pH = 4. This indicates the existence of a

Figure 5. Normalized chain extension versus force in the low-force regime for (a) σ = 1 and (b) σ = 10 at constant ionic strength I = 0.001 M but
with pH values (from top to bottom) of 2, 4, 6, 8, and 10. The simulation results (markers) are compared to the linear eq 20 (dashed lines) and to
the Pincus scaling law, eq 21 (continuous lines). The rest of the parameters have the same values as those in Figure 1b.
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low-force regime (corresponding to F < FE = kBT/lP ≈ 1 pN)20

under which the chain behaves as a structureless set of
segments with characteristic length lP.
The dependence of P(g) and lP on the pH value is shown in

Figure 4. As observed in Figure 4c,d, P(g) is strongly affected
by the pH value at low forces. This fact can be better explained
by observing the behavior of the average degree of protonation
θ (Figure 4g,h) for F < FE. For σ = 1, θ increases from θ ≈ 0.05
at pH = 10 to θ ≈ 0.7 at pH = 4, while for σ = 10, θ increases
from θ ≈ 0.05 at pH = 10 to θ ≈ 0.6 at pH = 4. In both cases,
when the adjacent sites are simultaneously protonated, the
electrostatic repulsion is so strong that the gauche states are
forbidden (ug = 0). As a result, the rotational properties change
with the pH value, resulting in two limit behaviors. At high pH,
when the polymer is discharged, the bonds present free
rotation (when σ = 1) or preference for the gauche state (when
σ = 10). On the contrary, at low enough pH values, when the
macromolecule is almost completely charged, the restriction ug
= 0 forces all the bonds to adopt the trans conformation. The
increase of the number of bonds in the trans state due to
lowering the pH value can be clearly observed in Figure 4c,d.
As a result, the polymer chain gets stiffer, and the persistence
length increases, as can be observed in Figure 4e,f. In turn, this
fact leads to the increase in the chain elongation observed in
Figure 4a,b, which is more marked for σ = 1 than for σ = 10. In
the latter case, the gauche state is energetically favored so that a
larger charge (i.e., a lower pH) is required to obtain the same
number of trans bonds and to increase the persistence length.
The elongation versus force curves in the low force regime

are shown in Figure 5 where the simulation values are depicted
as markers. As can be observed, the low-force regime can be
divided into two subregimes. For very low forces (F < 0.1 pN),
the chain behaves as an entropic spring, and the elongation
responds linearly to the applied force (dashed lines in the
figure). The relation between elongation and force is given by

L Ml
l
F

l l
F/

3
2

3z 0
K P 0β β= = −

(20)

This expression is independent of the structure of the chain
since it comes directly from the fluctuation−dissipation
theorem.73 Under this subregime, the mechanical work is
much smaller than the thermal energy. However, for larger
forces (0.1 < F < 1 pN), the situation becomes more complex.
It is found that the extension follows the Pincus scaling law73,74

(continuous lines)

L Fz
1/ 1≈ ν−

(21)

Note that ν is found to range from ν = 1/2 at high pH
(uncharged chain and corresponding to the linear regime) to ν
= 3/5 at low pH (at which the chain is almost fully charged).
The latter value was first predicted by Pincus74 for strong
polyelectrolytes, and it can be explained as the effect of
electrostatic excluded volume interactions and the correspond-
ing swelling of the macromolecule. Interestingly, both limiting
values are obtained with great accuracy from the simulations,
which nicely confirms Pincus theory. For pH values ranging
from 6 to 8, intermediate values of ν are obtained, indicating
that a partially charged weak polyelectrolyte can be seen as an
intermediate situation between the neutral chain and a strong
polyelectrolyte. For the case σ = 10, the transition between the
two limiting cases is more gradual than for σ = 1 due to the fact

that lower pH values are necessary to fully charge the chain
(see Figure 3).
So far, we have analyzed the low-force regime for which the

persistence length remains constant with the applied force. For
larger forces, however, the rotational degrees of freedom are
activated. This fact makes P(g) decrease with the force. In this
new situation, the bonds, which were initially in the gauche
state, gradually adopt the trans state by effect of the pulling
force. The stretching mechanism is no longer entropic, but it
depends on the free energy of the trans/gauche transition, and
the persistence length becomes force-dependent. This fact is in
contrast with DNA, with a much more rigid structure and for
which charge regulation can be neglected.35 The new
characteristic force FR for which the rotational degrees of
freedom are activated can be roughly estimated by equating the
mechanical work per monomer to the free energy of the bond
state transition ΔFt → g so that

F l F k T ln(2 )t gR 0 B σ≈ Δ ≈→ (22)

The FR resulting values are 30 and 70 pN for σ = 1 and σ = 10,
respectively, in agreement with the observed range of forces
(1−100 pN) for which the variation of P(g) is more
pronounced. Moreover, the conformational degrees of freedom
are coupled with proton binding due to the term (eq 9) in the
reduced free energy. It is observed that, in increasing the force
value, the change in the rotational states from gauche to trans is
simultaneous with the increase in the macromolecular charge.
Two asymptotic behaviors are found again. At low forces, the
protonation state is the same as the one of the non-stretched
molecule. As commented above, θ is lower for σ = 10 than for
σ = 1. At large enough forces, however, a new plateau arises,
and θ is the same value for both σ values. The gap between the
θ value at low and high forces is thus larger for σ = 10 and
depends on the pH value. For instance, for σ = 10 and pH = 4,
θ ranges from less than 0.58 in the linear regime to 0.83 for the
larger forces. At large pH values, however, the change in θ is
smaller in absolute terms although it can be significant in
relative terms. For instance, for σ = 10 and pH = 8, θ ranges
from 0.2 to 0.32, which means an increase of more than 50%.
Using the definition (eq 13), the effective protonation constant
Kc can be calculated as a function of the force. The obtained
effective pK value, which is not shown here but can be found in
the Supporting Information, slightly increases with F for both σ
values. However, this effect is very weak since the pK value at
large forces exceeds the low force limit by, at most, 0.5 pK
units. However, this variation seems to be enough to cause
significant changes in the macromolecular charge in applying
an external force. This point will be discussed in more detail in
the next subsection for the full range of ionic strengths.
Finally, when the force is large enough to deform bond

angles and lengths, a third situation arises. The average bond
length ⟨l⟩ (green squares) and bond angle ⟨α⟩ (black dots),
normalized by their respective equilibrium values, are shown in
Figure 6 as functions of the applied force. It can be observed
that the bond length and angle only start to be significantly
elongated for values larger than the characteristic force FS >
300 pN. A rough estimation of FS using the Hooke law also
confirms this value. Note that the bond angle is slightly easier
to deform than the bond length. Although it is not shown in
the figure, bond stretching and bending have been found to be
independent of the pH value and ionic strength. This fact
explains why the force−extension curves in Figure 4a,b also
become almost independent of the pH for forces larger than
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FS. At this point, most of the bonds are in the trans state. Since
the force constants are independent of the ionization state, the
response to the applied force is also the same for any degree of
protonation. Finally, for forces around and larger than FS, the

bending potential becomes anharmonic, finally leading to bond
breaking, as reported in several AFM single-molecule
stretching experiments.1

We conclude that, for intermediate forces and suitable pH
and ionic strength values, CR can be induced by an applied
force when the mechanism of CR is proton binding. For other
types of binding mechanisms, such as metal binding, the ionic
charge and binding constants are much larger, and the binding
mechanism strongly depends on the conformational state (for
instance, because of the presence of chelate complexes). As a
result, CR could be significantly enhanced. In those cases,
which are out of the scope of the present work, the interplay
between stretching and CR could be of technological interest.

Effect of the Ionic Strength. Let us investigate the effect
of the ionic strength in the force−extension curves, which are
represented in Figure 7a,b for ionic strengths (from bottom to
top) of 1, 0.1, 0.01, and 0.001 M. Now, the pH value is fixed to
pH = 6. For this pH value, the macromolecule is approximately
half charged, so it is a suitable value to discuss the influence of

Figure 6. Average bond length ⟨l⟩ (green squares) and bond angle
⟨α⟩ (black dots) versus applied force F, normalized to their
equilibrium values, l0 and α0. Lines are only to guide the eyes. The
simulations have been performed at pH = 6, I = 0.01 M, and σ = 1.
The rest of the parameters have the same values as those in Figure 1b.

Figure 7. (a, b) Chain elongation Lz normalized to the contour length LC, (c, d) gauche state probability, and (e, f) persistence length versus applied
force F at a constant pH value of pH = 6 and ionic strengths of 1 M (green squares), 0.1 M (turquoise circles), 0.01 M (cyan upward triangles), and
0.001 M (blue downward triangles). The images on the left side correspond to σ = 1, and those on the right side refer to σ = 10. The rest of the
parameters have the same values as those in Figure 1b.
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charge regulation. The full results for the rest of the pH values
(4, 8, and 10) are delivered in the Supporting Information.
The gauche state probability (Figure 7c,d), the persistence
length (Figure 7e,f), degree of protonation (Figure 8a,b), and
effective pK value (Figure 8c,d) are also presented. Again, two
cases are considered, σ = 1 and σ = 10, which correspond to
the images on the left side and on the right side, respectively.
First, note that the effect of the ionic strength, for the

interval of accessible experimental values, is overall weaker
than the effect of the pH value. For instance, at F = 1 pN and σ
= 1, the normalized chain extension varies from 0.18 at I = 1 M
to 0.35 at I = 0.001 M (a difference of 0.17 units), and in the
case σ = 10, the extension ranges from 0.8 at I = 1 M to 0.24 at
I = 0.001 M (a difference of 0.16 units). The three force
regimes are again observed for all the ionic strengths: the
entropic regime; the intermediate regime, for which the
rotational and ionization degrees of freedom are activated; and
finally the large-force regime, corresponding to deformations in
the bond angle and length. However, unlike the effect of the
pH value, the effect of ionic strength on the conformational
properties is more complicated due to protonation and the
complex interplay between SR and LR interactions.
Let us first analyze the dependence of the binding properties

on the applied force, depicted in Figure 8. In all the cases, θ
increases with F for forces larger than the low-force regime F >
FE ≈ 1 pN. As a general trend, the polyelectrolyte chain is on
average more elongated as F increases so that the mean
distance between sites increases and the LR electrostatic
repulsion decreases, allowing more sites to be protonated.
Concerning the SR interactions, note that P(g) experiences an
important decrease in the interval F = 10−100 pN (see Figure
7c,d), which is especially dramatic in the case σ = 10. This fact
implies a drastic change in the chemical environment of the
ionizable sites, which become separated by trans bonds,

through which the repulsion is much weaker. Charge
regulation is clearly induced by the mechanical force.
Interestingly, the larger the ionic strength, the more intense
charge regulation is. Especially remarkable is the case I = 1 M
and σ = 10 for which the charge is almost doubled at high
forces. This indicates that the charging process is basically a
local phenomenon, which is essentially driven by SR
interactions and the conformational state of the c bonds and
is rather independent of the ionic strength. Conversely, LR
interactions, which increase on lowering the ionic strength,
weaken charge regulation because they discharge the molecule
in all the force regimes. In the same way, the effective pK value
also increases with the stretching process for F > FE ≈ 1 pN, as
can be observed in Figure 8c,d, so that a larger affinity for the
protons is induced by the applied force. Again, this effect is
especially relevant for σ = 10 and at high ionic strengths.
Concerning the dependence of the gauche probabilities on

the ionic strength, note that, as observed in Figure 7c,d, P(g)
seems to be in contradiction with the behavior of the
persistence length. On increasing the ionic strength, P(g)
decreases and so does the number of gauche bonds, and
apparently, the chain should be stiffer. However, for forces
below F = FR ≈ 20 pN, the persistence length also decreases,
so actually the chain gets more folded. This effect can be
observed for the two σ values although it is especially relevant
for σ = 10. This apparent paradox can be explained by taking a
look at the degree of protonation. As commented above, θ
increases with the ionic strength. As a result, the probability of
having two charged neighboring sites increases. Since they
cannot be both protonated and linked by a bond in the gauche
state at the same time (ug = 0), the number of gauche states
decreases. Note that this effect is due to action of the SR
interactions. However, unlike the gauche probability, the
persistence length is a “global” property, the result of the

Figure 8. (a, b) Degree of protonation and (c, d) effective pK value versus applied force F at a constant pH value of pH = 6 and ionic strengths of 1
M (green squares), 0.1 M (turquoise circles), 0.01 M (cyan upward triangles), and 0.001 M (blue downward triangles). The images on the left side
correspond to σ = 1, and those on the right side refer to σ = 10. The rest of the parameters have the same values as those in Figure 1b.

Macromolecules Article

DOI: 10.1021/acs.macromol.9b01160
Macromolecules 2019, 52, 8017−8031

8027



simultaneous action of many bonds and sites. As a
consequence, LR interactions play a more important role in
the behavior of lP. The same argument can be used for the
chain elongation, which decreases with the ionic strength in all
the curves below for F < 20 pN.
For F > 20 pN, the elongation becomes almost independent

of I, but on examining in detail the curves, we can observe an
unexpected result: the extension slightly decreases with I. This
intriguing trend of the elongation is consistent with the
behavior of the persistence length: for F < FR, the chain gets
stiffer on lowering the ionic strength, but, for larger forces, it
gets slightly more flexible. For lower pH values, this effect is
more visible (as in the curves for pH = 4 shown in the
Supporting Information). This certainly small effect seems to
be apparently irrelevant but again points out the non-trivial
connection between SR and LR interactions. We suspect that
this result is related to spatial correlations of the states of
neighboring bonds although probably a deeper insight is
necessary.
As an example of the formation of spatial patterns, the

probabilities of having two consecutive c bonds in a given
conformation P(cici + 1) as a function of F have been calculated
at two different ionic strengths I = 1 M (Figure 9a,b) and I =
0.001 M (Figure 9c,d). Again, the images on the left side and
on the right side correspond to the cases σ = 1 and σ = 10,
respectively. Due to the polyelectrolyte symmetry, there are
only four different combinations of bond states: both bonds in
trans (with a probability P(tt)), one bond in trans and its
neighbor in gauche (P(tg)), both bonds in gauche with the

same orientation (P(g+g+) + P(g−g−)), and both bonds with
different orientations (P(g+g−)). As expected, P(tt) monotoni-
cally increases as the mechanical force increases and, for large
enough forces, P(tt) tends to 1 independently of the value of σ.
For σ = 1 and I = 0.001 M, the preferred combination is trans−
gauche at low forces, but there is a crossover, which can be
observed at F ≈ 50 pN, curiously at the same force interval at
which the change of tendency in lP and in the elongation is
observed. For σ = 10, the preferred combination at low forces
is g±g±. However, the most intriguing point is the observed
maximum in P(tg) at F ≈ 50 pN. This maximum implies the
existence of an intermediate situation where the mechanical
work contribution, which promotes the trans state, competes
with the energetic stabilization of the gauche states due to the
fact that σ > 1. In this force regime, the polyelectrolyte adopts
a highly ordered structure, which alternates bonds in the trans
state with bonds in the gauche state. Again, the presence of this
maximum coincides with the force interval for which lP and the
elongation switch their dependence on the ionic strength. We
would like to highlight that, even for the very simple model of
polyelectrolyte presented here, one finds a rather rich
physical−chemical behavior, which includes charge regulation,
complex conformational transitions, and highly correlated
spatial structures.

■ CONCLUSIONS

In this work, the influence of charge regulation, highly coupled
with the conformational degrees of freedom, in the stretching

Figure 9. Probability of having two neighbor bonds in given conformations P(cici + 1) versus F at two different ionic strengths of (a, b) I = 1 M and
(c, d) I = 0.001 M at constant pH = 6. The combinations shown are both bonds in trans P(tt) (blue squares), one bond in trans and the neighbor in
gauche P(tg) (orange circles), both bonds in gauche with the same orientation P(g+g+) + P(g−g−) (purple upward triangles), and both bonds in
gauche with the opposite orientation P(g+g−) (green downward triangles). The images on the left side (a and c) correspond to σ = 1, and those on
the right side (b and d) refer to σ = 10. The rest of the parameters have the same values as those in Figure 1b.
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properties of weak polyelectrolytes is studied. With this aim,
we propose a model, which captures the fundamental aspects
present in a flexible weak linear polyelectrolyte (internal angle
rotation, bond stretching, bond bending, and proton binding)
with a minimum number of parameters. The model was
inspired by the structure of linear poly(ethylenimine) (LPEI),
a symmetric weak polyelectrolyte with an ionizable site every
three chain positions. It is based on the site binding rotational
isomeric state (SBRIS) model, which allows studying
conformational and ionization properties on the same foot.
Short-range (SR) and long-range (LR) electrostatic inter-
actions are treated separately. LR interactions are chemically
unspecific and can be reasonably implemented using the mean-
field Debye−Hückel potential. Conversely, SR interactions
between neighboring sites and bonds are mediated by the
macromolecular skeleton so that they depend on the detailed
chemical environment of the site. As a result, specific energetic
parameters are used to describe them. Bond stretching and
bending are included by means of harmonic potentials. The
resulting scheme is used to perform semi-grand canonical
Monte Carlo (SGCMC) simulations at constant pH and
applied force. Concerning the energy of the gauche state, two
situations are studied, controlled by the energy of the gauche
state (corresponding to the Boltzmann factor σ): when trans
and gauche states have the same energy (σ = 1) and when the
gauche state is energetically stabilized, for instance, by
hydrogen bonding (we take σ = 10). The influence of the
pH value and the ionic strength in the force−extension curves
is analyzed. In order to understand the different mechanisms of
chain stretching, the degree of protonation θ, bond state
probabilities of the gauche state P(g), and persistence length lP
as functions of the force are also analyzed.
As a general trend, three force regimes are found. In the low-

force regime, the persistence length is force-independent, and
two subregimes are identified. Up to 0.1 pN linear behavior is
found, as demanded by the fluctuation−dissipation theorem,
for all the pH values. From 0.1 to 1 pN, however, the chain
presents Pincus scaling behavior depending on the pH value.
For high pH values (i.e., neutral chain), the elongation is still
linear with Pincus scaling exponent ν = 1/2, while for low pH
values (fully charged chain), ν = 3/5, the theoretically
predicted value for strong polyelectrolytes. For intermediate
pH values, ν has been found to present a gradual transition
between the two limiting values. In the large-force regime,
most of the bonds are in the trans state so that the stretching
becomes approximately independent of the pH and the ionic
strength. Finally, there is an intermediate regime, between 1
and 100 pN, for which the rotational and protonation degrees
of freedom, which are highly coupled, are activated. This force
regime is the most interesting one since conformational
transitions, charge regulation, and spatial correlations are
observed. It is in this force regime that the pH value and the
ionic strength maximally influence the chain elongation.
Mechanically induced charge regulation is mainly driven by
SR interactions. When the macromolecule is elongated, the
trans states are promoted so that the electrostatic interaction
between neighboring sites decreases, favoring the affinity for
the protons. This effect seems to be larger at large ionic
strengths and pH values for which the molecule is partially
charged.
The role of the pH value is relatively straightforward to

understand. On lowering the pH value, the macromolecule
gets charged, promoting trans states and larger distances

between sites, thus reducing the electrostatic repulsion. This
results in an increase in the persistence length, a reduction in
the number of gauche states, and an easier extension of the
chain. Therefore, a significant influence of the pH value on the
curve−extension curves is found both for σ = 1 and σ = 10.
On the other hand, the effect of the ionic strength for a fixed

pH value is more complicated since it depends on the complex
interplay between SR phenomena (bond conformations and
protonation) and the LR interactions. It is found that the
exhibited tendency of P(g) seems to be in contradiction with
the behavior of the persistence length. On increasing the ionic
strength, P(g) decreases and so does the number of gauche
bonds, and apparently, the chain should be stiffer. However,
for forces below F = FR ≈ 20 pN, the persistence length also
decreases, so the chain gets more folded. This apparent
paradox can be solved by observing that the charge decreases
on increasing the ionic strength while the intensity of LR
interactions is enhanced. Ionization equilibria therefore play a
fundamental role in the stretching properties of weak
polyelectrolytes. Finally, it is found that in the intermediate-
force regime, spatial correlations are formed, which also
determine some subtle aspects of the stretching process.
We would like to highlight that, even for the very simple

model of polyelectrolyte presented here, one finds a rather rich
physical−chemical behavior, which includes charge regulation,
complex conformational transitions, and highly correlated
spatial structures. To our knowledge, this work is the first
attempt to study, at least by means of computational
simulation, the mechanical stretching of a weak polyelectrolyte
including the coupling of charge regulation and conformational
equilibria.
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5.1 Summary

5.1.1 Introduction

In the previous chapters, special focus have been paid to the coupling in the conformational

and ionization degrees of weak polyelectrolytes. Unlike strong polyelectrolytes, weak poly-

electrolyte can change its charge in response of conformational changes and vice versa. In the

previous chapter, it has been proven that, as a consequence of the ionization-conformation in-

terplay, it is possible to induce a Charge Regulation (CR) by mechanically stretching the weak

polyelectrolyte chain.

CR is fundamental to understand the physico-chemistry of many different charged polymeric

systems.35,143,148,191–193 A direct implication of CR is that the charge is not a fixed quantity but

it fluctuates. The fluctuations in the charge can lead to counter-intuitive phenomena. For in-

stance, attraction between equally-charged macromolecules has been observed due to Charge

Fluctuations (CF).28,196 In many theoretical works aiming to study the conformational proper-

ties of weak polyelectrolytes, the charge is assumed to be constant for instance considering a

constant charge density.197,198 In other studies, CF is explicitly considered but the bonds are

rigid or described as an harmonic potential and the rotational degrees of freedom are not well

described.33,40,81,152 The influence of CF in the conformational and elastic properties of a flexible

weak polyelectrolytes is still never been assessed.

In this chapter, the effect of CR and CF in the conformational and elastic properties of a model

weak polyelectrolyte are analyzed. The effect of CF can be directly studied with computer

simulations, where CF can be easily switched on/off.190 In the work presented here, the exact

average degree of ionization θ is computed at different pH and ionic strength (I) conditions us-

ing Semi-Grand Canonical Monte Carlo (SGCMC) simulations. Then, we assign to each binding

site a constant charge equal to θ and perform constant charge Monte Carlo (ccMC) simulations,

as outlined in Fig. 5.1. The conformational (persistence length and gauche state probability)

and elastic (Pincus exponent and chain extension) obtained with both simulations, SGCMC

and ccMC, are compared. In addition, we quantify the effect of excluded volume in the confor-

mational and elastic properties.
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FIGURE 5.1: Scheme of the different simulations performed in the publication presented in
this chapter. (up) Semi-Grand Canonical Monte Carlo (SGCMC) simulations, where the charge
of the binding sites (blue circles) fluctuates and the average degree of ionization, θ , can be
exactly calculated. (down) constant charge Monte Carlo (ccMC), where the charge of the sites
is assumed to be constant and equal to θ (purple circles). The model polyelectrolyte considered
has a binding site every three chain positions. The rest of the sites (grey circles) are neutral and

non-ionizable.

5.1.2 Results

The weak polyelectrolyte is modeled using the SBRIS model and it has a ionizable site every

three chain positions. Concerning the structural properties of the chain, the model incorporates

the assumptions already presented in Sections 3.1.2 and 4.1.2. However, two new assumptions

are involved in some of the simulations performed in this work:

• When constant charge Monte Carlo (ccMC) simulations are performed, the charge of all

the binding sites is considered equal to the average degree of ionization θ. θ is obtained

from Semi-Grand Canonical Monte Carlo (SGCMC) simulations at same pH and ionic

strength (I) conditions. In keeping θ constant, the fluctuations in the charge are neglected.

As a consequence, the differences in the average charge of sites located in different posi-

tions on the chain are neglected (for instance, the central sites of the chain are in average

less charged than the ones in the ends).
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• When excluded volume is included in the model, all the sites are modeled as hard sphere

with radii R = 1.7 and R = 1.55, for inert and ionizable sites, respectively.

The results presented in this section correspond to the case with pKa = 9, σ = 1, εu,t = 1,

εu,g = ∞, equilibrium bond length l0 = 1.5 Å and equilibrium bond angle α0 = 120°.

The intensity of the charge fluctuation can be quantified by the binding capacitance, C, whose

dependence on the pH-value is shown in Fig. 5.2 at I-values ranging from 1 M to 0.001 M. It

can be observed that at high ionic strengths, C has two maxima at pH values around 6 and 9

units. Due to the strong first neighbour electrostatic interaction, the system behaves as it had

a second effective pKa value (roughly equal to pKa − 2εu,t) at low pH-values, when it is highly

charged. The minima observed at pH ∼ 7.5 is due to the formation of highly ordered structure

with alternated charged and uncharged sites.163 For low values of I, the long range electrostatic

interactions are strengthened, which destroy the binding correlation between neighboring sites.

As a consequence, C curves are flattened at low I-values.

The role of the CF in the conformational properties of a weak polyelectrolyte is investigated

by analyzing the probability of the gauche state P(g) as a function of θ, which is depicted in

Fig. 5.3a at I-values ranging from 1 M to 0.001 M (from top to bottom). Results of different

kinds of simulations are shown: SGCMC without excluded volume (filled markers), SGCMC

with excluded volume (stars) and ccMC (empty markers). It can be observed that excluded

volume is only is relevant at small θ values, since at large θ values the electrostatic repulsion is

enough to produce chain self-avoiding. At small θ-values, excluded volume slightly diminishes

P(g) because some folded gauche conformations are forbidden. Comparing SGCMC and ccMC

results, it can be observed important deviations at intermediate θ-values. ccMC, where CF is

absent, underestimate P(g) and thus have more extended chains. In other words, CF allow the

FIGURE 5.2: Binding capacitance C titration curve obtained from SGCMC simulations at ionic
strengths of 0.001 M (blue downwards triangles), 0.01 M (cyan uppwards triangles), 0.1 M

(turquoise circles) and 1 M (green squares)
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FIGURE 5.3: Probability of a bond of being in gauche conformational state P(g) as a function of
the average degree of ionization θ at I-values ranging from 1 M to 0.001 M following the same
markers as in Fig. 5.2. The results of different kinds of simulations are presented: SGCMC
without excluded volume (filled makers), SGCMC with excluded volume (stars) and ccMC

(empty markers).

polyelectrolyte to exhibir a more folded, compact form. In the publication presented in this

chapter, the same trend is observed for the persistence length, which is larger when CF are ab-

sent (ccMC simulations). This is in good agreement with previous theoretical and experimental

investigations on the role of CF in the intermolecular interaction of weak polyelectrolyte, which

predicted an attractive potential due to CF.28,190,196 In the same way, CF produce, in an effec-

tive way, an attractive contribution to the interaction energy between charged sites in the same

chain.

In the previous chapter, the low force elastic regime of weak polyelectrolytes is analyzed us-

ing SGCMC simulations. The simulation results are well-fitted to the Pincus scaling law (Eq.

1.51).64 The Pincus scaling exponent ν is found to have a transition from ν = 3/5 at low pH-

values to ν = 1/2 at high pH-values. Both limiting values correspond to the theoretical pre-

dictions for a strong polyelectrolyte and a neutral ideal polymer, respectively.64 In this chapter,

it is investigated if the ν intermediate values at intermediate pH-values are a consequence of

CR and CF or directly caused by the change in the charge of the polyelectrolyte. In Fig. 5.4,

the ν-values obtained from SGCMC without excluded volume (filled makers), SGCMC with

excluded volume (stars) and ccMC (empty markers) are shown. Two different ionic strengths

are presented I = 0.001 M (blue circles) and I = 1 M (green squares). It can be observed that

the transition of ν is independent of the presence of CR and CF. In general, CR and CF does

not have a significant impact on ν except for θ around 0.8 at I = 1 M. Excluded volume does

not show any significant effect on the ν value. Interestingly, the transition between the two

limiting values of ν is found to be linear with θ. The dashed line in Fig. 5.4 is the best fit of the

simulation results at I = 0.001 M to a linear equation of the form ν = mθ + n, with two fitting

parameters m and n.
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FIGURE 5.4: Pincus scaling exponent ν as function of theta. Three different kinds of simulations
are shown: SGCMC without excluded volume (filled markers), SGCMC with excluded volume
(stars) and ccMC (empty markers). Two different cases are shown with I = 1 M (green squares)
and I = 0.001 M (blue circles). The dashed line represents the best fit of the simulations to a

linear equation of the form ν = mθ + n.

In the previous chapter, the increase of θ with the stretching force was studied. A similar study

can be observed in Fig. 5.5a at constant I = 1 M and pH values ranging from 4 to 10 from

(a)

(b)

FIGURE 5.5: (a) θ and (b) chain extension Lz as a function of the stretching force F at constant
I = 1 M and pH-values: 10 (purple downwards triangles), 8 (pink uppwards triangles), 6 (red
circles) and 4 (wine squares). Filled markers correspond to SGCMC simulations while empty

markers refer to ccMC simulations.
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top to bottom. Again, the stretching force is only observed to affect θ in the intermediate force

regime. Note, that the impact in θ is larger at pH values of 6 and 8. These values is also where

the binding capacitance and, therefore, the CF are larger. In other words, the ideal conditions

to induce charge regulation by mechanical stretching are those where CF is more important.

The relevance of CF in the force/extension curve in the full force range can be assessed in Fig.

5.5b, where the results of SGCMC (filled markers) and ccMC (empty markers) are shown. Clear

deviations between both sets of data can be observed, indicating that CF play a relevant role in

weak polyelectrolyte stretching. Again, these deviations are stronger when charge fluctuation

is more important, i.e. at pH and I values of large binding capacitance. This effect can be

quantified by comparing these results with the ones obtained at I = 0.001 M, where CF is

weaker. One can observe that for I = 0.001 M the deviations between SGCMC and ccMC are

smaller. Although not shown here, excluded volume was not found to have any significant

contribution to the elastic response of the polyelectrolyte. The same behavior is observed in the

lp vs. F curves, which can be found in the publication at the end of the chapter.

5.1.3 Conclusions

In this chapter, the effect of charge regulation and charge fluctuations in the conformational and

elastic properties of a flexible weak polyelectrolyte is investigated. First, Semi-Grand Canonical

Monte Carlo (SGCMC) simulations are performed where the charge fluctuates and the average

degree of ionization θ is exactly computed. Then, constant charge Monte Carlo (ccMC) simula-

tions are performed where the charge of the binding sites is assumed to be constant and equal

to θ. The conformational (persistence length lp and gauche state probabilities P(g)) and elastic

(chain extension Lz and Pincus exponent ν) properties obtained with both, SGCMC and ccMC)

When charge fluctuations are switched off, larger values of lp and smaller values of P(g) are

found. Therefore, when charge fluctuation is absent the polymer is more extended, which

indicates that charge fluctuation contributes to polymer folding. This effect is found to be larger

in conditions where charge fluctuations is more relevant, i.e. at conditions of large binding

capacitance.

The effect of charge fluctuation on the elastic response of the polyelectrolyte has been investi-

gated in the full force regime. In the low force regime, it is found that ν presents a transition with

the pH from 3/5 (low pH values) to 1/2 (high pH values). This transition is found to happen

independently of the presence of charge fluctuation, which suggests that is mainly caused by

the change in the average charge of the polyelectrolyte. In the intermediate force regime, charge

fluctuation have been found to have a significant effect on the Lz and lp (which becomes force-

dependent) stretching curves. Again, this effect is found to be larger at pH and ionic strength
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conditions of large binding capacitance values, where the fluctuations in the charge are more

intense. In general, the steric excluded volume is found to not be significant compared when

the electrostatic repulsion for all the cases of studies.
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Abstract: This work addresses the role of charge regulation (CR) and the associated fluctuations in the
conformational and mechanical properties of weak polyelectrolytes. Due to CR, changes in the pH-value
modifies the average macromolecular charge and conformational equilibria. A second effect is that,
for a given average charge per site, fluctuations can alter the intensity of the interactions by means of
correlation between binding sites. We investigate both effects by means of Monte Carlo simulations at
constant pH-value, so that the charge is a fluctuating quantity. Once the average charge per site is available,
we turn off the fluctuations by assigning the same average charge to every site. A constant charge MC
simulation is then performed. We make use of a model which accounts for the main fundamental aspects
of a linear flexible polyelectrolyte that is, proton binding, angle internal rotation, bond stretching and
bending. Steric excluded volume and differentiated treatment for short-range and long-range interactions
are also included. This model can be regarded as a kind of “minimal” in the sense that it contains a
minimum number of parameters but still preserving the atomistic detail. It is shown that, if fluctuations
are activated, gauche state bond probabilities increase and the persistence length decreases, so that the
polymer becomes more folded. Macromolecular stretching is also analyzed in presence of CR (the charge
depends on the applied force) and without CR (the charge is fixed to the value at zero force). The analysis
of the low force scaling behavior concludes that Pincus exponent becomes pH-dependent. Both, with and
without CR, a transition from 1/2 at high pH-values (phantom chain) to 3/5 at low pH-values (Pincus
regime) is observed. Finally, the intermediate force stretching regime is investigated. It is found that CR
induces a moderate influence in the force-extension curves and persistence length (which in this force
regime becomes force-dependent). It is thus concluded that the effect of CR on the stretching curves is
mainly due to the changes in the average charge at zero force. It is also found that, for the cases studied,
the effect of steric excluded volume is almost irrelevant compared to electrostatic interactions.

Keywords: polyelectrolytes; charge regulation; charge fluctuations; weak polyelectrolyte; annealed
polyelectrolyte; Monte Carlo simulation; semi-grand canonical ensemble; binding equilibria;
conformational equilibria; constant pH ensamble; stretching; scaling law
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1. Introduction

Charge regulation (CR) is defined as the capability of ionizable macromolecules, nano-particles
and surfaces, to modify their ionization state as a response to external physico-chemical perturbations.
In contrast to strong polyelectrolytes, such as DNA or RNA, whose phosphate groups are charged in
very different environmental conditions, weak polyelectrolytes are specially sensitive to changes in the
pH-value or the ionic strength, solvent composition, interactions with metal ions or other charged molecules.
The paradigmatic mechanism of CR is the binding of small ions present in solution, and, in particular,
acid-base equilibria, due to the ubiquitous presence of protons in aqueous solutions [1,2]. In a wide range of
situations, the physicochemical behaviour of charged polymers cannot be understood without the presence of
CR. A few examples would be the stability of colloidal systems [3], protein-surface [4,5], protein-protein [6,7]
and protein-polyelectrolyte [8,9] interactions, nano-particle coating [10], supramolecular chemistry [11,12],
ligand-receptor binding in biochemistry [13–15], drug delivery [16], protein folding [17], among many others.

Besides the ability to modulate the electric charge to external changes, there are two relevant aspects
of CR which make the difference compared to systems with fixed charge. Firstly, although CR can also
take place in rigid structures, weak polyelectrolytes usually are very flexible. That means that, due to the
presence of electrostatic interactions between charged groups, the system tries to minimize the electrostatic
repulsion (or maximize the attraction) by means of changes in the conformational structure. In the same
way, modifications in the conformational structure affect the interactions between charged sites and thus
their ionization state. Conformational and ionization degrees of freedom are thus highly coupled [18,19].
The natural mechanism for this fact is the rotation of the chemical bonds. It has been recently shown
that one can even build effective rotational potentials which explicitly depend on the pH-value [20,21].
A natural conclusion of this fact is that the stretching properties of weak-polyelectrolytes should depend
up to some extent on the ionization state of the macromolecule (i.e., the pH-value and the ionic strength)
since the application of an external force modifies its conformational structure.

In the last two-decades, the development of single-molecule force spectroscopy has lead to a huge
expansion of the field of mechano-chemistry [22]. Mechanically induced chemical reactions or conformational
transitions have been recently described both in neutral and charged macromolecules [23–29]. The stretching
of strong polyelectrolytes such as DNA and RNA, two strong polyelectrolytes, have also been the subject
of a number of studies, which results to be extremely dependent on the valence and concentration of the
counterions [30–32]. It has been also shown that self-avoiding electrostatic repulsion forces produce new
elastic regimes and scaling behaviors [33–35]. In a recent paper, our group explored the possibility of induced
charge regulation by means of the application of an external force to a weak polyelectrolyte [36]. Mechanical
stretching leads to an increase in the distance between charged groups and significant changes in the degree
of protonation are observed at certain pH and ionic-strength conditions. In the same way, changes in the
pH-value affect the extension/force curves.

A second aspect involved in CR is that the charge is no longer a fixed quantity but a fluctuating one,
which can lead to surprising effects. For instance, it is well known that, under certain conditions, charge
fluctuations (CF) can produce attraction between two macromolecules with the same average charge.
This phenomenon was firstly predicted in a classical work by Kirwood and Shumaker [37], who used
statistical mechanics perturbation methods and since then it has been verified in a number of simulation
and experimental studies on protein-ligand, protein-protein and protein-membrane interactions [2].
Simulation methods have proved to be specially useful in the quantification of this effect by turning
on and off the CF [6]. However, the influence of CF in the conformational and mechanical properties of
flexible weak polyelectrolytes has been so far hardly addressed. In most the studies aimed determining the
conformational properties (end-to-end distance, radius of gyration, persistence length, etc.) the charge is
taken as a constant, sometimes by considering the polymer as a string with constant charge density [38,39].
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In a number of works, CF are taken explicitly into account by regarding the polymer as a set of punctual
protonating sites linked by rigid or harmonic bonds, so that rotational conformations are not taken into
account [40–43].

The present work addresses the role of charge regulation and the associated fluctuations in the
conformational and mechanical properties of weak polyelectrolytes by means of Monte Carlo simulations
at constant pH-value, so that the charge is a fluctuating quantity. Once the average charge per site is
available, we turn off the fluctuations by assigning the same average charge to every site. A constant
charge MC (ccMC) simulation is then performed. With this aim, we make use of a model, described
in Section 2, which accounts for the main fundamental aspects of a linear flexible polyelectrolyte that
is, proton binding, dihedral angle rotation, bond stretching and bending. Steric excluded volume and
differentiated treatment of short range (SR) and long-range (LR) interactions are also included. This model
can be regarded as a kind of “minimal” in the sense that it contains a minimum number of parameters
but it still preserves the atomistic detail. In Section 3, the effect of CF in the conformational properties of
a weak polyelectrolyte at zero force is analyzed. Section 4 focuses on the influence of CR and CF in the
scaling behavior at low forces, that is, linear and Pincus regime. Finally, Section 5 is devoted to the effect
of CR and CF in the extension-force curves.

2. Charge Regulation and Stretching of Weak Polyelectrolytes

2.1. Minimal Model of a Weak Flexible Polyelectrolyte

Let us consider a model, depicted in Figure 1, which captures the most relevant aspects of a weak
flexible polyelectrolyte (proton binding, dihedral angle rotation, bond stretching and bending) but it
involves a minimum number of parameters. Bond rotation represents the main mechanism of stretching
at moderate and even relatively high forces. Bond stretching and bond angle bending are only relevant
at very high forces (typically larger than 500 pN) for which the stretching regime is fully independent
of the ionization state, as shown in a recent publication [36]. Assuming that the polymer is symmetric,
(it presents planar symmetry when it is fully extended) complications due to tacticity can be avoided.
As usual, the ionization state of the macromolecule is described by a set of variables s = {si} with i = 1
... N, where si = 1 indicates that the site is protonated and si = 0 otherwise. This is the basis of the Site
Binding (SB) model [1]. The conformational state is determined by the set c =

{
φj
}

, j = 1 ... M, where
φj is the rotational angle of the bond j. It will be assumed that only the rotational states corresponding
to energy minima (typically trans (t), gauche+ (g+) and gauche- (g−) ) are significantly populated. This is
the central assumption of the Rotational Isomeric State (RIS) model, firstly proposed by Flory in order
to calculate conformational properties of neutral chain molecules [44]. Combining RIS and SB models,
we obtain the Site Binding Rotational Isomeric State (SBRIS) model, previously proposed in order to deal
with ionization and conformational degrees of freedom on the same foot [18,19,21]. The SBRIS free energy
can be expressed as

F (s, c) = Frot +Fp +FE +Flenght +Fangle +FSEV + W (1)

and

βFrot =
M

∑
j=1

εrot,j
(
φj
)

(2)



Polymers 2019, 11, 1962 4 of 18

represents the RIS free energy contribution which is the sum of the torsional energies εrot,j
(
φj
)

of the
M rotating bonds and β = 1/kBT. Under the RIS approximation, we choose for φj the possible values
φj = 0 (t), φj = +2π/3 (g+) and φj = −2π/3 (g−). Since the chain is symmetric, εrot (+2π/3) =

εrot (−2π/3). In this work, we will assume that the three rotational states have the same energy so that
εrot,j

(
φj
)
= 0.

The term Fp represents the contribution of proton binding to the free energy

βFp =
N

∑
i=1

ln (10) µisi =
N

∑
i=1

ln (10) (pH− pKi)si (3)

where µi = log (KiaH) is the reduced chemical potential corresponding to the proton activity aH and the
protonation constant of site i, Ki. A site is positively charged when it is protonated. The chain contains
a protonating site every three chain positions so that it can be regarded as a simplified version of linear
poly-ethilene imine (LPEI), for which a complete conformational study is reported in Reference [19]. In the
particular case of identical sites and bonds pKi = pK.

The electrostatic interaction energy FE between charged sites is split into short range FSR and long
range FLR contributions

FE = F SR +FLR.

This distinction is necessary due to the fundamental differences in the physical mechanism of SR and
LR interactions. LR interactions are chemically unspecific and mediated by the solvent and they can
be reasonably described by simple pair-potentials. In this work, the Debye-Hückel (DH) potential has
been chosen

βFLR =
N

∑
i=1

N

∑
j=i+2

`B

dij
e−κdij sisj (4)

where dij is the distance between the sites i and j, `B ' 0.7 nm and κ−1 (nm) = 0.304/
√

I (M) represent,
respectively, the Bjerrum and the Debye lengths in water at 298.15 K and ionic strength I. SR interactions
between neighboring sites, however, are mediated by the macromolecular skeleton and they strongly
depend on the chemical environment of the interacting sites [1,19]. As a consequence, they need specific
parameters to be described. FSR reads

βFSR = ln (10)
N−1

∑
i=1

εint,3i−1 (φ3i−1) sisi+1 (5)

where εint,3i−1 (φ3i−1) corresponds to the interaction energy between two neighboring sites linked by a
bond in a given rotational state φ3i−1. This term clearly couples the ionization and the conformational
degrees of freedom, a characteristic feature of the SBRIS model.

The elasticity of the bond length lj and bond angle αj are included via the harmonic potentials

Flength =
M

∑
j=1

klength,j

2
(lj − lj,o)

2, (6)

and

Fangle =
M−1

∑
j=1

kangle,j

2
(αj − αj,o)

2, (7)
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where klength,j and kangle,j are the bond stretching and bending force constants and lj,o and αj,o denote the
equilibrium length and the equilibrium bending angle of bond j, respectively. The stretching of the chain
exerted by the the applied force F is quantified by the mechanical work

W = −F r (8)

where r is the end-to-end vector. Finally, FSEV accounts for the steric excluded volume (SEV) effects, due
to the finite size of the sites and chemical groups composing the chain. They are implemented by means of
a hard-sphere potential

FSEV =
M+1

∑
i,j=i+4

{
∞ dij ≤ Ri + Rj

0 dij > Ri + Rj
(9)

where Ri is the hard-sphere radius of site i. They will be turned on and off in the computations throughout
this work in order to quantify their importance in the conformational and stretching properties. When
SEV effects are switched off, all sites are considered to be a point charge, that is, Ri = 0 ∀ i. More details
about the model and its approximations can be found in Reference [36].

Figure 1. Outline of the two different kind of simulations of a weak flexible polyelectrolyte performed
in this study: Semi-Grand Canonical Monte Carlo (SGCMC) and constant charge Monte Carlo (ccMC)
simulations. In SGCMC, the pH-value is kept constant and the charge is free to fluctuate by means of
proton equilibria (blue and cyan circles depict protonated and deprotonated sites, respectively). Conversely,
in ccMC simulations, the charge of a site is fixed to its average value (purple circles). Grey circles represent
inert sites. The bonds holding two ionizable sites are allowed to rotate. Bond stretching and angle bending
and the mechanical stretching due to the action of an external force are also included in the model.

2.2. Constant Charge versus Constant-pH Simulations

In order to explore the effect of CR and CF on the structural and stretching properties of a single
linear weak polyelectrolyte, we make use of a Semi-Grand Canonical Monte Carlo (SGCMC) code previously
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developed by our group [19,21]. This program has been recently used to study the possibility of inducing
CR by means of mechanical stretching [36]. Since in the present work we are particularly interested in the
behavior of the system when CR and CF are turned on and off, the code has been modified in order to
perform both constant-pH (SGCMC) and constant charge Monte Carlo (ccMC) simulations, as outlined in
Figure 1. In SGCMC simulations, the pH is the control variable and CR is explicitly taken into account.
Statistical averages of the conformational, stretching and binding properties are computed and they are
pH-dependent. The average charge per monomer θ is defined as

θ =
< N+ >

N
= 〈si〉 , (10)

where < N+ > is the average number of protonated sites. Note that since the simulations are performed
at constant pH, N+ is a fluctuating quantity. The macroscopic quantity which measures the intensity of
the fluctuations is the Binding Capacitance C [2,13] which is defined as the variance of the probability
distribution of N+

C =
〈
(N+ − Nθ)2

〉
= N

(
∂θ

∂µ

)

F
(11)

The second identity can be proved by means of elementary statistical mechanics. As commented in
the introduction, CF are the responsible of interesting phenomena such as the effective attraction of
macromolecules with the same charge sign, under certain conditions [37].

In order to assess the relevance of CF, we will compare the same conformational properties of interest
obtained from ccMC and SGCMC simulations for the same average charge. Unlike SGCMC, in ccMC
simulations CR and CF are switched off. The charge state of each site is imposed beforehand and kept
constant at the value θ obtained from the equivalent SGCMC simulation, which means that θ is an output
for SGCMC and an input for ccMC. Since correlations and CF are absent, the ionization and conformational
degrees of freedom are now decoupled. The ionization states of two different sites become desconected.
As a result, the average electrostatic interaction between sites i and j energy εint,i,j reads

〈
εint,i,j (c) sisj

〉
' εint,i,j (c)

〈
sisj
〉
' εint,i,j (c) θ2 (12)

which is exact only in the limit of long enough distances between sites. This is equivalent to take si = θ in
Equations (4) and (5). As a consequence, only conformational degrees of freedom are free to change and
Fp does not contribute to the free energy.

Concerning the conformational properties, special attention will be paid to the gauche state probability

P(g) =

〈
Mg
〉

M
(13)

where
〈

Mg
〉

is the average number of bonds in the gauche state and to the persistence length lp, defined as
the average sum of the projections of all the bonds j ≥ i on a given bond i in an infinitely long chain

lp/l0 = ∑
j≥i

〈
bi · bj

〉
(14)

where bi denote unitary vectors pointing to the direction of the bonds. lp is related to the average square
end-to-end distance < r2 > by the relationship [44]
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lp =
< r2 >

2Mlo
+

l0
2
=

< (rM+1 − r1)
2 >

2Mlo
+

l0
2

(15)

where < ri > is the position of site i.

2.3. Parameters Used in the Simulations

We consider a chain with N = 50 identical ionizable sites with pK = 9, a large enough number to
avoid end effects. The interaction parameters are εint (t) = 1 and εint(g+) = εint(g−) = 3, which means
that a bond holding two neighboring charged sites has a very small probability of being in the gauche state.
As in LPEI, the chain consists of an ionisable site every two inert sites (i.e., 148 nodes or M = 147 bonds),
as shown in Figure 1. When excluded volume interactions are included, the sites are treated as hard spheres
with radii R = 1.7 Å and R = 1.55 Å for inert and ionisable sites, respectively. These values were used
in a previous study on the conformational and binding properties of LPEI [19]. For simplicity, all ccMC
simulations have been performed without SEV effects, that is, with R = 0. All bonds are considered to
have equal bond stretching and bending parameters lo = 1.5 Å, αo = 120◦, klength = 300 kcal mol−1 Å

−2

and kangle = 0.01 kcal mol−1 deg−2, which are the typical values used in Molecular Dynamics for C-C
bonds [45]. Only the bonds with pending ionisable sites are allowed to exhibit free internal angle rotation
(εσ (t) = εσ (g+) = εσ (g−) = 0) whereas the rest of the bonds are forced to remain in trans conformation.
The simulations are performed at room temperature T = 298.15 K. The reported results represent the
average over 8 to 16 different SGCMC simulations, which have been equilibrated in the first 5× 107

configurations. The thermal averages have been computed in the following 1× 109 realizations. More
computational details about the used algorithm can be found in the Supplementary Materials and explained
in detail in Reference [36].

3. Effect of Charge Regulation in the Binding and Conformational Properties at Zero Force

Let us first analyze the influence of charge regulation on the conformational properties of the
polyelectrolyte when no mechanical force is applied. Since the average degree of protonation θ is at
once output from the SGCMC and input for ccMC simulations, we firstly discuss the dependence of this
quantity on the pH-value. The resulting titration curves are shown in Figure 2a for four different ionic
strengths ranging from 1 to 0.001 M (from top to bottom). As a general trend, it is observed that θ decreases
when lowering the ionic strength, since electrostatic interactions become stronger and more energy is
needed to protonate a site.

It is important to recall that in our model nearest neighbor (SR) interactions and LR interactions are
treated in a different way. SR are described by chemically specific parameters (εint) which, in accordance
with experiments [1,19], are taken as independent of the ionic strength. At θ ' 1/2, which corresponds to
the plateau observed in the titration curve, an ordered structure consisting of alternated protonated and
deprotonated sites is formed [46]. Due to the interaction with the two neighbors, the empty sites now bind
protons with a different effective pK-value (roughly pK− 2εint). As a result, the titration curve resembles
that of a system with two different pK-values.

Conversely to SR, LR interactions are described by the DH potential, which is strongly dependent
on the ionic strength. LR interactions tend to destroy binding correlation between neighboring sites and
it is more amenable to mean-field treatments. This is reflected in the shape of the titration curves when
the ionic strength decreases, which becomes flatter and the plateau at θ ' 1/2 progressively disappears.
The differences between SR and LR interaction can be better understood by computing the binding
capacitance C as a function of the pH-value, which is shown in Figure 2b. As expressed by Equation (11),
C allows to directly quantify the intensity of charge fluctuations. It can be observed that, for large ionic
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strength, C presents two maxima at pH ' 6 and pH ' 9, which correspond to the inflection points in the
titration curve and a maximum in the charge fluctuation. Furthermore, a minimum value is observed at
pH ' 7.5, related to the presence of the “ordered” alternating state at θ ' 1/2. When the ionic strength
decreases, C becomes progressively wider and flatter until the maxima and the minimum disappear as a
result of the decorrelation introduced by LR interactions.

(a)

(b)

Figure 2. (a) Average degree of protonation θ and (b) binding capacitance C at ionic strengths (from top to
bottom) 1 M (green squares), 0.1 M (turquoise circles), 0.01 M (cyan uppwards triangles) and 0.001 M (blue
downwards triangles) obtained by means of pH-constant, SGCMC simulations. Steric excluded volume
contribution is not shown because no effect is observed in the obtained θ-values.

Let us turn CR and CF off and discuss the effect in the conformational properties. The θ-value
obtained from SGCMC is now used as an input in the ccMC simulations, in which all the sites have a fixed
charge equal to θ. Unfortunately, up to our knowledge, there is no established theory for the role of CF
in the intra-molecular interactions and its consequences on the conformational structure of flexible weak
polyelectrolytes. However, the contribution of CF in the force between two polyelectrolytes has been the
object of a number of previous works, both from the theoretical and experimental point of view [2,6,37].
The interaction energy U(R) between two identical macromolecules with average charge Q separated by a
distance R depend not only on their average charge but also on their binding capacitances. In absence of
counterions, it is given by [2,37]
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βU(R) =
`BQ2

R
− `2

B
R2 QC− `2

B
2R2 C2. (16)

Probably, the most striking and counter-intuitive consequence of this theory is the presence of negative
attractive terms in (16), despite the charge of both interacting molecules has the same sign. The first term
corresponds to the usual coulombic repulsion. The second and third term in the r.h.s. of (16) are a direct
consequence of CR and CF.

One of the objectives of this work is to clarify whether a similar effect can play a role, not only for
inter-molecular interactions between charged macromolecules but in the intra-molecular interactions
between different regions of a polyelectrolyte. If this was the case, one could expect CR to facilitate
polymer folding due to the attractive contribution of CF. In order to put some light on this point, we have
investigated the influence of CR in two quantities: the probability of a bond to be in gauche state, P(g),
and the persistence length lp. P(g) is a “local” conformational property, in the sense that it refers to the
behavior of a single bond. The persistence length, lp, however, is a “global” quantity, closely connected
with the end-to-end distance given by Equation (15) and its value is the result of the behavior of many
coupled bonds and sites.

In Figure 3, the gauche state probability P(g) (a) and the persistence length lp (b) are plotted as a
function of θ with CR (filled markers) and without CR (empty markers) for ionic strengths ranging from 1
to 0.001 M. We have also included the results of SGCMC simulations if the SEV effects are also present
(star-shaped markers). Clearly, in all the studied cases, SEV effects are very weak and almost irrelevant
compared to the self-avoiding electrostatic repulsions. The corresponding capacitance versus θ is also
reported in Figure 3c. First of all, in Figure 3a it is clear that in both cases, with CR and without CR, P(g)
decreases when the ionic strength decreases, since electrostatic screening is weaker, LR interactions are
stronger and the macromolecule swells by forming more trans states. Moreover, two limiting behaviors for
P(g) can be observed, which are also common to SMGMC and ccMC simulations. For low θ-values, the
polyelectrolyte is uncharged so that P(g)→ 2/3 since the three conformational states have the same energy.
When excluded volume is included, the asymptotic value is slightly smaller since some combinations
involving gauche conformations are forbidden (See Figure 3a inset). For θ close to unity, the chain is fully
extended in order to minimize the electrostatic repulsion, which implies that all the bonds are in trans
state and P(g) → 0. Clearly, there are no fluctuations in these two limiting situations and the binding
capacitance is very small. However, at intermediate θ-values, CR and CF are important as the values
of the binding capacitance indicate and clear differences arise between ccMC and SGCMC simulations.
P(g) is significantly smaller without CR than with CR, independently of the θ-value and ionic strength.
This fact can be explained because fluctuations allow to create uncharged regions in the chain which
allow the chain to fold (through forming gauche states) while the extended regions preserve the total
average charge. By assuming that all the sites have the same average charge, the possibility of the interplay
between conformation and charge equilibria is lost and, as a result, the polyelectrolyte chain gets stiffer.
This effect is confirmed by the behavior of the persistence length in Figure 3c. For intermediate θ-values
(0.3 < θ < 0.8), ccMC clearly overestimates lP with specially significant deviations at high ionic strengths,
that is, when CF are larger. As a conclusion, CR allows the chain to get more folded while the absence of
CR makes it stiffer. Probably, a mechano-statistical theory based on first principles, similar to Kirkwood
theory for interacting macromolecules [37], would be desirable in order to understand this point better.
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(a)

(b)

(c)

Figure 3. (a) gauche state probability, P(g), (b) persistence length lP and (c) binding capacitance C vs. the
average degree of protonation θ at ionic strengths (from top to bottom) 1 M (green squares), 0.1 M (turquoise
circles), 0.01 M (uppwards cyan triangles) and 0.001 M (downwards blue triangles). lP is normalized to
the equilibrium bond length l0 = 1.5 Å. Filled markers correspond to SGCMC without excluded volume,
while empty markers correspond to ccMC simulations. In Figure 3a,b, star-shaped markers denote results
obtained with SGCMC but they include steric excluded volume effects. The low charge regime is amplified
in the insets of Figure 3a,b.
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4. Scaling Properties of Mechanical Stretching in the Low Force Regime

Let us discuss the role of charge fluctuations in the stretching properties at the low force regime, that
is, when F < kBT/lP ' 1 pN, under which the chain can be seen as a set of freely joined fragments with
characteristic length equal to the Kuhn length lK [47]. This regime can be in turn divided into two different
sub-regimes. For very low forces (F < 0.3 pN), the extension Lz responds linearly to force

Lz/Ml0 = βF
lK
3

= βF
2lP − l0

3
(17)

which is a direct consequence of the fluctuation-dissipation theorem [48]. The Kuhn length lK is related to
the persistence length as lK = 2lP − l0 [44]. It is important to note that lP, as it will be shown in the next
section, can only be considered constant in the low force regime. This fact is due to the activation of the
rotational degrees of freedom at intermediate forces [36]. For forces ranging 0.3 < F < 1 pN, the action
of electrostatic self-avoiding interactions makes the force/extension curve to follow the Pincus scaling
law [33,48,49]

Lz ∝ F1/ν−1 (18)

which indicates the existence of a second low force sub-regime. The limiting value ν = 3/5 corresponds
to strong polyelectrolytes such as DNA whereas For ν = 1/2 the linear behavior of a phanton chain
is recovered.

The extension/force curves resulting from SGCMC simulations (markers) are shown in Figure 4 for
pH-values ranging from 2 to 10 (from top to bottom). Dashed lines are obtained solving Equation (17)
using the lK value from simulations at zero force, at the corresponding pH and I values. The best fit
of Pincus scaling law Equation (18) (continuous lines), in its range of validity 0.3 < F < 1 pN, is also
plotted. Two ionic strengths are considered: I = 1 M (Figure 4a) and I = 0.001 M (Figure 4b). For
large pH-values that is, when the polyelectrolyte is neutral, ν = 1/2 and linear behavior is found for
all the force-values. In the other limiting situation, for very low pH-values, when the polyelectrolyte
is fully charged, simulations deviate from the linear behavior and they follow the Pincus scaling law
(Equation (18)) with ν ' 3/5, which nicely matches with the theoretical predictions [49]. The presence of
SEV does not affect this conclusion, as shown in the Supplementary Materials.

For intermediate pH-values and charges, a preliminary study [36] suggested that weak polyelectrolytes
exhibit intermediate ν-values between the two limiting cases. However, whether such a transition is
consequence of the CF or it is a direct consequence of the change in the average charge induced by
modifying the pH-value is not clear. With this aim, we perform ccMC simulations using as input the
average degree of protonation θ obtained from SGCMC at F = 0 (Figure 2a). The scaling exponents
ν resulting from SGCMC without SEV (filled markers), SGCMC with SEV (star-shaped markers) and
ccMC simulations (empty markers) versus θ are reported in Figure 5 for two ionic strengths I = 1 M
(green squares) and I = 0.001 M (blue circles).

Comparing the results obtained from SGCMC and ccMC simulations, it is observed that, in effect,
ν presents a transition between linear and Pincus behavior both in presence or in absence of CR. Curiously,
for I = 0.001 M the transition between the two limiting ν-values is found to be linear with θ

ν = mθ + n (19)

where m = 0.129± 0.004 and n = 0.494± 0.001 ' 0.5 are fitted parameters to the SGCMC points. Best
fitted Equation (19) is depicted as a black dashed line in Figure 5. The situation, however, becomes more
complex for I = 1 M, for which no significant deviation from the limiting value ν = 1/2 is observed for
θ < 0.5. For θ > 0.5. A drastic increase in the ν-value is formed when CR is taken into account. It is also
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worth mentioning that the limiting value ν = 3/5 is not observed even at θ = 1, when the polyelectrolyte
is fully charged, independently of the presence of CF. This fact suggests that this could be also the case for
strong polyelectrolytes at high ionic strengths. Again, SEV does not produce any significant effect in ν,
even when the polyelectrolyte is almost uncharged (θ ' 0).

(a)

(b)

Figure 4. Normalized chain extension versus force curves in the low force regime for pH-values ranging
from 2 to 10 (from top to bottom) obtained from SGCMC simulations without SEV at two ionic strengths
1 M (a) and 0.001 M (b). Dashed and continuous lines represent the best fit linear and Pincus scaling law,
respectively. Chain extension is normalized to the contour length LC = Nl0 cos((π − α0)/2).

Figure 5. Pincus scaling exponent ν versus θ at two ionic strengths: 1 M (green markers) and 0.001 M
(blue markers). The results of three different kind of simulations are plotted: SGCMC without SEV (filled
markers), SGCMC with SEV (star-shaped markers) and ccMC (empty markers). Dashed and continuous
lines represent the best fit linear and Pincus scaling law, respectively.
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5. Influence of Charge Fluctuations in the Intermediate Force Regime

It is well-established that conformational and binding degrees of freedom in weak polyelectrolytes
are highly correlated because of charge regulation. Since in flexible polyelectrolytes, mechanical stretching
dramatically changes the distance within the macromolecule, changes in θ are expected when an external
force is applied. This effect has been extensively discussed in a recent publication [36]. θ versus force is
plotted in Figure 6 at different pH-values (4, 6, 8 and 10) and for two ionic strengths I = 1 M (Figure 6a)
and I = 0.001 M (Figure 6b). For intermediate pH-values and low ionic strengths, moderate CR is
observed. This effect is significantly enhanced if the gauche bond state is favored, for instance, because of
the formation of a hydrogen bond, although this issue is out of the scope of this work. Although this point
would probably require a more intensive study, we present here some preliminary results.

The influence of CR and CF in the extension-force curves is evaluated by again comparing the results
obtained by SGCMC and ccMC. They are shown in Figure 7 for the same pH-values and ionic strengths as
in Figure 6. It is observed that for I = 1 M clear differences can be appreciated for pH = 8 but specially for
pH = 6. It is interesting to note that those are the conditions under which the binding capacitance and thus
the binding fluctuations are larger (see Figure 2b). As expected, no effect is observed when the polymer is
fully charged (pH = 4) or fully uncharged (pH = 10). For I = 0.001 M fluctuations are weaker and the
observed differences are smaller than for I = 1 M. Although not shown in the figure, we find that SEV
does not affect significantly the extension/force curves. Similar trends are found in the persistence length,
depicted in Figure 8. Note that, again, the persistence length is a function of the pH-value for intermediate
forces due to the activation of the rotational degrees of freedom. The main differences between SGCMC
and ccMC also take place for pH = 6 and I = 1 M, when correlation effects are larger.

(a)

(b)

Figure 6. θ versus force curves at fixed pH-values 4 (wine squares), 6 (red circles), 8 (pink uppwards
triangles) and 10 (purple downwards triangles), from top to bottom, and ionic strengths 1 M (a) and
0.001 M (b), the simulation results correspond to SGCMC without excluded volume.
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(a)

(b)

Figure 7. Normalized chain extension versus force curves at fixed pH-values 4 (wine squares), 6 (red circles),
8 (uppwards pink triangles) and 10 (downwards purple triangles), from top to bottom, and ionic strengths
1 M (a) and 0.001 M (b). Filled markers correspond to SGCMC while empty markers refer to ccMC.
The chain extension Lz is normalized to the contour length LC = Nl0 cos((π − α0)/2).

(a)

(b)

Figure 8. Normalized persistence length lP versus force at pH-values (from top to bottom) 4 (wine squares),
6 (red circles), 8 (uppwards pink triangles) and 10 (downwards purple triangles) and ionic strengths 1 M (a)
and 0.001 M (b). Filled markers correspond to SGCMC while empty markers refer to ccMC. lP is normalized
to the equilibrium bond length l0 = 1.5 Å.
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6. Conclusions

This work addresses the role of charge regulation (CR) and the resulting fluctuations in the
conformational and mechanical properties of flexible weak polyelectrolytes, moreover it is motivated
by recent findings which suggest that charge regulation can be induced by mechanical stretching [36].
Due to CR, changes in the pH-value modify the average macromolecular charge and conformational
equilibria. A second effect is that, for a given average charge per site, fluctuations can alter the intensity of
the interactions by means of the correlation between binding sites. We investigate both effects by means of
Semi-Grand Canonical Monte Carlo (SGCMC) simulations at constant pH-value, so that the charge is a
fluctuating quantity. Once the average charge per site is available, we turn off the fluctuations by assigning
the same average charge to every site. The molecule is now in a “frozen” ionization state and a MC
simulation at constant charge (ccMC) is performed. The main conformational and stretching properties
with and without CR are then compared.

We make use of a model which accounts for the main fundamental aspects of a linear flexible
polyelectrolyte that is, proton binding, dihedral angle rotation, bond stretching and bending. Steric
excluded volume and specific treatment of short range and long-range interactions are also included in
the model. This model can be regarded as a kind of “minimal” in the sense that it contains a minimum
number of parameters but it still preserves the atomistic detail. We firstly study the case when no external
force is applied. It is shown that, if fluctuations are activated, gauche state probabilities become larger, and
the persistence length smaller, so that the polymer becomes more folded. Electrostatic repulsion is thus
enhanced if the charge is fixed and weakened when charge fluctuations, which are quantified by means of
the binding capacitance, are present.

In the presence of an applied force, macromolecular stretching is also analyzed with CR (the charge
depends on the applied force) and without CR (the charge is fixed to the value at zero force). The analysis of
the scaling behavior at the low force regime concludes that Pincus exponent becomes pH-dependent. Both
with and without CR, a transition from 1/2 at high pH-values (phantom chain) to 3/5 to low pH-values
(Pincus regime), is observed. This fact suggests that Pincus regime is essentially driven by the average
charge and that CR plays a minor role. Finally, the intermediate force stretching regime is investigated.
It is found that CR induces a moderate influence in the force-extension curves and in the persistence
length (which in this force regime becomes force-dependent). It is thus concluded that the effect of CR
on the stretching curves is mainly due to changes in the average charge at zero force, although some
differences arise at intermediate pH-values. It is also found that the effect of steric excluded volume is
almost irrelevant compared to electrostatic self-avoiding interactions for all the cases studied.

Supplementary Materials: The following are available online at http://www.mdpi.com/2073-4360/11/12/1962/s1,
Figure S1: Outline of the metropolis algorithm of the simulation code, Figure S2: Normalized chain extension versus
force curves in the low force regime for pH-values ranging from 2 to 10 obtained from ccMC and SGCMC simulations
with SEV.
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Abbreviations

The following abbreviations are used in this manuscript:

ccMC constant charge Monte Carlo
CF Charge Fluctuation
CR Charge Regulation
LPEI Linear PolyEthylenImine
LR Long Range
MC Monte Carlo
RIS Rotational Isomeric State
SB Site Binding
SBRIS Site Binding Rotational Isomeric State
SEV Steric Excluded Volume
SGCMC Semi-Grand Canonical Monte Carlo
SR Short Range
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6.1 Summary

6.1.1 Introduction

In the previous chapters, the conformational, ionization and elastic properties of flexible weak

polyelectrolytes have been studied. As a consequence of the coupling between conformational

and ionization degrees of freedom, it has been observed that these properties are highly cor-

related with each other. However, those studies have been done focused on a single polyelec-

trolyte chain, i.e. in infinite dilution conditions, and only the salt ions were considered to have

a significant concentration.

Dilute conditions are, however, far from the real environment in which biopolymers are present

in their natural media.82 In biological media, macromolecules in solution can occupy a 20-40

% of the total volume.85 Unlike in dilute conditions, the non-specific interactions (excluded

volume, electrostatic, hydrodynamic, among others) of macromolecules with each other can

not be neglected. These conditions, named as macromolecular crowding, have been found to

significantly influence the reactivity,82,84–90, structure91–96 and diffusion97–105 of biopolymers.

The effect of macromolecular crowding in biopolymer diffusion have been investigated ex-

perimentally and theoretically. Experimentally, the diffusion of the macromolecule is usually

measured using spectroscopic techniques, mainly Fluorescence Correlation Spectroscopy (FCS)

and Fluorescence Recovery After Photobleaching (FRAP).97–99 When the experiments are per-

formed in vitro, the macromolecular crowding is mimicked adding high concentrations of ”in-

ert” macromolecules (usually poly(ethylene glycol), dextran or ficoll). Theoretically, the diffu-

sion in crowded media has been studied using computational simulation techniques, namely:

Monte Carlo100, Molecular Dynamics88 and Brownian Dynamics (BD) simulations200,201.

Macromolecular crowding have been found to alter significantly the diffusion of tracer macro-

molecules. The tracer particles exhibit three different time regimes,100,106 as shown in Fig. 6.1.

At short times, the diffusion coefficient of the tracer is found to have a constant value Dshort.

At intermediate times, the diffusion of the tracer is anomalous, due to the collision of the tracer

with the crowding agents. The diffusion coefficient becomes time-dependent and it presents a

power law dependence with time, characterized by the anomalous exponent α. At long times,

the diffusion coefficient returns to a constant value Dlong since one observes the tracer macro-

molecule average motion in crowded media.

The crowders hinders the tracer macromolecule diffusion mainly due to excluded volume

and hydrodynamic interactions. The crowder motion modifies the tracer particle motion via

solvent-mediated interaction, i.e. Hydrodynamic Interactions (HI). The role of HI in diffusion
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in crowded media have been studied mainly with Brownian Dynamics simulations.108–111,121

These studies proved that HI have an important contribution to macromolecular diffusion and

they need to be included in BD to be accurate.

There are two main different approaches to include HI in BD simulations. On the one hand,

one can compute the diffusion tensor using the Rotne-Prager-Yamakawa (RPY) method,123,124

which aims to accurately calculate the HI between particles. However, the conventional RPY

diffusion tensor neglects the lubrication forces (near-field HI),125,126 which have been found

crucial to describe diffusion in crowded media.111,121 The computation of the diffusion tensor

is a computationally expensive procedure and several efforts have been carried out to optimize

the BD calculations.122 On the other hand, one can use the Tokuyama method108–110 which

introduces the HI in the BD simulations in the mean-field way avoiding the computation of the

diffusion tensor.

In this chapter, the diffusion of two proteins, streptavidin and α-chymiotripsin, in a media

crowded with differently sized dextran macromolecules is studied by means of BD simula-

tions. The simulations reseamble previous in vitro experiments carried out in the same condi-

tions97–99,101. The macromolecules are modeled as hard spheres with an effective radius, as can

be observed in the snapshot depicted in Fig. 6.1. The results of BD simulations using different

treatments of the HI are compared with each other and with previous experimental measure-

ments.97–99,101 The long-time diffusion coefficient and the anomalous exponent of both proteins

are calculated at different concentrations and crowding agents.

FIGURE 6.1: (left) Average diffusion coefficient < r2 > /t vs. time t obtained by means of
Brownian Dynamics with crowder volume fraction of φ = 0.17. (right) Snapshot of the sys-
tem studied in this chapter. A protein (red sphere) diffuses in a media crowded by dextran

macromolecules (yellow spheres).

6.1.2 Results

The macromolecules are modeled, using a coarse-grained approach, as a single hard sphere.

The radii of the tracer proteins, streptavidin and α-chymiotripsin, is considered to be equal to its
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hydrodynamic radii.97–99 For dextran crowding macromolecules, it has been found that using

their experimental hydrodynamic radius213 RH or radius of gyration214 Rg leads to very high

excluded volume fractions at experimental values of the crowder concentration (50 - 300 g L−1).

This is because the experimental values of RH and Rg are measured in dilute conditions.213,214

In crowded conditions, the dextran size can be reduced by the steric compression exerted by

the crowder macromolecules. Alternatively, the dextran size can be estimated from its specific

volume, approximating the dextran macromolecules as a compact sphere. The resulting radius,

named as compact radius RC, was found to be too small. In particular, diffusion coefficients of

the proteins obtained with the BD simulations performed with crowders with radius equal to

RC were significantly larger than the experimental diffusion coefficients obtained in FCS and

FRAP experiments.97–99 This is probably because RC neglects the solvatation effects, resulting

in excluded volume fractions too small. In this work, we propose an effective radius Reff for

the dextran, whose value is obtained fitting the diffusion coefficient obtained by BD dynamics

with the corresponding diffusion coefficient obtained from experimental measurement. The

resulting Reff values are observed to have intermediate values between RH and RC. A more

detailed discussion can be found in the publication enclosed in this chapter, together with more

details about the parametrization of the system and the simulations.

First, the case of a system composed with spheres of equal size is considered. This simple case

is used to compare the prediction of Dlong obtained with different treatments of the HI. In Fig.

6.2, Dlong at different excluded volume fractions φ computed with BD without HI (red trian-

gles), BD with HI computed with the conventional RPY method (blue squares) and BD with

HI computed with Tokuyama method (cyan circles) is shown. Dlong is normalized to the dilute

solution diffusion coefficient of the particles D0. It can be observed that the BD simulations

FIGURE 6.2: Long time diffusion coefficient Dlong as a function of the crowder excluded volume
φ obtained with: (red triangles) Brownian Dynamics (BD) without hydrodynamic interactions
(HI), (cyan circles) BD with HI using Tokuyama method and (blue squares) BD with HI using
the conventional RPY method. The orange dashed lines stands for the analytical prediction of
Dlong given by 1.60. The Dlong is normalized to the ideal diffusion coefficient D0. The lines are

only to guide the lecturer.
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(a)

(b)

FIGURE 6.3: Dlong as a function of concentration of the D50 crowding agent for (a) strepta-
vidin and (b) α-chymiotripsin. Dlong is obtained from BD simulations where HI are either
not included (red squares) or included with Tokuyama method (cyan triangles). The results
obtained are compared with experimental measurements of the diffusion coefficient of both
proteins (green circles), obtained from FCS97 (streptavidin) and FRAP98,99 (α-chymiotripsin)

experiments. Lines are only to guide the lecturer.

with HI using the conventional RPY method are very close to those obtained in BD without

HI. This result agrees with previous studies111,121, where long-range HI have been found to be

screened in crowded media. Conversely, near-HI or lubrication forces are expected to have a

high impact on crowded media. These near-HI are better captured by the Tokuyama method,

which clearly predicts a larger decay of Dlong in increasing φ than that predicted by the BD sim-

ulations without HI and with HI using the RPY method. The Dlong prediction obtained with BD

using Tokuyama method can be compared with the analytical prediction of Dlong given by Eq.

1.60 (orange dashed line). Very good agreement can be observed between the simulation results

and the analytical prediction. However, when differently-sized trancer and crowders particle

are considered, the analytical prediction of Dlong is no longer accurate and the BD results show

relevant deviations, as can be found in the publication presented in this chapter.

The case of streptavidin and α-chymiotripsin diffusing in crowded media is analyzed now,

where the tracer proteins and the crowders have different sizes. In this summary, only dextran

molecules with molecular weight of 48.6 kg mol−1 are considered (from now on, named as D50).

In the publication presented in this chapter, other dextran sizes are considered, and the results

agree with the discussion that follows. In Fig. 6.3, the Dlong of streptavidin (Fig. 6.3a) and

α-chymiotripsin (Fig. 6.3a) as a function of D50 concentration is shown. The simulation results
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are obtained from BD without HI (red squares) and BD with HI using Tokuyama method (cyan

triangles) and they are compared with the Dlong-values reported from FCS97 (streptavidin) and

FRAP98,99 (α-chymiotripsin) experiments (green circles). As a general trend, it can be observed

that Dlong decreases when the concentration of crowding agent increases, as a result of the

protein collisions with the crowders. It can also be noted that the Dlong obtained with BD with

HI are in better agreement with the experimental data than the results obtained without HI.

These results agree with previous studies highlighting the impact of HI in crowded media.111

The anomalous exponent is also analyzed for the same cases studied in Fig. 6.3 (same markers

are used), which is shown Fig. 6.4. It can be noted that α decreases when the concentration of

the crowders increases. Since α is related to the transition rate between Dshort and Dlong, this

indicates that the transition occurs faster in the more crowded systems. As a general trend, a

good agreement is observed between the BD simulation results and the experimental data. It

can be noted that the inclusion of the HI is not significant for the determination of α, indicating

that transition between Dshort and Dlong is mainly driven by the collisions of the tracer particles

with the crowders.

(a)

(b)

FIGURE 6.4: Anomalous diffusion exponent α as a function of D50 concentration for (a) strep-
tavidin and (b) α-chymiotripsin. Dlong is obtained from BD simulations where HI are either
not included (red squares) or included with Tokuyama method (cyan triangles). The results
obtained are compared with the experimental results obtained from FCS97 (streptavidin) and
FRAP98,99 (α-chymiotripsin) experiments (green circles). Lines are only to guide the lecturer.
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6.1.3 Conclusions

The diffusion of two proteins, streptavidin and α-chymiotripsin, in crowded media is stud-

ied by means of Brownian Dynamics (BD) simulations. As crowding agents, different sizes of

dextran molecules are considered, reproducing previous in vitro experiments.97–99 The macro-

molecules, following a coarse-grained approach, are modeled as single spheres with an effec-

tive radius, which accounts for macromolecular compaction in crowded media. Conventional

BD are compared with BD with different treatments of the Hydrodynamic Interactions (HI), in

particular the conventional RPY and Tokuyama methods. The long time diffusion coefficient

Dlong and the anomalous exponent α obtained from the different BD simulations is compared

with each other and with the previously reported experimental results.97–99

As a general trend, the Dlong values obtained with BD with HI using Tokuyama method are

smaller than the ones obtained without HI or with HI using the conventional RPY method.

Moreover, the Dlong values computed with BD with HI using Tokuyama method are in good

agreement with the ones experimentally reported for most of the cases of study. The results

indicate that both the steric volume and the hydrodynamic interactions are the main responsi-

ble for the Dlong decay with macromolecular crowding. Conversely, HI are not found to have

significant contribution in the determination of α.

Although, in general, qualitative agreement is observed between the BD simulations and the

experimental data, some quantitative discrepancies can be observed. These discrepancies can

be caused by the use of either (i) the Tokuyama method for describing the HI or (ii) the coarse-

grained model employed. On the one hand, the equations proposed by Tokuyama are con-

ceived for systems of equally-sized spheres.108–110 The differences of size are corrected in our

simulations in an effective way by explicitly considering the size of the protein and the crowder

particles. On the other hand, the hard sphere model here proposed is not able to fully repro-

duce the macromolecular compaction and entanglement expected in crowded media.224 In the

next chapter, a new coarse-grained model will be proposed, able to account for these effects.
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Abstract: The high concentration of macromolecules (i.e., macromolecular crowding) in cellular
environments leads to large quantitative effects on the dynamic and equilibrium biological properties.
These effects have been experimentally studied using inert macromolecules to mimic a realistic
cellular medium. In this paper, two different experimental in vitro systems of diffusing proteins which
use dextran macromolecules as obstacles are computationally analyzed. A new model for dextran
macromolecules based on effective radii accounting for macromolecular compression induced by
crowding is proposed. The obtained results for the diffusion coefficient and the anomalous diffusion
exponent exhibit good qualitative and generally good quantitative agreement with experiments.
Volume fraction and hydrodynamic interactions are found to be crucial to describe the diffusion
coefficient decrease in crowded media. However, no significant influence of the hydrodynamic
interactions in the anomalous diffusion exponent is found.

Keywords: macromolecular crowding; Brownian dynamics; dextran modelling; macromolecule
diffusion; hydrodynamic interactions

1. Introduction

The study of reaction and diffusion processes in biological media has been a challenging topic of
recent research. Although single macromolecules are present in low concentrations, there is a high total
concentration of macromolecules (such as proteins, polysaccharides, etc.) in cellular environments.
In this context, macromolecular crowding can be defined as “macromolecular cosolutes that are nominally
inert with respect to the reaction of interest” [1]. In general, cell cytosol presents an occupied volume
fraction of 20%–30%, which means an approximate macromolecule concentration of 200–300 g/L.
Moreover, macromolecular crowding is also relevant outside the cells [2] (e.g., blood plasma has a
non-negligible 80 g/L protein concentration).

Since in vitro experiments are usually carried out at low concentrations (1–10 g/L), alternative
approaches are necessary in order to evaluate the effect of macromolecular crowding in the
thermodynamic and kinetic properties of the system. At the experimental level, high concentrations of
crowding agents (usually dextran or ficoll macromolecules), which are considered to interact only by
means of steric non-specific interactions, have been used to mimic the in vivo environment (usually
called in vivo-like media) [3,4]. The experimental studies of macromolecule diffusion are mainly based
on two experimental techniques: Fluorescence Correlation Spectroscopy (FCS) [5] and Fluorescence
Recovery After Photobleaching (FRAP) [6,7].
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FCS relies on the detection and temporal analysis of the fluorescence signal emitted from a small
confocal detection volume. In these studies, fluorescent markers are specifically bound to the tracer
molecule allowing a wide range of possible tracers (e.g., proteins, polymers, metal-complexes, etc.).
The fluctuations in fluorescence intensity in a small region of the sample are recorded and used to
calculate the temporal auto-correlation function, which allows determining the diffusion coefficient
and the anomalous diffusion exponent of the tracer.

On the other hand, in FRAP, a small volume of the sample is lighted with a laser beam. As a result,
the molecules in the lighted region become bleached and no fluorescence is exhibited. The diffusion
coefficient and the anomalous diffusion exponent of the fluorescent molecule can be estimated by
means of the velocity of fluorescence recovery in the bleached region.

In addition, computational studies have been performed in order to understand the effect of
macromolecular crowding [8]. These studies use different approaches such as on-lattice Monte Carlo
simulations [9] or off-lattice Brownian Dynamics (BD) simulations [10,11]. Recently, macromolecular
crowding effect on diffusion has been modelled by means of atomistic models of cytoplasm using
Molecular Dynamics [12].

Macromolecular crowding is crucial to describe macromolecular diffusion in biological media.
Under these conditions, the well-known Einstein–Smoluchowski equation is no longer valid and three
different difusion regimes are observed, as shown in Figure 1 [9,13]. At short times, the particles of the
system have not collided yet and the diffusion coefficient (Dshort) remains constant. Generally, Dshort

is not equal to the dilute solution diffusion coefficient because the motion of the particles is slowed
down due to Hydrodynamic Interactions (HI) with the other particles. As a result of the inter-particle
collisions, the diffusion coefficient decays until it reaches a new stationary state at long times (Dlong).
In the intermediate regime, also known as anomalous regime, the mean square displacement of the
particles (< r2 >) becomes non linear over time and can be expressed as:

< r2 >= (2d)Γtα. (1)

This is formally equivalent to having a diffusion coefficient that is not constant over time [14]:

D(t) =
Γtα−1

2d
, (2)

where α is the so-called anomalous diffusion exponent, d is the topological dimension of the system
and Γ is a generalized transport coefficient (also known as anomalous diffusion coefficient).

The effect of HI is also a key factor in macromolecular dynamics [15]. These interactions emerge
from the fact that the motion of different particles becomes correlated by means of solvent interactions.
Since in BD the solvent is not explicitly included in the simulations, HI need to be included in the
algorithm in an effective way. In general, two different approaches have been used to take into account
the HI: those which rely on calculating the diffusion tensor [16] using the Rotne–Prager–Yamakaya
(RPY) method [17,18], and those which benefit from the Tokuyama model [19–21].

The RPY method assumes a far-field approximation involving pairs of equal sized particles.
The calculation of the diffusion tensor and its factorization is a computationally expensive procedure
as it scales with the number of particles N as N3. Several approximations can be implemented in order to
speed up the results of BD simulations [22]. These procedures are mainly based on avoiding the Cholesky
decomposition of the diffusion tensor since it is the bottleneck of the simulation [23,24]. Recently,
several efforts have been made to improve the RPY approach such as generalization to different-sized
particles [25] or inclusion of many-body and near-field HI by means of the Durlofsky–Brady–Bossis
method [26,27]. Moreover, several studies have shown that the inclusion of the short ranged HI or
lubrication forces are crucial for describing macromolecular diffusion in crowded media since long
ranged HI become screened [28,29].
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Figure 1. Time evolution of the diffusion coefficient obtained in a system with volume fraction of
φ = 0.17. The red line is the result of averaging 400 BD simulations of a tracer particle diffusing among
68 obstacles with radius 4.9 and 1.2 nm respectively. The simulation time is 250 ns and the length of the
simulation box is 18 nm.

Unlike the RPY approach, the Tokuyama model is a mean-field approximation for equal-sized
soft core spheres that mimic the self-diffusion of biomolecules in solution. This model provides a
better description of short range HI than the conventional RPY diffusion tensor. This procedure has
started to be used in BD simulations in crowded media [30,31] because it is computationally cheaper
than the RPY approach since it allows for introducing the HI contributions without calculating the
diffusion tensor.

In the present paper, macromolecule diffusion in crowded media is studied by using BD
simulations. Two different experimental systems have been modelled using a new dextran model
involving an effective radius which allows accounting for their steric compression in crowded media.
The HI are included using the Tokuyama model and their role in diffusion is discussed. Finally,
the effect of non-specific interactions, obstacle size and HI on the diffusion coefficient and the
anomalous diffusion exponent is analyzed.

2. Methodology and System Parametrization

2.1. BD Simulations with HI

The large amount of solvent molecules in the macromolecule solution makes all-atom Molecular
Dynamics simulations computationally very expensive. In this context, Langevin equation [32]
provides a suitable procedure since the solvent is implicitly included by adding a stochastic force in
the classic Newton equations of motion which accounts for the collisions of the Brownian particles
with the solvent. In BD time scales, it is more convenient to apply the over-damped limit [33] for which
the equation of motion reads [34]:

r(t + ∆t) = r(t)− D∆t
kBT
∇V(r, t) +

√
2D∆tξ(t), (3)

where ξ is a vector of 3N Gaussian random numbers with zero mean and unit variance.
Since we wish to model highly concentrated macromolecular solutions, we have chosen a

coarse-grained approach where each macromolecule is modelled as a single sphere using a proper
effective radius. In order to avoid overlapping, a harmonic pairwise repulsion is applied which acts
when the distance between two macromolecules is smaller than the sum of their radii:

Vij(ri, rj) =

{
1
2 k(dij − Rij)

2, dij < Rij,

0, dij ≥ Rij,
(4)
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where Rij is the sum of the radius of the interacting particles i and j, dij is the distance between i and j
particles and k is a parameter accounting for the stiffness of the potential [35]. The cubic simulation
box is used as outlined in Figure 2. The length of the simulation box is adapted to the dextran size,
which is taken as 18 nm, 38 nm and 77 nm for D5, D50 and D400 dextran molecules, respectively
(see the Table in Section 3). This allowed the number of particles to range between 50 and 200 for
all the dextran sizes. Periodic Boundary Conditions (PBC) are applied in all directions. The Mean
Square Displacement of the particles is calculated after a thermalisation time of 10 ns to avoid the
effect of unrealistic particle overlapping due to the random initial configuration. All the performed
simulations are 1000 ns long with a time step of 0.1 ns. The system temperature is 298.15 K. For each
studied system, a minimum of 400 different BD realizations are averaged over. Dlong values have been
calculated by fitting the Einstein–Smoluchowski equation to the simulated mean square displacement
(< r2 >) in the long-time regime.

Figure 2. Snapshot of one of the performed dynamics. A protein (in red) diffuses among dextran
molecules (in yellow) which act as crowding agents.

HI are included in the BD equation of motion using the Tokuyama model [19]. In this approach,
a Fokker–Planck equation for the single-particle distribution function is proposed which is coupled
with the Navier–Stokes equation. This equation is analytically solved at short times considering a
stationary configuration of equal-sized Brownian particles. Correlation effects and direct interactions
are neglected. As a result, the diffusion coefficient of the particle at short times (Dshort) is found to be a
function of the volume fraction φ, which has been calculated using [5,36–38]

φ =
4π(R3

T + NOR3
O)

3L3 , (5)

where RT is the radius of the tracer protein, and RO is the radius of the dextran obstacles, NO is the
number of dextran obstacles and L is the side of the simulation box. Following the Tokuyama approach,
the short time diffusion coefficient is related to the volume fraction by the equation

Dshort(φ) =
D0

[1 + H(φ)]
, (6)

where D0 is the diffusion coefficient at dilute solution and H(φ) is the contribution due to the HI valid
in the short-time regime. H(φ) is given by

H(φ) =
2b2

1− b
− c

1 + 2c
− bc(2 + c)

(1 + c)(1− b + c)
, (7)

where b =
√

9
8 φ and c = 11

16 φ. Recently, Tokuyama et al. [20] have obtained good agreement for the

diffusion coefficient at long times (Dlong) between Equation (6) and Molecular Dynamics with explicit
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solvent. It is also worth mentioning that Tokuyama [21] has proposed an analytical expression of the
Dlong in terms of the volume fraction:

Dlong(φ) =
Dshort(φ)

[
1 + κ

Dshort(φ)
D0

(
φ

φc

)(
1− φ

φc

)−2] , (8)

where κ and φc are parameters settled to κ = 2.0 and φc = 1.09. In this work, simulations with and
without HI are compared. In the simulations without HI, the diffusion coefficient D in Equation (3)
corresponds to the diffusion coefficient in dilute solution D0. HI are included by means of the
Tokuyama method [20] replacing D in Equation (3) by Dshort calculated using Equations (6) and (7).

Tokuyama equations for Dshort and Dlong are derived assuming equal-sized spheres. Since our
systems contain two different-sized particles, the tracer protein and the dextran obstacles, the use of
Equations (6) and (7) for Dshort involves an approximation. Dlong, however, is calculated using direct
simulated mean square displacements at long times, so that the difference size effect is included in a
straightforward way via the inter-particle maximum approach Rij in Equation (4). The resulting Dlong

values are then compared to those predicted by Equation (8) in Section 2.3.

2.2. Effect of the Interaction Potential

The effect of the interaction potential stiffness (Equation (4)) has been also analysed to ensure
that the selected constant (k = 50, 000 J·mol−1·nm−2) was enough to prevent particles to overlap.
With this aim, preliminary computations were performed which are shown in Figure 3. No significant
difference was observed between the three proposed values for k (k = 1 × 105, k = 5 × 104 and
k = 2.5× 104 J·mol−1·nm−2), which means that the potential was rigid enough to avoid overlapping.

(a) (b)

Figure 3. Decrease of the normalised diffusion coefficient at long times (Dlong) with the volume
fraction at three different values of the stiffness constant k of the interaction potential. BD simulation
perfomed: (a) without HI; (b) with HI using the Tokuyama model. The results show that the potential
is rigid enough to avoid overlapping. Continuous lines are only to guide the lecturer.

2.3. Effect of Long Range Hydrodynamic Interactions

The effect of the HI in macromolecular diffusion in crowded media has been evaluated by selecting
a simple system of equal sized spheres at different volume fractions. We have performed calculations
comparing the conventional RPY tensor [17,18] and Tokuyama method [19–21].
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Long range HI experience a slow decay with inter-particle distances, a well-known effect in
electrostatic interactions. This fact could lead to size-dependent results and to unphysical non-definite
positive diffusion tensors [39]. Therefore, in principle, procedures like Ewald sums [40] should be
implemented. In order to avoid this problem, we performed simulations at different system sizes.
We found that for N > 50, the finite size box effect becomes rather small [41]. It was also checked
that the diffusion tensor was always definite positive at every time step. This agrees with previous
studies [28,29] indicating that long range HI become considerably screened at high volume fractions.

The obtained values for Dlong without HI, with HI described by RPY diffusion tensor, and with
HI using the Tokuyama method are shown in Figure 4. We can observe that the simulations without
HI and with HI using the RPY diffusion tensor provide almost identical Dlong values. This fact
supports previously reported results [28,29] highlighting the long range HI screening in crowded
media. Conversely, significant differences arise in implementing the Tokuyama method, which account
for short range HI (usually called lubrication forces). A marked decay of the diffusion coefficient is
observed, in agreement with the relevance of lubrication forces reported in previous works. It is also
important to highlight the almost perfect agreement, for a system of equal-sized particles, between the
Tokuyama Dlong analytical prediction (Equation (8)) and BD simulations using the Tokuyama model,
as Tokuyama previously reported [20].

Figure 4. Comparison of the diffusion coefficient calculated using BD without HI (red triangles), BD
with HI using the conventional RPY diffusion tensor (blue squares), BD with HI using the Tokuyama
model (cyan circles) and Tokuyama analytical expression (Equation (8), orange discontinuous line).
The results show the important role of short range HI (lubrication forces) in the diffusion reduction of
the diffusion coefficient, while the effect of the of long range HI is very low. It is also worth noting the
good agreement between the Tokuyama analytical prediction of Dlong and the BD simulation with HI
using Tokuyama model for Dshort. The lines are to guide the lecturer.

2.4. Effect of the Difference in Size between Tracer and Obstacles

Tokuyama analytical expressions were derived assuming the same size for all of the particles.
However, in our experimental systems, the tracer particle (a protein) and the obstacles (dextran
macromolecules) present different sizes. In order to check the accuracy of the Tokuyama prediction for
Dlong, we have performed simulations that implement the difference in size by a suitable modification
of the minimum inter-particle distance Rij in the interaction potential (Equation (4)). The Tokuyama
effective diffusion coefficient Dshort is still used to describe the short range HI forces since, to our
knowledge, no expression for Dshort is available yet for different sized particles.

Dlong resulting from BD simulations and the ones calculated using the Tokuyama analytical
expression (Equation (8)) versus volume fraction are depicted in Figure 5. It can be observed that
when the tracer (with radius R = 2.33 nm) and obstacle (R = 2.9 nm) present similar sizes, very
good agreement between Tokuyama equations and simulations is found, as shown in Figure 5a.
In contrast, if the tracer particle is far bigger (R = 4.90 nm) than the obstacles (R = 1.2 nm), important



Entropy 2017, 19, 105 7 of 14

differences arise. As shown in Figure 5b, Dlong values predicted using the Tokuyama analytic method
clearly overestimate the ones obtained by BD computations, with differences up to 60% between both
approaches. In conclusion, Tokuyama analytic equations provide a reliable prediction for Dlong only
for systems of similarly-sized spheres so that BD computations are unavoidable otherwise.

(a)

(b)

Figure 5. Comparison between the normalized Dlong obtained using Tokuyama analytic equations
(Equations (6)–(8)) and the ones resulting from BD simulations at different volume fractions. In (a),
the tracer particle (with radius R = 2.33 nm) and the obstacles (R = 2.9 nm) present a similar size.
Dlong values obtained by Tokuyama method (orange circles) and the ones obtained by BD simulations
(red squares) clearly agree. In contrast, in (b), the tracer particle (R = 4.90 nm) is far bigger than the
obstacles (R = 1.2 nm). In this case, the Tokuyama method (blue circles) clearly overestimates Dlong

values obtained by BD simulations (cyan squares).

2.5. Dextran Model

Here, we assume that each macromolecule is a single sphere. In similar coarse-grained models [12,31],
the radius of the particles is calculated using their dilute solution diffusion coefficient via the
Stokes–Einstein equation. In these approaches, the dilute solution diffusion coefficient is estimated
using HYDROPRO software (Version 10) [42]. HYDROPRO needs as input the atomic coordinates of
the macromolecule, which is usually obtained from crystallographic data or NMR spectra. HYDROPRO
uses this atomistic structure to compute its hydrodynamic properties such as the diffusion coefficient
in dilute solution. Unfortunately, this information is not available for dextran macromolecules yet.

However, experimental hydrodynamic radius (RH) obtained using quasi-elastic light scattering [43],
and radius of gyration (RG) obtained from capillary viscometry [44] are available. We have fitted RH

and RG versus molecular weight data to the power law:

Rx = K ·Mγ
w, (9)

where Rx can be either RG or RH. K and γ are the best fitted parameters reported in Table 1.
Unexpectedly, we have found that these experimental radii lead to high volume fractions at
experimental concentrations (50–300 g/L). This behaviour increases dramatically with dextran
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size, resulting in unphysical volume fractions larger than one for the biggest sizes. This can be
explained taking into account the very complex branched structure of dextran macromolecules [45,46].
As dextran macromolecular size increases, the molecular structure becomes more branched. Moreover,
the structure of dextran is flexible allowing steric compression in concentrated solution.

Table 1. Best fitted parameters of power law (9) to the experimental radius of gyration and the
hydrodynamic radius versus molecular weight.

RG RH Rc Reff

K (nm·Da−γ) 0.018 ± 0.001 0.043 ± 0.002 0.063 0.045
γ 0.544 ± 0.005 0.445 ± 0.004 1

3 0.387

An alternative to calculating the volume fraction at high dextran concentrations is the use of an
average dextran specific volume (ν = 0.625 cm3/g) [47]. Considering the dextran molecules as compact
spheres with a radius Rc:

Rc =
3

√
3ν

4πNA
M

1
3
W = K ·Mγ

w, (10)

where NA is the Avogadro number, γ = 1
3 and K = 3

√
3ν

4πNA
= 0.063 nm ·Da−

1
3 . However,

previous studies using Equation (10) showed bad agreement with the experimental diffusion
coefficients [5–7] obtained using FRAP and FCS. More specifically, the obtained results exhibit a
slower decay of the diffusion coefficient with dextran concentration than that experimentally observed.
This was caused by the neglect of solvatation effects resulting in volume fractions that were too low.

In summary, a suitable effective radius (Reff) lying in between the hydrodynamic and the compact
radius is necessary for dextran macromolecules at high concentration. Such an effective radius has
been determined by performing BD simulations scanning the physically meaningful values for K
and γ parameters. In these simulations, K ranged from 0.043 to 0.063 nm·Da−γ while γ ranged from
1
3 to 0.445. Among the performed calculations, the best agreement between experimental [5–7] and
computed Dlong was obtained with γ = 0.387 and K = 0.045 nm·Da−γ.

It is also worth noting that the chosen parameters for Reff are closer to those of Rc than to those
of RH (Figure 6). This means that steric compression is crucial to properly describe dextran size in
crowded media. Moreover, the large difference between RH and Rc at high dextran molecular weight
reveals the importance of the steric compression as dextran size increases.

Figure 6. Radius of gyration (RG, red circles) taken from [44] and hydrodynamic radius (RH, green
triangles) taken from [43] versus molecular weight. The fittings corresponding to the power law
(Equation (9)) are represented with red and green lines. The compact radius (Rc, blue) and the effective
radius (Reff, purple line) versus molecular weight are also depicted. The effective radius for the chosen
dextran obstacles (purple squares) in our computations is also plotted. The lines are plotted only to
guide the lecturer.
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3. Results and Discussion

Two different experimental systems have been selected and computationally modeled in the
present work. The first one is the FCS study of Streptavidin protein (RH = 4.90 nm) diffusion
at different concentrations of six distinct dextran macromolecules performed by Banks et al. [5].
The second one uses FRAP to record α-Chymiotrypsin protein (RH = 2.33 nm) diffusion [6,7] at
different concentrations of three different-sized dextran macromolecules acting as crowding agents.
We have chosen the dextran molecules D5, D50 and D400 as obstacles since they have been used in
both experimental studies, allowing better comparison between them. The characteristic parameters
of the used dextran macromolecules are shown in Table 2. In FCS, the fluorescence fluctuations of
a sample of tracer proteins are associated with the tracer auto-correlation function [5]. This allows
for experimentally measuring the anomalous exponent α and a characteristic residence time τD. τD is
defined as the time which the tracer particle needs to traverse the characteristic length of the detection
volume. A similar approach is followed in the analysis of the fluorescence recovery measured by
FRAP [6,7]. α and τD are used to calculate the effective diffusion coefficient (Deff) at a time equal
to τD. The experimentally found τD, around 1–3 ms [5,6], is much longer than the computational
times at which Dlong is calculated. As a consequence, the computed values of Dlong should reasonably
correspond to the experimentally obtained Deff.

Table 2. Characteristic parameters of the dextran molecules chosen as obstacles. MW: averaged
molecular mass in weight; RG: radius of gyration [5–7]; RH: hydrodynamic radius [43]; Rc: compact
spheres radius; Reff: the chosen effective radius. They have been obtained using power law (9) with
the parameters shown in Table 1.

Dextran MW (kDa) RG(nm) RH (nm) Rc (nm) Reff (nm)

D5 5.2 1.7 1.9 1.1 1.2
D50 48.6 5.8 5.2 2.3 2.9
D400 409.8 17 13.5 4.7 6.7

3.1. Long Time Diffusion Coefficient

As mentioned above, diffusion in crowded media has three different temporal regimes over time
(Figure 1). In order to compare computations and experiments, it is necessary to calculate the diffusion
coefficient in the long time regime (Dlong). In the selected experimental systems, the diffusion of a
tracer protein is studied at different concentrations of three different-sized dextran macromolecules
(D5, D50 and D400), which act as inert obstacles. Two different approaches have been applied in the
simulations. In the first one, the HI are not considered and thus only a pairwise repulsive harmonic
potential is acting. In the second one, HI are taken into account using the Tokuyama method.

Figures 7 and 8 show the effect of macromolecular crowding in the diffusion of Streptavidin and
α-Chymiotrypsin, respectively. Dlong is normalized using the diffusion coefficient at infinite dilution
(D0) of the particle. The simulations including HI using the Tokuyama model exhibit, in general, better
qualitative and quantitative agreement with the experimental data for all the dextran sizes studied.
As a consequence, the inclusion of HI is crucial to describe the reduction of Dlong experimentally
observed. This is in concordance with the importance of the short range HI in crowded media
previously reported in the literature [29]. It is also worth mentioning that Dlong always decays
as obstacle concentration increases, as a result of the increase of particle collisions, which hinder
protein diffusion.
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(a) (b)

(c)

Figure 7. Decay of Dlong corresponding to Streptavidin protein versus dextran concentration.
Three different sizes of dextran obstacles: (a) D5; (b) D50; and (c) D400 have been used. The obtained
results including the HI with Tokuyama model exhibit better agreement in general with the
experimental data showing the relevance of HI in the Dlong values in crowded media. The lines
are only for guiding the lecturer.

(a) (b)

(c)

Figure 8. α-Chymiotrypsin protein Dlong decay with dextran concentration. Three different sizes of
dextran obstacles: D5 (a); D50 (b); and D400 (c) have been used. The obtained results including HI
with Tokuyama model exhibit in general better agreement with the experimental data showing the
relevance of HI in the Dlong values in crowded media. Continuous lines are only to guide the lecturer.

BD simulations show a clear effect of the tracer particle size, which is different in both systems.
Streptavidin shows a faster decay with dextran concentration than α-Chymiotrypsin. This is logical
since Streptavidin (with R = 4.9 nm) is quite larger than α-Chymiotrypsin (R = 2.33 nm). As a result,
the loss of mobility due to an increase in the number of collisions of Streptavidin is larger than in
the case of α-Chymiotrypsin. On the other hand, BD simulations show a small contribution of the
dextran size in Dlong for the same dextran concentration. This is probably due to the limitations of
Tokuyama approach, which assumes equal sizes for the particles in the derivation of the equations.
As a consequence, Tokuyama equations only account for the dependence on the volume fraction, but
not on the obstacle size. This is the case of α-Chymiotrypsin, but not that of Streptavidin, for which
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Dlong clearly decays faster as the obstacle size increases. This fact points out the interest of future
extensions of the Tokuyama approach to systems of different-sized particles.

3.2. Anomalous Diffusion Exponent

The anomalous diffusion exponents α for the two studied diffusing proteins are depicted in
Figures 9 and 10. In concordance with the obtained results for Dlong, the α exponent also decays with
dextran concentration. A good quantitative prediction of the experimental data is obtained for both
proteins except for the smallest dextran size.

(a) (b)

(c)

Figure 9. Anomalous diffusion exponent α of Streptavidin versus dextran concentration for three
different sizes of dextran obstacles: (a) D5; (b) D50; and (c) D400. The obtained results exhibit good
quantitative agreement with the experimental data except for the smallest dextran size D5. In general,
no significant influence of HI in the α exponent is obtained. The lines are to guide the lecturer.

(a) (b)

(c)

Figure 10. α-Chymiotrypsin anomalous diffusion exponent α versus dextran concentration for three
different sizes of dextran obstacles: (a) D5; (b) D50; and (c) D400. Computations show good quantitative
agreement with experiments except for the smallest dextran size D5. The small difference between the
results obtained with and without HI reveals HI are not important in the α exponent value. The lines
are only for guiding the lecturer.
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In general, the obtained results with and without HI are very similar indicating that, unlike Dlong,
the α exponent is not significantly influenced by HI. Since the anomalous diffusion exponent is related
to the transition rate between Dshort and Dlong regimes, this means that although HI slow down Dshort

and Dlong, they do not affect the rate of the transition. One possible explanation is that the collision
rate of particles, the driving mechanism of the transition, does not change substantially with the
inclusion of HI in the BD simulations of crowded media. For Streptavidin, it is also observed that
the anomalous exponent decreases with dextran size. However, the non-monotonous dependence of
the anomalous exponent for α-Chymiotrypsin is not clear, given the high experimental error for this
parameter. Probably, more experiments should be necessary in order to fully clarify this point.

4. Conclusions

A Brownian Dynamics computational model for two experimental systems of diffusing proteins
(Streptavidin and α-Chymiotrypsin) in crowded media has been proposed. In both cases, dextran
macromolecules have been used as crowding agents. Dextran macromolecules have been modelized
as spheres with effective radii accounting for macromolecular compression. The obtained long time
diffusion coefficients (Dlong) are, in general, close to the ones experimentally observed. In the analysis
of Dlong, the inclusion of the HI ends up being fundamental to explain the experimental decay. This
means that steric effects and HI are the two main contributions to the decrease of Dlong in crowded
media. However, no significant influence of HI in the anomalous diffusion exponent is detected.
Although the qualitative behaviour is properly modelled using the Tokuyama approach, in some cases,
the obtained results by simulation are still far from the experimental ones. This could be mainly due to
two different reasons.

The first one is that the Tokuyama model assumes equal-sized spheres and our systems are
heterogeneous. Therefore, this method is less accurate when the difference in size between the tracer
protein and obstacles particles increases. A generalization of the Tokuyama model for different spheres
is not available yet and it would be a promising procedure to improve our results.

The second factor that can be responsible for the difference between simulation and experiments
is the procedure used to model dextran molecules. This method does not take into account that
the degree of compression of the dextran macromolecules increases as their concentration increases.
This suggests the possibility to improve the dextran description by changing the harmonic potential
for a new potential able to allow dextran radius to evolve from its hydrodynamic radius to its compact
radius as the concentration increases [48]. This new potential could also account for the entanglement
of the polymer branches, allowing some overlap between the macromolecules. This effect could be
also relevant in the diffusion properties of macromolecules in crowded media.
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Abbreviations

The following abbreviations are used in this manuscript:

BD Brownian Dynamics
FCS Flourescence Correlation Spectroscopy
FRAP Fluorescence Recovery After Photobleaching
HI Hydrodynamic Interactions
RPY Rotne–Prager–Yamakawa

References

1. Zhou, H.X.; Rivas, G.; Minton, A.P. Macromolecular crowding and confinement: Biochemical, biophysical,
and potential physiological consequences. Annu. Rev. Biophys. 2008, 37, 375–397.

2. Ellis, R.J. Macromolecular crowding: Obvious but underappreciated. TRENDS BioChem. Sci. 2001, 26, 597–604.
3. Pastor, I.; Pitulice, L.; Balcells, C.; Vilaseca, E.; Madurga, S.; Isvoran, A.; Mas, F. Effect of crowding by

Dextrans in enzymatic reactions. Biophys. Chem. 2014, 185, 8–13.
4. Balcells, C.; Pastor, I.; Pitulice, L.; Hernández, C.; Via, M.; Garcés, J.L.; Madurga, S.; Vilaseca, E.; Isvoran, A.;

Cascante, M.; et al. Macromolecular Crowding upon in-vivo-Like Enzyme-Kinetics: Effect of Enzyme-Obstacle
Size Ratio. New J. Chem. 2015, 24, 3–16.

5. Banks, D.S.; Fradin, C. Anomalous Diffusion of Proteins Due to Molecular Crowding. Biophys. J. 2005, 89,
2960–2971.

6. Pastor, I.; Vilaseca, E.; Madurga, S.; Garcés, J.L.; Cascante, M.; Mas, F. Diffusion of α-Chymiotrypsin in
Solution-Crowded Media. A Flourescence Recovery After Photobleaching Study. J. Phys. Chem. 2010, 114,
4028–4034.

7. Vilaseca, E.; Pastor, I.; Isvoran, A.; Madurga, S.; Garcés, J.L.; Mas, F. Diffusion in macromolecular crowded
media: Monte Carlo simulation of obstructed diffusion vs. FRAP experiments. Theor. Chem. Acc. 2011, 128,
795–805.

8. Elcock, A.H. Models of macromolecular crowding effects and the need of quantitative comparisons with
experiment. Curr. Opin. Struct. Biol. 2010, 20, 196–206.

9. Vilaseca, E.; Isvoran, A.; Madurga, S.; Pastor, I.; Garceés, J.L.; Mas, F. New insights into diffusion in 3D
crowded media by Monte Carlo simulations: Effect of size, mobility and spatial distribution of obstacles.
Phys. Chem. Chem. Phys. 2011, 13, 7396–7407.

10. Hasnain, S.; McClendon, C.L.; Hsu, M.T.; Jacobson, M.P.; Bandyopadhyay, P. A New Coarse-Grained Model
for E. coli Cytoplasm: Accurate Calculation of the Diffusion Coefficient of Proteins and Observation of
Anomalous Diffusion. PLoS ONE 2014, 9, doi:10.1371/journal.pone.0106466.

11. Gomez, D.; Klumpp, S. Biochemical reactions in crowded environments: Revisiting the effects of volume
exclusion with simulations. Front. Phys. 2015, doi:10.3389/fphy.2015.00045.

12. Yu, I.; Mori, T.; Ando, T.; Harada, R.; Jung, J.; Sugita, Y.; Feig, M. Biomolecular interactions modulate
macromolecular structure and dynamics in atomistic model of a bacterial cytoplasm. eLife 2016, 5, e19274.

13. Saxton, M.J. Anomalous Diffusion Due to Obstacles: A Monte Carlo Study. Biophys. J. 1994, 66, 394–401.
14. Bauchaud, J.P.; Georges, A. Anomalous diffusion in disordered media: Statistical mechanics, model and

physical application. Phys. Rep. 1990, 185, 127–293.
15. Elcock, A.H. Molecule-Centered Method for Accelerating the Calculation of Hydrodynamic Interactions in

Brownian Dynamics Simulations Containing Many Flexible Biomolecules. J. Chem. Theory Comput. 2013,
9, 3224–3239.

16. Ermak, D.L.; McCammon, J.A. Brownian dynamics with hydrodynamic interactions. J. Chem. Phys. 1978, 69,
1352–1360.

17. Rotne, J.; Prager, S. Variational treatment of hydrodynamic interaction in polymers. J. Chem. Phys. 1969, 50,
4831–4837.

18. Yamakawa, H.J. Transport properties of polymer chains in dilute solution: Hydrodynamic interaction.
Chem. Phys. 1970, 53, 436–443.

19. Tokuyama, M.; Oppenheim, I. Dynamics of hard-sphere suspensions. Phys. Rev. E 1994, 50, R16,
doi:10.1103/PhysRevE.50.R16.

20. Tokuyama, M.; Moriki, T.; Kimura, Y. Self-diffusion of biomolecules in solution. Phys. Rev. E 2011, 83, 081402.



Entropy 2017, 19, 105 14 of 14

21. Tokuyama, M. Mean-field theory of glass transitions. Physica A 2006, 364, 23–62.
22. Rodríguez, R.; Hernández, J.G.; García, J. Comparison of Brownian dynamics algorithms with hydrodynamic

interactions. J. Chem. Phys. 2011, 135, 084116.
23. Fixman, M. Implicit algorithm for Brownian Dynamics of Polymers. Macromolecules 1986, 19, 1195–1204.
24. Geyer, T.; Winter, U. An O(N2) approximation for hydrodynamic interactions in Brownian dynamics simulations.

J. Chem. Phys. 2009, 130, 114905.
25. Zuk, P.J.; Wajnryb, E.; Mizerski, K.A.; Szymczak, P. Rotne–Prager–Yamakawa approximation for different-sized

particles in application to macromolecular bead model. J. Fluid. Mech. 2014, 741, R5, doi:10.1017/jfm.2013.668.
26. Durlofsky, L.; Brady, J.F.; Bossis, G. Dynamic simulation of hydrodynamically interacting particles. J. Fluid Mech.

1987, 180, 21–49.
27. Brady, J.F.; Bossis, G. Stokesian Dynamics. Annu. Rev. Fluid Mech. 1988, 20, 111–157.
28. Phillips, R.J.; Brady, J.F.; Bossis, G. Hydrodynamic transport properties of hard-sphere dispersions. I.

Suspensions of freely mobile particles. Phys. Fluids 1988, 31, 3462–3472.
29. Ando, T.; Chow, E.; Skolnick, J. Dynamic simulation of concentrated macromolecular solutions with screened

long-range hydrodynamic interactions: Algorithm and limitations. J. Chem. Phys. 2013, 139, 121922.
30. Sun, J.; Weinstein, H. Toward realistic modeling of dynamic processes in cell signaling: Quantification of

macromolecular crowding effects. J. Chem. Phys. 2007, 127, 155105,.
31. Mereghetti, P.; Wade, R.C. Atomic Detail Brownian Dynamics Simulations of Concentrated Protein Solutions

with a Mean Field Treatment of Hydrodynamic Interactions. J. Chem. Phys. 2012, 116, 8523–8533.
32. Gillespie, D.T. The multivariate Langevin and Fokker–Planck equations. Am. J. Phys. 1996, 64, 1246–1257.
33. Mori, H. Transport, Collective Motion and Brownian Motion. Prog. Theor. Phys. 1965, 33, 423–455.
34. Dhont, J.K.G. Brownian motion of non-interacting particles. In An Introduction to Dynamics of Colloids;

Elsevier: Amsterdam, The Netherlands, 1996; Chapter 2.
35. Schöneberg, J.; Noé, F. ReaDDy—A Software for Particle-Based Reaction-Diffusion Dynamics in Crowded

Cellular Environments. PLoS ONE 2013, 8, e74261.
36. Roosen-Runge, F.; Hennig, M.; Zhang, F.; Jacobs, R.M.; Sztucki, M.; Schober, H.; Seydel, T.; Schreiber, F.

Protein self-diffusion in crowded solutions. Proc. Natl. Acad. Sci. USA 2011, 108, 11815–11820.
37. Qin, S.; Zhou, H.X. Atomistic modeling of macromolecular crowding predicts modest increases in protein

folding and binding stability. Biophys. J. 2009, 97, 12–19.
38. Sastry, S.; Truskett, T.M.; Debenedetti, P.G.; Torquato, S.; Stillinger, F.H. Free volume in the hard sphere

liquid. Mol. Phys. 1998, 95, 289–297.
39. Brady, J.F.; Phillips, R.J.; Lester, J.C.; Bossis, G. Dynamic simulation of hydrodynamically interacting

suspensions. J. Fluid Mech. 1988, 195, 257–280.
40. Beenakker, C.W.J. Ewald sum of the Rotne–Prager tensor. J. Chem. Phys. 1986, 85, 1581–1582.
41. Ladd, A.J. Hydrodynamic transport coefficients of random dispersions of hard spheres. J. Chem. Phys. 1990,

93, 3484–3494.
42. Ortega, A.; Amorós, D.; de la Torre, J.G. Prediction of hydrodynamic and other solution properties of rigid

proteins from atomic-and residue-level models. Biophys. J. 2011, 101, 892–898.
43. Armstrong, J.K.; Wenby, B.; Meiselman, H.J.; Fisher, T.C. The Hydrodynamic Radii of Macromolecules and

Their Effect on Red Blood Cell Aggregation. Biophys. J. 2004, 87, 4259–4270.
44. Fundueanu, G.; Nastruzzi, C.; Carpov, A.; Desbrieres, J.; Rinaudo, M. Physico-chemical characterization of

Ca-alginate microparticles produced with different methods. Biomaterials 1999, 20, 1427–1435.
45. Sloan, J.W.; Alexander, B.H.; Lohmar, R.L.; Wolff, I.A.; Rist, C.E. Determination of dextran structure by

periodate oxidation techniques. J. Am. Chem. Soc. 1954, 76, 4429–4434.
46. Sabatie, J.; Choplin, L.; Moan, M.; Doublier, J.L.; Paul, F.; Monsan, P. The effect of synthesis temperature on

the structure of dextran NRRL B 512F. Carbohydr. Polym. 1988, 9, 87–101.
47. Schaefer, D.W. A unified model for the structure of polymers in semidilute solution. Polymer 1984, 25, 387–394.
48. Vilaseca, P.; Franzese, G. Softness dependence of the anomalies for the continuous shouldered well potential.

J. Chem. Phys. 2010, 133, 084507.

c© 2017 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).







Chapter 7

Macromolecular diffusion in crowded

media beyond the hard-sphere model

157



Macromolecular diffusion in crowded media beyond the hard-sphere model 158

7.1 Summary

7.1.1 Introduction

In the previous chapter, protein diffusion in a media crowded by dextran macromolecules have

been studied by means of Brownian Dynamics (BD) simulations. The macromolecules were

modeled as single hard spheres with an effective radius. The use of an effective radius was

necessary since the hydrodynamic radius and the radius of gyration obtained in dilute solu-

tion were found to yield to unphysical excluded volume fractions at high concentrations. In

using the hard sphere model, the long-time diffusion coefficient of the proteins obtained with

BD simulations have been found in qualitative agreement with the corresponding experimental

measures.97–99 However, in some cases the results were not in quantitative agreement. This dis-

crepancy suggests that coarse-grained models beyond the hard-sphere, able to describe macro-

molecular flexibility, could be necessary to describe macromolecular diffusion in crowded me-

dia.224

The dynamic conformational behavior of macromolecules is well reproduced with atomistically-

detailed models. However, solutions with a high number of macromolecules are computation-

ally very demanding. Moreover, it is necessary to reach the microsecond time scale to measure

the long-time diffusion coefficient. For these reasons, the computational study of macromolec-

ular diffusion in crowding conditions have been mainly restricted to coarse-grained models,

which often rely on the single hard-sphere description.88,105,116,120,200

Effective softened potentials, accounting for macromolecular flexibility, have been previously

proposed for colloidal systems.225–231. These systems, mainly star-polymers and polymer mi-

celles, exhibit a structure composed of a dense core and a disperse corona. Coarse-grained

simulations of pluronic polymeric micelles have proved that systems exhibiting both repulsive

and attractive interactions have an inter-particle potential of mean force which is purely repul-

sive.226 Star polymers have been modeled employing the Derjaguin approximation, yielding

to an effective potential with a soft repulsion between the macromolecular branches and hard

repulsion between the macromolecules dense cores.232–234

In this chapter, a new coarse-grained model is presented, named Chain Entanglement Softened

Potential (CESP), relying in a softened inter-particle potential. The CESP model proposes to

describe the macromolecule as a double-shelled sphere, as outlined in Ref. 7.1. The outer shell is

soft and it represents the outer, less dense region of the macromolecule. The CESP model allows

overlapping in this soft region, which represents the macromolecular entanglement. The inner

shell is hard-core and it represents the dense core of the macromolecules. The CESP model

has only one parameter to be fitted, Ur, which is associated with the entanglement energetic
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cost. The CESP model is implemented in Brownian Dynamics (BD) simulations. As a reference

system, the simulations are parametrized to resemble the in vitro experiments of streptavidin on

systems crowded with dextran macromolecules. A new empiric equation is proposed, able to

describe the temporal evolution of the diffusion coefficient, which is used to measure the short-

time diffusion coefficient (Dshort), the long-time diffusion coefficient (Dlong) and the anomalous

exponent α.

FIGURE 7.1: (up) Scheme showing the three situations contemplated by the CESP model: (A)
Hard-core interaction between the dense core of the macromolecules, (B) soft interactions be-
tween the macromolecular branches and (C) absence of interaction when the macromolecular
are far enough. (down) Two snapshots of Brownian Dynamics (BD) simulations of streptavidin
(purple spheres) diffusing between dextran obstacles (blue spheres). The macromolecules are
represented as double-shelled spheres with an outer soft region (transparent) and an inner hard

region. Dextran concentration is of (left) 25 g/L and (right) 100 g/L.
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7.1.2 Results

In this chapter, the principal objective is to develop a model able to reproduce the experiments

of streptativin diffusion in a media crowded with dextran macromolecules.97 Here, the diffu-

sion of streptavidin in a media with four different sizes of dextran crowding agents is analyzed.

The dextran of study have molecular weights of 11.6 kg mol−1, 48.6 kg mol−1, 409.8 kg mol−1,

667.8 kg mol−1. From now on, these dextrans will be referred as D10, D50, D400 and D700,

respectively. Aiming to improve the hard sphere model used in the previous chapter, a new

inter-particle softened potential, named as Chain Entanglement Softened Potential (CESP). The

CESP model describes the macromolecules as double-shelled spheres with an outer soft shell,

with a radius equal to the macromolecule hydrodynamic radius RH, and an inner hard core

shell with a radius RC estimated from the macromolecule specific volume. The toughness of

the soft shell can be tuned varying the entanglement energetic cost Ur, which is the only param-

eter to be fit in CESP model. The Ur value have been settled fitting the Dlong obtained from BD

simulations to diffusion coefficient obtained from Fluorescence Correlation Spectroscopy (FCS)

experiments of streptavidin diffusion using D50 dextran as crowding agent.97 A more detailed

description of the CESP model, its parametrization and the BD simulations can be found in the

publication enclosed at the end of the chapter.

In the previous chapter, the three different temporal regimes of the diffusion coefficient D were

presented. These regimes can be appreciated in Fig. 7.2, where the temporal evolution of the

D of streptavidin diffusing in a media with a D50 concentration of 200 g L−1 is shown (red

continuous line). It can be observed that D undergoes a transition from a constant value at

short times, Dshort, to a smaller constant value at long times Dlong. The rate of the transition

FIGURE 7.2: Streptavidin diffusion coefficient D vs. time t curve obtained from BD simulations
of streptavidin diffusion in media with a concentration of D50 crowders of 200 g L−1 (red con-
tinuous line). The best fit of the computational results to Eq. 10 (See publication enclosed to

this chapter) is shown as a black dashed line.
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between these regimes is given by the anomalous exponent α. In this chapter, a new empiric

equation is proposed, which describes D in the full time regime (Eq. 10 in the publication at

the end of the chapter). This equation allows to readily obtain Dshort, α and Dlong by fitting the

D vs. time curves. The equation have been found to fit very well to the temporal evolution

of D obtained from all the cases under study, which cover a wide range of dextran sizes and

concentrations. An example can be found in Fig. 7.2, where the best fit of the BD computational

data to the empiric equation is shown as a dashed black line.

The Dlong and α values obtained with BD simulations can be found in Figs. 7.3a and 7.3b, re-

spectively, as a function of the dextran concentration. The results obtained from BD simulations

(Filled markers following the dashed lines) are compared with the experimental diffusion coef-

ficient measured from FCS taken from Ref.97 (empty markers). Four different dextran are used

as obstacles D10 (green squares), D50 (red circles), D400 (cyan uppwards triangles) and D700

FIGURE 7.3: (up) Dlong/D0 and (down) anomalous exponent α as a function of the dextran con-
centration obtained with BD simulations (filled markers following the dashed lines) and with
FCS experiments97 (empty markers). For different dextran sizes are shown: D700 (downwards
purple triangles), D400 (upwards blue triangles), D50 (red circles) and D10 (green squares).

Lines follow the simulation results and are only to guide the eye.
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(purple downwards triangles). The Dlong values are again normalized to D0. Regarding Dlong,

it can be observed a very good quantitative agreement between the BD and the experimental

results. Regarding α, a qualitative agreement is observed between the results obtained from

BD simulations and FCS experiments. This discrepancies could be due to the different ways of

obtaining α, since experimentally it is obtained fitting the autocorrelation function of the pro-

tein fluorescence to Eq. 1.58. It can be also observed that the Dlong and α values, at a given

macromolecular concentration, decrease when the dextran size is increased. This is because, at

a given crowder concentration ,bigger crowders occupy larger volumes than smaller ones thus

impeding more the tracer diffusion.

The degree of entanglement of the macromolecules is assessed by computing the radial dis-

tribution function (rdf) of the dextran crowders. The rdf have been computed from the BD

simulations averaging the center-to-center distance r of a dextran with respect the other dex-

trans in solution. In Fig. 7.4, the rdf obtained from systems with D50 crowders is shown for

D50 concentration ranging from 350 g L−1 (top) to 25 g L−1 (bottom). Two characteristic dis-

tances are highlighted, which correspond to the sum of the hydrodynamic and compact radii

of two D50 dextran, de = 2RH(D50) and dc = 2Rc(D50), respectively. The formation of two

coordination shells of entangled macromolecules is observed, as indicated by the presence of

two peaks at distances slightly smaller than de and dc. The intensity of the peaks increase in

increasing the macromolecular concentration, indicating an increase of the number of macro-

molecules entangled. The number of entangled macromolecules exponentially increases with

the dextran concentration, as can be assessed in the publication at the end of the chapter. Note

that the macromolecules become entangled even if the only potential acting is CESP potential,

which in this case is purely repulsive. This result indicates that entanglement is necessary to

FIGURE 7.4: D50-D50 dextran radial distribution function as a function of the dextran center-
to-center distance r obtained from BD simulations using the CESP model. Eight different con-
centrations are shown, ranging from 350 g L−1 (purple) to 25 g L−1 (yellow), ordered from top

to bottom.
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minimize volume exclusion effect, even if at the cost of a energetic penalty. In the publication

enclosed in this chapter, the rfd computer for the other dextran sizes can be found.

7.1.3 Conclusions

In this chapter, a new coarse grained model is proposed, named as Chain Entanglement Soft-

ened Potential (CESP) model. The CESP model goes one step beyond the hard-sphere model,

aiming to effectively describe macromolecular flexibility. The macromolecules are described

as double-shelled spheres with an outer soft shell and an inner hard-core shell, representing

the branched and dense regions of the macromolecules, respectively. The model only has one

energetic parameter, Ur, which determined the outer shell toughness. The CESP model is inte-

grated in Brownian Dynamics (BD) simulations. As a system of study, it is studied the diffusion

of streptavidin in media crowded with dextran macromolecules of different concentrations and

sized. A new empiric equation is proposed, which allows to readily compute the short-time dif-

fusion coefficient Dshort, long-time diffusion coefficient Dlong and anomalous exponent α from

the full temporal evolution of the diffusion coefficient obtained from BD simulations. This

equation have been found to fit very well the BD data for all the cases studied in this chapter.

The Ur value have been settled fitting the Dlong obtained from BD simulations to diffusion coef-

ficient obtained from Fluorescence Correlation Spectroscopy (FCS) experiments of streptavidin

diffusion using D50 dextran as crowding agent.97 Without any further parametrization, a very

good agreement is observed between the Dlong and α values obtained from BD simulations and

those reported experimentally, for all the cases with differently-sized dextran obstacles studied

here. The results obtained with CESP model clearly improve the ones obtained with the hard-

sphere description used in the previous chapter. Radial distribution functions between dextran

macromolecules are calculated from the Brownian Dynamics, which show that a significant

number of crowder molecules are entangled. This effect becomes more important in increasing

the dextran concentration, which exponentially increases the number of entangled molecules.

These results indicate that macromolecular entanglement plays an important role on molecular

diffusion, which can not be captured by the standard hard-sphere description.
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The effect of macromolecular crowding on diffusion beyond the hard-core sphere model is studied.

A new coarse-grained model is presented, the Chain Entanglement Softened Potential (CESP) model,

which takes into account the macromolecular flexibility and chain entanglement. The CESP model uses a

shoulder-shaped interaction potential that is implemented in the Brownian Dynamics (BD) computations.

The interaction potential contains only one parameter associated with the chain entanglement energetic

cost (Ur). The hydrodynamic interactions are included in the BD computations via Tokuyama mean-field

equations. The model is used to analyze the diffusion of a streptavidin protein among different sized

dextran obstacles. For this system, Ur is obtained by fitting the streptavidin experimental long-time

diffusion coefficient Dlong versus the macromolecular concentration for D50 (indicating their molecular

weight in kg mol�1) dextran obstacles. The obtained Dlong values show better quantitative agreement with

experiments than those obtained with hard-core spheres. Moreover, once parametrized, the CESP model

is also able to quantitatively predict Dlong and the anomalous exponent (a) for streptavidin diffusion among

D10, D400 and D700 dextran obstacles. Dlong, the short-time diffusion coefficient (Dshort) and a are

obtained from the BD simulations by using a new empirical expression, able to describe the full temporal

evolution of the diffusion coefficient.

1 Introduction

Biological media are known to contain a high concentration of a
wide variety of macromolecular species such as proteins, poly-
saccharides or nucleic acids. For instance, the weight fraction of
protein is around 5% in lymph, 9% in blood plasma and 35% in
hemolysate.1,2 In the cellular cytosol, three-dimensional analysis of
electron micrographs revealed a 20% volume fraction of fibrous
supramolecular structures (i.e. F-actin, microtubules and inter-
mediate filaments).3 These conditions, known as ‘‘macromolecular
crowding’’ involve non-specific interactions among macromolecular
species due to the excluded volume, van der Waals, electrostatic and
hydrodynamic interactions. Macromolecular crowding substantially
alters the diffusion processes, conformational properties and reac-
tivity of the macromolecular species.4–8

Several efforts are underway to properly understand the effect
of crowding in macromolecular diffusion.9 Recently, in vivo and

in vitro experimental studies have been carried out to study
macromolecular diffusion in crowded media. In in vivo experi-
ments, fluorescent tracer proteins are introduced into the cell by
means of transfection, microinjection or recombinant expression.10

Although this strategy allows the direct study of the macromole-
cular crowding, the intrinsic differences between the different
intracellular microenvironments make the interpretation of the
results difficult. In vitro experiments attempt to overcome this
problem by reducing the complexity and heterogeneity of the
media. The crowded environment is recreated using highly con-
centrated polymer solutions (usually dextran or ficoll).11–13 The
motion of a fluorescent protein is then studied using spectroscopic
techniques,14mainly Fluorescence Correlation Spectroscopy (FCS)11

and Fluorescence Recovery After Photobleaching (FRAP).12,13

In order to interpret the experimental results, an increasing
number of computational studies have been performed15 that
provide a highly controlled environment. The comparison of
the computational results with the experimentally observed
results facilitates the quantification of the factors governing
macromolecular diffusion in crowded media. Different compu-
tational approaches have been applied ranging from on-lattice
Monte Carlo simulations16,17 and off-lattice Brownian Dynamics
(BD)18–25 to Molecular Dynamics simulations.23,26,27 In implicit
solvent simulations like BD, the Hydrodynamic Interactions
(HIs) of the macromolecules have been found to be crucial to
properly describe their motion in crowded media.28
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Macromolecular diffusion is known to become sub-diffusive
in crowded media. The time-dependent diffusion coefficient (D)
of the macromolecule is defined as D� hr2i/(2dt), where d is the
topological dimension of the system and hr2i is the mean
square displacement of the particles. In crowded media,
D undergoes a transition from an initial value at short times
(Dshort) to an asymptotic final value at long times (Dlong). During
the transition between both regimes, macromolecular motion
shows a non-linear dependence on time (usually called anom-
alous diffusion):16,29

hr2i = (2d)Gat
a (1)

where a is the anomalous diffusion exponent and Ga is a
generalized transport coefficient.

In order to study macromolecular diffusion in the long-time
regime, it is necessary to reach ms time scales. However, the
large number of atoms present in a highly concentrated macro-
molecular solution causes atomistic-detailed computations to
be limited to smaller time scales. As a consequence, in order to
reach larger time scales, coarse grained approaches become
necessary. Several approximations have been developed to take
into account the HIs. The more accurate descriptions are those
that involve the calculation of the diffusion tensor,30 mainly
based on the Rotne–Prager–Yamakawa approach.31–33 However,
the calculation of the diffusion tensor at every time step is
computationally very expensive. An alternative method is based
on the mean field equations proposed by Tokuyama,34–36 which
introduce an effective diffusion coefficient accounting for the
HIs. This effective diffusion coefficient is computed as a func-
tion of the volume fraction and the dilute solution diffusion
coefficient. However, the Tokuyama method is limited since it
was deduced for systems of equal sized hard-core spheres. In
previous studies that use Tokuyama equations, macromolecules
are considered as hard spheres and implicit solvent via Brownian
Dynamics (BD) is used.18,20–23

In general, macromolecules have a flexible structure. As a
result, when two macromolecules approach each other, their
branches can become entangled and non-specific attractive
and/or repulsive interactions between their chains are expected.
This fact can play an important role in macromolecular diffusion
in crowded media. Therefore, models going beyond the hard-core
spheres, in which the conformational dynamic behaviour of
macromolecules is lost, are necessary.37 Softened interaction
potentials have been previously proposed in the study of colloidal
systems such as polymeric micelles38,39 and star-polymers.40–44

These systems consist of a dense core surrounded by a rather
sparse corona. For pluronic polymeric micelles, studies based on
implicit solvent and coarse grained computations have shown
that both attractive and repulsive forces are present. However, the
resulting potential of mean force between two particles is found
to be purely repulsive.39 Similar behaviour is found in the
effective interparticle potentials used in star-polymer models.
Star polymers can be modelled as surfaces coated with grafted
polymers interacting by excluded volume effects. The particles
are large enough to employ the Derjaguin approximation.45–47

The proposed potential is the result of the soft repulsion

between the polymeric branches and a hard-core repulsion
between the rigid cores.

In this paper, diffusion of the streptavidin protein among
dextran molecules will be analysed. Dextran has a branched,
highly hydrated, polymeric structure. Dextran molecules are
significantly smaller than micelles and star-polymers, so that
some approximations previously used in these systems, such as
the Derjaguin approximation, are no longer valid. On the other
hand, their very sparse structure and chemical composition,
including polar alcoholic groups, can compensate in part the
steric repulsions and favour macromolecular entanglement,
so that a singular treatment becomes necessary.

In Section 2, a new coarse-grained approach is proposed: the
Chain Entanglement Softened Potential model (CESP). The CESP
model is based on an inter-particle interaction potential depicted
in Fig. 1. It includes both hard-core and soft interaction regions
at proper characteristic lengths. In the soft region, where the
potential is shoulder-shaped, particle overlapping is possible, so
that macromolecular branches are allowed to become entangled.
A single parameter controls the entanglement energy. This
potential is introduced in the BD scheme in which the HIs
are implemented using the mean-field Tokuyama equations.
Dlong and a are obtained from the simulated temporal evolution
of D by using a new empirical expression. The new equation,
unlike the mostly used power law (eqn (1)), is able to describe
the evolution of D for the three temporal regimes.

In Section 3, the CESP model is used to study streptavidin
diffusion in crowded media among dextrans of different sizes
and concentrations. Firstly, the shoulder shaped potential is

Fig. 1 Outline of the Chain Entanglement Softened Potential (CESP)
model and the potential energy V(r) vs. interparticle distance r (eqn (2)).
Three interaction regions can be observed: no interaction (C), soft inter-
action where entanglement is allowed (B), and hard-core interaction (A).
The chosen parameters are dc = 4.58 nm and de = 10.48 nm, for Ur ranging
from �500 to 2000 J mol�1.
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parametrized by fitting the computed Dlong to the experimental
values11 for D50 (indicating its molecular weight in kg mol�1)
dextran obstacles. The BD simulations performed with the
CESP model show a quantitative agreement between the calcu-
lated and experimental long time diffusion coefficient (Dlong).
This agreement is much better than the one obtained when the
hard sphere model is used.24 Once parametrized, we show that
the CESP model is able to quantitatively predict Dlong and the
anomalous exponent (a) for the rest of the dextran sizes (D10,
D400 and D700) in a wide range of macromolecular concen-
trations. Analysis of the radial distribution functions shows a
significant increase in the population of entangled macro-
molecules with macromolecular concentration. This result
highlights the importance of including the conformational
dynamics of the macromolecules in the diffusion processes in
crowded media.

2 Methodology
2.1 Chain Entanglement Softened Potential (CESP) model

In BD simulations of protein diffusion in crowded media, it is
usual to reduce the resolution of the macromolecules to
effective hard spheres.18,20–23 This approximation significantly
reduces the computational cost allowing larger time scales to
be reached. However, the loss of the macromolecular structural
properties could become unrealistic in many cases.37 As the
volume fraction increases, the macromolecules are expected to
start to become entangled, a fact that cannot be properly described
within the hard-core sphere model.24

In the present work, macromolecular entanglement is intro-
duced via a coarse-grained model, the Chain Entanglement
Softened Potential model (CESP). The model relies on an
empiric interparticle interaction potential that resembles the
continuous shouldered well potential used in computational
models of coarse-grained fluids.48,49 In these studies, density
anomalies have been reported when a softened inter-particle
potential is applied. The obtained radial distribution functions
showed that an inner coordination shell is formed when the
fluid density increases. Moreover, the population of the inner
coordination shell was found to be proportional to the fluid
density. Here, a redefinition of this idea is proposed. The coarse
grained particles are no longer fluid molecules but macro-
molecules in solution. As the density of macromolecules in
solution increases, they start to become entangled. Similar
potentials have been used in the description of protein–surface
interactions.50

The interaction potential corresponding to the CESP model is
shown in Fig. 1. Two clear interaction regions can be observed
that define two characteristic distances: the entanglement dis-
tance (de) and the core distance (dc). If the macromolecules are at
a distance r larger than de, they are considered to be separated,
and they interact weakly (Fig. 1C). However, when the macro-
molecules are at dc r r r de, they are considered to become
entangled (Fig. 1B). In the latter situation, steric repulsions start
to arise between the macromolecular chains. Such repulsions

can be compensated in part by the presence of van der Waals
and hydrogen bonding attraction forces. As a result, a shoulder
is developed in the proposed potential (Fig. 1). If the macro-
molecules get closer (r o dc), the steric repulsion between the
macromolecular skeletons dramatically increases and the hard-
core region emerges (Fig. 1A). The resulting picture resembles
models previously proposed for polymer micelles and star-
polymers, composed of a dense core and a sparse corona. Unlike
these systems, dextran molecules are polysaccharides with a
complex branched structure where no structurally differentiated
parts can be identified.51,52 Therefore (de) and (dc) should be
regarded as the characteristic lengths of the different interaction
regimes rather than chemically defined parts of the macro-
molecules. The proposed potential V(r) acting between two
particles at a distance r reads

VðrÞ ¼ e0
dc

r

� �n

�Ur

2
tanh

dc=d0
de � dc

r� de þ dc

2

� �� �
þUr

2
(2)

where Ur is a parameter that quantifies the entanglement
energetic cost. The sign of Ur indicates which forces, repulsive
(positive sign) or attractive (negative sign), dominate in the soft
interaction region. The first term in eqn (2) accounts for the
hard-core repulsion region. Subsequently,48–50 the exponent
n is set to n = 24. e0 = 1 J mol�1 and d0 = 1 nm are just to set
the units. V(r) is depicted in Fig. 1 for Ur values ranging from�500
to 2000 J mol�1. Although the real situation is most probably
more complex, eqn (2) can be regarded as a minimal model,
compatible with the physicochemical properties of macro-
molecules considered, with only one parameter to be fitted.

The proposed interaction potential will be used to analyze
the diffusion of streptavidin among different sized dextrans
acting as inert obstacles,11 tracked down using FCS. Both the
tracer protein and the dextran obstacles are considered to be able
to become entangled. The differences between protein/dextran
and dextran/dextran (protein/protein interactions are not relevant
due to the large excess of dextran) are then included in an effective
way by the specific values of dc and de for the protein and dextran,
while the Ur value should be understood as an average interaction
parameter. In order to estimate de and dc, the interaction regions
in a macromolecule are considered to be concentric spheres with
two characteristic radii: the entanglement radius (Re) and the
hard-core radius (Rc), so that for two interacting particles i and j,
de,ij = Re,i + Re,j and dc,ij = Rc,i + Rc,j.

In this work, Re is associated with the hydrodynamic radius
of the macromolecule in dilute solution. For dextran molecules,
it has been computed by fitting experimental hydrodynamic
radii vs. molecular weight obtained by quasi-elastic light scat-
tering to an empiric power law function.24,53 The dilute solution
diffusion coefficient (D0) for dextrans is calculated by incorpor-
ating the resulting Re values into the Stokes–Einstein equation.
On the other hand, the HYDROPRO software (Version 10)54

has been used to compute D0 corresponding to streptavidin.
HYDROPRO considers each atom in the protein surface as a
hydrodynamic frictional sphere. Protein atomic coordinates
corresponding to three different crystallographic structures55–57

were used in the calculations. D0 was taken as the average of the
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values resulting from the three structures. Re of streptavidin is
then obtained via the Stokes–Einstein equation.

Here, we propose to estimate Rc as the maximum approach
distance between macromolecules, and it has been estimated
using the specific volume n, considering them as compact
spheres24

Rc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3n

4pNA
Mw

3

r
(3)

where NA is the Avogadro number and Mw is the molecular
weight. We have used n = 0.625 cm3 g�1 for dextrans58 and
n = 0.71 cm3 g�1 for streptavidin.59

Mw, D0, Re and Rc for streptavidin and different sized
dextrans are reported in Table 1. Interestingly, the ratio Re/Rc

increases with dextran size, which could be caused by an
increase in dextran branching with molecular weight. Note also
that D10 and streptavidin have similar D0 and Re values. However,
D10 has a higher ratio Re/Rc than streptavidin, in accordance with
the very different chemical structures of both macromolecules,
much more compact in the last case.

2.2 Brownian Dynamics algorithm

Brownian Dynamics (BD) simulations make use of the Langevin
equation in the over-damped limit,60,61 so that the particles
are considered to be under the effect of a stochastic force
that accounts for the collisions with the solvent. The stochastic
force is mathematically represented by Gaussian random
noise,19,24,25,62 and the equation of motion for the N particles
reads

xðtþ DtÞ ¼ xðtÞ � Dt
RT

DrVðrÞ þ
ffiffiffiffiffiffiffiffiffiffiffi
2DDt

p
xðtÞ (4)

where x is a vector of 3N Gaussian random numbers with zero
mean and unit variance, T is the system temperature, x is a
vector with the 3N Cartesian coordinates, V is the potential of
the CESP model (eqn (2)) and D is the diffusion tensor.

Since the solvent is simulated implicitly, the HIs must be
included in eqn (4). HIs are solvent mediated correlations of the
particle motions and they have been found to play an important
role in macromolecular diffusion in crowded media.24,28,63

HIs can be included in eqn (4) by calculating D following the
Rotne–Prager–Yamakawa (RPY) method at each time step,30

which is computationally very demanding.
Tokuyama equations34–36 offer an alternative to the RPY

method based on a mean field approximation. In this approach,
an effective diffusion coefficient that accounts for the particle

mobility reduction due to the HIs is analytically calculated. The
expression for the diffusion coefficient is deduced starting from
first principles, i.e., the Fokker–Planck equation for the single-
particle distribution function coupled with the Navier–Stokes
equations. This equation is analytically solved at short times
considering a stationary configuration of equal-sized Brownian
particles. In doing so, an approximation of the effective diffu-
sion coefficient at short times (Dshort) is obtained. For a particle
diffusing in a system with a volume fraction f, Dshort reads

Dshort ¼ D0

1þHðfÞ (5)

where H(f) describes the HI contributions in the short-time
regime

HðfÞ ¼ 2b2

1� b
� c

1þ 2c
� bcð2þ cÞ
ð1þ cÞð1� bþ cÞ (6)

with b ¼
ffiffiffiffiffiffi
9

8
f

r
and c ¼ 11

16
f.

In this approach, D in eqn (4) is replaced by the effective
Dshort, which is a function of f and D0. However, the choice of
f presents two main difficulties. On the one hand, for a number
of obstacles NO, one could naively calculate f as

f ¼ 4pNORO
3

3V
(7)

by identifying the obstacle radius RO as the hydrodynamic
radius. However, this leads to unphysical f values larger than
unity for the higher dextran concentrations, suggesting the
existence of interpenetration between dextran molecules. On
the other hand, the soft nature of the particles and the possibility
of entanglement cause f to be undetermined. A possible solution
to this problem could be to interpret f as an effective volume
fraction feff, depending on the macromolecular concentration
and molecular size via some parameters to be determined. Then,
the problem would be to find the value for these parameters that
better predicts the experimental Dlong using BD dynamics and
Tokuyama equations. However, finding the best-fitted value of
these parameters would require a repeated iteration of the BD
dynamics, which is computationally very expensive. Instead,
a heuristic approach has been chosen, consisting of estimating
feff using an analytic expression for Dlong deduced by Tokuyama
for equal sized hard-core spheres in the absence of the inter-
action force

Dlong ¼ Dshort

1þ k
Dshortfeff

D0fc

1� feff

fc

� ��2
(8)

where k and fc are parameters set to k = 2.0 and fc = 1.09.35 By
equating eqn (8) to the experimental Dlong, we can obtain a first
approximation to feff. The resulting feff values have been found
to depend not only on dextran concentration but on the dextran
size. For the same dextran mass concentration, larger dextran
sizes lead to larger feff values, so that dextrans seem to
effectively occupy more volume as the molecular size increases.
In fact, the computed feff values have been found to follow the

Table 1 Molecular weight (Mw) in kg mol�1 (kDa),11 entanglement radius
(Re) and hard core radius (Rc) for streptavidin and different sized dextrans
(D10, D50, D400 and D700)

Mw [kDa] Re [nm] Rc [nm] Re/Rc D0 [nm
2 ns�1]

Streptavidin 52.8 3.04 2.45 1.24 0.085
D10 11.6 2.77 1.43 1.94 0.089
D50 48.6 5.24 2.29 2.29 0.047
D400 409.8 13.52 4.67 2.90 0.018
D700 667.8 16.81 5.51 3.14 0.015
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simple empiric equation (which resembles the Langmuir–
Freundlich isotherm64)

feff ¼ zm

1þ zm
(9)

with z ¼ knc
Re

Rc
, where c is the dextran concentration, n repre-

sents the specific value, and Re/Rc is the characteristic radii ratio.
k and m are fitted parameters whose values are k = 3.7 � 0.1 and
m = 1.43 � 0.08. The best-fitted feff as a function of z for D10
(squares), D50 (circles), D400 (upward-pointing triangles) and
D700 (downward-pointing triangles) is shown in Fig. 2. The
dashed line represents the best-fitted curve eqn (9). This proce-
dure is actually expected to provide an approximation to feff,
whose suitability can only be justified a posteriori, if the BD
simulations coupled to the CESP model properly reproduce the
experimental Dlong values. This is the case, as will be shown in
the next section.

BD simulations are performed in a cubic box under periodic
boundary conditions in all directions. The time step is set to
0.1 ns and the simulation time ranges from 10 to 150 ms
depending on the time necessary to reach the stationary value
of the diffusion coefficient at long times (Dlong). The system
temperature is 298.15 K. D is computed via eqn (5) and (6) using
the feff predicted by eqn (9) for each type of particle (dextran
and protein). All the studied systems have 100 obstacle dextran
particles and only one to five tracer protein particles to ensure
that the volume occupied by the tracer is less than 1% of the
volume occupied by the obstacles. The length of the simulation
box is properly tuned to match the experimental dextran con-
centration and ranges from 17.56 nm (for the smaller dextran)
to 164.32 nm (for the larger dextran). hr2i is computed after a
thermalisation time of 0.5 ms in order to avoid possible initial
unrealistic motion due to the random starting configura-
tion. For each studied system, hr2i is obtained by averaging
from 1000 (higher macromolecular concentration) to 15 000

(lower macromolecular concentration) BD realizations in order
to ensure appropriate statistics.

In Fig. 3, two BD simulation boxes are depicted to illustrate
the CESP model. Tracer streptavidin protein molecules (purple)
diffuse among D50 dextran obstacles (blue). Each macromole-
cule is represented as two concentric spheres with radii of Rc

and Re, which characterize the soft (transparent) and the hard-
core (opaque) interaction regions, respectively. The macro-
molecular concentrations of the solutions are 25 g L�1 (Fig. 3a)
and 100 g L�1 (Fig. 3b). In the less concentrated solution, it can
be observed that the soft interaction is enough to avoid macro-
molecule overlapping. In the more concentrated solutions, steric
compression allows the macromolecules to overcome the initial
steric repulsion and become entangled.

2.3 Determination of Dlong, Dshort and a from BD simulations:
a new empirical equation for the time evolution of D

As mentioned before, the diffusion coefficient D of a particle is
known to have a transition between two steady states: Dshort and
Dlong. log(D) vs. log(t) profiles computed from BD simulations
can be very well fitted to the function

log(D) = B tanh(b(log(t) � g)) + A (10)

where A, B, b and g are parameters related to the relevant dynamic
properties of the system (the mathematical details are given in the
appendix): A = log(DshortDlong)/2, B = log(Dlong/Dshort)/2, b = (a� 1)/B
and g is the inflection time between Dshort and Dlong. This new
empirical equation is able to describe the diffusion coefficient in
the three temporal regimes. This fact represents an advantage
compared to the scaling law (eqn (1)), which is unable to describe
the asymptotic behaviour at short and long times. Moreover,
it provides a simple method to compute Dshort, Dlong and a from
the trajectory of a tracer particle.

In Fig. 4, the time evolution of the simulated diffusion
coefficient of streptavidin in a D50 crowded solution, at a
macromolecular concentration of 350 g L�1, is shown (blue
line). As expected, the diffusion coefficient undergoes a transi-
tion from Dshort to Dlong as macromolecular crowding slows
down the motion of the tracer particle. It can be observed that
eqn (10), depicted in red, fits very well to the computed values

Fig. 2 Effective volume fraction (feff) as a function of z= kncRe/Rc estimated
using eqn (5)–(8) for D10 (squares), D50 (circles), D400 (upward-pointing
triangles) and D700 (downward-pointing triangles) dextran molecules. The
dashed line represents the fitted eqn (9). The residuals of the fitting procedure
are also depicted and show a very good fitting.

Fig. 3 Illustration of the simulation box of two BD simulations of the
streptavidin protein (purple) diffusing among D50 dextran obstacles (blue).
Dextran concentrations are (a) 25 g L�1 and (b) 100 g L�1. Each macro-
molecule is represented as two concentric spheres representing the soft
(transparent) and hard-core (opaque) interaction regions. As concentration
increases, steric compression promotesmacromolecules to become entangled.
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over all the temporal regimes, allowing rigorous and easy deter-
mination of Dshort, Dlong and a.

3 Results and discussion
3.1 Model parametrization

The proposed shoulder-shaped potential used in the CESP model
includes only one parameter to be fitted, i.e., the entanglement
energetic cost Ur (eqn (2)). In order to properly set Ur, BD
simulations have been performed with Ur values ranging from
200 to 2000 J mol�1. In these simulations, Dlong of streptavidin
(normalised to D0) has been computed at seven macromolecular
concentrations of D50 dextran: 50, 100, 200, 210, 260, 300 and
360 g L�1. Dlong is obtained by fitting the computed log(D) vs. log(t)
profile to eqn (10).

The obtained values are shown in Fig. 5 in green colour
gradation. As can be observed, Dlong decreases with Ur because
of the increase in the impenetrability of the particles and the
consequent reduction in the available space for the particle to
diffuse. Experimental Dlong values reported in ref. 11 are also
depicted in the same figure (red markers). For Ur = 500 J mol�1,
very good quantitative agreement between simulations and
experiments is obtained. In all the BD computations performed
in the rest of this work, Ur has been set to this value, which
indicates that, for dextran, the repulsion forces arising from
chain entanglement slightly dominate over the attractive ones.
Dlong values obtained using the hard sphere model, reported
in ref. 24, are also depicted in Fig. 5 (black markers). In this
previous computational work, dextran macromolecules were
modeled considering the dextran molecules as hard-core spheres
with an effective radius, which was chosen as an intermediate value
lying between the hydrodynamic radius53 and the compact radius.

This approach accounted for the possibility of macromolecular
overlapping in an average way, but represented a static des-
cription of the conformational state, being unable to properly
mimic macromolecular entanglement. As is clearly observed in
Fig. 5, Dlong values obtained using the CESP model are much
closer to the experimental ones than those coming from the
hard-core sphere model.24 For the rest of the dextran sizes
(D10, D400 and D700), direct comparison of Dlong predicted by
the hard-sphere model24 and the CESP model can be found in
the ESI.† Again, it is found that the CESP model shows a signi-
ficant improvement in the prediction of the obtained experimental
Dlong over that using the hard-core sphere model. Therefore, the
inclusion of coupling of the dynamic and conformational proper-
ties seems to be necessary to accurately describe diffusion in
crowded media.

3.2 Model prediction for Dlong and the anomalous exponent a

In the previous section, we have found that for Ur = 500 J mol�1,
the CESP model is able to describe Dlong of streptavidin for D50
dextran obstacles. Let us now see that this model can also
predict, without any further parametrization, Dlong and a of
streptavidin for different dextran sizes (D10, D400 and D700)
and concentrations (from 25 to 350 g L�1). Dlong and a are again
obtained from the BD simulations by fitting eqn (10) to the
computed D time evolution. The curve log(D) versus log(t) has
been plotted in Fig. 6, together with the best fitted eqn (10),
for four dextran sizes and concentrations: (Fig. 6a) D10 at
300 g L�1, (Fig. 6b) D50 at 200 g L�1, (Fig. 6c) D400 at 100 g L�1

and (Fig. 6d) D700 at 50 g L�1. As can be observed, for all the
systems presented, eqn (10) fits very well to the computational
results.

The computed Dlong versus macromolecular concentration
plots are depicted in Fig. 7 for four dextran sizes: D10, D50, D400
and D700. The results are shown together with the experimental
values reported in ref. 11 for the same systems. Dashed lines are
only to guide the eye and they follow the simulation results.
In general, the computed results are in very good quantitative

Fig. 4 Time evolution of the diffusion coefficient (D) in logarithmic scale.
The blue line results from averaging 3000 BD simulations of 100 ms long in
a cubic simulation box with a side of 28.466 nm. The simulation box
contains 5 tracer particles (streptavidin) diffusing among 100 obstacle
particles (D50 dextran). The macromolecular concentration is 350 g L�1.
Macromolecular crowding slows down the tracer diffusion coefficient from
Dshort to Dlong. The red line is the result of fitting eqn (10) to the simulated
results, which allows Dshort, Dlong and a to be easily determined. The resulting
fitting is very good, as shown by the residuals.

Fig. 5 CalculatedDlong/D0 as a function of the concentration corresponding
to D50 dextran for Ur values: 200 J mol�1 (green triangles), 500 J mol�1

(empty green inverted triangles), 1000 J mol�1 (green inverted triangles) and
2000 J mol�1 (green diamonds). Black square markers represent the values
obtained using the hard sphere model (taken from ref. 24) while red circle
markers denote the experimental Dlong value (taken from ref. 11). For
Ur = 500 J mol�1, good agreement between the CESP model and the
experimental values is observed. Lines are only to guide the eye.
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agreement with the experimental values. However, the values
corresponding to D10 exhibit some systematic error, which
could be explained taking into account that the potential energy
barrier Ur has been set, regardless of the dextran size, to
the best fit Dlong for D50. This suggests that Ur should be
smaller for D10 than for D50, D400 and D700. Since Ur accounts
for the energy cost of the macromolecular entanglement,
this fact could suggest a lower energy cost for D10 entangle-
ment than the one for D50, D400 and D700. In agreement with
the experiments reported in ref. 11, BD simulations predict a

decrease in Dlong with macromolecular concentration, as a
result of volume exclusion and hydrodynamic interactions.
Alternative potentials based on a self-consistent field method
appropriate for weak excluded interactions45 have been imple-
mented in BD simulations of star-polymer micelles.42 As
in dextran molecules, the computational results exhibit
similar Dlong decay with the particle density. However, at the
quantitative level, the calculated values are much larger
than the experimental ones. The discrepancies could be
explained by the fact that HIs were not included in the
computations of ref. 42. In the present work, HIs are included
in the BD scheme, and it has been found that they are crucial
for the quantitative reproduction of the experimental Dlong

values.24,28

The anomalous exponent a provides information about the
transition between the short and the long-time regimes. a values
close to unity indicate a smooth transition. As a deviates from
unity, the transition becomes more pronounced. The simulated
a versus macromolecular concentration plots are depicted in
Fig. 8 together with the experimental values obtained using
FCS.11 As can be observed, the CESPmodel qualitatively captures
the experimentally observed behaviour. a decays with macro-
molecular concentration as a result of an increase in particle
collisions. Moreover, a also decreases with dextran size, which
could be a consequence of the increase of feff, so that the
volume fraction of the system seems to play a crucial role in a
and therefore in the transition between the Dshort and Dlong

steady states. However, quantitative discrepancies are observed,
which could be explained not only by the limitations of the
model, but by the way in which a has been calculated. The
experimental a values have been obtained by fitting the auto-
correlation function of the tracer protein fluorescence using the
power law described in eqn (1) while here, a has been deter-
mined as the slope in the inflection point of the curve log(D)
versus log(t) using eqn (10).

3.3 Radial distribution functions

The simulated radial distribution functions (rdfs) for the cases
analyzed in the previous section (D10 (a), D50 (b), D400 (c) and

Fig. 6 Time evolution of the diffusion coefficient D versus time in the
logarithmic scale obtained from BD computations (red line). The best-
fitted eqn (10) is plotted as a black dashed line. Four cases are depicted:
(a) D10 at 300 g L�1, (b) D50 at 200 g L�1, (c) D400 at 100 g L�1 and (d) D700
at 50 g L�1. For all the systems presented, eqn (10) fits very well to the
computed values, allowing easy determination of Dlong, Dshort and a from
the temporal evolution of D.

Fig. 7 log(Dlong/D0) for streptavidin versus macromolecular concen-
tration. The filled markers represent BD simulations and the empty ones
correspond to experimental values11 for four dextran sizes: D10 (green
squares), D50 (red circles), D400 (upward pointing blue triangles) and
D700 (downward pointing purple triangles). Dashed lines are only to guide
the eye and they follow the simulation results.

Fig. 8 Anomalous exponent a versus macromolecular concentration.
Filled markers represent BD simulations and empty markers correspond
to the experimental values11 for four dextran sizes: D10 (green squares),
D50 (red circles), D400 (upward pointing blue triangles) and D700 (down-
ward pointing purple triangles). Dashed lines are only to guide the eye and
they follow the simulation results.
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D700 (d)) are shown in Fig. 9 for macromolecular concentrations
ranging from 25 g L�1 to 350 g L�1. The rdfs have been computed
from the BD computations by calculating the center-to-center
distance of every dextran obstacle to the rest of the dextran
particles. Averages have been taken over 10000 configurations
every 2 ns of simulation. As can be observed, the CESP model
predicts an increase in the number of entangled macromole-
cules with macromolecular concentration, as revealed by the
gradual increase in the rdf at r = dc. This fact is observed for all
the studied dextran sizes. Two sharp peaks at distances slightly
lower than dc and de define two coordination shells of entangled
macromolecules, corresponding to highly entangled macro-
molecules (close to dc) and weakly entangled macromolecules
(close to de), respectively. It is also interesting to note the
presence of two secondary peaks for D400 and D700 at macro-
molecular concentrations of 250, 300 and 350 g L�1, corres-
ponding to additional coordination shells and suggesting other
possible degrees of entanglement for the biggest dextran mole-
cules. Note that the two main peaks in the entanglement region
are developed even in the absence of explicit attractive terms in
the proposed potential. Entanglement is thus the way the system
can minimize the excluded volume effects, even paying a small
energetic cost. It is reasonable to conclude that the presence of
attractive forces would enhance this effect, although it is not
necessary to produce it.

The first rdf peak has been integrated in order to determine
the number of entangled particles (NE) close to the core of the
reference particle. NE is shown in Fig. 10 for the four analyzed
dextran sizes. It can be observed that NE increases exponentially
with macromolecular concentration, so that entanglement is
promoted by steric compression. This effect is enhanced by
the increase in dextran size, as a consequence of the increase
in feff, so that bigger dextran obstacles are able to effectively
occupy higher volumes than the smaller ones for the same
macromolecular concentration.

4 Conclusions

A new coarse grained approach to macromolecular diffusion in
crowded media that goes beyond the hard sphere model is
presented: the Chain Entanglement Softened Potential (CESP)
model. Two interaction regions between macromolecules are
considered: a soft interaction region caused by chain entangle-
ment, a combination of repulsive and attractive effects, and a
hard-core interaction region caused by the dramatic increase in
steric repulsions between macromolecular skeletons when they
approach below a certain distance. The resulting picture is
quantified by means of a shoulder-shaped potential that allows
macromolecular conformational flexibility and chain entangle-
ment to be taken into account. The model can be parametrized
by a unique parameter (Ur) that is associated with the entangle-
ment energetic cost. For streptavidin protein diffusion in D50
crowded solution, Ur has been quantified by fitting the long
time diffusion coefficient (Dlong) resulting from BD simulations
to the experimental values obtained using Fluorescence Corre-
lation Spectroscopy (FCS).11

In order to determine Dlong and the anomalous exponent
a from BD simulations, a new empiric expression for the
temporal evolution of the diffusion coefficient, valid for all
the temporal regimes, has been proposed. The new function
goes beyond the standard power law and depends on the four
relevant dynamic properties: Dshort, Dlong, a and the inflection
time g. This function fits very well to the BD computations for
all the obstacle concentrations and sizes under study, and it
could be useful in forthcoming computational studies focused
on anomalous diffusion.

The computed Dlong using the CESP model clearly improves
on the results obtained in previous studies based on hard-core
spheres.24 Without any further parametrization of V(r), the
CESP model is able to provide quantitative predictions of Dlong

and a of streptavidin in media crowded by D10, D400 and D700
at several dextran concentrations (25 to 350 g L�1). Radial
distribution functions exhibit a significant increase in the popula-
tion of entangled macromolecules with the macromolecular con-
centration and dextran size. Our results indicate that an adequate

Fig. 9 Simulated radial distribution functions (rdfs) versus inter-particle
distance using the CESP model for four dextran sizes: (a) D10, (b) D50,
(c) D400 and (d) D700. For each size, the rdf has been computed at eight
concentrations ranging from 25 to 350 g L�1, depicted in color gradation
from yellow (25 g L�1) to purple (350 g L�1).

Fig. 10 Number of entangled macromolecules around a reference
particle (NE) versus macromolecular concentration for four dextran sizes:
D10 (green squares), D50 (red circles), D400 (blue upward pointing triangles)
and D700 (purple downward pointing triangles). The number of entangled
particles increases with macromolecular concentration as a result of steric
compression.
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description of macromolecular entanglement is essential to under-
stand macromolecular diffusion in crowded media.
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Appendix

The new empirical equation proposed here for the time evolution
of D (eqn (10)) contains four parameters that are related to the
relevant dynamic properties of the system, i.e., Dshort, Dlong, a and
the inflection time g. At short times (log(t)- �N), eqn (10) must
fulfill log(D) - log(Dshort), while at long times (log(t) - +N),
we have log(D) - log(Dlong). Taking limits in eqn (10)

lim
t!�1

logðDÞ ¼ �Bþ A ¼ log Dshort
� �

(11)

lim
t!þ1

logðDÞ ¼ Bþ A ¼ log Dlong
� �

(12)

from which it follows that A ¼ 1

2
log DshortDlong

� �
and

B ¼ 1

2
log Dlong

�
Dshort

� �
. By construction, g corresponds to the

inflection point of the time evolution curve. Some elementary
algebra shows that

d2 logðDÞ
d logðtÞ2

� �
logðtÞ¼g

¼ 0 (13)

Finally, b can be related to the anomalous diffusion expo-
nent a, used when the transition regime is analyzed in terms of
the standard power law (eqn (1))

D = Gat
a�13 log(D) = (a � 1)log(t) + log(Ga) (14)

By taking the first derivative in eqn (10) and comparing to
eqn (14), one obtains

d logðDÞ
d logðtÞ

� �
logðtÞ¼g

¼ b B ¼ a� 1 (15)

which leads to b = (a � 1)/B.
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37 A. Irbäck and S. Mohanty, Eur. Phys. J.-Spec. Top., 2017, 226,

627–638.
38 D. Bedrov, C. Ayyagari and G. D. Smith, J. Chem. Theory

Comput., 2006, 2, 598–606.
39 D. Bedrov, G. D. Smith and J. Yoon, Langmuir, 2007, 23,

12032–12041.
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8.1 Summary

8.1.1 Introduction

In chapters 3 to 5, the coupling of conformational and ionization degrees of freedom of flexible

weak polyelectrolytes have been analyzed. In particular, it has been proved that a perturbation

in the conformational properties of the polyelectrolyte produced by a mechanical force causes

in turn a perturbation in its ionization properties. Later on this thesis, in chapters 6 and 7, it has

been found that an adequate description of the flexible structure of macromolecules is necessary

to describe the dynamic properties of biopolymers on crowded media. This result indicated that

the dynamic and conformational of biopolymers in crowded media are coupled, due to effects

such as macromolecular entanglement and macromolecular compaction. All these observations

come together when considering the case of Intrinsically Disordered Proteins (IDPs) in crowded

media.

IDPs are an abundant family of proteins whose principle feature is being highly flexible, there-

fore lacking of a well-defined stable structure. For this reason, owing to the paradigm of the

”lock-and-key” principle,241they were considered to not present any specific biological func-

tion.242,243 However, recently many biological processes are being discovered in which IDPs

play a fundamental role.245 The research of macromolecular crowding impact on the IDPs prop-

erties have been focused in their conformational properties, which have been found to be in

general dependent on each IDP-crowder combination.91–94,96

IDPs and flexible weak polyelectrolytes share a common feature of having a dynamic structure

in solution. Moreover, the conformational and ionization degrees of freedom of IDPs have been

found to be also coupled36,37. For this reason, bead-and-spring models,16,29,46,47,50,51,134–136,248,249

commonly used for studying weak polyelectrolytes, are starting to be also applied to IDPs.

These models have been integrated in Semi-Grand Canonical Monte Carlo (SGCMC) simula-

tions, which have been able to reproduce ellipsometry48,49 and X-ray scattering250,251 experi-

ments.
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FIGURE 8.1: (Top) Two snapshots taken from Semi-Grand Canonical Monte Carlo (SGCMC)
simulations of β-amyloid 42 in solution with neutral crowders at excluded volume fraction
φ = 0.39 and (right) histatin-5 in solution with charged crowders at φ = 0.08. (Bottom) Gen-
eral outline of the cases contemplated in this chapter. Two IDPs are studied, histatin-5 and
β-amyloid 42 , which are modeled with a bead-and-spring model (coloured chain). The charge
of their ionizable aminoacid fluctuates, and it is exactly calculated within the SGCMC simula-
tion. The crowders (double-shelled cyan spheres) are modeled with the Chain Entanglement
Softened Potential (CESP), developed in the previous chapter, and parametrized to resemble
Bovine Serum Albumin (BSA). When charged crowders are considered, hard beads containing
one elementary charge are placed in the surface, whose charge is assumed to be fixed. The
added salt ions (green and orange spheres) are approximated as hard sphere with an elemental

charge in the center, mimicking Na+ and Cl− ions.
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In this chapter, a possible charge regulation in IDPs produced by macromolecular crowding is

investigated. This effect is expected to happen owing to two hypothetical reasons:

• As aforementioned, macromolecular crowding can change the conformational properties

of IDPs. Generally, macromolecular crowding produces protein compactation. Since the

conformational and ionization degrees of freedom are coupled,36,37 the conformational

change could induce, in turn, a change in the ionization of the IDPs.

• Adding macromolecular crowding reduces the available volume in solution. For a sys-

tem with a constant salt concentration, this implies that the same number of ions are

in a reduced space, which implies an increase in the effective ionic strength. In case of

adding charged crowders, this effect is coupled with adding more charged species in

solution, which should cause a more significant increase in the effective ionic increase.

These changes in the effective ionic strength could induce a charge regulation of the IDPs,

in a similar way that changes in the ionic strength can regulate the charge of weak poly-

electrolyte as shown in the previous chapters of this thesis.

These hypothesis are investigated for the particular case of two IDPs: histatin-5 and β-amyloid

42. Histatin-5 is a protein present in human saliva, which anti-fungal and anti-bacterial activ-

ity.252–254 β-amyloid 42 to be the main component of the fibers found in the brain of patients

with Alzheimer disease.257–259 Both IDPs are modeled using a bead-and-spring model, similar

to the ones used in previous works.48,49,250 The crowders are modeled using the Chain Entan-

glement Softened Potential (CESP), developed in the previous chapter, which is parametrized

for Bovine Serum Albumin (BSA) protein. The salt ions are explicitly included in the system

and modeled as hard spheres with a elementary charge in its center. The ionization (average

charge, binding capacitance and average charge per aminoacid) and conformational (radius of

gyration) of both proteins are computed with SGCMC using MOLSIM software139 in (i) ab-

sence of crowders, (ii) presence of neutral crowders and (iii) presence of charged crowders. A

complete outline of the casuistry studied and the models employed can be found in Fig. 8.1

together with two representative snapshots of the simulated systems.
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8.1.2 Results

A multi-layered modeling description is used in this chapter. On the one hand, the IDPs are

modeled has a set of beads joined by harmonic springs. Each bead encloses an aminoacid of the

protein chain and an extra bead is added at each chain end to account for the terminal amino/-

carboxylic groups. The beads containing ionizable aminoacids have a fluctuating charge, mim-

icking the proton binding/unbinding. The crowders are modeled as double-shelled spheres,

following the Chain Entanglement Softened Potential (CESP) model, and they are parametrized

to resemble Bovin Serum Albumin (BSA). When charged crowders are considered, extra beads

are randomly distributed in the surface of the crowders, containing one elementary charge per

bead. The number of beads on the crowder surface is adapted to match the BSA global charge

at a given pH-value, obtained from capillary electrophoresis experiments.262 Charge regula-

tion is only considered in the IDP chains, and the charge of the crowders is assumed to be

constant. Na+ and Cl− ions are included as added salt, which are modeled as hard spheres

with an elementary charge in its center. In this summary, the main results obtained will be

discussed showing mainly the results for the systems with histatin-5. The results obtained with

β-amyloid 42 are in qualitative agreement with those obtained for histatin-5 and they support

the following discussion. More details about the model parametrization, the SGCMC simula-

tions and the graphics corresponding to β-amyloid 42 can be found in the publication enclosed

in this chapter.

First, the titration properties (average charge Q and binding capacitance C) of histatin-5 are

analyzed in absence of crowding agents, which can be observed in Fig. 8.2 for added salt

concentrations cs ranging, from top to bottom, from 0.5 M to 0 M (no added salt). In Fig. 8.2a, it

a) b)

FIGURE 8.2: (a) average charge Q and (b) binding capacitance C titration curves for histatin-
5. The concentration of added salt are: no added salt (squares), cs = 0.01 M (circles), 0.05 M

(triangles), 0.1 M (inverted triangles) and 0.5 M (diamonds).
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a) b)

FIGURE 8.3: (a) Charge variation of histatin-5 due to the presence of excluded volume φ of neu-
tral crowders, ∆Q′(φ) = |Q (φ) | − |Q (0) |. The results are obtained from SGCMC simulations
at an added salt concentration cs = 0.1 M of NaCl, at φ values ranging from 0.1 to 0.5. (b) Com-
parison between: i) charge variation produced when adding neutral crowders with resulting
φ = 0.5, ∆Q′(φ = 0.5); and (ii) charge variation produced when the added salt concentration
is incremented from cs = 0.1 M to 0.2 M without crowders ∆Q(I′ = 0.2M). The meaning of the

markers and color of the lines used can be read inside the panels.

can be observed that histatin-5 behaves similarly to a polycation with Q ranging from +15 to -2

elementary charges and an isoelectric point of pI ∼ 10.5. The pI obtained for histatin-5 is in good

agreement with previous theoretical and computational calculations276–279. For a given pH-

value, increasing the cs-value produces an increase in Q due to the salt screening of the intra-

molecular repulsion. This effect is more significant near pH ∼ 5.5, which coincides with the pH

region of which C exhibits maximum values, as can be observed in Fig. 8.2b. It can be also noted

that increasing cs results in a shift to the right in the titration curve of C. Both observations are

in good agreement with the titration behavior of weak polyelectrolytes, already discussed in

chapter 5. Moreover, the titration curves for Q and C are in good agreement with previous

computational works.48

Second, the effect of adding neutral crowders in the Q of histatin-5 is assessed for a constant

added salt concentration of 0.1 M. This is done computing the difference between the abso-

lute Q-value with and without crowding ∆Q′(φ) = |Q(φ)| − |Q(0)| where Q(φ) is the average

charge of the protein at a given crowder excluded volume φ value. ∆Q′(φ) as function of the

pH-value is presented in Fig. 8.3a, for systems with φ values ranging from 0.1 to 0.5, from bot-

tom to top. It can be observed that, for a given pH-value, increasing φ provokes an increase

in the charge of the protein. The pH-values were this effect is more significant coincide with

those where the titration curve of C exhibits maxima values, as can be observed in 8.2b. This is

in good agreement with the previous finding obtained in chapter 5 for weak polyelectrolytes:

the polyelectrolyte ionization is more affected by the mechanical stretching at the pH and ionic



Influence of Macromolecular Crowding in the Charge Regulation of Intrinsically Disordered
Proteins 183

conditions were the binding capacitance is high, i.e. charge fluctuations are more important.

In order to validate/refuse the first hypothesis presented in the previous section, the case with

φ = 0.5 is analyzed. For this case, the effective ionic strength is I′ = 0.2 M, the double than the

initial added salt concentration cs = 0.1 M. If the charge variation caused by macromolecular

crowding is due to the increase of the effective ionic increase, then the same charge variation

should be achieved changing the added salt in the system without crowding. This latter vari-

ation is measured as ∆Q(I′ = 0.2M) = |Q(φ = 0, cs = 0.2M)| − |Q(φ = 0, cs = 0.1M)|. Both

magnitudes, ∆Q(I′ = 0.2M) (circles) and ∆Q′(0.5) (triangles), are compared in Fig. 8.3b in the

full pH-range for histatin-5 (red) and β-amyloid (blue). Interestingly, it can be observed that

both magnitudes are approximately equal in the full pH-range. This result indicates that the

increase in the effective ionic strength is the main responsible of the charge regulation in the

IDPs due to macromolecular crowding. Conversely, the structural changes due to macromolec-

ular crowding is not observed to have significant influence in the charge regulation of the IDPs.

This is because macromolecular crowding is not significantly changing the size of the IDPs, as

it will be discussed later.

Finally, the charge regulation of the IDPs produced by the addition of charged crowders is

studied. The ∆Q′(φ) values obtained as a function of the pH-value for systems with φ values

ranging from 0.05 to 0.2, from bottom to top, are shown in Fig. 8.4a. The values here shown

a) b)

FIGURE 8.4: (a) Charge variation of histatin-5 due to the presence of excluded volume φ of
charged crowders, ∆Q′(φ) = |Q (φ) | − |Q (0) |. The results are obtained from SGCMC simu-
lations at an added salt concentration cs = 0.01 M of NaCl, at φ values ranging from 0.05 to
0.2. (b) Comparison between: i) charge variation produced when adding charged crowders
, ∆Q′(φ), where φ is chosen to ensure I′ = 0.02 M; and (ii) charge variation produced when
the added salt concentration is incremented from cs = 0.01 M to 0.02 M without crowders
∆Q(I′ = 0.02M). The meaning of the markers and color of the lines used can be read inside the

panels.
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correspond to those obtained from SGCMC simulation of histatin-5 with an added salt concen-

tration cs = 0.01 M of NaCl. It can be observed that, again, for a given pH-value, the charge of

histatin-5 increases when φ increases. For a given φ value, this effect is observed to be larger

with charged crowder than in the neutral crowder case. For instance, for φ = 0.2 and pH = 6,

∆Q′(0.1) ∼ 0.1 for the neutral crowder and ∆Q′(0.1) ∼ 0.5 for the charged crowder. This is

because in adding charged crowders, one is adding more charged species to the system (the

crowders and their counter-ions), which increases the effective ionic strength more than in the

neutral crowder case. In order to analyze this latter point, ∆Q(I′ = 0.02M) (circles) and ∆Q′(φ)

(triangles), are compared in Fig. 8.4b in the full pH-range for histatin-5 (red) and β-amyloid

(blue). Note that for the charged crowders, the φ value which produces I′ = 0.02M is different

for each pH value, since the charge of the crowder varies with the pH. More details about how

to compute I′ in this case can be found in the publication presented at the end of the chapter,

where an equation to calculate it is provided (Eq. 18). It can be observed that ∆Q(I′ = 0.02M)

and ∆Q′(φ) agree reasonably well for all the pH-range, indicating that in this case the increment

in the effective ionic strength is also the main contribution to the IDP charge regulation. How-

ever, a shift can be observed between both sets of data, which suggests a possible contribution

of the electrostatic interaction of the IDP with the charged crowders.

Finally, the impact of macromolecular crowding on the radius of gyration (Rg) of histatin-5 are

presented in Figs. 8.5a and 8.5b as a function of φ for neutral and charged crowders, respec-

tively. Different curves are shown obtained from SGCMC simulations at pH values ranging

a) b)

FIGURE 8.5: Histatin-5 radius of gyration Rg ( normalized to its value in absence of crowding
agents Rg(0)) as a function of φ. The panels show the cases with (a) neutral crowders and (b)
charged crowders. Dashed lines are the best fit of the scaling law282,283 to the SGCMC data (Eq.

17 in the publication at the end of the chapter).
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from 2 to 12. Rg is always normalized to the radius of gyration at the corresponding pH with-

out crowding agents Rg(0). As a general trend, it can be observed that Rg decays in increasing

the φ value. However, the reduction of the IDP size is rather small, reaching a maximum re-

duction of about a 10 % at most. This is probably the reason why the impact of macromolecular

crowding on the IDP structure is not affecting its charge. The Rg vs. φ curves are observed to be

well-fitted to a scaling law proposed in earlier works282,283 (Eq. 17 in the publication at the end

of the chapter). The best fits of this scaling law to the simulation data are displayed as dashed

lines in in Figs. 8.5a and 8.5b.

8.1.3 Conclusions

The possibility of charge regulation induced by macromolecular crowding is investigated in

two IDPs, histatin-5 and β-amyloid 42, using Semi-Grand Canonical Monte Carlo simulations.

The IDPs are modeled using a bead-and-spring model whereas the crowders are modeled us-

ing the Chain Entanglement Softened Potential (CESP), developed in the previous chapter. The

ionization (average global charge, average charge per aminoacid and binding capacitance) and

structural (radius of gyration) of both proteins are analyzed in different conditions: (i) in ab-

sence of crowding, (ii) with neutral crowders and (iii) with charged crowders.

In absence of crowders, the titration curve of histatin-5 is found to be highly dependent on the

added salt concentration while the β-amyloid titration curve is found to nearly not affected by

the salt. The pH-values where the salt effect is more significant in both proteins coincide with

those where their binding capacitance exhibits maxima values. This is in good agreement with

the behavior observed for weak polyelectrolytes in chapter 5. Both proteins are observed to

fold when increasing the salt concentration (smaller radius of gyration) at pH-values far from

their isoelectric point. This is because at those pH-values the proteins are highly charged and

the salt screens the intra-molecular repulsive interactions.

In presence of crowders, significant variations of the charge of the IDP respect its value in

absence of crowders are observed. These charge variations are driven by the increase in the

effective ionic strength (same ions in a reduced space) caused by the crowders. In the case

of charged crowders, a possible contribution of the interaction between the charged crowder

and the IDP is also observed. Macromolecular crowding is observed to produce larger charge

variations in the IDP at pH-values close to its binding capacitance maxima. In chapter 5, we

observed that charge regulation induced by mechanical stretching is also stronger at conditions

of maximum binding capacitance. Both findings highlight the utility of the binding capacitance

to assess the conditions where the charge of the system is more susceptible to be altered. The

analysis of the average charge per aminoacid reveals that the charge regulation of the IDPs can
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be mediated in some cases by neutralizing aminoacid with opposite charge than the IDP global

charge.

The radius of gyration of the proteins is found to slightly decay when the excluded volume of

crowders is increased, for both neutral and charged crowders. The results are found to be well

fitted to a scaling law proposed in previous works.282,283 The compactation of the IDP due to

macromolecular crowding is not found to have any significant effect in the charge of the IDP.
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Conclusions

The present thesis consists of six studies that focus on different aspects of the conformational,

binding, elastic and diffusive properties of weak polyelectrolytes and biopolymers. Although

the particular conclusions and advances on the field resulting of each study have been already

discussed on its corresponding chapter, here the general conclusions are outlined.

It is well known that the conformational and binding properties of weak polyelectrolytes are

highly coupled.14,16 In this thesis, I have used the Site Binding Rotational Isomeric State (SBRIS)

model to study both properties at the same foot using a Semi-Grand Canonical Monte Carlo

(SGCMC) code programmed by myself. Using this program, I have proved that the conforma-

tional and binding properties of a model flexible polyelectrolyte can be analytically predicted

using local parameters, that include in an effective way the long range intramolecular elec-

trostatic interaction using variational techniques. The resulting approach, named the Local

Effective Interaction Parameters, has potential applications to rationalize experimental titration

curves of weak polyelectrolytes and in the developtment of pH-dependent torsional potential.

Moreover, it could be extended to study the effect of a competitive binding of the proton with

other chemical species such as metals or other ligands.

I have also used the SGCMC code to study the elastic response of a flexible weak polyelec-

trolyte, which is described using the SBRIS model. I have observed that the force-extension

curves are dependent on the pH and ionic strength conditions. As a general trend, the poly-

electrolyte is easier stretched in the conditions that promote the polyelectrolyte ionization due

to intramolecular repulsive electrostatic interaction. This effect is only relevant in the interme-

diate force regime, where the force activates the conformational degrees of freedom. This is

evidenced by a change in the persistence length and the gauche state probabilities in this force

regime. Moreover, it is observed that the persistence length of the polyelectrolyte chain be-

comes dependent of the stretching force at the intermediate and high force regimes. In turn,

the alteration of the conformational properties of the polyelectrolyte chain causes an accord-

ing change in its average degree of ionization in the same force regime. At constant pH and

ionic strength conditions, the average degree of ionization increases when the polyelectrolyte is
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stretched since the intramolecular repulsive electrostatic interaction is reduced. This theoreti-

cal observation could be applicable in the rational design of pH-sensitive devices. For instance,

one could conceive a system where several weak polyelectrolytes have each of its chain ends

attached to two different surfaces. By separating those surfaces, the chains would be conse-

quently stretched releasing/capturing protons or other binding ligands which in turn could be

coupled to other chemical reactions.

All the aforementioned results are consequence of the inherent ability to regulate its charge in

response of external stimuli, such as pH or salt variations or the action of a stretching force. I

have assessed the relevance of the resulting charge fluctuation in the conformational and elastic

properties of a model flexible polyelectrolyte by performing Monte Carlo simulations keeping

the charge constant but switching on/off its fluctuations. I have found that charge fluctuation

has a significant impact on the conformational and elastic properties of the polyelectrolyte. As

a general trend, the presence of fluctuations in the charge diminish the intramolecular repul-

sive electrostatic interactions, causing the polyelectrolyte to be more folded than in its absence.

This is because the charge is no longer correlated, which impede compact conformations of

the polyelectrolyte chain. Moreover, I have observed that the intensity of the fluctuations, mea-

sured with the binding capacitance, is an excellent indicator to discern the conditions where the

polyelectrolyte charge is easier regulated. For instance, the pH and ionic strength conditions

where the polyelectrolyte exhibits larger values of the binding capacitance coincide with those

where larger changes in the charge of the polyelectrolyte is observed when it is stretched.

Another external stimuli affecting the physico-chemical properties of polymers is the presence

of high concentrations of other macromolecules in solution86. This fact is specially relevant

in biopolymers, since in biological media a large volume fraction (up to the 40%) is occupied

by macromolecules, conditions known as macromolecular crowding.83,85 In this thesis, I have

studied how the diffusive, conformational and binding properties of biopolymers are altered

in presence of macromolecular crowding.

On one hand, I have investigated the diffusion of two globular proteins, α-chymiotrypsin and

streptavidin, in presence of varying concentration of diffent-sized dextran macromolecules. As

a first step, I modelled the macromolecules as hard spheres with an effective radius, follow-

ing a super coarse-grained approach. I measured the diffusive properties of the proteins using

a Brownian Dynamics code, which I programmed by myself, with different treatments of the

hydrodynamics interactions. I found a qualitative agreement between the predictions of the

simulations and the corresponding experimental results when treating the hydrodynamic in-

teractions following the method proposed by Tokuyama.108–110 Then, I proposed a new single-

sphere coarse grained model, named Chain Entanglement Softned Potential (CESP), that goes

one step beyond the classic hard-sphere model. The CESP model describes the macromolecules
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as spheres with two distinct regions: (i) a dense core, modeled as a hard-sphere; and (ii) a less

dense outer part, which can be penetrated by other particles with an energetic penalty. The

main novelty of the CESP model is that it allows the consider macromolecular compactiation

and entanglement in crowded media in an effective way. CESP model improved the previous

results and it predicted quantitatively the streptavidin diffusive properties in different dextran

solution. This result indicates that macromolecular entanglement and compaction in crowded

media plays a relevant role in the biopolymer diffusion. The long-time diffusion coefficient

Dlong, the short-time diffusion coefficient (Dshort) and the anomalous α are obtained from the

BD simulations by using a new empirical expression, able to describe the full temporal evolu-

tion of the diffusion coefficient in crowded media.

On the other hand, I have assessed the effect of macromolecular crowding in the binding and

structural properties of two Intrinsically Disordered Proteins (IDPs), histatin-5 and β-amyloid

42, which I modelled using a coarse-grained bead-and-spring model. The crowders are mod-

elled after Bovin Serum Albumin (BSA) using the CESP model. When neutral crowders are

added to the medium, the global charge of the IDPs is found to change depend on the effective

increase in salt concentration due to excluded volume. When charged BSA crowders are intro-

duced, the global charge of the IDPs is found to increase in all the pH range. In this case, the

IDP charge is altered not only by the increase in the effective ionic strength but also by its direct

electrostatic interaction with the charged crowders. For both neutral and charged crowders, the

pH values for which the charge is more affected by crowding coincide with those of the max-

imum binding capacitance. This behaviour is common to the aforementioned finding that the

charge of weak polyelectrolyte is more affected by the stretching force at the pH corresponding

to those of maximum binding capacitance. Finally, the radius of gyration of the IDPs is found

to decrease in presence of macromolecular crowding in all the pH-range.
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Appendix A

Supporting information to ”Coupling of

charge regulation and conformational

equilibria in linear weak

polyelectrolytes: treatment of long

range interactions via effective

short-ranged and pH-dependent

interaction parameters”

A.1 Matricial expression for the SBRIS partition function for a linear

polyelectrolyte

Let us express the SBRIS partition function as

ΞSBRIS = ∑
s

Ξrot (s) (A.1)

where Ξrot (s) is the partition function for the molecule in a binding state s = {s1, s2, · · · , sN}.
For simplicity, let us suppose that all the N-1 bonds hold two protonating sites at their ends.
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The partition function for every ’frozen’ binding configuration can then be expressed as a the

RIS partition function but decorating the transfer matrices with suitable binding parameters.

Ξrot (s) adopts the form2,15,16

Ξrot (s) = p
N−1

∏
i=1

Ui
sisi+1qT (A.2)

In the simplest case U00
i = U10

i ; U01
i = z ·Ui and U11

c = z ·Uiui where Ui are the transfer matrices

typical of the RIS model for a symmetric polymer

Ui =




1 σ σ

1 σψ σω

1 σω σψ




i

(A.3)

where z is the reduced activity of the site and u is a diagonal matrix containing the Boltzmann

factors corresponding to the short range interactions between charged sites

ui =




ut 0 0

0 ug 0

0 0 ug




i

(A.4)

−kBT ln ut and −kBT ln ug represent the short range interaction energy between two sites sepa-

rated by a bond in trans and gauche conformation, respectively. The next step is to calculate the

sum in Eqn. (A.1), which can be done using the identity

∑
s

(
N−1

∏
i=1

Usisi+1

)
= (E E)

N−1

∏
i=1

(
U00

i U01
i

U10
i U11

i

)(
E

E

)
(A.5)

where E is the 3× 3 identity matrix. Combining Eqns. (A.5), (A.1) and (A.2), we obtain the

SBRIS partition function.

ΞSBRIS = s
N−1

∏
i=1

(
U00

i U01
i

U10
i U11

i

)
tT (A.6)

where s = (p p) and t = (q q). Note that the SBRIS partition function is obtained from the RIS

partition function by replacing

U→
(

U Uz

U Uuz

)
; p→ (p p) ; q→ (q q) (A.7)
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It can be easily shown that if some of the matrices in Eqn. (A.2) does not depend on any index

si, the proper substitution is

U→
(

U 0

0 U

)
(A.8)

which can be necessary for the transfer matrices corresponding to bonds which do not hold any

ionizable site.

A.2 Calculation of the mean square distance between two nodes of

the chain

The matrix summation trick used above can also be applied to calculate other physical quan-

tities which become pH-dependent in the SBRIS approach. Let f (c, s) be any quantity and

〈 f (c, s)〉 its SBRIS thermal average. Then

〈 f (s, c)〉 = ∑
s,c

f (s, c)
e−βF(s,c)

ΞSBRIS
= ∑

s
π (s)

(
∑

c

f (s, c)e−βF(s,c)

Ξrot (s)

)
= ∑

s
π (s) 〈 f (c, s)〉c (A.9)

where

π (s) =
Ξrot (s)
ΞSBRIS

(A.10)

represents the probability of a protonation state s and 〈 f (c, s)〉c is the average for that fixed

protonation state. Note now that the quantity between brackets in Eqn. (A.9) represents a typ-

ical RIS average which can be calculated using the (conveniently decorated) transfer matrices

Ui
sisi+1 . In particular, matricial expressions for the mean square distance between two nodes, k

and l, of a linear chain are available2,4. For a fixed ionization state, the result is

〈
d2

kl
〉
(s) =

2
Ξrot (s)

p
k

∏
i=1

Ui
sisi+1 [E 0 0 0 0]

l

∏
r=k+1

Gr
sisi+1




0

0

0

0

E




N−1

∏
j=l+1

Uj
sjsj+1q (A.11)

where the matrices G are proper super-matrices which can be expressed in terms of the transfer

matrices Ui
sisi+1 , the translation matrices and the bond vectors. The details and derivations are

given in the Chapter 4 of the classical Flory’s book2 (see Eqn. 35). Introducing (A.11) in (A.9)

and using the summation (A.5),
〈
d2

kl

〉
is calculated as a function of the pH.
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A.3 Minimal symmetric polyelectrolyte model

The model used in this work to illustrate the LEIP method consists of a polyelectrolyte like the

one in Fig. 2b. In this molecule the ionizable sites are separated by three bonds a, b and c.

The structure is very similar to the one of poly(oxyethylene) and the corresponding transfer

matrices are given can be found in2,16

Ua =




1 σa σa

1 σaψ σaω

1 σaω σaψ


 ; Ub =




1 σa σa

1 σaψ′ σaω′

1 σaω′ σaψ′


 ; Uc =




1 σ σ

1 σψ σω

1 σω σψ




The conformational model here used can be obtained by taking σa = 0, which assures that the

a and b bonds are always in the trans state, and ω = ψ = ω′ = ψ′ = 1, which means that the

bonds of the deprotonated molecule are independent.
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equilibria in the stretching properties of

weak polyelectrolytes”
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

FIGURE B.1: (a and b) Chain extension (Lz), gauche state probability P(g) (c and d), persistence
length lp (e and f), degree of protonation θ (g and h) and binding equilibrium constant Kc (i
and j) as a function of the mechanical force F for pK = 9, ut = 10, ug = 0 and constant
I = 1M. The simulations have been performed at four different pH-values: 4 (maroon squares),
6 (red circles), 8 (upwards pink triangles) and 10 (downwards purple triangles). The results
on the left (a, c, e, g and i) correspond to the case with σ = 1 while the ones on the right (b,
d, f, h and j) correspond to σ = 10. Lz is normalized by the polymer contour length LC =

Nl0 cos( 1
2 (π − α0)), where l0 = 1.5 Å and α0 = 120º are the equilibrium bond length and bond

angle, respectively.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

FIGURE B.2: (a and b) Chain extension (Lz), gauche state probability P(g) (c and d), persistence
length lp (e and f), degree of protonation θ (g and h) and binding equilibrium constant Kc (i
and j) as a function of the mechanical force F for pK = 9, ut = 10, ug = 0 and constant I =
0.1M. The simulations have been performed at four different pH-values: 4 (maroon squares),
6 (red circles), 8 (upwards pink triangles) and 10 (downwards purple triangles). The results
on the left (a, c, e, g and i) correspond to the case with σ = 1 while the ones on the right (b,
d, f, h and j) correspond to σ = 10. Lz is normalized by the polymer contour length LC =

Nl0 cos( 1
2 (π − α0)), where l0 = 1.5 Å and α0 = 120º are the equilibrium bond length and bond

angle, respectively.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

FIGURE B.3: (a and b) Chain extension (Lz), gauche state probability P(g) (c and d), persistence
length lp (e and f), degree of protonation θ (g and h) and binding equilibrium constant Kc (i
and j) as a function of the mechanical force F for pK = 9, ut = 10, ug = 0 and constant I =
0.01M. The simulations have been performed at four different pH-values: 4 (maroon squares),
6 (red circles), 8 (upwards pink triangles) and 10 (downwards purple triangles). The results
on the left (a, c, e, g and i) correspond to the case with σ = 1 while the ones on the right (b,
d, f, h and j) correspond to σ = 10. Lz is normalized by the polymer contour length LC =

Nl0 cos( 1
2 (π − α0)), where l0 = 1.5 Å and α0 = 120º are the equilibrium bond length and bond

angle, respectively.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

FIGURE B.4: (a and b) Chain extension (Lz), gauche state probability P(g) (c and d), persistence
length lp (e and f), degree of protonation θ (g and h) and binding equilibrium constant Kc (i
and j) as a function of the mechanical force F for pK = 9, ut = 10, ug = 0 and constant
I = 0.001M. The simulations have been performed at four different pH-values: 4 (maroon
squares), 6 (red circles), 8 (upwards pink triangles) and 10 (downwards purple triangles). The
results on the left (a, c, e, g and i) correspond to the case with σ = 1 while the ones on the
right (b, d, f, h and j) correspond to σ = 10. Lz is normalized by the polymer contour length
LC = Nl0 cos( 1

2 (π − α0)), where l0 = 1.5 Å and α0 = 120º are the equilibrium bond length and
bond angle, respectively.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

FIGURE B.5: (a and b) Chain extension (Lz), gauche state probability P(g) (c and d), persistence
length lp (e and f), degree of protonation θ (g and h) and binding equilibrium constant Kc (i and
j) as a function of the mechanical force F for pK = 9, ut = 10, ug = 0 and constant pH-value = 4.
The simulations have been performed at four different ionic strengths: 1 M (green squares), 0.1
M (turquoise circles), 0.01 M (upwards cyan triangles) and 0.001 M (downwards blue triangles).
The results on the left (a, c, e, g and i) correspond to the case with σ = 1 while the ones on the
right (b, d, f, h and j) correspond to σ = 10. Lz is normalized by the polymer contour length
LC = Nl0 cos( 1

2 (π − α0)), where l0 = 1.5 Å and α0 = 120º are the equilibrium bond length and
bond angle, respectively.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

FIGURE B.6: (a and b) Chain extension (Lz), gauche state probability P(g) (c and d), persistence
length lp (e and f), degree of protonation θ (g and h) and binding equilibrium constant Kc (i and
j) as a function of the mechanical force F for pK = 9, ut = 10, ug = 0 and constant pH-value = 6.
The simulations have been performed at four different ionic strengths: 1 M (green squares), 0.1
M (turquoise circles), 0.01 M (upwards cyan triangles) and 0.001 M (downwards blue triangles).
The results on the left (a, c, e, g and i) correspond to the case with σ = 1 while the ones on the
right (b, d, f, h and j) correspond to σ = 10. Lz is normalized by the polymer contour length
LC = Nl0 cos( 1

2 (π − α0)), where l0 = 1.5 Å and α0 = 120º are the equilibrium bond length and
bond angle, respectively.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

FIGURE B.7: (a and b) Chain extension (Lz), gauche state probability P(g) (c and d), persistence
length lp (e and f), degree of protonation θ (g and h) and binding equilibrium constant Kc (i and
j) as a function of the mechanical force F for pK = 9, ut = 10, ug = 0 and constant pH-value = 8.
The simulations have been performed at four different ionic strengths: 1 M (green squares), 0.1
M (turquoise circles), 0.01 M (upwards cyan triangles) and 0.001 M (downwards blue triangles).
The results on the left (a, c, e, g and i) correspond to the case with σ = 1 while the ones on the
right (b, d, f, h and j) correspond to σ = 10. Lz is normalized by the polymer contour length
LC = Nl0 cos( 1

2 (π − α0)), where l0 = 1.5 Å and α0 = 120º are the equilibrium bond length and
bond angle, respectively.
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(e) (f)
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(i) (j)

FIGURE B.8: (a and b) Chain extension (Lz), gauche state probability P(g) (c and d), persis-
tence length lp (e and f), degree of protonation θ (g and h) and binding equilibrium constant
Kc (i and j) as a function of the mechanical force F for pK = 9, ut = 10, ug = 0 and constant
pH-value = 10. The simulations have been performed at four different ionic strengths: 1 M
(green squares), 0.1 M (turquoise circles), 0.01 M (upwards cyan triangles) and 0.001 M (down-
wards blue triangles). The results on the left (a, c, e, g and i) correspond to the case with σ = 1
while the ones on the right (b, d, f, h and j) correspond to σ = 10. Lz is normalized by the
polymer contour length LC = Nl0 cos( 1

2 (π − α0)), where l0 = 1.5 Å and α0 = 120º are the
equilibrium bond length and bond angle, respectively.
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FIGURE C.1: Outline of the metropolis algorithm of the simulation code. In each new Monte
Carlo (MC) configuration, the polyelectrolyte can change either (A) the rotational state of a
bond, (B) the length or angle of a bond or (C) the spatial orientation of the polyelectrolyte chain
in laboratory coordinate frame. In the case of Semi-Grand Canonical Monte Carlo (SGCMC)

simulations, the polyelectrolyte can also alter the ionization state of a binding site (D).
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(a)

(b)

(c)

(d)

FIGURE C.2: Force F vs. extension Lz curves in the low force regime obtained at different pH-
values of 2 (black squares), 3 (red circles), 4 (cyan uppwards triangles), 5 (dark green down-
wards triangles), 6 (purple diamonds), 7 (ochre empty pentagons), 8 (blue filled pentagons), 9
(pink crosses) and 10 (light green empty squares). The markers show the ccMC(a and b) and
the SMCMC with excluded volume (c and b) results at two different ionic strengths of 1 M
(left) and 0.001 M (right). The dashed lines follow the force/extension linear prediction (Eq.
17) using the Kuhn length obtained from simulations at F = 0, whereas the continuous ones
show the best fit of the computational data to the Pincus scaling low. Lz is normalized to the

polyelectrolyte contour length LC = Nl0 cos((π − α0)/2).
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FIGURE D.1: log (Dlong/D0)for streptavidin versus macromolecular concentration for D10 (a),
D50 (b), D400 (c) and D700 (d). Black squares represent BD simulation using hard-sphere model
as explained in137 and green triangles corrrespond to BD simulations using CESP model. Ex-
perimental values97 are depicted as red circles. Dashed lines follow simulation results and are

only to guide the eyes.
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E.1 Aminoacid titration curves at cs = 0.01 M without crowding agents

a) b)

c) d)

FIGURE E.1: Aminoacid total charge NA 〈qA〉 (panels a and b) and binding capacitance cA
(panels c and d) titration curves for the Intrinsically Disordered Proteins (IDPs) histatin-5 (pan-
els a and c) and β-amyloid 42 (panels b and d). The obtained results for each aminoacid are
depicted as follows: aspartic acid (ASP, orange squares), histidine (HIS, purple circles), lysine
(LYS, green triangles), glutamic acid (GLU, red inverted triangles), arginine (ARG, pink di-
amonds) and tyrosine (TYR, pentagons). All data was computed by Semi-Grand Canonical
Monte Carlo (SGCMC) simulations of each protein without crowding agents and an added salt

concentration cs = 0.01 M of NaCl.
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E.2 Average charge variation of aspartic acid, histidine and lysine

aminoacids for varying salt concentration

a) b)

FIGURE E.2: Charge increment due to the added salt in the aminoacid type A ∆qA(cs) =
|qA(cs)| − |qA(0)| for aspartic acid (orange), histidine (purple) and lysine (green) as a function
of the pH-value. The results were obtained with Semi-Grand Canonical Monte Carlo simula-
tions without crowding agents, at constant added salt concentrations of 0.01 M (squares), 0.05

M (circles), 0.1 M (uppwards triangles) and 0.5 M (downwards triangles).
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E.3 Charge regulation in a medium with neutral crowders and salt

concentration cs = 0.01 M

a) b)

c) d)

e) f)

FIGURE E.3: (a and b) Increase in the absolute macromolecular charge due to the presence of
neutral crowders, ∆Q′(φ) = |Q (φ) | − |Q (0) |; (c and d) increase in the average charge per
aminoacid, ∆q′A(φ) = |qA(φ)| − |qA(0)|; and (e and f) binding capacitance C. Panels on the left-
hand side refer to histatin-5 and the ones on the right-hand side to β-amyloid 42. The added
salt concentration is cs = 0.01 M of NaCl in all the simulations, while φ ranges from 0.1 to 0.5.

The meaning of the markers used can be read inside the panels.
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E.4 IDP global charge variation vs. excluded volume curves

For all the range of pH values, it is found that the curves can be very well fitted by the power

law

∆Q′(φ) = kCφα, (E.1)

where k and the α are empiric parameters (see the dashed lines in Figs. E.4 (neutral crowders)

and (charged crowders). For neutral crowders, the best fit k and α parameters are reported in

Tab. E.1. It can be observed that |k| ranges from 0.01 to 1.30 and α from 0.40 to 6.88. Interestingly,

for the pH-values where crowding induces a significant charge regulation, α is close to one

thus ∆Q′(φ) scales almost linearly with φ. When charged crowders are considered, the best-fit

parameters are listed in Tab. E.2. It is observed that k and α values range from 0.08 to 4.60

and from 0.21 to 2.0, respectively. It was not possible to properly fit the data corresponding to

β-amyloid 42 at pH 4.65, since ∆Q′(φ) was very small.

pH 2.00 3.00 4.00 5.00 6.00 7.00 8.00 9.00 10.00 11.00 12.0

Histatin 5
k 0.57 0.47 0.63 1.29 1.00 0.89 0.36 0.13 0.34 -0.59 -1.22
α 1.02 1.15 1.06 1.27 1.31 1.41 0.918 0.934 1.41 2.65 7.90

β-amyloid
k 0.13 0.07 -1.01 -0.13 -0.31 -0.174 0.82 0.41 0.30 0.05 0.01
α 1.50 0.67 4.48 1.45 1.25 1.14 6.88 1.48 1.06 0.40 1.56

TABLE E.1: k and α values obtained from the best fit of the ∆Q′(φ) vs. φ curves for systems with
neutral crowders (Fig. E.4), to the empiric power law (Eq. E.1). The standard error is always

∼ 0.005 units

pH 3.00 3.50 4.00 4.50 4.65 5.00 6.00 7.00 8.00 9.00 10.0 11.0

Histatin 5
k 2.24 2.04 3.65 4.60 0.63 1.28 1.01 1.10 0.34 8.28 0.35 0.70
α 0.55 0.52 0.80 1.00 1.00 0.84 0.38 0.31 0.10 12.69 0.22 0.91

β-amyloid
k 0.42 0.28 0.32 0.08 - -0.21 0.04 0.12 0.43 0.63 1.68 1.88
α 0.70 0.56 0.45 0.38 - 2.02 0.09 0.74 0.85 0.41 0.67 0.57

TABLE E.2: k and α values obtained by the best fit of ∆Q′(φ) vs. φ curves (Fig. E.5) to the
empiric power law (Eq. E.1) in the presence of charged crowders. The standard error is∼ 0.005

units.



Supporting Information on Influence of Macromolecular Crowding in the Charge Regulation of
Intrinsically Disordered Proteins 244

a)

b)

FIGURE E.4: Difference between absolute charges ∆Q′(φ) = |Q(φ)| − |Q(0)| for (a) histatin-5
and (b) β-amyloid 42 as a function of φ in the presence of neutral crowders at pH-values ranging
from 3 to 11. The meaning of lines and markers is indicated in the top panel. Dashed lines
correspond to the best-fit to the empiric power law (Eq. E.1). The resulting best-fit parameters

are listed in Tab. E.1.
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a)

b)

FIGURE E.5: Difference between absolute charges ∆Q′(φ) = |Q(φ)| − |Q(0)| for (a) histatin-
5 and (b) β-amyloid 42 as a function of φ in the presence of charged crowders at pH-values
ranging from 3 to 11. The meaning of the line colors and markers is indicated in the top panel.
Dashed lines correspond to the best-fit to the empiric power law (Eq. E.1). The resulting best-fit

parameters are listed in Tab. E.2.

E.5 Binding capacitance titrations curves per aminoacid type in a medium

crowded with neutral crowders at cs = 0.1 M

a)

b)

FIGURE E.6: Binding capacitance titration curve per aminoacid type 〈cA〉 for (a) histatin 5 and
(b) β-amyloid 42. For clarity, only the values of aspartic acid (orange), histidine (purple) and ly-
sine (green) are shown as representatives of aminoacids with acidic, neutral and basic isoeletric
points, respectively. The results were obtained by SGCMC simulations with an NaCl concen-
tration cs = 0.1 M and neutral crowder with an excluded volume fraction φ of 0 (pentagons),

0.1 (squares), 0.2 (triangles), 0.3 (triangles), 0.4 (inverted triangles) and 0.5 (diamods).
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E.6 Best fit parameters to the scaling law (Eq. 13 in the main text) for

the Rg vs. φ curves

pH 2.00 3.00 4.00 5.00 6.00 7.00 8.00 9.00 10.00 11.00 12.0
Histatin 5 0.11 0.10 0.10 0.10 0.10 0.09 0.09 0.09 0.09 0.08 0.09
β-amyloid 0.09 0.09 0.09 0.08 0.09 0.09 0.09 0.09 0.09 0.09 0.09

TABLE E.3: Best fit c-values of the scaling law (Eq. 13 in the main text) to the computed Rg
vs. φ curves for histatin 5 and β-amyloid 42 at different pH values and in presence of neutral

crowders. The standard error is ∼ 0.005 units

pH 3.00 3.50 4.00 4.50 4.65 5.00 6.00 7.00 8.00 9.00 10.0 11.0
Histatin 5 0.33 0.30 0.19 0.14 0.07 0.06 0.03 0.07 0.08 0.14 0.07 0.07
β-amyloid 0.15 0.12 0.10 0.09 0.07 0.08 0.10 0.12 0.13 0.12 0.15 0.17

TABLE E.4: List of the c-values obtained by the best-fit of the Rg vs. φ curves to the power law
(Eq. 13 in the main text) in presence of charged crowders. The standard error is ∼ 0.005 units
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E.7 Binding capacitance per aminoacid titration curves in a media

with charged crowders at cs = 0.01 M

a)

b)

FIGURE E.7: Binding capacitance titration curves per aminoacid type 〈cA〉 for histatin-5 (a)
and β-amyloid 42 IDPs. For clarity, only the values of aspartic acid (orange), histidine (pur-
ple) and lysine (green) are shown as representatives of aminoacids with acidic, neutral and
basic isoeletric points, respectively. The results were obtained by SGCMC simulations with a
NaCl concentration cs = 0.01 M and charged BSA crowders with excluded volume fraction φ
of 0 (pentagons), 0.05 (uppwards triangles), 0.1 (squares), 0.15 (downwards triangles) and 0.2

(circles).
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E.8 Calculation of the effective ionic strength I ′ for the case with

charged crowders

FIGURE E.8: Effective ionic strength I′ as a function of the crowder excluded volume fraction
φ at different pH-values. For clarity, the pH-values are refereed to the Bovin Serum Albumin

isoelectric point pI = 4.65.
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E.9 Comparison of ∆Q(I ′ = 0.05M) and ∆Q′(φ) vs. pH for the case

with charged crowders

FIGURE E.9: Comparison between i) charge variation produced when the added salt concen-
tration is incremented from cs = 0.01 M to 0.05 M without crowders (∆Q(I′ = 0.05M) =
|Q(φ = 0, cs = 0.05M)| − |Q(φ = 0, cs = 0.01M)|, circles); and ii) charge variation produced
when adding charged crowders ∆Q′(φ) (triangles) to a protein solution with added salt con-
centration cs = 0.01 M. The excluded volume φ(pH, 0.05M) is chosen such as the effective ionic
strength I′ (calculated using Eq.18) is always I′ = 0.05 M (circles). Blue color refers to Histatin-5

while red color refers to β-amyloid.
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Sanchez-Ruiz, and J. M. Fernandez, “Probing the chemistry of thioredoxin catalysis with

force,” Nature, vol. 450, no. 7166, pp. 124–127, 2007.
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