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Abstract: We study the radiation reaction force in electrodynamics, reviewing a derivation of the
Lorentz-Dirac equation. Then we treat the case of a non-relativistic binary system, which becomes
unstable due to the radiation reaction force, and study the evolution of its orbital parameters and
the decay time. Finally, we solve the relativistic case numerically and compare it with the non

relativistic behaviour.
I. INTRODUCTION

When a charged particle is accelerated it emits radia-
tion, leading to a loss of energy. In classical Electrody-
namics, such phenomenon is described by the Lorentz-
Dirac equation, which includes the radiation reaction
force. If taken seriously, the equation predicts a fast
decay of electron orbits around atomic nuclei, in contra-
diction with the existence of chemically stable matter.
Of course, the behaviour of electrons in atoms is outside
the scope of the classical theory, and requires a quantum
description.

Nonetheless, the classical study of radiation reaction in
two body systems of charged particles is simple enough
to make some analytic progress, which may in fact be
of more than just academic interest. There are physical
situations where this can be a reasonable approximation.
For instance, it may have interesting applications when
studying classical Rydberg-like atoms [1]. Also, it can be
used to describe the decay of ”monopolonium” a bound
state of magnetic monopole and antimonopole that may
have formed in the early universe [2]. Monopoles are
rather massive topological defects that behave classically,
and hence the Lorentz-Dirac equation seems very appro-
priate to describe the evolution of monopolonium bound
states. The radiation emitted by such bound states could
be experimentally observed, yielding information about
physical processes at energies ranging from current ac-
celerators to the grand unification scale [2, 3].

In this work, we review a derivation of the Lorentz
Dirac equation in its covariant form, commenting on cer-
tain issues it presents, such as pre-acceleration and run-
away solutions. This is done in Section II. In Section
IIT, we use this equation to study a binary system of
two particles with opposite charges +¢ and —g. We will
study the behaviour of their orbits in the non-relativistic
regime, and the secular changes in the orbital parameters
(such as eccentricity and semi-major axis) due to the ra-
diation reaction. Finally, in Section IV, we will perform
a numerical treatment in the relativistic case, where the
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orbits precess, and quantify to what extent the results
depart from the non-relativistic analytic treatment. Our
conclusions are presented in Section V.

II. THE LORENTZ-DIRAC EQUATION

In order to obtain the equations of motion of a charged
particle we can use the Lorentz force caused by an elec-
tromagnetic field F*?. Knowing that the moving particle
creates its own electromagnetic field, which we can call
F8. we can consider the total field as the sum of the

external field and a radiation reaction (rr) field
ma® = qFgug + aF5 up. (1)

Following [4], we need to calculate both the advanced and
retarded potentials A%, (z) and A%, (z), because half the
addition of both gives rise to the Coulomb field, and half
the subtraction gives rise to the rr term [5]. They have
the support in the past and future light cones respectively
of the point x in which we are calculating the field.

We let u and v be the proper time in which the world
line of the particle intersects the past and future light
cones respectively, called the retarded and advanced
times. Now we shall call 2%(u) and u®(u) the position
and velocity of the particle in these points. To define
a notion of distance between these points and x we
consider the scalars r» and 7,4, as:

If we compute these scalars in the momentarily co-
moving Lorentz frame (MCLF), in which the particle is
momentarily at rest (u® = 65) we can see that they cor-
respond to the distance between the points z and x, and
so we call them the retarded and advanced distances re-
spectively.

The retarded potential is given by the usual Liénard-
Wiechert expression, which reads:

u®(u)

Aget(m) =4q T’(.T) .

3)
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The form of the advanced potential will not be as sim-
ple, as we want to express it in the retarded coordinates.
Since we are interested in points close to the world line,
we will have to expand both u®(v) and rq4,(z) around
r = 0. To do so we define A7 = v — u. Furthermore, we
introduce the null vector

K (z) = [z = 2%(w)], (4)

and the scalars ay = k*(z)aq(u), ar = k*(z)aq(u), and
a? = a®(x) an(u). Here the dot in a, represents a deriva-
tive with respect to the proper time. Keeping in mind
that z(v) is in the light cone of = we obtain the following

relation between At and 7:

AT =2r [1 —apr + (ai - %aQ - zdk> r? + (’)(r?’)] .

The expansion of z%(v) and u®(v) in terms of At is
straightforward, and it reads:

z2%(v) = 2%(u) + u*AT + %GQAT2 + éaami” + O(ATY),
1
u®(v) = u*(u) + a“AT + id”‘ATQ + O(AT?).

(6)

If we now substitute (6) and (5) into (2), after some alge-
bra we obtain the desired expressions for r,q, and u®(v):

Tado =T + g(a2 + ag)r® + O(r?), )
u®(v) = u®(u) + 2a%r + 2(a® — axa®)r* + O(r?).

Plugging these into the advanced version of (3) we get
the following vector potential:

© (@) = 4 + 2qa® + 24 — aja®
T

1 (8)

—g(a2 + ag)u®r + O(r?).

We want to calculate the potential on the world line, so
all terms of order 72 or higher will vanish after differen-
tiation.

Considering that the term of the potential correspond-
ing to radiation reaction is A% (x) = (A%, — ASy,)/2 we
now find that the rr field is

2
FoP = —gq(aauﬂ —u®a?). (9)
If we now substitute this into (1) we obtain
« « 2 2/sa « - B
ma :Fezt+§q (5[3 +u ,’LLB)(], ) (10)

which can also be expressed as

2
ma® = F, + §q2(d0‘ — a?u®). (11)
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This is the Lorentz-Dirac equation. This equation
presents a number of problems, which are nicely reviewed
in [5].

First of all, we can see that it involves the time deriva-
tive of acceleration, meaning it is a third order differ-
ential equation. Therefore we should need more initial
conditions than just the position and velocity, something
quite problematic. Also, consider the non relativistic case
where a force is turned on at ¢ = 0 and then stays con-
stant. We obtain the following solution:

a(t) = e'/t [b - % (1 - e—t/ta) @(t)} . (12)

where tg = 2¢?/3m. As we can see for arbitrary val-
ues of b the acceleration grows exponentially with time
even though the force is constant. These type of solu-
tions are called runaway solutions. We can get rid of this
behaviour by setting b = f/m, being this the third pa-
rameter we needed. The problem is that in this case the
acceleration of the particle is affected by the force acting
on it at later times, violating the principle of causality.
This phenomenon is called preacceleration.

These problems are due to the fact that we considered
the particle to be point-like, ignoring all of its multipole
terms, which would not negligible in a regularized ver-
sion of the world line where the particle has finite size.
To avoid this problem we can use a technique known as
reduction of order, discussed in [5] and [6], with which
we obtain the modified Lorentz-Dirac equation:

« (% 2 « (073
ma® = F%, + gq2(5ﬁ +uCug)Fl, (13)

where we have basically assumed that the time deriva-
tive of the acceleration is mostly due to the time deriva-
tive of the external force. This is justified by the fact
that the radiation reaction force is suppressed by a fac-
tor (to/tc), relative to the external force, where t. ~ a/a
is the timescale in which the acceleration changes signif-
icantly, and we assume t. > t3. In the non-relativistic
regime, Eq. (13) reads:

o+ 2L 4

ma = Fez + I et (14)
This equation presents no runaway solutions or preaccel-
eration, and has the same degree of accuracy as the orig-
inal, which is up to corrections of order (to/t.)%. There-
fore this is a better candidate to describe the motion of
a point charge.

III. NON-RELATIVISTIC LIMIT

Let us now consider two charges of opposite sign,
bound to each other in non-relativistic motion. In this
case the orbits are nearly elliptical. Following Landau
and Lifshitz [4] (see also Peters [7] for the related case
of gravitational radiation), the orbit will be described by
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its eccentricity e and its major semi-axis a. If there was
no radiation reaction force, these two would be constants
of the motion, but the emission of radiation causes a loss
of energy and angular momentum, leading to a change
in time of said parameters. From now on we will use the
electrostatic CGS system of units, so the speed of light ¢
will appear in the equations.

In an elliptical orbit the parameters a and e define the
energy and the angular momentum as follows:

E:—% L = /paa(l —e?), (15)

where « is the constant of the interaction between the
particles. In the Coulomb case it reads o = |q1¢2].

For the following calculations we will restrict ourselves
to the non-relativistic limit, and we will also treat the
radiation reaction as a perturbative term. Therefore we
will consider the orbiting charge to describe an unaltered
trajectory, and then calculate the losses of energy and
angular momentum upon the completion of such orbit.

The equation of motion for the particle will read:

r
r=—a—. 16
L 3 (16)
The expression for the intensity of the radiation of two
moving charges in the non relativistic limit is given by
the Larmor formula:
2 .2
I=—d. 17
3.3 (17)
Where d is the dipole moment, which can be expressed
as:

d:u(ql—%)rzuﬁr. (18)

mi ma

w1 is the reduced mass and r is the relative position be-
tween the charges r; — ro. With the help of (16) and
substituting (18) into (17) we obtain:

1

202
I= ﬁ274. (19)

T 33

Now we have to average this intensity through a full pe-

riod, (I) = + fOT Idt. Using the ellipse equation and the
definition of the angular momentum, L = ur2fl—f we can
switch from an integration over time to an integration

over the angular coordinate ¢. This results in:

<‘f§> :—<I>:—303[142((f25;)5/2 [1+622]. (20)

Now, the loss of angular momentum can be calculated
from an equivalent definition, L = } r x p. We want
to obtain its variation over time, L = Y r x f. The
force acting upon the particle can be decomposed into the
Coulomb force and the radiation reaction force, where the
former will not cause a change in the angular momentum

Treball de Fi de Grau

of the system. Thus, the change we are looking for will
come from the latter, which acting on one charge reads:

2q; -
_ iy

f, = . 21
303 (21)
Hence, the angular momentum will read:
dL 2 2
dL 2 d - ..
—=—| = — . 2
ey (dt(d xd) —d x d) (23)

The first term of the last expression will vanish upon
averaging as we consider the charges to be in a periodic
orbit. Therefore, the desired expression will be:

dL 28%2u% .

E = — 303 (I‘ X I') s (24)
AL 208 L
A (25)

Using a process similar as the one used in the calcula-
tion of the intensity we find:

dL 20372 1/2 32
dL\ _  22°7°p 77" (26)
dt 3c3a®/2(1 — e2)

Using (15) and the chain rule we can calculate the

expressions for the major semi-axis and the eccentricity,
and we obtain:

da\ 4032 e2
<dt> T 3c3a2(1 — e2)5/2 [1 * 2] ’ (27)

d 32
<dt> - ‘me- (28)

Thus, during the decay of the orbit we can relate the
eccentricity and the major sem-axis with the following
differential equation:

(i) sa [t e

This equation can be resolved upon integration, and leads

to:
4/3 2
e 1—e5
= — . 30
¢ <€0> (1—62) 30)

It would also be interesting to calculate the decay time of
the system, and to do that we shall substitute (30) into
(28), obtaining:

de_ o (-2
dt a1l —e?)3 e3 ’
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If we now integrate the differential equation from eg to
0, we will obtain the decay time T'(ao, eo)

Aad(1—ed)? 2—e3
o) ==t [ @

Note that for a given initial major axis ag (or correspond-
ing binding energy Fy) the life-time is significantly re-
duced if the orbit is very eccentric.

IV. NUMERICAL STUDY

To check the results obtained in the previous section we
will compute the collapse of the system using numerical
methods. The system will be treated relativistically, but
it will have some other simplifying assumptions. We will
consider the limit where one of the charged particles is
much more massive than the other, and hence stationary,
effectively transforming this into a one body problem. In
this case, the dipole moment will become d = ¢gr. Using
the equation we obtained in (11) we obtain the following
relativistic expression for the radiation reaction force:

Freae = g(]2 |:d (721‘ + 74 (I‘ : I‘) I') -

3 dt (33)
(7‘%2 A0 (5 - f)Q) i‘} .

Where now the dots represent derivatives with respect to
the coordinate time. The equation of motion reads:

d
7(m’yr) = _% + Freac~ (34)
dt |7“‘

We will also treat radiation reaction as a perturbation
term, and assume the derivatives in (33) to come from
(16). This way we obtain a second order differential equa-
tion which can be easily solved using a Runge-Kutta of
order 4.

In order to obtain the parameters of the orbit a and e,
the maximum and minimum distances to the focus 7,4z
and 7,,;, are calculated upon the completion of every
orbit, and we define a and e as:

_ Tmaz T Tmin

~ Tmaz — Tmin (35)
2 Tmaz T Tmin

Where they do not have to be understood as the semi-
axis and eccentricity of an ellipse, because the relativistic
orbits are no longer ellipses and manifest precession (see
e.g. [8]).

To check the results obtained in the last section we will
first calculate the orbits in the non relativistic regime.
We will start with an initial value of the major semiaxis
of a = 10~8¢m (which is comparable to the Bohr radius),
the electron charge ¢ = 4.803 - 10~ %statC and an orbit-
ing particle with the electron mass m = 9.109 - 10~2%g.
If we plot the logarithm of the major semiaxis as a func-
tion of eccentricity, we obtain Fig. 1. The initial speed

Treball de Fi de Grau
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logla/cm]

FIG. 1: Major semi-axis as a function of eccentricity for an
electron orbiting a heavy nucleus of equal and opposite charge,
for three different initial values of e. The initial size of the
orbit is comparable to the Bohr radius, and the motion be-
comes mildly relativistic, with (v/c) ~ 0.1, towards the lower
range of plotted sizes. Time evolution is indicated by an ar-
row. Thick coloured lines represent the numerical evolution,
which agrees very well with the thin black lines corresponding
to the analytic result Eq. (30).
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FIG. 2: Charged particle orbiting the nucleus, with an initial
semiaxis of ag = 1.8 - 107 %¢m. The orbits precess and their
size decreases over many iterations.

in this case is of order (v/c) ~ apy ~ 1072, where
apm X ¢ /hc is the fine structure constant, and then
scales as (v/c) o< a~'/? as the radius decreases, with
(v/c) S 1071 down to distances of order a 2 3x 10~ em.
The numerical results, plotted in thick colored lines ob-
tained are in very good agreement with the analytical
results obtained in the previous Section, which, for com-
parison, are plotted as thin black lines for different values
of the initial eccentricity.

The typical orbit is illustrated in Fig. 2, where we
see that it precesses, and that its size shrinks over time.
In Fig. 3 we plot the decay time as a function of the
initial major semiaxis, for an orbit with negligible eccen-
tricity [on a logarithmic scale, the effect of eccentricity
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would only be noticeable for (1 — ep) < 1]. The effect
can be quite substantial even if the initial orbit is only
mildly relativistic. The decay time departs from the non-
relativistic expression (32), where it is proportional to a.
In the relativistic regime the radiation reaction force in
(33) is greater due to the gamma factors, and thus the
particle spirals to the center at a faster pace.

V. CONCLUSIONS

We reviewed the derivation of the Lorentz-Dirac equa-
tion using covariant methods. This is an equation with
third derivatives of position, and is riddled with problems
such as runaway solutions and pre-acceleration. These
can be addressed by using a reduction of order method,
which leads to a modified version which does not have
such pathologies and has the same level of accuracy.

We have then studied a classical binary system in the
non relativistic limit, calculating the evolution over time
of the orbit parameters and the decay time of the system,
which spirals into the center radiating away its energy,

and losing its eccentricity along the way too. Highly ec-
centic orbits decay much faster than circular ones, ac-
cording to Eq. (32).

We then solved the relativistic equation using a Runge-
Kutta method of order 4. The results agree with the
analytic results in the case of an electron orbiting at an
initial semi-axis of 1 A. This is comparable to the Bohr
radius and therefore a non-relativistic approach should be
enough to describe Rydberg-like atoms, where the elec-
trons are in highly excited states further away from the
nucleus.

As we probe into smaller values of the initial size of
the orbit, relativistic effects begin to take importance
and the reaction force increases leading to smaller de-
cay times. This observation is not particularly useful for
the case of electrons in an atom, where orbitals of size
comparable to the Bohr radius already require a quan-
tum mechanical treatment. However, it could be of rele-
vance in the case of monopolonium, where the magnetic
charges behave classically even in the relativistic regime.
The life-time of non-relativistic bound states scales like
T x M?q,*a3, where g, ~ ¢~ ! is the magnetic charge.
Since the mass of a monopole in grand unified theories
can be of order M 2 10'6GeV (rather than m ~ 0.5MeV
for the electron), the corresponding lifetime can easily be
comparable to the age of the universe or larger, even for
microscopic initial sizes. It would be interesing to con-
sider the impact of relativistic effects on the lifetime of
monopolonium in specific cosmological scenarios. This
issue is left for further research.

Acknowledgments

I would like to thank my advisor Jaume Garriga for
helping me throughout the whole project. I would also
like to thank my family and friends for the advise and
moral support throughout the duration of the semester.

[1] D.C. Cole and Y.Zou Simulation Study of Aspects of
the Classical Hydrogen Atom Interacting with Electro-
magnetic Radiation: Circular Orbits Journal of Scientific
Computing, Vol. 20, No. 1, (2003)

[2] C. T. Hill, Nucl. Phys. B224, 469 (1983).

[3] Monopole-antimonopole bound states as a source of ultra-
high-energy cosmic rays.J. J. Blanco-Pillado and Ken D.
Olum (1999) arXiv:astro-ph/9904315v1

[4] L.Landau and E.M Lifshitz The classical theory of fields
Institute for Physical Problems, USSR Acamy of Sci-
ences Pergamon Press Ltd., Headington Hill Hall, Ox-
ford. Third Revised English Edition. 1971. (Chapter 9)

[5] An introduction to the Lorentz-Dirac equation E. Poisson
arXiv:gr-qc,/9912045)

[6] A reduction of order two for infinite order Lagrangians X.
Jaén, J.Llosa and A.Molina, Phys. Rev., Vol. 34 Number

Treball de Fi de Grau

8 (1986)

[7] P.C. Peters Gravitational Radiation and the motion of
two point masses, Phys. Rev., Vol. 136 4B (1964)

[8] Unfamiliar trajectories for a relativistic particle in a Ke-
pler or Coulomb potential. Timothy H. Boyer (2004)
arXiv:physics/0405090

[9] J.D Jackson, Classical Electrodynamics, John-Wiley &
Sons, New York, 2nd. ed. (1975)

[10] D.C. Cole and Y.Zou Simulation Study of Aspects of the
Classical Hydrogen Atom Interacting with FElectromag-
netic Radiation: Elliptical Orbits Journal of Scientific
Computing, Vol. 20, No. 3, (2004)

[11] No Starobinsky inflation from self-consistent semiclassi-
cal gravity Joanathan Z. Simon, Phys. Rev., Vol. 45 Num-
ber 6 (1991)

Barcelona, June 2021



