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Static properties of two linearly coupled discrete circuits
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Bosonic two-ring ladders constitute an important class of atomtronic circuits, where coherent
current flows not only can offer a new insight into many-body physics, but also can play the role of
actual degrees of freedom, and hence allow for a viable implementation of cold-atom based devices
and qubit systems. In this work, we exhaustively investigate the ground state properties and the low-
lying energy spectrum of two linearly coupled Bose-Hubbard rings. We show that the competition
among interactions, intra- and inter-ring hopping processes gives place to a rather rich physical
scenario, where Mott-like states and (different kinds of) superfluid-like states emerge. The latter
ones depend also on the (in)commensurate filling of the atoms. Our analysis, carried out within
a simple analytical framework and by means of the exact numerical diagonalization of the system
Hamiltonian, provides one with a rather complete characterization of the static properties of the two-
ring ladder, including, but not limited to, coherence, fragmentation, correlations, and entanglement.
We complement our investigation by studying how these indicators depend on the commensurability
of the total number of bosons with respect to the total number of sites and show that the two stacked

rings are always entangled for an odd number of atoms.

I. INTRODUCTION

Ultracold quantum gases in closed geometries have be-
come a basic building block of quantum technologies.
The versatility and high degree of experimental control
over the interactions and the geometry of ultracold atoms
have made it possible to engineer atomic devices with
different types of geometries and couplings, in particu-
lar, rings and ladders. This experimental progress has
boosted the appearance of the emergent field of Atom-
tronics in quantum technologies [IH5]. The aim is to
design atomtronic circuits by coupling simple elements
capable of producing complex applications with matter
waves. For instance, quantum transport through differ-
ent parts of the atomtronic circuit [6], the emulation of
superconducting flux qubits used in quantum comput-
ing [7], or production of entangled states. Entanglement
is an important feature of quantum systems, that can be
used for quantum information processing. Atomtronic
devices may then be used to simulate intricate quan-
tum systems [8], to develop finer sensors and improve
our metrological capabilities [I, [9] [10].

The characterization of ground state properties, cor-
relations, entanglement and energy spectrum of ultra-
cold bosons in a ring lattice with few sites has been ex-
tensively investigated in the literature in different phys-
ical situations. For instance, with contact interacting
repulsive bosons [I1], [12], and with attractive interac-
tions [I3]; the effects of dipolar interaction [14] 5], as
well as two distinct atomic species [12]. Moreover, the
effects of a tunable tunneling in one ring has been also
addressed [16] 17]. Quantized vortices, which are char-
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acteristic flux states of superfluid systems in closed ge-
ometries, have been also explored in a ring lattice, see
Refs. [T6H22] and references therein.

In this paper we consider a primary integrated atom-
tronic circuit composed by two identical rings linearly
coupled forming a two-ring ladder. In particular, we in-
vestigate two identical trimers coupled by an inter-ring
tunneling parameter, that can be different from the intra-
ring tunneling between neighboring sites in the same
ring. We identify the effects arising from the competition
among interactions and the two tunnel couplings in or-
der to show that this is a flexible configuration that can
be used for quantum technologies. By properly tuning
interactions and tunneling strengths, in fact, the system
ground-state is shown to approach different notable con-
figurations, which, in turn, constitute prototypical atom-
tronic devices: from two stacked rings, to two fully dis-
connected rings or three disconnected double-wells, as well
as all the intermediate situations.

The two-stacked-ring geometry is at the base of
experimentally-available implementations of a matter-
wave based qubit system [23] 24]. In these platforms,
which combine the long coherence lifetime of neutral cold
atoms systems with the robustness of topologically pro-
tected solid state Josephson flux qubits [25], it has been
shown that the associated imaginary-time effective action
provides a two-level-system dynamics for the phase slip
across the two rings [23]. From the point of view of many-
body physics, in the presence of a synthetic magnetic
field, weakly- and strongly-interacting bosons on two-
leg-ladder geometries are well known to disclose intrigu-
ing phase diagrams and complex magnetic-like phenom-
ena, where circulating currents can exhibit characteristic
Meissner-like and vortex-like patterns [26H34], reminis-
cent of the field dependence of currents in type-II su-
perconductors [35]. In addition, it is worth mentioning
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that a rich dynamical scenario emerges if one focuses on
the possible transfer of persistent currents and vortices
between linearly coupled rings [36H43].

When the inter-ring tunneling is negligible with respect
to the intra-ring hopping, the two rings are effectively de-
coupled. The resulting single-ring system has been sub-
ject of extensive study [5], as it can support the realiza-
tion of a supercurrent-based qubit [24] [44]. In the oppo-
site limit, that means when it is the intra-ring tunneling
to be negligible with respect to the inter-ring tunneling,
one remains with many decoupled double-well systems.
The latter constitute the fundamental building block of
several atomtronic devices [45H49], as it is well known
that a Bose-Einstein condensate of neutral atoms in a
double-well potential represents the matter-wave coun-
terpart of a Josephson junction of coupled superconduc-
tors [5].

Depending on the relative value of its parameters, the
model we investigate thus interpolates among different
prototypical atomtronic systems and can hence capture
not only standard “asymptotic limits", but also interest-
ing cross-over regimes, where the competition among dif-
ferent couplings is at its most crucial. The aim of this
paper is hence to provide an exhaustive characterization
of the ground state properties of two coupled rings, in a
wide range of tunneling strengths and interactions. We
use exact diagonalization techniques to characterize the
ground state properties of the two-ring bosonic ladder as
a function of the tunneling parameters and onsite inter-
action strength for different number of atoms. For in-
stance, we investigate fragmentation, entanglement and
quantum correlations properties of this elemental inte-
grated circuit that can help to guide future applications
in atomtronics technologies. We pay special attention
to the commensurability or incommensurability of the
number of atoms with respect to the total number of
sites of the system. We discuss the main differences, and
we show that they could be used to indirectly determine
whether the number of trapped bosons is even or odd.
For instance, when the number of atoms is odd, the two
rings remain always entangled for any range of onsite
interactions. We also provide analytical expressions in
the limit of large interactions in the case of non com-
mensurate number of atoms. These characteristic fea-
tures of a quantum system are particularly relevant as
recent experiments are already able to measure entangle-
ment properties [50] and quantum correlations in these
setups [51, [52].

Our paper is organized as follows: In Sect. [l we intro-
duce the model Bose-Hubbard (BH) Hamiltonian as well
as the parameters of the physical system. In Sect. [[T]]
we present the analytical solutions of our model for the
single-particle case. We discuss also the properties of the
eigenstates of the non-interacting system and the low-
lying energy spectrum obtained numerically. In Sect. [[V]
we consider N bosons loaded in the two-ring lattice and,
by numerical diagonalization of the Hamiltonian, we in-
vestigate the static properties of the ground state of the

two-coupled rings for different values of N, as well as
the effects of the non commensurability of the number of
atoms with respect to the number of sites, such as frag-
mentation, correlations between different sites, Schmidt
gap and the entanglement entropy. Finally, in Sect. [V]we
provide the main conclusions of our work.

II. THEORETICAL MODEL

We consider N bosons loaded in two stacked Bose-
Hubbard rings, with the same number of sites M in each
ring and tunnel coupled via the rungs, see Fig. [1] for a
schematic representation. The system is described by the
following Hamiltonian,

M
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where J and J; are the tunneling parameters between
neighboring sites in the same ring, and between the two
rings, respectively. The bosonic creation (annihilation)

operators &;j (G;,;) for the site ¢ in the ring j fulfil

the canonical commutation relations, [a; ;, dL ) = dirdji.
We introduce also the usual particle number operators
Ny = d;r’j&,»,j of the 7th site of the ring j. U sets the
strength of the atom-atom interaction which is assumed
to be repulsive (U > 0).

This coupled system can be interpreted as a two-leg
Bose-Hubbard ladder with periodic boundary conditions
forming two connected rings with M sites each one. In
the ladder geometry, J and J, correspond to the hopping
along the rings and legs of the ladder. The competition
between the two tunneling parameters determines the
static properties of the two connected discrete rings. In
particular, there are two limiting cases: when J/J;, — 0
the system behaves as M independent bosonic Joseph-
son junctions, with two sites coupled by J, [53], whereas
when J/J, — oo the two rings become fully decoupled.
Many-body properties of a single lattice ring with finite
number of sites loaded with contact interacting bosons,
have been studied in Refs. [1I, [13]. A general case of
one ring with a tunable tunneling, has been previously
studied for M = 3 [16] and for an arbitrary (but small)
number of sites [I7]. In this work we consider mainly
the minimal coupled atromtronic circuits; two stacked
trimers.

IIT. NON-INTERACTING LIMIT

In this section we revisit the non-interacting limit of
Hamiltonian , which admits analytical solutions. We
will focus on the case M = 3, which constitutes the min-
imal two-ring configuration.



FIG. 1. Schematic representation of the minimal system with
two stacked trimers. The intra-ring tunneling between the
sites of the same ring is given by J and the inter-ring tunneling
between sites of different rings is given by J .

The non-interacting solutions of two linearly coupled
trimers can be constructed as,

M
(oE) = f Z i (4], =4 ) |vac) . (2)
where |vac) stands for the vacuum, le is the creation
operator of one atom in the [ site, and ¢ = 0,1,.... M — 1
labels the vortex wave function with quantization 2mgq.

This solution was also found in Ref. [54] but in the con-
tinuous limit for an infinite number of sites by diagonal-
izing the Hamiltonian in momentum space by means of a
Bogoliubov transformation. It is interesting to note that
for the single-particle case, the eigenstates of two-coupled
rings are independent of the tunneling parameters J and
J1, and they involve only the same kind of flux state
in both rings simultaneously. This combination can be
either symmetric or antisymmetric. This means that a
state formed by a combination of a vortex in the top ring
and an antivortex in the bottom ring is not an eigenstate
of the non-interacting two-coupled ring system.

In Ref. [42] we have studied linear combinations of non-
interacting degenerate states, when J; = 0, that lead
to single-particle vortices and fractional vortices. These
states correspond to population-imbalanced vortices with
current localized in one ring, and to population-balanced
fractional vortices, respectively. They are stationary in
the noninteracting limit of decoupled rings.

In Fig. |2 we show the single-particle energy spec-
trum for two stacked trimers as a function of the ra-
tio between the inter-ring and intra-ring couplings J, /J.
The ground state is non degenerate for all values of the
tunneling except for J; = 0, when there is no cou-
pling between the two rings. In this case the two rings
are independent and therefore the symmetric and anti-
symmetric combinations have the same energy. When
Ji/J > 0 (J./J < 0) the ground state is the sym-
metric (antisymmetric) combination of the single ring
ground state solutions with energies e = —J(J, /J +2)
and e, = J(JL/J — 2), respectively. The symmetric
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FIG. 2. Energy spectrum of two coupled trimers in the single-
particle case as a function of J, /J. Red line corresponds to
Ea' , blue line €, green-dotted line eT, yellow-dashed line €],
magenta-dotted line €, and blue-dashed line €.

and antisymmetric excited states present a double de-
generacy corresponding to vortex-vortex and antivortex-
antivortex combinations: ¢} = ¢}, = J(1 — J./J) and
e, =€, = J(1 4+ JoL/J), where we have used the no-
tation ¢ = 0(gs),1(v), —1(av). The energy spectrum is
symmetric with respect to the change of sign of J, /J.

In order to study the static properties of our system for
different values of the interaction and tunneling parame-
ters, we calculate the ground state and the lower part of
the energy spectrum by numerical diagonalization of the
Hamiltonian [55, [56] for different numbers of atoms.

In Fig. f] we plot the energy spectrum, for different
values of the interaction U/J,, where k is the spectral
index. We observe the existence of energy bands for small
values of the interaction, which breakdown when the in-
teraction rate is increased. As explained in Ref. [I7] the
band structure can be understood by means of the num-
ber of atoms and the degeneracy of the flow basis.

IV. GROUND STATE PROPERTIES OF THE
INTERACTING SYSTEM

The system formed by N interacting bosons loaded
in two coupled atomtronic circuits is described by the
Hamiltonian and has three physical parameters: the
interatomic interaction U, and the tunneling strengths
J and J;. In modern experimental setups, these pa-
rameters can be tuned in a very controlled way [24], [57],
although their specific variability ranges strictly depend
on the chemical element which is Bose-condensed and on
the optical apparatus which is employed. In Ref. [58],
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FIG. 3. Excitation energies per particle, (Ex — Fo)/N of the
system with N = 6, M = 3 and J/J, = 1.0, for different
values of U/J .

for example, the experimental realization of a bosonic
two-leg ladder in the weakly interacting regime, mean-
ing that U/J, ~ 0, was reported. In this remarkable
experiment, measurements were performed in the range
J1/J €10, 3.5], i.e. from a regime where the two rings
are decoupled to a regime where the inter-ring coupling is
3.5 times larger than the intra-ring coupling. In Ref. [35],
the complementary regime was explored, i.e. the strongly
interacting one (which was claimed to be within the reach
of available experimental setups). Numerical simulations
were performed in a rather extended range of model pa-
rameters, i.e. U/J € [0, +00) and J, /J € [0, §].

In this section, we characterize the ground state of the
two-connected trimers by means of coherence and frag-
mentation properties, correlations between different sites,
as well as the entanglement between the two rings. We
will discuss also the effect of incommensurate filling.

A. Limiting situations

Let us recall the analytical solutions of the ground state
in two limiting cases. When the tunneling terms domi-
nate (U/J — 0 and U/J, — 0), this leads to a complete
delocalization of each atom over all the sites. The non-
interacting limit in the homogeneous case corresponds to
the superfluid phase (Bose-Einstein condensate, BEC).
In our discrete system, the coherent ground state reads,

N

|Vprc) =

ZZ
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\/—7! [vac) . (3)

When the repulsive interaction dominates (J/U — 0 and
J1 /U — 0, with U > 0) the tunneling energies become
small and the atoms tend to localize. Therefore, the sys-
tem prefers to reduce the number of pairs in each site

to minimize the energy. The ground state has equipop-
ulation with, on average, v = N/(2M) atoms on each
site, when v € Z. The strong interacting limit of one
ring with incommensurate filling (non integer filling fac-
tor) has been studied in Ref. [II]. Here we start the
analytical study to commensurate number of atoms, but
we also discuss the ground state properties of two cou-
pled rings when one atom is added (or subtracted) from
a commensurate case. The localized ground state for a
commensurate system (Mott insulator phase, MI, in the
homogenous system) corresponds to one state of the Fock
basis:

| Wit )

H H N |vac (4)

j=tli=1

assuming that the number of atoms N is commensurate
with the number of sites 2M, v = N/(2M) € Z. When
one atom is added (or subtracted) the system has N 41
atoms with filling factor v* = (N £ 1)/(2M) = v +

1/(2M). The ground state of the resulting system is,
respectively:
g v = a,; v l/ B
) s 5 oo
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These two states can be obtained by distributing an extra
particle (or vacancy) between the different sites of the
commensurate state (4]).

B. Coherence and fragmentation

We investigate the coherence of the system by analyz-
ing the condensed fraction and fragmentation properties
which are defined by the eigenvalues of the one-body den-
sity matrix [59]. For a many-body state |¥) describing
N bosons in 2M sites (two rings with M sites), the one-
body density matrix, p, is a 2M x 2M matrix, whose
elements read

1 A a

Plg) D) = (Ula; ;ax. ), (6)

where i,k = 1,..., M and j,1 =t,]. Since |¥) is normal-
ized to one, this implies that Tr(p) = 1. The eigenvalues
of the one-body density matrix are the relative occupa-
tion numbers, p; = N; /N, of the corresponding eigenvec-
tors (single-particle states or natural orbitals). They are
normalized to 1, meaning that p; + ps + .. + pans = 1,
and they are conventionally labelled in such a way that
p1 > p2 > .. > papyr > 0 [B9]. In the case of a singly con-
densed system there is only one large eigenvalue p; ~ 1
and the others are very small p; ~ O(1/N) (i # 1).
This means that there is a macroscopic occupation of
the corresponding single-particle state ~ O(N) and the



P1, D2

="
-
-

40 60 80 100

FIG. 4. The two largest eigenvalues of the one-body density
matrix, p1 (solid) and p2 (dashed), as a function of U/J, for
different values of J/J . In all casess N = 6 and M = 3.
Color legend (from bottom to top): red (J/JL =0, p1 and po
are overlapped), blue (J/J. = 1072), green (J/J. = 1071),
yelQlow (J/JL = 1), cyan (J/J. = 10") and magenta (J/J, =
102).

system is condensed (it is worth stressing that the macro-
scopic occupation of a natural orbital is a typical feature
of Bose-Einstein condensation and it is what supports the
possibility of introducing a "macroscopic wave function"
for the system [59]. Whereas when there is more than
one large eigenvalue, the system is fragmented [59]. The
ground state with largest fragmentation corresponds to
all eigenvalues p; = 1/(2M) in the Mott insulator limit.

We remark that coherence is a crucial ingredient in
the design of atomtronic circuits [5l [60], while fragmenta-
tion tends to hinder their operation. When the two-ring
ladder is used as a superfluid qubit system [24], conden-
sate’s fragmentation tends to destroy the topologically
protected quantum state (which realizes the qubit itself)
and should therefore be minimized. In addition, frag-
mentation, which is inevitably present in interacting sys-
tems, can lead to the suppression of the coherent transfer
of vorticity between the rings [42].

In Fig. [@] we show the two largest relative occupation
numbers, p; and po, of two coupled trimers as a function
of U/J,, with N = 6 and for different values of J/.J .
For weak inter-particle interactions (U < J,) there is
a non-zero single particle state, p; ~ 1, for all values
of J/J. except when J/J, = 0. In the latter case,
the sites in the same ring are fully decoupled and the
system reduces to three independent double-wells with
tunneling rate J;. Thus, a three-fragmented state with
p1 = p2 = p3 = 1/3 is obtained when J/J; = 0 and

U/Jy. S 1. In this case the total wave function is not
given by Eq. , but by a product state of three inde-
pendent bosonic Josephson junctions with N/M particles
in each junction, when N/M € Z.

As the interaction increases and the ratio U/J) be-
comes large, the atoms start to localize and the system
tends to a Mott-insulator-like phase in the asymptotic
limit where the ground state is fully fragmented and
p; = 1/(2M) = 1/6. However, due to the particular
geometry of our system with two competing tunneling
rates J and J, , there are two different regimes, J > J,
and J; < J, which clearly appear in the asymptotic val-
ues of Fig. 4 When J/J, < 1 the ground state reaches
a fragmented state for smaller values of U/.J; than when
J/Jy > 1. For a fixed value of U/.J,, when the intra-
ring tunneling is dominant in front of the inter-ring cou-
pling (J > J.), the system is less fragmented than for

J/J1 < 1. This follows from the condition Z?M p; = 1.
Figure [4] shows that p; + ps ~ 1 when J > J, , whereas
when J < J, all the eigenvalues of the one-body density
matrix p; # 0 which corresponds to a larger fragmen-
tation of the ground state. The system we are consid-
ering has 2M intra-ring couplings J (that is, 2M pairs
of sites connected by J) and M inter-ring couplings J
(M pairs of sites connected by J, ). Thus, when J > J|
the tunneling effects are larger than when J < J, and
the ground state remains delocalized for larger values of
U/J.. The system needs larger interactions to balance
the delocalization promoted by the tunneling. A similar
reasoning holds also if one increases the (commensurate)
number of atoms N. As is well known, in fact, higher
(integer) fillings correspond to smaller Mott lobes and,
therefore, to systems which undergo Mott localization
for larger values of the interaction U [61]. Hence, upon
increasing the (integer) filling v, the behaviour illustrated
in Fig. [4is qualitatively unchanged, although the asymp-
totic value p; = po = 1/(2M) is reached for larger values
of U.

A complementary information is provided by its cor-
responding von Neumann entropy, which measures the
condensation of the system. It is defined from the eigen-
values of the one-body density matrix as

2M
Syn=—> pilnp;. (7)

=1

It is a bounded quantity: the minimum value is Syn = 0
and corresponds to a fully condensed ground state
(p1 = 1), whereas the maximum value of Syy is In(2M)
and occurs for a completely fragmented state with p; =
1/(2M), for all i. When Syx = Ins (with s € ZT) the
system is fragmented in s states.

Figure ] presents Sy for the two stacked trimers with
N = 6 atoms as a function of U/J, for the same cases
J/J) asin Fig.[dl One can see that for a fixed value of
U/J., the entropy decreases as J/J, increases; that is,
the ground state is less fragmented when J > J, than
when J < J,, as we have already obtained in Fig. 4] In
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FIG. 5. Von Neumann entropy of the one body density matrix
as a function of U/J for different values of J/J . In all cases,
N =6 and M = 3.
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FIG. 6. Von Neumann entropy of the one body density matrix
as a function of U/J, for different values of J/J and particles
N: top panel (N = 18), bottom panel (N = 42). In all cases
M = 3.

the limiting case J = 0 and when U/J, > 1 the entropy
is given by Syn = In M = In 3, since the system behaves
as M = 3 bosonic Josephson junctions.

When J/J; > 0.1 and for small values of U/J, , the
ground state corresponds to a coherent state and Syn =~
0. From Fig. [5] one can see that this regime in terms
of U/J, broadens when J > J,. For large interactions
the system tends to the hard-core boson limit with a 2M
fragmented state, whose entropy is Syn = In(2M) = In6.
This regime is achieved for smaller values of U/.J, when
J < J1. The localization of the particles in different sites
requires larger interaction strengths, U/J; > 102 when
J/J, > 1, as we have commented in the previous figure.

We have extended the analysis of the condensation and
fragmentation properties for larger and commensurate
number of particles confined in the two coupled rings.

The results are summarized in Figs. [6] and [7}, where we
plot the von Neumann entropy and the eigenvalues of
the one-body density matrix, respectively, as a function
of U/J, for N = 18,42 atoms, and M = 3. In general,
the same physical behavior is obtained for all the cases
we have studied. In Fig. [f] one can see that the limiting
values of Syn do not depend on the number of atoms
confined in the two connected rings. As in the previous
case with N = 6 atoms, independently of the number of
commensurate atoms, for small interactions the system
is three-fragmented in three disconnected double-wells
when J/J; = 0, whereas for J/J, # 0 the system is
condensed. In the other limit, for large interactions the
system tends to the Mott insulator regime more rapidly
when J/J; < 1. As shown in Fig. @ this asymptotic
Mott insulator limit, Syx = In(2M), when J/J, > 1 is
reached for larger values of U/J, when the number of
atoms increases. Similarly, for a given ratio J/J, upon
increasing the (integer) filling v, the behaviour of the Von
Neumann Entropy is qualitatively unchanged, although
the asymptotic value Sy = In(2M) = In 6 is reached for
larger values of U. This property clearly emerges from
the comparison of Fig. [5] and both panels of Fig. [6]

The eigenvalues of the one-body density matrix for
N = 18 (top panels), and 42 (bottom panels) are plot-
ted in Fig. [7] for different values of the tunneling ratios:
J/J1L = 0 (left panels), J/J; = 1 (middle vertical pan-
els) and J/J; = 10 (right panels). When J/J, = 0,
since the sites in the same ring are decoupled, the system
behaves as three independent double-wells and therefore
p1 = p2 = p3 and py = p5 = pe for any value of U/J, .
For small interactions the system is condensed in the dou-
ble ring (p; >~ 1) when J/J, # 0, or in three double-wells
(p1 = p2 = ps = 1/3) when J/J, = 0. As before, for
large interactions the system tends to the Mott insula-
tor regime p; = 1/(2M) (i = 1,2,...,6). This limit is
achieved for smaller interactions U/J, when J/J; <1
for a fixed number of atoms, or for smaller number of
commensurate atoms when the tunneling ratio is fixed.

1. Incommensurate number of atoms

We have also investigated the coherence and fragmen-
tation properties of the system when an incommensurate
number of atoms (with respect to the total number of
sites 2M) is trapped in the double ring. Starting from
the commensurate situation with N atoms, we have con-
sidered the case with one added (or subtracted) extra
particle, (N 4 1) and (N — 1) atoms, respectively.

Figure [§] shows the eigenvalues of the one-body den-
sity matrix (top panel) and its corresponding von Neu-
mann entropy (bottom panel), as a function of U/J,
obtained numerically by solving the Hamiltonian for
two-connected rings, with M = 3 and 19 atoms. This
situation corresponds to adding one extra particle from
the N = 18 commensurate case studied previously with
filling factor v = 3. For small interactions, U/J, < 1,
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J/J1L =1 and right panels to J/J. = 10. Black solid line represents the largest eigenvalue pi1. The other eigenvalues p; are
shown with dashed colored lines: red p2, blue ps, green p4, violet ps and orange ps.
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FIG. 8. Eigenvalues of the one-body density matrix (upper
panel) and von Neumann entropy (lower panel), as a function
of U/Jy for J/J. =1 computed with 19 atoms and M = 3.
Top panel: black dotted line represents the largest eigenvalue
p1, the other colored lines represent the other eigenvalues.

the ground state properties are almost the same with N
or N + 1 atoms, and the ground state behaves as in the
commensurate case: Syn =~ 0, py 1, and p; ~ 0 for
j # 1. However, for large interactions U/J, > 10%, when
one atom is added, the system is not fully fragmented
as in the commensurate situation where the atoms are
localized in the sites with filling factor v = N/(2M).
Here, the extra atom is not localized since it is shared
with all the sites. Therefore the system cannot reach
the fully fragmentation limit corresponding to the Mott
insulator values p; 1/(2M) 1/6 for all i, and
S\/M = IH(ZM) = In6.

In the large interaction limit, when one atom is added

~

(subtracted) from the commensurate case, the analytical
expressions of the corresponding one-body density ma-
trix, p7 (p—), and their eigenvalues, can be obtained from
Eqgs. and @ The diagonal matrix elements are given
by p?; DD = Pagpin = 1/(2M), and the off-diagonal
elements are pé DD = (1/N)(N — 1 4+ 2M)/(2M)?
and pg; oy = (I/N)(N + 1)/(2M)%. From them it
follows the whole set of eigenvalues: the largest one is
pf = paj)(iyl) + (2M - 1)/’?;,]')(1@,1)’ and the others are
P = Piigyn ~ Pligykp- The same expressions hold for
the case of one subtracted atom, by changing the com-
p.onel?ts PEEJ-).(M) by .p@j)(k’l). These eguatio.rls can be
simplified by introducing the corresponding filling factor,
which for one added extra particle is v+ = v + 1/(2M),

L 4wM+2M —-v I 2UM — v
1

frd . = e, 8
w2 soM P T marrt oM (8)

p
It is straightforward to prove that these expressions verify
the eigenvalues relation of the one-body density matrix:
212241 pi =pf +(©2M - 1)pj+ = 1. Analogously for the
case of one subtracted particle, the filling factor is v~
v—1/(2M) and

_4VM—V—1
T 4uM?2 —2M

_2VM—V—1
T AvM?2 —2M

P

p; 9)

In the limit of large interactions U/J, > 1, the von
Neumann entropy can be also computed analytically
from the corresponding eigenvalues of the one-body den-
sity matrix, Eqs. or . In both cases S\J;N = Syns
since adding or subtracting one particle, i.e. having one
extra particle or one vacancy, is equivalent from the en-
tropic point of view. In the particular case of Fig. [§]
with v = 3 and 18 + 1 atoms, the limiting values for
large interactions computed analytically from Egs. (8]



are: pi = 13/38, p = 5/38 for j # 1, and S5 = 1.726,
which are in agreement with the numerical results cal-
culated from the Hamiltonian. In the incommensurate
case with 18 — 1 atoms, which corresponds to one sub-
tracted atom from the commensurate system N = 18,
the corresponding values in the limit of large interac-
tions are p; = 16/51, p; = 7/51, but the same entropy

vN = 1.726 as adding one atom.

C. Correlations

In general, entropy-based indicators are rather ver-
satile quantities allowing for the detection of quan-
tum phase transitions in one-component [56] and multi-
component [62H66] Bose-Hubbard models. Here, we focus
on the correlations between particles on different sites,
and we quantify it by means of the entropic indicator
I56]

Sc = —Z|ca|2ln|ca|2, (10)

where the term ¢, is the coefficient of the Fock state |a)
in the expansion |¥) = >~ ¢, |a). In essence, indicator
Sc quantifies the degree of clustering of particles in the
Fock space. The collection of all coefficients |c,|?, in
fact, can be regarded as a probability distribution over
the space of Fock states (notice, also, that it is correctly
normalized to 1, since Y |ca|? = 1).

If only one Fock state, | 3), enters in the linear combina-
tion above, as in the case of a fully fragmented state [59],
then the probability distribution is maximally peaked
(leg|? =1, |ea|* = 0,V # B), hence Sc = 0. Conversely,
if two or more Fock states have non-zero projection on
|U), then the probability distribution {|c,|?} is broader
and the associated entropy Sc¢ is non-zero. For exam-
ple, when the state of the system with N = 2M atoms
forms a single Bose-Einstein condensate, Eq. , the
Sc can be calculated analytically as S¢ = NIn(2M) —

NN N N
(1/2M) ans~~~7”2}% (n17...,n21w) lIl (nl,...,nzM)'
In Fig. [0 we plot Sc of the ground state of the two-

coupled trimers, as a function of U/.J, for the same val-
ues of J/J, as in Figs. 4| and As we have already
seen in the previous figure, when U <« J,J, the system
is almost condensed, but S presents two limiting val-
ues: Sc = 3.12 when J/J, = 0, and S¢ = 5.76 when
J/J1 # 0. The latter value is in agreement with the pre-
vious analytical expression of S¢ with N = 2M = 6.
It means that when U/J;, < 1 and J/J; # 0 the
ground state corresponds to one Bose-Einstein conden-
sate. Moreover, the system remains condensed for larger
values of the interaction U/J, as the tunneling ratio
J/J) increases. Another physical situation appears in
the particular case when J/J, = 0; the system is decou-
pled into three independent bosonic Josephson junctions
with tunneling rate J; and N/M = 2 bosons in each one.
In this case, when the ratio U/J, < 1, the bosons are

107 10" 10° 10" 10°
U/J,
FIG. 9. Sc of the ground state as a function of U/J, for

different values of J/J.. In all cases, N =6 and M = 3.
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FIG. 10. S¢ of the ground state as a function of U/J, for
different values of J/J, and number of particles: N = 18 (top
panel), and N = 42 (bottom panel). In all cases M = 3. The
color legend is the same as in Fig. [J]

occupying the same single-particle state of each Joseph-
son junction. The entropy can be also computed ana-
lytically from the three independent double wells which
yields S¢ = 3.12 in agreement with our numerical results.

In the limit of large interactions S¢ is given by S¢ — 0
for all values of J/J | ; since in this situation the state of
the system is fragmented and can be approximated by
one Fock state with one particle localized in each site
(Mott insulator regime). The largest localization with
Sc = 0 is achieved for smaller values of the interaction
U/JL as the tunneling ratio J/J, decreases. It is im-
portant to stress that if the number of particles is not
commensurate with the total number of sites this yields
Sc # 0 in the Mott limit, since the ground state is not
given by only one Fock state but by a superposition of
Fock states obtained by adding the extra particles that



are shared with all sites [11]. In the particular case of one
added (subtracted) atom from a commensurate system,
Sk (Sg) in the large interaction (Mott) regime can be
computed analytically using Eq. (). For a given number
of sites M, S, = S = In(1/2M).

From Fig. [0]one can see that for a fixed value of U/.J
the spatial correlation given by Sc, increases for larger
values of J/J; > 1 when the intra-ring coupling domi-
nates over the inter-ring tunneling. This is in agreement
with the results obtained from the previous quantities
which indicate that the condensate fraction p; increases,
and p; + p2 ~ 1, when J/J, > 1 increases. In this
case the distribution of non-zero Fock coefficients of the
ground state is larger and thus the spatial correlations.
Concerning the behaviour of S¢ in the large-N limit,
comparing Fig. [0 with both panels of Fig. [I0, one can
observe that, for a given value of J/J,, the asymptotic
limit S¢ = 0 is approached for a larger value of U/J, if
the (commensurate) number of bosons N is larger.

To get further insight into the correlations of the par-
ticles one can compute the pair correlation function be-
tween two particular sites of the system. In general, the
pair correlation between site ¢ (of ring j) and site k of
(ring ) is defined as,

(U|a af ai g an, | )
Ni.5), (kD) = - (11)
P(3,5),(i,5) Pk,1),(k,1)

The value of 7; ;) (k) gives the probability of finding
one particle in site ¢ (of ring j) when there is already
a particle in site k (of ring 1). It is possible to write
it in matrix form whose dimension is 2M x 2M, which
contains all the pair correlations between all the sites. In
our system composed by two stacked identical rings, one
can distinguish two types of pair correlations: intra-ring
correlations n'f = N(1,5),(2,5) (correlations between two
neighbor sites in the same ring coupled by J), and inter-
ring correlations n?% = NGi,1),(i,4) (correlations between
a pair of sites, connected by J,, belonging to the two
different rings).

In the two limiting regimes, the pair correlations can be
computed also analytically. Interestingly, in each regime
the intra-ring and the inter-ring pair correlations are
equal. That is, the correlations between two sites are
the same independently of the position of the two sites
considered. In the superfluid regime, the ground state is
condensed (3)) and it yields nggc = (N —1)/N. The pair
correlation is independent of the number of sites since the
atoms are completely delocalized. In the Mott insulator
regime, the ground state has v localized atoms in each
site (v € Z) and from (4) it follows my; = 1. This means
that if there is one atom in one site, the probability to
find an atom in another site is one.

We have calculated numerically the pair correlations
for two coupled trimers with N = 6 (filling factor 1),
as a function of U/J, for different values of J/J,. Our
numerical results are presented in Fig. The top (bot-
tom) panel corresponds to the intra-ring (inter-ring) pair
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FIG. 11. Pair intra-ring correlation (top) and inter-ring cor-
relation (bottom), as a function of U/Jy for different values
of J/J.. In all cases, N =6 and M = 3.
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FIG. 12. Pair intra-ring correlation (top) and inter-ring cor-
relation (bottom), as a function of U/J, for different values
of J/J.. In all cases, N =42 and M = 3.

correlations, n'f and n?f, respectively. As expected, for
small values of the interaction the system is coherent and
the intra-ring and inter-ring pair correlations tend both
to the superfluid limit (N —1)/N = 5/6, for all values of
J/J, except for the particular case J/J, = 0.

In the top panel of Fig. [I]] the pair intra-ring corre-
lation between two adjacent sites of the same ring cou-
pled by J is depicted. A different behavior is appreci-
ated when J < J, or J > J;. When J/J, = 0 the
two sites in the same ring are decoupled and the system
behaves as three independent bosonic Josephson junc-
tions. Since the two sites are independent, they become
uncorrelated and n*® = 1 for all values of U/J,. In
the other cases, when J/J; # 0 and the interaction is
small, the system is condensed and n'¥ — (N — 1)/N.



As we have seen previously from the other magnitudes
the system remains condensed for larger values of the in-
teraction when J increases, in particular when J > J; .
When J/J; < 1 the intra-ring pair correlation has a
smooth and monotonous behavior from the coherent limit
neec = (N — 1)/N = 5/6 to the Mott insulator value
nvr = 1. Whereas for J/J; > 1 the system behaves as
two weakly coupled rings and the competition between
tunneling strengths causes the appearance of a minimum
in the intra-ring pair correlation.

The inter-ring pair correlation n? is shown in the bot-
tom panel of Fig. Here we investigate the correlation
between two sites that belong to different rings but are
coupled by the tunneling strength J;. The two limit-
ing regimes appear clearly for all values J/J, # 0: the
system remains coherent for small interactions (n?% —
5/6) and tends to fragmentation for large interactions
(n*f — 1). In the particular case when J/J, = 0, the
system acts as three independent double-wells, and the
two sites behave as a bosonic Josephson junction, with
N = 2 particles and tunneling rate J, , independently of
the other sites; in this case when the interaction is small
(U/JL. < 1071Y), n?f = 1/2, and increasing the inter-
action the system goes smoothly to the Mott insulator
value myr = 1. The behavior of 2 increases for all val-
ues of the tunneling ratio except when J/J; < 1, where
a minimum appears for interactions 0.1 < U/J; < 1.

Notice that when J/J, = 1 the intra- and inter-ring
couplings are the same, and there is no physical differ-
ence between two connected sites in the same ring or con-
nected in different rings. This leads to the same curve
with J/J, =1 for n'# and 7% in both panels of Fig.

We show in Fig. the intra-ring and inter-ring pair
correlations for N = 42 and M = 3, as a function of U/J
for the same values of J/.J, as in Fig. The numerical
results tend to the limiting values obtained analytically
for commensurate systems in both limits, U/J; <« 1 and
U/JL > 1. When J/J, # 0, and for large interactions
(Mott insulator regime) n'f = 7?2 = 1, and for small
interactions n'® = n?f = (N — 1)/N = 41/42. Whereas
when J/J; =0, n'f =1 for all interactions, and n?% =
1 for large interactions. In this latter tunneling ratio,
the system behaves as three uncoupled double-wells with
N/3 = 14 atoms, therefore in the small interaction limit
n*® = (N/3 —1)/(N/3) = 13/14 which is in agreement
with the numerical results.

From Figs. [TI] and [I2] one can see that the general
behavior of the pair correlations is similar for different
commensurate number of atoms. However, the range of
variation of 7'® and 7% decreases when the number of
trapped atoms increases, approaching to 1. Moreover,
when J/J; < 1 and the number of atoms increases, the
system needs smaller values of U/J, to reach the non-
interacting limit n'f = n?f = (N—1)/N (see for instance
the red curve J/J, = 1072).

The pair correlations in the double ring system change
for large interactions in the Mott regime when we add
(subtract) a particle from a commensurate situation. In-
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serting the corresponding incommensurate ground states
in the pair correlation definition, Eq. it follows:

(M —1)v?+v(v+1)
[(2M — 1)+ (v+ 1)’

+
Wi gy, k) = 4 (12)

where + stands for adding (subtracting) an atom from
the commensurate case v € Z7T, respectively. It is
straightforward to see that the intra-ring and inter-ring
correlations (n'# and 1) are equal in this regime, since
the extra particle (or vacancy) is equally populating
all the sites. Eventually, one can verify that, both in
the commensurate and in the incommensurate case, in
the limit of large number of bosons N, the pair cor-
relations tend to 1 for any value of U/J,. This can
be observed when comparing Figs. and and can
be easily understood by computing the large-N limit of

neec = (N —1)/N and of Eq. (12).

D. Reduced density matrix: Schmidt gap and
entanglement entropy

The spatial entanglement properties of the ground
state |¥) can be characterized from the features of the re-
duced density matrix, obtained by performing a bipartite
splitting of the system [67]. We consider the two rings
as the natural partition in two subsystems in order to in-
vestigate the entanglement between them (see Fig. [L5|for
a sketch of the bipartite splitting of the system). From
the density matrix p = |¥) (¥|, tracing out the degrees
of freedom of one ring, for example the bottom one, we
obtain the reduced density matrix on the other subsys-
tem, p', that describes the state of the top ring. The
eigenvalues of p! are the Schmidt coefficients )\27 which
satisfy )\I > )\g > ..., and ), )\2 = 1. The coefficient
)\E represents the probability of finding k particles in the
top ring without measuring the number of particles in
the other ring [17].

The Schmidt gap is defined as the difference between
the two largest coefficients of the Schmidt spectrum:
AN = )\1 — )\g, and it quantifies the entanglement of
the two subsystems [67]. In the case of two subsystems
without entanglement the Schmidt gap is AAT = 1, and
the state of the system can be written as a product state.
Whereas when AXT = 0 there is a large entanglement
between the two subsystems and the total state of the
system cannot be expressed as a product state.

An alternative description of the entanglement be-
tween the two rings (subsystems) can also be ob-
tained from the single-ring von Neumann entropy, de-
fined as ST = —Tr(p'logp'). Using the eigenvalues
of the reduced density matrix, we can rewrite ST =
- )\1 log )\; In the Mott insulator regime, since there
is only one non-vanishing Schmidt coefficient )\1 =1, this

leads to SK/H = 0. In the other limit, when the system is
superfluid, the state is not separable in the two rings and
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FIG. 13. Schmidt gap of the reduced density matrix of the
top ring as a function of U/J, for different values of J/J, .
In all cases, N =6 and M = 3.

the entanglement entropy is non zero, SEEC # 0. Trac-
ing out one of the rings in the density matrix we obtain
the following expression for the reduced density matrix

p! (see equation (A5) in the appendix),
PP =" bn@m(@)CamChnla) (B, (13)

a,f m

where n(«) is the number of particles of the Fock state
|} in the top ring subspace, and C,, ,, are the coefficients
of the ground state in the Fock basis of the two rings
system.

In Figs. [13] and [14] we plot the Schmidt gap and the
entropy associated to the Schmidt coefficients of the sub-
system formed by the top ring, with N =6 and M = 3.
The two limiting cases appear clearly in both figures:
large tunneling couplings U/J; < 1 (superfluid limit)
and large interactions U/J; > 1 (Mott insulator limit).
The Mott insulator regime (AAT = 1 and ST = 0) is
reached for different values of the interaction strength
U/J. depending on J/J . In this regime the state of
the system is localized, with v atoms in each site (when
v € Z). Thus, it corresponds to only one Fock state that
can be written as a product state of the top and bottom
ring subspace. Therefore the two rings are decoupled.
Since they are not entangled, it means that AAT = 1.

In the other limit, when U/J; — 0 and U/J — 0 (with
J/J1 # 0), we have checked that the first (N+1) Schmidt
coefficients that we have obtained numerically are equal
to )\2 = Q’N(]Z), with £ = 0,1, ..., N, that correspond to
the Schmidt spectrum of a bosonic Josephson junction,
see equation in the appendix, whereas the remaining
Schmidt coefficients vanish. Thus, when the system ap-
proaches the coherent regime and N is evelﬂ, the Schmidt

1 Note that in the superfluid regime, due to the binomial distribu-
tion, the Schmidt gap will always vanish when N is odd.
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FIG. 14. Entanglement entropy ST as a function of U/Jy for
different values of J/J,. In all cases, N = 6 and M = 3.
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FIG. 15. Sketch of the bipartite splitting of the system. Each
ring acts as a subsystem.

gap is given by A)\TBEC = 2-N [(N]\/’2) — (N/;Cl)}. In
this regime the atoms are delocalized and therefore the
probability to find a particle in one site is the same in
all the sites, leading to a binomial distribution. In our
case AN = 5/26 ~ 0.08 as it appears in Fig. [13| when
U/JL < 1. In this regime, when one ring is traced out,
the system presents the same features as one bosonic
Josephson junction. Thus, each ring behaves as an effec-
tive single site, while the whole system acts as an effective
bosonic Josephson junction between the two rings.

In Fig. we show the entanglement entropy of the
top ring. For large values of the interaction U/J, the
system tends to the Mott insulator value ST — 0. On
the contrary, in the coherent regime when J/J; # 0,
ST ~ 1.62, which corresponds to the entanglement en-
tropy for one site in a bosonic Josephson junction (with
N =6): 8T = Nin(@) — 27V 50, () In (¥) (see ap-
pendix). This limit is not reached when J/J; = 0 since
in this case the tunneling between the sites in the same
ring vanishes and the system corresponds to M = 3 un-
coupled bosonic Josephson junctions. In this situation



the ground state is the product state of three individual
Josephson wave functions which yields ST ~ 3.1.

From the above entanglement results, it follows that
the ground state of two-coupled discrete circuits, when
the number of bosons is even, can only be written as a
product state of the two rings separately when the inter-
action is large in front of the tunneling (Mott insulator
regime).

Let us consider a non commensurate number of atoms
in the double ring. Figure [16] depicts the numerical cal-
culations of the Schmidt gap (top panel) and the Schmidt
entropy (bottom panel) of the top ring for a system with
M = 3 and 19 atoms. It corresponds to adding an extra
atom from the commensurate case with N = 18. In the
limit of small interactions the system has the same phys-
ical behavior independently of the number of trapped
atoms; there is a macroscopic occupation of a single par-
ticle state, and therefore p; >~ 0. The state of the system
cannot be expressed as a product state of the two rings,
then AXT ~ 0 and the two rings are entangled. Notice
that for an odd number of particles, which is incommen-
surate with 2M sites, the Schmidt gap always vanishes
for any value of the interaction U/J, and therefore the
system is always entangled, as it shown in the top panel
of Fig.

As we have already previously discussed, in general, for
large interactions the physical quantities are more sensi-
tive to the non commensurability: the ground state is
composed by a certain number of Fock states, due to
the fact that the extra particle is shared between all the
sites, and the two rings become entangled. In particu-
lar, when the system has one added (subtracted) atom
from a commensurate case, the ground state can be de-
scribed by Eq. . In this situation the reduced density
matrix and therefore the Schmidt coefficients can be an-
alytically computed. It follows that there are only two
non-vanishing Schmidt coefficients N = )\I = 1/2, which
leads to AXT = 0 and ST = In(2). These limiting val-
ues are in agreement with the numerical results shown in
Fig. for large interactions (U/J, > 10%). As expected,
this situation is clearly different from the commensurate
one where AA" =1 and ST = 0 (see Figs. [13] and [14).

Eventually, it is worth emphasizing that the entangle-
ment entropy has proved to be a rather effective indica-
tor in detecting the occurrence of the superfluid-Mott-
insulator transition (see Ref. [68, 69] and references
therein). In general, if one considers the well-known
(J/U, 1/U) phase diagram of the Bose-Hubbard model
(where p is the chemical potential), it is possible to draw
constant-filling lines, both in the commensurate, and in
the incommensurate case. Moving from the weakly in-
teracting to the strongly interacting regime along a com-
mensurate constant-density line, the tip of the v-th Mott
lobe is crossed before entering in the lobe itself. Accord-
ingly, the entanglement entropy is known to exhibit a
characteristic behavior [68]: it is non-zero in the super-
fluid region, maximum at the tip of the Mott lobe, and
zero inside the latter. Indeed, this is exactly the scenario
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FIG. 16. Schmidt gap AAT (top panel) and entanglement
entropy ST (bottom panel) of the top ring, as a function of
U/J. for different values of J/J.. In all cases, N = 19 and
M =3.

which emerges from the analysis of our two-ring system
(see the red solid and the green dot-dashed lines in Fig.
. Conversely, if one moves from the weakly interacting
to the strongly interacting regime along an incommen-
surate constant-density line, no phase border is crossed.
This is because such a line ends up being wedged between
two adjacent Mott lobes in the (J/U, u/U) plane, a cir-
cumstance corresponding to the fact that the superfluid
solution is resilient to strong interactions. The entangle-
ment entropy along this constant-density line is known to
be a smooth function of the interaction and, as opposed
to the commensurate case, it does not tend to zero in
the strongly interacting regime. This is exactly what we
observe when we compute the entanglement entropy of
our two-ring system in the incommensurate case (see the
bottom panel of Fig. .

V. CONCLUSIONS

In this work, we have considered a bosonic two-ring
ladder, a system which is of particular interest in the
emergent field of Atomtronics [5], as it can be suitably
engineered to work as a supercurrent-based qubit de-
vice, it allows to explore magnetic-like phases in the
presence of artificial gauge fields, and it is prone to
disclose a rather rich dynamical scenario where persis-
tent currents and vortices can tunnel between the rings.
In addition, the two-ring ladder system does interpo-
late between other two classes of prototypical atomtronic
devices: the famous double-well geometry (also known
as bosonic Josephson junction) and the (single) Bose-
Hubbard ring. Since we explored extended ranges of
model parameters, the presented results have captured
not only standard "asymptotic limits", but also inter-
esting cross-over regimes, where the competition among



different couplings is at its most crucial.

Within a simple analytical framework and by means
of the exact numerical diagonalization of the system’s
Hamiltonian, we have investigated the static properties
of the ground state. We have shown that the competi-
tion between the two tunneling strengths (intra-ring and
inter-ring coupling), together with the interaction, deter-
mine the quantum properties of the two connected rings.
We have also discussed the effects of the non commen-
surability when one atom is added (subtracted) from the
commensurate situation, and we have shown that these
effects become more important for large interactions.

First we have studied the single-particle ground state,
which can be interpreted as different configurations of the
same type of vortex states in both rings. Then we have
considered the interacting system with different number
of trapped atoms, providing a comprehensive analysis of
the quantum features of the system. We have investi-
gated the coherence and fragmentation properties, where
we have found that the tunneling parameter J is domi-
nant in comparison with J,. We have also studied the
quantum correlations between sites. In general, the pair
correlations increase with the interaction. However, there
is a range of values, J/J, > 1 (J/JL < 1), where there
is a competition between tunneling strengths that causes
the appearance of a minimum in the intra-ring (inter-
ring) pair correlation for moderate values of the interac-
tion. We have studied the entanglement of the ground
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state between the two rings computing its reduced den-
sity matrix. We have pointed out that in the superfluid
case the non-null Schmidt coefficients of the system are
the same as of a bosonic Josephson junction, and that the
system is always entangled when the number of trapped
atoms is incommensurate with the total number of sites
of the system. Thus, the ground state can only be writ-
ten as a product state in the Mott-insulator regime and
with an integer value of the filling factor.

These results show a number of interesting quantum
features such as correlations between two sites and quan-
tum entanglement that can be used to design atomtronic
circuits with two linearly coupled stacked rings.
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Appendix A: Reduced density matrix of one ring

In order to obtain the set of eigenvalues {)\Z} or Schmidt spectrum, one has to obtain the reduced density matrix
p! by tracing out the degrees of freedom of the other ring. We present the general case of two coupled rings with M
sites each one, and N particles. The dimension of the corresponding Hilbert space 57 is given by dim () = N I%M =
(N +2M —1)!/[N!(2M —1)!]. We consider the bipartite splitting in two subsystems which are given by the two rings
4 and . The dimension of this two subspaces is equal, given by dim(s4) = ij:o NM = %N ]j\\,/[le , but
H # 74 @ . The many-body ground state expressed in the Fock basis of the whole system reads,

=

n1,Mn2,...,N2M

(A1)

CnlannH;nZAI |TL1, na, --'7n2]V[> P

where n; are number of particles on site k. The first sites k¥ = 1,...M correspond to the top ring, whereas k =

M +1,..2M to the bottom one. Since the total number of atoms is N = Z?ﬁ ny, we can rewrite the many-body
state using this constraint:

|¥) = Z Cn17~-,nM,nM+1,~-7n2M71 (A2)

{nk}

aM—1
Ny ey DAL M1 -y N2 =1, N — E ng ).
=1

The eigenvectors of the Fock basis can be expressed as a product of the Fock basis elements corresponding to the
subspaces of each ring:

|n17 s AL TUN 15 +ees n2M> = |’I’L]_7 7nM>T ® (AS)

2M—1
MM +15 -+ N2M—1, N — E n ) .
=1 1
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The reduced density matrix of the top ring, p', is obtained by tracing out the degrees of freedom of the other
subsystem:

pr="2> (man| ® ... ® (marsa (19) (¥]) [marsr) ® ... © [mons)

{mw}
2M—1
=2 2 2 | T Gnmidngme | O sttt s O 52
{mp} {ne} {n},} \I=M+1
* A A
X Chy..oomang -1 C , [11y ey g ) (MY ey Ry |

(RN SV

Z Z Z 5N_Z 1= Zz g\/1+17m2M5N_ZlA

M—-1
Zl M41M2M

{mi} {n} {n}}
* ’ /
X Cﬂl7---,71M~,mM+1,-~7m2M 1Cn1, SMATM A1, M2 —1 |n17 7nM> <n17 7nM‘
. *
- E E E 5Z{Vi1 n, M n;Cnl7---1"M~,mzw+11-~7m21v1 1Cn1, MM AL, M2 M —1 |7”L1, vnM> <n17 vnM‘ . (A4)

{mi} {nx} {n}}

Note that the condition 52% M in the previous expression is crucial, since only Fock states |nq,...,ny) and

1 n
(n},...,n,| that have the same number of particles, i.e, Zlﬂil n; = Zzh; ny, will contribute. This will be very useful
in order to perform numerical computations.

The following steep is to diagonalize p' in order to obtain the eigenvalues {)\j} and from the two largest ones

compute the Schmidt gap. In general, for any number of sites M and particles N the matrix p' is given by:

> D du@m® CamCim la) (Bl (A5)

where n(a) is the number of particles of the Fock state |@) in the subspace of the top ring, /4.

This expression is valid for any system in which the bipartite splitting leads to two equal subsystems with the same
dimension. For instance, consider N bosons in a Josephson junction with two sites. The many-body state in the
superfluid regime (when the tunneling is larger than the interaction) is given by:

[Wst) 2N/22“ |n N —n) . (A6)

The bipartite splitting corresponds to each site. Therefore, the eigenstates of the subspace % are the Fock states of
the top site like |n). The reduced density matrix p' is diagonal, whose eigenvalues (and the Schmidt spectrum) are
given by the binomial distribution Ay = 27V (]T\L[ ) This leads to the following analytical expressions for the Schmidt

gap ANT =27V [(ij/f2) - (N/];Ll)] (for N even), and the entanglement entropy S4 = N1n(2) — 2~ fozo (]Z) In (JZ)
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