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A simple expression for the Gibbs free energy of formation of a pure component or a eutectic
alloy glass, relative to the stable crystalline phase (or phases) at the same temperature is
deduced by use of thermodynamic arguments. The expression obtained is supposed to apply
to both monocomponent and multicomponent liquid alloys that might become glasses from the
supercooled liquid state, irrespective of the critical cooling rate needed to avoid
crystallization.

I. INTRODUCTION

The ability of molten alloys to form metastable non-
crystalline structures is of significant practical and theoreti-
cal interest and is the subject of many studies.1"8 One of
the important quantities appearing in the thermodynamic
prediction of glass formation is the Gibbs free energy dif-
ference between the crystallized material and the compet-
ing but metastable glassy alloy phase.9 From phase diagram
calculations it is possible to estimate the thermodynamic
properties of the liquid and crystalline phases over a wide
temperature interval.10 Now, it is well known that at the
glass transition temperature the supercooled liquid be-
comes a glass. The nature of the glass transition phenome-
non is a question that remains open.11'12 Nevertheless, one
thing is recognized to be quite general: at the glass transi-
tion temperature the heat capacity decreases sharply and
takes, for the glass, a value very similar to that of the crys-
tallized material.

One of the formulae which has proved to be very
fruitful in describing the free energy difference between
the supercooled liquid and the crystal was established
some years ago by Hoffman,13 and it is currently used to
estimate the rate of nucleation and growth of crystallites in
supercooled liquids.14"17 Further expressions have been
derived by Jones and Chadwick,18 Thompson and Spaepen,19

Dubey and Ramachandrarao,20 and Battezzati and Garrone.21

However, little attention has focused on the very related
concept of the free energy of formation of the glass.

In this paper we want to derive a simple expression
for the Gibbs free energy of formation of a glassy alloy
based on pure thermodynamic considerations. The way to
achieve that purpose is defined in the following manner.
First of all, we will consider the situation of a pure sub-
stance (element or compound) or a eutectic alloy. Then we
will obtain an estimate of the sharp decrease of the heat ca-
pacity of the liquid at the glass transition region when it
becomes a glass, in terms of the melting entropy. Further,

we will comment on the formulae already deduced in the
literature to describe the Gibbs free energy difference be-
tween the supercooled liquid and the crystal. Then we will
establish an approximate formula for the Gibbs free energy
of formation of what we will call an "ideal" glass. Finally,
we will discuss carefully the implications of the applica-
tion of the concept of "ideal" glass to a eutectic alloy to
obtain its free energy of formation.

II. EVALUATION OF THE GIBBS FREE ENERGY
OF FORMATION

A. Estimation of the value of ACP

In good glass-forming systems the heat capacity of the
supercooled liquid, Clp, is higher than that of the crystal,
Ccp. As a consequence, the entropy of the supercooled liq-
uid decreases more rapidly than that of the crystal with
lowering the temperature. Now, at the melting point, Tm,
the entropy of the crystal is lower than that of the liquid.
Nevertheless, if that behavior of the heat capacity is ex-
trapolated at low enough temperatures, at some tempera-
ture Ts (higher than the absolute zero) the entropy of the
liquid will become equal to that of the crystal and, even, it
will be smaller at T < Ts. As first stated by Kauzmann,22

it is unlikely that this will ever occur. Therefore, the heat
capacity of a real glass-forming liquid has to decrease at
a temperature near but higher than Ts. In practice this
implies that the material should become a glass at a tem-
perature Tg > Ts. Then Ts is the lower limit of the glass
transition temperature, Tr

If, for simplicity, we assume that ACp = Clp — Cp is
constant in the temperature interval Ts < T < Tm, the
equality

= SC(TS) (1)

with S (Sc) the entropy of the liquid (crystal) leads to
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A5 =
Aff.

(2)

with ASm (AHm) the melting entropy (enthalpy).
Therefore, as previously stated by other authors,1921

with the preceding assumption one obtains

AC, = a = aASm (3)

where

1

It is well known that in general the ratio Tg/Tm = 2/3 for
good glass-forming systems23 and that ratio may decrease
down to about 1/2.24 As in real systems Tg > Ts, this leads
to the estimate that Tm/Ts has a value between about 1.6
and 2.2, the first value being retained for very good glass
formers. With these estimates introduced in Eqs. (3) and
(4) we obtain, as depicted in Fig. 1, that ACp will com-
prise between about 1.3 and 2.1 times ASm, the last value
corresponding to very good glass formers. The relationship
between the quotients ACp/ASm and Tm/Ts will be very
useful to estimate the Gibbs free energy difference be-
tween the liquid, G1, and the crystalline material, Gc,
AG = G' - Gc, at high supercooling.

Other estimates have been given in the literature. For
instance, Battezzati and Garrone21 assume that the upper

limit of a for metallic glass-forming systems is 1.44 and
the upper bound of a for nonmetallic systems is 2.46.

B. Gibbs free energy difference between a
supercooled liquid and a glass

To obtain an estimate of AG we will follow very
closely the treatment of other authors.131819'21 The general
equation for AG can be written as

A G = ASm(Tm - T) - I"" ACp dT

(5)

If, as done previously, we assume ACp = const., Eq. (5)
becomes

AG = ASm(Tm -T) + ACp\T In ̂  - (Tm - T)

As stated by Hoffman13

Tm Tm — T

T ~ Tm + T

With this approximation Eq. (6) becomes

(Tm - T
AG = ASm(Tm - T ) - A C ,

(6)

(7)

(8)

AC

1.0

Tm/Ts
FIG. 1. Reduced representation of ACp/A5m vs TjTs, indicating the
range of values corresponding to good glass formers.

which is the expression obtained by Jones and Chadwick.18

Now, using the estimated value of ACp given by Eq. (3),
Eq. (6) transforms to

AG = ASm(Tm -T)- aASm

• [(Tm -T)-T HTJT)] (9)

A wider range of possible expressions of AG has been pro-
posed. Apart from the Hoffman expression13

AG = ASm(Tm-T)(T/Tm) (10)

there are, among others, the expression derived by Thomp-
son and Spaepen19

AG = ASm(Tm - T) (2T/Tm + T) (11)

and the one given by Battezzati and Garrone21

A G = ASm(Tm -T)- yASm

• [(Tm -T)-T HTJT)] (12)

with

y = (1 - AHx/AHm)/(l - TJTJ (13)

AHj, Tx being the enthalpy and temperature of crystalliza-
tion. The Battezzati and Garrone Eq. (13) is formally iden-
tical to our proposed Eq. (9). However, a and y have
different meanings: a is supposed to give the mean value
of ACp between Tm and 7 ,̂ while y gives the mean value
of ACP between Tm and Tx. This can produce significant
differences in the treatment of metallic glasses because
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they normally have a ACp which increases with decreasing
temperature in the supercooled range.25

All these expressions are plotted in reduced units in
Fig. 2 together with the Turnbull26 expression

AG = ASm(Tm - T) (14)

As can be seen in that figure, at low supercooling all formu-
lae give AG values basically identical, but marked differ-
ences arise when the melt is brought to low temperature.
At high supercooling, not only are the different values very
dissimilar but also, and normally this is not stressed enough
in the literature, all of them have a lower temperature limit
of application (which is generally given by Ts). This limit-
ing Ts value of AG is of real importance because it gives,
as we will see, an estimate of the Gibbs free energy of for-
mation of the glass.

C. Gibbs free energy of formation of a glass

As is well known, during the formation of a glass
from a supercooled liquid the temperature of the system
has to pass through the glass transition region. For the
supercooled liquid, the relaxation times of the atomic or
molecular movements tr are very much shorter than the ex-
perimental measurement time te. Then, the supercooled
liquid may also be considered to be in a metastable state.
On the other hand, for a glass tr > te, the system may also
be considered in a metastable state.27'28 But in the glass
transition region we have te = tr and there quantities like

A G
AHra

0.5

0.25 --

0
0 0.5 1

T/Tm
FIG. 2. Reduced representation of AG/A#m vs T/Tm for several theoreti-
cal expressions: (T) Turnbull,26 (B-G) Battezzati and Garrone,21 (T-S)
Thompson and Spaepen,19 (H) Hoffman.13 The dashed zone is the region
covered by our estimate.

the heat capacity or the molar volume are time dependent.
To rid the heat capacity from its irreversible contribution in
the glass transition region a fictive temperature is defined
as the temperature for which the glass should be in equi-
librium with the corresponding supercooled liquid.29 This
fictive temperature, Tf, replaces Tg and, like the latter, de-
pends on the thermal history of the system. In any case, 7}
has to be higher than Ts. Furthermore, it remains to be
proved that Ts is accessible experimentally. However, it is
logical to assume that if Ts was experimentally accessible,
then the system below Ts should follow the same behavior,
as regards the heat capacity, as the crystal. Then we will
define an "ideal" glass as the one that fulfills the following
requirements:

(1) its fictive temperature is equal to Ts

(2) its heat capacity is equal to that of the crystal in the
temperature interval 0 < T < Ts.

We are now in a condition to calculate the Gibbs free
energy of formation of an ideal glass. With the aforemen-
tioned conditions we have

AGf = Gs - Gc = AG(TS) (15)

where Gg is the Gibbs free energy of the glass at a given
temperature, Gc is the Gibbs free energy of the crystal at
the same temperature, and AG(TS) is the Gibbs free energy
difference between the liquid and the crystal at Ts. Using
Eq. (9) and recalling Eq. (4) we obtain

AG, = AHm[(l - TJTJ

• {1 + l/ln(Ts/Tm)} + TJTJ (16)

In fact, Tm/Ts was assumed in general to vary between 1.6
and 2.2 and, consequently, calculating AGf from Eq. (16)
means that AGf/AHm is, in general, between 0.2 and 0.3,
the last value corresponding to poor glass-forming sys-
tems. The value of AGf/AHm as a function of Tm/Ts is
given in Fig. 3.

Two remarks are to be made about the results ob-
tained. First, as deduced, the Gibbs free energy of forma-
tion of the "ideal" glass is independent of the temperature
because it is assumed that below Ts the entropy of the
"ideal" glass is equal to that of the crystal. Real glasses
will have a Gibbs free energy of formation greater than the
ideal one. Second, a straightforward calculation29 based on
a Carnot cycle using observed supercooling temperatures
shows that it is generally impossible to produce a meta-
stable crystalline phase from the melt having an excess
Gibbs free energy relative to the equilibrium phase larger
than about 0.3 AHm. This calculation, extended to glasses,
could be evoked to explain why the quotient Tg/Tm has a
lower bound of about 1/2.

D. Implications in the Gibbs free energy of
formation of an ideal eutectic alloy glass

To illustrate the implications of these ideas to a eutectic
alloy we will consider a simple eutectic system where the
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FIG. 3. Reduced representation of AGf/AHm vs TjTs, indicating the
range of values corresponding to good glass formers.

liquid follows an ideal behavior. In that case, for a eutectic
alloy A ^ B ^ Eqs. (3), (4), (9), and (16) may be applied
by replacing Tm by the eutectic temperature. Furthermore,
we have

= xACAp

and

ASm = xASAm

- x)ACBp

- x)ASBm

(17)

- x\ ACP In — + R In x\

[ TB 1

ACBp In Y + R l n ( ! - x )

(18)

where the superscripts A, B refer to the value of the quanti-
ties ACP, ASm, Tm for pure components A, B, respectively.

III. DISCUSSION AND CONCLUSIONS

The Gibbs free energy of formation of what here we
call an ideal glassy alloy was estimated by using the fol-
lowing two assumptions: (i) the fictive temperature of the
glass is equal to the temperature at which the supercooled
liquid will have the same entropy as the stable crystalline
phase (or phases); and (ii) the heat capacity of the glass is
equal to that of the crystalline phases in the temperature in-
terval 0 =£ T =£ Ts. Both assumptions are related to the
fact that the entropy of the liquid alloy cannot become
lower than that of the stable crystalline phases, and, there-

fore, this ideal glass is the one with the smallest entropy at
any temperature among those that can be prepared from
the liquid at the same composition with different thermal
treatments. As a consequence, the Gibbs free energy of
formation of the ideal glass is exactly equal to its enthalpy
of formation. Real glasses will have a positive entropy of
formation and so a higher enthalpy of formation than the
ideal glass. However, the Gibbs free energy of formation
of real glasses at the glass transition temperature will not
exceed significantly that of the ideal glass because the ex-
cess enthalpy term almost cancels with the excess entropy
term at the glass transition, which is always higher than Ts.
With regard to the crystallization enthalpy, it is normally
higher than the Gibbs free energy of formation because
crystallization occurs at temperatures above Ts; however,
the value of the crystallization enthalpy can be used, as
stated by Battezzati and Garrone,21 to evaluate ACP.

As there is no excess enthalpy in the ideal glass rela-
tive to the stable crystalline phases we can also call it a
fully relaxed glass. It remains to be proved that the ideal
glass is different from what may be called an ideal super-
cooled liquid, this last considered as being in a metastable
state, not because the relaxation times are too long com-
pared to the experimental time-scale, but because enough
time has been accorded to the system to allow the molecular
or atomic movements to bring it to a totally relaxed state.
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