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Ais meus pares i germá i a 1’Elena



Introducció

En general, quan hom comenga a explorar qualsevol camp d’una ciencia s’interessa per
les situacions genériques; és a dir, es centra en els comportaments que apareixen en la
“majoria” deis casos que ens trobarem a la vida real.

Aquesta metodología permet entendre el nou problema més fácilment ja que els casos
no genérics (o degeneráis) són menyspreats (al menys a priori) en un primer estudi.
D’aquesta manera la casuística és més simple i la teoria general pot ésser desenvolupada
amb més facilitat.

Malgrat que aquest és un bon procediment científic, la finalitat de la ciencia és explicar
la realitat de la forma més completa possible. Per aixó, quan el cas general está ja
descrit (potser no en la seva totalitat, pero sí bastant desenvolupat), hom pot estudiar
els casos no genérics: les excepcions. No hem d’oblidar que en la natura no tots els
processos segueixen una regla general. Aquests casos excepcionals ens aporten sovint
nous tipus de comportament. Per tant, podem apendre molt de les excepcions, tant
a nivell intrínsec (situacions que difereixen del comportament qualitatiu general), com
per les noves técniques que es desenvolupen per entendre-les.

Dins de certs contextes, és genéric trobar-se amb cassos degenerats. Pensem per ex-

emple en el cas de famílies paramétriques, /M, les quals ens descriuen comportaments
diferents segons el valor de ¡i. En aquesta situado és genéric (és a dir, succeeix per la
majoria de les famílies) trobar-se valors del parámetre ¡iq pels quals el comportament
de és degenerate.

Molts deis processos naturals que involucren moviment es poden expressar en termes
d’un sistema dinámic, ja sigui continu: com una eqüació diferencial,
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o discret, en termes d’una aplicació:

x i ► /(x).

Lógicament, en l’estudi deis sistemes dinámics apareixen també moltes degeneracions.
Anem a exposar una de les més simples, de fet, possiblement la més senzilla, que ens
podem trobar. Suposem que tenim un sistema dinámic continu en E" amb un punt fix
xQ\

— =X(x), x E Rn, X(xo) = 0. (1)
at

Aplicant el teorema de Taylor al voltant del punt fix obtenim:

^ = DX{x0)(x - x0) + 0{\\x - rr0||2).at

Per tant, prou a prop de x0, sembla que la part dominant d’aquest sistema dinámic ve
donada per la seva part lineal. De fet, aixó és cert sempre i quan els valors propis de
DX(xo) tinguin part real diferent del zero. En aquest cas, el teorema de Hartman ens
assegura que existeix una fundó bijectiva bicontínua que aplica solucions del sistema
inicial (1) en un entorn del x0, a solucions del sistema lineal

^ = DX(x0)(x - x0)
el qual té solucions explícites donades per:

x(t) = xq + eDX(-X0^(x° — x0) x(0) = x°.

Diem que el sistema (1) i el sistema lineal anterior són topológicament conjugats. Ais
punts fixos d’un sistema dinámic que compleixen que la diferencial del camp avaluada
en el punt fix no té valors propis amb part real nubla s’els anomena hiperbólics.

La degenerado que ens ocupa és la relativa ais valors propis de la part lineal del sistema
dinámic al voltant d’un punt fix (o bé d’una órbita periódica). Aquesta es produeix
quan DX{xo) té algún valor propi amb part real igual a zero. Suposem, per exemple,
que DX(x0) té un valor propi igual a 0, llavors, fent un canvi de variables si cal, tenim
que si escribim x = (aq, X2,... , xn), al voltant del punt fix x0 la dinámica de la variable
xi ve donada per:

~ = O(||x-x0||2).
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Per tant, la informació sobre la dinámica de la variable X\ ve donada pels termes
quadrátics (o potser d’ordre superior), és a dir Paproximació lineal no és válida en
aquests casos. Ais punts fixos x0, tal que DX(x0) té algún valor propi igual a 0
s’els anomena punts parabólics (o parcialment parabólics si n’hi ha alguna direcció
hiperbólica). Análogament si considerem sistemes dinámics discrets:

x !-► f(x)

ens trobarem amb la mateixa situado si la diferencial de l’aplicació / avaluada en el
punt fix té valors propis 1 o —1.

Llavors, és ciar que la classificació de sistemes amb punts fixos no hiperbólics no depén
de la part lineal de la diferencial del camp en el punt fix, sino deis primers termes no
lineáis del camp. Així un sistema amb la mateixa part lineal pot teñir comportaments
ben diferents. Per exemple amb la part lineal igual a:

0 1

0 0

ens podem trobar comportaments com els següents:
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(c)
x = y

y = y2

Mentre que, per exemple, si tenim un sistema dinámic amb un punt fix tal que la seva
part lineal és:

Ai O
O A2

amb Ai A2 < O i reais, el retrat de fase al voltant del punt fix és, qualitativament, sempre
el mateix:

independenment deis valors de Ai i A2 i deis termes d’ordre superior que defineixen el
sistema.

Varietat central

Com ja hem mencionat, un sistema dinámic continu amb un punt fix hiperbólic pot ser
transformat (prop del punt fix) en un sistema lineal. Quan el punt fix és no hiperbólic
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tenim un resultat semblant, malgrat que no tan satisfactori, per estudiar el sistema
dinámic al voltant del punt fix.

Considerem un camp X tal que l’origen és un punt fix no hiperbólic. Sigui Ec l’espai
lineal que generen els subspais propis de valors propis amb part real igual a 0 i siguin
Eu i Es els subespais lineáis generáis pels subspais propis de valors propis amb part
real positiva i negativa respectivament. Llavors, sabem que existeixen varietats Wfoc
(varietat invariant estable) , Wfcc (varietat invariant inestable) i W[oc (varietat invariant
central), invariants peí flux generat peí camp X i tangents ais espais Es, Eu i Ec
respectivament al punt fix.

Recordem que, així com es pot demostrar que les varietats estable i inestable són
úniques, la varietat central no ho és en general. Fixem-nos, per exemple en el retrat
de fase del sistema:

x = x2

V = -y

el qual, a prop del punt fix, és

En aquest cas, Ec és el subespai generat peí vector (1,0) i per tant, ja que totes les
solucions contingudes en el semiplá x < 0 són tangents a Ec, són varietat central.

En qualsevol cas, fixada qualsevol de les varietats centráis, podem conjugar topológica-
ment el camp X al voltant del punt fix a un camp de la forma:

xc Xc(xc)
xu — xu

xs — -xs
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on x = (xc, xu, xs) i Xc = X\wfo ■ Per tant, podem restringir l’estudi al voltant del punt
fix a la varietat central local W¡coc, ja que en la resta de direccions el comportament és
ben conegut. Hem reduit dones la dimensió del problema.

És també un fet conegut queWi Wfoc tenen el mateix grau de diferenciabilitat que
el sistema dinámic, aixó no és cert en el cas de la varietat central, la diferenciabilitat
de la qual pot variar segons el domini de definido que agafem. Veure [46], [13] i [86]
per més detalls.

Tornem un moment ais exemples (a), (b) i (c). Observem que, en tots els casos la
varietat central és tot M2, ja que Ec = IR2, pero en els casos (a) i (b) tenim órbites
que tendeixen a l’origen quan t —> +oo i quan t —> —oo. Per tant, en alguns casos de
punts fixos no hiperbólics podem definir la varietat estable e inestable local relativa a
U C Wioc (dins de la varietat central) de manera natural:

Wioc(xo) — {x (E. U : ip(t, x) G U Vi > 0 i <p(t, x) —> Xq quan t —> +oo}
W£c(xo) = {x £ U : <p(t, x) G U Vi < 0 i ip(t, x) —» Xq quan t —> —oo}

on Xq és un punt fix del sistema i <p(t, x) és la solució de x = X(x).
El problema de decidir si un punt fix parabólic d’un camp o una aplicació té associades
varietats estable e inestable (dins de la varietat central), no está resolt en el cas general,
pero es poden trobar alguns resultats d’existéncia i unicitat d’aquestes varietats. Per
exemple, per aplicacions 2-dimensionals en les que la diferencial en el punt fix és la
identitat cal mencionar els treballs de McGehee, Easton i Robinson en [63], [70], [26],
[62] i [14]. També en el darrer capitol d’aquesta memoria donem condicions suficients
d’existéncia i unicitat de varietat invariant estable per aplicacions amb la diferencial
igual a la identitat en dimensió n arbritária. Per a aplicacions en dos dimensions amb
la diferencial en el punt fix igual a:

1 1

0 1 (2)

destaquem el resultats de J.Casasayas, E.Fontich i A.Nunes en [8] i de E.Fontich en
[30]. Són d’aquesta darrera classe d’aplicacions les equacions en diferencies de segon
ordre de la forma:

Vk+1 - 2yk + yk-i = f(yk),
on /(O) = /'(O) = 0, si expressem la recurrencia anterior de la forma

Vk

Vk+l
= F Vk-1

Vk

2 1

1 0
Vk-1

Vk
+

0

f(yk)



on és ciar que DF(0,0) és similar a la matriu (2), per tant, via un canvi lineal de
variables estem en el cas actual. També és d’aquesta classe, la “standard map” gen-
eralitzada:

F(x,y) = (x + y + eV(x),y + eV(x))

amb V una fundó periódica, tal que P(0) = P'(0) = 0.

La forma més estándar de trobar les varietats invariants locáis central, estable e in-
estable associades a un punt fix és descriure-les com a grafs de funcions:

W*oc = graph ip* = {(x,y) : y = <p*{x)} * = s,u, c.

Es també interessant saber quin tipus de regularitat té ip*. Suposem que l’origen és
un punt fix no hiperbólic, llavors, és curios de fer notar que, en el cas analític, les
varietats invariants locáis no són analítiques a l’origen en general, mentre que en el cas
hiperbólic les varietats tenen la mateixa regularitat que el camp. Per exemple, pensem
en un cas molt senzill. Considerem el sistema hamiltoniá associat a:

H(x,y) = £ + V(z)

amb V{x) = x3+0(x4). Llavors, és ciar que y = x3/2yj\ + O(x) és la varietat inestable
local i que y = —x3/2-y/l + 0(x) és la varietat estable local i a més cap de les dues és
analítica a l’origen. En qualsevol cas, sí que es pot demostrar, sota certes condicions,
que les varietats estable i inestable local d’un punt fix parabólic, són analítiques en un
sector complex de la forma

Q = {x G C : 0 < \x\ < r i | arg(x)| < 77}

amb r i r¡ quantitats positives.

Per últim, dir que tots els resultats d’existéncia i unicitat de varietats invariants asso-
ciades a punts fixos parabólics, lógicament imposen condicions sobre la part no lineal
de l’aplicado, la qual cosa dificulta la comprovació de les hipótesis.

Exemples on apareixen punts fixos degeneráis

Malgrat que, com hem mencionat anteriorment, la condició d’ hiperbolicitat d’un con-

junt invariant: un punt fix, una órbita periódica, etc., d’un sistema dinámic, és una
condició genérica (part real deis valors propis de la diferencial diferents de 0 en el cas de
fluxos o de módul diferent de 1 el cas d’un difeomorfisme), alguns fenómens interessants
no poden explicar-se dins d’aquest contexte.
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Considerem un exemple molt senzill, el cas de famílies de camps diferenciables
dependents d’un parámetre ¡x. Diem que la familia té una bifurcació a ¡x = 0 si
i només si, per a tot entorn V de ¡x = 0 en l’espai de parámetres, existeixen i /¿2,
valors del parámetre diferents que pertanyen a V, tais que les equacions associades
ais camps XMl i XM2 exhibeixen diferents comportaments qualitatius. Fixem-nos en les
bifurcacions locáis més simples, és a dir aquelles en les que canvia el carácter i el nombre

/

de punts fixos. Sigui po un punt fix de Xq. Es conegut que si perturbem un camp
vectorial amb un punt fix hiperbólic el sistema pertorbat continua tenint un punt fix
hiperbólic. Per tant, una condició necessária per obtenir bifurcacions d’aquesta mena
és que po sigui no hiperbólic, pensem, per exemple, en les bifurcacions més senzilles:
sella-node (x = ¡x — x2), transcrítica (x = ¡xx — x3), pitchfork (x = ¡x — x3), etcétera. En
totes elles, per fx — 0, l’origen és un punt fix parabólic. Per tant, un bon coneixement
de la dinámica d’un sistema al voltant d’un punt fix no hiperbólic, ens ajudará a
entendre la transido entre els comportaments per ¡x < 0 i p > 0. Igualment, en el cas
d’aplicacions, les bifurcacions locáis també apareixen en punts fixos no hiperbólics.

Abans de descriure altres fenómens que involucrin sistemes dinámics amb objectes in-
variants no hiperbólics, introduirem breument la noció de sistema integrable: suposem

que tenim una equació diferencial

x = f(x)

que descriu l’evolució d’un sistema en Mn. Diem que una funció F : U C Mn -> 1 és
una integral primera del sistema si F és constant al llarg de les solucions del sistema
(és a dir F(x(t,x0)) = c, on x(t,x0) és la solució tal que x(0,a;o) = x0). Suposem ara
que tenim n—1 integráis primeres funcionalment independents,

Fi(x),... ,Fn_i(x)

llavors una solució x(t,x0) del sistema x = f(x) pot ser totalment descrita com la corba
intersecció de les hipersuperfícies

Fi(x) = F1(xo)

Fn—i(x) Fn—i(xo)

excepte peí que fa a la parametrització respecte el temps. En aquest cas diem que el
sistema és integrable.

Un tipus de sistemes molt important, ja que de fet molts deis fenómens mecánics es

regeixen per sistemes d’aquesta mena, són els anomenats sistemes hamiltonians. Diem
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que un sistema és hamiltoniá si existeix una funció, que anomenem hamiltoniá del
sistema, H : U C R2m —> M tal que

x = dyH(x,y)
y = -dxH(x,y).

/

Es ciar que H és una integral primera del sistema. Es diu que el sistema hamiltoniá té
m graus de llibertat.

La dos forma simpléctica estandard, dota U C M2m d’estructura simpléctica. Aquesta
estructura permet que la noció de sistema hamiltoniá integrable pugui reduir-se a
l’existéncia de m integráis primeres F\ = H, F2,... , Fm (el hamiltoniá n’és una) les
quals están en involució, és a dir:

{Fh Fj} = dxFidyFj - dyFidxFj = 0

i les seves derivades són linealment independents a un obert dens. Aquest resultat és
degut a Liouville-Arnorld (veure [3]).
A continuació descrivim alguns fenomens que involucren sistemes dinámics amb ob-
jectes parabólics.

El primer d’ells és el de les ressonáncies parabóliques. Una resonáncia parabólica es

produeix quan un sistema hamiltoniá integrable amb 2 graus de llibertat amb un cer-
ele de punts fixos parabólics és perturbat. En [71] V.Rom -Kedar prova que aquesta
qualitat és genérica per a famílies 1-paramétriques (fenómen de codimensió 1) de hamil-
tonians amb 2 graus de llibertat prop d’integrables, és a dir, sistemes que són petites
pertorbacions de sistemes hamiltonians integrables. Experiments numérics apunten
que el moviment a prop de ressonáncies parabóliques exhibeix un nou tipus de com-

portament caótic no detectat fins ara. Hi ha encara un cas més degenerat, denominat
ressonáncia parabólica plana, el qual es manifesta en un model que prové d’un estudi
atmosféric real, concretament de l’estudi de sondes metereológiques. Aquest model
proporciona un mecanisme per transportar partícules amb velocitats iniciáis petites a

prop de l’Equador fins a latituds altes. Veure [71] i les referéncies en ell per més detalls.
L’estudi fet en aquest darrer article, respecte a les ressonáncies parabóliques, és gener-
alitzat en el cas de hamiltonians amb n graus de llibertat amb n > 3 en [56] i [57].
En [48], Han/3mann tracta torus de dimensió baixa amb una freqüéncia normal nul.la en
sistemes hamiltonians de n graus de llibertat. Aquests torus s’anomenen normalment
parabólics. Han/?mann considera famílies de sistemes hamiltonians a prop d’integrables
en un entorn de torus invariants normalment parabólics. Sota certes condicions de



transversalitat té lloc una bifurcado quasi-periodica centre-sella (A < 0 no tenim torus
invariants, A = 0 el torus és normalment parabólic i A > 0 el torus és de tipus sella).
L’autor demostra la persistencia de la bifurcado centre-sella i deis torus normalment
parabólics parametritzats per conjunts de Cantor “grans”. Han/3mann aplica aquests
resultats a la dinámica del solid rígid.

En el problema pía de tres cossos una órbita parabólica és una trajectória d’una
partícula que s’apropa a l’infinit amb velocitat zero, mentre que les trajectóries de
les altres dues partícules resten acotades per temps positius. Una órbita del problema
pía de tres cossos s’anomena oscil.latória si el límit superior (al llarg del temps) de la
separació entre les partícules és infinit, pero el límit inferior és finit. Sembla ciar, dones,
que les órbites oscil.latóries van i venen infinites vegades tendint (d’alguna manera) cap
a infinit. Per aixó una bona manera d’atacar aquest problema és trobar “solucions
homoclíniques a rinfinit”. Per tant sembla lógic intentar portar 1’infinit a algún objecte
invariant. En el cas del problema pía de tres cossos, McGehee i Easton en [27] proben
que l’infinit es pot veure com una tres esfera foliada de órbites periódiques. McGehee
considera tres problemes: el problema restringit, el problema de Sitnikov (veure [78]),
i quan els tres cossos es mouen sobre una recta, i en [63] demostra que (després de
certs canvis de variable ) Pinfinit es pot reduir a una órbita periódica. Més tard, R.
Martínez et al en [62] demostren, entre d’altres coses, que, en el problema restringit
el.líptic de tres cossos, la varietat de Pinfinit está també foliada d’órbites periódiques.

Una manera d’atacar el problema de trobar órbites oscil.latóries és demostrant que
aqüestes órbites periódiques, les quals recordem que representen Pinfinit del sistema
inicial, tenen varietat estable i inestable i que aqüestes es tallen transversalment. Aque-
sta no és una condició suficient (veure [27]), pero sí que sembla necessária per demostrar
l’existéncia d’órbites oscil.latóries. En els problemes tractats per McGehee en [63] i en
el problema el.líptic restringit [62] trobar aqüestes solucions homoclíniques implica
l’existéncia d’órbites oscil.latóries i per tant de caos.

En tots aquests exemples, les órbites periódiques associades a Pinfinit que s’han trobat
són degenerades. Concretament la diferencial de l’aplicació de Poincaré associada a
dita órbita periódica té valors propis 1. En els problemes considerats per McGehee i
per R. Martínez et al és la identitat i en el problema pía de tres cossos té una part
hiperbólica, és a dir, en aquest cas la diferencial és de la forma

amb I G Ai2x2 i A és una matriu hiperbólica. McGehee va demostrar en [63] que
(sota condicions que generen una certa hiperbolicitat feble) aplicacions en dimensió 2
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amb un punt fix de tipus parabólic tal que la diferencial de l’aplicació en el punt fix
és la identitat, tenen varietat estable associada la cual es pot expressar com el graf
d’una funció. Aquesta fundó és Lipschitz, si l’aplicació és Lipschitz, i analítica en el
cas d’aplicacions analítiques. No es demostra el cas diferenciable. Més tard aquest
resultat va ser generalitzat en [26] (en el cas Lipschitz) i [70] (peí cas C°°) per fluxos
de la forma

x = pk(x,y) + Ok+1
y = By + qk(x,y) + Ok+1

on x G R2, y E R3 i p i q polinomis homogenis de grau k, k > 2. Conseqüentment
l’aplicació temps unitat d’aquesta eqüació diferencial és de la forma

x

\ y

x + Pk(x,y)
Ay + Qk(x,y)

+ Ok+1

on Pk, Qk són polinomis homogenis de k, k > 2, i els valors propis de la matriu A són
de módul diferent de 1.

Tot aixó ens indica que les órbites parabóliques formen una varietat suau. Robinson,
Xia, Moeckel i R. Martínez en [70], [88], [66] i [62] respectivament demostren l’existéncia
d’órbites oscil.latóries en alguns exemples del problema de tres cossos.

Aquest darrer fenomen ens va motivar a plantejar-nos el problema de donar condicions
suficients per l’existéncia de varietat invariant estable d’una aplicado en Rn amb un

punt fix tal que la diferencial de raplicació avaluada en el punt fix sigui la identitat en
Rn, així, previsiblement, podríem trobar órbites oscil.latóries en problemes de més de
tres cossos.

A part d’aquest problema, l’objetiu d’aquest treball és demostrar una fórmula asimptó-
tica per mesurar el trencament de separatrius,associades a punts fixos parabólics, per
una classe de sistemes hamiltonians d’un grau i mig de llibertat rápidament forgats.
Considerem sistemes hamiltonians amb un punt fix parabólic tais que la diferencial del
sistema avaluada en el punt fix és

(¡¡2)
i demostrem que la magnitut del trencament és exponencialment petita respecte a la
freqüéncia de la pertorbació.

En aquest treball hem estudiat básicament els dos darrers problemes mencionats. Con-
seqüentment la tesi está dividida en dues parts. En la primera estudiem la mesura del



Xll

trencament de separatrius associades a punts fixos parabólics i en la segona donem un
teorema d’existéncia de varietats invariants associades a un punt fix de difeomorfismes
n-dimensionals amb la diferencial avaluada en el punt fix és la identitat.

Part I: Trencament de separatrius

Passem ara a introduir la noció de separatriu d’un sistema hamiltoniá. Recordem que
un sistema dinámic continu en Rn és integrable quan té n — 1 integráis primeres fun-
cionalment independents. En el cas d’un sistema Hamiltoniá, el teorema de Liouville-
Arnold (veure [3]) ens assegura que un sistema hamiltoniá és integrable si té m = n¡2
(contant el hamiltoniá) integráis primeres F\ = H, F2,... , Fm en involució

iv

{Fi, Fj} = dxFidyFj - dyFidxFj = 0

i les seves derivades són linealment independents en un obert dens.

Supossem que tenim un sistema hamiltoniá integrable, la dinámica en aquest cas és
ben coneguda. En efecte, anomenem F = (Fi,F2,... ,Fm) i Mc = F~1(c). Llavors,
Mc és una subvarietat invariant peí flux de dimensió m. A més, si Mc és conexa i els
camps

x = dyFi
y = ~dxFi

són complerts (les seves solucions están definides per a tot temps), llavors si la varietat
Mc no és compacte, és homeomorfa a Tfc x Rm~k i si Mc és compacte i conexa, llavors és
homeomorfa a un torus m-dimensional. En qualsevol deis dos casos, amb un canvi de
variables adequat, el flux del sistema hamiltoniá sobre Mc és conjugat a una traslació:

ip(t, x, y) = (x + tu (mod27r), y + tv)

on u i v depenen de c. Per tant un sistema hamiltoniá integrable és totalment pre-
dictible (o regular): no n’hi ha comportament estocástic (no predictible).
Dins del contexte deis sistemes hamiltonians integrables, fixem la nostra atenció en els
que, per alguna constant c0, la varietat está formada per un objecte invariant P (un
punt fix, una órbita periódica, un torus, etc.) i les seves varietats invariants estable
e inestable. Suposarem que existeixen branques de les varietats estable e inestable
que coincideixen, és a dir WU,+(P) = WS,+(P). Aqüestes varietats están foliades
per solucions del sistema hamiltoniá que tendeixen al objecte invariant quan el temps
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tendeix a +oo, si estem sobre la varietat estable, o a —oo si estem sobre la inestable.
Aquesta varietat invariant rep el nom de separatriu.

Aquest nom prové de considerar el cas de sistemes hamiltonians d’un grau de llibertat
amb varietats invariants estable e inestable associades a punts fixos. En aquest con-
texte, les separatius “separen” diferents tipus de comportament dinámic. Per exemple,
pensem en el cas del péndol, el moviment del qual ve regit per les equacions:

x = y y = —sinx xES1, y E R.

El seu retrat de fase és ben conegut:

El punt de repós (0,0) és estable. Si donem una empenta (una velocitat inicial) mes pe-
tita que 2 al péndol situat en la posició de repós, oscil.lará al voltat del punt d’equilibri
(la seva trajectória és una órbita periódica) i si la velocitat inicial és més gran estricte
que 2, el péndol gira en el mateix sentit creuant la part de dalt del péndol representada
peí punt (7r, 0). Si la velocitat inicial és igual a dos, llavors la solució tendeix al punt
d’equilibre inestable, el punt (n, 0). A aquesta darrera solució se li anomena separatriu
i és ciar que separa dos tipus de moviment ben diferents.

Tot i que en dimensions més altes les separatrius no separen (ja que són subvarietats
de la meitat de la dimensió del espai) se les continua anomenant peí mateix nom.

Considerem, dones, un sistema hamiltoniá amb dos conjunts invariants (punts fixos,
órbites periódiques, etc.), amb varietats estable e inestable. Supossem que Ws,+(Pi) =
WU'+(P2) i Wu’+(Pi) = WS<+{P2), on Ws’u’+(Pi) i WS’U’+(P2) són branques de les
varietats Ws,u(Pi) i WS,U(P2) respectivament. Tenim el que s’anomena connexió het-
eroclínica (si P\ ^ P2) o homoclínica si P\ = P2. Aquesta és una situació genérica
dins deis camps hamiltonians, pero quan pertorbem amb una pertorbació periódica, en



general, aquesta connexió es trenca donant lloc al fenomen anomenat trencament de
separatrius:

El fenomen del trencament de separatrius va ser descrit per Poincaré, pero va ser
Melnikov (amb les idees proposades per Poincaré) qui va donar una bona eina analitica
per mesurar-lo. Aquesta eina és coneguda com el métode de Poincaré-Melnikov (veure
[46] i [1] per una bona introducció). Aquest métode ens dona una fórmula asimptótica
de primer ordre per mesurar aquest trencament.

Per fixar idees, suposem que tenim el sistema

x = f{x)+tig{t,x)

on x G R2 i per /¿ = 0 el sistema no pertorbat té una connexió homoclínica associada
a un punt fix de tipus sella. Es el cas més simple. Si la pertorbació és prou petita, el
sistema pertorbat té una órbita periódica hiperbólica a i per tant, existeixen varietats
estable e inestable de a. La fórmula proposada per Melnikov per mesurar la magnitud
d’aquest trencament d(í0) en un temps t0 fixat (d(t0) és la distancia entre les varietats
invariants del sistema perturbat) és

d(t0) = fiM(to) + 0(/x2)

on M(to) és la integral de Melnikov, la qual depén de la connexió homoclínica i de g.
Podem assegurar la existencia de punts homoclínics (punts que pertanyen a la varietat
estable e inestable de a) transversals si existeix algún tQ tal que M(t0) = 0 i M'(t0) ^ 0.
Es ben conegut que l’existéncia de punts homoclínics transversals en dimensió 2 dona
lloc a comportament caótics (teorema homoclínic d’Smale).
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Suposem ara que la pertorbació té freqüéncia rápida, és a dir el periode és eT amb
e > 0 petit. Llavors, es pot demostrar que la integral de Melnikov és 0{e~a^e) amb
a > 0 una certa constant. Per tant en aquest cas la fundó de Melnikov, a priori, és una
bona aproximació de la mesura del trencament només si fx = o(e~a^e), el que ens dona
un marge molt petit de valors de ¡x i per tant de les perturbacions possibles pels quals
poder obtenir conclussions. En aquest cas el métode de Melnikov (en la seva forma
elemental) no és, a priori, una bona eina per mesurar el trencament de separatrius.

Recentment Lombardi [61] ha donat métodes rigurosos per estudiar el que ell anomena
integráis oscil.latóries que són integráis del tipus

/+oo eü/£g{x0(t, e))dt
•OO

on xq és una solució particular del sistema x = F(x, t, e) caracterizada, per exemple,
peí seu valor al infinit. Per exemple, si x0 és la varietat estable d’una órbita periódica
o d’un punt fix. Aquests tipus d’integrals són les que apareixen al aplicar el métode de
Poincaré-Melnikov i per tant pot ser molt útil en el futur. Aquest treball tracta prob-
lemes en els quals apareixen fenomens exponencialment petits en sistemes reversibles.
Per exemple, considerem un camp vectorial en M4 en forma normal i trunquem a qual-
sevol order. El sistema no perturbat és el sistema truncat i considerem la cua de la
forma normal com una pertorbació. En [61] es prova, prop d’un cert tipus de res-
sonancia, la persistencia de connexions homoclíniques a órbites periódiques de tamany
exponencialment petit. La ressonáncia és deguda al canvi de carácter del punt fix. Dos
deis valors propis són de la forma ±iu> + 0{¡i) i els altres dos Ai, A2 són diferentes i
reais per ¡i > 0, Ai = A2 = 0 si el parámetre ¡x = 0 i imaginaris si ¡x <0. Per tant tenim
aquí també un model de pertorbació en el qual apareix un punt parabólic coexistint
amb una part oscil.latória.

Molts autors han treballat el fenomen del trencament de separatrius amb pertorba-
cions periódiques de freqüéncia rápida, per demostrar que, en alguns casos i sota certes
hipótesis, la fundó de Melnikov dona una bona aproximació de la mesura del trenca-
ment de separatrius.

En [54], Lazutkin estudia 1’aplicado standard i raona (pero no proba rigurosament)
que l’angle d’intersecció entre les varietats estable e inestable és de la forma

<p = ^|01|e_7r2/v/?[1 + 0(er)]
amb r > 0. La constant 0i G C ha de ser calculada numéricament. De fet, donat que és
el terme dominant de l’expressió de l’angle de separado, el més important és demostrar



XVI

que no és zero. En [81], Suris demostra que aquest coeficient és diferent del zero per
l’aplicació standard i proposa una manera alternativa de calcular aquesta constant,
pero continua sent necessari computar-la numéricament. També, en [42] Gelfreich et al
demostra analíticament que ©i no és zero per l’aplicació d’Henón. En [55] es calcula
numéricament aquesta constant per la aplicado semistandard i en [12] per l’aplicació
de Hénon.

És important destacar que, en [54], s’introdueixen noves eines analítiques per l’estudi
del trencament de separatrius les que han estat pioneres i han influit decisivament en el
desenvolupament de l’área. Aquesta técnica ha estat utilitzada fortament en aquesta
memoria. (Veure [42] per una bona exposició d’aquesta técnica).
En [34] i [33] E. Fontich i C.Simó estudien el trencament de separatrius per a famílies
a prop de la identitat de difeomorfismes de classe CT i analítiques respectivament.
Sota hipótesis bastant generáis es donen cotes superiors de la distancia entre varietats
invariants. Concretament, en [34] es demostra que la distancia entre les varietats
invariants está acotada per Ker~1 en el cas CT, i per famílies analítiques, en [33], es
prova una cota superior exponencialment petita, de l’ordre de e~k^£ peí trencament de
varietats invariants i es donen valors de K óptims en general.. Obviament, l’avantatge
de treballar amb difeomorfismes és que es pot donar un resultat semblant en el cas de
fluxos passant per l’aplicació de Poincaré (veure [31]). L’inconvenient és que és molt
més difícil treballar amb sumes infinites (l’análeg discret de la fundó de Melnikov) que
amb integráis.

Com hem dit abans, és més avantatgós treballar amb difeomorfismes analítics que amb
fluxos, no obstant, molts deis treballs relacionats amb el trencament de separatrius són
per fluxos, el que ens indica que el problema de donar expressions assimptótiques (o bé
cotes superiors i inferiors) peí trencament de separatrius és substancialment més difícil
en el cas d’aplicacions. En [69], R. Ramírez treballa en aplicacions simpléctiques i dona
una manera sistemática d’avaluar la fundó de Melnikov (que en el cas d’aplicacions
és una suma infinita). A més es dona una fórmula asimptótica per l’área engendrada
entre les varietats invariants d’aplicacions que es poden veure com perturbacions de
l’aplicació de McMillan [64] i per billards.
El fenomen de trencament de separatrius ha estat estudiat ampliament en el cas dos
dimensional amb sistemes de la forma

¿ = f{z) + i¿£pg(x,t/£,e)
on fj, i e > 0 són parámetres a priori independents i tais que l’origen és un punt fix
de tipus sella. Així el sistema no perturbat és per ¡i = 0. S’ha discutit molt en quan
al grau d’optimabilitat de p. En [31] es donen cotes superiors del trencament per a
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valors negatius de p, concretament p > —1/2. Si simplifiquem el model i considerem
eqüacions de segon ordre de la forma

x + f(x) = ixepg(x, t/e, e)

llavors en [32] es donen cotes superiors peí trencament de separatrius per a valors de
p > —2. En [49], Holmes et al aconsegueixen donar cotes superiors i infereriors del
trencament de separatrius per sistemes bastant generáis per a valors de p > 8. La
situado millora quan tractem sistemes concrets. L’exemple més estudiat és el pendol.
En [45] i en [21] es donen expressions asimptótiques del trencament de separatrius per

l’equació

x + sin x = fiep sin t¡£

per p > 5 i p > 0 respectivament. Posteriorment A. Delshams i M.T. Seara en [20],
van aconsseguir una expressió asimptótica del trencament de separatrius per sistemes
més generáis sempre i quan p sigui més gran que una certa quantitat que depén de la
pertorbació i de l’ordre de la singularitat de la órbita homoclínica. Gelfreich en [43]
també va donar una expressió asimptótica del trencament de separatrius, pero és difícil
de saber quin p necessitem per poder aplicar-ho. Per últim en [44] Gelfreich estudia
en alguns exemples concrets el cas p < 0. El métode proposat és la utilització d’un
sistema auxiliar les varietats invariants del qual són una bona aproximado a prop de
les singularitats de les varietats invariants del sistema inicial.

Tots aquests casos treballen amb sistemes hamiltonians d’un grau i mig de llibertat o bé
aplicacions que preserven área tais que l’origen és un punt fix hiperbólic del hamiltoniá
no pertorbat. Un altre contexte on apareix el fenomen de trencament de separatrius és
quan considerem pertorbacions quasi-periódiques. Com per exemple en [22], [23] i [36].
En aquest cas l’análisi és molt més complicat que en el cas de teñir una pertorbació
periódica en el temps.

Un altre fenomen relacionat amb el trencament de separatrius és la difussió d’Arnold.
Si pertorbem un sistema hamiltoniá de m graus de llibertat integrable H0(I), per
una pertorbació hamiltoniana, en general, el sistema pertorbat H(I, p) — H0(I) +
eHi(I,p) deixa de ser integrable i apareixen comportament no predictibles (caótics).
No obstant, la teoria KAM (veure ens assegura que “molts” deis torus invariants de
dimensió máxima (en aquest cas m) que teníem en el sistema no perturbat H0 es
conserven lleugerament deformats. Les accions de les órbites que permaneixen en

aquests “forats”, en els quals el teorema KAM no ens garanteix 1’existéncia de torus
invariants, podríen teñir un desplagament d’ordre 1 independentment del tamany de
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que no és zero. En [81], Suris demostra que aquest coeficient és diferent del zero per
1’aplicació standard i proposa una manera alternativa de calcular aquesta constant,
pero continua sent necessari computar-la numéricament. També, en [42] Gelfreich et al
demostra analíticament que 0i no és zero per l’aplicació d’Henón. En [55] es calcula
numéricament aquesta constant per la aplicado semistandard i en [12] per l’aplicació
de Hénon.

És important destacar que, en [54], s’introdueixen noves eines analítiques per l’estudi
del trencament de separatrius les que han estat pioneres i han influit decisivament en el
desenvolupament de l’área. Aquesta técnica ha estat utilitzada fortament en aquesta
memoria. (Veure [42] per una bona exposició d’aquesta técnica).
En [34] i [33] E. Fontich i C.Simó estudien el trencament de separatrius per a famílies
a prop de la identitat de difeomorfismes de classe CT i analítiques respectivament.
Sota hipótesis bastant generáis es donen cotes superiors de la distancia entre varietats
invariants. Concretament, en [34] es demostra que la distancia entre les varietats
invariants está acotada per KeT~l en el cas Cr, i per famílies analítiques, en [33], es
prova una cota superior exponencialment petita, de l’ordre de e~k^e peí trencament de
varietats invariants i es donen valors de K óptims en general.. Obviament, l’avantatge
de treballar amb difeomorfismes és que es pot donar un resultat semblant en el cas de
fluxos passant per l’aplicació de Poincaré (veure [31]). L’inconvenient és que és molt
més difícil treballar amb sumes infinites (Panáleg discret de la fundó de Melnikov) que
amb integráis.

Com hem dit abans, és més avantatgós treballar amb difeomorfismes analítics que amb
fluxos, no obstant, molts deis treballs relacionats amb el trencament de separatrius són
per fluxos, el que ens indica que el problema de donar expressions assimptótiques (o bé
cotes superiors i inferiors) peí trencament de separatrius és substancialment més difícil
en el cas d’aplicacions. En [69], R. Ramírez treballa en aplicacions simpléctiques i dona
una manera sistemática d’avaluar la funció de Melnikov (que en el cas d’aplicacions
és una suma infinita). A més es dona una fórmula asimptótica per l’área engendrada
entre les varietats invariants d’aplicacions que es poden veure com perturbacions de
l’aplicació de McMillan [64] i per billards.
El fenomen de trencament de separatrius ha estat estudiat ampliament en el cas dos
dimensional amb sistemes de la forma

¿ = f(z) + l¿epg(x,t/e,£)
on ¡i i e > 0 són parámetres a priori independents i tais que l’origen és un punt fix
de tipus sella. Així el sistema no perturbat és per ¡x = 0. S’ha discutit molt en quan
al grau d’optimabilitat de p. En [31] es donen cotes superiors del trencament per a
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valors negatius de p, concretament p > —1/2. Si simplifiquem el model i considerem
eqüacions de segon ordre de la forma

x + f(x) = p,£pg(x, t/e, e)

llavors en [32] es donen cotes superiors peí trencament de separatrius per a valors de
p > —2. En [49], Holmes et al aconsegueixen donar cotes superiors i infereriors del
trencament de separatrius per sistemes bastant generáis per a valors de p > 8. La
situado millora quan tractem sistemes concrets. L’exemple més estudiat és el pendol.
En [45] i en [21] es donen expressions asimptótiques del trencament de separatrius per
l’equació

x + sin x = pL£p sin t/e

per p > 5 i p > 0 respectivament. Posteriorment A. Delshams i M.T. Seara en [20],
van aconsseguir una expressió asimptótica del trencament de separatrius per sistemes
més generáis sempre i quan p sigui més gran que una certa quantitat que depén de la
pertorbació i de l’ordre de la singularitat de la órbita homoclínica. Gelfreich en [43]
també va donar una expressió asimptótica del trencament de separatrius, pero és difícil
de saber quin p necessitem per poder aplicar-ho. Per últim en [44] Gelfreich estudia
en alguns exemples concrets el cas p < 0. El métode proposat és la utilització d’un
sistema auxiliar les varietats invariants del qual són una bona aproximado a prop de
les singularitats de les varietats invariants del sistema inicial.

Tots aquests casos treballen amb sistemes hamiltonians d’un grau i mig de llibertat o bé
aplicacions que preserven área tais que l’origen és un punt fix hiperbólic del hamiltoniá
no pertorbat. Un altre contexte on apareix el fenomen de trencament de separatrius és
quan considerem pertorbacions quasi-periódiques. Com per exemple en [22], [23] i [36].
En aquest cas l’análisi és molt més complicat que en el cas de teñir una pertorbació
periódica en el temps.

Un altre fenomen relacionat amb el trencament de separatrius és la difussió d’Arnold.
Si pertorbem un sistema hamiltoniá de m graus de llibertat integrable H0(I), per
una pertorbació hamiltoniana, en general, el sistema pertorbat H(I,p) = Hq(I) +
eH\ (/, <p) deixa de ser integrable i apareixen comportament no predictibles (caótics).
No obstant, la teoria KAM (veure ens assegura que “molts” deis torus invariants de
dimensió máxima (en aquest cas m) que teníem en el sistema no perturbat Hq es
conserven lleugerament deformats. Les accions de les órbites que permaneixen en

aquests “forats”, en els quals el teorema KAM no ens garanteix l’existéncia de torus
invariants, podríen teñir un desplagament d’ordre 1 independentment del tamany de
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la pertorbació. Si fos així, peí teorema de Nekhoroshev:

Ie(t) — I£{0) = 0(1) per a 0 < t < j exp(l/£a),
hauria de ser un desplagament molt lent. L’exemple proposat per Arnold, [2], demostra
que aquest fenomen pot succeir a través de cadenes de torus invariants parcialment
hiperbólics amb varietats estable e inestable, les quals s’intersequen transversalment.
Quan considerem sistemes analítcs una de les majors dificultáis és que el trencament
de separatrius és exponencialment petit en general.Veure [4] per una bona introducció
d’aquest fenomen.

El nostre objectiu és donar una fórmula asimptótica per mesurar el trencament de les
separatrius en sistemes hamiltonians d’un grau i mig de llibertat tais que l’origen és
un punt fix parabólic del sistema no pertorbat. Concretament, la diferencial del camp
en (0,0) és

(Si)-
Nosaltres hem seguit básicament l’esquema de demostrado de [20]. Pero degut a que
molts deis seus raonaments fan servir fortament el carácter hiperbólic del punt fix, hem
hagut d’introduir noves técniques per tal que siguin valides en el cas parabólic. Per
aixó també hem utilitzat eines introduides per Lazutkin [54], [53] i utilitzades més tard
per Gelfreich [43]. Es important mencionar que la majoria deis nostres arguments són
també válids per cas hiperbólic.

Presentació del problema, hipótesis

Treballem amb sistemes Hamiltonians d’ un grau i mig de llibertat, amb Hamiltoniá
de la forma

H(x,y,t/e) = + V(x) + yephx (x, y, t/e, e, y)

on

suposem que el potencial V(x) és un polinomi d’ordre 3 com a mínim, és a dir

V (x) = axn + 0(xn+1) amb n>3ia^0.
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Per tant l’origen és un punt fix parabólic amb diferencial

Per la pertorbació hi, posem les següents condicions:

• suposem que és C°, analítica en (x,y,p) i que té ordre k > 3 en les variables
(.x,y), complint la condició que

2k — 2 > n. (3)
Observem que el cas k < n (el cual és un cas de bifurcado) está permés per
n > 4. A més suposem que és 27re-periódica i que té mitjana zero respecte la
variable 9 = t/e:

2tt

h(x, y, 9)d9 = 0.

Es important destacar que només necessitem que la pertorbació sigui continua respecte
t/e.
Necessitem ara les hipótesis relacionades amb el sistema no pertorbat. Suposem que el
sistema no pertorbat (/1 = 0) té un órbita homoclínica, la qual anomenem 70 = («o, Po)-

• Les singularitats de l’órbita homoclínica 70 amb el módul de la part imaginaria
més petit són singularitats de tipus branca d’ordre r G Q en punts de la forma
±ia.

Amb els métodes estandards per mesurar el trencament de separatrius és totalment
essencial que l’órbita homoclínica tingui alguna mena de singularitat. De fet en el
cas hiperbólic, en [31] es demostra que existeix p, 0 < p < po = min{7r/Ai,7r/|A2|}
(on Ai i A2 són els valors propis de la diferencial avaluada al punt fix) tal que l’órbita
homoclínica és analítica en una banda complexa de la forma

D(p) = {z G C : | Im2:| < p)

i no pot extendre’s a D(p') si p' > p0 > 0. (Observem, pero que la nostra hipótesi
exclou la possibilitat de teñir singularitats essencials sobre la recta Im z — ±p). En
canvi per trobar cotes superiors es suficient demanar que 70 sigui analítica en D(p).
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Aquesta darrera hipótesi no es pot obviar, és a dir, creiem que és difícil comprovar que
es compleix a partir del hamiltoniá. Per veure la dificultat suposem que estem en un
cas senzill. Suposem que el potencial V(x) és negatiu per a x G (0,1) i és un polinomi.
Llavors, és fácil veure que sempre hi ha singularitats tipus branca (o pols si el grau del
potencial és 4) en punts de la forma ±ia. En efecte, (veure [52] per més detalls) sigui
V(x) = anxn + ... + amxm amb n < m. Fent el canvi x = 1/w, la solució del sistema
no pertorbat és

t(w)= i'Jw J2(an
w,771/2—2

\/2(ttn • • * “I" Q’m,Wr

Una singularitat de l’órbita homoclínica s’assoleix a

,.m/2—2

-.dw.

t(0) = t0
Jo \J 2(an

w

+ ■ ■ ■ + amwm-n)

ja que an + ... + amwm~n < 0 si w G (0,1). A més
1

idw G íM

t'{w) = —w= -nnm/2“2
,\/2~ár

+ 0(w)

i per tant

t(w) = t0 + wm/2~1{c + O(w))

on c G C és una constant. Aillant w en funció de t(w) — t0 i desfent el canvi w = 1/x
obtenim que

1 =

(t - +0(t ~
a prop de t0 G ¿R.

Pero, fins i tot en aquest cas més simple, veritablement és difícil comprovar que les sin-
gularitats amb part imaginaria més petita siguin precisament de la forma ±ia. Pensem
que l’estudi exhastiu és molt complicat ja que cal estudiar els possibles valors d’integrals
del tipus

[ 1 duJi ^~2V{u)
on |h| = +oo i donar condicions sobre el potencial V per tal que, els valors amb part
imaginaria més petita siguin purament imaginaris. Veure [61] per una petita discussió
sobre aquest tema.
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El fet de teñir órbites homoclíniques amb singularitats de tipus branca no és un fet
exclusiu del cas parabólic, per tant, podem ampliar els casos en els quals es pot aplicar
el resultat donat en [20] per punts hiperbólics.

Com hem dit abans, és important la grandessa o petitessa de p. Aquesta ve determinada
básicament peí Lema d’extensió (el qual extén la parametrització de les varietats locáis
a dominis molt a prop de les singularitats de l’órbita homoclínica).
Hem hagut de fer una assumpció relacionada amb r (l’ordre de la singularitat de l’órbita
homoclínica) i amb l’ordre de les singularitats ±ia respecte de la fundó hi(7o(í+s), t/e),
el qual, seguint la notado de [20], hem anomenat í.

• La condició que necessitem és

p-e > o.

Creiem que no és óptima. Per exemple, en el cas del péndol pertorbat, considerat per
Gelfreich en [43], amb la nostra hipótesi necessitaríem p > 0 i Gelfreich treballa amb
valors de p < 0.

Hem considerat també un exemple particular en el cas que l’ordre del potencial és 3 i
\

k = 2, el qual no estava considerat en les anteriors hipótesis. Obviament aquest és un
cas de bifurcado perque quan el parámetre p és diferent del zero, (sota certes condicions
sobre la pertorbació) l’origen és un punt fix hiperbólic i quan aquest parámetre s’anul.la,
ens trobem en el cas parabólic. A aquest cas, l’hem anomenat, cas feblement hiperbólic.
Les hipótesis que necessitem en aquest cas són les mateixes que en el cas parabólic.
Concretament hem considerat sistemes de la forma

H(x, y, t/e, p, e) = h0(x, y) + pevhi{x, y, t/e, p, e)

on

y2
h0(x,y) = — - x3 + x4 i hi(x,y,t/e,p,e) = h12(x,y,t/e, p,e) + h13(x,y,t/e, p,e)

amb

y^
h12(x,y,t/e,p,e) = —gi{t/e,p,e) + xyg2(t/e, p,e) + —gz{t/e,p,e)

i h\z{x, y,t/e, p, e) és d’ordre més gran o igual que 3 en les variable (x, y).
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• En el cas feblement hiperbólic, substituim la condició donada per (3) per la
següent

27T

g2{0,fi,£)Gi(9,fx,e)de > 0.

on G\ está determinada per l’eqüació dgGi = gi i teñir mitjana zero.

La resta d’hipótesis enunciades anteriorment també són asumides en aquest cas.

Aquesta darrera és la condició que necessitem perque l’origen sigui un punt de tipus
sella del sistema pertorbat. Recentment [37], ha considerat aquest tipus de bifurcació
en el cas d’aplicacions que preserven área. En [38], han estat considerades ressonáncies
d’ordres més alts.

Tot i que l’objectiu és l’estudi de trencament de sepaxatrius en sistemes hamiltonians
amb punts fixos parabólics, totes les demostracions que hem fet, excepte les deis capítols
tres i quatre (on trobem unes parametritzacions especiáis de les varietats invariants
locáis) són fácilment adaptables també per punts hiperbólics.

Hem demostrat una expressió asimptótica de l’área engendrada per les varietas invari-
ants entre dos punts homoclínics consecutius Sq i Sq donada per

A = fJ,£P
fS0
/ M(v,£)dv + 0(£b,/ic)e~a/E

lJ so

on b i c són constants positives les quals están totalment especificades i depenen de r,
p i í. Recordem que a és el módul de les singularitats ±ia de la órbita homoclínica.

Passem ara a enunciar el principal corol.lari. Sigui

J(x,y,6) = {/io,/ii}(a:,s/,0) = Jk^x' V)6™
k^O

la qual avaluada a l’órbita homoclínica té una singularitat a u = dzia com a molt
d’ordre t + 1. Observem, al voltant de les singularitats u = ±ia, J±i(jo(u)) té la
forma:

J±i(T*>(u)) = 4i,o(^t-Q)W(1 + h.o.t.).
Si suposem que
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• J±i{lo(u)) té una singularitat d’ordre exactament l + 1 a u — dzai, és a dir si
J+ 7^ 0 (la qual és una condició genérica) llavors

on T és la funció Gamma.

Esquema general de la primera part

En el primer capítol, veiem quin és el comportament asimptótic de la parametrització
de l’órbita homoclínica. Demostrem que, com sembla lógic, aquest comportament és
potencial, és a dir, existeix T > 0 tal que, si t £ C, Reí > T, la varietat estable es
comporta com l/tq, amb q un cert nombre positiu i análogament, la varietat inestable
és de la forma l/(—t)q per t £ C, Reí < —T.

En els tercer i quart capítols, hem trobat una bona parametrització q*(í, s) (* = s, u) de
les varietats invariants en els cassos totalment parabólic i feblement hiperbólic respec-
tivament. Aquesta parametrització satisfá quatre condicions importants: la primera és
que 7* és solució respecte la variable t G E, és analítica respecte s i que

7*{t + 27re, s) = 7*(t, s + 2-ire).

D’aquesta manera dotem a la variable s d’un carácter dinámic, ja que, per exemple,
la varietat estable d’una aplicado de Poincaré és dones, {7*(0, s)}, i la dinámica de
1’aplicado de Poincaré sobre ella és simplement

^(7*(0,s)) =7*(0,s + 2tt£).
La darrera condició que satisfará 7* és que és del tipus

7*{t, s) - 7o(í + s) = fxep+1a*(t, s).

Per trobar aquesta parametrització hem buscat una equació de punt fix per a imposant
la condició d’invariáncia

P*(7*(M)) = 7*(¿ + 27re,s)

on Pt(x,y) = ip(t + 2n£,t,x,y) essent ip el flux del sistema hamiltoniá pertorbat i la
condició

7*{t + 2ire, s) = 7*(t, s + 27re).
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Seguidament, en el cinqué capítol, veiem que la varietat estable local del sistema hamil-
toniá es pot expressar com el graf d’una fundó analítica. En el cas en el que la pertor-
bació conserva el carácter totalment parabólic, hem utilitzat el resultat de [30] el qual
es pot aplicar gairebé directament en el nostre cas. En el cas feblement hiperbólic,
sabem que les varietats es poden escriure com el graf d’una fundó analítica en un en-
torn de l’origen, pero, lógicament, aquest entorn dependrá, a priori, deis parámetres
p, i e, ja que els valors propis de la diferencial en depenen. Per tant, en el cas que
hem anomenat feblement hiperbólic, hem generalitzat el resultat de [30] a un entorn
de l’origen que no depén del parámetres de pertorbació.

En el sisé capítol, hem construit coordenades de caixa de flux , és a dir coordenades
en les quals el flux redrega. Aqüestes coordenades están definides en un entorn de la
varietat estable que no conté el origen, pero sí que és proper a ell. Les hem construit,
seguint varios passos:

• Hem parametritzat les solucions del sistema perturbat amb dos parámetres. Un
és el temps i un altre és un parámetre complex, s, de tal manera que les solu-
cions compleixen que són analítiques respecte s i la dinámica de l’aplicació de
Poincaré és simplement un desplagament: s <—> s + 2ire. Aquest darrer fet, ens
está dient, que el parámetre s és un parámetre dinámic. Aquesta és potser la
part més important de tot el capítol. La demostració utilitza les eines que van
ser introduides per Lazutkin en [53] i han estat utilitzades també en [41].

• Després demostrem, grácies a aquesta bona parametrització, que les solucions
w(t+s, t/e) tallen a una secció (real) transversal al flux, per a certs valors (í0, sq),
i que per tant, podem redregar el flux en un entorn de la varietat estable. Es
important remarcar que aquesta entorn de la varietat estable no depén de e i p.
A més veiem que aquest canvi, que depén del temps, és analític respecte x, y i
27re periódic en t.

• Degut a que aquest canvi no és canonic en general, demostrem que, si el sistema
és Hamiltoniá, donat un canvi tal que

S=1 i É=0

podem definir un canvi de variables canonic que també redrega el flux.

En el seté capítol, si la condició p — í > 0 és satisfeta extenem la varietat inestable fins
el domini on les variables de caixa de flux están definides. La demostració és la mateixa

que en [20]: trobar una bona aproximado de les varietats invariants i després demostrar
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l’existéncia de solucions en el domini que volem mitjangant un métode iteratiu o una

aplicado del teorema del punt fix.

Per últim en el darrer capítol d’aquesta primera part es demostra que Tarea deis lóbuls
engendrats per les varietats invariants entre dos punts homoclínics consecutius és ex-
ponencialment petita. L’esquema de la demostrado és el mateix que en [20], amb la
salvetat que nosaltres hem considerat també órbites homoclíniques amb singularitats
de tipus branca, és a dir “pols d’ordre racional” i per tant, els cálculs són una mica
més farragosos.

Part II: Varietats invariants

/ .

Es de tots conegut que les varietats invariants associades a objectes invariants (un punt
fix, una órbita periódica, etc) d’un sistema dinámic, ens donen una informació essencial
per l’análisi de la estructura dinámica del sistema. Quan Tobjecte invariant té alguna
mena d’hiperbolicitat, hi ha resultats satisfactoris que fan referencia a l’existéncia,
regularitat i unicitat de varietats invariants en dimensions arbitráries. Veure, per
exemple [50] [51] [58] [28].

Presentació del problema, hipótesis

En la segona part d’aquesta memoria, hem considerem aplicacions de la forma

x i-> x + p(x, y) + f(x, y)
V •-» y + q(x,y)+g(x,y)

on x € Mn, y € Rm, p i q són polinomis homogenis de grau Np i Nq respectivament
amb Np i Nq més gran que 2. Les funcions / i g són o(||(a;, y)||JVp) i o(||(a;, y)||iV«)
respectivament.

Demanem que existeixi V C Kn un entorn de Torigen invariant per Taplicació

x i-» x + p(x, 0) + f(x, 0).

És a dir que si x € V, llavors x + p(x, 0) + f(x, 0) també pertanyi a aquest conjunt.
Concretament, una condició suficient és que

• Va; G V, dist(x + p(x, 0),V(r)c) > A||a:||JVp on A ^ 0.
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Degut a que volem trobar una varietat estable de la forma

WU = {(*, y) € V x R"> : y = v(x)}

sembla lógic demanar que l’aplicació “contraigui” en la direcció de les x i “expandeixi”
en la direcció de les y. Més concretament, demanem que

• Les matrius

—Dp(x, 0), Dq(x, 0)

tenen els termes diagonals positius i són estrictament diagonal dominant. A més,
Dxq(x, 0) = 0 en un entorn de l’origen.

És relativament senzill veure que, si ens restringim a dominis de la forma ||y|| < /3||a:||,
llavors, ja que / i g són termes d’ordre més gran que p i q respectivament

\\x + p(x,y) +f(x,y)\\ <\\x\\ i \\y + q(x,y) + g{x,y)\\ > \\y\\.

Aqüestes condicions són una generalització a dimensions grans de les donades en [63].
Podríem dir que ens generen una hiperbolicitat débil.

Hem demostrat la existencia i unicitat de varietats invariants a l’origen donades com
a graf d’una funció

(p : V C W1 -> Rm.

Hem considerat els casos en que l’aplicació és Lipschitz o analítica i veiem que és
també Lipschitz o analítica respectivament. No considerem el cas diferenciable.

La demostració és una generalització a dimensió arbritária de les técniques utilitzades
per McGehee en [63].

Conclusions

Sobre el trencament de separatrius

Per a probar el teorema 1.2.1, hem seguit l’esquema proposat en [20]. Pero hem
substituit tots els arguments que involucren el fet de que el punt fix és hiperbólic
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en [20], per nous arguments válids en el cas de que el punt fix sigui parabólic o un punt
fix el qual bifurca de parabólic a hiperbólic quan £ = 0.

Hem donat condicions suficients per a l’existéncia de varietats invariants en aquests
cassos, representades com a grafs de funcions definides en dominis complexos indepen-
dents deis parámetres.

També hem donat parametritzacions d’aquests varietats en funció de dos parámetres
(t, s) amb bones propietats. Aixó inclou cassos on l’ordre respecte les variables espaials
de la perturbació és mes petit que l’ordre (respecte les mateixes variables) del sistema
no pertorbat (hipótesis HP4).
Pels sistemes que hem considerat, hem construit variables de caixa de flux (o variables
temps-energia) en certs dominis complexos independents deis parámetres. Per construir
aqüestes noves variables, només demanem que la perturbació sigui continua en el temps.

Nosaltres creiem que aqüestes eines, o millor dit les idees per probar-les, podríen ser
útils per resoldre altres problemes.

Per exemple, donar una proba unificada de la mesura del trencament de separatrius
independentment del carácter del punt fix.

Per el moment, la nostra demostrado de l’existéncia de coordenades de caixa de flux i
el capítul destinat al cálcul efectiu de l’área deis lóbuls generats per les varietats estable
e inestable, ja són valides peí cas hiperbólic.

Passem ara a comentar algunes possibles millores d’algunes de les hipótesis asumides
en el teorema 1.2.1.

• Nosaltres hem treballat amb potenciáis polinómics. D’aquesta manera ens asse-

gurem que n’hi ha singularitats de l’órbita homoclínica que són pols o bé singu-
laritats tipus branca (“branching points”). Pero, de fet, només necessitem que
la singularitat més petita sigui d’aquests tipus. Així, treballem amb potenciáis
i pertorbacions polinómiques (respecte les variables x, y). El cas analític, no ha
estat estudiat en aquesta memoria i seria interesant estudiar exemples d’aquest
tipus en el futur.

• Respecte al tamany de la pertorbació, existeixen evidencies numériques per a

pensar que la hipótesi HP5 (p > i, en particular p > 0) no és óptima. Pensem
que aquesta és la hipótesi més difícil de millorar.

Creiem que per tractar aquests dos cassos, seria necessari desenvolupar noves técniques,
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sobretot en ordre a demostrar el lema d’extensió.

• Sobre la pertorbació h\ també impossem que sigui d’ordre k en les variables x, y
amb k satisfent la condició: 2k — 2 > n (recordem que n és el ordre del poten-
cial). Pensem que aquesta hipótesi és més técnica que necessária. Observem que
aquesta hipótesi permet cassos de bifurcació, pero, per dir-ho d’alguna manera,
no massa degeneráis.

• Creeim també que, usant aproximacions d’ordres més alts de la fundó de ”split-
ting”, podríem tractar els cassos en els que Jf0 = 0, (la hipótesis HP7 demana
Jt,o 7^ 0)

Un problema que trobem interesant i que podria ser un proper pas al treball realitzat en
aquesta memoria, és estudiar el trencament de separatrius per aplicacions amb punts
fixos parabólics.

També ens sembla interesant generalitzar les eines introduides en aquesta part de la
memoria a dimensions altes, especialment la construcció de variables de caixa de flux
en algún entorn de la varietat estable.

Sobre l’existéncia de varietats invariants

Hem generalitzat els resultats de varios articles, comengant amb [63], a dimensions
altes. Una qüestió que hem hagut de resoldre és trobar un bon conjunt de hipótesis
amb les que comengar.

Voldríem mencionar que hem hagut de substituir arguments que en el cas unidimen-
sional són prácticament immediats, per arguments que involucren teoria del grau en el
cas Lipschitz i una versió multidimensional del teorema de Rouché en el cas analític.

El primer que ens agradaria fer és probar l’optimalitat (o no) de les hipótesis del
teorema 9.4.1.

També pensem que seria interessant trobar més exemples (per exemple en mecánica
celest, o en altres camps) en els que aplicar el nostre teorema.

Un problema relacionat que podria ser estudiat amb técniques similars és l’existéncia
de varietats invariants per a aplicacions n-dimensionals amb punts fixos parabólics amb
diferencial de la forma

Ji 0
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on Ji i J2 són matrius de dimensions arbitrarles i tenen la forma

Ji = Id +N, J2 = Id

i N és una matriu nilpotent. Per el moment, no coneixem exemples motivadors d’aquest
problema.
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Introduction

In general, when beginning to explore any scientific field, one focuses on the generic
situations; that is, one centers on the behaviours that appear in “most” of the cases
encountered in practice.

This methodology allows an easier understanding of the problem, since the non-generic
(or degenerate) cases are left out (at least a priori) in a first approach. This way, the
casuistic is simpler and the general theory can be developed more easily.

Although this is a good scientific procedure, the aim of Science is to explain reality in
the most complete way possible. So, when the general case has been already described
(perhaps not completely, but at least in a good part), one should study the non-generic
cases: the exceptions. It should not be forgotten that, in nature, not all the processes
follow a general rule. The exceptional cases often provide new types of behaviour.
Therefore, a lot can be learned from the exceptions, as much at an intrinsic level
(situations that differ from the general qualitative behaviour) as for the new techniques
that are developed in order to understand them.

In certain contexts, it is generic to encounter degenerate cases. Let us think, for
instance, about the case of parametric families, which describe different behaviours
depending on the valué of ¡i. In this situation, it is generic (that is, it occurs in most
of the families) to find valúes of the parameter /i0 for which the behaviour of /Mo is
degenerate.

Many of the natural processes involving movement can be formulated in terms of a
dynamical System, be it continuous: as a differential equation,

or discrete, in terms of a function:

dx

dt X(x)

X i-> f(x).
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Of course, in the study of dynamical Systems many degenerations appear as well. Let
us show one of the most elementary, in fact possibly the simplest one, that can arise.
Assume that we have a continuous dynamical system in Rn with a fixed point xQ\

sjqr
— = x{x), ier, x(x0) = o. (i)

Applying Taylor’s theorem around the fixed point we get:

^ = DX(x0)(x - rr0) + 0(\\x - z0||2).
Therefore, cióse enough to x0, it appears that the dominant part of this dynamical
system is given by its linear part. In fact, this holds given that the eigenvalues of
DX(xo) have nonzero real part. In such case, Hartman’s theorem ensures the existence
of a bijective bicontinuous function which maps Solutions of the initial system (1) in a
neighbourhood of x0, to Solutions of the linear system

rír
— = DX(x0)(x - z0)

which has explicit Solutions given by:

x(t) = x0 + — x0) x(0) = x°.
One says that system (1) and the linear system above are topologically conjúgate. The
fixed points of a dynamical system such that the differential of the field at the fixed
point has no eigenvalues with zero real part are called hyperbolic points.

The degeneration that we deal with concerns the eigenvalues of the linear part of
the dynamical system around a fixed point (or a periodic orbit). This arises when
DX{xo) has some eigenvalue with real part equal to zero. Assume, for instance, that
DX(xo) has 0 as an eigenvalue; then, after a change of variables if necessary, writing
x — (xi, x2, • ■ • , %n), around the fixed point xq the dynamics of the variable x\ is given
by:

dx i /'-i/M i|2\
— = Odl^-xoll ).

Therefore, the information about the dynamics of the variable X\ is given by the
quadratic (or maybe of higher order) terms, that is, the linear approximation is not
valid in such cases. The fixed points x0, such that 0 is an eigenvalue of DX(x0),
are called parabolic points (or partially parabolic points if there exists any hyperbolic
direction). Analogously, if we consider discrete dynamical systems:

x f(x)
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we will encounter the same situation if the differential of the map / evaluated at the
fixed point has 1 or — 1 as eigenvalues.

Then, it is clear that the classification of Systems with non-hyperbolic fixed points does
not depend on the linear part of the differential of the field at the fixed point, but on
the first non-linear terms of the field. Thus, two Systems with the same linear part can
have very different behaviours. For instance, with linear part equal to:

0 1

0 0

we may encounter the following behaviours:

(c)
x = y

y = y2

While, for example, given a dynamical system with a fixed point such with linear part
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equal to:

Ai 0 \
0 A2 y

with AiA2 < 0 and real, the phase portrait around the fixed point is, qualitatively,
always the same:

independently of the valúes of Ai and A2 and of the higher order terms defining the
system.

Central manifold

As we mentioned already, a continuous dynamical system with a hyperbolic fixed point
can be transformed (near the fixed point) into a linear system. When the fixed point
is not hyperbolic, there is a similar result, perhaps not so satisfactory, that allows to
study the dynamical system around the fixed point.

Consider a field X such that the origin is a non-hyperbolic fixed point. Let Ec be the
linear subspace generated by the eigenspaces of eigenvalues with real part equal to 0
and let Eu and Es be the linear subspaces generated by the eigenspaces of eigenvalues
with positive and negative real part, respectively. Then, it is known that there exist
manifolds W¡oc (stable invariant manifold), (unstable invariant manifold) and Wfoc
(central invariant manifold), invariant under the flow generated by the field X and
tangent to the spaces Es, Eu and Ec respectively at, the fixed point.

Recall that, even though it can be shown that the stable and unstable manifolds are
unique, in general the central manifold is not. Consider for instance the phase portrait
of the system:
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X = x2

y = -y

which, near the fixed point, is

In this case, Ec is the subspace generated by the vector (1,0) and, therefore, since all
the Solutions contained in the half-plane x < 0 are tangent to Ec, they are central
manifold.

In any case, fixing any of the central manifolds, the field X can be topologically con-

jugated around the fixed point to a field of the form:

xc Xc(xc)
Xu Xu

xs = -xs

where x = (xc,xu,xs) and Xc = X\Wfoc- Henee, the study around the fixed point can
be restricted to the local central manifold W[oc) since in the remaining directions the
behaviour is well known. Thus, we have reduced the dimensión of the problem.

It is also a known fact that Wfcc and Wfoc have the same degree of differentiability than
the dynamical system. This does not hold in the case of the central manifold, whose
differentiability can vary depending on the definition domain chosen. See [46], [13] and
[86] for more details.
Let us go back for a moment to examples (a), (b) and (c). Notice that, in all cases, the
central manifold is all of R2, since Ec = IR2, but in cases (a) and (b) there are orbits
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tending to the origin when t —»• +oo and when t —> —oo. Therefore, in some instances
of non-hyperbolic points one can naturally define the local stable and unstable manifold
relative to U C W¡coc (inside the central manifold):

Wioc{xo) = {x 6. U : <p(t, x) e U Vi > 0 i <p(t, x) —> x0 quan t —► +00}
Wu,c(xo) = {x £ U : ip(t, x) G U Vi < 0 i (p(t, x) —> x0 quan t —> —00}

where x0 is a fixed point of the system and ip(t, x) is the solution of x = X{x).
The problem of deciding whether a parabolic fixed point of a field or a map has associ-
ated stable and unstable manifolds (inside the central manifold), has not been solved
in general, but there are some existence and uniqueness results for these manifolds. For
instance, for 2-dimensional maps having the identity as differential at the fixed point,
one can mention the works of McGehee, Easton and Robinson in [63], [70], [26], [62] and
[14]. Also, in the last chapter of this memoir we give necessary and sufficient conditions
for the existence and uniqueness of invariant stable manifold for maps with identity
differential in arbitrary dimensión. For maps in two dimensions with differential at the
fixed point equal to:

(l 1\ 0 1

let us point out the results of J.Casasayas, E. Fontich and A. Nunes in [8] and E.Fontich
in [30]. Examples of these last class of maps are the second order difference equations
of the form:

Vk+1 - 2yfc + Uk-i = f{Vk),
where /(O) = /'(0) = 0, if the recurrence above is written as

where it is clear that DF(0,0) is similar to the matrix (2). Therefore, by means of a
linear variable change we are in the current case. The generalized standard map also
belongs to this case:

F(x,y) = (x + y + eV(x),y + eV{x))
with V a periodic function such that F(0) = F'(0) = 0.

The most standard way of finding the local central, stable and unstable manifolds
associated with a fixed point is to describe them as graphs of maps:

wioc = eraPhv* = {(a, y) ■ y = <p*{x)} * = s, u, c.
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It is also interesting to know the type of regularity of (p*. Assume that the origin is
a non-hyperbolic fixed point, then it is a remarkable fact that, in the analytic case,
the local invariant manifolds are not analytic at the origin in general, while in the
hyperbolic case the manifolds have the same regularity than the field. For instance, let
us take into account a very simple case. Consider the Hamiltonian system associated
with:

H(x,y) = \ + vix)
with V{x) = x3 + 0(x4). Then, it is clear that y = x3¡2 \J\ + 0(x) is the local unstable
manifold and that y = —x3^2^/l + 0{x) it the local stable manifold. Moreover, neither
of them is analytic at the origin. In any case, what can be shown under certain
conditions is that the local stable and unstable manifolds of a parabolic fixed point are
analytic in a complex región of the form

Q, = {a; G C : 0 < |x| < r i | arg(a;)| < 77}

with r and 77 positive.

Finally, let us mention that all the existence and uniqueness results for invariant man-
ifolds associated with parabolic fixed points, reasonably impose restrictions over the
nonlinear part of the map, which makes checking the hypothesis difficult.

Examples with degenerate fixed points
Although, as we already mentioned, the hyperbolicity condition of an invariant set:
a fixed point, a periodic orbit, etc., of a dynamical system, is a generic condition,
(nonzero real part of the eigenvalues of the differential in the case of flows, or module
different from 1 in the case of a diffeomorphism), some interesting phenomena cannot
be expressed in this context.

Consider a very simple example, the case of families of differentiable fields depending
on a parameter ¡i. The family is said to have a bifurcation at ¡i = 0 if and only
if, for any neighbourhood V of ¡i = 0 in the space parameters, there exist ¡i\ and /¿2>
different valúes of the parameter belonging to V, such that the equations associated
with the fields XM1 and exhibit different qualitative behaviours. Take into account
the simplest local bifurcations, that is, those in which the character and number of the
fixed points changes. Let po be a fixed point of X(¡. It is well known that if we perturb
a vector field with a hyperbolic fixed point, the perturbed system continúes to have a

hyperbolic fixed point. Henee, a necessary condition to obtain such bifurcations is that
Po be non-hyperbolic, the simplest cases being: saddle-node (x = p — x2), transcritical
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(x = ¡ix — x3), pitchfork {x = ¡i — x3), etcetera. In all of them, for ¡i = 0, the origin
is a parabolic fixed point. Therefore, a good knowledge of the dynamics of a system
around a non-hyperbolic fixed point will help us understanding the transition between
the behaviours for y, < 0 and /i > 0. In the same way, in the case of maps, the local
bifurcations also appear at non-hyperbolic fixed points.

Before describing other phenomena involving dynamical Systems with non-hyperbolic
invariant objects, let us briefly introduce the notion of integrable system. Assume that
we have a differential equation

x = f(x)

describing the evolution of a system in R". A function F : U C Rn —» R is called a
first integral of the system if F is constant along the Solutions of the system (that is,
F(x(t,xo)) = c, where x(t,x0) is the solution with :e(0, :ro) = x0). Assume now that
we have n — 1 first integráis functionally independent,

Ft(x),... ,Fn-i(x)

then a solution x(t, x0) of the system x = f(x) can be totally described as the curve
intersection of the hypersurfaces

Fx{x) = Fi(x0)

Fn—\{x} — Tn—l(3Xo)

except for the parametrization respect of the time. In this case we say that the system
is integrable.

A very important class of Systems, since in fact a lot of the mechanical phenomena
follow systems of this kind, are the so-called Hamiltonian Systems. A system is said
to be Hamiltonian if there exists a function, called the Hamiltonian of the system,
H :U C M2m —► M such that

x = dyH(x, y)
y = -dxH(x,y).

It is clear that H is a first integral of the system. The Hamiltonian system is said to
have m degrees of freedom.

The standard symplectic two-form endows U C M2m with a symplectic structure. This
structure allows the notion of integrable Hamiltonian system to be reduced to the



IX

existence of m first integráis F\ = H, F2,... , Fm (the Hamiltonian is one of them)
which are pairwise in involution, that is:

{Fi, Fj} = dxFidyFj - dyFidxFj = 0.

and whose differentials are linearly independent on a dense open subset.

In what follows we describe some phenomena involving dynamical Systems with parabo
lie objeets.

The first one is that of parabolic resonances. A parabolic resonance is produced when
an integrable Hamiltonian system with 2 degrees of freedom with a fixed point circle is
perturbed. In [71] V.Rom -Kedar proves that this quality is generic for 1-parametric
families (a codimension 1 phenomena) of Hamiltonians with 2 degrees of freedom near-
integrable, that is, Systems that are small perturbations of integrable Hamiltonian
Systems. Numerical experiments suggest that the movement near to parabolic res-
onances exhibits a new kind of chaotic behaviour not detected so far. There is an

even more degenerate case, called planar parabolic resonance, which arises in a model
coming from a real atmospheric study, specifically the study of meteorological probes.
This model gives a device to transport partióles with small initial speeds near to the
Equator to high latitudes. See [71] and its reference list for more details.
The study carried in this last article, with respect to the parabolic resonances, is
generalized to the case of Hamiltonians with n degrees of freedom with n > 3 in [56]
and [57].
In [48], Han/3mann deais with low dimensión tori with zero normal frequeney in Hamil-
tonian Systems with n degrees of freedom. These tori are called normally parabolic.
Han/3mann considers families of near-integrable Hamiltonian Systems in a neighbour-
hood of normally parabolic invariant tori. Under certain transversality conditions a

quasi-periodic center-saddle bifurcation takes place (A < 0 there are no invariant tori,
A = 0 the torus is normally parabolic and A > 0 the torus is of type saddle). The
author proves the persistence of the center-saddle bifurcation and of the normally
parabolic tori parametrized by “big” Cantor sets. Han/?mann applies these results to
the dynamics of the rigid solid.

In the planar three-body problem a parabolic orbit is the trajectory of a particle going
to infinity with zero speed, while the trajectories of the other two partióles remain
bounded for all positive times. An orbit of the planar three-body problem is called
oscillatory if the upper limit (along time) of the separation between partióles is infinite,
but the lower limit is finite. Thus it seems clear that the oscillatory orbits come and go

infinitely often going (somehow) to infinity. Henee a good way to look at this problem
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is to find Solutions that are “homoclinic at infinity”. Therefore it seems natural to
take to infinity some invariant object. In the case of the planar three-body problem
McGehee and Easton prove in [27] that the infinity set may be seen as a three-sphere
foliated by periodic orbits. McGehee considers three problems: the restricted problem,
the Sitnikov problem (see [78]), and the 1-dimensional three-body problem, and proves
in [63] that (after certain changes of variable) the infinity may be reduced to a periodic
orbit. Later, R. Martínez et altr prove in [62], among other things, that in the elliptic
restricted three-body problem the infinity manifold is also foliated by periodic orbits.

An approach to the search for oscillatory orbits is to prove that these periodic orbits,
which we recall represent the infinity in the original System, have transversally Ínter-
secting stable and unstable manifolds. This is not a sufficient condition (see [27]), but
it seems to be necessary to prove the existence of oscillatory orbits. In the problems
treated by McGehee in [63] and in the elliptic restricted problem ([62]) to find these
homoclinic Solutions implies the existence of oscillatory orbits, henee of chaos.

In all these examples, the periodic orbits associated to infinity that have been found
are degenerate. More precisely, the differential of the Poincaré mapping associated to
an above mentioned periodic orbit has the eigenvalue 1. In the problems considered
by McGehee and by R. Martínez et al this differential is the identity, and in the planar
three-body problem it has a hyperbolic part, i.e., it has the form

and A a hyperbolic matrix. McGehee proved in [63], under conditions generating
a weak versión of hyperbolicity, that 2-dimensional mappings with a fixed point of
parabolic type such that their differential at the fixed point is the identity have an
associated stable manifold which may be expressed as the graph of a function. This
function is Lipschitz if the mapping is Lipschitz, and analytic if the mapping is so. The
smooth case remains open. This result was later on generalized in [26] (in the Lipschitz
case) and [70] (in the C°° case) to flows of the form

x = pk(x,y) + Ok+1
ÍJ = BY+ qk(x,y)+Ok+1

where x G R2, y € R3 and p,q are homogeneous polynomials of degree k > 2. Conse-
quently the unit time mapping of this differential equation has the form

x

y

x + Pk(x,y)
Ay + Qk(x,y)

+ Ok+1
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where Pk, Qk are homogeneous polynomials of degree k > 2, and the eigenvalues of the
matrix A have modulus ^ 1.

All this indicates that parabolic orbits form a smooth manifold. Robinson, Xia, Moeckel
and R. Martínez in [70], [88], [66] and [62] respectively prove the existence of oscillatory
orbits in some instances of the three-body problem.

The above phenomenon was our motivation to look for sufhcient conditions for the
existence of a stable invariant manifold of a mapping in Mn with a fixed point such
that the differential of the mapping in it be the identity, so, predictably, we could find
oscillatory orbits in problems with more than three bodies.

Besides this problem, the goal of this work is to prove an asymptotic formula to measure
the splitting of separatrices for a class of Hamiltonian Systems with one and a half
degrees of freedom, rapidly forced, associated to parabolic fixed points. We consider
Hamiltonian Systems with a parabolic fixed point such that the differential of the
system at it is

(o o)’
and we prove that the magnitude of the splitting is exponentially small with respect
to the frequency of the perturbation.

In this work we have studied basically the two above mentioned problems. Conse-
quently it is divided in two parts. In the first part we study the measure of the splitting
of separatrices associated to parabolic fixed points, and in the second we obtain an ex-
istence theorem for invariant manifolds associated to a fixed point of a n-dimensional
diffeomorphism such that the differential at the point is the identity.

Part I: Separatrix splitting

We proceed now to introduce the notion of separatrix of a Hamiltonian system. Let
us recall that a continuous dynamical system in Rn is integrable when it has n — 1
functionally independent first integráis. In the case of a Hamiltonian system, the
Liouville-Arnold theorem (see [3]) tells us that a Hamiltonian system is integrable if
there exist m = n/2 first integráis: F\ = H, F2,... , Fm which are pairwise in involution

{Fi, Fj} = dxFtdyFj - dyFidxFj = 0

and whose differentials are linearly independent on a dense open subset.
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Let us suppose that we have an integrable Hamiltonian system. Its dynamics are
well known: denote F = (i7!, F2,..., Fm) and Mc = F-1(c); Mc is an m-dimensional
submanifold invariant under the flow of the system. Moreover, if Mc is connected and
the fields

X dyFi
y = -dxFi

are complete (defined for all times), then if the manifold Mc is not compact it is
homeomorphic to Tfc x Mm_fc and if Mc is compact it is homeomorphic to an m-
dimensional torus. In any of the two cases, after a suitable change of variable the flow
of the system is conjúgate to a translation:

<p(t, x, y) — (x + tu (mod 2-k), y + tu)

where u and u depend on c. Therefore an integrable Hamiltonian system is completely
predictable (or regular): there is no stochastic (unpredictable) behavior.
In the context of integrable Hamiltonian Systems, we focus our attention on those
such that, for some constant cq, the manifold is formed by an invariant object P
(a fixed point, a periodic orbit, a torus, etc.) and its stable and unstable invariant
manifolds. We will assume that there exist coinciding branches of the stable and
unstable manifolds, i.e. W“(P) = W+{P). These manifolds are foliated by Solutions of
the Hamiltonian system converging on the invariant object when time goes to +oo if
we are on the stable manifold, or to —oo if we are on the unstable one. This invariant
submanifold is called the separatrix.

This ñame comes from the case of Hamiltonian Systems with one degree of freedom
with stable and unstable manifolds associated to fixed points. In this context, separa-
trices “split” different dynamic behaviors. For instance, let us think of the case of the
pendulum, whose movement is governed by the equations:

x = y y = ~ sin a: xeS1, y 6 R.

Its phase portrait is well known:
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The static point (0,0) is stable. A push (initial speed) of less than 2 to the static
pendulum will make it oscillate around the equilibrium point (its trajectory a periodic
orbit), and an initial speed strictly bigger than 2 will make the pendulum swing over
the top of the stable región. If the initial speed is exactly 2, the solution converges to
the unstable equilibrium point (ir, 0). The last solution is called a separatrix, and it
clearly splits two very different movements.

Even though in higher dimensions separatrices, being half-dimensional submanifolds,
do not split the space they receive the same ñame.

Let us consider then a Hamiltonian system with two invariant sets (fixed points, pe-
riodic orbits, etc.), with stable and unstable submanifolds. Suppose that W+(Pi) =
W$(P2) and W^(Pi) = WS+(P2), where W%U(PX) and W+’U(P2) are branches of the
submanifolds Ws,u(Pi) and WS,U(P2) respectively. We have either a so called hetero-
clinic connection (if Pi 7^ P2), or a homoclinic one if P\ = P2. This situation is generic
among Hamiltonian fields, but under a generic periodic perturbation this connection
breaks giving rise to a phenomenon called separatrix splitting:
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The phenomenon of separatrix splitting was described by Poincaré, but it was Mel-
nikov (with the ideas proposed by Poincaré) who produced a good analytic tool to
measure it. This tool is known as the Poincaré-Melnikov method (see [46] and [1] for
an introduction). This method yields a first order asymptotic formula to measure the
splitting.

To fix ideas, let us suppose that we have the system

x = f(x) + ng{t, x)

where iéE2 and that for g = 0 the unperturbed system has a homoclinic connection
associated to a fixed point of saddle type. This is the simplest case. If the perturbation
is small enough, the perturbed system has a hyperbolic periodic orbit a and therefore
there exist stable and unstable manifolds for cr. The formula proposed by Melnikov for
measuring the magnitude of this splitting d(to) in a fixed time to (where d(to) is the
distance between the invariant submanifolds of the perturbed system) is

d(t0) = gM(t0) +

where M(í0) is the Melnikov integral, which depends on the homoclinic connection
and on g. We can assure the existence of homoclinic points (points belonging to both
the stable and unstable manifolds of cr), and they are transversal if there exists any ¿o
such that M(¿0) = 0 and M'(í0) / 0. It is well known that the existence of transversal
homoclinic points in dimensión 2 gives rise to chaotic behaviors (Smale’s homoclinic
theorem).

Suppose now that the perturbation has a fast frequency, that is the period is eT with
e > 0 small. It can be proved then that the Melnikov integral has order 0(e~a/£) for
some constant a > 0. Consequently, in this case the Melnikov function is a priori a
good measure of the splitting only if g = o(e-a//£), which gives us a very small range
of valúes for g and therefore for the perturbations under which we may still reach
conclusions. In this case the Melnikov method (in its elementary form) is not, a priori,
a good tool to measure separatrix splitting.

Lombardi ([61]) has recently given rigorous methods for studying what he calis oscil-
latory integráis, which are integráis of the type

/+oo elt,eg{xo(t,£))dt
• OO

where Xo is a particular solution of the system x = F(x, t, e) characterized, e.g., by its
valué at infinity if x0 is the stable manifold of a periodic orbit or of á fixed point. This is
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the kind of integráis that appears when applying the Poincaré-Melnikov method, thus
it may be very useful in the future. This work treats problems in which exponentially
small phenomena in reversible Systems occur. Consider for example a vector field in M4
in normal form, and trúncate it at any order. The unperturbed system is the truncated
system, and we consider as a perturbation the tail of the normal form. The persistence
of homoclinic connections in periodic orbits of exponentially small size near a certain
kind of resonance is proved in [61]. The resonance is due to the change of character
of the fixed point. Two of the eigenvalues are of the form áziu + 0(/x), and the other
two Ai, A2 are different and real for ¡i > 0, Ai = A2 = 0 for = 0, and imaginary for
fí < 0. Therefore we have obtained a model of perturbation in which a parabolic point
coexists with an oscillatory part.

Many authors have studied the phenomenon of separatrix splitting with fast frequency
periodic perturbations, in order to prove that in certain cases the Melnikov function
yields a good approximation of the measure of separatrix splitting.

In [54] Lazutkin studies the standard mapping and reasons (without rigorously proving
it) why the intersection angle between the stable and unstable manifolds has the form

^ = ^|0l|e-2/v^[l + O(£r)]
with r > 0. The constant ©1 G C has to be numerically computed. In fact, given
that it is the dominant term in the expression of the separation angle, the main goal
is to prove that it is not zero. In [81] Suris proves that this coefficient is not zero
for the standard mapping and proposes an alternative, although still numerical, way
to compute this constant. Also, in [42] Gelfreich et al prove analytically that ©i is
not zero for the Henon map. In [55] this constant is numerically computed for the
semistandard mapping and in [12] for the Henon map.

It is important to point out that [54] introduces pioneering new analytic tools for
the study of separatrix splitting which have decisively influenced the development of
this area. These techniques have been strongly used in this memoir (see [42] for an
exposition of them).
In [34] and [33] E. Fontich and C. Simó study separatrix splitting in families in a
neighbourhood of the identity of diffeomorphisms of class Cr and Cw respectively.
Under fairly general hypothesis upper bounds are obtained for the distance between
invariant manifolds. More precisely, it is proved in [34] that the distance between
invariant manifolds is bounded by Ker~1 in the Cr case, and in [33] an exponentially
small upper bound of order e~kl£ for the splitting of invariant manifolds in the analytic
case, plus generally optimal valúes of K. Of course, the advantage of working with
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diffeomorphisms is that one may obtain a similar result in the case of flows by means
of the Poincaré mapping (see [31]). The drawback is that it is much harder to work
with series (the discrete analogue of the Melnikov function) than with integráis.
As we said before, working with analytic diffeomorphisms is more advantageous than
with flows. Nevertheless, many of the works concerning separatrix splitting deal with
flows, which indicates that the problem of finding asymptotic expressions (or upper and
lower bounds) for separatrix splitting is substantially harder in the case of mappings.
In [69] R. Ramírez works with symplectic mappings and gives a systematical way to
evalúate the Melnikov function (which in the case of mappings is an infinite series).
Moreover an asymptotic formula is derived for the area span between the invariant
manifolds for mappings that may be seen as perturbations of the McMillan mapping
([64]) and for billiards.

The separatrix splitting phenomena has been widely studied in the two-dimensional
case with Systems of the form

¿ = f(z) + t¿£pg(x, t/e, e)

where ¡i and e > 0 are parameters a priori independent and such that the origin is a

saddle-type fixed point. Thus the perturbed System occurs at fi = 0. There has been
a lot of discussion about the optimal degree of p. In [31] upper bounds are given for
the splitting for negative valúes of p, specifically p > —1/2. If the model is simplified,
considering equations of the form

x + f(x) = nepg{x, t/e, e)

then in [32] upper bounds are given for the splitting of separatrices for valúes of p > —2.
In [49], Holmes et al are able to give upper and lower bounds for the splitting of
separatrices for quite general systems and for valúes of p > 8. The situation improves
when dealing with specific systems. The most studied example is the pendulum. In
[45] and in [21], asymptotic expressions are given for the separatrix splitting of the
equation

x + sin x = ¡iep sin t/e

for p > 5 and p > 0 respectively. Later on, A. Delshams and M.T. Seara in [20], could
get an asymptotic expression of the separatrix splitting for more general systems given
that p is bigger than a certain quantity which depends on the perturbation and of the
singularity order of the homoclinic orbit. Gelfreich in [43] also gives an asymptotic
expression for the separatrix splitting, but it is difficult to find out which p is needed
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in order to apply it. Finally, in [44] Gelfreich studies in some specific examples the
p < 0 case. The proposed method is the use of an auxiliary system whose invariant
manifolds are a good approximation near the singularities of the invariant manifolds
of the initial system.

In all these cases, one deais with Hamiltonian Systems of one and a half degrees of
freedom or area-preserving maps such that the origin is a hyperbolic fixed point of
the non-perturbed Hamiltonian. Another situation where the separatrix splitting phe-
nomenon appears is when one considers quasi-periodic perturbations. As, for instance,
in [22], [23] and [36]. In this case the analysis becomes much more complicated than
in the case of having a time periodical perturbation.

Another phenomenon related to the separatrix splitting is Arnold diffusion. If an
integrable Hamiltonian system with m degrees of freedom H0(I) suffers a Hamiltonian
perturbation, in general the perturbed system H(I,ip) = Hq(I) + eHi(I,(p) is no
longer integrable and non-predictable (i.e. chaotic) behaviors appear. Nevertheless,
KAM theory assures that “many” of the top dimensión invariant tori (m in this case)
appearing in the non-perturbed system H0 remain slightly deformed. The actions of
the orbits that remain in these “holes”, in which the KAM theorem does not guarantee
the existence of invariant tori, could suffer an order 1 shift independently of the size of
the perturbation. If so, then by Nekhoroshev’s theorem:

Ie(t) — Ie(0) = 0(1) per a 0 < t < - exp(l/ea),

it should be a very slow shift. The example proposed by Arnold, [2], shows that this
situation can occur through chains of partially hyperbolic invariant tori with stable
and unstable manifolds transversely intersecting each other. When considering analytic
Systems, one of the greatest difficulties is that the separatrix splitting is, in general,
exponentially small. See [4] for a good introduction to this phenomenon.
Our aim is to give an asymptotic formula to measure the separatrix splitting in Hamil-
tonian Systems of one and a half degrees of freedom such that the origin is a parabolic
fixed point of the non-perturbed system. Specifically, the differential of the field at
(0,0) is

We have followed basically the scheme of the proof in [20]. But, due to the fact that
many of their arguments strongly use the hyperbolic character of the fixed point, we



XV111

have had to introduce new techniques which are also valid in the parabolic case. To
this end we have also used tools introduced by Lazutkin [54], [53] and used later by
Gelfreich [43]. It is worth remarking that most of our arguments are also valid for the
hyperbolic case.

Presentation of the problem, assumptions

We will work with Hamiltonian Systems with one and a half degrees of freedom, with
Hamiltonian of the form

y^
H(x, y, t/e) = — + V(x)+ yephi (x, y, t/e, e, y)

where

• we assume that the potential V(x) is a polynomial of order at least 3, that is,

V(x) = axn 4- 0(xn+l) with n > 3 and a ^ 0.

Therefore, the origin is a parabolic fixed point with differential

(° M\ 0 0 )

For the perturbation h\, the following conditions will be imposed:

• we assume that it is C°, analytic in (x,y,y) and that it has degree k > 3 in the
variables (x,y), verifying the condition

2k-2>n. (3)
Notice that the k < n case (which is a bifurcation case) is permitted for n > 4.
Moreover, we assume that h is 27re-periodical and that it has zero average with
respect to the variable 0 = t/e:

2tt

h(x, y, 6)d0 = 0.

It is worth noticing that we only need that perturbation to be continuous with respect
to t/e.

We need now the assumptions concerning the non-perturbed system. Assume that the
non-perturbed system (y = 0) has a homoclinic orbit, which we will cali y0 = (eco, Po)-
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• The singularities of the second component of the homoclinic orbit (30 with smallest
module of their imaginary part are order r £ Q branch-type singularities at points
of the form ±za.

With the standard methods used to measure the splitting of separatrices it is absolutely
essential that the homoclinic orbit has some kind of singularity. In fact in the hyperbolic
case, in [31] it is shown that there exists p, 0 < p < po = min{7r/Ai,7r/|A2|} (where
Ai > 0 and A2 < 0 are the eigenvalues at the fixed point) such that the homoclinic
orbit is analytic in a complex strip of the form

D(p) = {z G C : | Imz| < p}

and that it is not analytic in D(p') if p' > p > 0. (Notice, however, that our assumption
exeludes the possibility of having essential singularities on the line Imz = ±p). In
contrast, to find upper bounds it is enough that 70 be analytic in D(p).
This last hypothesis cannot be obviated, that is, we believe that it is difficult to check
from the Hamiltonian that it is fulfilled. To see this difñculty, assume that we have a

simple case. Suppose that the potential V(x) is negative for x £ (0,1) and that it is
a polynomial. Then, it is easily seen that there are always branch-type singularities
(or poles if the potential has degree 4) at points of the form ±ia. Indeed, (see [52] for
more details) let V(x) = anxn + ... + amxm with n < m. After the variable change
x = lfw, the solution of the non-perturbed system is

yjTTl/2—2
t(w) = / — -dw.Jvj i/2(an + ... + amwm~n)

A singularity of the homoclinic orbit is attained at

r1 iüm/2-2
¿(0) =to = —i / — ... -dw £ iR

Jo y/-2(an + ... + amwm-n)

since an + ... + amwm~n < 0 if w £ (0,1). Moreover

t'(w) = —wm/2 2 y/2ar
+ 0{w)

and henee

t(w) = t0 + wm/2 1(c + 0(w))
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where c £ C is a constant. Isolating w in terms of t(w) — tQ and undoing the change
w — 1/a; we obtain that

near tQ G iM.

But, even in this simplest case, it is really difficult checking that the singularities with
smallest imaginary part are precisely of the form ±m. Take into account the fact that
an exhaustive study becomes very complicated, since it involves studying the possible
valúes of integráis of the form

r,1Ji V-2V(u)
where |h| = +oo and giving conditions on the potential V so that the valúes with
smallest imaginary part are purely imaginary. See [61] for a short discussion on this
subject.

Having homoclinic orbits with branch-type singularities is not an exclusive fact of the
parabolic case, henee we can extend the cases to which the result given in [20] for
hyperbolic points can be applied.

As we mentioned above, the bigness or smallness of p is important. This is basically
determined by the extensión lemma (which extends the parametrization of the local
manifolds to domains very cióse to the singularities of the homoclinic orbit).
We have also needed to make an assumption concerning r (the order of the singularity
of the homoclinic orbit) and the order of the singularities ±ia with respect to the
function + s),t/e), which, following the notation of [20], we have called í.

• The condition we need is

p — i> 0.

We believe that it is not optimal. For instance, in the case of the perturbed pendulum,
considered by Gelfreich in [43], with our hypothesis we would need p > 0 and Gelfreich
works with valúes of p < 0.

We have also considered a particular instance with potential of order 3 and k = 2,
which was not covered by the previous hypothesis. This is obviously a bifurcation
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case because when the parameter ¡i is nonzero, and under certain conditions on the
perturbation, the origin is a hyperbolic fixed point, and when /i vanishes we run into
the parabolic case. We have called this the weakly hyperbolic case. The hypothesis
that we need in this case are the same as in the parabolic case. Concretely we have
considered Systems of the form

H(x,y,t/e) = ho(x,y) + fi¿l>hi(x,y,t/£,i¿te)
where

y2
ho(x, y) = j-x3 + x4 i hx{x, y, t/e, fi, e) = h12(x, y, t/e, \l, e) + h13(x, y, t/e, ¡i, e)

with

h\2{x,y,t/£,¡i,é) —g1(t/£,ix,£)+xyg2(t/£,iJ,,£) + —g3{t/£,fi,£)

and hi3(x,y,t/£,fj.,£) has order greater or equal to 3 in the variables (x,y).

• In the weakly hyperbolic case, we replace the condition given by (3) by the
following one

r2n

/ g2(d, ¡m, e)Gi(0, ¿t, £)dd > 0.Jo

where G\ is determined by the equation dgGi = g\ and the fact its average is
zero.

The rest of the hypotheses for the parabolic case are also assumed in this case.

The last one is the condition that is required for the origin to be a saddle point of the
perturbed system. Recently [37] has considered this type of bifurcation in the case of
area-preserving mappings. In [38] higher order resonances have been considered.

Even tough the goal is the study of separatrix splitting in Hamiltonian Systems with
parabolic points, all of our proofs are easily adapted for hyperbolic points as well, except
in chapters three and four, where we find special parameterization of the invariant
manifolds.

We have established an asymptotic expression for the area span by the invariant man-
ifolds between two consecutive homoclinic points s0 and s0 of the form

rsa

A = ¡Jb£p I M(v,£)dv + 0(£b,/jLC)
jSo
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where b and c are explicitly determined positive constants, depending on r, p and í.
Recall that a is the modulus of the singularities ±ia of the homoclinic orbit.

We State now the main corollary. Let

k¿0

which, when evaluated on the homoclinic orbit, has a singularity at u = ±ia of order
at most i + 1. We observe that using expansions around the singularities u = ±ia,
^±i(7o(^)) has the form

If we assume that

• ^±i(7o(w)) has a singularity of order exactly i + 1 at u = ±ia, i.e. if J^0 / 0,
which is a generic condition, then

where F is Euler’s Gamma function.

General scheme of the first part

In the first chapter, we get the asymptotic behavior of the parametrization of the
homoclinic orbit. We prove that, as was to be expected, this behavior is potential,
that is, there exists T > 0 such that if t G C, Reí > T, the stable manifold behaves
like l/tq with q a certain positive number, and, analogously, the unstable manifold has
the form l/(—t)q per t G C, Reí < —T.

In the third and fourth chapters, we have found a good parametrization 7*(t, s) (* =
s,u) of the invariant manifolds in the completely parabolic and weakly hyperbolic
cases respectively. This parametrization satisfies four important conditions: first, 7* is
a solution with respect to the variable í Gt, it is analytic with respect to s and

7*(t + 2ire, s) = 7*(í, s + 27re).
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In this way we endow the variable s with a dynamic character since, for instance, the
stable manifold of a Poincaré map is 7s(0,s) and the dynamics of this Poincaré map
on it is simply

P{7S(0, s)) = 7S(0, s + 27re).

The last condition satisfied by 7* is that it is of the type

7*(í, s) = 7o(t + s) + fj£p+1a(t, s).
In order to find this parameter ization, we have sought a fixed point equation for a by
imposing the invariance condition

=7*(í + 2tt£,s)

where Pt(x, y) = p^{t + 2ne, t, x, y), with being the flow of the perturbed Hamilto-
nian system, and

7*{t + 2ire, s) = 7*(t, s + 27re).

Afterwards, in the fifth chapter, we show that the local stable manifold of the Hamil-
tonian system may be expressed as the graph of an analytic function. In the case when
the perturbation preserves the completely parabolic character we have used the result
of [30], which may be applied almost directly to our case. In the weakly hyperbolic
case we know that the manifolds may be described by the graph of an analytic function
in a neighbourhood of the origin, but, of course, this neighbourhood depends a priori
on the parameters p and e, as the eigenvalues of the diíferential do. Therefore, in the
case that we have called weakly hyperbolic we have generalized the result of [30] to a
neighbourhood of the origin that does not depend on the perturbation parameters.

In the sixth chapter, we have built the flow box coordinates, i.e., coordinates in which
the flow straightens. These coordinates are defined in a neighbourhood of the stable
manifold not containing the origin, but cióse to it. We have built them following several
steps:

• We have parametrized the Solutions of the system perturbed by two parameters.
One of these is time, and the other is a complex parameter s such that the
Solutions are analytic with respect to s and the dynamics of the Poincaré mapping
are simply s + 2tt£. This last fact tells us that s is a dynamic parameter. This
is possibly the main part of the chapter. The proof uses the tools introduced by
Lazutkin in [53] and used as well in [41].
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• We prove afterwards, thanks to this good parametrization, that the Solutions
w(t+s,t/e) intersect a (real) section transverse to the flow for some valué (t0, s0),
thus we are able to straighten the flow in a neighbourhood of the stable manifold.
It is important to point out that this neighbourhood of the stable manifold does
not depend on e or ¡i. Moreover, we show that this change, which depends on

time, is analytic with respect to x, y and 27rer-periodic in t.

• Due to the fact that this change is not canonical in general, we prove that if the
system is Hamiltonian, given a change such that

.9=1 and É = 0

we may define a canonical change of variables which also straightens the flow.

In the seventh chapter, if the condition p — í > 0 is fulfilled we extend the unstable
manifold to the domain where the variables of the flow box are defined. The proof is
the same as in [20]: to find a good approximation of the invariant manifolds and then
to establish the existence of Solutions in the sought domain by an iterative method or
a fixed point theorem.

Finally, in the last chapter of this first part it is proved that the area of the lobes
generated by the invariant manifolds between two homoclinic points is exponentially
small. The scheme of proof is the same as in [20] , except that we have also considered
homoclinic orbits with branch type singularities, i.e. “poles of rational order” and
consequently the computation is somewhat heavier.

Part II: Invariant manifolds

It is a truth universally acknowledged that the invariant manifolds associated to in-
variant objects (a fixed point, a periodic orbit, etc.) of a dynamical system yield
essential information for the analysis of the dynamic structure of the system. When
the invariant object satisfies some hyperbolicity property there are satisfactory results
concerning the existence, regularity and uniqueness of invariant manifolds in arbitrary
dimensions, see for instance [50],[51],[58],[28].

Presentation of the problem, assumptions
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In the second part of this memory, we have considered mappings of the form

x i-> x + p(x, y) + f(x, y)
y •-> y + g(x, y) + g{x, y)

where x € Kn, y G Em, p and q are homogeneous polynomials of degrees Np, Nq >
2 respectively. The functions / and g have orders o(||(re,y)||)JV*’ and o(||(x,2/)||)JV'J
respectively.

We require that there exist a neighbourhood of the origin 7cl" invariant under the
map

x i—> x + p(x, 0) + f(x, 0)

That is, if x G V then x+p(x, 0)+f(x, 0) also belongs to this set. A sufficient condition
is

• Va; G V, dist(x +p(x, 0), V(r)c) > A||a;||Np, where A / 0.

As we seek to find a stable manifold of the form

WÍC = {(i.») e'/xr:»= >p(x)}

it seems natural to demand that the mapping be “contracting” in the directions of x,
and “repulsive” in the directions of y. More precisely, we require that

• The matrices

—Dp(x, 0), Dq(x, 0)

have the terms in the diagonal positive and are strictly diagonal dominant. More-
over Dxq(x, 0) = 0 in a neighbourhood of the origin.

It is relatively simple to check that, if we restrict ourselves to domains of the form
||y|| < /311rr 11, then as / and g are terms of higher order than p and q respectively

\\x+p(x,y) +f(x,y)\\ <\\x\\ i \\y + q(x,y) + g(x,y)\\ > ||y||.

These conditions are a generalization to higher dimensión of those given in [63]. We
could characterize them as inducing a weak hyperbolicity.



We have proved the existence and uniqueness of invariant manifolds at the origin given
as the graph of a function

^:7cln-» Rm.

We have considered the cases when the mapping is Lipschitz or analytic, and we show
that (p is as well Lipschitz or analytic respectively. We do not consider the differentiable
case.

The proof is a generalization to arbitrary dimensión of the techniques employed by
McGehee in [63].

Conclusions

On the splitting of separatrices

To prove Theorem 1.2.1 we have followed the scheme of proof proposed in [20]. However
we substitute all arguments which involve the fact that the fixed point is hyperbolic
in [20] by new arguments valid in the case of a parabolic fixed point or a point which
bifurcates from parabolic to hyperbolic just at e = 0.

We have given conditions for the existence of invariant manifolds in such cases, repre-
sented as graphs of functions defined in complex domains independent of the parame-
ters.

We also have given parameterizations of these manifolds in terms of two parameters
(t, s) with good properties. This ineludes cases where the order of the perturbation
with respect to the space variables is less than the order (with respect to the same
variables) of the unperturbed system (hypothesis HP4).
For the Systems we are considering, we have constructed flow box (or time-energy) vari-
ables in certain complex domains independent on the parameters. We do it assuming
that the perturbation is just continuous with respect to time.

We believe that these tools, or rather the ideas to prove them, will be useful to other
problems.

For instance to provide an unified approach to the splitting of separatrices indepen-
dently of the character of the fixed point.

At the moment, our proof of the existence of flow box coordinates and the chapter
devoted to the effective calculation of the area of the lobes generáted by the stable and
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the unstable manifold, already hold in the hyperbolic case.

Let us comment some possible improvements on some of the hypotheses assumed in
Theorem 1.2.1.

• We have worked with polynomial potentials and perturbations (with respect to
x and y). In this way we ensure us that all the singularities of the homoclinic
orbit are poles or branching points. But, in fact we only need the singularity with
smaller imaginary part to be a pole or a branching point. The case of analytical
potentials or analytical perturbations in x, y variables has not been studied in
this memoir and could be interesting to explore some examples of this type.

• There are numerical evidences which support to think that the hypothesis HP5
(p > i, in particular p > 0) is not optimal. We think that to improve this
hypothesis is an interesting problem.

In order to treat these cases new techniques would have to be developed, specially a
new versión of the Extensión Theorem.

• On the perturbation h\ we have imposed that it has order k in the variables x,

y satisfying 2k — 2 > n (we recall that n is the order of the potential). We think
that this hypothesis is more technical than necessary. This hypothesis allows
some cases of bifurcation, but, roughly speaking, not too much degenerated.

• We also think that, approaching the splitting function to higger orders, we could
deal with cases when J^0 = 0 (the hypothesis HP7 askes J^0 ^ 0).

A problem we find interesting and could be investigated as a next step of this memoir
is the problem of the splitting of separatrices for maps with a parabolic fixed point.

Another interesting problem is to generalize to higger dimensions the tools introduced
in this part of the memoir, specially the construction of flow box coordinates in some

neighbourhoods of the stable manifold.

On the existence of invariant manifolds

We have generalized the results of several papers starting with [63] to higger dimensions.
One question we had to solve is to find a right set of hypotheses to start with.
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We would like to mention that we have had to substitute some simple arguments in the
one dimensional setting by degree theory for the Lipschitz case and a multidimensional
versión of Rouché’s theorem for the analytic case.

With respect to Theorem 9.4.1, a first step in order to improve it could be to investigate
the optimally (or not) of the hypotheses of the Theorem.

We also think that it would be interesting to find more examples (in the field of celestial
mechanics, for instance or in other applied fields) such that our theorem applies.

A related problem that could be studied with quite similar techniques, is the exis-
tence of invariant manifolds for n-dimensional maps with parabolic fixed points, whose
differential is of the form

where the matrices J\ and J2 are of arbitrary dimensión and they have the form

Ji = Id +N and J2 = Id

where iV is a nilpotent matrix. However, at present, we do not know any motivating
examples.
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Part I

Splitting of separatrices



Chapter 1

Notation and main results

The goal of this first Chapter is to present the main problem we consider, the hypotheses
we assume, and the rigorous statement of the main results of the first part of this
memoir.

Of course we have to begin by introducing the relevant notation to be able to write
precise statements.

At the end we give some examples when the above mentioned results apply.

1.1 Notation and hypotheses

We study the splitting of separatrices in two cases which we cali the parabolic case
and the weak hyperbolic case. Next we describe the settings of these cases and the
hypotheses we will need.

1.1.1 The parabolic case

We consider Hamiltonian Systems of one and a half degrees of freedom with Hamiltonian

H(x, y, t/e, y, e) = h0(:r, y) + yeph1(x, y, i/e, y, e)

h0(x,y) = ^ + V(x),

where
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V (x) is a polynomial of degree m and order n, that is

V (x) = —anxn — • • • — amxm

with 3 < n < m. With these assumptions, for the unperturbed System (i.e. the system
when ¡j, = 0) the origin is a parabolic fixed point and the derivative of the corresponding
the vector field at (0,0) is

The differential equations associated to the system are

¿= y + iiepdvhi(x,y,±,ti,e)
y= -V'(x) - ¡j£t'dxh1{xi y, f, /i, e). (1.1.1)

We will assume the following hypothesis related to the unperturbed system (/i = 0).
Note that the unperturbed system is autonomous and independent on e.

Hypothesis for the unperturbed system

HP1. We suppose that for \i — 0 there exists and homoclinic orbit. It is not
restrictive to suppose that it is in the energy level equal to zero. Moreover we
suppose that the coefhcient of the first term of V, an > 0. We denote the time
parameterization of the homoclinic orbit by

To («) = (ao(ti),A>(u))
with some chosen (fixed) initial condition 70(0) = (xq, yQ) on the homoclinic orbit.
We suppose that q0 (u) is analytic in a complex strip | Im«| < a with branching
points at u = ±ia, i.e., there exists p > 0 such that for u G C satisfying

7o (u) can be expressed as

V
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and for u G C such that

|u + ia\ < p arg(tx + ia)

7o (tí) can be expressed as

Q°(“) = TTTTmS1 + &(“) =(tí + ia)viq

€
— 7T 37T
—

’~2

d+
(u + ia)1+P/q (1 + 0(u + ia)l/q).

Moreover on tí = ±ta there are not other singularities of 70. We define

r = 1 + - > 1.
Q

Remark 1.1.1 We observe that, if we assume that /50(ti) has a “potential” branching
point at u = u*, then for u in a neighbourhood of u* we have that

“«(“> = (M_M.y/(m-2)(1+0("-M')2/<m~2)) i1-1-2»
«“) = (L1'3)

Indeed, it is clear that «o is a solution of the equation

x = ^/-2V(x).
Performing the change w = 1/x we obtain the equation

du í«m/2'2
dw yj2(am + wam_i + ... + wm~nan)

which, in a neighbourhood of w = 0, can be written as

%í=wm/2-2(Co + 0(w)).dw

Integrating this relation we obtain

ti — tí* = to(m_2)/2(ci + 0(w)).
Inverting the last equation and going back to the variable x we obtain the claimed
expressions (1.1.2) and (1.1.3).

As a consequence, the exponents of u — tí* are rational numbers.
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Hypotheses over the perturbation

HP2. The function hi(x,y,6, y,e) is C°, 27r-periodic in 0, has zero mean:

2tt

hi(x, y, 9, y,e) d0 = 0

and it is real analytic with respect to (x,y,y).

HP3. The function hi(x,y,9, y, e) is a polynomial of order k in the (x,y) variables.
That is

K

hi{x,y,0,y,e) = aij{0,y,e)xlys.
i+j=k

HP4. If the order of the perturbation k is greater than 3, we assume that

2k — 2 > n for k > 3.

Remark 1.1.2 We observe that HP4 implies that the origin is also a parabolic fixed
point of the unperturbed system and the derivative of the vector field evaluated at this
point is the same as the one of the unperturbed system, that is

0 1

0 0

Consider the terms a¿j(0, y, e)xly3 of hi evaluated on 70. We define í to be the greatest
order of the branching points ±ia corresponding to aij(9, y,£)aí(u)PÍ(u). That is:

i = max{i(r - 1) + jr : 0^(0, y, e) ^ 0}.

Also we define

v = p — i.

HP5.The constant v is greater or equal than 0.
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Remark 1.1.3 Hypothesis HP5 measures the growth of the perturbation term

p£ph1(x,y,t/£,p,e)

evaluated at the homoclinic orbit cióse to the singularities. In fact, if hypothesis HP5
is assumed:

^p\\hi(^0(u), í/e,M>e)lloo = O(p),

for \ lmu\ < a — e.

Remark 1.1.4 A consequence of hypotheses HP1-HP5, is that ifp < 1, then dyh\ =
0. Indeed, if í > 1, then by hypothesis HP5, p> 1. Therefore, we consider the case
i < 1. By definition of £ and using that r > 1, we have that for any pair of positive
integers, i, j such that aij(0,p,e) ^ 0,

1 > i > i(r — 1) + jr > jr > j

Therefore, j = 0 and this implies that h\ has no terms with the variable y. Therefore
dyhi = 0.

1.1.2 The weak hyperbolic case

What we cali the weak hyperbolic case is in fact a bifurcation case, in the sense that
when ¡a = 0 the origin is a parabolic fixed point and when p, ^ 0 the character of
the origin becomes elliptic or hyperbolic. In this case, for the sake of concreteness,
we consider a given non-perturbed System. More precisely we consider Hamiltonian
systems with Hamiltonian

H(x, y, t/e) = h0(x, y) + peí>hi{x) y, t/e, p, e)

where

h0(x,y) Y + V(x)
and

V(x) = —x3 + x4.
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Concerning to the perturbation, we assume that it has the form

h(x, y, t/e, y, e) = h12(x, y, t/e, y, e) + hl3{x, y, t/e, y,, e)

with

0£2 y2
h12(x, y, t/e, y, e) = —gx{t/e, y, e) + xyg2(t/e, y, e) + —g3(t/e, y, e)

and hx3(x,y,t/e) is of order greater or equal than 3 in (x,y) variables.
The associated differential equations are

x = y + yep(xg2(t/e,y,e) + yg3(t/e, y,e) + dyhi3(x,y,t/s, y,e)) (1.1.4)
y = 3x2 - Ax3 - yep(xg1(t/e,y,e) +yg2(t/e,y,e) +dyhl3(x,y,t/e,y,e)).

We introduce the functions for i = 1, 2,3 determined by the conditions:

/■27T

dgGi = gi, / Gí{0, y, e)dO = 0.
J o

We assume hypotheses HP1-HP5 of the previous subsection and moreover we impose
that:

HP6. With the above introduced notation

2tr

g2(9,y,e)G1(9,y,e)d9 < 0.

Remark 1.1.5 Hypothesis HP6 implies that Hx ^ 0 and then k — 2. We sill see that
r = 2 and therefore í G N. In fact, since g2 ^ 0, l > 2r — 1 = 3.

Remark 1.1.6 In Chapter 4 we will study the Poincaré map of (1.1-4) and there we
will see that HP6 implies that the origin is a saddle point when y ^ 0.

Remark 1.1.7 We remark that, in the weak hyperbolic case, hypothesis HP4 does not
/

apply.

\
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1.2 Main results

Using that the Poincaré map is area preserving we will prove the existence of primary
homoclinic points which will be the zeros of the Melnikov function M(s, e) defined by

/OO {h,h1}('y0(t + s),t/e) dt.
•OO

We denote by A the area of the lobe generated by the stable and unstable manifold
between two homoclinic points and by d the angle between the stable and unstable
invariant manifolds at a homoclinic point. We observe that, since the Poincaré map is
area preserving, the area A will not depends on the homoclinic points.

The main results of Part I are:

Theorem 1.2.1 Under hypotheses HP1-HP6, for e —> 0+; ¡i —> 0, the following
formulae hold:

fSO
A = pep / M(v, e)dv + 0(¡j?£2l'+r,iJ,2el'+p+io,iJ£p+1+io)e-a/£,

J SO

sintf = pEpM'[S°ul + 0(p2£2u+r-2,i¿l£u+p+io-2,p£p-l+io)e-a/£,llioMP

where s0 < so are the two zeros of the Melnikov function (associated to two consecutive
homoclinic points), closest to zero and

j 1 in the parabolic case
[1/2 in the weak hyperbolic case.

We define the function

J(x,y,Q) = {ho,h!}(m, y, 6>).

By the hypothesis on h\, J is 2-periodic in 9 and has zero average with respect to 9.
Then we can consider its Fourier expansión

J{x,y,9) ~ Jk(x,y)elW-
kjí0
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Moreover, for all k £ Z, Jk(70 (tt)) has a branching point of order at most t + 1 at
u = úzia. Therefore, near the singularity u = ia, Jk(Jo{u)) for k < 0 has the form

and for k > 0, Jk(jo(u)): near the singularity u = —ia has the form

Here we observe that J^0 = Jfe 0.
We consider the following condition:

HP7. The Fourier coefficients J±\ evaluated on 70(u), that is J±i(/yo(u)), have sin-
gularities of order exactly i + 1 at the points u = ±ai.

Remark 1.2.2 The hypothesis HP7 is generic because it is equivalent to suppose that
a determínate coefficient of the Laurent expansión of J±i("fo{u)) is different from zero.

We can obtain an asymptotic expression of the Melnikov function and consequently of
the area of the lobe and of the angle which can be compute explicitly.

Corollary 1.2.3 If HP1-HP7 holds, then for e —> 0+, p —» 0

| sin$|

A

where T is the Gamma function.

1.3 Examples

Examples of unperturbed Hamiltonian systems satisfying HP1 are given by

(1.3.1)
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where V (x) is a polynomial such that has the form

V(x) = -xn + rE2(n-1\

Indeed, the Hamiltonian System has a homoclinic orbit contained in H(x,y) = 0. Let
7(t) be the parameterization of the homoclinic orbit such that 7(0) = (1,0). To look
for the singularities we look for the valúes of í = í* such that x becomes infinite.

We can compute exactly the homoclinic orbit which is given by

2 \l/("-2) _2(n-l)/("-2)(n_2)£ \
2 + (t(n - 2))2) ’ (2 + (í(n-2))2)M/(n-2) J '

Therefore, the homoclinic orbit has singularities at points ±m with a = \/2/(n — 2)
which are branching points. It is not difficult to see that, near the singularities ±ia,
the first component of 7 reads as

+ o(í±ia)1/«»-7

with = (2a)-1/(n-2)e-í7r/2(n-2) and C+ = CZ.
We consider a family of perturbations given by

hi(x,y,t/e) = xk eos(í/e).

In this case, £ = k/(n — 2). Of course we suppose that k satisfies the hypothesis HP4,
that is 2k — 2 > n. We observe that in this case £ > (n + 2)/(2n — 4).

Then, by Corollary 1.2.3 the area of the lobe generated between two consecutive ho-
moclinic points satisfies the asymptotic expression

A - |GJfc_-L_e-a/£2(n-2)' 'r(^)
where v = p — k/(n — 2) and p > k(n — 2).



Chapter 2

Analytic properties of the
homoclinic orbit of the

unperturbed system

2.1 Introduction and main result

The purpose of this chapter is to obtain the asymptotic behaviour of the homoclinic
orbits of Hamiltonians Systems of the form

H(x,y) = y2/2 + V(x)

with V(x) being an analytic function, for complex valúes of time in a certain domain.

We suppose that the origin is a fixed point of the corresponding Hamiltonian equation

x = y

y = -V\x).

It is not restrictive to assume that V(0) = 0. We suppose that V is of the form

V(x) = anxn + ...

with an / 0.

If n > 3 the origin is a parabolic point, that is, the linear part of the equation at (0,0)
has a double zero eigenvalue. Assuming that it has an invariant curve passing through
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the origin the solution on this curve has to live on the energy level H(x, y) = 0. Then

x = y = ±y/-2V(x).

Henee we will have that x = axk + ... or x = axk+1^2 + ... according to the cases
n = 2k or n = 2k + 1, k E N.

For the sake of generality we consider the case k E R. We define the set

U = E)(0, r) — {z E C : Im z = 0, Re z < 0} C C.

The principal result of this Chapter is the following proposition from which we derive
the asymptotic representation of x(t) and then y{t) follows from y(t) = x(t).

Proposition 2.1.1 Let f be an analytic function on U. Suppose that

f(x) = axk + bxe + ...,

with k,í ER, 1 < k < £ and a < 0. Consider the equation

x = f(x).

Then, there is a solution ip(t) defined on

fl(T, t) = {í E C : Re t > T, \ Im í| < r}

such that

<p{t) = ct~p + o(r")

with p = l/(k — 1), p < v < min{p(l + £ — k),p + 1/2} and c = (—p/a)p.

The proof of this proposition has two parts: a formal and an analytic part. Obviously
the formal part is only an heuristic study of the equation x = f(x) and only gives a
intuitive approach of the behavior of the solution which we want to find.

Remark 2.1.2 From the way that T and r enter in the estimations, see in particular
conditions (2.3.4), we deduce that we can take r big if we take T big enough.
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2.2 Formal part

We assume that cp has an asymptotic expansión of the form

p < q < r.
1,1 1ip(t) = c b d b e b^ ) tP tg tr

Imposing that it is a formal solution we obtain the following equation

1 ,1 1 / 1 A 1 \k
-pe—— - qd—— - er—— + ... = a [c— + d— + e— + ...tP+1 tq+1 tr+1 \ tP ti tr J
j 1 ,1 1 V

+ b (c-—b d-—b e-—b • • • ) + • • •V tP ti tr )
k i / , i i \k L, i , i i v

~ aC
tPk ( + ctq-P + ectr~P + " ') + c tP£ ( + cti-P + ectr~P + " ') + " '

= + • -)
+ b(c'4 + «C'-1_L_ + + ...)pií tfp+q—p fá+r-p 2

The lower order terms must agree so that we have

f£p+2(q-p)

p + 1 = kp, — pe = ac

that is,

P
k- 1’

c =
-P

i/(fc-i)

(1 — k)a/

We observe that, if p = l/(fc — 1) then kp + q — p — q + 1, therefore, for the next order
we impose the condition Ip = 1 + q to have three terms of the same order. This gives

1 + £ — k
q = -T=T-

Comparing the coefñcients of order q+1 we get —qd = kadck~l+bé which is equivalent
to

-£ + 2k-l ,ed
k-1 =bc

which has a solution if and only if £ ^ 2k — 1. Note that £ = 2k — 1 is a kind of
resonance condition.



16 2. Analytic properties of the homoclinic orbit of the unperturbed system

One may think in just imposing that two terms have the same order q+ 1 and henee
£p > q + 1.

Comparing the corresponding coefficients we get

—qd = kadck~l = ka(—p/a)d — —kpd

so that q — kp = k/(k — 1) and d, for the moment, is free. Therefore, the condition
£p > q + 1 is equivalent to £/(k — 1) > k/(k — 1) + 1 > (2k — 1 )/(k — 1). Note that
this only could happen when £ > 2k — 1.

We finish here this heuristic study and now we give a proof of the analytic part of the
Proposition 2.1.1.

2.3 Analytic part

Let U = B(0, r) — {z e C : lmz = 0, Re 2: < 0} C C and k, £ £ R, 1 < k < £. We
consider

f{x) = f0{x)+g(x)

with f0(x) = axk, a < 0, and g : U —► C analytic such that |#(:e)| 5; B\x\e.
The general solution of

x = axk

is x(t) = c/(t + a)p with c = {—p/a)v and p = l/(k — 1). The constant a takes care of
the initial condition. Motivated by the discussion in the previous section we look for
Solutions of the form

ip(t) = (p0(t) + with ip0(t) = c/(t + a)p.

We write the equation x = f(x) in the form

<p0(t) + V>(í) = /o(^o(í)) + D fQ{ipQ(t))ip{t)
+[f{vo(t) + - fo(<p0(t)) - Df0(<po(t))il>(t)].

First we consider the auxiliary linear equation

c \ k~l —k 1

(2.3.1)

x(t) = Dfo{<po(t))x(t) = ka {t + a)P I
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which has a solution

~

(t + a)P+1 ‘

From (2.3.1), using the variation of constants formula we get the following integral
equation for tp

m = mt) (2.3.2)
=

+ ^p+i' JT (s + aY+1[f(vo(*) + ^(¿)) - foiMt)) - DfoiMt))^)] ds.
Here, we are implicitly assuming that ip(T) = 0. We take a = ¡i + iX such that

p, = Rea>0, |A| < r (2.3.3)

are fixed and v such that

f l—k )
p <v < min < p + -—-,p + 1/2 > = min{^,p + 1/2}

fixed. We introduce the space

X = {ip : Í1(T, r) —> C : analytic, |í + o;|1/|'0(¿)| < oo}.

We endow X with the norm

U\\ = sup \t + a\v\rp(t)\.
ten(T,r)

We cali Xp the closed hall of radius pin X centered at zero. We consider r : Xp —» Xp
as defined by (2.3.2).
The rest of this subsection is devoted to prove that, taking suitable valúes for p and
T, we have that T : Xp —> Xp is a contraction.

We take

T > 1, p < c/2, (T + p)p > 2c/r,
(t + p,y-p > 1/2,

r + ft-tau(//(X4p))- ifp>1’ T +^t+W’
(2.3.4)

if p < 1
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and T satisfying the conditions

(1+2(T+V-”) “2’ (1 + 2(T+V”-') £2'
first we check that F is well defined. If s = Si + 1S2 G 0(T, r), it is clear that

|s + a\ > | Re(s + a)\ = \si + ¡j,\ > T + ¡i.

Then

(s + o¿y
+ Y(s) < +

(T + fi)P {T + ^Y

1

Itóll < -r 3c/2 <Imi “ (T + /x)p / “4

Remark 2.3.1 Leí 2: G C. If | arg(z)| < 7r/4 and |w| < \z\ then | arg(z + w)| < 37r/4.

Proof. Since \w/z\ < 1, w/z = a + ib with |a| < 1. Then, Re(l + w/z) > 0 and
| arg(l +w/z)\ < 7r/2. Therefore | arg(2 +w)| < | arg(2:)| + | arg(l +w/z)\ < 7r/4 + 7r/2.

For s G Í2(T, r),
/y I I ^ I yj-

| arg (^o(s)| = | arg(s + a)p\ <p arctan < -

and

^0)
c/(s + a)p

< M/l*+ of <
“

c/|s + q;|p ~ c Is + cc^-p
< 1.

By Remark 2.3.1, this means that | arg(<¿?0(s) + V,(s))l < 37r/4 and henee, if if G Xp,
then for all s G Í2(T, r), </?0(s) + "0(s) belongs to the domain of /.
For k G R, A; > 0 it is clear that

|(l + u;/;z)fe-l| = í k(l + sw/z)k l—ds
Jo z

< k{l + \w/z\)k l\w/z\. (2.3.5)

Therefore, for z, w G C, Re 2: > 0 and \w/z\ < 1 we have that

|(2: + w)k — zk — kzk 1w\ < —^—z—^\z\k 2|u>|2(l + \w/z\) k—2

2
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To evalúate the integral in the definition of T we will take the path of integration
7(tí) = T + (t — T)u, u € [0,1]. We write £ = Reí and p = Imí.

We begin by bounding

(s + a)p+1a[(</?0(s) + ii(s))k - (<Po(s))k - /c(^0(s))fc_1V;(s)]^

)"-í>) It |s + a|2("_í,) dS<wíS_i)c^W2(i+
< la k(k — 1) dfc-i

c(T + p)
1 \k~2 t 1+

2(T + ¿i)"-?/ JT \s + aP^-p) (2.3.6)

/ \ fc—2

(if /c — 2 < 0 we have to substitute (1 + (T+^-P ) by 1) where we have used that
p(k - 2) - (1 + p) + 2u = 2(v - p).
Now we bound the term f£(s + a)p+1g(c/(s + a)p + ^(s^ds :

í (s + a)p+lg(c/(s + a)p + ip(s)) ds
JT

< B í |s + q;|p+1í
JT

1
+ C_1H^II

(s + a)p (s + a)u
ds

= Bc¿( 1 + 2 (T + h)v-p
where we have used that p£ — p— 1 = q — p.

We cali Is the integral

lT |s + a\q~p
ds (2.3.7)

/s= í PTSpds / t-T

[(T + p + (£ - T)u)2 + (pu + A)2]¿
du.

We note that (T + p + (£ — T)u)2 + (pu + A)2 > (T + p)2 > 1. We consider two cases:
8 < 1/2 and 8 > 1/2. If <5 < 1/2

\h\ < fJo \t-T\
[((T + p) + (C-T)u)2 + (pu + X)2Y

I t-T\
[((r + /í) + (e-r))2 + (, + A)2]«
i |t-T\

r~Jo u2S

du

du

1 -2<5|í + a|25' (2.3.8)
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If 6 > 1/2, or even more generally if 6 > 0, let 7 < 8 be such that 0 < 7 < 1/2. We
liave

/ |£ - T\|/{l - /„ [(T + M + (í - T)uf + (,tu + A)2]5
f' \tzT\ ,
Jo [(T + P + (£ - T)uf + (nu + A)2]¿-7+7 u

\t — T\ f1 1
-

(T + ^(í-7) y0 [(r + ^ + (e-r)tt)2 + (^ + A)2]7 au
< 1 1 \t-T\
-

1 - 27 (T +/x)2^) lí + al2^' (2.3.9)

We observe that, by (2.3.3), |í — T\ < |í + a\. We recall that 2(u — p) < 1. We write
q — V — q — v + v — p, and we take q — p = 26 and v — p = 27 in (2.3.9). Then using
(2.3.8) in (2.3.6), (2.3.9) in (2.3.7) as well as assumptions (2.3.4), we have that

|i¥(t)|
<

1
flC
h-iKk-l)

<

|£ + a\v+l V
+ Bce( l + n,„\ 2 (T + p)

k-i k(k — 1)

1 +

1 v
- uY-pj

2 (T + /i)
1

1 \k-2 1-uY-p) l-2(i
\t-T\

2(v — p)\t + a\2Y~p)
\t-T\

\a c

(T + pY~v 1 - (y - p) |í + a\v~P\
1 1

^1-2(v-p) \t + a\u-P

+ 2B¿
1 - (u - p) (T + p)i-v\ |í + a\v'

Clearly, if T is big enough, |P0(f)| < p/\t + a\v and then YY e Xp.
Next we see that T is a contraction. Indeed, let Y and Y be two functions which belong
to Xp,

|(rv-r$(t)| <
1

11 + a\p+1 Dfo{<Po(s))Y(s)

-[fo(<Po(s) + Y(s)) - Dfo(ip0(s))Y(s)])ds (2.3.10)

+ JT^S + + Y(s)) - g{<Po(s) + Y(s))] ds .
To evalúate the first difference we consider the function

X(z) = a[ip0(s) + z)k - k(ip0(s))k lz].

V
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By the mean valué theorem, we have that

X(z) - X(z) = Í x'(z + C(¿ - z))[z - z] d(
Jo

and, since x'(w) = <^[(tA)('S) + w)k~1 — ((¿>o(s))fc_1] then, using (2.3.5),

lx«s» - x«-M)¡ < ak(k -1)+17^p)‘ - ^(s)l'

(If k - 2 < 0 we have to substitute (jqq^p + pq^p) by (pp^p))-
We bound the first integral in (2.3.10),

l
Je-2

r >+«r1H*(fc-i)|S+a|f()i.2)
= \a\k(k — l)ck~22p\\ip — ipW J
= |a|fc(A; — l)cfc_22p||,0 — -0|| í

JT

1 +
C lp

(T + fi) ü-Tphs + a\ 2v
ds

T \s + a\p(k-2')-1-P+2l/
* 1

ds

T |s + o;|2^-p)
ds (2.3.11)

Here we have used that pk = p +1. To deal with the second integral we use that, since
g is analytic, \g'(z)\ < B2\z\e~1 in a. domain

{z G C : \z\ < r, \ axgz\ < 0q} 0 < 0o < 7r.

Then it is bounded by

■ P .—y 1 í- -¡———ds11 * y|lV ciT + fiy-pJ JT |s +
= B2é-lM-M(l+ ^ P .—y-1 í —ds (2.3.12)11 r rMV c(T + p)u~P) JT \s + a^-P+^-P

here we use that pl = q+1. We recall that 2(u—p) < 1. Then, using (2.3.8) in (2.3.11)
with 26 = 2(v — p) and using (2.3.9) in (2.3.12) with 2y = v — p and 26 = q — p + u — p
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we obtain

|(P0 - !>)(() | < |í + a|p+1 L

+B2ce~12\\'ip — i¡j\\

a\k(k — 1 )ck 22p
1

1 \t — T\
l-2(u-p) \t + a\2(-P^ ^

1 \t~T\ i

<

|T + p,j (9—p) 1 — {y — p) |í + a^-p).
1 1

|a|A:(/c — 1 )ck 22p . .1 1 ^ H1 - 2(u - p) \T + ^-p
1 1 1|l'0-'0||+52cí-12

1 — {v — p) \T + p\(9-p)_ \t + a\v'

Here we have used that \t — T\ < |í + a\. Henee, if T is big enough T is a contraction
in Xp and, by the fixed point theorem, there exists a unique solution of (2.3.2) which
belongs to Xp. This ends the proof of Proposition 2.1.1.



Chapter 3

Parameterization of local invariant
manifolds

3.1 Introduction

In this Chapter we prove the existence of a special parameterization of the local stable
and the local unstable manifolds which will be useful later. We only prove the existence
of such parameterization for the local stable manifold, but it is clear that the result is
also true for the unstable one, working with the inverse map.

In order to prove this result we need a good initial approximation of the stable (and
unstable) manifold and suitable coordinates to work with.

In Section 3.3, we obtain these coordinates by canonical changes of variables using the
averaging method. This method allows us to obtain two important things: remove the
terms of order ¡iep and remove the smallest degree terms (with respect to (x,y)) of h\.
We must average several times in order to obtain a high enough degree.

The initial approximation of the stable manifold is achieved as the invariant manifold
of an appropriate intermedíate system which is constructed in Section 3.5. It is a
truncated polynomial system with coefficients chosen in a very specific way. We remark
that this initial approximation is only necessary when k < n and henee can be avoided
if we are interested in the case k > n.

Finally we obtain a functional equation for the parameterization of the stable manifold
and we prove it has a solution applying the fixed point theorem in a suitable Banach
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space.

It is important to say that although the system is C° in t/e, we obtain a parameteri-
zation with two parameters say (t,s), which is analytic in s, considered as a complex
variable, and we provide a dynamic sense for it.

3.2 Definitions and main result

We begin by introducing some notation. Given T > 0 and t > a > 0 we define the
following sets:

Ds = DS(T, r) = {(í, s) G M x C : t + Res > T, | Ims| < r}

and

Du = d»(t)T) = {(t,s) GlxC: í + Res < -T, |Ims| < r} .

Note that if (t, s) G Ds, (t + 27re,s) and (t,s + 2ire) also belong to Ds. For k G M,
k > 0, we define the space Xk = Xk of functions h: Ds C such that

(a) h is continuous,

(b) for t fixed, s i—>■ h(t, s) is analytic,

(c) h(t + 27re, s) = h(t, s + 2ire) for all (í, s) G Ds,

(d) ||h||fe = sup{(í + Res)k\h(t, s)|, (t, s) G Ds} < oo.

It is clear, from the definition, that Xk is a Banach space with the norm ||.||fc and that

%k+i c xk.

Indeed, from the definition of ||.||fc we have

I hn(t, s) — hm(t, s)| < -|- fte s)k _ ~
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Then if (hn) is a Cauchy sequence in Xk, (hn) is uniformly convergent to some function
hoo : Ds —*■ C and therefore hoo satisfies the conditions (a), (b) and (c) of the definition
of Xk. If \\hn — hm\\k < e for n,m> n0, taking limit as m goes to oo in

Ihn{t, s) — hm(t, s)| < ^ jies^k£
we have

Ihn(t, s) - hoo{t, s)| < ^ + ^e^fcg (3.2.1)
and

(t + Res)fc|/ioo(í, s)| < (t + Res)k\hn(t,s) - h0O(t,s)\ +(t + Res)k\hn(t,s)\
< £+\\hn\\k (3.2.2)

From (3.2.2) it follows that h^ belongs to Xk and from (3.2.1) that hn —» in Xk.
The main theorem of this Chapter is the following:

Theorem 3.2.1 Let r > 0. Assuming hypotheses HP1-HP4 and that, in case p < 1
dxhidyh\ = 0, there exist T > 0 big enough and parameterizations 7®e(t, s), 7“e(í, s)
of the local stable and unstable invariant manifolds, defined in Ds(T,r), Du(T,r),
respectively, such that (* stands for s and u):

1) t h-> 7* e(t,s) is a solution of system (1.1.1) and s 1—> 7*iE(í, s) is real analytic.
Moreover the map (t,s,p,e) i—» 7*e(í, s) is continuous, C1 with respect to t and
analytic with respect to (s,p).

2) 7¿,e(¿ + 27r£> s) = 7¿,e(£, 5 + 2tt£) for all (£, s) e D*(T, r).
3) For p = 0 , 7*e(í, s) coincides with the restriction of the homoclinic solution

70 (t + s) to D*(T, t), and for p ^ 0 the following estímate holds:

7¿,e(f. s) = 7o (t + s) + psv+1G{^Q{t + s),t/e) + 0(pep+2)
where G = (Gi,(j2) is such that

deG(x,y,e) = (dyh1(x,y,e),-dxh1(x,y,d))!
and has zero mean.
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4)%tA^^s) = 7o(t+s)+fiep+1a*(t, s,where <j*(t,s,p.,e) E XfxXf with X =

Prom now on, to simpliíy the notation, we omit the dependence on e and /i at several
places where do not play an essential role. The proof of this theorem is done in several
steps.

Remark 3.2.2 In this theorem we have introduced a new condition: if p < 1 then
dxhidyh\ = 0. By Remark 1.1.4 hypothesis HP5 implies this condition, and therefore,
under hypotheses HP1-HP5, Theorem 3.2.1 applies.

In the following sections we assume the hypotheses of Theorem 3.2.1.

3.3 Averaging of the equation

Some steps of averaging are necessary to transform the equation (1.1.1) into a suitable
form. First we scale time by 0 = |. The transformed system reads

x = ey + ¡a£p+1dyhi(x, y, 9, /i, é) (3.3.1)
y = -eV’(x) - ixep+1dxhi(x,y,e,p,£)

where x and y now mean derivatives with respect to the new time 0. The Hamiltonian
becomes eH{x, y, 9, p, e). Next we average n + 1 times with respect to 9 in order to
move the contribution of the perturbation to terms of order pep+2n+1 and fx2£p+3 in the
parameters, taking care of the orders with respect to x, y.

Definition 3.3.1 We denote by P\m with l,m £ N, l < m the set of functions which
are sums of homogeneous polynomials with respect to (x, y) of orders between l and m.
That is, we say that p : C2 x R —> C belongs to P¡n if and only if p is C° and analytic
in (x, y) variables and

p(x, y, 9) =
i+j=l

with the coefficients aij{9) 2-rc-periodic.
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We will also consider families of functions in P™. In such case we will have
m

PnAxiy>0) =P(x>y,Q>l¿,£) = ^2 aij(0,p,e)x'ly3
i+j=l

with ¡i and e belonging to some set.

Moreover we will consider functions, analytic with respect to x, y in some neighborhood
of the origin, whose lower order terms will be of order l. We will represent their set by
Pi = Pf°.

We will write p = ÍPh,Pi2) £ Pix x PÍ2 if p¡x E P^ and pi2 E P¡2. Moreover, if 11 = l2
we write that p E P^.

For notational convenience we define

pra = pm ^ ¿ < 0, 0 < m < +OO.

Let Fv{x, y, 6, p, é) be such that it has zero mean with respect to 0 and
V

Fv(x,y,0,p,e) = ^y2lph{x,y,0,p,e) (3.3.2)
1=0

with v E Z+, ji = max{0, n(y — l) + k — 2u} and pjt E Pjr We assume that Fv depends
on parameters p and e, that it is continuous (with respect to all variables) and that it
is analytic with respect to (x,y,p). We consider the Hamiltonian

eHv(x,y,0,p,e) = |y2 + eV(x) + p£p+2u+1Fv(x,y,0, p,e)
+p2£2p+2R%k_2(x,y,0,p,£)

with V of order n and P%k_2 £ P2k-2- We observe that eH has this form for u = 0 and
B»k-2 = 0.

Lemma 3.3.2 Under the previous conditions and assuming that n > 3 and k > 2,
there exists a canonical change of variables (x,y,0) = Cu+i(x,y,0, p,s) which is C°
in (x,y, 0,p, e), Cland 2n-periodic in 0 and analytic in (x,y,p) and it transforms the
Hamiltonian eHv to

£Hu+i{x,y,0,p,£) = |y2 + eV{x) P p£p+2{-v+l)+lFv+x{x,y,0, p,e) (3.3.3)
+p2£2p+2R"2+f2(x, y, 0, p, e)
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in a neighborhood of the origin, where

Fv+1(x, y, 9) = ydxS2 - V'{x)dyS2,
S2 = S2(x,y,9) depends on S1 = 6) and they satisfy

dgS1(x,y,d) = —Fv{x, y, 9)
deS2(x,y,9) = V'{x)dyS1(x,y,9) - ydxS1(x,y,9)

Moreover

y+i

Fv+1 = ^2y2lPn(x,y,9)
1=0

(3.3.4)
(3.3.5)

with ii = max{0,n(z/+1 — l) + k — 2(z/+l)}, pjt ^ Fj¡> Fv+1 has zero mean with respect
to 9 and R2kl2 = F!^k^2(x,y,9,p,e) G Pxk-2 and

R£l2 = e^dyF&S1 + Ru2k_2 + £4l/+1r2k-2
with r2k-2 G P2k—2- Also TLv+i is continuous in (x,y,9,p,e) and analytic in (x,y,p).

Remark 3.3.3 Although in the parabolic case k has to be greater than 3, we allow
k >2 in order to use this Lemma in the weak hyperbolic case.

Proof. We consider a generating function S(x,y,9) which will provide a canonical
change of variables (x, y) t—> (x, y) implicitly through

x = dyS(x,y,9)
y = dxS(x, y, 9) (3.3.6)

and then the new Hamiltonian will be

eHv+i(x, y, 9, p, e) = sH(x, y, 9, p, e) + dgS(x, y, 9).

We take

S(x, y, 9)=xy + pev+2v+1 S1 (x, y, 9) + pép+2v+2S2{x, y, 9)
with Sl and S2 satisfying (3.3.4) and (3.3.5). This choice is motivated by the next
calculations. We observe that S is C1, 27r-periodic in 9 and analytic in (x,y). With it
we will cancel the terms of orders pep+2u+1 and pep+2y+2 in the averaged Hamiltonian.
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Since Fu has zero mean with respect to 9 we can choose S1 with the additional condition
that

2tt

S1(x,y,9) d9 = 0.

Moreover, with this choice of Sl we have that dgS2 has zero mean and therefore we
can also choose S2 such that

r-27T

S2(x, y, 9) d9 = 0.

From (3.3.2), it is clear that Fv £ Pk. Indeed, all terms are of order

21 + n{y — l) + k — 2v = (n — 2)(v — l) + k > k.

Henee S1 is of order k and S2 is of order greater or equal that k. From (3.3.6) we have
that

x = x- ¡Jiép+2l'+l dyS1 - yLEp+2v+2dyS2 + ix2£2p+Av+2r2k._3
y = y + tx*2v+1dxS1+tie*2v+2dxS2 + fi2e2^+2r2k-3

where the derivatives of S1 and S2, and r2k-3 are evaluated at (x, y, 9). Here and until
the end of the proof rj will mean a term of Pj. The averaged Hamiltonian is therefore

eHv+i{x,y,9,ii,e) = eHu{x,y,9,/j,,s) - ¡x£p+2v+1Fv(x,y,9)
+fi£p+2,J+2[V,(x)dyS1(x,y,9) - ydxS1(x,y,9)]

= \ [V + yiep+2v+ldxSl + íiep+2v+2dxS2 + y?E2p+il/+2r2k._3]2
+eV(x - ¡1Ep+2v+1dySl - iiE^^dyS2 + ¡jL2E2p+Av+2r2k-3)
+¡j,£p+2u+l[F„(x, y, 9) - Fv(x, y, 0)]
-yL£p+2v+2[V'{x)dySl - ydxSl]
+[l2£2p+2R^k_2 + Ii2£2p+Av+Zr2k_2

= |y2 + (x) + iJ£p+2v+3[ydxS2 - V’{x)dyS2]
+(i2E2p+A0+2dyFvdxS1 + y?£2p+2Rv2k_2 + [j?£2p+Au+3r2k_2.

Therefore we can take

R2t\ = eAvdyFvdxSl + R^_2 + e4"+1r2fc_2. (3.3.7)
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We will need information on the orders of the terms in the Hamiltonian and the factors

y they have. From (3.3.2) and (3.3.4) we write

51 = ¿2/2V
1=o

Then we have that

V

dxS1 = J^y2lPn-i
1=o

and

dyS1 =¿ y2l^Ph +¿ y2lPh-1 = Pj0-1 +¿ y2l~lVn
1=1 1=0 1=1

according to Definition 3.3.1. Moreover, since dgS2 = V'(x)dySl — ydxSl,

S2 = Pj0+n-2 +¿ y^Pn+n-l +¿ y2l+1Pói-l
1=1 1=0

and then

V V

dxS2 = pjo+n-3 + V2l~lPn+n-2 +^ V^Pjl-2>
1=1 1=0
V V

dyS = Pjo+n—0 4“ 'y jP Pji+n—1 "h y ^y Pji-1-
1=1 1=0

Therefore, the function

Fv+i{x, y, 9) = ydxS2 - V'{x)dyS2

is of the form

Fu+1 = Pjo+2n—4 + Pji+2n—2 + Pjo+n-2 + yPj0+n-3
u-1

+ X/ y2l(Pjl+n~2 + Pll-i-2 + Pj¡+1+2n—2)
Í=1

+y2,/(p>+n-2 "P Pjv-1—2) + y2v+2Pj„-2-
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But we observe that, if i¡ are the analogous integers to ji with u + 1 instead of u,

ji-i ~ 2
ji+1 + 2n — 2

3u ~ 2

thus

ji+n — 2 = n(u + 1 — l) + k — 2(v + 1) = i¿, for 1 < l < v,

for 0 < l < v — 1,
k - 2(v + 1) = iv+i

v+1 v+1

Fv+1 = ^ j V Pn(v+l—l)+k—2(t/+l) = 'y 'jV Pir
1=0 1=0

Since S'1 and S2 have zero mean, we also have
2n

Fv+1{x,y,e,p,e) d9 = 0.

Finally we discuss the regularity of C„+i and 'Hu+\. By hypothesis we have that Fu is
continuous and analytic with respect to (x, y, ¡i). Then S1 and S2 will be continuous,
C1 with respect to {x, y, y, 9) and analytic with respect to (x, y, ¡i). To get the change
of variables we have to apply the implicit function theorem (I.F.T.) to

(x, y, x, y, 9, y, e) ^ (x - dyS(x, y, 9,n,e),y- dxS(x, y, 9, y, e)).
This map is C1 with respect to (x, y, x, y, 9, ¡j) and continuous. A generalized versión
of the I.F.T. gives that we can obtain

(x,y) = g(x,y,9,fjt,e)
with g Cl with respect to x, y, 9, y and continuous.

A new application of the I.F.T. for analytic functions, with 9 and e fixed, gives, by
uniqueness, that g also is analytic with respect to x, y, y.

Then the result holds. ■

Now we use the previous lemma in order to perform n + 1 steps of averaging.

Lemma 3.3.4 There exists a canonical change of variables (x,y,9) = C(x,y,9, y,e)
which is C° in (x,y,9, y,e), C1 and 2-K-periodic in 9 and analytic in (x,y,y) and it
transforms the Hamiltonian sH to

eTÍ(x,y,9, y,e) = eh0(x, y) + yep+2n+3F(x, y, 9, y, e) (3.3.8)
+y2£2p+2R2k-2(x, y, 9, y, e)
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in a neighborhood of the origin, where F E P2„_2 and, has zero mean with respect to 9,
F-2k-2 € P2fc—2 and

R2k-2 — OyhidxS1 + £T2k-2

with S1 such that dgS1(x, y, 0) = —h\(x, y, 0) and has zero mean with respect to 6, and
f2k-2 <£ P2k-2- Moreover Ti is continuous in (x, y, 9, p, e) and analytic in (x,y,p

Proof. Since hi E Pk, we note that H has the form (3.3.2) for v = 0 and P^k_2 = 0-
Then we begin with F0 = h\ and R%k_2 = 0 and we apply iteratively n + 1 times the
Lemma 3.3.2. In this way we obtain that F = Fn+i has the form

(3.3.9)

with ji = max{0, n(n + 1 — l) + k — 2(n + 1)} and pjt E Pjr And from (3.3.7), we can
write R2k-2 as

R2k-2 = dyhdxS1 + er2k-2

where S1 is the one which corresponds to the first change C\. Moreover the function
Fn+1 has zero mean with respect to 9. We observe that the Hamiltonians 7í\,... , Ttn-i
are C°, 2n periodic in 9 and analytic with respect to x,y and p. The changes
C\,... , Cn+1 are C1 with respect to 9.

We prove now that, if a function has the form given in (3.3.9), then it belongs to P2n-2■
We have that ji = max{0, n(n — 1 — l) + k — 2}, if l < n — 1, then j¡ > 0 and

21 + ji = n(n — 1) — (n — 2)1 + k — 2 > 2(n — 1).

And if n < l < n + 1,

21 + ji > 2n > 2n — 2.

Henee P = Fn+Í E P2n-2- ■

Remark 3.3.5 We observe that /Pe2p+2P2fc_2 can be written as p2£p+3R2k-2- Indeed,
if p > 1 it follows from the comparison of powers of £. And, if p < 1, by hypothesis
dyhidxhi = 0 which implies that dyhidxSl = 0.
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Remark 3.3.6 We observe that the change C is of the form

C{x, y, 9) = (x, y, 9) + ¿iep+1(G(x, y, 9), 0) + 0{y,£p+2)
where G is such that 8qG = {dyh\, —dxh2). We use this in order to prove the third
property of Theorem 3.2.1.

We rename the variables (x, y) by (x, y) then, as a consequence of the previous remark,
the system in the new variables is

a/ = £y + p,ep+2n+3dyF + p,2£p+3dyR2k-2 (3.3.10)
y' = -éV'ix) - pt£p+2n+zdxF - p2£p+zdxR2k-2.

Here ' means derivative with respect to 9.

3.4 Estimates for the Poincaré map

3.4.1 Notation

In this section we calcúlate the Poincaré map of the equation (3.3.10) defined as follows:

pl°Áx' y) = VnM + 2tt, 9o, x, y) (3.4.1)
where </v,e(^> $o, x, y) is the solution of the system (3.3.10) such that <Pfj,t£{9o, 90, x, y) =
(x,y). If there is not danger of confusión, we denote ^^(9,90, x, y) by y?M(0).
Let [/ C M2 be a neighborhood of the origin and let

y(0o) — blse[o,i]^(^o + s2ir,90, U)
and

v = u no°)
60eR

Then, since the flow depends 27r-périodically on 90, the set V is bounded.

We denote by p,£p+2n+zFll:£(x,y,9) the terms of order ¡j,ep+2n+3 in (3.3.10), we write
F^e = (F1, F2) and we recall that F^ G P2n-3• We denote

(i2£p+zR2ks = ii2ep+z(dyR2k-2, —dxR2k-2)
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the remaining part of (3.3.10). Moreover to simplify the notation we introduce z =

(x, y) and r¡ = p2£p+2.
We denote by eXo the vector field corresponding to the equation (3.3.10) when p = 0,
that is,

and we denote eX^ = eX0 + fj,£p+2n+3+ /r2ep+3i?2fc-3-
It is clear that XM is bounded in V and it is 27r-periodic on 8, thus there exists some
constant M (independent on 8) such that, \\X^(x,y,8)|| < M for all (x,y) G V and
0 G R.

Moreover Xfl is Lipschitz in V. We denote by the Lipschitz constant of XM.

3.4.2 Some preliminary bounds

In order to determine the properties of the Poincaré map defined in (3.4.1) we need a
precise knowledge of the distance between a solution and its initial condition, as well as
the distance between the Solutions of the unperturbed system, <po(8), and the Solutions
of the perturbed one, (p^(8). This is studied in this subsection.

Remark 3.4.1 ^4s before we make the convention that if l < 0 in ||(a;,y)||z we under-
stand that it represents a constant term.

We need a simple lemma:

Lemma 3.4.2 Let Q, C <C2xR xR2 be a neighborhood of {(0,0)} x R x {(0,0)} and
let f : Í2 —> R be a function that is continuous, C1 with respect to 8 and analytic with
respect to (x, y, ¡x) such that there exists a constant c > 0 verifying

\\f(x,y,8,p,£)\\ < c|y|*||(a;,y)\\l

for all (x, y, 8, p, e) G Í2. Then there exists a function f¡ continuous, C1 with respect to
8, analytic with respect to (x,y,p), /(., .,d,p,£) G P¡ such that

f(x, y, 8, p, e) = y1 fi {x, y, 8, p, e).
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Proof. We take f¡(x, y, 9, y, e) = f(x, y, 6, y, e)/yl. Obviously we have to prove that f¡
is analytic at points of the form (x, 0,9, y, e) E O. We consider (rr, 0,9, y,e) E íl and y
small enough so that the Taylor series of / with respect to y at (x, 0,9, y, e) converges
at y. Then by Taylor’s theorem

f(x, y, 9, y, e) = f(x, 0,9, y, e) + ... + ^ * ^d^fix, 0,9, y, e)yt~1
+ (7~[)! J0^~ sy’9’ £^yÍ ds'

It is clear that dJyf(x, 0) = 0 if j < i, and then
ir1

f(x,y,9,y,e) ^ J (1 - s)l~ldlf(x,sy,9, y,e)ds. (3.4.2)
Since / is analytic with respect to y, the derivatives d*f also are continuous, C1 with
respect to 9 and analytic with respect to (x,y,y). Therefore

lí1
fi(x,y,9,y,e) = j—yyy j (1 - s)l-ldlyf{x,sy,9, y,e)ds

also has the same kind of regularity. Moreover the hypotheses of the present lemma
imply that \\fi(x,y,9, y,£)\\ < c\\(x,y)\\l. Henee if j < l, D3{x¡y)fi(0,0,9, y, e) = 0 and
therefore

+oo -

fi(x, y, 9, y, e) = ^2—Dlxy)fl(0,0,9,y,£)(x,y)k E P¡.
k=i K'

Lemma 3.4.3 Let ip^9) = ¡p(9,9g,x,y, y,e) be the solution of

z = eJ(Dh0(z) + yep+2n+3DF(z, 9, y, e) + y2ep+3DR{z, 9, y, e)).

If 9 E [9g, 9q + 27t] and z = (x,y) E U then there exists some constants C, Cp, yo and
£g such that for all \y\ < yo and |e| < £g the following bounds hold:

i) II^TOII < c\\z\\,

a) \M») - (*■!/) II < ec(M + lUH"-1 + Ap+2lkll21-3),
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3) The perturbed solution can be expressed as
= To{0) + ^ep+2n+3lí,M(0,0O) x, y) + p2£p+3^^(9,0O, x, y)

with

!|4V(Mo,z,!/)ll < Cfllzll2"-3
\\$r(O,0o,x,y)\\ < C\\z\\2k-Z

where, if F^e = 0, \1/M = 0. Moreover, and are C° with respect to e,
C1 with respect to 0 and 90 and analytic with respect to p and initial conditions
(x,y).

4) The functions
^^(x,y,90) = ^tl(90 + 2n,9Q,x,y)

R2k~s(x,y,90) = $n(Qo + 2Tr,90,x,y)
are such that, Vv,e £ P2n-3 and R2k-3 € P2k-z- Moreover if F^e = 0, W = 0.

Proof. The proof is straightforward. We recall that the origin is a fixed point. In
order to prove the first bound, we write the equations in the integral form. We have
that

\\<Pn(0)\\ ^ IMI+e/ s) — ^(0,0,s)||<isJe o

< WzW+eLn ||</?A1(s)||ds
Je0

thus, by Gronwall’s lemma

\\Md)\\ < \\z\\e£L^e-^ < \\z\\eeL^, 9 € [90,90 + 2tt]
as we want. Moreover for the second one, we note that

sup \\Xn(x,y, s)|| < C(\y\ + ||z||n_1 + v\\zfk~Z)
se[0O,^O+27r]

where the bound of p,£p+2n+3F^ is included in C(\y\ + \\z\\n 1), then

Wtp^O) ~ z\\ < eí ||XM(^(s),s)||ds
Jeo

<

<

zf \\Xll.{(plx{s),8)-Xll{z,s)\\ds + e f ||X#í(«,s)||d5Jeo J 6o

eLM í IWs) - z\\ds + 2neC(\y\ + \\z\\n~l + 77||z||2fc_3)
J 6>n
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therefore, by Gronwall’s lemma we have that

||- z\\ < 2'KeC(\y\ + ||.z||n_1 + r)\\z\\2k~2)e¿'neL,í.
This proves what we want.

To deal with the last properties, we look for Solutions of (3.3.10) of the form

VniP) = ¥>o{0) +^ep+2n+34'íi(6',6>0,a;,y) + p2ep+3^IJ.(8,8Q,x,y).
We denote 4^(0, $o, y) by 4^(0) and $[¿(0,00, x, y) by 4>^($). We observe that

= Ar„(v„(«)) + x0(Vo(9) + í<£’’+2"+34'1.W)-x0(Vo(fl))
+X0(iPfím - Xo(po(0)+p£p+2n+3^^8))-

Henee cp^ satisfies, 0M = eX^p^, 9) with initial condition <¿>M(0O) = (x, y) and if we
look for ipn of the form ip^ — <p0 + p£p+2n+3xJ>^ + p2ep+3^tx we have that

0o = £Xq{<pq)

«V = ^55í[^o(í>o +^,,+2n+3>I+ (3.4.3)
% = -^\M^)-X¡¡(^ + ^r+2n*^P (3-4.4)

with initial conditions as follows:

¥>o(0o) = (®, V), ^Áeo) = %%) = (0,0).
We observe that the functions 4/M and 4>M are Cl with respect to 8 and 80, C° with
respect to e and analytic with respect to p. We deal first with the differential equation
for 4^:

J 6q

+ í FfMtE(pll(s),s)ds
J9o

and, since X0 is Lipschitz and ||^(s)|| < C\\z\\ we have that

4G(s)||ds+ í ||p;ie(^(s),s)||ds
Je0

< LqE IJ9r\ l|4r/x(s)llck + CF\\z \2n—3

||^(fl)|| < L„e/
J80



38 3. Parameterization of local invariant manifolds

An application of the Gronwall’s lemma gives the bound

11^(0)11 <CFeLo^\\z\\2n-3, 9 G [00,6o + 27t] (3.4.5)

with Cp = 0 if = 0. It is clear that

x, y) = o + 2n, 60,x, y)

is 27r-periodic in 60 and analytic with respect to initial conditions. Therefore, by Lemma
3.4.2, G P2n-3-

Analogously, for the equation (3.4.4) we obtain the estimate

||$M(0)||ds+ í ||i?2fc-3(^(s),s)IMs
J6o

< L0e I ||$#1(0)||d3 + C,||*||2fe-3.
Jeo

As before, Gronwall’s lemma gives the bound

||$„(0)|| < C'||z||2fc-3, de[0Q,6o + 2n]. (3.4.6)

It is clear that the function

#2fc-3(z, y, 9o) = $,*(00 + 27r, 0o, x, y)

is 27r-periodic in 90 and analytic with respect to (x,y). Moreover by estimate (3.4.6)
and Lemma 3.4.2, R2k-3 £ p2k-3- ■

Now we look for the form of the Poincaré map P¡)°, given in (3.4.1), of the system
(3.3.10).

1^)11 < L0e
00

Lemma 3.4.4 The Poincaré map P®° of the system (3.3.10) is

P°°(x,y) f x + 2ttey \ f 2^^, y, e)
V V ) \ -V'(x)+ 2neq2{x,y,£)
+/x£p+2n+3Vv,e(x, y, 0o) + fJ?SP+3R2k-3(x, y, 9o).

where qu q2 G Pn-i(independent of ¡i), G P2n-3 and i?2fc-3 G P2k-3■

(3.4.7)
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Proof. By properties 3) and 4) of Lemma 3.4.3 we only have to compute the Poincaré
map of the unperturbed system, which is independent of 60 since the unperturbed
system is autonomous:

It is clear that

in<4(»0+s2tt))| < cMr1
\V" + s2-k))ípI(6q + s2n)\ < C\\z\\n~l

Henee, by Lemma 3.4.2,

+ s27t)) G Pn-i
ViVofóo + s27t))<^o(^o + s2ir) e Pn-1-

Therefore, since the unperturbed system is autonomous,

Pq °(x,y) = (po(9o + 2ir)
Qi{x,y,e)
92 (x,y,e)

and the results holds. ■

Remark 3.4.5 We recall that until now we have not used the hypothesis 2k — 2 > n
and that all the results given in this section and in the previous sections are true for
k >2. Thus, they will be applicable in the next chapter where we will deal with what
we cali the weak hyperbolic case.

3.5 A useful intermedíate system

In this section we will find a system such that its stable manifold is closer to the
homoclinic orbit of the unperturbed system than the stable manifold of the perturbed
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one. We will find it by imposing that its Poincaré map contains some of the smallest
degree terms of the remainder R2k-3 in (3.4.7). This is necessary if k < n. We recall
that

2k — 2 > n.

We discompose R2k-3 = {R\k-Z’ P%k-3) in fhe following form

R\k-ÁxiV) =

Rlk-z(x^y) =

2n—4 2n—4 2n—4

Y p°3xJ+y Y +y2 Y
j=2k—3 j~2k—4 j=2k—5

+y3r2k-6ÍX> y) + P2n-z(Xi y)
2n—4 2n—4 2n—4

Y q(¡x3+y Y q¿x3+y2 Y q2íx3
j=2k—3 j=2k—4 j=2k—5

2n—4

+y3 Y q^x3 + y^rlk-Ax^y) + Q2n-z(x,y)
j=2k-6

(3.5.1)

where r\k_& G P2k-6, r2k-7 ^ P2k-7, P2n-z £ p2n-3 an(l Q2n-3 £ ^2n-3- Also and gj
are constants with respect to (x,y) but depend on (9q, e, y). Since R2k-z is analytic
with respect to (x,y) and depends C1 with respect to 90, analytically with respect to
¡jl and continuously with respect to e, the constants {p(} and (g)} also have the same
kind of dependence.

We will look for an auxiliary system of the form

¿ = Yfl(z)=eX0 + y2ep+3Y1 (3.5.2)

with z = (x,y), Y\ = (Y-/, Y2) and
2n—4 2n—4 2n—4

Yi(x^y) = Y a°jxJ + y Y a)x3 + y1 Y a2íx3
j=2k-3 j=2k-4 j=2k—5
2n—4 2n—4 2n—4 2n—4

Yi(x,y) = Y b°jx3 + y Y b}x3 + y2 Y h)x3 + y3 Y ^
j=2k—3 j=2k—4 j=2k—5 j=2k—6

where a*- and bl- are constants to be determined later. They will depend on 80, e and
\x. We note that Y\ G P2k-3-

/

From now on we omit the dependence on 90. We recall the notation 77 = y2ev+2.

V
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Now we may consider the Poincaré map of the system (3.5.2). Since it is autonomous
its flow is of the form

(j)(9, x, y) = (0i(6, x, y), (j)2{9, x, y))
and then its Poincaré map is defined by

P(x,y) = (f>(2ir,x,y).
Next lemma assures that there exist coefficients a*-, blj such that the Poincaré map of
(3.5.2) and the Poincaré map (3.4.7) we are interested in coincide up to terms of order
2n — 4 in the variables (x, y) and in all terms which do not depend on fi.

Lemma 3.5.1 There exists {alj(9o, p, £)} and {blj(9o, e)} such that Poincaré map of
the system (3.5.2) is of the form

Pi°{x,y)
x + 2ttey \ f 2-neqx (x, y, e)

V ) \ -V'(x)+ 2-K£q2{x,y,£)
! 2 2n—4 \

XJ

+2tT/íV+3
E»' E ?!
1=0 j=2k—3—l
3 2n—4

¿ ixj
\ 1=0 j=2k-3-l /

+/f2£p+iy3H(x, y) + fi2£p+iR2ns

(3.5.3)

where the functions q\ and q2 are the same that appear in Lemma 3.4-4, Plj and Qj are
the same that appear in (3.5.1), R2n-3 £ P2n-3, H = (Hi,H2) with H\ E P2k-o and
H2 = yH2 with H2 E P2k—7- Moreover all these functions are C1 and 2-K-periodic with
respect to 90, continuous in £ and analytic in y,.

Proof. We denote by 0(0) = 0(0, x, y) the flow of the system (3.5.2). Applying Lemma
3.4.3 to the auxiliary system (3.5.2), taking F = 0, we have that

0(0O + 27t) = <po(60) + AíV+302fc_3(z, y, 0O)
where </?0 is the solution of the unperturbed system z' = £X0(z), z(0) = (x,y) and
02fc-3 G P2k-3- Moreover, by Taylof’s theorem, the Poincaré map of (3.5.2), P(x,y) =
0(27r), is

P(x, y) = 0(27t) = (fo(2ir) + (0(27r) - Po(2n))
= Po(x,y) + 2tt(0'(O) - y?ó(°)) + (2?r)2 Í (! - s)[0"(s27r) - (p'¿(s2ir)\ds,

Jo
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where P0 is the Poincaré map of the equation z' = eX0(z) which therefore is indepen-
dent on 0O. Then, P{x,y) can be written as

P(x,y) = P0(x,y) + 2TT£r¡Yi(x,y) + (27r)2 í (1 - s)[(f>" (s2n) - y'¿{s2ix)\ds. (3.5.4)
Jo

Prom <p' = eX0((j)) + y2ep+3Yi(<f>) we obtain

<f>" = eDX0(<f>)Y¿<l>)+v?e*zDYMYM
= e2DX0(<p0)X0(<p0) + £2[DXo(0)Xo(0) - DX0{<p0)XQ{<po)]

+/¿V+4Mo(<¿)W) + tfe^DY^Y^)
= ifl + e2[DXo(</>)Xo(0) - DX0(ip0)X0(<p0)\

+fj2ep+*DX0(<t>)Y1(<t>) + fe^DYMYM
henee, by the mean valué theorem applied to DX0(z)X0(z) and Lemma 3.4.3

U"(0)-v'i(9)\\ < Ce^U-^W+^WDX^Y.m
+fi2E>,+3||£iy1(0)y„(^)||

< Cy2£p+5\\z\\2k~3 + fj,2£p+i\\DX0((f))Yi((f))\\
+fi2e’’+3\\DY1(t)Y„m

and since Y\ G P2k-3, Y^ G P\ and = 0(e) we have that

wm - ¿¿m < c^wzf3-3.
Putting this estímate in (3.5.4) and using Lemma 3.4.2, we obtain that

P(x, y) = P0(x, y) + 2n£r¡Yi(x, y) + £2r)f2k-3
with f2k—z £ P2k-3 depending on constants {a*} and {&(•}. As usual, we write f2k-3 =
(Z1,/2) and

ÍS ii

2n—4

= ^
2n—4

+ í/ cjar7 + y2
2n—4

I] CJV
j=2k—3 j=2k-4 j=2k—5

+y3Hi(x,y) + Rln_3(x,y)
2n—4 2n—4 2n—4

f2(x,y) == Z) d°jXJ +y ^2 d)x3+y2
j=2k-3 j=2k—i LO1-Sé<NII

2n—4

+»3 ¿ d3x3 + yAH2(x,y) + Rln-3(x,y)
j=2k-6
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where Hx G P2k-6, H2 G P2k-7 and R2n-z = (R2n~¿i Pln-3) e P2n-3- We consider now
the following system with unknowns {a*} and {&*}

alj+ir£clj = plj, 1 = 0,1,2, j = 2k — 3 — l,... , 2n — 4 (3.5.5)
blj+TT£dlj = qlj, l = 0,1,2,3, j = 2k — 3 — l,... , 2n — 4

where pl3 and q^ are defined in (3.5.1). We recall that plj and gj depend on pL, e and
6*o■ Obviously for e — 0 the system (3.5.5) has the solution a) = pl3 and bl- = ql- which
depends on ¡x and 80. Moreover c(- and dl3 depend analytically on a1. and blj. Thus, for
s small enough it has a solution depending on e, /i and do.

Then the Poincaré map P of the auxiliary system (3.5.2) where the coefficients a1- and
bl3 are chosen to be the Solutions of the system (3.5.5) is:

P(x,y) = P0(x,y) + 27r£p
W2 vlxj2^1=0 y 2^j=2k-Z-lPj
V3 y1 V'2n_4 alxjz^=o y z^,=2fc-3-i y.7x

+e2?7?/3ií(£, p) + epR2n-z (3.5.6)

where the functions H and R2n-z are such that R2n-z = (R-2n-zi PÍn-3) £ P2n-3,
H = (Hx, H2) with Hx G P2k-6 and H2 = yH2 with H2 G P2k-i- Finally we observe
that, since the coefficients pj and gj depend 27r-periodically on 80, the coefficients a1-
and bl3 are also 27r-periodic on 80. Since the coefficients a1- and bl- depend on 80, pt and
£ we write

= P.

3.6 The operators B and B

The Banach spaces which we use in this section were introduced at the beginning of
Section 3.2.

We will need the operator Bk : Xk —► Xk defined by

(Bka)(t, s) = a(t + 2txe, s) - a(t, s) (3.6.1)
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with e > 0. It is a well defined linear operator with ||5fc|| < 2. Indeed, it is readily
seen that if a G Xk then Bka G Xk and that

(t+ Res)k\(Bka)(t,s)\ < (t + Res)k\a(t + 2tt£, s)| + (t + Res)fe|cr(í, s)|
< (t + 2ne + Res)*k(t + 2re,s)\

+(í + Res)fc|cr(í, s)|
< 2||cr||fc.

Remark 3.6.1 In fact ||.Bfc|| = 2. For the function a G Xk defined by
/, \

_ 1 1 • t + s
a ,S

cosh(a/(2e)) (í + s)fc Sm 2e
we have ||cr||fc = 1 and ||RfcCr||fc = 2.

We will need to find a right side inverse of the operator Bk. For that we write Bka = -0
from which we can obtain

a(t, s) = —0(t, s) + a(t + 2ire, s). (3.6.2)

Applying (3.6.2) iteratively
N

a(t, s) = —^ ip(t + 2nej, s) + a(t + 2ne(N + 1), s). (3.6.3)
j=o

If cr G Xk, limt (CO a(t, s) = 0 so that we are allowed to take limit as N —> 00 in (3.6.3)
and we obtain the formal expression

OO

(-BfcVX*,s) = - + 27r^’s) (3-6.4)
3=o

Lemma 3.6.2 The operator Bk : Xk —> Xk has right inversesB: X¿ —> Xk with
í > k + 1 and

\\Bk V’llfc < Te-k~i (zfi + 2tt£(¿- 1))
In particular, ifT> (¿ — 1)tv/4,

\
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Proof. We define ipN(t, s) = o + 27re:j, s) and
O5* V)(*> s) = - lim i¡>N(t, s).

Jv—►OO

Let i > /c + 1. First we check that if 'ip E 4+, converges uniformly. Indeed, from

\i/j(t + 2ir£j,s)\ < t —-———rjUV’ll^ < (—7: ^ IIV’llí)J’ n ~ (t + 2TT£j+ ResYn^" \T + 2ir£jJ Imi*’
the claim follows form the M-test of Weierstrass.

One immediately shows that Bk 1tp satisfies the first three conditions which define 44.
Moreover given tp E

\\B^\\k
_

(í,s)er>3 J=0

(t + Res)fc

sup T(t + Res)km + 2n£j,s)\
(t,s)eDs J=0

< sup > . ^

Meo*“ (t + 2tt£j + Re s)e
To bound the sum we introduce u = t + Re s and we bound

£ (t + Res)* 1 2n£
i£'(t + 2nej + Re s)e 2ir£ u^k ^ _|_ 27W)1

Then the sum can be bounded by
1

2%£ ut-k-1
2lX£ f°°
~2Ü + o (1 +^

dx
1

27T£ U¿~k~l
1

27re
+

1

+

2u í- 1

1

2ue~k 2tt£(¿ —

From the definitions of both operators we easily see that
Bk o Bkl = Id|^ .

We define B : 44 x 44+1 —»■ 44 x 44+i by

B(a1,a2) = (Bkor1,Bk+1a2)
where Bk is defined in (3.6.1) and B~l : 44+i x 44+2 —> 44 x 44+1 by

B-'tyufo) = (£¿¿^.£*+2^2)
where Bj1 is defined in (3.6.4). Clearly

BB~l = Id|*fc+lX*fc+a •
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3.7 Proof of the Theorem 3.2.1

We scale the time t = 6e in the system (3.3.10) and we obtain

x' = y + ^ep+2n+2dyF + ii2£p+2dyR2k-2 (3.7.1)
y' = -V'{x)-yeV+2n+2dxF-yL2ep+2dyR2k-2

where ' stands for the derivative with respect to t.

It is clear that if ip and <p are the general Solutions of the systems (3.3.10) and (3.7.1)
then for all t, to for which the Solutions are defined we have that

<p(t,t0,x,y) = ip(t/£,to/etx,y).

Thus the integral curves of the two systems are the same. We note that, by Definition
3.4.1 of Pf.. we have thatfj, >

^¡/£(<¿(Mo,z,2/)) <p{t/e + 2tt, t/e, (p{t, í0, x, y))
<p(t + 2n£,t,<p(t,t0,x,y))
<fi{t + 27T£,tQ,X,y).

This suggests us to look for a parameterization 7£(í, s) of the stable manifold of the
system (3.7.1) such that í G t, is the time, s € C is a complex parameter and the
following invariance condition of the image of 7® by P¡J£ is satisfied,

ptJ£(s)) = 7®(í + 2tt£, s). (3.7.2)

Let

z' = £X0(z) + ¿í2£p+3Yi(z, 60, /i, e) (3.7.3)

be the auxiliary system (3.5.2) with the constants a*- and Üj given by Lemma 3.5.1 and
let

¿ = X0(z) + ii2£p+2Yi{z,Qo,n,£) (3.7.4)

be the scaled system. Let 4>(9,z;9o,y,,£) and <j)(t, z‘,90,in, e) be their respective flows.
(We emphasize that (3.7.3) and (3.7.4) are autonomous and that here 90 is a parameter
of these auxiliary systems, it is not the initial condition of the time).
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We observe that, for any 60 G R, we have that

Pl°ix,y) = í/; 6»0) e) = f(2n£,x,y\60,p,£).
Henee, since the map P^° satisfies the hypotheses of Proposition 5.1.1 (see the last
conclusión of that proposition, it is given in Chapter 5), the stable manifold of the
system (3.7.4) can be expressed as a graph of a function

y = - V~2V(z) + l¿£p+2g(x, 0O, ai, e) (3.7.5)
where the function g is continuous, analytic with respect to x, ¡jl, 27r-periodic with
respect to 60 and g = 0(xn/2). Therefore,

x' = -y/-2V{x) +/¿V+2/i(x,6lo,/be)
= ~fo(x) + yuV+2/i(a;,é>o,/i,£) (3.7.6)

where /0 and f\ are 0{xn/2). Thus we can apply the Proposition 2.1.1 given in Chapter
2 and henee, there exists some T > 0 big enough such that if Reu> T and | Imu| < a,
the first component of the stable manifold of the system (3.7.4), denoted by

7 = (ot,P),
is

“(“’ 9°^ = U2/(n-2) + 0 (^)) (3'7'7^
with c depending on d0,fx,e and satisfying

cn~2 = z(éw+0(^+2) (3'7'8)
where an is the coefíicient of order n of the potential V(x), p < m < min{4/(n —

2),2/(n — 2) + 1/2}. Moreover, by (3.7.5) and uniqueness of the stable manifold:

PM) = O (^¿Uy) ■ (3.7.9)
By uniqueness of Solutions, the dependence of 7 on 90 is 27r-periodic.

Remark 3.7.1 The constant a is the position of the singularity of the unperturbed
homoclinic orbit. Having fixed a valué of a, the valué ofT given by Proposition 2.1.1
depends on a. In fact to get the local parameterizations we can work with | Imw| < r
with r big, but for the results of the next Chapters we are interested in valúes of r being
at least a.
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Remark 3.7.2 The dependence of 7 on 80 comes from the dependence of a*- and blj on
60 and thus 7 is 2n-periodic with respect to 80.

Remark 3.7.3 We observe that 7(u, do) is 0(p2ep+2) cióse of the stable manifold of
the unperturbed system (system (3.7.1) when p = 0) for all do £ M. This will be useful
in order to prove the third condition of Theorem 3.2.1.

Proof of Remark 3.7.3. We define £(u,d0) = a(u,d0) — a0(«), (we recall that the
homoclinic orbit was denoted by 7o(w) = (ao(u),/30(u))). By (3.7.6) it is clear that

Í = fó(ao)f + [fo(a) - fo(a0) - fó(ao)£] + /¿V+2/i(f + <*o)- (3.7.10)

Therefore, since the equation

£ = /«<*o)£
has the solution f = /o(ao)> the stable manifold of the system (3.7.10) satisfies

£(«) = fo{Mu)) £(T) + It fo (®o(5)) L/o(a(s)) - fo(a0(s)) “ f'(ao(s))t(s)lds

P2£p+2 JT (3.7.11)

with £(T) = a(T,d0) — oc0(T) = c0p2£p+2 (see Section 2.3). We denote by B(r) the
closed ball of radius r of X2pn-2) with the norm in X2/(n-2) defined at the beginning of
Section 3.2. We define the operator T : B(r) —> fí(r) so that is given by the right
side of (3.7.11). Then we are led to solve

£ = r(£).

We choose r = Cp2£p+2 with c to be determined later. Let £ £ R(r) and u such
that Reu > T and | Imtí| < a with T big enough. Then using (3.7.7) and that
f0Ji=O(xn/2), we obtain that there exists a constant K, independent oí d0, p and
e,such that

fo(ao(s))^a^ ~ ~ fó(Ms))^(s)\ < *ll£ll 2X2/(n-2) < Kr2

fo(®o(s)) /i(£(s) + o¿o{s),d0,p,£) <

ReU7<"-2)|/0(c0(K))| '<

K

K
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Therefore we have that

|r(0(«)l <

<

<

K

Reu|n/(n 2)

/i2ep+2CK,

— (t;(T)+K\Re
1

fl2£p+2c-.

Reií|2/(n_2)
1

Reu|2/(n_2)

£o
C

u-T\[r2 + fx2£p+2})

+ K (Cfi2£p+2 +

if C is big enough. Henee the operator T is well defined. Analogously we check that it
is a contraction. In particular we have proved that £ = 0(fi2£p+2). ■

Another interesting property of 7 is the following: for any 0q E IR and (í, s) E DS(T, a),

-P/!°(7(í + s>0o)) = (p(2TT,i(t + s,6o)]0o,V,£) =4>(2ir£,i(t + s,0o);9o,fi,£)
= y(í + 2n£ + s, 60).

In particular, for 9q = t/e we have that

P¿/e(7(í + s,í/g:)) = 7(t + 27re + s,í/e). (3.7.12)
Moreover it is clear that if we define the function

7 (t,s) =7 {t + s,t/£)

then, since 7 is 27r-periodic with respect to its second variable, we have that

7(í + 27T£, s) = 7(í + 27T£ + s, (í + 27re)/e)
= 7(t + 27T£ + s, t/e)
= 7(t, s -f 27re).

We consider the function 7(t, s) as a first approximation of 7®. We look for the stable
manifold of the System (3.7.1) of the form

7^(¿> s) = l(t, s) + a¿£p+2ct(t, s)
with a = (oy, CJ2) in a suitable space of functions decreasing to zero at some given rate.
(See below the precise definition of the spaces.) t is the time and s E C.
In order to clarify the notation, we rename 7 by 7 and we denote

7 (t,s) = (a(t,s),/3(t,s)).
We look for the fixed point equation for the functions o\ and <72. First we summarize
the properties of 7(í, s):
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• 7 is continuous and analytic with respect to s,

• 7(t + 2-irs, s) = 7(t, s + 2iTe),

• Py£(7(í, s)) = 7(t + 2ire, s) and

• By (3.7.7) and (3.7.9),

7 6 X‘i/{n-2) x Xn/(n-2)- (3.7.13)

We introduce some notation

R(x, y) = y, 9) + ¡x
y3r2k-e(x’ e) + P2n-z{x, y, 9)
y^r2k-7ÍXi y> Q) + Q2n-z{Xi y, 6) (3.7.14)

and

Q{x,y) = (2tt) 2 i qi(x,y,e) + y?£p+1
^271—4 / 4

,i=2k-3-lPjxJ
■v2n—4

¿W=0 y Z^i=2

®*(*. y. <0 ; ' r ° V Sto y'EíS-s-, «h*
+¿¿V+2y3ií(:r, y) + y?ep+2R2n-3(rr, ?/) (3.7.15)

so that

■^/e(z, y) = Pt/£(x, y) + f¿ep+3R(x, y, ¡j)
and

Pl/£(x,y) = ( y ) +2tt£ ( ^ + e2Q(x,y)
(we do not write explicitly the dependence of P, Q and üone).
Now we look for an equation for a. For that we impose that 7® = 7 + ¡i£p+2a verifies
(3.7.2). By Taylor’s theorem:

»)) = «)) + ^+2DP‘/!(7(í. «)Mt,») + /22e2p+40(¡a(í, s)|2)
= (7(í, s)) +mr+zR(l(t, j)) + p£^DP^Mt, s))a(t, s)

+li2£2p+5DR(j(t, s))a(t, s) + fi2£2p+40(\a(t, s)|2)
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Thus, using (3.7.12) we have that s)) = 7*(í + 27re, s) if and only if

a(t + 27T£,s) = DPf/e('y(t, s))cr(t, s) + eR{^{t, s)) + ¡j,£p+20(\a(t, s)|2)
+/j,£p+3DR(-y(t, s))a(t, s)

= a(t,s)+ 2tt£ ( a2^hf\ ,v '
V -P W>5))<ws)

+£2DQ('y(t,s))cr(t,s)
+£R(y(t, s)) + fj,£p+20(¡a(t, s)|2) + i¿£p+3DR(7(í, s))a(t, s).

To simplify the notation, we define

H(<r)(t, s) = £DQ(^(t,s))a(t,s)
+R{y(t, s)) + ¡i£p+10(\a(t, s)|2) (3.7.16)
+/j,£p+2DR(^(t, s))a(t, s),

^(a(í,s)) (_y"(a(í,5)) o)
and

s) = 27r£y4(o;(t, s))a(t, s) + £H(a)(t, s). (3.7.17)
Then the problem is reduced to find a = (oí, 02) such that

a = B~lP{a). (3.7.18)
We look for a G ^ x Xk+x for a suitable k. We define the following norm in the
product space Xk x Xk+\.

II (hfc, hfc-x-x) ||k ^11 hk||fe H- ||hfc-(-i||fc+i
with

n — 1 n2
n — 2 (3n — 4) (n — 2)

and we denote B(r, fc^ + ljc^x 44+i the closed ball of radius r with this norm.

We will prove that there exists ro > 0 independent of e and ¡i such that the equation
(3.7.18) has a solution

a G B
2n-2

n — 2

3n — 4\

n-2 )
for all r < r0. For that we will apply the fixed point theorem to the operator B 1P.
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Lemma 3.7.4 Let í = The operator

B”1 o T : B(r,e,£ + 1) —>B(r,£,£ + l)

is well defined and it is a contraction.

Proof. We recall that, by (3.7.13), the function 7(t, s) G X2/(n-2) x Xn/(n-2)and henee
we observe that, if /¡ E P;,

fl(7(M)) £ *2J/(n-2)-

Let cr G B(r,£,¿ + 1). Since V"(a(t, s)) G A2, it is clear that

Aj G x Xt+2. (3.7.19)

We check that

■^(7(^)s)) £ ^+2 X <lí+2
(DQo^a G ^+1x^+2 (3.7.20)
{DRo^)a G x A¿+4.

Indeed, we recall that G P2n-3, then Vv,e(7(í, s)) G d^+2 x A¿+2. We write i? =
(Ri,R2). By definition (3.7.14) we have that

-^l(7(L s)) £ ^+2 H A(3n+2(2A:-6))/(n-2) C <h¿+2 fl X(5n-8)/(n-2) = ^t+2

and, analogously,

s)) £ Ae+2.

Now we deal with (DQ 0 7) cr- We denote

PQo7 Qll Ql2
<521 Q22

and we define

AV) = + (¿p ^2n-3(X) y)‘
Using that H = (Hi,yH2) with Hx G P2fc-6 and H2 G H2k-7 and that -ñ2n-3 <E p2n-3
we note that

^(7(¿>s)) £ A¿+2 x Xe+2,

V
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henee é?xSi(7(í, s)), dxS2(^(t, s)) G A4 and dyS\{^{t, s)), dyS^ft, s)) G X3. Moreover,
by (3.7.15), using that q1} q2 G Pn-1, we have that,

2 2n—4

Qn(í,s) = 9sgi(7(í,s)) +/^2£2p+27¿Ñi¿ ¿ jp}»7 1(é, s)/5z(í, s)^ ' 1=0 j=2k-3-l

+fi2£p+2dxS1('y(t,s))
2

£ X2(n-2)/(n-2) H ( P] ^(/n+(2fe-4-02)/(n-2)) H A4
/=0

X* (3.7.21)

where we have used that, since the condition 2k — 2 > n (hypothesis HP4) as well as
n > 3, we have that

l{n - 2) + (2k - 4)2 > (2k - 4)2 > (n - 2)2. (3.7.22)

For Q12, we have that
2 2n—4

Qi2(í,s) = «9v^i(7(í,s))+27T^2£2p+2^ ljt¡a3(t,s)(3l~1{t,s)
;=1 j=2k-3-l

+fjl2ep+2dyS1('j(t,s))
2

£ ^2(n-2)/(n-2) H ^ P| <4’((;_1)n+(2fe-3-i)2)/(n-2)j Fl A3
Í=1

A?. (3.7.23)

Using again (3.7.22) we have that
3 2n—4

Q2i(t,s) = dxq2{'y(t,s)) + 2ir/j,2e2p+2'^2 s)
1=0 j=2k—3—l

+fi2£p+2dxS2('y(t,s))
3

£ X2(n-2)/(n-2) H ^ <^(ín+(2A:-4-/)2)/(n-2)^ Fl <U4
1=0

Xo. (3.7.24)

(2k — 3)2 — n > 2(n — 1) — n = n — 2,

And finally, since
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we liave that

3 2n—4

Q22(t,s) = dyq2{l{t,s)) + 2n(/e2p+2Y^ lrf¡Ql(t>s)Pl~1(t>s)
1=1 j=2k-3-l

+f¿2ep+2dyS2(-f(t,s))
3

G X2(n-2)/(n-2) H ( f') ^(n(í-l)+(2fc-3-Z)2)/(n-2)^ H
1=1

= Xo. (3.7.25)

Therefore, by (3.7.21), (3.7.23), (3.7.24) and (3.7.25) we obtain that the first component
of (DQ o 7)(j

((DQ o 7)cr)i = Qn<Ji + Qi2cr2 G X¿+2 n X¿+z = X¿+2

and the second one

((DQ o 7)17)2 = Q2i<Ji + Q2202 G X¿+2 n X¿+3 = X¿+2.

To deal with (DR o 7)<r, we observe that,

(dxRi o 7), (dxR2 o 7) e and (dyRi o 7), (dyR2 o 7) g X4

therefore

(Mo7)a = ( í»Íl07Mí^1°7í‘T2')\ (dx#2 0 7)^1 + (dyR2 O 7)0-3 y
G dy+4 X dy_)_4.

Thus, by (3.7.20) and since 0(|cr|2) g X2£+2, we have that

H(cr) G A^+i x d^+2- (3.7.26)

Therefore, by (3.7.19), (3.7.26) and by definition (3.7.17) of T we have that

T{p) = 2-keAg + e2H(g) G X¿+í x Xi+2.

Finally, by Lemma 3.6.2,

B~l(R(a)) G Xt x

In order to prove that the operator B_1 o iP is well defined we have to check that

\\B-\R{a))\\í<r
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if ||cr||¿ < r . We begin by bounding the norms ||^r1||¿+i and 115^21f- From the
definitions of R, and H, (3.7.14) and (3.7.16) respectively, it is clear that there exists
constants Mi and M2 such that

IIHiMllm < M1(e + n)
\\H2(a)\\e+2 < M2(£ + fj).

From (3.7.7) and (3.7.8) we recall that

a(Ml=(l + ,)-/M+Ut With C""2 = 2y + °^£P+2)-
Then

11^1(0-)||/+i < 27vs sup \a2(t,s)(t + Res)e+1\
(t,s)&D

+£ sup \Hi(a)(t, s))(t+ Res)e+1\
(t,s)eD

< 27re||<72||¿+i + eMi(e + fi)
and

WWWt+t < 2n£ sup \V"(a(t,s))ai(t,s)(t + Res)e+2\
(t,s)eD

+£ sup \H2(a)(t,s))(t+ Res)£+2\
(t,s)£D

- 27r£ ( (n - 2y + °(t)) + £MÁ£ + ¿O-
Therefore, using Lemma 3.6.2 we obtain

\\B~l o T(o)\\t = ||(Br1^<T),B2-1JF2((T))||(
= Li|¡3r1í'i(<Ti,<r2)||, + IK'JSK <r2))||,+1
„ rllyr.„ 1 + 47re „ ^ „ 1 + 4w£
< L\\Fi\\t+i—¿r„ F 11-^2 IU+2;2í-ke ‘2(£+ 1)tt£

nrt O
< L\\°2\Wi7r—- + 0(e) + 0(/r)

+

'

2n — 2

2n(n — 1)
(3n — 4)(n — 2) +°\T INI*

+0(e) + 0([a)
_ n — 2 ,, ,,

< L- rll^Hí+i +
2n2

2n — 2 ' (3n — 4)(n — 2)
-\~0(e) + O(yLt)

INI* (3.7.27)
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if we take o(4) < 75—%—ñr- We introduce'T / — (3n—4)(n—2)

a

b

2(n — 1)
n — 2

2n2

(3n — 4)(n 2)'
We observe that since a > b and L= (a+ b)/2 we have b < L < a. Thus, 1 — La *and
L — b are positive numbers. Moreover if we introduce the constant K = ^ > 2 we
have that

L-b

1 — La~l

a — b

2
a — b

2a K'

Therefore, we can bound (3.7.27) as follows

1\\v2\\í+x+b\\vi\\t->r 0(s + y) = ||o-2||¿+1 + T||oi||¿ — (L — &)||<7i||¿
— (1 — La 1)||cr2||^+i + 0(s + /i)

< (INIm + £|ki||/)(l - ^0 +0(e + At)

< r

if e and \¡i\ are small enough.

Now, we prove that B~x o T is a contraction. Let cr = (cri,cr2) £ B{r,£,£ + 1) and
a = (di, d2) £ B(r, £,£ + 1). It is easy to see that

\m<r) - H(a)\\t < C\\a - a\\,
with C > 0 some constant. Thus, by definition (3.7.17) of T, we obtain

\\B 1 oT(al,(T2)-B 1 oT{ai)a2)\\t <

<

<

n

2n — 2 |ít2 — cr2|h+i

2n2
~ \\e(3n — 4){n — 2)

+eC\\(<7i - di,a2 - a2)\\i

(l--^ + eC')||(<71 - <71,(72- ^2) 11/
(i - 2^)ll(<7l ~^1><72 -d2)||/ \
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if e is small enough.

Then, applying the fixed point theorem we obtain the existence and uniqueness of a
fixed point' (ai, 02) G B(r, í + 1). This ends the proof of the lemma. ■

Next we can finish the proof of Theorem 3.2.1.

End of the proof of Theorem 3.2.1.. Going back to the original variables we
obtain the result we had stated in Theorem 3.2.1. Indeed, as we have said in Remark
3.3.6 the change C has the form

(x, y, 9) = C(x, y, 9) = (x, y, 9) + /iep+1(G(x, y, 9), 0) + 0(fiep+2)
where (x, y, 9) are the original variables and (x, y, 9) are the variables for which we have
proved the suitable parameterization of the invariant local stable curve. Therefore, the
local stable manifold, 7® e, of the Poincaré map of the original system (1.1.1) has the
form

s) = 7¿(*.s) + l¿ep+1G(7*(í, s),t/e) + 0(^ep+2)
= 7o (t + s) + ¡jL£p+lG{jQ{t + s),t/e) + 0{¡X£P+2).

and it satisfies all the conditions of Theorem 3.2.1 except that it is not a solution of
the system (1.1.1) with respect to t. Condition 2) follows because the change C is
27r-periodic in 9.

In order to find a parameterization of the local stable manifold which is a solution with
respect to t for any s G C such that | Ims| < r we define to = T — Res and

7¿,e(M) = ^(í,ío,7^e(ío,s))
where (p(t,to,x,y) is the general solution of system (1.1.1). We observe that, for all
(t, s) G Ds, 7® (í, s) belongs to the local stable manifold of the system (1.1.1), henee
7®j£(f, s) is a parameterization of the stable manifold. It is clear that the properties 1),
3) and 4) of Theorem 3.2.1 are satisfied by 7® . Moreover

7^e(í, s + 27TS) = <p(t, to, 7*>e(to, S + 2tt£)) = <p(t, to,%¡£(to + 2tt£, s))
= ip(t+ 2tt£, to + 2ire, <p(í0 + 2tt£, tQ, 7^e(í0, s)))
= ip(t + 27T£,to,%¡e{to,s))
= 7^(í + 2tt£,s).

Therefore, 7® £ is the parameterization that we look for. We observe that 7s is defined
for all (t, s) G Ds. ■
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Remark 3.7.5 Assuming hypotheses HP1-HP5, we have the same conclusions as in
Theorem 3.2.1. This is a immediate consequence of Remark 1.1.4.



Chapter 4

The case of weak hyperbolic points

4.1 Introduction

In this Chapter we consider Systems such that the unperturbed system has a parabolic
fixed point but for the perturbed system the fixed point becomes hyperbolic (of course
the corresponding eigenvalues tend to zero). In this case we assume that the unper-
turbed system is a concrete explicit Hamiltonian. This is a bifurcation case.

We prove the existence of a special parameterization of the stable and unstable manifold
in a domain independent of the parameters e and ¡i. In fact, we prove the existence
of such parameterization for the stable manifold but it is easy to see that, with slight
changes, the proof works for the unstable one. As in the previous Chapter, we need a

good initial approximation for the stable manifold as well as a good coordinates.

Since the time parameterization of the homoclinic orbit near the fixed point (that is,
when t —* ±oo) has a potential behaviour, and we know that the parameterization of
the stable manifold near a hyperbolic fixed point (which will be the case for the per-
turbed system) is exponential in time, it seems natural to suspect that the homoclinic
orbit of the unperturbed system is not a good approximation of the stable curve of the
perturbed one. Actually, for y small, there is a competition between the potential and
the exponential character.

The structure of the proof is similar to the one of the previous Chapter.

More precisely, in this Chapter we consider the Hamiltonian

H(x, y, t/e) = h0(x, y) + yephi(x, y, t/e, y, e)
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where

ho{x,y) = y + V(x), V(x) = -(x3 - x4)
and

hi(x, y, t/e, y, e) = hu(x, y, t/e, y, e) + h13(x, y, í/e, y, e)

with

^O, y, í/e) = /b £) + xytoit/e, e) + yrf/e,^e)
and his(x,y,t/e) is of order 3 in the (x,y) variables. Below we will not write the
dependence of §i on y and e. The associated equations are

x = y + y£p(xg2(t/£)+yg3(t/£) + dyh13(x,y,t/£>y,e)) (4.1.1)
y = -V'(x)-(j£?(xgi(t/e) + yg2(t/e) + dxhi3(x,y,t/e,iJi,£)).

We observe that the unperturbed system has a homoclinic orbit given by y0 = (a0, fio)
where

2 4£
ao(t) = AW = -(2^5- (4-1-2)

4.2 Definitions and main result

As in Chapter 3, we introduce some notation. We define Gt by the conditions OqGí = gi
and /027r Gi(8) = 0 for i = 1,2,3.
Given T > 0 and r = y/2 we define the sets

Ds = Ds(T,r) = {(t,s) £ ExC: í + Res>T, |Ims|<r}

and

Du = jy*(T,T) = {(í,s) e R x C : í + Res < -T,|Ima| < r}

and for p(t), a 27re-periodic positive function, k, l £ Q, (A: > 1, l > 1) we define the
space ylk = y{{p) of the functions /i: £>s —> C such that .,

v
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(a) h is continuous,

(b) for t fixed, s y-* h(t, s) is analytic,

(c) h(t, s + e) = h(t + 2tt£, s) for all (t, s) 6 Ds,

(d) ||/i||i = sup{(í + Res)VWz(í+Res)|/i(¿,s)|,(í,s) e £>s} < oo.

In a similar way as in Chapter 3 we can prove that ylk is a Banach space with the norm
||.¡|¿. and that

yM c y‘k.
The next result gives the existence and properties of a special parameterization of the
stable and the unstable invariant manifolds.

Theorem 4.2.1 Assuming hypotheses HP1-HP6, there exist T > 0 big enough and
parameterizations 7®iE(í, s), s) of the local stable and unstable invariant mani-
folds, defined in Ds(T,t), Du(T,t), respectively, such that (* stands for s andu):

1) t 7^)E(í, s) is a solution of system (4.1.1) and s i—► 7*)£(í, s) is real analytic.
Moreover the map (t,s,p,e:) i—► 7*e(í, s) is continuous, C1 with respect to t and
analytic with respect to (s,p).

2) 7Í,e(í + 27re,s) = 7¿,e(*>s + 27re) for all (t, s) e D*(T, r)

3) For p = 0, 7*)£(í, s) coincides with the restriction ofthe homoclinic solution 7o(í+s)
to D*(T,t), and for p ^0 the following estímate holds:

7¿,e(í> s) = 7o (t + s) + ps^G{l0{t + s),t/e) + 0(pep+1+x)
where 0 < A < 1/2 and

deG{x,y,9) = (dvh1(x,y,0),-dxh1(x,y,6))

and has zero mean.4)7*)E(í, s) = 7o(í + s) + //ep+1cr*(t, s) to/iere <t*(£, s) G ^ x 3^•
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The proof of this theorem is similar to that of Theorem 3.2.1, but we have to be
more explicit in some computations and we must perform another kind of change of
coordinates in order to look for the suitable approximation of the homoclinic orbit.
Concretely, since the fix point is hyperbolic, we must look for an approximation of the
homoclinic orbit with an exponential behavior in t + s near the fix point.

Remark 4.2.2 We note that the second component, (30, of the homoclinic orbit has
two poles of order 2 at ±.iy/2, thus in this case r = 2 and a = \¡2 (see (4-1-2)). We
observe that, in the weak hyperbolic case the hypotheses imply that p > 1.

Proof. The hypotheses HP6 and HP5 as well as r = 2 imply that i > 2r — 1. Indeed,
by hypothesis HP6, we have that g2 7^ 0 for some 9 R, therefore, by definition of l,
the order of the pole of the term xy evaluated at the homoclinic orbit is smaller than
i, henee

¿>r + r— 1 = 2r — 1 > 3.

4.3 Averaging of the equation

First we scale the time by 9 = t/e. The transformed Systems reads

x = £y + p£p+1(xg2(9) + yg3(9)+dyhi3(x,y,e))
y = -eV'(x) - ^eí’+1(x5i(6') + yg2{9) + dxh13(x, y, 6))

where now x and y mean derivatives with respect to the new time 9. The new Hamil-
tonian is £Ü(x, y, 9, y, e). We apply Theorem 3.3.4 in order to remove the contribution
of the perturbation until orders fi£p+9 and p2£2p+2 in the parameters.

Lemma 4.3.1 There exists a canonical change of variables (x,y,9) = C(x,y,9, ¡a,£)
which is C° in (x,y,9, fi,£), Cxand 2ir-periodic in 9 and analytic in (x,y,¡i) and it
transforms the Hamiltonian eH to

£Ü{x, y, 9, y,, e) = £h0(x, y) + ¡j,£p+9F(x, y, 9, y, e) + ¡i2£2p+2R2(x, y, 9, /¿, e)
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with

Rz{x, y,0) = — \x2g2{&)G\{9) + xy[g3{9)Gi{9) + g2(9)G2(9)\ + y2g3(9)G2(9)]
+R3(x,y,9) +er2(x,y,d) (4.3.1)

in a neighborhood of the origin, where r2 £ P2, R3 £ P3, F E P4 and has zero mean
with respect to 9. Moreoverli. is continuous in (x,y, 9, ¡a, e) and analytic in (x,y,y).

Proof. We apply Lemma 3.3.4 and we obtain a new Hamiltonian

eñ(x, y, 9, y, é) = eh0(x, y) + yep+9F4(x, y, 9)
+/j?£2p+2R2(x,y,9,y,e)

where F4 E P4 and has zero mean with respect to 9, R2 E P2 and

R2 — dyhidñS1 + er2

with S1 such that deS1(x, y, 9) — —hi{x, y, 9) and has zero mean with respect to 9 and
r2 £ P2- Moreover 7Í is continuous in e and analytic in y. Next we look for a more
detailed expression of R2. Since

hi — h\2 + hiz

with h\z £ P3, dyhizdxS1 E P3, therefore it is clear that we can write R2 as

R2 — dyh^dxS1 + er2 + r3

with r2 £ P2} Tz £ P3. Finally we compute

dyh12{x,y,d)dxS1(x,y,6) = ~[x2g2(9)G1(9) + xy(gz(0)Gl(9) + g2(9)G2(0))
+y29z{9)G2{9)\ + r3(x, y, 9).

with r3 £ Pz and we define F = F4. Then the statement holds. ■

We write Rz from definition (4.3.1) of the form

Rz(x, y, 0, y, e) = R3(xt y, y, e) + R3(x, y, 9, y, e) (4.3.2)

where R3 has zero mean with respect to 9. We rename the variables (x,y) by (x,y).
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Lemma 4.3.2 There exists a canonical change of variables (x, y, 9) = C(x, y, 9, y, e)
which is C° in (x,y,0, y,£), Cland 2-k-periodic in 9 and analytic in (x,y,¡i) and it
transforms the Hamiltonian eH to

eH(x,y,9,¡i,e) = sh0(x,y) + yep+9F(x,y,9, y,e) + fi2E2p+2R3(x,y,/j,,e)
+y2£2p+2R2(x,y,d, ¡j,,e)

with

R2(x,y,6) = —\x2g2{9)G\{6) + xy[g3(0)Gi(9) + g2(9)G2(0)\ + y29z{Q)G2{9)\
+£r2(x, y, 9) (4.3.3)

in a neighborhood of the origin, where r2 £ P2, R3 £ P3 (defined in (4-3.2)), F £ P4
and has zero mean with respect to 9. Moreover H is continuous in {x,y,9,¡i,e) and
analytic in {x,y,¡i).

Proof. As in Lemma 3.3.2, we consider a generating function S(x,y,9) which will
provide a canonical change of variables (x, y) 1—> (x, y) implicitly through

x = dyS(x,y, 9)
y = dxS(x, y, 9) (4.3.4)

and then the new Hamiltonian will be

£H(x,y,9,y,£) = eñ(x,y,9,n,e) + d0S(x,y,O).

We take

S(x, y, 9) =xy + ¡x2e2p+2S1{x, y, 9)
with S1 satisfying

d9S1 = -R3.

We observe that S is C1, 27r-periodic in 9 and analytic in (x,y). Since R3 has zero
mean with respect to 9 we can choose S1 such that it has also zero mean

From (4.3.4) we have that

x = x — y2£2p+2dySl + ¡jAEAp+Ar2
y = y + y2e2p+2dxSl + /A4p+4r2
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where the derivatives of S1 and S2, and 7*2 € P2 are evaluated at (x,y,9). Since the
terms of order y2E2p+2 are not modify, the averaged Hamiltonian is therefore:

eH(x,y,d,n,e) = eH(x, y, 9, y, e) - y2£2p+2R3(x, y, 9)
= eh0(x, y) + yep+9F(x, y, 9, y, e) + y2£2p+2R3(x, y, y,, e)

+y2£2p+2R2(x,y,9,y,£)
where R2 G P2 has the form (4.3.3).

Finally an analogous argument as in Lemma 3.3.2 gives the regularity of C and Tí. ■

We rename the variables (x, y) by (x, y) and then, in the new variables the equations
are

x = £y + y£p+9dyF + y2£2p+2(dyR3 +dyR2) (4.3.5)
y = -£V'{x)-y£p+9dxF-y2£2p+2(dxR3 + dxR2).

Now we perform the last change of variables in order to put the system (4.3.5) in the
definitive suitable form. For this we write

R3(x, y, y, e) = g(y, £)x2y + r3(x, y, y, e)

Lemma 4.3.3 The canonical change of variables given by

(u, v) = $(x, y) = (x, y + y2£2p+1g(y, £)x2)
which is C° in (x,y,y,£) and analytic in (x,y,y), transforms the system (4-3.5) into

ú = ev + y£p+9dvF + y2£2p+2(dvf3 + dvR2)
v = -£V'(u)-y£p+9duF-y2£2p+2(duf3 + duR2)

where f3 G P3 and it has the form

/3 — fz + ef3

with f3 has not terms in u2v and it does not depend on 9. Moreover R2 is of the form
(4.3.3).

i

Proof. The proof is straightforward. We perform the change 4>, and then in the new
variables (u, v) the first equation of (4.3.5) reads as

ú = ey + yep+9dyF(x, y, 9, y, e) + y2£2p+2g(y, £)x2
y2e2p+2(dyr3(x, y, 9, y, e) + dyR2(x, y, 9, y, e))

= £v + y£p+9dvF + y2£2p+2(dvf3 + dvR2)
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and

v = y + 2y£2p+1g(y, e)xx
= -eV'{x) - yep+9dxF - y2E2p+2(2g(y, s)xy + dxr3 + dxR2))

+2y£2p+2g(y, e)x{y + yep+9dyF + y,2e2p+2(dyR3 + dyR2))
= —eV'{u) - yep+9duF - y2£2p+2(duf3 + duR2)

where all the functions are evaluated in (u, v) and /3 has the desired form. ■

Remark 4.3.4 We observe that the change C = $oCoCisof the form

C(x, y, 9) = (x, y, 6) + ¡iep+1(G(x, y, 9), 0) + 0(y£p+2)
where G is such that dgG = (dyhi, —dxhi). We will use this form in order to prove the
third property of Theorem 4.2.1.

We rename the variables (u, v) by (x, y) and then in the new variables the equations
are

x = ey + yep+9dvF + y2£2p+2(dyf3 + dyR2) (4.3.6)
y = ~£V'(x)-y£p+9dxF-y2£2p+2(dxf3 + dxR2)

4.4 Estimates for the Poincaré map

In this section we provide with an expression of the Poincaré map of system (4.3.6).
For any fixed 6q G M, we consider the Poincaré map defined by

P°°(x>y) = v(0o + 2Tr,9O)x,y,y,£) (4.4.1)

where (p(9,80, x, y, y, e) is the solution of the system (4.3.6) such that

<p{8o,60,x,y,y,e) = (x,y).

We denote it by fPn(9) if the initial conditions do not play an essential role.
We observe that, in the proof of Lemma 3.4.3, we have not used hypothesis HP4
(which it is satisfied in the weak hyperbolic case). Moreover neither we have used that
the order k in (x, y) variables of the perturbation h\ be bigger than 3. Henee we can
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use Lemma 3.4.3 in this Section. We only have to change g?£p+3 by //2e2p+2. We denote
by

X^x, y, 6) = X0(x, y) + p£p+9F(x, y, 8) + p2e2p+2R(x, y, 9)
the vector field of equations (4.3.6) where F = (dyF, —dxF) and

R — {dyfz + dyR2, —(dxfz + dxR2)).

z2p+2
-Ci3 + ecz)

X

y

The next lemma gives a formula for the Poincaré map P^°.

Lemma 4.4.1 The Poincaré map P®° of the system (4-3.6) is

Pe„/ n _ ( l + fJ?e2p+2(ci3 + eci) 2tte + c^e2~

^ c2y2£2p+2 1 + p2e2p+2{-cu

+2ne( -V'wlil'fqfd.y.e) ) + /^+V,,t(*,!/A,í<,e)(4.4.2)
+fj?e2p+2R2(x, y, 90, p, e)

where C\z does not depend on e and p, = Cí(8q, p,£), i = 1,2,3,4, are ‘ht-periodic
functions with respect to 90 and

c2 > 0 and C\ + c3 > 0

for all 6q G E and qi G P2, q2 G P2, £ P3 and R2 = (Rl, R%) G P2 is of the form

Rl(x,y,90,p,e) = £f2Q(90, p,e)x2 + fu(9o, l¿,£)xy + f02 (90, p,£)y2 + r¡
Rl(x,y,90,p,£) = g20(90,p,£)x2+£gu(9Q,p,£)xy + go2(9o,p,£)y2+ rj

where r\, rf G P3. Moreover all functions are C°, C1 and 2w-periodic with respect to
90 and analytic with respect to (x,y,p).

Proof. We note that, since hi is continuous with respect to 9, the Poincaré map

Pp (x, y) = <p{8q + 2tt, 60, x, y, p, e)
is C1and 27T-periodic with respect to 90. We omit the dependence in this variable.

With a small modification in Lemma 3.4.3 {¡i2£2p+2 instead of /i2ep+3) we can prove
that the Solutions of system (4.3.6) can be expressed of the form

(p(9,9Q,x,y,p,£) = <p0(9,d0,x,y) +/¿£p+V(0,0o,z,y,/qe)
+li2£2p+2(j){8,6>0, x, y, p, e)
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where ipQ is the flow of the unperturbed system (y = 0) the functions i¡) and 0 satisfy

M < c\\(x, y)II3
||0|| < C\\(x, y)\\

and 0 satisfies the equation

0 =
jj2¡r2p+l [*>(*) - A66^9'*/’)] + R-

Therefore, it is clear that, for all 9 € [0O, @o + 27t]

0(6', 90, x,y, y,e) = / R(<p(s, 90, x, y,y, e), s)ds + O(e).Jeo

We observe that, by property 2) of Lemma 3.4.3,

\\ip(9,90,x,y,y,£) - (x,y)\\ < Ce\\(x,y)\\,

therefore,

<P(6,8(hX,y, y,e) = / R(x,y,s)ds + 0(e).Jo0

We define

i>p,e{x,y,90) = 4>{9o + 2ir,90,x,y,y,e)
(¡)p,s{x,y,60) = 0(6*o+ 27r,90,x,y,¡j,,e)

and then the Poincaré map of system (4.3.6) has the form

P°°ix, y) = po°(xy y) + /^p+9Vv,e(z, y, 0o) + y2e2p+2<l>p,e{x> y> 0o)

with e Pz and 0M,£ e P\- Moreover(^/3 + dyR2, ~{dxf3 + dxR2))
/•0O+27T

<Pp,e(x>y>do) = 2?r / i2(s,y, s)ds + 0(e)Jeo

(4.4.3)

= arf y#'»', ) + . .-dxfz[x,y) J \ ~f(
fel0+2n dyR2(x, y, s)ds

6q+2tt
Qo dxR2(x,y,s)ds

+ 0(e).
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Therefore, in order to prove that P®° has the desired formula (4.4.2), we have to
compute the linear terms of the Poincaré map of order g2e2p+2 given by the linear
terms of order ¡j?e2p+2 of the expression

( ¡l°+27r dyR2(x,y,s)ds
V - J¡o+2irdxR2(x>y>s)ds (4.4.4)

['0O+27T
do

of (4.4.4) are

rdo+27r

'do

Because f0°+2w g2(9)G2(9) = 0, it is clear that the linear terms of the first component

ptJo+'ZTV p0q-\-2tv
/ x(g3(s)Gi(s)+g2(s)G2(s))- 2yg3(s)G2(s)ds + O(s)J 0q 0o

rdo+2TT /■0O+27T
= -x g3(s)G1(s)ds-2y g3(s)G2(s)ds + 0(e)

Jdn J60

and the linear terms of the second one are

r0o+27r pBo+2-K

2xg2(s)Gi(s)ds +
fd0 Jd0
/ 2xg2{s)G1(s)ds+ y(g3(s)Gi(s) + g2(s)G2(s))ds + O(e)
J6n J 9q

rdo+2-K />0o+2tt
= 2x g2(s)Gi(s)ds + y l g3(s)Gi{s)ds + 0(e)

Jdn Jdn

We denote

p6o~{-2tt p'Ztt

cía = - / gz(e)G1(e)dd = - 93(e)G1(e)d9Jeo Jo
p6q-\-2'k p2ty

C2 = 2 / g2(9)G1{9)d9 = 2 g2(e)G1{9)dB.Je0 Jo

Then the linear terms of the Poincaré map P®° are of the form

/ x + 2tyey + y?£2p+2x(ci3 + eci) + C4fj,2e2p+2y
\ y + c2fi2e2p+2x + n2e2p+2y{-ci3 + ec3)

with

Ci = c¿(/90, ¡i,e) = Ci + 0(e) + O (y) for ¿ = 1,2,3

Moreover, by HP6 we have that c2 > 0 therefore, if e and \g\ are small enough, the
function c2 is positive for all 9q G M.
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Finally, the Poincaré map is area preserving, henee

det 0,0) = 1 T ¿/Vp+3(ci + c3 - c22tt + 0(/i2e2p+2)) = 1.

This implies that

c\ + c3 - c2(27t T 0(/j,2e2p+2)) = 0

henee, since c2 is a positive function of 6q, c\ + c3 is also a positive function. ■

4.5 A useful intermedíate system

We observe that the origin is a fixed point of the Poincaré map P9°, and, by hypothesis
HP6, the origin is a saddle point of P9°. Therefore, there exist local unstable and
stable local invariant manifolds for the system (4.3.6) to the origin.

We note that if c2 > 0, then for fi and e small enough, DP9°(0,0) has two conjúgate
eigenvalues A, A, which implies that, since the Poincaré map is area preserving, do not
exist invariant manifolds in this case. In case that c2 = 0, to decide if the origin has
local invariant stable and unstable manifolds, the terms of order ¡j?e2p+3 of the linear
part of the Poincaré map must be studied . We have not studied this case.

We recall that the homoclinic curve of the origin in the unperturbed system is

a(t) =
2

2 Tí2
41

(2 Tí2)2'

Thus, the convergence to the origin of the homoclinic orbit when t goes to ±oo is of
the order of a power of í-1. We know that if the fixed point is a saddle point, the
convergence of the orbits on the invariant manifolds to the origin is exponential. This
suggests us that we will need a more accurate approximation of the stable manifold of
the perturbed system so that the orbits on it have an exponential behaviour when t
goes to Too. This section is devoted to find this suitable approximation of the local
stable invariant curve of the perturbed system.

For this we perform a linear change of coordinates in order to put the linear part of
P9° in a more suitable form. We denote by Ge° the transformed map. Then we find a

system (what we will cali auxiliary system) by imposing that its Poincaré map contains
the terms in x2 of the remainder of G9°, its linear part and all the terms which do not
depend on n of G9^.
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4.5.1 A suitable linear change of variables

We perform a linear change of variables in order to the linear part of the transformed
Poincaré map be of the form

í cosh(27rep) sinh(27rep)/p
y psinh(27rep) cosh(27T£p)

with p defined implicitly by

2cosh(27rep(0o)) = 2 + p?£2p+3(ci(90) + c3(0o)) (4.5.1)

(the trace is an invariant magnitude). We observe that, since C\ + c3 > 0, p is well
defined and it is a 27r-periodic function with respect to 6q.

Remark 4.5.1 If p satisfies (4-5.1) then

p = + 0(Pe^)) (4.5.2)

Proof. We denote

then, cosh(27rep) = 1 + p?e2p+zK and we have that

27r£p = are cosh(l 4- p2e2p+3K)
= log (1 + p?£2p+3K + ((1 + p,2£2p+3K)2 - 1)1/2)
= log (1 + p?£2p+3K + V2K[1£p+3/2( 1 + p?£2p+3K/2)1/2)
= log (1 + n2£2p+3K + V2K^£p+3/2 + 0(/r3£3p+9/2))
= ^/2Kp,£p+3/2 + p?£2p+3K - ii2£2p+3K + 0(/í3£3p+9/2)
= V2K(¿£p+3/2( 1 + 0(/i2£2p+3)).

Thus the statement holds. ■

In order to simplify the notation we introduce

&

• c = cosh(27T£p) and s — sinh(27T£p) then c2 — s2 — 1.
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• The transformed linear part,

A(p) = COSh(27T£p) SÍnh(27T£p) /p
P SÍnh(27T£p) COSh(27T£p)

• The change matrix C6° will be of the form

= ( e(l) ¿(ft) ) •
• We denote

DPl‘M={% £)
and we note that d\dz — d2d± = 1 and that

2 cosh(27r£p) = di + dz

(4,5.3)

(4.5.4)

From now on, if there is not danger of confusión, we omit the dependence on 90.

Lemma 4.5.2 If the function p satisfies (4-5.1), there exists a linear change of vari-
ables continuous in e, Cland 2ir-periodic in 9q and analytic in p of the form

(x,y) = C°°(u,v)
with Cff = Id +0(p2E2p+1), such that the Poincaré map in the new variables (u, v),
given by

is of the form:

Ge; = c‘° o p°r° o

A(fi)(u)+2nsí -\v J V —V(x) + 2ir£q2{u,v,e)
+pep+g'ifjfl¡£(u, v, 90) + p2e2p+2R2(u, v, 9q)

(4.5.5)

with p satisfying (4-5.1), qi, q2, are the same that in (4-4-%) and, R2 <E P2 and has
the form

R^{x,y,9Q,p,e) = ef2o(90, p, e)x2
+fn(90,p,£)xy + f02(9o,p,£)y2 + rl

R%{x,y,90,p,e) = egn{9Q, p,e)xy
92o(9o, P,£)x2 + g02(90, p,s)y2 + rj

where r\ and rf belong to P3.

(4.5.6)
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Proof. We impose that the linear part of the new system have the form

c s/p
ps c

and we obtain the matrix equation:

/ c s/p\fl 0
l ps c J \ e d

1 0 \ / di d4
e d J \ d2 d3 (4,5.7)

This system is overdetermined, for this, first we check that, if d and e satisfy the
equations

c + e- = di
P

d- = (¿4
P

(4.5.8)

then the equation (4.5.7) is satisfied. Indeed, only we have to see that, if equations
(4.5.8) are satisfied, then

ps + ce = edi + dd2
cd = e<¿4 + dds.

We deal with the first equation. Using (4.5.4) and that did$ — d2di = 1, we have that

ps + e(c — di) — dd2 = ps — (c — di)2— — d¿d2—
s s

= — (s2 — c2 — d\ + 2dic — d^d2)

—(—1 — d2 + d2 + dic?3 — d^d2)
s

0.

And the second one

cd — ed4 — dd3 = -di(c — (di — c) — d3)
s

= —d±(2c — (di + d3)) = 0.
s

Consequently, it is enough to find d and e satisfying the equations (4.5.8). First we
note that
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and then

and

(c - di)
27T£:(1 + 0{p?£2p+3))

0(p2£2p+2)
_

27re(l + 0(p?£2p+3))

_ di — g?3 1
“

2 2tt£(1 + 0(/í%2p+3))

0(//2£2p+1)

d
27T£ + Cí¡jL2£2p+2

2tT£ (1 + 0 (p?£2p+3 ) ) 2tí£ (1 + 0 (n2£2p+3 ) )
1 + 0(fJ,2£2p+1)

= 2 2p+l)
1 + 0(p2£2p+3) + ^

Thus the linear part of Ge° has the form we have prescribed. Now we perform the
change of variables

) = (c?)_1 (l)
with Ce° given by (4.5.3) with d and e determined by (4.5.8). Then

G?(u, v) = ((C»»)-1 o Ff> o Cj>)(u,„) = «C*»)-1 o Dff(0.0) o Cf)(«,«)
+2-(c?r1 ( _rM£+9l2t¡’(t»,£) )
+/X2£2p+2(Oj°)_1i?2(w, V, 60)
fe s/p>
V Ps c y

+£t£p+V/lie(u> w, 0O) + p?e2p+2R2{u, v, 90)
with i?2 ^ -P2 having the form (4.5.6). ■

u I xfeí 27T£g1(w, v, e)
v ) \ -V'(u)+ 2ir£q2(u,v,£)

4.5.2 The auxiliary system

We decompose #2 = (R\, R%) (the remainder term of G®° given in (4.5.5)) and we
decompose in the form

Rl(u,v,d0) = ai{dQ)u2 + r2(u,v,d0) (4.5.9)
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where r2 € P2 and has not terms in u2. Since R2 is analytic with respect to (tí, v) and
depends C1 with respect to 90, continuously with respect to e and analytically with
respect to ¡i, ai(90) has the same kind of dependence.

We will look for an auxiliary autonomous system of the form

w = Y^w) = eX0(w) + fj,2£2p+2Yi(w, 9q, ¡i, e) (4.5.10)
with w = (tí, t/), eXq the vector field corresponding to the unperturbed case, that is

and

X0(u,v)
v

V'{u)

víW = ( 0

b\U + b2u2

with bi, b2, depending on 90, ¡1 and e, to be determined by imposing the condition that
the Poincaré map of w = Y^w, 90, p, e) is cióse, in a certain sense to be made precise
later, to the Poincaré map P®°.
Note that the linearized equation of equation (4.5.10) is w = Bw with

B-A 0 1
^ 0

Since the system (4.5.10) is autonomous, its flow has the form

4>(9, u, v, n, e) = (<j>x{9, u, v, ¡i, e), 02(0, u, v, p, s)).
We denote by the Poincaré map of (4.5.10), that is

F^U, V) = 0(27T, u, v, pL, e).
The next lemma proves that there exist constants bi and b2 such that the coefficient
of u2, the linear part and the terms which do not depend on ¡i of the Poincaré map of
(4.5.10), F„, are the same as the corresponding ones of the map G9f.

Lemma 4.5.3 There exist bi(90,fi, e) and 62(#o>/b£), such that the Poincaré map of
the system (4-5.19) is of the form

a(p) (:
+A2p+2

+ 27TE 2'KEqi (u, v, e)
V\x) + 27TEq2(u,v,

aiu2 ) +A2P+2^Áu,v,90)
(4.5.11)
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where a\ is defined in (4-5.9), qi and q2 are the same as the ones in Lemma 4-4-%, P
satisfies (4-5.1) and the remaining term R2 G P2 is ofthe form given in (4-5.6) and its
second component has not terms in u2. Moreover all these functions are C°, C1 and
2tx-periodic with respect to Oq and analytic with respect to (u,v,p).

Proof. The proof is similar to that of Lemma 4.4.1. We sketch it. Using Lemma 3.4.3
(putting p?£2p+2 instead of p2£p+3) we can prove that

F^x, y, 90) = P$°(x, y) + p2£2p+2(j)^e0, y, 90)
with qí>Mi£ G P\ and such that

<f>»Ax>y’e0) = 27rY1(x,y,60,fi,£)+£fi(x,y,60,p,e).
with f\ G P\ (see proof of Lemma 4.4.1, concretely (4.4.3)). We write /1 = (ffi f))
and

fi(u,v) = e^ +g^v)

with 51 G Pi. Obviously since the auxiliary system is analytic, c\ is an analytic function
of b\, b2 and £2p+1. We consider the equation obtained equating the coefficients of u2
in both sides of the second components of and Pj)°:

b2 T eei = ü\. (4.5.12)

(ai is defined in (4.5.9)). The implicit function theorem applied to (4.5.12) when £ = 0
shows that we can isolate b2 as a continuous function of (9, ¡a, e), which is C1 in 6 and
analytic in p. Finally we observe that, since the coefficient ai depends 27r-periodically
with respect to Oq, b2 is also 27r-periodic on 90.

Now we deal with the linear terms, We consider the linear system

w = Bw.

It is clear that the linear term of is

e2,SW =
cosh(27rte) sinh(27r6£:)/6 \
6sinh(27r6e) cosh(27r6e) J W

with b = p£p+P2Vh- Henee in order to check that the linear part of F^ is A(p) it is
sufficient to choose b = p and

b\ — bi(6o) —

b2

jj2£2p+l
cl + C3

(2tt)2 (1 + 0{p2£2p+3))
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where p satisfies (4.5.1) and C\ and C3 are defined in (4.4.2).

Since the coefficients b\ and &2 depend on 9q we write

/? — Feo

■

4.6 The operators B and C

The Banach spaces which we use in this Section were fixed at the beginning of Section
4.2. For any e > 0 and p — p{t/e) > 0 a 27re-periodic function of t, we define the
operators

B:y'txyl^ylxy‘

and, for r¡ > 0 and l > 1,

C ■■ yí x 3í+1 y[ x yt+J

by the expressions

(.Ba)(t,s) = a(t + 2ire, s) — A(p(t/e))a{t, s)
(Ca)(t,s) = a(t + 2n£, s) — A(p(t/e))a(t,s)

where

¿ (p(í/s)) = cosh(27T£p(t/e)) sinh(27T£:p(¿/É:))/p(í/e)
p(t/s) sinh(27xepit/e)) cosh(27v£p(t/e))

These operators are well defined. The operators B and C are formally equal. The
difference is their domain of definition.

Let k\, k2, h and I2 be positive real numbers. We endow the product space

y=yt, xy‘¿
with the norm

M\y = «i llallí1! +^U\\l¿2 (4.6.1)
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with «i, «2 > 0 will be chosen later on. We note that the product space becomes a
Banach spaces and that the operators B and C are well defined linear operators.

We will need a right inverses of B and C. First we look for a formal right inverse of B.
Since C is formally equal to B, the formal expression obtained also will work for C~x.
For that we write Ba = xjj and we obtain

<j(t, s) = -A-1(p(t/e))'t/j(t, s) + A~x(p(t/e))cr(t + 2tt£, s). (4.6.2)
Since p(t/e) is a 27re-periodic function, applying (4.6.2) iteratively we have that

N

a(t,s) = -^2A~{j+1)(p(t/£))'i¡j(t + 27T£j,s) (4.6.3)
3=0

-srA~('N+1\p{t/e))o(t + 2-K£{N + 1), s).
It is not difhcult to see that

cosh(2ir£p(t/£)(j + 1)) — sinh(27r£p(f/£)(.;' + 1 ))/p{t/é)
-psmh{2ir£p(t/£)(j + 1)) cos\i{2'K£p{t/£){j + 1))

If cr G x ylk, a goes to zero when t goes to oo fast enough (l > 1), so that when we
take limit as N —► oo in (4.6.3), A~^N+l\p{t/£))a{t + 2it£(N + 1), s) —► 0 we obtain
the formal expression for B~l (and C-1):

OO

<?{t, s) = - ^2 yl_Ü+1)(p(í/e))V;(í + 2tt£j, s).
3=0

The following two lemmas give useful bounds for the right inverse of the operators B
and C. The formal expression in both of them is the same, but the spaces where they
are defined are different. This fact gives essential different bounds of the norm of B~x
and C~x.

We omit the dependence of p and A on t/e.

Lemma 4.6.1 Let k > 2 and l > 1. The operator B has a right inverse B 1 : ylk x
y{ yi-2 x 34-i with

<
2-k£ [(A: — 1)(A: — 2) 11^2

ll(B-V)2|li_i < 2-K£ [(& — 1) 11^2

and



4.6 The operators B and C 79

Proof. Along the proof we will use that, T > 0 is big enough. Also we will assume
that e is small enough so that

1
£ < —.

-

T

We define ipN(t, s) = + 27t£j, s) and
(B-1V>)(M) = Jim $N{t,s).N—>oo

First we prove that ií ip E ylk x ylk, ipN converges uniformly. Indeed from

| (A b+1)lfj(t + 27T£j,s))i\ < (T + 2lY£j)
ll I
\k £

p{T + 2n£j)k\\ü2 M k U-'h

and

|(j4-ÍJ+1ty(í + 2irej,s))2\ < (T + 2-ke])1 ’ll^illfc + (T + 2'K£j)k 11^2 ll^b

the claim follows from the M-test of Weierstrass. Therefore B 1ip satisfies the first
three conditions which define yk_2 x ylk_ 1. For u > 0, we define

-Too

sfM = £
u
k-1 1 -Too

=—£O'Trr

2tT£

j^0(u + 27T£j)k 2tT£ U (1 +
-Too

sl(u) = £
U
k-2 1

£(u + 2lT£j)k^7r£j 2n£^ U
3=0 v J' j=0

and we observe that, for u > 0 and k > 1, we have that

1 27TEj
u

Si(u) <

<

and, for k > 2

2tte

1

2lt£

2tte r+°°
— +
u f 1

k

Sl(u) <
2w£

(1 + x)k

)

dx
2tte

2-ke 1
+

u k — 1

27re [ u (k — l)e
2n£ 1

+
/--Too

Jo
X

+

(1 + x)k
1

dx

2tte [ u (k — l)e (k — l)(k — 2)_

2'ke (k - l)(fc - 2)
+ 0 (?)

(4.6.4)

(4.6.5)
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Let ip € yl x yl- We denote u = t + Res. Then we obtain the following bound:
OO

||(B-V)i||fc_2 < supJ2uk~2epul cosh(2nep(j+ l))\ip1(t + 2irej,s)\
Ds

j=o

E°° fc_2 w sinh(27re:p(t7 + 1)). . , , n ...vr 2ep + 2tt£j,s)\
;=o *

< sup^
u
k-2

/ / r\ .\

D* ^ (W + 27r£j)
—e 2,repycosh(2,7rsp(j + l))||'0i|li

~ uk~2
+ sup> 7 —e 2’KEpli2n£j cosh(27r£p(?

D° f^0 («+ 2^)* 7 v
+ 1))IML-

Using that for £ > 0, e x coshx < 1, sinha: < x coshx and the bounds (4.6.4) and
(4.6.5) we bound the first component of by

IKS-'VOillU < e2”'
1

sup-S'f(u) llalli + s$(u) llalli
D° u

-

2ne [(fc- l)(A;-2)^2^ + 0^T
Here we have used that e < j¡. Analogously the second component can be bounded by

OO

|¡(Í5_1^)2||Í_i < supy'ufc-1epuVsinh(27rep(j + l))|^1(í + 27T£j,s)|
U

OO

+ sup Uk~1epul COsh(27T£p(j + l))|^2(í + 27TEJ, s)|
ns ■ ^

3=0

< SUPE
n.A x |<*

u
fc-l

—e 2^psinh(27T£p(j + l))||^i|lLDr^(u + 27r£^'
oo

+ S^PE E^27T£j)fc e~27r£P0 COSh(27rgp(j +
and using that e < -f-, sinha: < cosh a; and that e~x cosh a; < 1 it can be bounded by

II(#-V)2||Ll < e2wepsuipS^(u)(p\\ÍJ1\\lk + llalli)
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The following lemma gives a useful bound of a right inverse of C.

Lemma 4.6.2 Let r] > 0, k > 1 and l > 1. Then, the operator C has a right inverse
C~l : ylk x ylk+1 —► x Tjfc+i- Moreover there exists a constant K independent of e
and p such that

ii(c-V)iiir<
K

2ixep
and

K

2irep
u.ílly-

Proof. Formally, the operator C is the same than B, but the definition domain is
different. For this the proof of that the three first conditions of the definition of
ylk~v x Tfe+i are satisfied by C~li¡) if ^ E x Tjt+i is similar to that of the previous
lemma. Analogously that in Lemma 4.6.1 for u > 0, we define

OO

sw =E e cos)\{2'K£p(j + 1))
3=0

and, since l > 1, we observe that:

S(u) = -¿ [e-^ÜÍ-j-1) + e-p2ne(jl+j-l)j < _
=27rep(l+/)/2

3=0 sinh(27r£p(l — í)/2) 2irep

Let eylkx ylk+1. Now we bound \\(C V)i||fc 77 and ||(C 1'ip)2\\lk^l1:

< . (4.6.6)

ll(c-V)i|i; supV uk í
Ds ~í

,pv(l-v) cosh(27rep(j + l))\ifi(t + 2-Kej, s)|
3=0

+s“pE )sinh(27rep(j + 1))
3=0

<

Ukepu(i-V)—v—-rv ■ + 2nej,s)\
p

pWn~p27T£jl,u

SD?^ (u + 2lV£j)k
+supE ?2™ü t/2

D° “ (U + 27T£j)k+]
K

e •'“■'e ^"‘'•/;>cosh(27rep(j + l))||^i||^.

e r„,e COSh(27T£p(j + 1)) 11-02||j,+1

K sup S{u
Ds

y<
2lX£p

m
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and the second one

OO

\\{C~l^)2\\lk+i < sup y2uk+1epu{l~r,)psinh(2-K£p(j + l))\ipi{t + 2ir£j, s)|
Ds

¿=o
OO

+ sup Y"] uk+1 cosh(27rep(j + l))!'*/^ + 2nej, s)|
j=o

OO fc

< suppu^2 , U— e-P»ne-2*eplj cosh(27Tsp(j + l))||V'l||l
D° ~¿{u + 2n£j)K

°° vk+1
+s;f£(n + 27r£J)We ^ 2^cosh(27r£p(i + l))||^2||'+1

= sup(pue“pu,? + l)5'(M)||V’||y < HV'b-
£)s ¿7T€p

Here we have used that the function e~fmr,up is bounded by a constant independent of
£ and p (but depending on rj). This finishes the proof. ■

4.7 Proof of the Theorem 4.2.1

As in Section 3.7 of Chapter 3, we scale the time t = £0 in the system (4.3.6) and we
obtain

x' = y + p£p+8dyF + p2£2p+1(dyf3 + dyR2) (4-7.1)
y' = -V'{x) - p£p+8dxF - p2£2p+1(dxf3 + dxR2).

Here ' stands for the derivative with respect to t. We denote by ip and (p the flows of
system (4.3.6) and its scaled system (4.7.1). For any í,¿o for which the Solutions are
defined we have that

<p(í, t0, x, y, p, e) = <p(t/e, í0/e, x, y, p, e).

We recall that the definition (4.4.1) of P^\ P^(x, y) = <p(0 + 2n, 6, x, y, p, e). Then

^/£(^(¿,¿o,®,!/)) = ip{t/£ + 2ix,t/£,(p{t,to,x,y),p,£)
= <p(t + 2TT£,t,(p(t,t0,X,y),p,£)
= <p(t + 27T£,t0,X,y,p,£).
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As in Chapter 3, we look for a parameterization 7*(£, s) of the stable manifold of the
System (4.7.1) such that t 6 K is the time, s G C a complex parameter. For this we
look for 7s satisfying the invariance condition:

P‘J‘(%(t,S))=%(t + 2i,e,s). (4.7.2)
In fact, we will find the local stable manifold of G> e instead of the local stable manifold
of P®°, 7®. For this we observe that, if 7® satisfies (4.7.2), then the function 7q ^ defined
by

7= (Cj'‘(t))'17¡(t,S). (4.7.3)

where is the change of Lemma 4.5.2, satisfies that

7G,M(í + 27r£>s) = (C'¡/e(í))_1(í + 2^)7^(¿ + 27r£,s)
= (c,f(í))"1^(7;(í,s))
= Gf(7^(t,S)). (4.7.4)

Here we have used that C¡/£(t) is 27re-periodic in t. Therefore, if we find 7¿ satisfying
the invariance condition given in (4.7.4), then 7® = C^it/e)7^ satisfies (4.7.2) what
is that we want to prove.

We note that, since p > 1 (Remark 4.2.2), C¡/e(t/£) satisfies
Cf{t¡e) = Id +0(p?e2p+1) = Id +0(/¿V+2). (4.7.5)

Let

w' = eX0(w) + /j?e2p+2Yi(w, 6>0, e)
the autonomous auxiliary system (4.5.10) with the constants 61 and b2 given in Lemma
4.5.3 and

w' = X0(w) + p?e2p+1Yi (w, 80, e) (4.7.6)

its scaled system. Let <j)(8, w]8o,(a,e) and 0(6*, w\60) ¡1, e) be the flows of the auxiliary
system (4.5.10) and its scaled system (t = £0). (We recall that for such Systems 80 is
not an initial condition, it is a parameter of the system).
In order to achieve the third property of Theorem 4.2.1 we must prove that the homo-
clinic orbit of the scaled auxiliary system (4.7.6) is 0{¡i£p+2) cióse to the homoclinic
connexion of the unperturbed system. The following elementary lemma check this.
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Lemma 4.7.1 There exists a parameterization ofthe stable invariant manifold 7(11, Oq)
of the System (4-7.6), where ¿7 and &2 are given in Lemma 4-5.3, and it satisfies that

7(u, 0O) - 7o(«) = 0(pep+2)

for all d0 G IR and for all u such that Re u > T and | lmu\ < \¡2.
We recall that 70 is the homoclinic orbit for the unperturbed system (system (4-3.6)
with ¡í = 0).

Proof. A direct substitution in system (4.7.6) checks that the curve defined by
7(u,90) = (a(u,0o),P(u,d0)) with

a(u, Oq) =
hp2

(k2 cosh(pu) — 1) P(u,d0) =
kik2p3 sinh(p'u)

{k-2 cosh(pu) — l)2 (4.7,7)

where

p = Hep+1/2y/bu ki = and k2 = \J1 + 2p2k\3 + b2p2e2p+1
is a homoclinic solution of system (4.7.6). The dependence on d0 proceed of the
dependence in this variable of bi and b2- We recall here that the homoclinic orbit of
the unperturbed system is given by

2 _ 4u
olo{u) 2 + u2 Po(u) (2 + u2)2'

We deal with the first component of the homoclinic orbit 7. By the máximum principie,
it is clear that the function |o;('u) — fto(tí)| takes the máximum valué in points of the
form u = t + iy/2 with t € M. We denote C\ = eos p\/2 and Si = sin p\J2, then we have
that

\oí{u) — a;o(w)| = —7iio’,i ..21 lfci(°2(2 + t¿2) ~ 2(fc2cosh(ptt) - 1)|

<

|fc2 cosh(ptí) — 1112 + w2|
\kip2t2 — 2(A:2ci cosh(pí) — 1)|

|A:2Ci cosh(pt) — l|í2
\kip22y/2t — 2k2si sinh(pí)|

k2Si sinh(pí)2\/2£
(4.7.8)

We observe that, if t > T with T big enough (but independent of e and p) then the
functions

kip2t2 — 2{k2C\ cosh(pí) — 1) and k\(?2\¡21 — 2k2Si sinh(pí)
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are negatives. Indeed, we observe that

k2c1 = (1 + k\p2 + 0(p4))( 1 - p2) = 1 + 0{p4)
therefore,

kip2t2 — 2(k2Ci cosh(pt) — 1) < (ki — k2c{)p2t2 — 2(k2ci — 1) — k2C\p4t4
1 z

= -|p4(l + 0(p2))t2 + 0(pi) - pV±( 1 + 0(p2))
= pV(-bj + t2± + O(p2))<0

if t >T big enough. Analogously, since

klP2^2 - 2k2s\ = p22v/2( 1 + 0(p2)) - 2^2p2 + 0(p4) = 0(p4)
then

k\(?2\/2t — 2k2Si sinh(pí) < {k\p22\/2 — 2k2s\p)t — 2k2S\p3t

< t fl - ^t2) 0{p4)
which is negative if t > T big enough.

Bounding the terms in (4.7.8), we obtain

\kip2t2 — 2(k2Ci cosh(pí) — 1)|
\k2c\ cosh (pt) — l\t2

k2Ci(2(cosh(pt) — 1) — p2t2)
\k2Ci cosh(pí) — l|í2

2(k2ci - 1) + p2t2(ki - k2ci)
\k2Ci cosh(pf) — 1|£2

and, in the same way

< 0(p2)

\kip22\/2t — 2k2S\ sinh(pí)|
k2s\ sinh(pí)2\/2£

In order to bound \¡3(u) — ¡3q{u)\ we write
k2

< o(p2).

P(u) — PQ (u) = sinh(pu)o;2('u) — ual(u)
kip

— u(a2(u) — a:2^)) + a2(u) sinh(pu) — u
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and it is straightforward that

\p(u) -p0(u)\ = 0(p2).

Moreover, by Remark 4.2.2, 7 satisfies that

7(«, «o) - 7o(«) = <V) = 0(fi2e2p+1) = O^V*2). (4.7.9)

■

The following remark is elementary but provides a useful property of 7(u,90). Since
the auxiliary system (4.5.10) and its scaled system are autonomous, for all 9q G R, we
have that

Fto/e(^(t + s,90)) = 4>{2k , 7(t + s,9o)]6o, fi,e)
= 0(27T£,7(í + s,6>o);6>o,iu,£) = j(t + 27r£, 60).

In particular, for 9q = t/e we have that

Ft/e{t(í + s, t/e)) = 7(t + 2ne + s, t/e). (4.7.10)

We define the function

7(í, s) = 7(t + s, t/e)

and we observe that, since 7 is 27r-periodic with respect to its second variable, we have
that

7(í + 27T£, s) = 7(í, S + 27T£).

We consider 7 as a first approximation of 7q ^ defined in (4.7.3). We look for Jq ^ of
the form

7s(t, s) = 7(t, s) + /iep+1+xa(t, s)
where 0 < A < 1/2 and a = (01,02) £ Ti x T5 •

In order to simplify the notation we rename 7 by 7, we write

7 (t,s) = (a(t,s),¡3(t,s))

and 7's = 7^ . We will impose the invariance condition given by

G¡í6(Y(t>s)) = 7*(* + 2tt£, s)
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with

7s(t, s) = rf(t, s) + /i£p+1+xa(t, s)

and we will look for a suitable fixed point equation for a.

First we summarize the main properties of 7:

• 7 is continuous and analytic with respect to s,

• 7(t + 2tt£, s) = 7(t, s + 27re)
• For (t, s) £ Ds,

s)) = 7(t + 2tt£, s). (4.7.11)

• Making some elementary operations in the definition (4.7.7) we can check that

y(t,s)ey3í3xy¡/3 (4.7.12)

In order to simplify the notation we introduce

R(u,v), R(u,v) and R3(u,v)

where R = (Rl, R%) is of the form

Rv(x,y,60,ii,£) = £f2o(9o,t¿,£)x2
É%(x,y,0o,fi,£) = £gn(do,y,e)xy

and R3 has the form

d „ ñ „ f^(eo,^e)xy +fo2(0o,t¿,e)y2 \ , ñ ^Rs{x,y,eQ,fí,e) ^ g02(do, V,e)y2 J + r3{x,y,e0, n,£)
with r3 G P3. Moreover we introduce

Q(u,v) = (2nf ( ] ) + n3£” (^ ) +I£e2-R(u,v)
so that

(7í//£(u, v) = F^£(u, v) + /¿ep+9'0At,e('u, v) + y2£2p+3R(u, v ) + /i2£2p+2R3(u,v)
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and

Ft/s{u,v) = A(p) ( ) +27r^ -V'(x) ) +£2Q(u’v)
(we do not write explicitly the dependence of Q, R and R on do, e and ¡j). We recall
that

V(x) = — (x3 — x4).

Then, by Taylor’s theorem

Gt/e(Y(t,s)) = Gt/e(j(t,s)) + fi£p+1+xDGt/e{j(t,s))a(t,s) + ¡j,2£2p+2+2X0(\a(t, s)\2)
= Ft/e{r({t, s)) + A¿ep+9Vv,e(7(t, s)) + /j?£2p+3R('y(t, s))

+p,2£2p+2R3(/y(t, s)) + ixep+1+xDFt/e{^{t, s))a(t, s)
+¡j,3e3p+4+xDR(’y(t, s))a(t, s) + p2£2p+10+xD'i¡JIJ,<e('y(t, s))a(t, s)
+p3£3p+3+xDR3(1(t, s))a(t, s) + ¡i2£2p+2+2X0(\a(t, s)|2)

Thus using (4.7.11), Gt^e(7s(t, s)) = 7s(í + 2tt£, s) if and only if

cr(í + 2n£, s) = DFt/e(7(í, s)cr(í, s) + £8_A^)£(7(f, s)) + p,£p+2~xR{^(t, s))
+//£p+1_Ai?3(7(í, s)) + fi£p+9Di/j^e('y{t, s))a(t, s)
+p2£2p+3DR('j(t, s))a(t, s) + ii2£2p+2DR3(i(t, s))a{t, s)
+ít£>’+1+Ao(Mt,s)|2)

= ¿(pMí, «) + 2TC ( (6a(t_ s) _ °i2aHt¡ $))ai )
+£2DQ(i{t, s))a(t, s) + e8_A^M,e(7(¿, ¿0) + /¿ep+2_A^(7(í, s))
+p£p+1~xR3('y(t, s)) + /i£p+9£>V’At,e(7(í, s)M*, s)
+//2£2p+2[£>i?3(7(í, s)) + DR(j(t, s)) + £DR(j(t, s))]cr(í, s)
+^+1+ao(|<t(í,s)|2).

We define

s) = DQ{i(t, s))a{t, s) + £6-AVv,e(7{t, s)) + p£p+7D'i¡Jll¡E('y(t, s))a(t, s)
+/x2£2p[Di?3(7(f, s)) + DR^^, s)) + £DR(^{t, s)]cr(t, s)
+p,£p~1+xO(\a(t, s)|2),

ií2((j)(¿,s) = R(^j(t,s)),
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the vector

sM=((to-V)) (4'7'13>
and

B{a) = 2neB(a)Gi + e2H1(a). (4.7.14)
We can reduce the problem to to find <r = (<7i, 02) such that

a = B~xT{a) + Aí£p+2-aC"1^2((t). (4.7.15)

(here we distinguish between B~l and because as we will see below the functions
T{a) and H2{a) belong to different spaces).
We look for a G y\ x 3^- For this we endow the product space y\ x 3^ with the norm

Uh = +

for t/j = (ij)1,^2) £ J4 x ^ and it becomes a Banach space. We denote by B(r) C
3^1 x 3^5 the closed ball of radius r with this norm.

Lemma 4.7.2 The operator Q : B(r) —► £?(r) gráen by

g(a) = B~1jF(a) + (4.7.16)

¿s we// defined and it is a contraction.

Proof. We recall that

7 e yT * %2/3.
(see (4.7.12)). Let <7 = (cri,^) G 3^| x 3/5- First, we check that

T(a) s

772(o-) g 3Í/3 X 3Í/3-
First we deal with the terms involving T{a). It is clear that

B(a)a G {0}xy¡/3
0

2aia(t, s)ai (t, s) j g {0} x yl/z.
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Since Q G P2, we have that

DQ(1(t,s))a(t,s)ey¡/3xy57/3
and since ?/v,£ £ P'i

(¿»s)) G x %2,
Di’nA'yfa s))a(t, s) € t87/3 x t87/3.

Finally, using that the second component of R and R have not terms in u2 and belong
to P2 we have that

DR(t(t,s))a(t,s) € y¡/3 x y3'3
DR(j(t, s))a(t, s) G T65/3xT75/3-

Henee, from definition (4.7.14) of T we have that

T{a) G yT X yT C Te1 x Tg1.

We recall that R has not terms in u2, thus,

flV) £ yí/3 x yt/3-
We deal with the terms involving Q. By Lemma 4.6.1,

b~1t(o) g y¡ x y¡

and by Lemma 4.6.2

C-lH2(a) G Ti x y¡.

Therefore Q(a) G y\ x ^5- In order to prove that the operator Q is well defined, we
must see that ||^(tr)||y < r if ||cr||;y < r.

Let a G y\ x T5 be with norm ||u|| < r with r small enough, but independent of e and
¡i. We observe that from Lemma 4.7.1, if (í, s) G Ds we have that

hf?
{k2 cosh(p(í + s)) - 1)

=

(í + Res)2 (1+°(?))
<

(t + Res)2
1 +o(l)+<V)
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Moreover from the definition of Hl = (H\, H^), there exist two constants Mi and M2
independent of e and ¡i such that

IlífJWIIÍ < Ml and ||íf2‘W||; < M¡.
We denote u = t + Res, then by definition (4.7.13) of B and definition (4.7.14) of
T = (^1,^2), and H1 = (Hj, Hl) we have that

llallis < Míe2

11^2 He < 27T£SUP«6
Ds

< 27T£l2||(7x||4 + e2
Therefore by Lemma 4.6.1

1

12 48
-ó H—7
u* u

.2 o(i
\ai(t, 5)| + u6e2\H¡(a)(t, s)|

<
1

27ve

1 1
+
72tt£

<
12 12

20 + 35

¿ii^wiil+o(l)r(«r)b
lr2Mii¿+o(l)n^wb
!ki||4+ o(^j+0(e) \\a\\y

- gg|Kll4+ o(^J+0(e) IHI3;.
Finally, we deal with the last term. Since

p = VC‘+C3/.ep+1/2( 1 + 0(/iVp+3))
Z7T

we have

fie’+2-x\\C-1H2(*)\\y < !iep+2-A
K

2nep

0(£^2-A).

(l|flíWIIÍ/3 + l|fi|WllP)

Therefore,
33

m*)\\y < i
/ 33< —r +
~

35
< r

IMIÍ+ o(^—'j+0(e) ||a||y + 0(e1/2 x)
0(l)+0(£)]|k|b + 0(e1/2-i)
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if T is big enough, e is small enough and 0 < A < 1/2. Then the application

Q : Br —> Br

is well defined. Since the linear terms in a are the dominant terms, Q is a contraction.
Then, by the fixed point theorem, there exists a E y¡ x y¡ such that

Gt^e(,y(t, s) + /j,ep+1+xa(t, s)) = j(t + 2tt£, s) + fi£p+1+xcr(t + 2n£, s).

This proves the lemma. ■

End of the proof of Theorem 4.2.1.. We go back to the original variables.
We observe that, since the matrix Cj¡£(t/£) given in Lemma 4.5.2 is 27r£-periodic and
satisfies (4.7.5) we have that

7£(*, s) = Cl/£{t/£)js(t, s) = 7s(t, s) + 0(/¿V+2)
= 7(i, s) + /i£p+1+xa(t, s) + 0(/i2£p+2)
= 7(t, s) + 0{¡i£p+1+x)

and by Lemma 4.7.1

7£(*, s) = 7o (t + s) + 0(/i£p+1+x).
Moreover, as we have said in Remark 4.3.4 the change C has the form

{x,y,6)=C(x, y, 9) = (x, y, 9) + /xep+1 (G(x, y, 9), 0) + 0(/¿£p+2)
where (x, y, 9) are the original variables and (x, y, 9) are the variables for which we have
proved the existence of the suitable parameterization of local invariant stable manifold.
Therefore, the local stable manifold, 7® , of the original system (4.1.1) has the form

7¿,e(í> s) = %(t, s) + fi£p+1G(%(t, s),t/e) + 0(/¿£p+1+x)
= 7o (í + s) + (¿£p+1G('jo{t + s),t/e) + 0(y,£p+1+x).

In order to find a parameterization of the local stable manifold which be a solution
with respect to t we define í0 = T — Re s and for all t > to

7^,e(L s) = ^(LÍ0,7^,e(Í0,5))
where (p(t,t0,x,y) is the general solution of system (4.1.1). We observe that, for all
(t, s) E Ds, 7^e(t,s) belongs to the local stable manifold of the system (4.1.1), henee
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7*)E(í, s) is a parameterization of the stable manifold. It is clear that the properties 1),
3) and 4) of Theorem 4.2.1 are satisfied by 7® e. Moreover

%,sit’s + 27T£) = ^(í>ío,7^e(ío,s + 27T£)) = <^(¿,í0,7^e(¿0 + 27re,s))
= <p(t + 2?re, to + 27re, <p{t0 + 2?re, t0, 7£,e(*o» «)))
= ¥>(í + 27re,íol7£ie(t0,s))
= 7^,£(í + 27re,s).

Therefore, 7® e is the parameterization that we look for. We observe that 7* e is defined
for all (t, s) G Ds. ■



Chapter 5

Invariant manifolds as graphs

5.1 Introduction and main results

The goal of this Chapter is to prove that the local stable invariant curve of the averaged
system (3.3.10) (written after scaling by e):

x = y + p£p+2n+2dyF(x, y, 9) + p2£p+2dyR2k_z(x, y, 9)
V = -V'(x) - ii£p+2n+2dxF{x, y, 9) - p2£p+2dxR2k-2(x, 0) (5.1.1)
9 = 1/e,

in the parabolic case, the one of its auxiliary system (3.7.4) and the one of the system
(4.3.6) (written after scaling by e):

x = y + ¡j,£p+8dyF(x,y,9) +/i2£2p+1(dyf3 +dyR2){x,y,9)
y = -V'(x) - /i£p+8dxF(x,y,9) - y2e2p+1(dxf3 + dxR2)(x,y,9) (5.1.2)
9 = 1/e

in the weak hyperbolic case, given in Chapters 3 and 4 respectively, can be writen as
the graph of a function <p which will depend analytically on x, ¡i, C1 with respect to 9
and continuously with respect to e. Concretely we prove the following results:

For the parabolic fixed point case:

Proposition 5.1.1 The local stable manifold of the system (5.1.1) is the graph of a
function y = /(:r) + y.£p+2g(x, 9, p, e) where
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1) /O) = - V~2V(X)

2) f(x) and g(x,9,p,£) are analytic with respect to (x,p) in

= jz G C : 0 < |a?| < 6 , | arg(z)| < ^ j x {p e R : |¿¿| < p0}

where ¡3 = | and po small enough.

3) g(x,e,9,/j,) is C° and C1 in 9. Moreover it is 2ir-periodic on 9.

4) f{x),g{x,e,9,p,) = 0(xp).

Analogously, the local stable curve of the auxiliary System (3.7.4), can be expressed as
the graph of a function y = f(x) + ¡j?£p+2h(x, 9, ¡i, e) where h has the same properties
as g.

And for the weak hyperbolic fixed point case:

Proposition 5.1.2 There exist the local stable manifold of the system (5.1.2) and it
is the graph of a function y = f(x) + iiep+l^2g{x, 9, p, e) such that

1)m = -vc2ñí)

2) f is analytic in Q,{8) = {x G C : 0 < |x| < 8 , \ arg(:r)| < f }•

3) g(x,9,p,e) is C° in e G (0,£o) with £q small enough, Cland 2ir-periodic in 9.

4) g(x,9,p, e) is analytic in fi(5) x {p G IR : \p\ < po} with po small enough.

5) f(x) = 0(x3/2) and g(x, 9, p,e) — 0(x).

Proposition 5.1.1 follows from results in [30] concerning stable curves for maps associ-
ated to parabolic points which can be realized as Poincaré maps of equation (5.1.1).
Proposition 5.1.2, follows from the results in Section 5.2, where wedevelop an analogous
theory to the one in [30] for what we cali the weak hyperbolic case.
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5.2 The case of weak hyperbolic fixed point

5.2.1 Introduction

We study the existence and analyticity of invariant curves asymptotic to a fixed point
of a family of two dimensional maps : U C M2 —> K2 having a fixed point, which
we may assume that it is the origin, with linear part

c b

y c
(5.2.1)

where b = b(y, e) ^ 0 and c has the form

c = c(y, é) = 1 + ey + 0(y2), e = e(e) (5.2.2)

and y, e are small parameters. Moreover we suppose that the nonlinear part of F/e(x, y)
(the second component of F^e) is of the form a2x2 + h.o.t. with a2 0.

To simplify a little bit the notation we note that the linear change of variables C\(x, y) =
(bx,y) transforms the linear part (5.2.1) into

c 1

yb c
(5.2.3)

We shall rename the small parameter yb by y. Of course, the valué of e will change.
The eigenvalues of the matrix (5.2.3) are

A = c ± y/y.

Therefore for y > 0 the fixed point is a saddle point and has stable and unstable one
dimensional invariant curves through it, tangent to the vectors (1, ±y/y) respectively.
We perform the linear change of variables C2(x,y) = (x,y — y/yx), which transform
the linear part (5.2.3) into

í c T y/y 1 \
V 0 c- y/Ji ) ‘

For y = 0 the origin is a parabolic point and the only eigendireccion of its linear part
is generated by the vector (1,0).
When y > 0 the origin is a saddle point. Therefore the classical stable and unsta-
ble manifold theorems, guarantee the existence and properties of the local invariant
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manifolds in a neighborhood of the origin, V^, which depends on p. In general, V'u
may shrink to {0} when /i goes to zero. We can represent the manifolds as graphs
of functions with suitable regularity conditions in this domain. We could extend the
invariant manifold to a larger domain by iteration of the map but we would not be
able to guarantee that the invariant manifolds can be expressed as graphs of functions
in domains independent of p.

Our purpose is to find a neighborhood of the origin, independent of the parameter /q
such that a branch of the local stable and unstable curves can be expressed as the
graph of a function (depending on ¡j) and to give regularity conditions of this function.
We follow the same scheme of proof of [30]. In this work, E.Fontich deais with the case

¡i — 0, where the origin is a parabolic point. First we look for a normal form which
must have a suitable dependence on ¡i. This suggests us to look for a normal form for
the weak hyperbolic case, which when fj, = 0 must be the normal form of the parabolic
case given in [30].
First we deal with the Lipschitz case. In the following section we prove the existence
and uniqueness of a branch of the stable manifold in the half right plañe (x > 0).
First, we prove the existence of a suitable set such that the stable curve that we look
for belongs to it. Then, we prove the existence of a stable manifold which can be
expressed as a graph of a Lipschitz function <p, defined in a open set which does not
depend on ¡i and e. Since the origin is a saddle point, the uniqueness can be proved
easily. Finally, we prove the continuity of the stable curve with respect to the parameter
e using the asymptotic behaviour when x —> 0 of the function ip.

The analytic case is more technical. In fact we already know that, for fixed valúes of
the parameters, the stable curves are analytic, but here they are found to be analytic,
as graphs in some complex domain independent on the parameters.

We also would like to mention that from the results of Chapter 4 we can obtain that,
locally, the curves are graphs, but here the (complex) domain we obtain for the graph
is much bigger.

First we perform a change of variables in order to move the stable curve closer to the
x-axis. Then we prove some suitable bounds in order to describe the behaviour of
the stable manifold in a complex domain. Finally, an standard argument using the
Rouche’s Theorem, gives the analyticity of the function <p.
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5.2.2 Normal form

We look for a normal form with a good behavior near y = 0. For this reason we will
not change the linear part. We shall give the normal form until order two.

By Taylor’s theorem,

rp ,a _ ( (c + /y)x + y\ ( Í2ox2 + fnxy + f02y2 \ f r¡(x, y) \^ ,V) V (c — yfy)y J + \ 920X2 + guxy + gQ2y2 J \ rj(x,y) ) '
(5.2,4)

We look for a change

r(c _ í 0(£> v) \ _ ( £ + 02oM + (pníg + <t>G2r)2 \’V
\V ) V 0& V) ) U + 02o¿2 + + 0O2*72 )

such that C o A0i£ = F^e o C with

N„Aí,v) = (c + y/y/ + y \
(c - /y)y ) h2(k,v) + r¡(x,y) \

M{x,y) )
with (h1, h2) as simple as possible, compatible with the condition of being continuous
with respect to y. At it is usual we compare the terms of order two in the equation
C o N,t£ = F^e o C. We find the equations

f20 - Mo = ((c + v7^)2 - C - y/¡j)<ho - 020
920 ~ Mo = ((c + y/y)2 -c + y/flrlto
fn ~ Mi = 2(c + y/y)(j)2o + (c2 - y - c - y/y)4>u - 0n
9n - Mi = 2(c + v^)^o + (c2 - y - c + V7¿)0n
Í02 ~ M>2 = ^20 + (c — y/y)4>11 + ((c — y/y)2 ~ C~ y/y)(f)02 ~ 002
902 - M2 = 02o + (c - v7O0ii + ((c “ \/^)2 - C + /JI)lp02-

There are several choices for a normal form. We choose h\Q = h\ 1 = h¡¡2 = h^2 = 0
and 002(/¿) = 002(A4) = 0. Then the other coefficients are determined uniquely as the
Solutions of the following linear system:

/ ai(M) 0 -1 0 0 0 ^ ( 020 ^ ^ 020 ^
0 0 a2{y) 0 1 0 011 920

2(c+ /y) ¿sO) 0 -1 0 0 020 fn
0 0 2(c+ ^//I) a/y) 0 1 011 9n
1 c-y/y 0 0 0 0 Mo Í02

V 0 0 1 (c-y/P) 0 V Mi / \ 902 /
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where

ai(» = (c+ VJj)2 ~ (c + sfy)
02 (aO = (c+v^)2-(c-\^)
a3(/x) = c2 - // - (c + y/J¡)
a4(fj) = c2 - y-(c-y/y).

It is not difficult to check that the determinant of the matrix of the linear system is
2 + O (y/y). Then, if y is small enough, the linear system has a unique solution and
therefore we find 02O, 0n, "020, 0n, h20 and h\x as functions of y.
If we assume that F is jointly Cn with respect to (x, y, y) then c = c(y), fjk = fjk(y/y)
and gjk = gjk(y/y), for j, k = 0,1,2, are Cn~l, Cn~2 and Cn~2 respectively, then 02o,
0ii)"020!0n, h.20 and depend Cn~2 on yfy. In the analytic case, obviously, the
dependence on /JL is analytic.
Moreover, if is a family of analytic maps with respect to (x,y), Cm with respect
to another parameter, rj, and analytic with respect to y/y, then all the coefficients of
the normal form are Cm with respect to rj and analytic with respect to yfy.
Other kinds of regularity may be assumed. For instance that y i—> is Cn from IR to
Cn(U). In this case the coefficients 02o, 011)020)011) h20 and h\x will be Cn.

We summarize this result in the following theorem.

Theorem 5.2.1 Let F^ : U C IR2 —» IR2 be a family of diffeomorphisms of class Cn,
n>2, depending continuously on y and e, having the form

F„,£(x,y) = (c + yfy)x + y \ + / Í2QX2 + fnxy + f02y2 \ / r¡(x, y) \
y/y)y ) v 920X2 + guxy + gQ2y2 / V rl(x>y) )

where fjk = fjk(y/y,e), gjk = gjk(y/]d,£) with j,k = 0,1,2, c = 1 + ey + 0(y2) and
<?2o(0,e) / 0. Then, if y > 0 is small enough there exists a polynomial change of
variables, continuous in y and e, such that in the new variables the map has the form

Ffj,,e{x, y) (c+ y/y)x + y \ + / 0 \ í r¡(x,y)
(c - y/fly ) \a20x2 + anxy) \ r%(x,y) (5.2.5)

with ajk = ajk(y/y,e) for j,k = 0,1,2, a20(0,e) = ^2o(0,e) / 0 and an(0,e)
fi'ii(O) e) — 2/2q(0, e).
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Remark 5.2.2 Later on we will deal with families F^£ depending analytically on p.
In such case, following the previous argument we easily check that the normal form,
and in particular 020 and a\\, depends analytically on yfp.

Remark 5.2.3 We do not assume any condition on the sign of e defined in (5.2.2).

5.2.3 Existence and uniqueness of stable curves

In this section we consider families of maps in the normal form described in the previous
section and we look for sufficient conditions for the existence of a local stable invariant
manifolds in the right-hand plañe. Considering the inverse map F~l we can deal with
the local unstable invariant curve. We will denote this local stable curve by Wf+. A
more precise definition of Wf+ is

Wf+ = {z G U : F™(z) e Bs(0) fl {x > 0} for n > 0, F™(z) —> 0 when n —> +oo}.

If p > 0 the first condition in the definition of W'¡+ characterizes the set, but if ¡a = 0
the whole space is a central manifold and it is convenient to add the second condition.
In general we will not explicitly write the dependence on p of the objects we will deal
with. We look for the invariant manifold as a graph of a function <p of the form

y = <p(x) — —C\X — c2xa + ..., a — 3/2.

We put the minus sign for notational convenience. If we impose the invariance condition
of graph ip,

FlÁx, <P(*)) = P(aO)) (5-2.6)
for p > 0 we will obtain the Taylor expansión of <p. Since we want an expression of
<p uniformly valid for p > 0, we add the term —c2xa with a. = 3/2 which comes from
the asymptotic expression of <p when p = 0. The following valúes for c\ and c2 are
obtained comparing terms of order 1 and 2 in (5.2.6) respectively:

• ci = 2yf\Í

• c
2
2

O-20 ~ CiQn

<x(c- t/p)01-1
if p is small enough.
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To have real valúes for c2 (at least for p small) we have to assume that a20(0,e) > 0.
Looking at the dynamics of F^e on graph(<¿?) we see that to get the stable curve we
have to choose c2 positive. Of course, this is a formal calculation but serves to foresee
a domain in M2 where the local stable curve belongs to. Therefore we introduce the set

m
= {(x, y) G E2 : 0 < x < 8, — 2^fpx — 2c2xa < y < fpx — dpx — ^xa} (5.2.7)¿i

with d = — if p > 0 and d = e if p = 0, and we concéntrate on the study of
the dynamics of F in it. We denote by 0¿ and 0/ terms of the form 0(xl) and o(xl)
respectively.

The main result of this section is:

Theorem 5.2.4 Let F, : [/ C R2 -> M2, rj = (fi, e) 6 Vv = x V£ C [0,+oo)xRm,
Vv open, 0 G Vv, be a family of Cn maps, n >2, depending continuously with respect
to ¡jl and e, of the forra (5.2.5), satisfying that a20(0, e) > 0. Then, there exists 5 > 0
(independent on p and e) such thatWf+ fl A(6) is the graph of a function tpv, Lipschitz
with respect to x and continuous with respect to p and e.

Remark 5.2.5 Considering F,' 1 and its normal form, we obtain results for the unsta-
ble manifold.

We introduce some notation. From now on we denote

{xk,yk) = F^{x,y), k e Z.
We define the sets

a+(<5) = {(x, y) G M2 : 0 < x < 5, y = —-^fpx — dpx — ^xa}¿i

and

a_(5) = {{x,y) GE2: 0 < x < 8, y = —2^/px - 2c2xa}.

Of course, these sets depend continuously with respect to p and e. From now on we
omit the dependence on e.

Lemma 5.2.6 If 8 > 0 is small enough we have
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1) if (x, y) G A{8), 0 < xi < x,

2) if (x, y) G a+(8), yl > -yfpxx - dpxi - fxf,

3) if (x, y) G a_(5), yx < -2y/¡¡xx - 2c2xJ.

Proof. We recall that dp, — c — 1. Given p > 0, if 8 is small enough and (x, y) G A(<5)
it is clear that \r3(x,y)\ < p\x\2. In the following we will use p as small as necessary.
Henee if (x,y) G A(8), the following holds:

xi = (c + ^p)x + y + r\{x,y) > (c +,/Jl)x - 2^/JIx - 2c2xa + r¡(x,y)
> x(c — ■'/¡i — 2c2xa~1 — px) > 0.

Also,

x-xx = x(l - c-^/p) - y-r\{x,y)
Q2

> x(l-c-^) + (y/rp + dp)x +—xa-r3(x,y)
= (1 - c + dp)x + ^xa - r¡(x, y) pM2-") > 0

and the first property is proved. Now we demónstrate the second one. We recall that

c
2
2

Q20 ~ C1Q11

oí(c ~ y/p)01-1
with c\ = 2^fp

and that for all A G IR

(1 + Ax)a = 1 + aAxa + 0(x2a).
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Then, if (x,y) G a+(<5) we have

Vi + + d/j,)xi + = (c - V7i)y + a2o£2 + aiiary + r2(x, y)
+ (y/JI + dy)[(c + ^JI)x + y + rl(x,y)} + ^-[(c + ^/JI)x + y + r¡(x,y)]a

= x(y/Jl + dfi)(y/Jl - dfi) - y (x“(c + d/x) - ((c-dn)x - yxa) )
+ x2(d2o — aii (\/M + dy,)) + o2

= x¡j,(1 — d2fi) — -y ^rQ[(c + d¡i) — (c — d/¿)“] + o:x2a 1(c — d/¿)a 1
+ x2(a20 — Qn(\//^ + d¡i)) + o2

if ¡j, and <5 are small enough.

Finally we check the third property. Let (x,y) G a_(<5). Then,

yt + 2^/}¡Xi + 2c2x^ = (c- y/Ji)y + a2Qx2 + auxy + r2(x, y)
+2^¡[(c + y/JI)x + y + r¡(x, y)]
+2c2[(c + + y + (x, y)]“

= -(c - ■S/J¡)(2y^lx + 2c2xa) + a20x2 - anx(2y/jlx + 2c2x“)
+2x/7¡[(c - y/jl)x - 2c2xa]
+2c2[(c - y/Jl)x - 2c2xa]a + o2

= -2c2xa [c+y/jl- (c - v7¿)“]
+x2[a20 - 2any/]l - 4c$(c - ^/¡j)a~la] + o2

= —2C2Xayfjl[l + Oí + 0(y/Jl)\ — 3x2 [a20 + 0(y/jl)] + o2

which is strictly negative if ¡j, and 6 are small enough. ■

We define the sectors

Si = {{£,V) G M2 : 0 < r/ < £},
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52 = {(^)el2:í<»7 < 0},

S = Si \JS2

s; = {({,!()£ R2:0<7)<5£},

S^ = {K,>))€R2:5í<,<0},

S' = S[ U S’2

Lemma 5.2.7 If 8 and y, are small enough, (x,y) E A(<5) and ( E Si — {(0,0)}; then

DFv(x,y)( E Si, i = 1,2.

Moreover, if ( E S¡ — {(0,0)}, then

DFv(x,y)( e S’„ i = 1,2.

(5.2.8)

(5.2.9)

Proof. By linearity of DFr¡(x,y), it is sufficient to prove the first part of the lemma
for C = (fíV) £ Si — {(0,0)}. We write

DFv(x, y) = ( C+y^ * )+02v \2a2Qx + any c-^/y + anxJ
_ / -^11 A\2 \

\ A2\ ^22 /

which means that

+ A12y \
A2if + A22r¡ J

First we note that if (x,y) E A(<5), \y\ < 2^/Jlx + 2c2xa. Then

A2\ = 2a2ox + a\\y + 02
> x[2a2o — aii(2v^Z + 2c2Xa 1) + Of\ > 0



106 5. Invariant manifolds as graphs

since <220 is a positive number. Clearly A22 > 0. Then if, (£i,?7i)t = DF(x,y)(£,r¡)T,

771 = 42i£ + A22V > (-<421 + ^22)^1 > 0.

Moreover

^1 — í?i = (-4.il — 4.2i)^ + (4.12 — A22)r¡
> (4n — 42i + 4i2 — 422)í7
= (1 + 0(y/J¿) + Ol)r¡ > 0.

Notice that An > 42i and £ > 0.

Let £ = (£, 77) G S[ — {0}, then it is clear that 771 > 0 and

5,
gí.-Xi =

>

Lemma 5.2.8 Let 0 < r < 2. If 6 is small enough, (x,y) G A(8) and 0 < x < 1 /jr
then 0 < x\ < \/{j + l)r.

Proof. If x < l/(j + l)r, by Lemma 5.2.6, we have that 0 < Xi < x and the result
holds. Thus we can suppose that l/(j + l)r < x < 1 /jr. Then,

Xl~üTW =
<

<

(c+ ^f¿)x + y + r¡(x,y) U + 1)T

(c - dy)x - ^xa + rj{x, y) - +

x — —xa + r\(x, y) — —
2 3V (j + l)r

1 1 C2 „ 1/ X

-7 : —x + rl(x.y)
f (j + l)r 2 3V

Ar+1
+ 0 Ar+2

C2

2 (j + l)r
+ o(w)<
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and, since r + 1 > ar,

_r_ c2 1 /J_
f+i 2 (j +1)™ \j2r

-1

u +1y
El
2

rjj + l)r
ór+l

+ O
a2r

< 0.

if j is big enough. ■

From now on we fix

r = 3/2.

For the next lemma we need an expression of F~l. It is not difficult to see that

Fr, l{x,y)
1 í (c- y/Jj)x -y\

c2 - p V (c + Vy)y J
i 1 , ( [{c - - y?+(<? - v)3 20 V -(c+vWl(c - v&x - y?
c+V/I / ((C-y/¡j)X-y)y
(c2 - p)3 11 V -(c + v//7)[(c - y/jZ)x - y]y

+ O3.

Lemma 5.2.9 If 8 is small enough, (x,y) 6 A(¿>) and £ = (£,77) £ then there exists
a constant M > 0 (independent of p and e) such that

\ir1DFr) \x, y)C| < (g +Mi) |f |
Moreover, if(£,r}) 6 S",

y)C| < (f +Mi) |f |

Proof. We write

DF-\x,y) = Bn B12
B21 B22

(5.2.10)

(5.2.11)

— Buf + Bi2Tj.

so that
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We have that

Bu =
1 1

+
C+y/jí (C2 - y)3

. C+y/Jl

2a20[(c - a/y)x -y](c + y/y)

<

(c2 - y)2

+ Mx

a-iiy + O2

where M can be taken independent of y and £, and

B12 =
1

y (c2 - y/
2a20((c- yfy)x-y)

-a,n[{c - y/y)x - 2y] + 02(c2 — y)3
which is negative. Thus if (£, r¡) 6 S\

Bn£ + B12I) < Bu£
and then

Moreover,

MDFv l(x,y) V
Bnfi + B\2f¡ > (Bu + i?i2)£

1
^ °

l1 +Oi)íc¿ — y JC+y/fl

Therefore by (5.2.12) and (5.2.13) the bound (5.2.10) holds.
Now we prove (5.2.11). Let £ = (£,77) € Sit is clear that

1
\tv2DF l{x,y)C,\ = |52i^ + S2277| =

1
<

<

C~ yfjl

c-y/y

\r}\+Mx\£\

V + Oi£

c-y/y 6
< (1 + Mx)\£\

1 \ +Mx\ |í|

(5.2.12)

(5.2.13)
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if /j, is small enough. ■

Lemma 5.2.10 If 8 is small enough and Zi = {x^yf), i = 1,2, are two different points
such that Zi,. Fv{zí) G A(8), < 1 /jr, i = 1,2, and z\ — z2 G S, then, there exists a
constant M > 0 (independent of p, and e) such that

^ TTwñy^¡7Tl{z2 ~Zl

Proof. We recall that, since z\ — z2 G S and z\, z2 G A(8), the segment between z\
and z2 belongs to A{8). Therefore, by the mean valué theorem in integral form, we can
write the difference Fv(z2) — Fn(z\) in the following way,

Fv(z2) - Fr)(z-Í) = / DFr,(zi + t(z2 - z1))(z2 - Zi) dt.
Jo

It is clear that Fv(z2) — Fv(zi) G S and therefore the segment F^lzi) Fr¡(z2) is contained
in A(<5). Now applying the mean valué theorem and Lemma 5.2.9, concretely, using
estimate (5.2.10) we have

= K[í;_I«fe))-er1(F,(z1))]i
< sup \niDF~1(()(Fri(z2) — Fv(zi))\

C&Fv(zi)Fr,(z2)

< sup ( 1 + Mtti(()) |ttx(Fv(z2) - Fv(zi))\(5.2.U)

Let f G F^z^F^z-i). By Lemma 5.2.8, we have that

MF'oiZl)), 7Ti(Fr,{z2)) < 1/0' + l)r-

Thus < 1/0 + l)r. Then, using (5.2.14) we obtain

Mz2 - Zi)\ < (c+1^_ + (j + iy)MFv(zi) ~ Fv(*i))\-
The inequality of the statement holds if we denote again byM a bound of the expression
M(c + y/Ji) for all valúes of ¡i. ■
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Lemma 5.2.11 IfS is small enough and Zi = (), i = 1,2, are two different points
such that Zi, Fv(zí) G A{8), < l/jr, z = 1,2, and z\ — Z2 G 5", í/ien, í/zere exzsís a
constant M > 0 (independent of p.) such that

M22 - zx)| < ^1 + (-^7)M^^) - ^(¿i))|
< (: + JJTTy) H^í22) - íi(zi)ll'

Proof. As in the previous lemma, we know that Frt(z2) — Fr¡(zi) G S and therefore
the segment FT](zi)FT](z2) is contained in A(6). Applying the mean valué theorem and
estimate (5.2.11) we have that

kíte-zOl = MFpíi^-VWiki))]!
< sup l^DF-'iQjF^Zi) -Fnizx))]

C,£Fr,(zi)Fn(z2)

< sup (1 + - Fv(zi))\. (5.2.15)
C€í’I|(*i)F,(*a) V 7

Clearly, if ( G FT1(z-í)Fr¡(z2), by Lemma 5.2.8, we have that £i < l/(j + l)r. Then,
using (5.2.15) we obtain

W{z2 - Zi)\ < (l + + MFv(z2) ~ Fv(z^))\
and the inequality of the statement holds. ■

5.2.4 Proof of the existence of local stable manifold

Once we have established the previous lemmas the proof is the same as the one in [30].
We sketch it. We define the set {

I

H(A) = {r, differentiable ares connecting a_ with a+ such that TPT C S, Vp G T}. <
1

1

We fix any T0 E H(A) and we define ,

r* = F-*(íí(r„)n/i(í)). ' [
I

i

é
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The intersection

roo = n r*
fc>0

is non empty because it is the intersection of a nested sequence of compact non-empty
sets. We want to prove that Too is a single point. Assume that Too has two different
points z\ ^ z2. Note that this means that nx(zi — z2) ^ 0. Then there exists j0 such
that 0 < Xi < 1/jg i = 1, 2. If we apply the Lemma 5.2.8 inductively we have that

0 < 7TiF*(zí) < (5.2.16)

Moreover, by definition of H(A), zi~z2 G S, and by Lemma 5.2.7, F^{z\) — F^{z2) G S.
Applying Lemma 5.2.10 inductively we obtain

Mqfe) - q(zi))| >

>

y/Ji \z2)- ■ Fj -i/~ ni

When ¡i > 0 the product diverges when j —> +oo. When p = 0 the product converges
to some valué different from zero. Thus {F^(zi)}j and {F^(z2)}j cannot converge both
to zero. But this is a contradiction with (5.2.16) . Therefore Too is a single point.

This argument is valid for any To G H(A), therefore,as in [30], we conclude that
W¡+ fl A(ó) is the graph of a function (p^.

To see that is Lipschitz we suppose that there are points = (x¿, ^(xj)), i = 1,2,
x\ x2, such that

\<PnM ~ I > (c + y/Jt)2
\x±-x2\ ~ 2c-(c-y/Jl)2'

We claim that F^(z2) — F*{z\) G S and henee they should coincide. Indeed

F2(z2) ~ F^izi) = Í DFr,(Fr,(zi + t(zi - z2)))DFr¡{z1 + t{zx - z2)){zi - z2) dt
J o

( ((c + yfjj)2 + 01){x1 - x2) + (2c + Oi)(<p{xi) - <p{x2))
V ((c- x/a)2 + Oi)(^(xi) - <p(x2))

It is not difficult to check that, if <p(xi) — <p(x2) > 0 then F2(z2) — F^(zi) G S\ and if
ip{xi) - (p(x2) < 0 we have that F%(z2) - F2{zi) G S2.

(5.2.17)
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5.2.5 Uniqueness of the local stable invariant manifold

We know that, if p is different from zero, the origin is a saddle point. Henee there
exists a neighborhood of the origin which we denote by U^£ C R2, depending on p and
e, such that, the local stable invariant manifold W^e, is unique and can be represented
as the graph of a function which we denote by <p'. Let Blxe C R the domain of <p'. We
denote B^e = B^e fl {x > 0}.

Proposition 5.2.12 Let Fn be a Cn, n > 2, map of the form (5.2.5). Then there
exists 6 > 0 (independent of p and e) such that Wf+ = graph ip'.

Proof. We consider first the case p > 0. We suppose that there exists a Lipschitz
function <p defined on the open set

•D = {xG1R:0<:e<<5}
such that if (x,y) G graph <p, F*(x,y) goes to (0,0) when k goes to infinity. For k
big enough, we have that 7TiFfi(x,(p'(x)) G B+e. Therefore, by uniqueness of the local
stable manifold

graph <p' = = graph <p|B+E,

and since the sets graph <p' and graph P\B+€ are invariant, <p = cp' for 0 < x < 6. This
implies that Wf+ = graph ip'.
For p = 0 this result is consequence of a result given in [30]. ■

5.2.6 Proof of the continuity with respect to the parameter e

Let y = <p(x,p,e) be the stable curve of the map Fv. For convenience we write
Fv (x, y) = F(x, y, p, e). We fix e0 G Ve , p G and x G (0,6).
We will see that, for any v > 0 there exists <50 > 0 such that, if ||e — e0|| < <50, then

\(p(x,p,e) — (p(x,p,£o)\ < v. (5.2.18)
From now on we omit the dependence on p in the notation.

Given x, let jx be such that 0 < x < l/jx, with r = 3/2. There exist Ci(e) and c2(e)
depending continuously with respect to £ and p such that

\tt2F3(x, p(x, e),£)\ < C\(e)|7TiF3(x, tp(x, e), e)\ + c2(e)\ttiF3(x, <p(x, é), e)¡a.
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By Lemma 5.2.8, we have that

(5.2.19)

with c\ = maxeei4 ci(e) < +oo and c2 = max£eyE Ci(e) < +oo. Let e0 E V£ and u > 0.
Therefore, there exists j0 = j0(u, e0) which does not depend on e such that

\\Fl°(x,tp(x,E),E)\\ <

Therefore for all s <E VE we have that

||FJ0(x,(p(x,e),e) - FJO(x,<p(x,£0),£0)|| < v. (5.2.20)

In view of Lemma 5.2.6 we define

fi(x, é) = -y/¡Lx - dfix - (c2/2)xa
Mx,e) = -2^/Jix - 2c2xa.

We write explicitly the dependence on e of functions f\ and /2, which comes from
the dependence on e of the coefficient c2 and, eventually, of the parameter //. These
functions depend continuously on e. We define

A(6,e) = {(re,2/) eR2: 0 < x < 6, /2(s,e) < y < fi(x,£)}

as in (5.2.7). From Lemma 5.2.6 we know that, for all e,

f2(x,£) < ip{x,£) < fi(x,£).

Let f(x,£o) be a positive function such that

h{x, £o) + f(x,£o) < <p(x,£0) < fi(x,£0) ~ f(x,£o).

Since the functions fi and /2 depend continuously on e, there exists > 0, which
depend on x and e0j such that, if ||e — e0|| < <5¿, we have that

Ifi(x,é) - fi(x,£0)| < f(x,£0)

(we recall that x and eq are fixed). Henee

/2(x,s) < tp(x,£0) < fi(x, e).
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In the same way, we can prove that (x, <p(x, g0),e) belongs to the domain of FJ'°. Indeed,
since Fl(x, tp(x, £o), £o) G A(6,£q) for all i and by the continuity of F with respect to
g, there exists S(j = So(x,£o,jo(v,£o)) such that, if ||er — g0|| < Sjj ,

f2(n1Fl(x,ip(x,£0),£),£) < tv2F1(x,<p(x,£o),£) < f1{n1Fl(x, (p(x, e0), e), e)

for all 0 < i < jo(y). Thus, (x,<p(x,£o),e) belongs to the domain of F70. Then, by the
continuity of F-70 with respect to £, there exists <Sq which depends on x, £0 and u such
that, for all £ satisfying ||g — g0|| < ¿>q,

\\F30{xyip(x,eQ),é) - FJO(x,ip(x,£0),£0)\\ <v. (5.2.21)

On the other hand we observe that, by Lemma 5.2.8 and since F2(x,<p(x, g0),g) G
A(6,e) we have that,

0 < -KiF2(x,y{x,£0),£) < 1. ■
(¿ + 3x)r

0 < 7riF2(o:,^(a:,g),g) < 1
(2 + Jx)r

Remark 5.2.13 We observe that the infinite product M(i+jx) r) is bounded
if r > 1. Indeed

+oo +oo

iog (na+M(¿+¿)"r)) =E losa+mí?+ú)-r)
i=2 i=2

and the series is convergent since Ylt=2 V(* + jx)~T convergent.

Remark 5.2.14 Using the expression (5.2.17) for points zi, z2 of the forra Zi — (x, yf)
(i.e. with the same first component), it is not difficult to check that

F2(x, ylt g) - F2(x, y2,e) G S'.

We define

+oo

C = H(l + M(i + jx)-r)<+oo.
1=2

(5.2.22)
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Therefore, by Remark 5.2.14 and Lemma 5.2.11 applied iteratively with

Zi = F2(x,(p(x,eo),e)
z2 = F2(x,(p(x,e),£)

we obtain that

JO l\/[

\'K2{zl-z2)\ < n (* + [i + j )r)lli?J0(x>yp(x’£°)>£) ~ F3o{x,ip(x,£),£)\\
< C\\FJO(x,ip(x,£Q),£) - F30(x,(p(x,£),E)\\ (5.2.23)

and using Lemma 5.2.10, (in fact, using (5.2.14) in the proof of Lemma 5.2.10) we have
that

Jo

- n^+(i+i.).
+oo

1 M
||iJ,JO(a:>¥j(ar,eo),e) - F3a(x,tp{x,e),é)

<
J\/T

II (1+ /•_, • w) ¡|^J0(^>^(^,go),g) - F30{x,(p(x,e),i
i=2 U ' Jx'
||F30(x,<p(x,£Q),e) - F30(x,ip(x,£),£) ||. (5.2.24)

with C defined in (5.2.22).

Moreover, by the mean valué theorem applied to F~2 o F2, there exists a constant K
(independent of e) such that

|v?(a;,£o) - <p{x,e)\ < K\\F2(x,p{x,E0),£) - F2(x,ip(x,£),£)||.

By (5.2.23), (5.2.24) and (5.2.25) we obtain

|y?(x,£0) - <p(x, e)| < KC\\F3o(x,ip(x,£0),£) - FJO(x,<p(x,e),£)\\.

Using the triangular inequality as well as (5.2.20) and (5.2.21) we have that

| ip(x, £o) — (p(x, e)| < 2KCv

(5.2.25)

if ||e - e0|| < S0 = min{<5¿, 8$, 5g}.
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5.2.7 Analyticity of the stable curve in the weak hyperbolic
case

Now we deal with the analytic case. We suppose that Fv (with r¡ = (/i, e) as before) is
in the normal form, that is

Fn(x,y) (c + y/Jj)x + y \ / 0 A + f ^(x.y)(c ~ y/P)y ) \ a,20x2 + auxy ) \ r¡(x,y)
Then we have the following result:

(5.2.26)

Theorem 5.2.15 Let : U C C2 —> C2, r¡ = (y, e) £ K, = 1), x C C xl"
with ||?7|| small enough, be a family of analytic map, depending analytically on y and
continuously on e, of the form (5.2.26), satisfying that a2o(0,e) > 0. Then the stable
curve is the graph of a function ipv analytic on U, depending analytically on y and
continuously on £ for any (y,e) £ Vv.

Preliminaries

We perform a change of variables to move the stable curve closer to the rc-axis. Con-
cretely we define the change T(x, y) = (x, y — C2Xa — 2yryx). If

H = T~1oFvo T, (5.2.27)

it is not difficult to check that

Hi(x, y) = (c - ^fy)x + y- c2xa + r\{x,y- c2xa - 2^/yx)
H2{x,y) = (c+,/y)y + fo(x)+f!(x,y)+T2(x,y)+T3(x,y)

where

T0 = -c2xa{c +^/y-(c-^/y)a),
Ti = x2{a2o - 2i/yan) + anx(y - c2xa) + c2axa~1(c - ^y)a~l{y - c2xa),
T2 = c2[(c- y/y)x + y - c2xa+ r\(x,y - c2xa-2y/yx)]a - c2(c- y/y)axa

c2olxol~^{c - v7¿)Q_1[y - c2Xa + r\{x,y- c2xa - 2^/yx)},
T3 = r\{x,y - c2xa-2^fyx)+2^/yr\{x,y - c2xa-2^/yx)

+c2axa~1(c - y/y)a~lrl(x, y - c2xa - 2^/yx). (5.2.28)
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Now we perform the change of coordinates given by C(x, y) = (x + axy) with a < 0,
a parameter to be determined below and

We observe that (3 is such that

2/3-1= a.

Then the System (5.2.27) becomes

G = C~l o HoC (5.2.29)

with

Gi(x,y) = (c-^)x + y + R0(x) + Ri(x) + R2{x,y)
G2{x,y) = {c+^)y + T0(x)+T1(x,y)+T2(x,y)+ T3(x,y)

where Tq{x) = Tq(x + ax13), Ti(x, y) = T¿(x + ax@, y) for i = 1,2,3 and

Ro(x) = a(/3 - l)yfjixP - xa[c2 + a2(3]
Ri{x) = -ax^{(c - + ax13-1)13 - (c - y/ff) + {¡3 - 1)^/7} + a2xa(3

c2xa[{l + ax?-1)* - 1]
R2(x,y) = -a{[Hi(x + axa,y))13 - (c - y/Ji)px^(l + ax13 + 05/2.

We define the set

Lemma 5.2.16 If 6 is small enough there exists 70 small enough such that, if x G
(1(6) - {0},

1) if\y\ < 7oMa then Gi{x,y) G fi(6),

2) if \y\ = lo\x\a then \G2{x, y) - y\ < \y\,

3) if\y\ =lo\x\a then 7o|Gi(a:,y)\a < \G2{x,y)\.
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Proof. We begin by proving 1). First we bound Ri(x) and R2(x,y). We observe that

a — ¡3 = (3 — 1 = ^.
Therefore there exists a positive constant C such that

|_R1(x)| < |a||a^||(c- + ax^f - (c - y/jj) + (/? - l)y/JI- axa~p!3\
JrC20¿\a\\x\a+^~l

= lallx^ |(c - Py/Jl + 0{¡i))( 1 + fiax13-1 + 0(x2(3~2)) - (c - y/Ji)
+((3 - 1)^//! — axa~Pp| + C2|a:|a+/3_1

< C\xf {fj,+ \x\a-p^/Jl+\x\213-2} . (5.2.30)
To deal with R2 we consider the function <pu(v) = (u + v)a — ua for u G Í2(<5) and
|d| < 7|w|“. Then, since a = 3/2, we have that

\Vu{v)\ < |n|sup{a|u + ^|a_1, |C| < 7l«|a}
< a|n||r¿|(l + 7|'u|“_1)
< ct7|r¿|5//2(l + 7|íí|"_1)

if 8 and is small enough. This bound is true for all u, v, and 7 such that u G Í2(<5),
M < l\u\a ■ We take

u = (c — y/JI)(x + ax13),
v = y — c2xa(l + a/_1)“ + rl(x + ax13, y — c2(x + ax^Y — 2-sfp{x + ax13)),
7 = 2(70 + 02).

With this choice, since a < 0, u G íl(<5) and
M < |y| + c2\x + ax^\a + 02 < 2'y0\x\a + 2c2|a;|a < 7|x|“

we have that, there exists a constant K such that

\Re(x,y)\ = \<Pu{v)\ +O5/2 < K\u\5/2 (5.2.31)
if 8 is small enough. We denote 0 = arg(z) and we recall that

Re — y/Jl + = c ~ \/^+ \Z¡¿a{l3 ~ 1) cos(9(P — l))|:r|/3-1
— [C2 + fia2] cos(0(a: — l))|x|“_1

< C - s/il + V¿a(P - 1)^1+-’ - [C2 +
Im — YJi + = Y^a(P ~ l)sin(0(/3 - l))^^-1

— [02 + fia2] sin(9(a — l))|a;|a_1
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Therefore, since 3/3 — 2 = 7/4 and by (5.2.30) and (5.2.31), we have that

\Gi(x,y)\ <

<

<

\x\\c - y/y + a((3 - \)/yxp 1 - [c2 + a2p]xa *|
+7oM“ + C\xf {y + \x\a~0/y} + O7/4

\x\

+|a; la—1

“‘{“G3 -1)^- + 0(vW + O1/4}
| — [02 + ¡3a2}——I- 7o | + O2CC-2

(5.2.32)

if we choose a < 0 and 70 such that

\Í2
— [02 + /3a2]——h 7o < 0. (5.2.33)

Now we must see that | arg(Gi(a;, y))\ < ■ It is sufñcient to consider x G dfi(S).
We consider the case that arg(a:) = , the other cases are analogous. Since

sin(0(/3 — 1)) = sin ^ > 08

we have that

Im(Gi(x,y)/x) < y/ya(P - 1)sin(9(f3 - 1))|íc|/í_1 - [c2 + /?a2]^|x|“_1
+7b|*|a-1 + C\x\P~l {y + \x\tt~Py/y} + 03/4

< 0

if 6 and y are small enough, a < 0 and 70 satisfies (5.2.33). Henee

arg(Gi(x,y)) = a.vg(x) + arg(G1(x,y)/x) < arg(x)

We note that we can choose 70 is independent of y.

For the second property we estimate the expressions of T0, Ti, T2 and T3 given in
(5.2.28). For To we have that

|To| < c2|x|“|c - /y - (c - /y)a\
= c2|x|a|l + /y + O(y) - (1 - a/y + 0(y))\
= c2/y\x\a{l + a + 0{y)). (5.2.34)
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We recall that a = 3/2 and that c2 = Then for Ti we have that

Ti = (c-l + y/j2)y + x2[a2o-2y//2an-cla(c-^/jx)01"1}
+yxa~1[c2a(c - y/Ji)a~l + anx2_“] - anxa+1

= (c - 1 + y/JT)y + yxa~l[c2a(c - y/y)a~l + «nx2~a] - auxa+1. (5.2.35)
We recall that c = 1 + O (y). Now we bound the expression for Ti and we obtain:

|Tl| < (c - 1 + v7I)7o|a:|a + 7o|a:|2o:'':L[c2Q:(c- + Ki||x|2_a] + |aii||x|a+1
= (c - 1 + ■s/JT)'jo\x\a + 70|x|2[c2a(l + 0(y/jj)) + 0i/2]
= 7o|x|a[0(v/¡ñ)+ Oi/2]. (5.2.36)

To evalúate T2 we consider the function <pu(v) = (u + v)a — ua — au“_1íj for u G Í2(8)
and |u| < 7|w|a. Then, since a = 3/2, we have that

Wu{v)\ < ^|n|2sup{o!(a-l)|u + ^|a“2, |^| < 7|u¡"}
1 2 1< ¿M a^_1Vl1/2(l-7|«|1/2)1/2

< -a(a-l )H5/2(1_7|^|1/2)1/2
< a(a - l)^\u\5/2 (5.2.37)

if 8 and is small enough. This bound is true for all u, v, and 7 such that u G Í2(<5),
M < l\u\a . We take

u = (c — y/Jl)X,
v = y- c2xa + r¡(x, y - c2xa - 2^/yx),
7 = 2(70 + c2).

With this choice, u G fl(<5),

M < \y\ + c2\x\a + 02< 27o|x|a + c2\x\a + 02 < 7|x|“

Using estimate (5.2.37), we obtain

|T2| < c2a{a - l)(c - Vm)5/2721^15/2- (5.2.38)

Finally, it is clear that

|T3| < e\x\2.
I
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Collecting the bounds (5.2.34), (5.2.36) and (5.2.38), and using that T0(x) = T0(x+ax^)
and Ti(x, y) = Ti(x + ax13, t) for i — 1,2, 3, we obtain

\G2{x,y)-y\ < |To| + |Tí| + |T2| + |T3|
< c2yf]i\x +axP\a((l +a)+ 0(ii))

+lo\x + ax^\a[0{y/Ji) + O1/2]
+c2a(a - 1)72(c - VM)5/2|^ + ax^l5/2 + 02

< 7okla[0(^/J2) + O1/2] < |y|
if we take ¡i, 8 small enough .

Finally we prove the third bound. Let x E Q(8) and let y be such that \y\ = 70|:r|a.
We must see that

lo\Gi{x,y)\a < \G2(x,y)\.

We write G2 = (c + y/jT)y + T0 + 71 + T2 + T3 as before. We observe that by bound
(5.2.38) and since \y\ = 7o|^|"

n
+ n

y y
<

C2Q;(q; l)(c — y/]T)5^272|:e + ax^ |5/2
lo\x\a

+ Oa-1 — O1/2.

Since

Im(c + y/Jl + xa 1 [c2a(l + 0{sf¡í)) + 01/2\) = Oa_x
He(c + y/Ji + xa l[c2ot{\-\-Oi/^\) =

c + y/jl + c2a( 1 + + Oi/2)|x|a_1cos0(a; - 1),
we have that

\c+y/fi + xa 1[c2Q;(1 + 0(^JJL)) + Oi/2]|
> c + ^//I + c2ot\x\a 1V/2/2(l + O(y^ñ)) + O^.

Now we bound |1 + Ti/y\, from (5.2.35) we have that

1 +
T\
y

> |c + y/jl + {x + axp)a 1[c2a(l + 0(y/]l)) + Oi/2]\

—7—rOa|an(a: + axp)a+1\\y\
> \y/JLO^y)c2a.\x\a 1(\/2/2 + 0(y//I) H- O1/4).
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We note that, if |a| is big enough, we can choose

7o > 2c2(ü; + 1), (5.2.39)

therefore, collecting all the bounds that we do, we obtain,

\G2(x,y)\ > \y\ 1 + ^ - + y J ~ lTol
> \y\ 1 + ^/j2 + 0(y)

+C2ü;|2:|“ 1(v/2/2 + 0(y/7¿) + Ox/4) — |7o|
= 7oMa[l + y/V> + O(fj) + O1/4] — C2^/Ji\x\a {{1 + a) + O (y))
> 7oM“(l + y/Jj> + a) + O (y) + O1/4))

7o
> 7oM“

if we choose |a| big enough (see (5.2.39)) and y, 8 small enough. Therefore, since for
all x G Í2(¿>) and \y\ < 70|:r|a

\Gi(x,y)\ < \x\

(see (5.2.32)), we have that, if \y\ = 7o|x|a and x G fl(<5),

lo\Gi(x,y)\a < 7o|x|“ = \y\ < \G2(x,y)\.

Proof of the Theorem 5.2.15

We already have all that we need to prove the Theorem 5.2.15. The proof is as [30]. We
work with the function G77 defined by (5.2.29). For convenience we write Gn(x, y) =
G(x, y, fx, e). We consider the set the functions H such that, h : 0,(8) x Vv —> C belongs
to H if and only if

(a) h is real and analytic with respect to x G 0(8).

(b) For all (y, e) G Vv, h is real analytic with respect to y, and continuous with respect
to e.

(c) For all x G fi(<5) and 77 G K,, \h(x,r¡)\ < 70|x|“. We recall thaf 70 was introduced
in the preliminarles.
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For any e G V£ fixed, we define re : H —> H implicitly by

G2{x, (reh)(x),fj,,e) - h{Gx(x, (T£h)(x), fi, e), y) = 0

for h G H. We introduce the function

A£(x, w, ¡i) = G2(x, w, fj,, e) - h{G\{x, w, fj., e), ¿i, e)

and the set

üi = {(re, w, fi) G C2 x Wfj, : x G Í2(<5), |iu| < 7oM“, M e Wpt}.

Then, by Lemma 5.2.16, A is analytic on íli. The second estímate of the Lemma 5.2.16
implies, by Rouche’s Theorem, that the functions G2(w) = w and G2(xq, w, ¡xq, e) have
the same number of zeros in the disc

D(xo) = {w E C, |iü| < 7o|x|“}
if we fix any x0 G 0(<5) and fi0 G W^. Another application of Rouche’s Theorem
gives that the functions AE(x0, w, /¿0) and G2(xo,w, no,e) also have the same number
of zeros in D(x0). Thus, we can solve uniquely the equation A£(xq,w, ¡iq) = 0 for w,
for any x0 G fi(S) and ¡jlq G W¡x fixed. Moreover, the implicit function theorem and the
uniqueness guarantees the analyticity of Te(h) with respect to (x,ji). We observe that
this function is real for real valúes of (x,fi).
From the estimates in Lemma 5.2.16 one can prove that Ye{h) G H and using Montel’s
Theorem, if we fix any initial condition h0 the iterates hk = Tkh0 must have a subse-
quence converging to some h G FI. The points on the graph of this function converge
to the origin by G, and then by uniqueness, it must coincides with ipv.

Now we prove the continuity with respect to e. Since the function (pv is real and
analytic in x and since 0(<5) is compact, we can restrict ourselves to the real part of
the domain and in the real case the continuity is proved in Subsection 5.2.6.

5.3 Local invariant manifolds in the parabolic case

In this section we want to prove that the local stable invariant curve of the System
(5.1.1) can be expressed as the graph of a function. For this we deal with its Poincaré
map defined by

PÍo/£(x, y) = + 27re, t0, X, y)
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whhere is the solution of (5.1.1). We observe that, in fact, the stable curve of P¡fp
is the intersection with the plañe t = t0 oí the local stable curve of the system (5.1.1).
We recall that the Poincaré maps given in (3.4.7) and (3.5.3) have the form

pH(x,y) ( x + 2irey\ f 2ir£q1{x,y,e) \
V V ) \-V’(x) + 2iV£q2(x,y,£) )
+¡j,£p+2n+3ijfií£(x, y, 9, ¡i, e) + y2£v+3R2k-z{x, y, 9, ¡i, e)

(5.3.1)

where 9 = t/e, V'(x), qi, q2 G P„_i (independerá of fi), Vv.e G P2n-3 and R2k-3 G
p2fc-3 x P2k-3-

In [30] maps of the form

Fv{x,y)
x + cy + f(x,y, r¡) \

y + g(x,y,r)) )
with c 0, are considered. The existence of local stable curves as graphs of analytic
functions in x, and analytically dependent of parameter r¡ is proved. After some changes
of variables, the following normal form for Fv(x,y) is obtained:

Nv{x,y)
X +^ + f 0 \ + f rn(x, y, r¡)
y ) \ xkp{x,r¡) + xl-lyq{x)'q) ) \ r2n{x,y,r)) (5.3.2)

with 2 < k, l < n, and p(x, rj) = a*, + ak+ix + • • • + anxn feand q{x, r¡) = + b¿+ix +
■ • • + bnxn~l. Let

n(6) = G C : 0 < |x| < 8 , | arg(x)| < ^ j .
The following theorem is proven in [30].

Theorem 5.3.1 Let Nv : U C C2 —> C2, 0GÍ7, 77GV^cC,OE Vv, be a family of
analytic maps, depending analytically on r¡, of the form (5.3.2) satisfying the condition
l > and ak > 0. Then

1) if 5 is small enough the right hand branch of the stable curve is the graph of a
function <p analytic on Lt(6), depending analytically on r¡.

2) <p has the following asymptotic expression when |x| —> 0:

<p(x,r)) = \J2ak/{k + l)x^ + h.o.t., 0 = (k + l)/2.



5.3 Local invariant manifolds in the parabolic case 125

Remark 5.3.2 This is only one of the cases considered in [30], but it is sufficient for
our purposes.

If we apply Theorem 5.3.1 to P^ we will obtain that the domain of <p, Í2(<5), will depend
on e, because the linear part of Pf] do depend on e. We can not exelude the possibility
that 8 —> 0 when e —* 0.

We will state a suitable modification of Theorem 5.3.1 which gives the existence of local
invariants manifolds of the Poincaré maps given in (3.4.7) and (3.5.3) as the graph of
a function in a uniform domain with respect to parameters. We are led to consider
maps of the form

FnAx>y)
x + ey + epi(x,y,fj,,e)

y + £p2{x,y,p,e) (5.3.3)

with pi, p2 G Pk-, continuous in £ and analytic in x,y and fi. From now on, if there is
not danger of confusión, we omit the dependence on [i. We perform the linear change
of variables C\{x,y) = {ex, y) in order to put the linear part in the form

1 1

0 1

Then in the new variables, which we rename by (x,y), the map F^£ reads as

We write

Ffj.,e{xi y)
x + y+p^x^) \
y + ep2{ex,y) )’

Pi(ex,y)

£p2{£X,y)

Y + Rifa,y)

Y 9i,j£l+l^y3 +£R2k{£x,y)
i+j=k

where Rlk(x,y) = o(||(ar,y)||fc).

Lemma 5.3.3 There exists a change of variables C2 of the form

Cb(í.»í) = f + *(í ,ri)
y + ^{f,y)

(z+Ei+j=k®i¿y \
\v + Ei+j=k J
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such that

C*2 0 -^t,e — F/J.,e ° (5.3.4)

with

M ÍAn)-l £ + V + rl(e£,v)#í,e^’7" ' r) + £k+19k,o£k+ £k(sgk-i>i + kfk,o)xk~1y + £rl(££,r]) ) ' (5.3.5)

Moreover the coefficients = 0(el x) and ^í^-í = 0{el) for 0 < i < k and
$0 ,k = ^o.fc = 0.

Proof. As in [30], we write

with

?) t + V + Vfov) \ ,( rl(Z,T¡) \
v + h2(€>v) J + \rllív)J

hl(Z, V) = hijCrf for l = 1, 2
i+j=k

and rlk = o(||(£, 77)|jfc). Collecting the terms of order k from the equality (5.3.4), we
obtain that the coefficients 4>jand hk must be satisfy the following Systems of
linear equations:

( o
(í) o
(2) (V) 0

(O t!) (t-l)
and

{ 0
(í) 0
© (V) o

U) (¡=a (¡3

0 \ ( *fe,o \ ( £k+19k,0 - h\0
0 £k9k-i,i - ^-1,1

^fe-2,2 = £k~l9k-2,2 - h\_22

0 ) V ^o,fc j \ £9o,k ~ hl¡k

\

( \ ' £kfk,0 — h\0 + ^
£k~X fk-1,1 — ^fc-1,1 + ^fe-1,1

^fc-2,2 = £k~2fk-2,2 - h\_2 2 + ^fc-2,2

V $0 ,k ) V /o,fe - ^0,fe + *0,fc /
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We impose h\fl = £k+lgk,o, h¡¿ = 0, h2¿ = 0 if j ^ 0,1 and ^/k,o = -£kfk,o- Therefore,
solving the first linear System we obtain that h\_ltl = ek+lgk-1,1 + kek fk,o, and for
all j 7^ 0, 4/n-j,j = Moreover, solving the second system we obtain that
<&n-j,j = 0(£n~j~l). We observe that we can take ^0¡k = $o,fe = 0.
Now we deal with the remainders rk and r2. We write $(£,77) = ff2,i+]=k ^íjCV’’ and
4/(£,77) = Ei+i=fc and we note that

C¡1oFfltEoC2($,r¡)

This proves the lemma. ■

r-i ( £ + 77 + $ + $+j?i(e(£ + $),T7 + tf) \
2

77 + T + ep2(e(£ + $),V + 47) )
( £ + 77 + ^(£,77) +r¿(e£,77) \
V V + h2(£,r}) + er¿(e£, 77) )'

We perform the change of variables C11 (£, ??) = (£/e, 77). Then the map (5.3.5) takes
the form

u) = Cf1 o O C'i(r¿, u)
tí + £T> + £7/(tí, t;)

v + egkfiUk + e(egk-1,1 + kfk,o)uk-lv + er£(u, u)
with gkfii gk-í.i, A,o and rlk(u,v) = o(||(Ti,T;)||)fc depending on e.

Proposition 5.3.4 Let N^¡e : [/ C C2 —> C2, stíc/i í/iaí |/r¡ < /í0 and 0 < e < e0 be a
family of analytic maps, depending continuously on e and analytically with respect to p
of the form (5.3.6) with the condition that the coefficient gk,o(£,fa) satisfies gk,o(0,p) >
0. Then there exists 8 > 0 independent of e and p such that

1) the stable curve is the graph of a function <p analytic on 0.(8), depending continu-
ously with respect to e and analytically with respect to p.

2) The function (p has the form tp(u, e, p) = /(tí, e) + ph(u, e, p) with

f(u,e) = ^J29l,o/(k + l)u{k+1)/2 + h.o.t..
where g*k0 = gk,o(e,0).

Proof. The steps of the proof of the Theorem 3.1 in [30] work in this case except by
one technical lemma. We must substitute Lemma 3.4 of [30] (the equivalent lemma in
the weak hyperbolic case is Lemma 5.2.8) by the following statement:
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Let 0 < r < 2/(fc — 1). If 5 is small enough, (u,v) 6 v4(<5) and 0 < u < 1 /jr then

0 < TriÑ^{u,v) < l/(j + e)r.

The proof of this lemma follows immediately. Henee the stable manifold can be ex-

pressed as the graph of an analytic function in Í2(<5), depending analytically with
respect to p. Moreover, we can prove the continuity with respect to £ in the same way
as we did in Section 5.2.6.

In order to prove 2), we observe that the function <p is analytic with respect to p and
therefore

p{u, £, p) = (p(u, £, 0) + pd^fu, £, 0) + 0{(J?)
which gives the result. ■

We state a useful corollary for our purposes.

Corollary 5.3.5 There exists 8 > 0 independent of £ and p such that the map (5.3.3)
has a unique stable (an unstable) local invariant manifold which can be expressed as
the graph of a function

<ps : £1(8) x{peC:\p\< ¡j,q} x [0, ero) —► C

which is analytic in x € £1(8), analytic with respect to p and continuous with respect to
£. Moreover, ips(x, £, p) = f(x, e) + pg(x, £, p).

Proof. We must go back to the original variables. It is clear that

¿v,£ = Cf1 O c2 O c\ O O Cf1 O Cf1 O c\.

Then if (x, y) — C(u, v) where C = Cf1 o C2 o C\, we have

l) - ^(t)
_ ( u + £$(u/e,v)

y v + ^(u/e, v)
and by Lemma 5.3.3 (in particular by the conclusión on the orders of the coefficients
4>i,k-i and with respect to e), the functions

§(u,V,£) = £$(u/£,v) T(u, V,£) = 'f'(u/¿, v)
y
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are of the form

$(u,v,e) = ^2 ®iÁ£)ulvl
i+j =k

Ü(u,v,e) =
i+j=k

where the coefficients «^¿¿(e) and ^¿¿(e) are continuous at e = 0. Thus the change C
is of the form

C(u,v) = (u + $(ii, v,e),v + ty(u,v,£)) (5.3.7)

where $ and ^ are of order k in (u, v) and continuous at e = 0.

Since the local stable invariant manifold of is the graph of <p and the change of
variables C is of the form (5.3.7), the stable manifold of F^e can be expressed as the
graph of a function ips. Moreover, expanding, using Taylor’s theorem, with respect to
/i at /i = 0 we have

Vs(x, e, ¡jl) = f(x, e) + ng(x, e, yu).

Proof of Proposition 5.1.1

We perform the change of variables Ci(x,y) = (x/2n,y) and, since 2k — 3 > n — 1, it
is obvious that the Poincaré maps given in (3.4.7) and (3.5.3) have the form of (5.3.3).
With slight changes in Corollary 5.3.5 we obtain that the local stable manifolds of the
Poincaré map (5.3.1) and the Poincaré map of the auxiliary system given in (3.5.3)
can be expressed as the graph of a function. Therefore, the stable manifold of Systems
(5.1.1) and (3.7.4) can be written as graphs from the graphs of their respective Poincaré
maps.

We introduce the new parameter r¡. Later we will evalúate r¡ at ji£v+2, but for the
moment it is useful to consider r¡ as an independent parameter.We define the map

G(x, y, 6, r¡, y,, e) = C^P^{Ci{x,y))
where C\(x,y) = (x/2n,y). We observe that G has the form

G(x,y,6,r¡,fi,£)
x + £y + epi{x,y,£)

y + £p2(x,y,e)
+ r)£r(x,y,d,r),ti, e)
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where Pi, p2, t G Pn-1- This map is C°, and analytic in x, y, p and 77. Applying
Corollary 5.3.5 to G we obtain that the stable manifold of G can be expressed as the
graph of a function 'tp of the form

<p(x, 9,77, p, e) = f{x, e) + ygi(x, 6, p, p, e) + pg2{x, 9, 77, p, e)

analytic with respect to x, 77 and p. But, since G(x, y, 9,0, /x, e) does not depend on p,

by uniqueness of the stable manifold, g2(x, 9,0, p, e) = 0, and, since ip is analytic with
respect to 77, g2 can be written as

g2(x, 9,77, p, e) = pg2{x, 9,77, p, e).

Henee, the function ip is of the form

<p{x, 9,77, p, e) = f(x, e) + 77g(x, 9,77, p, e).

Therefore,

p(x,9,p£p+2,p,£) = f(x,e) + p£v+2g(x,9,p£p+2,p,£)
= f(x,E) + p£p+2g(x,9,p,£)

is the stable manifold of Cf1 ° P® ° Ci which is C°, analytic with respect to (x,p) in
Cl(5, po) and, by the fact that P® is 27r-periodic with respect to 9 and by the uniqueness
of the local stable manifold it is 27r-periodic with respect to 9.

Going back to the original variables, the stable manifold of P® is of the same form

°) = f(x>e) + t*£p+29(x, 9, p, e).
Moreover we know that, if p = 0, the stable manifold of P{¡o does not depend on e,
therefore, by the uniqueness of the stable manifold, f(x,e) = —\J—2V(x) which is
the corresponding to the unperturbed System: / does not depend on e.

In order to prove that g is Cl in 9, we introduce

^At’tO’Xiy) = ('ipl¡e{t,t0,x,y),'iplí£{t,t0,x,y)),
the solution of the system (5.1.1). We observe that, for all 9,

0, X, <¿V,e(x, 0)), 9) = lPl£(£9, 0, X, p^eix, 0)).
We invert, with respect to x, the function

u = Í>l,A£d’ M,</w(z,o))



5.4 Local invariant manifolds in the weak hyperbolic case 131

which depends C1 with respect to 9 and we obtain a function with the same kind of
dependence with respect to 9:

x = h(u, 9).

Therefore, we can obtain an explicit expression of íp^e{u,9) from <p^e(tí,0):

<¿V,£0,9) = ^e{e9,0, h(u, 9), 9), 0))
which depends Cl with respect to 9. Therefore, by the uniqueness of the local stable
invariant manifold, the result holds.

5.4 Local invariant manifolds in the weak hyper-
bolic case

Now we prove that there exists an analytic function such that the local stable
(unstable) manifold of the system (5.1.2) or equivalently of the map given by (4.4.2),
can be expressed as the graph of this function. As in the previous section we use a
suitable modification of Theorem 5.2.15 in order to prove the existence of invariant
curves of the Poincaré map (4.4.2). We recall that the Poincaré map (4.4.2) has the
form

P°(x,y)
í 1 + /i2£2p+2(Ci3 + £Ci) 27T£ + Ci¡JL2£2p+2 \íx\
V C2y2£2p+2 1 + /J?e2p+2(-Ci3 + £C3) )\y)

+/i2e2p+2R2(xíy,9,ij1,£)

where Ci3, c¿ are constants and qi G P2, q2 G P2, G P3 and R2 = (Rl, R2) G P2. We
also recall that in Lemma 4.5.2 we prove that there exists a linear change of coordinates
C(9) = Id -\-0(y,2£2p+1) such that the Poincaré map has the form

reo(7l = / cosh(27repj smh(27rep)/p W u '
p ^ psinh(27rep) COSh(27T£p) j ( D y

, 27T£ ( 27r£gi(7X,U,£) \
\ -V'(x)+ 2’Keq2{u,v,e) )

+y£p+9'ipfii£(u, V, 90) + fjL2£2p+2R2(u, V, 9

(5.4.2)
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with p = p(p,e) = 0{p,£v+1í2), q\, q2, ip^e are the same that in (5.4.1) and, R2 G P2

This form suggests us to consider a model map, given by

í ex + ey + ep\(x,y, p,e)
\ í^ex + cy + ep2(x, y, p, e) (5.4.3)

with c = 1 + ep,£ + 0(p2e2) and pi, p2 of order 2 in (x,y) variables. Moreover we
suppose that it is continuous in e and analytic in x, y and p. From now on, if there
are not danger of confusión, we omit the dependence on p, e. We perform the linear
change of variables C\(x,y) — (ex, y) in order to put the linear part in the form

pe

Then in the new variables, the map F^e reads as

FnAxiy) =
cx + y+pi(ex,y) \

pe2:v + cy + ep2(ex, y) ) '
We perform another linear change of variables C2(x, y) = (x, y — e^fpx) and then, the
map G = C2 o F o Cf1 is of the form

G^(x,y) = (c + ey/p)x + y + qx(ex,y) \
(c-e^p)y + eq2(ex,y) )

with qi, q2 € P2. We observe that is analytic with respect to ^fp and continuous
with respect to e. We write

qi(ex,y) = ^ fijPx'y3 + R\(ex,y)
i+j=2

eq2(ex,y) = gi¡:jel+1xlyJ + eR%(ex, y)
i+j=2

where Rl2(x, y) = o(||(x, y)||2)- The map G^e has the form (5.2.4) considered in Section
5.2. Now we perform a change of variables in order to achieve a normal form.

Lemma 5.4.1 There exists a change of variables C3 such that

Cs(f,v) í+*«,»*)
77+ '£(£, 77)

f \
v + J2í+j=k )

\
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and

C3 0 Nfi,E — 0 C3

with

(c + Ey/p)£ + rj + r¡{e£,r})
(c - E-s/p)rj + £3a20£2 + e2anxy + erl(ei, rj)

(5.4.4)

(5.4.5)

The coefficients $¿,2-1 = 0(e* *) and 4h]2-i = 0(el) for i = 1,2 and 4>0,2 = 4/0,2 = 0.
Moreover they are continuous with respect to e and analytic with respect to yfp.

Proof. Analogously as we did in Section 5.2.2, we choose h\Q = hh = /i¿2 = h%2 = 0
and 002(p) = V;02(a¿) = 0. Henee it remains to see that the Solutions of the linear
system

í ai{p,e) 0 -1 0 0 0 ^ ( 020 ( e2 f20 ^
0 0 a2(p,£) 0 1 0 011 £3<?20

2(C + £y/p) a3(p,e) 0 -1 0 0 Vho zfn
0 0 2(C + £yfp) a4(p,e) 0 1 V’n £29n
1 C-Ey/p 0 0 0 0 ^20 fo2

V 0 0 1 (C - £y/p) 0 0 ) \ hh ) \ £902 /

where

ai (y, e) = (c + £yfp)2 - (c + Eyfp)
a2(p,e) = (c + £y/p)2 - (c- e^/p)
a3(p,e) = c2 - e2p-(c + Et/p)
a4(/x,e) = c2 — e2p — (c —E-s/p)

give Solutions of the form we have stated. We cali A the matrix of the linear system
and b its non-homogeneous term. We can write

A = Aq{e) + E'fpB{y/p, e)

and then the linear system can be written as

(A) + £y/pB)( — b
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with ( = (02o,0ii,'02o,'0ii,^io;/in):r> b = (£2f20,£3g20,£fn,£2gn,f02,eg02)T. There-
fore, the Solutions of this linear System are

C = Añl{I + £^JpB)~1b = A^b - e^JlA^Bb + 0(e2p).

Therefore, as in Lemma 5.3.3, since A0 lb satisfies the properties on coefíicients 4>ij, 4!i3
and h!¡j that we have stated, it is not difficult to see that $20 = O(e), $11 = 0(1),
^20 = 0(e2), $11 = 0(e), hl0 = 0(e3) and h\x = 0(e2).
Now we deal with the remainders r\ and r2. We observe that

This prove the result. ■

(c + £yfp)(f, + 4>) + 77 + $ + qi{e{Í + $),V + tf) \
(c-£^fp)(v + ^)+£q2(£(f + ^),V + ^) )

(c + £^fp)f + V + h1^, 77) + r¿(e^, 77) \
(c-£v^)^ + h2(C,77) + er\(e^,r¡) )'

We perform the change of variables (u,v) = Cx *(£,77) = (£/£, 77), then the map (5.4.5)
takes the form

Np,e(u>v) = Of1 o o Ci(u, v)
(c + £^JJl)u + £V + £r\ (u, V)

(c — £yjji)v + £ü2qu2 + £anuv + £r2(u, v) (5.4.6)

with rl2(u,v) = o(||(u,n)||)2 depending on e, E^fp and 71. The coeffícients 020 and an
can depend on e.

Proposition 5.4.2 Let N^e : U C C2 —> C2, such that \p\ < po and O < £ < £0 be
a family of analytic maps, depending continuously on £ and analytically with respect
to y/ji of the form (5.4.6) with the condition that the coefficient a2o(e,^/p) satisfies
020(6, y/Jl) > 0. Then there exists 6 > 0 independent of £ and p such that

1) the stable curve is the graph of a function <p analytic on £1(8), depending continu-
ously with respect to £ and analytically with respect to p..

2) The function <p has the form <p(u, £, p) = f(u, e) + ^fpg(u, e, ^fp) with

f(u, e) = y/2a2Q/(k + l)u^k+l^2 + h.o.t.

where a2Q = a20(£,0).
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Proof. As in the parabolic case, the steps of the proof of Theorem 5.2.15 work in this
case except one technical lemma. We must substitute Lemma 5.2.8 by the following:

Let 0 < r < 2. If <5 is small enough, (u,v) £ A(S) and 0 < x < l/jr then

0 < niÑ^u.v) < 1/{j + e)r.

The proof of this lemma follows immediately. Henee the stable manifold can be ex-

pressed as the graph of an analytic function <p in 0(5), depending analytically with
respect to pMoreover, we can prove the continuity with respect to e in the same way
as we did in Section 5.2.6.

In order to prove the second property, we observe that the function ip is analytic with
respect to yfp therefore

<p{u, e, p) = (p{u, e, 0) + y/Jld^u, e, 0) + O(p).

We State a useful corollary for our purposes.

Corollary 5.4.3 There exists 5 > 0 independent of £ and p such that the map (5.4-3)
has a unique stable local invariant manifold which can be represented as the graph of a
function

ips : fl(6) x {p £ C : \p\ < po} x [0, e0) —1► C
which is analytic in x £ analytic with respect to yfp and continuous with respect
to £. Moreover, ps(x, £, p) = f(x, e) + yjpg(x, £, p).

Proof. We must go back to the original variables. It is clear that

= Cf1 o Cf1 oC3oCl0 Ñ^ o Cf1 o Cf1 o C2 o Cv
Then the original variables (x, y) = C(u, v) where C = Cf1 o Cf1 o C3 o C\, therefore,

x

y
= Cf1 O Cf1 O c3( = Cf1 O Cf1 ( ul£ + ®(u/£> y \1 2

\ V J 1 2 \ v + y(u/£,v) J
= c¡-i u/e + $(u/e, v)

v + ^(u/e,v) + yfpu -I- y/p£$(u/£,v)
u + e$(u/£,v) \

v + T(u/e,u) + yfpu + y/pe$(u/£,v) J
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and by Lemma 5.4.1, the functions

$(«, v, e) = E§(u/e, v) ty(u, v) = ^(u/e, v)

are of order 2 in the (u, v) variables and continuous with respect to e at e = 0. Therefore
the change G has the form

C(u,v) = (u + $(u,v,e),v + y/Jiu + ty(u,v,e) + y/J¡^(u,v,e)). (5.4.7)

Since the local stable invariant manifold of is the graph of <p and the change C
has the form (5.4.7), the stable manifold of F^e can be expressed as the graph of the
function <ps. Moreover, expanding ips in v//7, by using Taylor’s theorem, we have

ips(x, e, n) = f(x, e) + y/Jlg(x, £, n).

Proof of Proposition 5.1.2

We recall that the Poincaré map given in (5.4.1) is

i? = C* o Gj o (CV
where Ce — Id +0(p2e2p+1) is linear and 27r-periodic in 0. Therefore it is sufficient
to prove that the local stable invariant manifold of the map G® can be expressed as
the graph of a function having the properties we want. We write the map G® given in
(5.4.2) as

Cf^y) = {cx+:v+fpM V psx + cy + £p2{x,y,/j,,£) )

and we recall that c = cosh(p27re), s = sinh(p27re), p = 0(fi£p+1/2) and p depends 2it
periodically on 6. Moreover we recall that Pi(x, y, £, ¡i) e P2.

Let C1 (x, y) = (x/2tt, y). It is clear that the function G9° = Ci o G^o 1 has the form
given in (5.4.3) with the parameter y = p2. Therefore, by Corollary 5.4.3 we obtain
that the stable manifold of Ge can be expressed as the graph of a function <ps, which
is analytic with respect to (x,p,y,) E fl(50) x {77 E C2 : |?7¡ < y0} and continuous with
respect to 9 and e, with 8o independent of e, p and 6. A similar argument to the one

given in the proof of Proposition 5.1.1 gives the result.



Chapter 6

Flow box coordinates

6.1 Introduction

In this chapter we prove the existence of flow box coordinates of a system with generic
hypotheses, in a neighborhood of the stable manifold which does not contain the origin
and it is independent of the parameters fj, and e. A similar result is in [43]. There, the
flow box coordinates are found implicitly using the variational equations in a neigh-
borhood of the stable manifold. Our proof gives these coordinates in an explicit way
and gives a careful estimate of the distance between the change of coordinates in the
unperturbed case and the change in the perturbed case, using variational equations
with respect to the parameter ¡i.

Delshams and M.T.Seara [20] [21] use flow-box coordinates defined near a hyperbolic
fixed point. To construct such coordinates they use the Birkhoff Normal Form in an
essential way. Also in [68] the authors construct similar flow box coordinates in the
Arnold example. They use that the equation is analytic with respect to the time.

We begin by introducing notation and the hypotheses Hl, H2 and H3 we will assume
in this Chapter. With these hypotheses we will prove a result on the existence of flow
box coordinates: Theorem 6.2.5. Then, the application of this theorem to equation
(1.1.1) gives Corollary 6.2.6, in which the result is obtained applying Theorem 6.2.5,
not directly to (1.1.1) but to the averaged equation.

To prove Theorem 6.2.5 first, in Section 6.3, we transíate the stable manifold to the first
axis of coordinates and in these coordinates, for the unperturbed system, we construct
explicitely the flow box coordinates, just integrating the equation and using that the
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System is Hamiltonian.

To construct the flow box coordinates for the general System in a neighbourhood of (a
part of) the stable manifold, we use a special parameterization of the Solutions of the
equation. We parameterize the Solutions, z(t, s, Y) with two parameters (í,s) gRxC
in such a way that í e M is a time parameter, Y E C and

z(t + 2tt£, s, Y) = z(t, s + 27re, Y)

in a suitable domain. To obtain this we use a technique designed by Lazutkin to do
a controled analytic continuation. This is done in Sections 6.4.2 and 6.4.3. From this
parameterization we easily obtain another parameterization of the form

w(t + s, t/e, Y),

that is, we sepárate in some way the slow time t + s and the fast time t/e.
Next we find a first flow box coordinates (T, y) from the condition

w(T(x, v, 6), 9, y(x, v, 9)) = (x,v)

using the scheme of the proof of the implicit function theorem. We obtain it cióse to the
analogous ones we have calculated in the non perturbed case. Then easily we pass to
new flow box coordinates (T, T) with T cióse to the energy variable (the Hamiltonian).

Finally, using the Hamiltonian character of the equations, we slightly modify these
coordinates to make them canonical.

6.2 Definitions and main result

We consider Hamiltonian Systems of the form

H{x,y,t/e) = H0(x,y) + ii£qHi(x,y,t/e,y,£)
where

H0 (x,y) = y + V(x).
Remark 6.2.1 Since we will apply the result of existence of flow box coordinates to an

averaged system, here q and H\ mean a generic constant and a ggneric Hamiltonian
respectively which (in general) do not coincide with p and h\ introduced in Chapter 1.
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The associated equations are

x = y + yeqdyH1 (x, y,t/e, y,, e)
y = -V'{x) - yeqdxH1(x, y, tfe, y,e).

(6.2,1)

For w = (wi,w2) 6 C2, we define

ru|| = max{|íüi|, \w2\}.
We will assume the following hypotheses

Hl The potential V is an analytic function in {x G C : \x\ < <5o}, V(x) = — anxn—...

with an > 0, n G N and 3 < n.

H2 Hi(x,y,9,e, y) is C°, 27r-periodic in 9 and analytic in the x,y,y variables. The
variables (x,y,y) belong to

B(60,y0) = {{x,y) € C2 : \\{x,y)\\ < 60} x {y e C : \y\ < y0},
9 € M and 0 < e < eq. Moreover Hi(x, y, 9, e, y) = 0(||(rr, 7/)||fc) with k> 2.

In our applications, k wil be always greater of equal than n — 1.

Under hypotheses Hl and H2, the origin is a fixed point. Next hypothesis deal with
the stable manifold of the origin.

We define the open set

where ¡3 = n/2.

H3 The origin has a stable manifold (in the sense of Chapter 5) which can be repre-
sented as a graph of a function (p : Í2(<50) xl-»C having the form

¥V,e(®> 0) = 0, e, ¡A = f(x) + yeqg(x, 9, e, y)
with ¡3 = n/2, f(x) = — 2V{x) and g(x,9,e,y) is C°, C1 and 27r-periodic in
9 and analytic with respect to x in fi(60) and with respect to y in {y £ C : \y\ <
y0}. Moreover

g(x,9,e,y) = 0(xl)
for some l > k/2 > 1.

i'
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Remark 6.2.2 In Chapter 5 we have given sufficient conditions for the averaged sys-
tems we will consider, to satisfy H3.

Remark 6.2.3 By Chapter 2, the unperturbed system (p = 0) has a parameterization
of the stable manifold defined in

{u € C : Rew > T , | Imu| < a}

and denoted by 70(u) = (a0(u), Po(u)).

In the next definition we fix some parameters.

Definition 6.2.4 Let S'0 > 0 be such that S'0 < So and let Cq and C\ be such that

C0\xf < \f{x)\ < Cfixf
for all x G ÍI(<50) where ¡5 = n/2. We define

ro = j( - Crf 4- \Jc¡6? + C¡(6í)v).
Consider p and e. For any S, 6', r and 77 such that 0 < < 6’ < S < 5q, 0 < r < ro
and 0 < p we define the open sets

V(6',s,r, n)
= j(z,í/,0) e C2 x R : 6' < Rex < 6, |arg(s)| < ^ -r], |y - ^,e(a;, 0)| < r J
and

Vo(6',6, r, rj) = {{x,y) e C2 : 39 e E such that (x,y,6) e V(S',6,r,r))}.
In fact, since depends on p, e, V and Vo also depend on p, e,

We define rjo = 7t/(20(/3 — 1)). The main result of this Chapter is:

Theorem 6.2.5 (Flow-box coordinates). Let 0 < 8 < <50/3. If the hypotheses H1-H3
hold, for any 0 < 8' < 6 there exists r > 0 and a canonical change of variables
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of class C1, 2n-periodic in 9 and analytic in the x, y variables, such that it transforms
the system (6.2.1) to

T = 1

7 = 0
(6.2.2)

and satisfies

Tl(x,y,9) =%(x,y) + 0(p,£q), 11{x,y,9) = X0{x,y) + 0(/i£q),
where the change (x,y) i—> (T0(x,y),X0(x,y)) is the corresponding change for the un-
perturbed system. Moreover the change is continuous in (x,y,9, p,,s).

To study the splitting of separatrices we will use the following corollary of Theorem
6.2.5 which is obtained when we apply it to a system of the form

x' = ey + /j,£p+2n+3dyF + ¡a2£v+3dyR2k-2
y' = -£V'{x)-p,£p+2n+3dxF-p2£p+3dxR2k^

which comes from the system (1.1.1) by the averaging procedure. The system (1.1.1)
satisfies either the hypotheses HP1-HP4 or HP1-HP3, HP6 (according if we are
considering the parabolic case or the weak hyperbolic case). In such cases the results
of Chapters 3 and 4 apply and we have that the stable manifold can be parameterized
by 7£,e(M)-
This corollary gives a new flow box coordinates and additional information over the val-
ues of these flow box coordinates on the stable manifold 7*¡E(£, s). Let C be the change
which transforms the system (1.1.1) to the averaged system and is given in Lemma
3.3.4 and in Remark 4.3.4. (In the weak hyperbolic case, this Remark summarizes all
changes designed in several previous lemmas).

Corollary 6.2.6 Given 8[ such that 0 < 6[ < 6 < 8q/Z, there exist rx > 0 and a
canonical change of variables

(x,y,9= l-) G C(V(8[,8,rur]o)) ^ (S,E,9) = {S{x,y,d),S{x,y,d),6) e Vi

of class C1, 2n-periodic in 9 and analytic in the x,y variables, such that it transforms
the system (1-1.1) to

S = 1

É = 0
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and satisfies

S(x,y,0) = S0(x,y) + 0(p£p+l°), £(x,y,9) = £0(x,y) + 0(p£p+l°)
where iQ = 1 in the parabolic case and %q = 1/2 in the weak hyperbolic case, and
(x,y) i—> (So(x,y),£o(x,y)) is the corresponding change when p = 0.

Mcreover, there exists T > 0 big enough such thatfor all (t, s) such that T < |í+Re s| <
2T, the parameterization 7^e(¿, s) of the local stable manifold given in Chapters 3 or
in Chapter 4 satisfies

G C(V(6[,8,ri,r]0))

and

S(%,£{t,s),t/£)=t + s + pep+ioX{s) and £(Y^(tt s), t/e) = 0
and X(s0) for some so, which we can choose freely, depending on initial conditions on
the stable curve. Moreover X(s) is analytic and 2iT£-periodic.

In addition the change (x, y, 0) i—> (S, E, 0) is continuous in (x, y, 9, p, e) and analytic
in (x,y,p).

Remark 6.2.7 To fix ideas we consider only the parabolic case and the weak hyperbolic
case, which are the object ofthis memoir, but the proof also would work in the hyperbolic
case, with some small changes.

In this Chapter we omit the dependence on p and e which is assumed that it is analytical
and continuous respectively.

6.3 Some preliminaries bounds

6.3.1 A preliminary change of variables

Since we have assumed that the stable manifold can be expressed as a graph of an
analytic function, we can easily move the stable curve to the x-axis. We perform the
change of variables C : V (Sq, bo,ro, 0) —> C2 xl defined by

(x, y, 9) i-> (x, v = y - f(x) - p£qg{x, 9), 9). (6.3.1)
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This change puts the local stable manifold at v = 0. The change is canonical. It maps
14(6¿,ío>^0)0) onto U(8'o,80,r0,0) where

U(S'0, So, r0, 0) = j(x,u,0) G C2 x R : 8'0 < Rea; < 80, |arg(a;)| < |n| < r0| .

We note that, in general, we can not extend C in such a way that it is analytic at x = 0
because / and g are not analytic at 0. The equations in these new variables are

x = v + f(x) + ¡j,eqg(x, 9) + ¡J,£qg\ (x, v, 9)
v = -v(f(x)+¡i£qdxg(x,9)) + (x£qg2(x,v,9) (6.3.2)
9 — 1/e

= dyHi{x, v + f(x) + fx£qg(x, 9), 9)
= dxHx{x,v + f(x) + fj£qg(x,6),9) - dxHx{x, f(x) + fj£qg(x, 9), 9)

+[f(x) + n^dxgix^^ldyH^x^ + f(x) + ¡i£qg(x, 9), 9)
-dyH1(xJ(x) + /j,£qg(x,9),9)\.

To obtain the expression of g2 we have used that v = 0 when v — 0. This condition
gives a relation which permits to simplify the form of g2.

For any 8, 8r and 77 such that 0 < 8'0 < 81 < 6 < So, r < r0 and 0 < 77 we define the
sets

U(8>, 8, r, 77) = |(a;, v, 9) G C2 x R : 8' < Reo; < 8, \ arg(x)| < ^ — 77, |n| < r|

where

9\(x,v, 9)
g2(x,v,9)

and

Uq(8',8, r, 77) = < (x,v) E C2 : 8' < Reo; < 8, | arg(rc)| <
7T

4(73 - 1)
— 77, |u| < r

We observe that these sets are convex. We denote by XM <50, r’o, 0) —► C2 x R,
the vector field X,L = X0 + ¡i£qXi with

/ v + f(x)\ ( g{x,9) +g1{x,v,6)
■^0= ~vf'{x) and Xi = -vdxg(x, 9) - g2{x,v, 9)

V 1A / V o
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Along this section, K will denote a generic constant independent of y,, e, 8' and 8 and
K(8', 8) will denote a constant independent of y and e.

Some preliminary bounds of the vector field Xfl are necessary.

Lemma 6.3.1 Let x = min{£; — 1,/} > 1 (k and l have been introduced in H2 and
H3 respectively). Then

1) The vector field X\ is bounded, more precisely, there exists a constant K such that
for all (x,v,8) £ U(8'0,80, r0,0)

l|X1(z,v,0)||<K-||(x,iOr.

2) The vector field X\ restricted to U(8'0,8o,r0,0) is Lipschitz with Lip(Xi) < K8q~x .

3) For all (x, v) £ Uq(8'0, 8o, ro, 0) and h £ M2 such that (x, v) + h £ Uo(8q, 8q, ro, 0),

\\XQ(x + huv + h2)- X0{x, v) - DXQ(x, v)h\\ < K(8'0, S0)\\h\\2.

Proof. We note that f(x) — —y/—2V(x) = 0{xn/2). To prove the first bound we
recall that g(x,9) is 0(xl) and that Hi(x,y,9) is a function of order k. For (x,v,9) £
U(8'0,8o,r0,0) fixed, we define the auxiliary functions:

AiHi(s) = dxHi(x,sv + f(x) + y,Eqg(x, 9), 9)

and

A2Hi(s) = dyH1(x,sv + f(x) + ¡ieqg(x,9),8).

We have

and

|Ai£Zi(l) - AiWx(0)| < J ¡d^Hfix^v + f(x) + fj,sqg(x,9),8)\ \v\ ds

\A2Hx(1) - A2Hi(Q)\ < J \dyyH1(x,sv + f(x) + ge9g(x,8),8)\\v\ds
< K\\(x,v)t-'-
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Then, if we bound g2, we obtain

\h{x,v,e)\ < |Aíj??-!(1) — A1í/'1(0)| + \ f(x) + geqdxg(x, 6)\ \A2if1(l) - A2tfx(0)|
< KWix.v)^-1 +
< K\\M\\k-\

Henee

\X\{x,v,e)\ < \g2{x,v,e)\ + \v\ \dxg{x,9)\
< KWfav)^-1 + KlvWx]1-1
< K'||(a;,n)|rin{fc-1’'} = K\\(x,v)\\x.

Clearly, the first component satisfies

\X\(x,v,9)\ < \g(x,6)\ + \gi(x,v,9)\ < K\x\l + ií||(a;,'ü)||fc_1

Now we prove that the field X\ is Lipschitz with respect to the (x,v) variables. We
will apply the mean valué theorem. Let (£, rj, 6) € U(6'0,60, vq, 0). Then, it is clear that

\di;Xl(£,r},6)\ = |%(£,0) + 3tfi(f,77)0)|
< /f|í|‘_1 + K'||(í,i))||‘-J
= *ii(í,»?)irn(‘-i'‘-í,=-K-ii(í,!rtr-1

and

|3„*í(f, 9,9)1 = |9„9i(?,9,9)1 < if|l(f,>í)ll^2.

Concerning X%, using the above notation, we have

|3íX12«,7,,0)¡ =
<

<

<

+d(g2(£,ri,0)\
¡9%9«,«)l + I^Ai^iU) - SÍZ^1J3'1(0)|
+I/'K) + 9)1 - «^2^(0)!
+\f"(Z)+^dag(Z,e)\ ^2^(1) - A2i71(0)|
m iíi‘-á+K|iK.,)f-2(i+ur1+^iíi‘-‘)
+if(|íri +^líí-‘)(l + líl'’-1 +^I5|,-I)ll(f,rí)ll‘-2
+Jf(|í|«-2+ÍK«|í|'-2)||(í^)||*-1
ifii«,rj)irn{‘-I'‘-21 = ífii«,-))ir1
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and

\dvXl(^ri,6)\ = |0f0(f,0) + 3r?áfe(f,77,0)|
< l%(í.«)l + |s,fífi ((,v +fío + ^gK.m

+I/'R) +%«,«)! \8mH1((,ri +m + fie-g&m
< mi1-1+ii(í.»)f-2+der1+/^íiíi,-i)iiK,>7)ir2]
< ífii(í.>))iim"{,-1'‘-2, = ífii(í,>í)ir-1.

Let (x,v) and (x,v) be two points of l/o(¿ó)^o,ro,0) and 0 e I. By the mean valué
theorem, as well as the previous bounds, we obtain

\\Xi(x,v,9) - Xi(x,v,6)\\ < \\DXi\\\\(x,v) - (x,n)||
< K8£-l\\{x,v) - {x,v)\\

as we wanted.

The third bound in the statement is a consequence of Taylor’s theorem and the mean
valué theorem. We observe that, since X0 is analytic,

sup \\DX¡(x,v)\\ < K(80,S0) = +r0(í;y-3].
(x,v)€Uo

By Taylor’s theorem we have

X0{x + hx,v + h2) = XQ(x,v) + DX0(x, v)h

and, by the mean valué theorem

as we want. ■

6.3.2 The unperturbed case

When ¡i = 0, the system (6.3.2) is Hamiltonian with Hamiltonian



6.3 Some preliminaries bounds 147

Then for any z° = (x0,v°,9°) the solution with initial condition z° is contained in the
curve

v = -f(x) ± \Jf2(x) + 2F0{x°,v°)

when one has to choose the sign in such a way that the relation is satisfied by the
initial condition. From System (6.3.2) and hypothesis H3, it is clear that

x = ±\/(n0)2 + 2v°f(x°) — V{x). (6.3.4)
Let Tpo (t, x, v) be the flow of the unperturbed Hamiltonian system. Integrating equation
(6.3.4) we find the time (in general complex time) to arrive from (¡r, v) to (x*,v*) where
x* = 6 and v* is determined by the energy conservation. In this way we get that the
functions Tó(x,v), yQ(x,v) defined in Uo(SQ,So,ro,0) by

_. . f6 ds%{x,v) = - / =
Jx ^2Jr0(x,v) -V(s)

y0{x,v) = —f(S) - y/piS) +2J:0(x,v)
are such that Tp0(T0(x,v),6,y0(x,v)) = (x,v). We choose the sign minus in (6.3.4),
because it is obvious that, in the real case and over the stable manifold, x(t) must
decrease as t goes to +oo. In the coordinates

(T,Y) = (T0(x,v),y0(x,v))

the equations of the unperturbed system become:

T = 1

Y = 0.

(6.3.5)

(6.3.6)

Also we can consider the change

(x,v) E U0(S'0,80,r0,0) !-> (T0(x,v),Jr0(x,v)) e V,

where !F0 is the Hamiltonian. The equations in the coordinates

(T,F) = (T0(x,v),Jr0(x,v))
also are

T = 1

F = 0.

This second change is canonical, i.e. dxT(¡dvFo — dv%dxFo = 1.
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6.4 Flow box coordinates in a complex domain

6.4.1 Introduction and definitions

Now, we fix 6, 8', r and rj such that 0 < 3<5¿ < 8' < 8 < 8q/Z, r < r0/3 and r)0 =

7t/(20(/3 — 1)). Obviously 8'0 < 8$/9. Let zq(u,Y) be the solution of the unperturbed
System (the associated System to the Hamiltonian TQ, (6.3.3)) with z0(0, Y") = {8, Y).
From the expressions (6.3.5) and (6.3.6) we deduce that there exist some functions
/íf(F) and k2(Y), depending on the choice of 8, 8', r and rj, such that Zq{í + s,Y)
belongs to U0{8' ,8,r,r}o) if \Y\ < r, «j'(Y) < í +Res < aci"(Y) and |Ims| < k2(Y). We
remark that if u is such that z0(u,Y) E U0(8', 8, r, rjQ) then ü (the complex conjúgate
of u) also has the same property. To see this we just recall that Uo(8ó,8o,ro,0) is
symmetric with respect to real axis and that T0(x,v) is a real analytic function, in
particular we have that

lmTo(x,v) = — lm%(x,v).

Let Kq > 0 be small. We define

nt = maxfd¡t'(y)
|y|<r

k7 = min k7(Y)
\Y\<r

k2 = max/í2(T)
|y|<r

and the sets

D0(Kf,K2,K0)
D(Kf,K2,K0)

W(r,K0)

{s G C : kx — kq < Re s < kf + k0 and | Ims| < k2 + /í0}
{(t, s) € M x C : t + s G Dq(k,i, k2, k0) and |í| < 47re} (6.4.1)
{Y EC: \Y\ <v + k0}.

Remark 6.4.1 Since u = 0 is a solution of the system (6.3.2), there exist r and kq
small enough, such that for any (t,s) E D(k±, k2, k0) and Y E W(r,K0), the solution
z0(t + s,Y) belongs to U0(8'/2,28,2r, r¡0/2).

Our goal is to find flow box coordinates in U(8', 8, r, r]0). We observe that this open set
is a neighborhood of a part of the stable manifold v = 0.

V
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We will find the Solutions of the equations (6.3.2) parameterizated in the form

(z(t,s,Y),t/e)

with

z(t, S, Y) = Z0(t + S, Y) + fJ£qZi(t, s, Y),

z(0, 0, Y) = (8, Y) and the additional property

z(t + 2tt£, s, Y) = z(t, s + 2ire, Y). (6.4.2)

The relation (6.4.2) permits to give a dynamical interpretation of the parameter s: the
iterations of the Poincaré map simply consists in increasing the variable s by 2ire. To
get the Solutions in this form we will rewrite (6.3.2) in the form

i = A(t + s)z + b(z)(t, s)
9 = 1/e

and we will apply the fixed point theorem to a suitable operator in a Banach space. To
construct this operator we will need another operator which we cali increment operator.
This operator was introduced by Lazutkin in [53].

Next, we will prove that, as in the unperturbed case, the Solutions with initial condition
in U(6', S, r, r]0) arrive at x = 6. Then we will prove that the flow can be straightened
in U(8',6,r,r)0).

Finally, we will construct another change in order to get that the composition of changes
is canonical.

6.4.2 Increment operator and analytic continuation

Let h, Ti, r2. We define

D = D{h,T^,T2)
= {(£, s) G E x C : |-í| < 2h, rf < t + Res < | Ims| < r2}

and

W = W(n) = {Y e C : |y| < n}.
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We consider the equation

z = A(t + s)z + b(t, s,Y) (6.4.3)

(here • denotes derivative with respect to t), where A(u) is a 2 x 2 matrix whose elements
are analytic in

Dq = Do(t1±,t2) = (u £ C : rf < Reu < T+, | Imií| < r2} (6.4.4)

and continuous in Dq. The function b : D x W —> C2 is continuous for any £, \t\ < h
and b(t,.,.) is analytic. We assume that b verifies

b(t + h, s, Y) = b(t, s + h, Y) (6.4.5)

and we look for Solutions z(t, s, Y) of (6.4.3) analytic with respect to s and Y, and
satisfying

z(t + h, s, Y) = z(t, s + h,Y).

Let M(u) be a fundamental matrix of the homogeneous equation

Tu< =A^
By the general theory of linear equations, M is analytic in Dq and there exists a
constant Cm such that

\M(u)\<Cm, \M~l{u)\ < CM, u e D0. (6.4.6)

By the variation of constants method, the Solutions can be expressed as

z(t,s,Y)= M(t + s)\M-1(s)c{s,Y)+ [ M-1(£ + s)b(£, s, Y) e^l (6.4.7)'■Jo J

where c(s, Y) is a arbitrary function. Therefore, if the function c(s, Y) is analytic in
Dq x W, z(t,s,Y) given in (6.4.7) is continuous and analytic with respect to (s,Y) in
D0 x W.

We write

z(t + h, s, Y) = M(t + h + s) ikT1 (s)c(s, Y) + / M~l (f + s)b(£, s, Y)L Jo
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Also

z(t,s + h,Y) = M(t + s + h) M 1(s + h)c(s + h,Y)

+ M-1(£ + s + h)b(£, s + h,Y) de
Jo

= M(t + s + h) M~1(s + h)c(s + h, Y)
rt-\-h

+ / M-1(í + s)í>(í,s,r)<¡fJh J

where we have made the obvious change of variables in the integral, and we have used
(6.4.5).
We introduce the auxiliary function f(s,Y) = M~1(s)c(s,Y). We have that

z(t + h, s, Y) = z(t, s + h,Y)

if and only if

f(s, Y) - f(s + h, Y) = - [k ibr1^ + s)b(C, s, Y) de. (6.4.8)Jo

Therefore, it is natural to study the operator

Ahf(s,Y) = f(s + h,Y)-f(s,Y).

In a precise way, we want to find analytic Solutions of the equation

Ahf(s, Y) = g(s, Y), s,s + heD0,Y eW (6.4.9)

where g is analytic in Do x W.

We define the auxiliary open sets

Dq = {s G C : Res < and | Ims| < r2}

and

Dq = (s e C : rf < Re s and | Im s\ < r2}.

It is clear that Dq = Dq fl Dq . For any open set Q, C C, we define the function space

A(D, W) = {H : O x W —> C : H is analytic in 0 x W and continuous in D x W}.
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The main idea of what was developed by Lazutkin in [53] is the following. Construct
two analytic functions g+ £ A(Dq, W) and g~ £ A{Dq , W) such that

g = g+ + g~ in D0 x W. (6.4.10)

Then, because of the linearity of equation (6.4.9), the problem of finding the function /
can be reduced to two simpler problems: to find two functions f+ and f~ of A(Dq, W)
and A{Dq, W) respectively such that

Ai/± = g±.

Therefore, since the operator is linear, the function

/ = /++/-,

which is defined in (Dq x W) D (Dq x W) = D0 x W, satisfies the equation:

Ahf(s, Y) = Ahf+(s, Y) + Ahf-(s, Y) = g+(s, Y) + g~(st Y) = g(s, Y)

if s, 5 + h £ Do, Y £ W.

To follow the previous program the first thing we must do is to construct functions
defined in the corresponding extended domain and verifying (6.4.10). This is done by
using the next lemma which also provide useful bounds of the norm of g± in terms of
the norm of g.

Lemma 6.4.2 Let x '■ C —> C be a Lipschitz bounded function such that

suppx = {£ G C : Re£ < a}.

Let

(i = í(

with si £ K, si < a and S2 £
topological interior) and let g

-í2ttí Jannsupp x

£ C : si < Re£ < s2, | Im^| < r2},
O

[a, oo) U {oo}. Let ÍT = Q n supp x (small circle denotes
£^(ÍÍ*,W). We define

ñs{^=é¡Lñg^)dC (6-4'n)

\

Then
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1) h is analytic on Q x W,

2) h extends continuously to Vt x W,

3) if (fo, Vo) G (5ÍÍ n supp x) x VF

lini r¡) = x(£o)g(£o, Vo) + 7T~ í ~7—%) dC,
(Ío.to) 47tí Jan» C - ?o

and if (£o,r]o) G (Sil D (suppx)c) x W

lim h(£, r¡) = í ^2—4(C, ??) <K,
(fo,»7o) ¿TTl Jqq* C — SO

4) tf (£, v) G Í2 x iF, where K is a compact subset of W we have

\H£,v)\ < _1_
2n
Lipx length(<9ÍT) Mk

where ||x|| = sup{|x(OI : £ G C} and \\g\\K = sup{|^(^,77)) : (£,rj) G díl* x K}.

The same results hold in the case suppx = {( £ C; Re£ > a}, s 1 G {—00} U (—oo,cr];
¿>2 £ Rj S2 ^ O" •

Remark 6.4.3 We observe that, in order to apply this result, we only need that the
function g to be analytic in a bounded complex rectangle.

This Lemma is a parameter (with respect to r¡) versión of a Lemma in [53].
The proof of the present versión of the Lemma can be found in [35]. Using the previous
technical lemma, we will construct a right inverse of the operator Ah.

Lemma 6.4.4 Let D0 be the set defined in (6-4-4)■ There is a continuous operator

Af1 : A{D0,W) - A(D0,W)

such that given g G A(Do, W), f = A flg is a solution of the equation

f(s + h,Y)~ f{s, Y) = g(s, Y) for s,s + h G D0, Y eW (6.4.12)

and its operator norm verifies ||A^)11| < CD0oh^T2hrl, where the constant Cx>0 only
depends on the size of the domain D0.
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Proof. Here Cd0 denotes any constant which only depends on Dq. Let x '■ ^ —>[0,1],
be the Lipschitz function defined by

{1 if u < r-f1 - if n <u< Ti

0 if U > T+.

Let x+(s) = x(Res) and X-(s) = 1 — x(Res), defined in C. We observe that

supp x+ = {s £ C : Re s < t1+}

and

supp X- = {-s € C : Re s > tx }.

Moreover it is clear that D0 = Dq flsupp x+ and D0 = D0 Hsupp X- ■ Let p = r2 1 and
g E A(D0, W). By Lemma 6.4.2, the functions

í±(«.n X±{0 cosh(p£)
cosh(ps) J9Do £-s

g{(.,Y)dí,

belong to A(Dq, W) respectively. Moreover, by 4) of Lemma 6.4.2, we have

b±(s, y)| < (||x±|| + Lip x± length {9Dq))-.—™ max | cosh(p£)l
Z7T | cosn^psjl t,edD0

< CcJIsll, 1^- for (s, Y) E Dt x W (6.4.13)| cosh(ps)|

where ||p|| means supDoxW |^(s,y)|.
Now we construct the inverse of A^. Given (s, Y) E Dq x W, we define

f+{s,Y) = -^2g+(s + kh,Y).
k>0

A direct substitution shows that /+ satisfies (6.4.12) in Dq x W. In the same way, if
(s,Y)eD¿xW,

f-(s,Y) = J29-(°-kh,Y)
k> 1

satisfies (6.4.12) in D0 x W.



6.4 Flow box coordinates in a complex domain 155

These series are convergent. Indeed, from (6.4.13) we have, for (s,Y) G Dq x W

\g+(s + kh,Y)\ <
k> 0

cDoIMlE

\h(s,Y)\ < E|9+(s +w,y)|<cDj9||E
k>0 cosh(p(s + kh))\

<
1

k>0 cosh(p(Re s + kh)) \ eos(pIm s)

<e-pRese~phk
< C'Oo

< cDo

^,£,°ll^ll cos(plms)

—pRes ^ ^ g—phk
k>0

g—pRes < ^J^II^-lgpftg-pRe^

fc>0

2
—rr(
cos(l)

1

1 - e~Ph

In the same way we obtain, for (s, y) G Dq x W

|/_(s,y)|<CDJ9||ft-VVR«'.

Now we consider the function / : D0 x W —> C, defined by / = /+ + /_. It is clear
that

A»/(s, y) = Aft/+ (s, y) + a»/_ (s, y) = 9+ (s, y) + 9_ (s, y) = 9(S, r)

for s, s + h G D0, Y G W. Moreover, since p = r2_1, on D0 x VF,

l/(s.r)l < C’Do||9||A-1e<T>+'‘)^ = C^llíHA-'e'1/™,
where Cd0 is a generic constant which may take different valúes in different formulas
but only depends on D0 and tí = max-dr^" |, |rf|}. Then the / so constructed solves
(6.4.12). ■

6.4.3 A useful parameterization of the Solutions of the system
(6.3.2)

In this section we give a good parameterization of the Solutions of the system asso-
ciated to the vector field X^,, passing through x = 6. We introduce an additional
parameter, s G C, to be able to reach {x = <5} and to obtain useful properties of the
parameterization.
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We recall that we denote by z0(u, Y) the solution of the unperturbed system

X = V + f(x)
V = -vf(x)

such that z0(0, y) = (8, Y), which is analytic in (u,Y) £ -D0(/cf, k2, k0) x W(r,K0)
and continuous in this boundary. Therefore, since X0 is analytic in Uq(8'q,8o,r0), a
fundamental matrix M(u) of the system

4~z = DX0(z0(u,Y))z
au

is analytic in Z?o(/cf, k2, Kq). Moreover as we pointed out in (6.4.6), M(u) and M~l(u)
are bounded in , k2, Kq).
Now we present the annunciated parameterization of the Solutions of the system (6.3.2).

Proposition 6.4.5 If e and ¡jl are small enough then the Solutions of the equation
(6.3.2) can be expressed as parameterized curves

{z(t, s, Y),t/e) = {x{t, s, Y),v(t, s, Y),t/e)

uiith (t,s,Y) £ U defined by

Ü = D(K,f,K2,Ko) x W(r,/Í0),

satisfying the following properties:

1) 11—> z(t,s,Y) is a solution of system (6.3.2).

2) z(t,s,Y) is Cl and analytic on (s,Y).

3) z(t + 2ire, s, Y) = z(t, s + 27re, Y).

4) The solution of the system (6.3.2) is of the form

z(t,s,Y) = z0(t + s,Y) + peqzi(t, s,Y)

with

sup |^x(£, s, y)| < K{8',8).
ü
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5) For all Y £ W{r, k0), z(0,0, Y) = (8, Y).

Proof. If

(z(t, s, Y),t/e) = (z0(t + s, Y) + f¿eqzi(t, s, Y),t/e)

is a solution of the equation (6.3.2), where z0 is a solution of the unperturbed equation,
it is clear that

¿i = DX0(z0(t + s, Y))zi + b(zi)(t, s, Y) (6.4.14)

with

b(zi)(t,s,Y) =

~^-[X0(z(t, s, Y)) - X0(z0(t + s, Y)) - /j,£qDX0(z0(t + s, Y))zi(t, s, y)]

+ Xi(z(t, s, Y),t/e). (6.4.15)

Thus, z\ is a solution of (6.4.14) if and only if

zi(t,s,Y) — M(t + s) M~1(s)c{s,Y)+ I M~\a + s)b(Zl)(a, s,Y)da (6.4.16)

where M(u) is a fundamental matrix of the homogeneous System. At this point c(s, Y)
is an arbitrary function. We choose the function c(s, Y) as follows. We consider

re

g(z1)(s,Y) = - M^(a + s)b(z1)(a,s,Y)da (6.4.17)
Jo

and we take

c(zi)(s,y) = c(s,Y) = M(s)A^6g(Zl)(s,Y) (6.4.18)

where A^e is the operator defined in Lemma 6.4.4. This choice of c(s, Y) is the one
which will permit us to check that an operator to be defined below is well defined in
its domain.

We define E to be the space of functions z\ : U —► C2 such that Z\ £ E if and only if
z\ satisfies

(a) z\(t,s,Y) is C° and analytic on (s,y).
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(b) For all (£, s, Y) £ Ü, we have that

zi(t + 2ire, s, Y) = zi(t, s + 2-ire, Y).

(c) ||j2:i|| = supp |Zi(t, s, Y)| < +oo.

We endow E with the supremum norm and it becomes a Banach space. For any

p > 0, we define E(p) as the closed ball of radius p of E. We define the operator
Q : E(p) —> E(p) to be the right hand side of (6.4.16):

with c(s, Y) chosen as (6.4.18). Our goal is to prove that Q has a fixed point in E(p).
For that we will see that Q is well defined and that it is a contraction in E (p).

First we prove that it is well defined. Let z\ € E(p), then, by Remark 6.4.15

z(t,s,Y) e U(8!/3,38,3r,0) c U(8'0,80,r0,0)
and the function b(z{) given in (6.4.15) is well defined. Moreover, it is clear that, since
M(t + s), M~l{t + s) and zi(t,s,Y) are C° and analytic on (s, Y”), the function g
defined in (6.4.17) is analytic in Uo with

U0 = D0(Kf,K2,Ko) x W(r,K0).

Therefore, by Lemma 6.4.4, the function c(zi)(s, Y) is analytic in Uo. Thus G(zi)(t, s, Y)
is also C° and analytic on (s, Y).
Now we prove that the property (b) holds for G{z\). It is clear that, since z\ E E and
Xi(x,v,9) is 27r-periodic in 9,

b(zi)(t + 27rs, s, Y) = b(zi)(t, s + 2ire, Y).

G(zi)(t + 2n£,s,Y) = M(t + 2n£ + s) M 1(s)c(s,Y)

= M(t + s + 2ne) M 1(s)c(s,Y)

+ M 1(cr + 2ire + s)b(zi)(cr, s + 2ire,Y)da

Then
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and

Q(zi)(t,s + 2ne,Y) = M(t + s + 2ne) M *(s + 2n£)c(s + 2ne, Y)

+ í M_1(a + 2tt£ + s)b(zi)(a, s + 27T£,Y)da .
Jo

Thus, Q(zi)(t, s + 2n£, Y) = G(z\)(t + 27re, s, Y) if and only if
¡•2-ne

M~l(s)c(s, Y) — M~1(s + 27r£)c(s + 2n£, Y) = — / M-1(<r + s)b(zi)(a, s, Y)da.Jo

This last equality holds by definition of c in (6.4.18).
Next we will see that if we chose p in a suitable way, Q{'Z(p)) C E(p). Indeed, let Cu
be a constant such that ||M(u)||, ||M~1(w)|| < Cm- We recall that,

/(S,y) = M"1(s)c(s,F).
We recall that we have defined >c = min{/¡; — 1,1} > 0. By Lemmas 6.4.4 and 6.3.1 we
obtain

p2ne/T2
11/11 - Cd°^T"í(2i)'I - C«C°Mzi)\\ < CmCUKMMe-Wz^2 + KS*].

Thus

l|ff(*i)ll < ClCUK^S'Me^Wf + K6*) + Cl,\t\(K(6, í')Me«|M|2 + K6*)
< C2mCDo(K(8, 8')\p\£qp2 + K8*) + C2M2ne(K(8,8')\p,\£qp2 + K6*)
< P

if p = 2CuK(Cd0 + 27T£)8>< and \p\eq is small enough.

Therefore, G{cr) G S(p), and the operator G is well defined.

Finally we prove that Q is a contraction. Let z\ and z2 be two functions that belong
to £(p):

m^)-s^))(t,s,Y)\< M(t + s) M 1(s)(c(zi)(s,y) c{z2){s,Y))

+ í M 1(a + s)(b(zi)(a, s, Y) - b(z2){a, s,Y))da
Jo

(6.4.19)
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We observe that, since the operator is linear

M 1{s)c{z1)-M \s)c{z2) = £\^{g(Zl) - g(z2)).

By Lemma 6.4.4 we have

p27re/r2
||M_1(s)c(2;i) - M~1(s)c{z2)\\ < C'Do\\g{zi) ~ g(z2)||. (6.4.20)

Now we bound j|6(^i) — 6(^r2)||- Until the end of the proof, z0, zi and z2 will stand for
z0(t + s, Y), zi(t, s, Y) and z2(t, s, Y) respectively.
It is clear that we can write b(z±) — b(z2) as

b(zi) - b(z2) = -^[X0(z0 + ¡JL£qZi) - X0(zQ + ¡ieqz2) - g£qDX0(zQ)(zi - z2)]
+Xi(z0 + ¡jL£qzi,t/e) - Xi(z0 + fie9z2,t/e)

= j^(X0(zQ + g,sqzi) — X0(z0 + geqz2))
-DX0(z0 + gt£qzi){zi - z2)
+DX0(z0 + g,eqz\)(zi — z2) — DXq(zq)(z\ — z2)
+Xt (z0 + neqzi, í/e) - Xi (z0 + ¡i£qz2, í/e).

Using the bounds of Lemma 6.3.1 we get

ll6(*i) - b{z2)\\ < \g,\£qK{\\Zl-z2\\2 YWz^Wzx-z2\\)
+(Lip Xi)\g\£q\\zi - z2\\ (6.4.21)

Moreover, it is clear that

\\g{zi) - 0(32)11 < CM27T£\\b(zi) - b(z2)\\.

Then, using (6.4.20) and (6.4.21) in (6.4.19), we obtain

l|G(*i)-SMII
e2ire/T2

< CMCDo^^-\\g(z1) - g(z2)II + C2M\t\\\b(Zl) - 6(22)11
< ií(f„,iVÍ,í',«)||6(zi)-i.(z2)||
< KiD^M^'^M^Wz.-z.W
< ^¡\zi-z2¡\

\

V
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if \¡j\eq is small enough.

Therefore, since Q is a contraction, by the fixed point theorem, there exists a unique
zi G E(p) such that z0(t + s, Y) + fj,egzi(t, s, Y) satisfies the conclusions of the propo-
sition, except that z is C°. We recall that the function satisfies the equation

z(t,s,Y) = z(0, s,Y) + í Xfl(z(a, s,Y),a/e)da.
Jo

Therefore z is C1, and the proposition holds. ■

6.4.4 Proof of the Theorem 6.2.5

The proof of the Theorem 6.2.5 has two parts. The first one consists on constructing
flow box coordinates in Do x W by using the previous proposition. The change of
coordinates so obtained may be non canonical. In the second step we modify these
flow box coordinates in such way they become canonical.

We begin by defining

w(u, 9, Y) = z(e9, u — e9, Y).

Note that w is Cl and analytic with respect to its first and third variables for (u, Y) G
Dq(ki,K2,kq) x W{r,Ko). Moreover, since the Solutions of the System (6.3.2) satisfy
that z(t + 27T£, s,Y) = z(t,s + 2ixe,Y), we have that w is 27T-periodic respect to its
second variable. This is a very important property because let us to extend the domain
of w with respect to the 9 variable, that is, we can consider w in the domain

■D0(/íf, k2, Kq) x RxW(r, k0).

We have that

(w(t + s,t/e,Y),t/e) (6.4.22)

is a new parameterization of the Solutions of (6.3.2). Indeed,

dt[w(t + s,t/e,Y)] = duw(t + s, t/e, Y) + ^dew(t + s, t/e, Y)
dsz(t, s, Y) + [dtz(t,s,Y)e + dsz(t,s,Y)(-e)](l/e)
dtz(t, s, Y).
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We observe that, if ¡jl = 0, w(u, 9, Y) = w0(u, Y) = z0(u, Y). We denote zi(e9, u—e6, Y)
by Wi(u, 9, Y) and henee

w(u, 9, Y) = wq(u, Y) + /j,eqwi(u, 9, Y).
In the previous arguments we have not mentioned explicitely the dependence on the
parameters, but it is clear that the continuity on e and the analyticity on ¡j, is manteined,
and in particular w is C° in e and Cw in ¡i.

Lemma 6.4.6 Let 8 < <50/3. Under the hypotheses H1-H3, for any 8' < 8 there exists
r > 0 small enough and two unique functions T and y defined in U(8', 8, r, r¡o) such
that

w(T(x,v,9),9,y(x,v,9)) = (x,v). (6.4.23)
These functions are Cl, analytical in the (x, v) variables and 2ir-periodic in 9. Moreover

T(x, y, 9) = %{x, y) + 0(y,£q), y(x, y, 9) = y0(x, y) + 0(fi£q)
where % and yo are defined in (6.3.5) and (6.3.6).

Proof. We define the function

G(S,Y,x,v,9, pL,e) = w(S,9,Y, p,,e) — (x,v).
on the set

Do(K,f,K,2,Ko) xW(r,K0) x Uo(8',8,r) xIxP
where

P = {(y, e) G C x R : \p,\ < p0 and 0 < £ < £o}

with ¡j,q and £q small enough. Here we put explicitly the dependence on ¡i and e of the
Solutions.

By the definitions of T0 and 3^o in (6.3.5) and (6.3.6) we have that, when ¡i = 0,

zQ{%(x,v),yo{x,v)) = ipo(TQ(x,v),8,y0(x,v)) = (x,v) (6.4.24)
where ifo is introduced in Section 6.3.2. Then

G(To(x,v),y0(x,v),x,v,9,0,£) = w(To(x,v),0,yo(x,v),O,e) - (x,v)
= z0(To(x,v),y0(x,v)) - (x,v)

\

= 0.
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We observe that, by Proposition 6.4.5, G is analytic on (S,Y) £ D0(Kf,K2,K0) x
W{r,Ko)-
Next we study the matrix Ds,yG. Since the unperturbed System is Hamiltonian with
Hamiltonian

iP
Fo(x,v) = — + vf(x)

the solution zq(u,Y) = (z¿(u, Y), Zq(u, Y)) satisfies

(2°(M2y'))2 + 4(v.,Y)f(z¡(u,Y)) = ^ + Yf(S). (6,4.25)
Differentiating with respect to Y in (6.4.25) we obtain

Y)+MW,Y)))dYZ¡(u,Y)+ z20(u,Y) f(zl0(u,Y))dyz10(u,Y) (6.4.26)
= Y + f(S).

Evaluating this expression at (u,Y) = (%(x,v),yo(x,v)), we get

(v + f(x))dyZ2(T0, ;y0) + vf(x)dyZ10(T0, ?„) = + /(£)•

Now we prove that the derivative dsyG at ¡i = 0 is invertible. Of course,

DStyG(S,Y,9,0,e) ds4(S,Y) drzl0(S,Y)\
ds4(S,Y) drzg(S,Y) J ■

Using (6.4.24) and (6.4.26), its determinant evaluated at (S,Y) = (T0(x,v),y0(x,v))
is

det(DsyG) = ds^To^dy^ToM - dy^ToMds^iXoM
= Xl{x)v)dYzl(%,yQ) - Xo(x,v)dYZQ(T0,y0)
= y0 +m

and by definition (6.3.6) of we obtain

det(DsyG) = -y/f2(6) + v2 + 2vf(x).

We recall that |n| < r < r0, and that CqS13 < |/(<5)| < C\6^, henee, by Definition 6.2.4,

| det(D5yG)|2 > f(6)2 - \v\2 - 2\vf(x)\
> C%6213 - r2 - 2rC1613
> 0.
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At this point it would be natural to apply the implicit function theorera to the equation

G(S, Y, x, v, 9, p, e) = 0.

However to have a good control on the domains in which we will find the solution T,
y in terms of (x, v, 9, p, e) we follow the proof of the implicit function theorem using
the special structure of the equation we have to deal with. We will work in a space of
function

{S,Y) = h(x,v,9,p,e).

In the rest of this proof we take the norm

MZM = max{|C|, |??|}

for (£, 77) G C2. We define the space T of functions h : Uq x M x P —> C2 which satisfy
(we cali (x, v, 9, p, e) the variables of h)

(a) h is C°.

(b) h is analytic in (x,v,/j,) e Uo(6',6,r,r)0) x {¡jl G C : \¡i\ < yUo}-

(c) h is C1 with respect to 9 and 27r-periodic in 9.

(d) The norm

||h||r = sup \\h(x,v,9,fi,e)\\+ sup \\deh(x,v,9,/i,£)\\
C/oxRxP UqxRxP

= ll^lloo + IIWloo

is bounded.

We endow T with the norm ||.||r and it becomes a Banach space. We cali T(p) the
closed ball of radius p of T, centered at (Tq{x, v), ^)) € T. We observe that, since
(%(x,v),y0(x,v)) do not depend on 9, for any h G r(p),

\\h - (T0)To)||r = \\h - (T0,To)||oo +

We define the operator Q : T(p) —> T(p) by

Q(h)(x, v, 9, p, e) = h- {Ds,YG(T0,yQ,9,ti,£))-lG{h,x,v}9pp,,e),

1
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where in the right hand side, h = h(x, v, 6,p,,e), T0 = %(x, v) and To = To(25v)- Q is
well defined. Indeed, let h G T(p) with p small enough. By Section 6.4.1

€ D0(K,f,K2,0) x W(r, 0),

thus , if p is small enough, h G D0(k±, k2, k0) x W(r, k0) and then Q{h) G T. Next we
will check that Q(h) G r(p).
To shorten the notation we will not write the dependence on the variables (x,v,6,e),
and we will denote (7ó,To) by hQ. By Taylor’s theorem,

G(h)(ti) = h-{Ds,YG{hQ,0))-lG{h,p)
= h — (Ds,yG(}io, 0)) 1 ^G(ho,0) + DG(ho,0)(h — ho, p,)T

+ J\dG(Z(0) - DG(h0,0))(h - h0,p)Tdc)
where DG = (dsG, dyG, d^G) and Z(Q = (h0 + ((h — hQ),(p,). We observe that G is
well defined in Z{() for all ( G [0,1]. Then, using that

G(ho,0) = G(To,yo,0) = 0,

we obtain

Q{h){p) = h0 — (DStYG(h0,0))_1 ^uc^G(ho, 0)
\dG(Z(0) - DG(h0,0))(h - fio, t¿)Td().

We observe that

d^Giho,^) = £qwi(T0,6,y0,p,,£) + ^d^w^To^^yo^^e). (6.4.27)

Since G is analytical in h, G has its second derivative with respect to h bounded in
D0(k,^, k2, ko) x W(r,K0). Therefore

IIQ(h) - holloo < K{8\ S)(\fi\eq + p2 + p|mI) < p/2

if p and \p\sq are small enough. Here we have used that \\d^G(ho, 0) ||oo = 0(eq) is
bounded and that, by the mean valué theorem,

\\Ds,yG(Z(()) - Ds,YG(h0,0))(h - Mlloo < K{6', 8)p{p + H).
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Using (6.4.27), we have that

ddllG = 0{£q).
Moreover, since hQ does not depends on 9, and that

dgw{S,9,Y) = 0(peq)
and consequently dgDsyG = 0(peq), we have that

l|9«5WMII < MIK(6',6) \dt,(DG(Z(0)-DG(lM,,mk-h0,^T\d(
Jo

< MK(6',Ó)\( f í\d0DG(Z(C,))(deh,a)T{h-ha,lAT\dC

+ \(DG(Z(0) - DG(ho,0))(dgh,0)Td()
< \p\K(8', 8)\{\p\eqp2 + \p\eq + p3) < p¡2

if \p\eq is small enough. In fact we can take p = 0(peq).
This operator is a contraction, thus the fixed point theorem can be applied and we find
functions T and y such that for any (x,v,9, p,e) E U(8',8,r) x P

w(T, 9, 3^, p, e) = (£, u). (6.4.28)

Now we prove that the flow can be straightened in U(8',8, r, rjo).

Proposition 6.4.7 Let 8 < ¿>o/3. If the hypotheses H1-H3 hold, for any 8' < 8 there
exists r > 0 and a change of variables

(x, v,6 = -)e U{88, r) » (T, F, 9) = (T{x, v, 9),F(x, v,9),9)eV
£

analytic in the x, v variables, Cl and 2/K-periodic in 9, such that it transforms the
system (6.3.2) to

T —1

F = 0

9 = 1/e
and satisfies T(x,v,9) = %(x,v) + 0{peq) , tF(x,v,9) = Fq{x,v) + 0(peq) where
(x,v) i—> (%(x,v),Jr0(x,v)) is the corresponding change for the unperturbed system
and is given in (6.3.5) and (6.3.3). '



6.4 Flow box coordinates in a complex domain 167

Proof. We fix (x,v) G Uq{8', 6, r, r¡o) and we consider the solution of the system
(6.3.2) such that ip(0) = (x, v, 0). By Lemma 6.4.6, there exist T(x, v, 0) and y(x, v, 0)
such that

w(T(x,v,0),0,y(x,v,0)) = (x,v).

Moreover since the Solutions of (6.3.2) can be parameterized as (6.4.22), taking s = T
and Y = y in (6.4.22) we obtain that

V»(t) = (w(T(x,v, 0) +t,t/e,y(x,v,0)),t/e), (6.4.29)

also is a solution of (6.3.2) such that ip(0) = (a:, v, 0) = 4>(0). By uniqueness, ip = tp.
On the other hand, if t is such that, ip(t) G U(6',6, r, rjo), by Lemma 6.4.6, applying
(6.4.23) with (x,v,0) — ip{t) we obtain

Í>{t) = {w(T('ip(t)),t/e,y('ip{t))),t/E). (6.4.30)

Therefore (6.4.29) and (6.4.30) give us two expressions for the same solution ip(t). We
observe that,

T0(x,v) + t = Toi'ipo (i))

therefore, by the uniqueness of the functions T and y given in Lemma 6.4.6, we have

T(ip(t)) = T(x,v,0)+t (6.4.31)
= iV(®iV,0)

and then

^nm) = i
É.y^(t)) = 0.

We define a new function

T{x, v, 6) = F0(6, y(x, v, 6))

where JF0 is the Hamiltonian of the unperturbed system given in (6.3.3). We recall that

\\y - D-hlloo = 0(fX£g),
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then, since 8Fq is constant along the trajectories of the unperturbed System,

F(x,v,6) = F0(8, yo(x, v)) + 0(ii£q)
= F0{x,v) + 0(¡J,£q).

Therefore, from (6.4.31), it is easily seen that

(T,F,d) = (T(x,v,9),F(x,v,d),9)

transforms (6.3.2) in U(8',8,r) to

T = 1

F = 0

9 = 1/e

and the statement holds. ■

Now we turn to modify the change of variables to get a canonical one. Before starting
the result we need some preliminar calculations.

We denote by ^(t, x, v) the solution of the system (6.3.2) such that (x, v, 0) = ip(0). In
the proof of the Proposition 6.4.7, concretely in (6.4.31), we have seen that

T(ip(t)) = t + T(x,v, 0)
HW)) = o).

(6.4.32)

We introduce the matrix

HdxT{iP{t)) dvT(ip(t))W \dxF(m) dvF(m)

Differentiating with respect to (x,v) in both sides of (6.4.32), we obtain

dxi¡>i(t) dvif>i(t) Ní(í) dxih(t) dvifj2(t) 4>(0).

Since system (6.3.2) is Hamiltonian,

, ( dxih (t) dvt¡)X (t) \
V dMÍ) dvip2(t) )

and we have that

det $(í) = det $(0) (6.4.33)

V
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for all t for which the solution is defined. Moreover, we know that for p = 0, det $(£) =
det <f>(0) = 1, thus

det4>(t) = 1 + ¡JL£qg((4>{t)) (6.4.34)

where g = g(x, v, 9) is some C1 function, analytic in (x, v) and 27r-periodic in 6. More-
over from (6.4.33) it is clear that

= 0. (6.4.35)

We define the function g : U —» C, by

g(T, F,e) = ~g(w(T,e,f(6)-^P(ó)+ 2F), 0).

The function g is C1, analytic in (T,F) and 27r-periodic in 0. If we differentiate with
respect to the time, t, in g evaluated on the Solutions of T = 1, F = 0, 6 = 1/e, by
(6.4.35), we have the following equality:

0 = drg + -de g- (6.4.36)

To deal with equat.ion (6.4.36), we define the change (£, r¡) = (T + e9, T — ed) and the
function

h(í,r,,F)=g((í + v)/2,F,(í-ri)/2e)
defined in

{((,n,F) e C3 : (K + l,)/2,í-,(í-,)/2í) € &}.
Then, by (6.4.36)

d(h = 0

therefore,

g(T, F, 9) = h(T + e0,T - e9tF) = h{0, T - e9, F)

is a function that only depends on first integráis of the system (6.3.2). We define the
function p(F, S) by the condition •

1 + dFp(F,S)
1

1 + /U£9/i(0, S, F)
We remark that, since h is analytic in F and S, the function p is 0{p,eq).
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Proposition 6.4.8 The change of variables defined by

(x,v,9 = t/e) £ U(6',6,r) -► (T,I,d) = (T(x,v,9),l(x,v,9),9) £ V

with T(x, v, 9) = J-{x, v, 9) + p(F(x, v, 9),T(x, v, 9) — 9e) is canonical and is such that
transforms the system (6.3.2) to

T — 1

7 = 0

9 = 1/e.

Moreover, T(x,v,9) = %(x, v) + 0(p,eq) and l(x,v,9) = Fq(x,v) + 0(p,eq) where %
and F0 is the corresponding change in the unperturbed case.

Proof. Let J = T(x, v, 9) as in the statement. Along the Solutions of (6.3.2),

í = F + DfP{F, S)F + Dsp(F, S)(T - e9) = 0.

Thus, this change transforms the system (6.3.2) to T — 1, I = 1, 9 = 1/e.

To see that the change is canonical we only have to calcúlate the determinant of

n( 0,_( dxT dvT \C{x,v,9) í ^ \ .

We have

det C(x, v, 9) dxTdvl-dvTdxl
[dvF + dFp{T, T - 9e)dvF + dsp(F, T - 9e)dvT] dxT
- \dxT + dFp{T, T - 9e)dxT + dsp{T, T - 9e)dxT) dvT
[dvTdxT - dxFdvT){ 1 + dFP{T, T - 9e)
(1 + p,eqh(0, T - 9e, F)){1 + dFp{T, T - 9e))
1.

Now we turn to the system in the original variables (a:, y, 9). We define

Tl(x,y,0) = T(C(x,y,B))
Tl{x,y,9) = l(C(x,y,9))
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where C defined in (6.3.1). It is clear that the change

(x,y,e) € V(S',S,r,m) (T,I,6) = (THx,v,e),il(x,y,e),e) e V
is canonical, since it is the composition of two canonical changes. Moreover

T = 1

í = 0

and

Tl(x,y,Q) = T0(x,y - f(x))+ 0(/i£q)
T1(x,v, 9) = l0(x,y - f(x))+ 0{fj,eq)

= F0(x,y - f(x)) + 0(/j,eq)
where %(x,y — f(x)) and T§{x,y — f(x)) is the change when y, = 0 in the original
variables.

6.5 Proof of the Corollary 6.2.6

We consider the systems obtained scaling time by e in the averaged Systems (3.3.10)
in Chapter 3 given by:

x = y + y£p+2n+2dyF(x, y, 9) + y2£p+2dyR2k-2(x, y, 9)
y = -V\x) - y£p+2n+2dxF(x, y, 9) - y2£p+2dxR2k-2(x, y, 9) (6.5.1)
9 = 1/e,

and the System (4.3.6) given in Chapter 4 that is:

x = y + y£p+8dyF(x,y,9) + y2£2p+1(dyf3 +dyR2)(x,y,9)
y = -V\x) - y£p+8dxF(x, y, 9) - y2£2p+l(dxf3 + dxR2)(x, y, 9) (6.5.2)
9 = 1/e

We denote by

s) = (ñ(t,s),P{t,s))
the stable curve of any of those systems and by

7o (t + s) = (a(t + s),(3(t + s))
homoclinic orbit of the unperturbed system.
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Definition 6.5.1 We fix 0 < 8 < 8q/?> small enough. Let T be big enough such that

Re á(t, s) < 8

for t + Res> T/2 and let 8[ be such that

8'i < Re<ñ(t, s) < 8

for T/2 <t + Res < 3T.

We observe that the Systems (6.5.1) and (6.5.2) satisfy the hypotheses H1-H3, of
Theorem 6.2.5 with q = p + 2 and q = p + 1/2 respectively, therefore there exists a
canonical change of variables, defined in the set V(8[,8,r,rj0), which we denote with
the same notation (T, I) = {Tl{x, y, 0),T1(¿, y, 9)) in the two cases we consider, such
that it transforms the Systems (6.5.1) and (6.5.2) to

T = 1

Í = 0.

Moreover, Tl{x,y,Q) — T0(x,y) + O(fj,£p+l°) andX1^,y, #) = l0(x,y) +O(fi£p+l°) with
i0 = 1 in the parabolic case and i0 = 1/2 in the weak hyperbolic case.

We must see that the parametric representation of the stable manifold enters the do-
main of analyticity of (T1(x,y,9),l1(x,y,6)). This is done in the next lemma.

Lemma 6.5.2 For any 0 < rj < there exists T > 0 big enough such that, if
T/2 < t + Res < 3T and | Ims| < a, then \ arg(á(t, s))| < — V-

Proof. By, Chapters 2, 3 and 4, there exists the ocal stable manifold of (6.5.1) and
(6.5.2) and, if T/2 < í + Res < 3T and |Ims| < a then

TW4'*) = ( ft + s)/(-2) ' - („ - 2)(t + ,)»/(»-2) ) + »)
(t + s) 2/(n-2)

with cn 2 = —2/(an(n - 2)2), A = 1 and cr G X(2n-2)/(n-2) x A’(3n_4)/(n_2) in the
parabolic case and A = 1/4 and a G y\ x 3^5 in the weak hyperbolic case. We deal
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with the parabolic case, the other case is analogous. We denote m = 2/(n — 2),
u = ui +iu2 — t + s and z = u2/ui. Note the z = 0(1/T) and that

kl(M)| < |kl||n/(n-2)(í + Res)rl/(n 2).
Then

á(t, s) = c

= c

(«i - iu2)m
(u\ + u2)m
(1 -iz)m

u?( 1 + z2)r

+ ^+V1(í,S) + oV(í + s)2/(n_2)

r + ^p+Vx(í, s) + o((t + s)12/(n_2)
= c-^ (l — imz + 0(iz2) + f]£p+2u™cri(t, s) + o(—. (6.5.3)u-i

It is clear that u™cri(t, s) is bounded if T/2 < 14- Res < 3T and | Ims| < a. In fact it
goes to zero when T —► +oo. Therefore if T is big enough, using the estimate (6.5.3)
we obtain

_~fJ. M/lIm^(í>s)l \0{z) + 0{¡iev+2)\
arg a(t, s)| < = : r = — — <

7r

Reo;^(í + s) 1 + O(z) + 0(fj,£p+2) 4(/5 — 1)
-v-

We cali C the change from the initial to the averaged Systems, defined in Chapter
3, Lemma 3.3.4 in the parabolic case, or in Chapter 4, Remark 4.3.4 in the weak
hyperbolic case. We write (x,y,6) = C(x,y,9). Where (x,y) denote the variables of
the averaged systems. Moreover, we know that

(x,y) = (x,y) + O (iiep+1).
We define new flow box coordinates

(T2(x,y,6),I2(x,y,6)) = (T1(C~1(x,y,9))>l1(C~1(x,y,9))).
Since the change C is 0(p,£v+v) cióse to the identity and canonical, the new change is
also canonical and satisfies

(T2{x,y,9),l2(x,y,9)) = (T02(x, y), J02(z, y)) + 0(yEp+l°)
with ¿o = 1 in the parabolic case and i0 = 1/2 in the weak hyperbolic case.

The change To,{x)y),'I^{x,y) = hQ{x,y) is the corresponding change for ¡j, = 0. The
domain of definition of the new change is C(V(k, <5, r, r/0)). Moreover it is clear that
the change (T,I) = (T2(x,y,9),l2(x,y,9)) transforms the system (1.1.1) to

T = 1

í = 0.
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Let 7® e(¿, s) = (a(t, s),(3{t, s)) be the parameterization of the stable manifold of system
(1.1.1) given in Theorems 3.2.1 and 4.2.1.

We define a new change of variables. Let s0 be such that | Ims0| < a. We define

(x*,y*) = %,e(T~ Res0, s0)
and the parameter

t = s0 - T2(x*,y*, (T - Res0)/e).
We observe that, if y, = 0, the constant r is

ds

Jxo a/2h0(x*,y*) - 2V(s)
where the superscript denotes the first and second component of the change and Xq is
the initial condition of 70 as it is defined in hypothesis HP1. r does not depend on

(x*,y*) while (x*,y*) belongs to the stable manifold of the unperturbed system.

Let 82 < 82 be such that 8[ < 82 < 82 < 8 and

¿>2 < Rea(t, s) < 82

for T < t + Res < 2T and | Ims| < a. By Definition 6.5.1, if \/j,\£p+1° is small enough,
it is immediate that there exist 8'2 and 82 with the above properties.

Remark 6.5.3 Let Ti and T2 be such that T < T\ < T2 < 2T. We observe that,
by Lemma 6.5.2, and by the fact that the change C is 0(/j,£p+1) cióse to the identity,
there exist 8'z < 83 such that 8'2 < 8'3 < 83 < 82 and such that the stable manifold of
the system (1.1.1) (7^/í, s), í/e) = C (%ie(t,s),t/e) belongs to V{8'z, 83, r/2,3?7o) C
C(V(8[,8,r,rio)), if \y\ev+1 is small enough, for Ti < t + Res < T2 and | Im sl <
a. Therefore (7* £(t,s),t/e) belongs to the domain of the new flow box coordinates
(T2(x,y,9),l2(x,y,9)).
Moreover, since C is 0{¡j,£p+1) cióse to the identity, if |¿¿|ep+1 is small enough, we have
that

V(82,82,r/2,2r]o) C C(V(8[, 8, r, 770)).

We define the functions

S(x, y, 9) = T2(x, y,9) +r
£(x,y,9) = l2(x,y,9) - I2(x*,y*,9).

(6.5.4)
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Then, since T2 = 1 and I2 = 0, we have that for s — Sq,

Indeed,

So)> t/£) =t + S0. (6.5.5)

r2(7^£(í,50),í/e) +t
t + T2(%,e(T - Res0, s0), (T - Res0)/e) + r
t + T2(x*,y*, (T - Res0)/e) + r
t + Sq.

Let s £ C, í / Sq, then

S(7£,e(M),í/e) = T (7¿,e(í,s),í/e) + r
= t + s + y£p+i°X(s).

Here we have used that, for the unperturbed System we have that

¿>o(7o (t + s)) = t + s

and that

S(x,y,9) = S0(x,v) + 0{y£p+l°)
7¿,e(M) = 7o (t +s)+ 0(fi£p+1).

We observe that we can choose freely s0 such that X (.s0) = 0 and that for any s0 we
have a different definítion of S.

We also note that X(s) is 27T£-periodic in s. Indeed, we have that

5(7^£(t, s + 27re), í/e) = t + s + 2it£ + fj,£p+l°X (s + 2n£)
iS(7^,£(í + 27T£, s), t/e) = t + 2n£ + s + ¡j,£pJrl°X {s)

but, since7s + 27re) = 7¿e(í + 2tx£, s), from the previous equations we obtain

X(s + 2tt£) = X(s).

Finally,

£í%,e(t,s),t/e) = X2(7®>e(t, s), t/e) - X2(x*, y*, 0)
= 0.

This ends the proof.



Chapter 7

The Extensión Theorem

7.1 Introduction and main result

This short Chapter is devoted to recall the statement of the extensión theorem which
is given in [20]. This theorem is stated for Systems of the form

x = y + yepdyhi (x, y, t/e)
y = -V\x) - yspdxh1(x,y,t/£)

such that the unperturbed system has a homoclinic orbit, y0(u) = (a0(u), f30(u)) and
Po is an analytic function in | Imi¿| < a and has singularities at u = ±¿a which are
poles.

Following the proof in [20] one can see that one can replace the condition of u = ±ia
being poles by u = ±ia being branching points in the sense we have introduced in HP1
in Chapter 1. For this reason here we do not reproduce the proof of the extensión
theorem and we will simply comment a small difference that appears in the weak
hyperbolic case.

The goal of this theorem is to extend the domain of the parameterization 7“e(í, s) (in
our case produced in Chapters 3 and 4) of the unstable manifold until 7“ e enters the
domain of the flow box coordinates. To do this, the parameterizations 7“jE(í, s) and
70 (t + s) are compared in the complex domain £>|xt:

D®xt = {(í, s) sExC: \t + Res| <2T , | Ims| < a — e}.
The extensión theorem gives an useful bound for the distance between the unstable
manifold 7“^ and the homoclinic orbit 70 of the unperturbed system for (t, s) E D|xt.
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That is,

7£e(í, s) - 7o(í + s) = C>(/¿e")>
where z' is a parameter which depends on the System.

Therefore, if v > 0 and /i and e are small enough 7™¡£(t,s), for some valúes of (t,s),
belongs to the domain of the flow box coordinates.

We recall that í is defined in Chapter 1.

The extensión theorem is

Theorem 7.1.1 Let z(t,s) = (x(t,s),y(t,s)) be a family of Solutions of
x = y + fj,£pdyhi(x,y,t/e,fj,,£) (7.1.1)
y = -V'(x) - /j,£pdxhi(x,y,t/£,¡u,£)

defined for tQ + Res = —2T, for some T > 0, such that

z(t0, s) - 7o(¿o + s)~ /i£p+1G('y0(to + s),to/e,ii,e) = 0(/aep+1+x), (7.1.2)

where G is the function such that

dgG(x,y,6,fi,£) = (dyh1(x,y,8,/j,,£),-dxh1(x,y,0,fi,£))
and has zero mean with respect to 0, and (t0, s) € verifies í0+Res = —2T. Also X
is an índex which have the valué 1 in the parabolic case and 1/4 in the weak hyperbolic
case.

We assume that

v = p-i> 0. (7.1.3)

Then, there exist £0, and K such that the solution z(t, s) can be extended to valúes
of t G [ío,2T — Res], with the bound

|z(í,s) -7o(í + s)| < Kpep~l (7-1.4)

for (t, s) G Df^, 0 < £ < £q and \p\ < pQ.

Remark 7.1.2 Theorem 7.1.1 is also valid ifV is a trigonometric polynomial and we

suppose that h\ is also a trigonometric polynomial in x and a polynomial in y. We
observe that in this case a0(u) ~ iC\og{u =F ia) near of singularity u = ±ia with C a
constant which depends on the degree ofV. (See [20] for more details about this case).
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Remark 7.1.3 Although in the extensión theorem given in [20], the initial condition
of the solution z(t, s) is

z(t0,s) -7o(ío + s) - //£p+1G(7o(¿0 + s),tQ/e,n,s) = 0(¡xep+2)
and thus, this hypothesis is not satisfied in the weak hyperbolic case, it is not difficult
to check that the proof also works in this case.

Remark 7.1.4 We note that, if s G R, the estímate (7.1.4) can be improved. Con-
cretely, for (t, s) G M2 such that —2T<t + s<2T we have that

z(t0, s) - 7o(í0 + s) = O(p,£p+Í0).



Chapter 8

Splitting of separatrices

8.1 Introduction

This chapter is devoted to prove Theorem 1.2.1 and Corollary 1.2.3 which we reproduce
below for the convenience of the reader. Let

x = y + iJL£pdyhi(x,y, t/e) (8.1.1)
y = ~V'(x) - ne?dxhi(x,y,t/e).

We denote by A the area of a lobe generated by the stable and unstable manifold of
system (8.1.1) associated to two homoclinic points and by d the angle between them
at one of these homoclinic points.

Theorem 8.1.1 Under hypotheses HP1-HP6, for e —> 0+, p —> 0, the following
formulae hold:

pso

A = y,£p / M(v, e) dv + 0(y?e2l/+r, /j,2eu+p+i\ iiep+1+io)e~a/e,
J SQ

sin d = /j,ep M'(s0,£)
ll7o(so)l|2

+ 0(fJ,2£2l/+r~2, fj,2£u+p+i°-2, p£p-1+io)e-a/e,

where So < So are the two consecutive zeros (associated to two consecutive homoclinic
points) of the Melnikov function

{h0,hi}('y0(t + s),t/e) dt,M(s, e) =
— OO
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closest to zero and

lo =
1 in the parabolic case

1/2 in the weak hyperbolic case.

Corollary 8.1.2 If HP1-HP7 holds, then for e —»■ 0+, f.i —> 0
^

— a/eA

|siii'í9| ~ n£v 14tt|J^0| =-Q/e.
r(í + i) lli-oWII2

where F is the Gamma function.

Remark 8.1.3 The constants u, a and J+0 are introduced in the hypotheses HP1-
HP7.

To prove this theorem we will use many of the results established in the previous
chapters. In particular the parameterizations of the stable manifolds, in Chapter 3 and
4 an the flow box coordinates developed in Chapter 6 will play an important role.

We recall that in Chapter 6, we have constructed flow box coordinates (S, E) =

(S(x,y,t/£),£(x,y,t/e)) defined in a complex neighbourhood of a piece of the sta-
ble manifold of the system (8.1.1). In these coordinates the original system becomes
the simple equation:

S = 1

É = 0.

Moreover, we had proved that on the parameterization of the stable manifold of the
system (8.1.1), 7*)E(í, s) (with s depending on the initial condition)

«5(7Sn,e(t>s),t/e) = t + s + y£p+t0X(s), £(^e(t,s),t/e) = 0.

We can prove the existence of primary homoclinic points by using that the Poincaré
map is area preserving and that the system (8.1.1) is a perturbation of one which has
a homoclinic orbit. Moreover, by the extensión theorem, we get that the parameteri-
zation of the unstable manifold 7“iE(í, s) enters, for some valúes of (t, s) in the domain
of the flow box coordinates.

In flow box coordinates the stable manifold corrcsponds to E = 0. If, in these variables,
the unstable manifold can be written as E = </>(5'), with <j6 a suitable function, in (S, E)
coordinates we have the following situation:
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Consequently the area of the lobe generated by two consecutive intersections between
the stable and the unstable manifold, expressed in flow box coordinates, is

A =

So

<f>(S) dS
So

(8.1.2)

The function 0 is called the splitting function. Since the change from the original
variables to the flow box variables is canonical, the area given by (8.1.2) is the same
as the area of the corresponding lobe in the original variables (x,y).
The scheme of the proof is the same as the one given in [20]. For the convenience of
the reader we present the main points of it. In Section 8.2 we construct the splitting
function and we stablish its properties. In Section 8.3 we prove the main results. The
flow box coordinates we use and the definition of the splitting function permit to prove
that the Melnikov function is a good approximation of the splitting function.

Finally we will prove Corollary 1.2.3. We recall that we consider the case that the
singularities of the hoinoclinic orbit may be branching points in the scnse we have
indicatcd in Chapter 1. This case is not considered in [20]. This fact forces several
tcclmicalities in the computation of the Melnikov function.

The asymptotic computations of the Melnikov function are deferred to Subscction 8.3.1.
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8.2 The splitting function

To define the splitting function and to establish the properties we shall need we begin
by recalling some notation and some previous results.

We recall the definitions of the sets

DgXt = {(t, s) G R x C : \t + Res| < 2T, |Ims|<a — e},
Ds = {(t, s) G R x C : t + Res > T, |Ims|<a},
Du = {(£, s) G R x C : t + Res < —T, |Ims|<a},

The homoclinic orbit of the unperturbed system is

7o(«) = (o¿o(u),Po(u))

which is defined in (at least in) {u 6 C : | Imt¿| < a}.
We denote7s) the parameterizations of the stable and unstable manifolds of the
perturbed system and we recall that, by Theorem 3.2.1 (in the parabolic case) and
Theorem 4.2.1 (in the weak hyperbolic case), the invariant curves are Solutions with
respect to t and satisfy

7£’,“(f + 2tt£, s) = 7¿’“(í, s + 2tre). (8.2.1)

Moreover,

7£,e(í>s) = 7o(t + s) + 0(/i£p+1) for (t, s) € Ds
7£e(*, s) = 70(í + s) + 0(fiep+1) for (t, s) G Du.

We cali U = C(V(5Í,5,ri,77o)) the domain of the flow box coordinates (S,E), con-
structed in Chapter 6 (see in particular Corollary 6.2.6), which is a neighbourhood
of

{7^,e(¿>s) ■ T — t + ^es — 2T, |Ims|<a}
and it is independent of /z, e.

By the extensión theorem (Chapter 7) the domain of the parameterization of the un-
stable manifold 7“)£(í, s) can be extended to valúes of (¿, s) G jDf5*, and in this extended
set verifies

*

7£e(í> 5) = 7o(í + s) + 0{lX£V)
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where u = p — í.

Since v > 0, for any x0 > 0, there exist £q and ¡jlq such that, for all 0 < e < £o, \p\ < Mo
and (í, 5) such that T + x0 < t + Res < 2T — x0 and | Ims| < a — e, the unstable
manifold, 7“ (£, s), is so cióse to 70(£ + s) and 70(í + s) is so cióse to 7®)£(í, s) that
7“i£(í, s) e U for those valúes of (£, s).
Henee the functions

S“W = 5(7^(í,s).*A)-í. (8.2.2)
are well defined for s 6 C such that T + kq < t + Re s < 2T — x0 and | Im s\ < a — e.
We write some immediate properties of Su and £u:

Remark 8.2.1 By Theorem 6.2.6, Su and Su do not depend on time, then, in the
definition of Su and £u the time t can be chosen arbitrarily. We choose it in such a

way that T + hq < t + Res < 2T — hq .

Henee Su and £u can be analytically extended for all s E C and | Ims| < a — e.

Remark 8.2.2 The functions Su(s) — s and £u(s) are 2ne-periodic uiith respect to s.
Indeed, we prove it for Su(s) — s. By property (8.2.1) and since Su(s) — s does not
depend on t, we have that

Su(s+ 2ne) — (s+ 2ne) = »5(7“e(£, s + 2ir£),t/s) — t — (s + 27re)
= S(j“e(t + 2n£, s),(t + 2'Ke)/e) - (t + 2'ks) - s
= Su(s)-s.

Analogously, £u(s + 2ne) = £u(s).

The next proposition asserts that the Melnikov function is a good approximation of
the function £u(s) for | Ims| < a — e and it gives that, in particular when s£l, the
approximation is exponentially small. We denote

f2-¡re

£»“(«) = 2tT£ £u(s)ds.

To treat simultaneously the parabolic case and the weak hyperbolic case we introduce
the quantity io, which takes the valúes Íq = 1 in the parabolic case and i0 = 1/2 in the
weak hyperbolic case.
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We introduce the Melnikov function

/+oo {/i0, hi}(7o(í + s),t/e) dt.
•OO

Since hi(x,y,t/e) is 27re-periodic in t, the Melnikov function has the same periodicity
with respect to s. We denote by Mk(e) its Fourier’s coefficients, i.e.,

M{s,e) = Y,Mk{e)éks/£.
kez

Given (t, s) G _D|xt and £ : D|xt —> C2, we introduce r = |í + s — ia\ and

\t{t,s)\T = |6(M)| +t|£2(í,s)|.
Now we enunciate two lemmas which we will need. They can be found in [20].

Lemma 8.2.3 For t, to, l real and s complex, such that 0 < Ims < a and

—2T Fi to “b Re s < t “b Rg s ^ 2T, to Rg s < 0

we denote

1
suPi—¡ ~ñ>\<t + s — ia\L
sup | ln(|<r + s — m|)|,

0

ifl = 0

where the supremum is taken for a G [t0,t].
Then there exists a constant K which only depends on l such that

rí

i—
n0 \cr + s-ia\líJ tn [to.íj (8.2.3)

Lemma 8.2.4 Let <50 G (0,1) and let 5 : [0, +oo) —» R be a function such that S(r) <
8o/rT~l. Suppose that f(t,s) and £(t,s) are two functions defined in D|xt. We will
write £(t,s) = £ = (£i,£2) andf(t,s) = £= (£i,£2). Assume that

Iflr.lflr < S(t).
Then we have that

|/(«o(í + »)+ íi)-/(<*,(*+ *) + 6)1 < gi6~61, (t,s) e £>f

b(7o(í + s) +£,t/e) -g{io(t + s) + f,í/e)|T < (t,s)eD¡xt

where /(x) = and g(x,y,t/e) = (dvhi(x,y,t/e),-dxhi(x,y,t/e)).



8.2 The splitting function 187

Remark 8.2.5 Since

f(ao(u)) = $o(u) = a0(u)

has a singularity of order r + 1 at u = ia, we have that, for (t, s) G Dfxt such that
0 < Im s < a:

| fW(a0(t + s))\ <Kfor j > 0. (8.2.4)

By hypothesis HP3, h\{x,y,0) is a polynomial in (x,y). When we evalúate h\ at
(x,y) = 7o(,u), by the definition of £ in Chapter 1, the function has a singularity of
order at most £ at u = ia, henee for (t, s) as before

\dx1dy2hi{lo(t + s),t/e)\ < K^í_k2_1)_k2;, for h, k2 > 0. (8.2.5)
Next result establishes some important properties of the functions Su and £u, in par-
ticular the closeness of Su and the Melnikov function.

Proposition 8.2.6 Under hypotheses HP1-HP6, Su and Su satisfy the following es-
timates:

a) For s G C such that | Ims| < a — e,

Su(s) = /iepM(s, e) + O(/j,2e2u+r~1, fiep+i°). (8.2.6)

b) For sGR, and £q{e) = ^ £u(s) ds,

£u(s) - £“(e) = p,£pM(s, e) + ti£p+i°)e-a/e. (8.2.7)

c) For s G R, S = 5u(s) is real analytic and invertible, and its inverse s = su(S)
satisfies that su(S) — S is 0(fj,£p+l°) and 2ir£-periodic in S.

Proof. In Corollary 6.2.6 we have proved that

£(7;I,e(M),£/£) = 0 (8.2.8)
and

£{x,y,0) = h0(x,y) + 0(fj,£p+l°). (8.2.9)
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Since £u(s) does not depend on £, for any s we choose t = Ts with Ts = T + x0 — Res
and therefore, for (£, s) = (Ts,s), 7“e(£, s) and 7*e(£, s) belong to the domain of the
flow box coordinates [/. Then, from the definition (8.2.2) of £uand properties (8.2.8)
and (8.2.9):

£u(s) = £(^€{t,s),t/e)-£{^e{t,s),t/e)
= V7£e(í> s)) - h0(7*,e(í, s)) + 0(/x£p+I°), (8.2.10)

if | Im s| < a — e.

Since, for any s, such that | Ims| < a — £ we have that

70 when £ —> +oo

7^,e(As) ~4 0 when £ —> —oo

we deduce

lim hatf {t,s)) = lim h0(rf (t, s)) = 0.í—>+oo t—»—oo

Then

/■Ts /*+oo

ho{^,e(T^ 5)) “ ho(%AT^ 5)) = / [^(7^^. s))] dt~ dt [V7¿.e(*. s))]
=

J—00

/*+oo

dt+ {h0,hi}('yatl,e(t>s),t/e) dt
JT3

Adding and subtracting the Melnikov function we obtain
--

ho(ll,e(Ts, s)) - hQ(Ytl%£(T^ s)) = lJ'£P I {^0, Mfe, f/e) - {^0, M(7o, */e) dtM.e’

+ /xep / {h0,hi}(7“e,£/£) - {^o,M(7o,í/£) *
“ X5

J/-+O0' {^o,^i}(7^e,í/£) - {^o.^i}(7o,í/e) dt
Ts »

/+00 {h0,hi}(7o,£/e) dt
•OO

(8.2.11)

where 7“ , 7®)E and j0 denote 7“e(£, s), 7¿)£(£, s) and 70 (£ + s) respectively. The last
term in (8.2.11) is the Melnikov function. By the conclusión 4) of Theorem 3.2.1, the
first and the third lines in (8.2.11) are 0(/x2e2p+1). It remains to bound the second line.
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It is not difficult to see that, if we write 7*j£(¿, s) = (a*(t, s),/3*(t, s)) for * = u,s,

t>oA}(7¿,£’¿/£) - {h0,hi}('yQ,t/e) =
- f(a*)[dyh1('y*te,t/e) - dyhi(-f0,t/£)} - [/(a*) - fia^dyh^t/e)
- /3*[9x/ii(7*|£,í/e) - 3A(7o.í/e)] - (/?* - P)dxh1(^0,t/e).

Using bounds (8.2.4), (8.2.5) and Lemma 8.2.4 and taking into account that, by the
extensión theorem, 7“e — 70 = 0(hev), we get

K^M^^AO “ {^o,M(7o,í/t)I < 2

(we recall that r = |¿ + s — m|). Then applying the estímate (8.2.3) with l — t — r + 2
we obtain that the second line in (8.2.11) is 0(fi£p+u~e+r~1). Thus

fto(7«(r„s)) - h0(%,c(T„s)) = ^M{s,e) +0(fe2<*\^+r~lY
Now a) follows from (8.2.10) and from the previous expression. Note that, since i >
r — 1, one has 2p + 1 > 2v + r — 1.

To prove b) we recall that the function £u(s) is 27re-periodic in s and analytic in the
complex strip | Ims| < a — £, then, expanding in Fourier series

£‘(S) = Y,£i(íyk‘/c
kez

with

For seR, since 8U is analytic for | Ims| < a — e and it is 27re-periodic we can write
1 /■27TE

£?(e) = / £u(s ± i(a - e))e“ifc(s±i(a“e»/e ¿s (8.2.12)27re Jo

Thus, by the conclusión a) of this proposition about the estímate (8.2.6) of £u(s) in
the complex domain, for k ^ 0 we obtain

-\k\re/e r2ne
4“(e) = ~^rj0 /e*

= fJL£PMk{£) + 0{n2£2v+r-\ p£p+io)e-Wa/e,
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where we consider the sign + for k < 0 and the sign — for k > 0. Here Mk(e) are the
Fourier coefíicients of the Melnikov function. Now b) follows from the above equality.

Next we prove c). We recall that, by Corollary 6.2.6:

S('yw(tis),t/e) =t + s + i¿ep+l0X(s)
and, for (x, y) G U

S(x,y,9) = S0(x,y) + 0(fj,ep+l°)
where (So is a flow box coordínate when ¡i = 0. Also, by the extensión theorem,

7£e(í,s) - 7o(í + s) = 0(tiev) (8.2.13)
for any t£t and s G C such that T + < t + Re s < 2T — x0 and | Im s| < a — e.
Then we obtain that

<S“(s)-s = S(7“e(í,s),í/0 -t- s
= ¿>o(7o(í + s)) - t - S + 0(fi£u, li£P+‘l°)
= 0{^).

We expand Sv(s) — s in Fourier’s series,

s"w-s = E's^)e“'/‘-
fcez

Thus for s e M, estimating the Fourier coefhcients of Su(s) — s for s E R, in the same
way as we did for £u we have that for k ^ 0,

p-\k\Te/e /•2tt£
S?(e) = / Su(s ± i(a - e))e~iks/e ds = 0(iue‘,)e-|fc|a/E.27T£ Jo

From this we deduce

5u(s)-s = S^(e) + 0(fieu)e-a/£
—(S)-l =

(taking into account that ^~{s) — 1 has zero mean).
On the other hand, if s E R, by Remark 7.1.4 we have that

7^(¿, s) - 7o(í + s) = 0(fiep+l°),
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henee

Su(s) - s = O(fiep+io).
Therefore Sq(e) = 0{¡i£p+l°). This implies that S = Su(s) (restricted to R) is in-
vertible. We denote s = su(S) its inverse which is analytic. Moreover su(S) — S =

0(/j,£p+1°). To see that su(S) — S is 27T£-periodic, we observe that, by Remark 8.2.2,
Su(s + 27re) = Su(s) + 2ne, thus

su(S + 27re) — (S + 2-ke) = su(<Su(s) + 2ne) — (S + 2ne)
su(Su(s + 27re)) — (S + 2ne)
s + 2ite — (S + 2tte)
su{S) - S

as we wanted. ■

Now we define the splitting function. From Corollary 6.2.6 it follows that the local
stable manifold 7*(t, s) (for (í, s) such that | Ims| < a — £ and T + x0 < t + Res <
2T — xQ) can be written in the (S, E) coordinates:

(S,E) = (S(Y^e(t,s),t/E),£(^e(t,s),t/£)) = (t + s + hep+10X(s), 0) (8.2.14)
and the local unstable manifold 7“e(t, s) (for (t,s) such that | Ims¡ < a — £ and
T + xq < t + Re s < 2T — x0) can be expressed as

(S, E) = (S(y™£(t, s), í/e), £(7“e(£, s),t/e)) = (t + 5"(s), <?u(s)).

We define the Poincaré map

Pn,Áx,y) = </V,e(27r£> 0,^,2/),
where ^(í, í0, x, y) is the solution of system (8.1.1).
The restriction to U of the unstable curve Cu of PMi£, is given by 7“ (0, s) parametrizes
for s E C such that T + xq < Res < 2T — x0 and | Ims| < a — e. therefore in the
(.S, E) variables Cu is represented by

(S.S) = (S(7*c(0,s)),£(7“c(0,s))) = OS», £«(*)).

Thus, it is very natural to put the unstable manifold in implicit form, i.e., the variable
E as a function of S, because the measure of splitting can be computed by using this
function. The function 0 is defined implicitly by

00S») = £».
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By property c) of Proposition 8.2.6, the equality S = Su(s) can be inverted for real
valúes of s, s = su(S), thus the function <f is, in fact, defined explicitly by:

0(S) = £“(*“(5)). (8.2.15)

We observe that the splitting function is defined in R.

The parameterization for the unstable manifold introduced in Theorem 3.2.1 and
defined in (6.5.5) in Chapter 6 is not uniquely determinate. Indeed, if we define
s = S + g(S) where g is a 27r£-periodic function which is O([iep+t0), then 7* (i, S) =
7*t£(t, S + g(S)) is another parameterization which all properties we have proved until
now.

Since su(S) — S is 0(/j,£p+1°) and 27T£-periodic in S a new parameterization for the
unstable manifold can be defined as

and for the stable manifold

Finally, after this change of parameter, the splitting function defined in (8.2.15) can
be also represented in the form

<KS) = £(7"e(M“(S)),fA)
= £(7^Á^s)^/£)-

(8.2.16)

8.3 Proof of the Theorem 1.2.1 and its corollary

First we will show that the function 4> given in (8.2.15) can be used to measure some
magnitudes related to the splitting. Then we will prove the formulas in Theorem 1.2.1.
In the next proposition we prove the existence of primary homoclinic points and we

give a formula for the area of the lobes, as well as useful properties of the splitting
function.

Proposition 8.3.1 The function : E —> IR is 2ive-periodic, real analytic and satisfies
the following properties:
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a) There exists hu € M such that 7^¡£{t,hu) = ryfe(t,hs) (giving a homoclinic orbit),
with hs = Su(hu). Fot n £ N, we define

hsn = hs + 2iren

which give homoclinic points. Clearly, for all n, <f(h^) = 0. Moreover, f'ihf) is
independent of n, and

<P'(K) = 9<ñk(í, K) a aS7“e(í, a;) (i + 0(^+7)
= \\ds%,e(^hn)\\ l|5s7^e(í,^n)llSÍn^(í^n)(1 + C>(MeP+l0)),

where A denotes the exterior product on M2, and $(í, h„) is the angle between
7u(t,K) <™dY(t,hsn).

b) The area of the lobe between the invariant curves is given by

A —

where h and h are two consecutive zeros of f(S). We may choose the ones which
are closest to zero.

c) <t>o = Jt2">KS)dS = 0.

Proof. We begin by proving the existence of homoclinic orbits. Let P^ be the
Poincaré map

PnAx,y) = ^,e(27r£,0,x,y).
Let W*,+ (PfJit£, 0) (* = s,u) be the right hand side of the stable and the unstable
invariant curves of the origin of the map PMi£. Since the parameterizations 7* , * = s, u,
as functions of t are Solutions of the system (8.1.1), we have that

Cs = {7¿.e(0,s) : Res > T, | Ims| < a - e} C Ws’+{P^e, 0)
Cu = {7^(0,s) : Res < -T, | Ims| < a - e} C Wü-+(PMj£, 0).

Moreover, since

7¿,e(¿ + 2tt£, s) = 7*)£(í, s + 2ne) * = s,u,

in their respective domains, we have that

P^(7^,e(0, s)) = 7^(2tt£, s) = 7*i£(0, s + 2ne),



í

194 8. Splitting of separatrices

which means that if we consider s as the variable in Cs C WS,+(P, 0) the dynamics of
PM;£ on Cs is just

s i—> s + 2ne.

Since PM|£ is area preserving and Po>£ has a homoclinic connexion (which coincides with
the homoclinic orbit of the unperturbed differential equation), a well known geometric
argument, applied to PM)£ restricted to the real numbers, gives that PM>£ has (real) pri-
mary homoclinic points. Since the iterates of the homoclinic points also are homoclinic
points there will be such points in U.

Then there exist hu, hs G IR, T + x0 < hu, hs < 2T — x0, such that

^ = 7y0,/í“) = 7¿,(0,ft').
Henee

7lAt, hU) =7
are defined for all t G IR and are a homoclinic solution of (8.1.1).

Moreover, taking t such that

T -|- xq t 1P11 -\- hs ^ 2T — xq.

We recall by Corollary (6.2.6), we can choose s0 = hs. Therefore, we can write

S(^(tfh%t/e) = t + hs,
therefore

hs = hs),t/s) - t = 5(7;,e(í, h"), t/e) - t = su(hu).
Moreover, by the definition of <f> in (8.2.15) and the defmition of Su in (8.2.2) we have

<¡){hs) = (f>{Su{hu)) = Eu(su(Su{hu))
= £-(hP) = S(j^(tthP),t/e)
= £(Í¡ífi{t,ha),t/e) = Q-

By the 27re-periodicity of <j), (¡>{hsn) = (j)(hs + 2iren) = 4>{hs) — 0.

Obviously (f)' is also 27re-periodic, thus <j>'(hn) does not depend on n. Now we compute
4>'{hs). We recall that

7“e(i,ft”) = 7;it(í.s"(V))=7“«(í,V)
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and formula (8.2.16):

0(5) = 5(7M,£(t,5),¿/e).
We differentiate the above equation at the point 5 = hs and then <p'{hs) can be ex-

pressed in the following way:

ZJt, h% t/E)dsá'‘(t, V) + V), t/e)9s0"{t, fc*) (8.3.1)
where 7“e(í, s) = (áu(t, s), ¡3u(t, s)). Moreover, differentiating with respect to s = S
the equation

(‘5(7^(í,5),í/e),5(7^(í,s),í/e)) = (t + s + fiep+l°X(s), 0),
(given in (8.2.14)) we obtain

1 + 0{f¿Ep+lo~1) = dxS(^¡e(t, S),t/e)dsas(t, S) + dyS(^,A^ s)^/£)dsPs(t, S)
o = dI£('i‘lli,(t,S),t/E)dsoc’(t,S) + d,e(1l¡í(t,S),t/e)dsf3‘(t,S)

and from this, taking into account that the change (x, y) i—> (5, E) is canonical, we get
when S = hs

dsas(t,hs)(l + 0(fi£p+io x)) = dvS(Y^hS)^/£) = 9yS^le(^hU)^/£)
= 9yS(7“e(í,hs),í/e)

as/3s(t.A*)(l+0(íií',+i»-1)) = -9x£(j;f(t,h’),t/E) = -ax£(j^(t,h’),t/E).
Substituting the derivatives of 5 in (8.3.1) we obtain the formula stated in a).
In order to prove b) of Proposition 8.3.1 we recall that the change C, given in Corollary
6.2.6, which transforms the initial coordinates (x, y) to the flow box coordinates (5, E),
is canonical. Therefore.

A = dxdy
Lobe C(Lobe)

dSdE

Moreover, since the Poincaré map P^e is orientation preserving, there exists at least
one primary homoclinic point of between zh — 7* e(0, hs) and P^e(zh). We denote
this homoclinic point by 7^e(0, hs). By definition of the splitting function, the area of a
lobe, in (5, E) coordinates, is the area of the splitting function between two consecutive
zeros of 0, henee

A =

hs

dS
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with hs and hs are two consecutive zeros of 0.

The conclusión c) asserts that the splitting function has zero mean. To prove it we
note that since P/i)£ is area preserving, a standard geometric argument gives that the
area of two consecutive lobes one inner and the other outer, coincide. Therefore c)
follows from b) and the fact that the change C is canonical. ■

Now we have a suitable expression, but not the final one, of the splitting function 4>{S)
and consequently of the area of the lobe. By the second estimate of Proposition 8.2.6
as well as by the definition of 0(5) = £u(su(S)), we have that for real valúes of S

0(5) = £u(su{S)) = £^£)+ii£pM(su(S),e)+0(iJ2£2u+r-\iJ,£p+io)e-a/£,
where we recall £q(s) that is the O-Fourier coefficient of £u. Therefore, in order to
prove Theorem 1.2.1 we need to estimate £q . For this we enunciate a technical lemma
which we will prove in Subsection 8.3.1.

Lemma 8.3.2 Under the standing conditions we have

A direct consequence of this lemma is the following corollary which finishes the proof
of Theorem 1.2.1.

Corollary 8.3.3 For S € R, 0(5) satisfies the estimate

<f>(S) = iaepM(S,e) + 0{ii2£2u+r-1 ^2£v+p~l+i°, fiep+i°)e-a/£.

Proof. The proof of this corollary is a direct consequence of the Lemma 8.3.2 and the
Taylor’ Theorem. Indeed,

fiepM(su(S), e) = ii£pM(S + 0(n£p+io),e)

= ti£pM{S, é) + 0(/iV+p-1+i°)e-a/£
therefore,

0(5) = 5“ + fiepM(S, £) + 0{i¿£2v+r-1, ia2£v+p-l+i0, /i£p+i9)e-a/e
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and since by c) of Proposition 8.3.1 (fio = 0, and the average of M is zero

£% = 0(fi2e2l/+r~1, fx2eu+p~1+io, fi£p+i°)e~a^
and the corollary holds. ■

The proof of Theorem 1.2.1 is an immediate consequence of Proposition 8.3.1 and
Corollary 8.3.3.

8.3.1 Proof of the Lemma 8.3.2

The proof of this lemma has big differences from the proof of the corresponding Lemma
in [20]. As we pointed out before, we are considering the case such that the parameter-
ization of the homoclinic orbit has a singularity which is a branching point. The proof
of Lemma 8.3.2 is the place where this hypothesis has to be taken into account. Since
u = ±ia are branching points, the homoclinic orbit is defined in a neighbourhood of
the singularities except a segment starting at them, and therefore we can not use the
residue theory in order to estimate the Melnikov integral.

The case such that the singularity is a pole also follows from this proof taking below
q = 1.

We recall that as we pointed out in Remark 1.1.1, near of singularities ±ia, the homo-
clinic orbit q0 = (a0,Po) can be written as

a0(u) = ——¿-(i + 0(u ^ ¿<Y), Po(u) = + 0(u ± ¿a)7).
(u±ia)i (u±ia)i +

where we take

and

arg(r¿ + ia) e
7r 37T

2’T

arg(u — ia) G
3n 7r\
Y’ 2 ) ’

near the singularity — ia

near the singularity + ia.

r = 1 + - G Q.
q

Here we write
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We recall the definition of J given in Chapter 1:

J(x,y, t/e) = ~ 'Y^Jn{x,y)emt/e
n^O

and that J(7o(í + s), t/e) has a singularity of order at most 1. We also observe that
the perturbation h\{x,y,9) can be written as

hi(x,y,9)= ^ ai{6)xhyh.
k<\i\<K,im2

We recall that, by its definition, l, can be expressed in the form

¿ = 3i{f ~ 1) + 32r = h + (ji+h)^, (8.3.2)
where ji and ]2 are such that

ji(r - 1) + j2r = max{¿i(r - 1) + l2r : h + l2 > k , l = (l±, l2) , ai{9) ± 0}.

Now we write the Fourier’s coefficients of M(s, e) in terms of the Fourier’s coefficients of
J evaluated at 70(ti): Jn(7o(tí))- We note that, since J is only continuous with respect
to t/e, the Fourier’s series may not converge, although their Fourier’s coefficients are
well defined. However, since M(.,e) is analytic and 27re-periodic with respect to s, its
Fourier series converges and thus, we have that

M{s,e) = Y,Mn{e)éns/£

with

1

{e) = — M(s,e)e~ins/e ds.2tre Jo
Mn(e) =

We claim that we can relate the Fourier coefficients of M with the ones of J, concretely

1 /‘+00

Mn(e) =— / e~iun/£J_n(7o(tt)) du.2tre y_DO
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Indeed, by definition of M(s, e), we obtain

r2ire / r+oo

Mn(e) =
JO \J—oo
r2iTE r+oo

J(7o(í + s),t/e)dtj e ms^ ds
2^./„ e~Ín',ej('lo(u),'^j^')duds' 0 J —oo

1 r+oo r> 2ne

2ne

1

2ne

-oo

f+OO

riun/e J eÍn(u-s)/ej(7o(í/)
rmn/eJ_n(7o(u)) du.

u), ——- ) ds du

Here we have used that, since the integral

/*+oo

e-ins/ej^u^^_íyu
is absolutely convergent, we can change the order of integration.

Now, our goal is to estimate the integráis

/•+0O

-^/£J_n(7oM) du (8.3.3)

for n E Z.

We observe that, since J is a polynomial in x, y variables, near the singularities u =

±ia, Jn(7o(it)) has the form:

JnMu)) = (u ± ia)e+1

E
-oo<m<(ji+.j2)p

m>0

J±
n,{ji+h)p-m

t+J2+ l(u ± m)"
(8.3.4)

where jd and j/2 are defined in (8.3.2) and ^1+J2^p_m are coefficients which depend
on e and ¡jl.

Now we proceed to evalúate the integráis (8.3.3). We consider first the case n < 0. We
choose the path of integration T = r1vr2V...vr8as indicated in the figure:
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where b > a, p is small (obviously p < a) and R is big. Since we will play with the
dependence of T on p, we will denote the path by r(p).

Since the function J_n(7o(u))e_m“/e is analytic in the región enclosed by r(p),

í J-n(70(rt))e_mu/£ du = 0, Vp e (0,p0)
JV(p)

with po small enough. The advantage of considering these curves is that the above
integral does not depend on p. Therefore, in order to compute the dominant term of

J_„(7o(u))e-inu/e du = - J_n(l0(u))e-inu/£ du

the strategy consists on to expand the right hand side in terms of powers of p and then
to take limit when p goes to zero. The terms with negative powers of p must cancel
and the terms with positive powers of p tend to zero. Therefore we only have to take
into account the coefficients of p° in such expansión.

We begin to look for the asymptotic expression of (8.3.3). First we observe that

J.n{l0(u))e-inu/£ du+ / J_n(7o(u))e-¿nu/£ du - 0
r2 r8

and that

when R —> +00

J-n{lo{u))e inu'£ du, J_n(7o(u))e-¿™/£ du = 0(enb/£),

uniformly with respect to p. Next we will compute the integráis over the paths r5(p),
r4(p) and r6(p). For these three integráis we stay near the singularity ia, thus we can
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use the expansión of J_n(7o(u)) given in (8.3.4). For j = 4,5,6, we have that

g—inule

'rAp) (u ~ ia)/ /-„(7o(t0)e-‘"“'*du= E ^o,^)p
m<(ji+jÍ2 )p r-

+J2)p-m /_ , , „-^Er+.72+l
du. (8.3.5)

To evalúate the integráis in the right hand side of (8.3.5) we distinguish two cases:
m/q ^ N and m/q £ N.

First we deal with the case m/q ^ N:

1. Integral over r5(p). This path can be parameterized by gs(Q) = ia + pe l9 where
9 (E [0,7r]. Using the series expansión of the exponential we have that

Therefore, if ^ ^ N, the integral over T5(p) has not constant term in p. Then
the integral

-inu/e

h5(p) (u - ia) «
W+J2+ 1

du

has not contribution.

2. Integral over T4(p). This path can be parameterized by

94(0)=P~i0, 9e[-b,-a\.

Then

-inu/e

lr4(P) (u - ia) f+Í2+ l
e~pni/ee~nd/e

(p-(a + 9)if+j2+1
d9

-pni/e^nQ/e
d9.

(8.3.6)

(p+(9-a)iy+Í2+1
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We need some notation, we introduce

rb

m
0nd/e

de

m and 7? = — —
m

_ q
1 q q

a (p+(0-a)i)v+l

E (0,1). Here [.] denotes the integerwhere l = j-¿ + 1 +
part function. Integrating by parts in Ii(p) we obtain a recurrence formula for
m-

= j(,/¡ _ i) (/1-1W + 7Í-1
where

fi-ÁP) =
0na/e 0nb/e

pv+l-i (p + «(6-a))’»+í-1'

From the recurrence relation it is not difficult to prove by induction that,

1

m = E(j)
+>-V1

n\i-1 1

z-?' (77 + l - 1) • • • (77 + l - j)
1

í-iW (8-3.7)

£/ i1 {r¡ + l — 1) • • • 77
«/>),

(we observe that 77 > 0). We recall that we only have to look for the constant
terms in p of Ii(p). The contribution of the j-term in the sum (8.3.7) is

'ny'-1 1 c,nbje

.£/ [r¡ + l — 1) • • • (77 + l — j) (i(b — a))^-1 ’

Now we analyze Io(p). We observe that, since p > 0, for z > a, we have that

(8.3.8)

7T

arg(p + %{z — «))—>— when p —> 0.
¿j

Therefore, using the dominate convergence theorem

h{P) = i
J a

on0/e

(p + i(9 - a))1!
d9

rb pnQle
-7)¿7r/2 / dQí {e - a)n

when p —> 0.
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With elemental changes of variables we get

fb Pn8/e , p

/ M='Ja (0-a)v
Moreover we have that

p\ n\(b—a)/e

i-77 p\n\(b-a)/e
enaÍ£ / s-^e-8 ds.Jo

s ve s ds = T(1 — 77) + ip(e)

(8.3.9)

(8.3.10)

where T is the Gamma function and
r>+00

= s ve s ds< r

J\n\{b-a)/e V M ~ ¿0 .

\n\{b—a)/e

which is exponentially small. Using (8.3.8) and (8.3.9), we obtain that the con-
stant term in p of Ii(p) is

'■ ^ £ (7)
nv'-i 1 _enb/e

3=1

"n\l 1

i? (77 + / — 1) • ■ ■ (77 + l — j)(i(b — a))v+j-i
1-7J

,£/ i1 (77 + l — 1) • • -77 \Jrc
Clearly, by (8.3.9), the dominant term of I¿ is

T^T giwhg-W2 [p(i _ v) + ^,(e)].

I, =
(-1)' f\n\\l~1+v -rfiir/2

Íl V £ J (77 + l — 1) ■ • ■ 77
1 /ui\ 1-1+v(-1 y (\n\

6l
1_I 1 g-wr/2.

7T

r(l - 77)e-|n|“/e(l + 0{e))

1
•lnl°/e(l + 0(e)).

sin7T77 r(Z -h 77)
where we have used the formula F(1 — ?7)r(77) = 7r/ sin(777r). Thus the constant
term in p of

r p—inuje

/r4(p) (w - id) 9
+.72+ 1

IS

..ízhi fMY"I+v*^ *
£ SÍn7T77 r(l + 77)

e-H a/e(1 + 0(e)); (8.3.11)

where we recall that

— J2 + 1 +
m m m
—

77 = —

.9. q .9.
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3. Integral over IV This path can be parameterized by

g6(z) = -p + i9, 9e[a,b}.

Therefore,

p p—inuje pb ^pni/e^n6/e

Jr6(p) (u - ia) * +n+l
Thus, if we define

Mp)

du = i
/ i (ú \ ■\2^+Í2 +1

a (-p+(9-a)i)q
d9.

0pni/e

L {-p+{0 -a)i)
1+7}

d9

we have that Ji{p) = h{—p) and for rj > 0, by using the previous computations,
we obtain

™ = £ (?)
n\J-1 1

3=1

fn\l 1
+ - T

ij (rj + l - 1) • • • (r¡ + l - j)
1

fi-A-p)

e) i1 (77 + / — 1) ■ ■ • 77
Jo-

As before we calcúlate the constant term Jo of Jo(p). In this case, the argument
37Tof —p + (z — a) i belongs to (—-y, —n) and therefore,

JM = l F
pud/e pb puO/e^ •» s\ r /O I ^

p + i{9 - a))7?
d9 e7?¿37r/2

a {0-aY
d9 when p —► 0.

Consequently the constant term in p of
-inu/e

he(p) (u - ia)' Hh+í
du

ís

,(-!)' í\fifi \ pVtt-x/2.
l-l+T)

7r

sin 7777 T(/ 4- 77)
|n|a/e (1 + O(e)). (8.3.12)

Now we consider the case such that Taking into account that, ^+j2 + l 6 N,
the functions

g—inu/e

{u-ia)T+j2+1
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have a pole of order ]f+j +1- Therefore we can apply the residue theory. We consider
the integration path r'(p) given by

r'O) = r4(p) v rs(p) v r6(p) v r'7(P)

where r'7(p) is

Then

0—inu/e

h'(j>) (u - ia) f+i2+ l
du = 27uRes(/, ia)

where f(u) =
-inu/e

(u — ia) f+12+ 1
. It is not difíicult to calcúlate the following residue:

Res(/, ia) =
—m \ «

(7+J2)! V e
ena/£{l + 0(e)).

Then,

í f = 27rzRes(/, ia) — f /.
Jr4(p)vr5(p)vr6(p) J r’7(P)

It remains to estimate the integral over the path T'7(p). This curve can be parameterized
by g'7{0) — ib — pel9, 9 e [0,7r], thus

3-trm/e

/r'7(p) (u-ia)™+32+1
du = -pienb/e

0inpeie /e

Io (i(b — a) — pel9) «
ie\f+h+i

de.
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This integral goes to zero when p —> 0, therefore the constant terna in p of
r inu/e

'r4(p)vr5(p)vr6(p) (u - ia)« +J2+ 1
du

ís

27rzRes(/, ia) = 2ití-
, —+72

-%n \ «
-l«l“A(1 _|_ O(s)).

(f+j2)i v e

Now we compute the dominant term of Mn(e) for n < 0. We recall that

{ji + 32 )P£ = 32 +

and we denote

m
til +h)p til + h)p

e (0,1).

Finally, if í ^ N and n < 0, by (8.3.11) and (8.3.12) we obtain that the dominant term
of Mn{e) is

Mn(e) - ^2 J-n¡(j1+j2)p-m
oo p—inuje

■

, ■ s ^ -oo (u — ia) ®

~ S J-n,{h+h)v-m(l + 0(£))

f+h+i
du

-inu/e

fn<{h+j2)p

= -¿m i n

r4vr6 (u — ia)« +¿2+ 1
du

= — % -r¡¿iir/2 (i _
£ / SÍn7T77¿ T(¿ + 1)

And if í £ N, the dominant term of Mn(e) is
'•oo g—inu/e

^-n,(ji+j2)p-m I fn¡ _

m<{k+j)p

(1 - emt27T)(l + 0(e)). (8.3.13)

/C•C (u — ia)«+J2+1
du

D—inu/e
/ j J-n,(ji+j2)p-mti 0(e)) / \—+?2+1

m<(k+j)P Jr4vr5v76 (u - ia) 9+J2+
= _i< +0(e))' (8.3.14)
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Remark 8.3.4 We observe that the expression of Mn{e) in (8.3.13) goes to (8.3.14)
when r¡ goes to zero.

For the case n > 0, it is sufficient to observe that Mn(e) = M_n(e) and J_n¡0
Thus, iíi^N and n > 0

/+Jn,0-

Mn(s) = (-z)M
n 7r D-\n\a/e

e J smnr]¿ T(£ + 1)

and if i € N and n > 0

g-%Í7r/2^ _ erui2n )J-n,o(l + 0(£))

M„(e) = (-i)‘ (M) l.e-lnW,27rij-no(1 + 0(e)y
Consequently, for all n,

p£pMn{e) = pe^e-^Mn = peve-\n^EMn (8.3.15)

where, choosing the sign + for n < 0 and the sign — for n > 0

Mn = A^mT(e\^e-^Cí ~ ema')JÍn,„(1 + 0(£)). ifí^N
Mn = (-iY\nf^2mjfn¡0(l + O(£)), iíieN.

8.3.2 Proof of the Corollary 1.2.3

Assume the same hypotheses as Theorem 1.2.1 and the further hypothesis HP7. We
note that, if HP7 is satisfied, = Jr10 are different to zero, and then by (8.3.15)

pepM{s,e) = pe1' e~nal£(Mneins/£ + M-ne~ins,E)
n>0

= 7xe"e-a/£(Mie¿s/£ + M_ie~is/e) + peuO(e~2a/E).
Next we compute M\e%slE + M_\e~lsl£. If í ^ N

Mieis/£ + M_ie-is/£ = ¿M(e^/2(1 - e~^) Jllj0)eisle
1 - e*2*)Jto)e~is/esin^íy + 1)
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where rj¿ = £ — [£\ and, if we write JfQ = \ , and since J_10 = | Jxfi\e ld, with
|J+| > 0, we obtain

p—a/£

+^"0(e-2a/£).
We can calcúlate more explicitly this formula. We consider three cases. If £ G Q and
[£] is odd,

_ e*2ny(e-s/^ = (_!)([*]-1)/2 W2)) _ Im(e¿(e-s/£-^/2)))
= (-l)"'1-1’72 (án (» - ¡ - f) -:sin (9 - j + ^))
= —(—l)^^_1^22sin(7r?7) ^cos (d — - —

and then we get

liey
'■so

M(s,e)
's0

[1£
v+\ 7T

sin7r?7 T(£ + 1)
= /reI/+187r| J^0|T(¿+1)

where s0 and s0 are two consecutive zeros of M(s,e). Moreover,
1

Jii0|8sin(7r?7)e a^£ + fieu+10(e 2a^£)

e~al£ + fj,et/+10(e~2a/£)

|M,(s0,e)| =^v r(£+l)
e-“/£ + iiev-xO{e-2al£)

If £ G Q and {£} is even,

Re(¿Me-W2(1 _ eVi2^ei(e-s/s)j = j^^Wí-Wí)) _ Re(eí{e_s/£_í'37r/2)))

= (—l)^,/22sin(7r?7) ^sin (d — - — ?77rj j
and therefore

fI£P
■SQ

M(s,e)

|JVÍ'(so,e)|

+ í‘E‘'+1°(e'2a/I)

~f‘/e+'“^I°(tr2“/‘)
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Therefore, in the two cases, applying the formula of Theorem 1.2.1 we obtain that

+0(/j2e2u+r,/j2£l/+p+lo,ij£p+1+io)e-a/e (8.3.16)

+0{t?£2u+T~2, fx2£u+p+io~2, (¿£p-1+i0)e-a/e.

Finally, if í G N,

Mieis/s + M_ie-¿s/£ = ^({-i)l+lJZlflés/£ + ie+1J+0e~is/e)
and thus

fi£pM(s, e) = p£v2n\ J+0\^ Re(^+1e^-^)e-a/e + ^+10(e~2a/e).
And, with a similar argument to the previous ones, we deduce the formulas:

A = ^£v+l%n\Jl0\j{e-a/£ + i¿£v+10{e-2a/e)
+0{p2£2v+r, p2ev+p+io, H£p+1+io)e~a/£

Isintfl = y + ^0(e-^’)
+0(fj?£2l,+r~2, p2ev+p+i°~2, fi£p-1+io)e-a/e.

Remark 8.3.5 We note that if l is an integer, the formulae of the area and the angle
given in (8.3.16) also apply and they coincide with the last formulas explicitely computed
for i £ N.



Part II

Invariant manifolds of maps



Chapter 9

Invariant manifolds of parabolic
points in higher dimensions

9.1 Introduction

Invariant manifolds are very important objects in dynamics because they provide es-
sential information for the analysis of the dynamical structure of a system.

Invariant manifolds are associated to invariant objects, the simplest ones being fixed
points. There are many results about invariant manifolds associated to objects having
some kind of hyperbolicity [50] [51] [58].
The case of invariant objects without hyperbolic “directions” is more complicated.
The full neighborhood of the object is a central manifold. If we consider dynamical
systems generated by maps, the fact that a neighbourhood of the fixed point is a central
manifold means that all the eigenvalues of the linear part of the map at the fixed point
have modules one. The case that all eigenvalues are exactly equal to one is the most
degenerate. For two dimensional maps, this case is considered in [63] [8] [30].
Some cases in higher dimensión have been considered in [70] [26]. Such maps appear
as Poincaré maps in some problems of Celestial Mechanics [63] [70] [62] [14].
In this case (all the eigenvalues are exactly equal to one) the sets of points whose
positive iterates converge to the fixed point may be non-void. This set is invariant
by the map. We can cali it stable invariant set or stable invariant manifold in some

generalized sense. In the analogous way we can define the unstable invariant set.
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In this context, it may happen that both the stable and the unstable invariant sets are

open sets. See an example of such case in [30].
Here we will consider multidimensional maps with a fixed point with linear part equal
to the identity and we will give sufficient conditions to find stable invariants sets formed
by points such that their iterates converge to the fixed point and some projection of
them stay in a chosen set.

First we will obtain these sets as graphs of Lipschitz functions. Then we will add
analyticity hypotheses and we will obtain these sets as graphs of analytic functions.

The methods we will use in this chapter are generalizations of the ones of McGehee in
[63] where he studies a two dimensional case.

Finally we will present some simple examples to illustrate the application of the results.

9.2 Definitions and notation

We consider maps F : U C Kn+m —> R"+m of the form

( x + p(x,y) + f(x,y) \ /Q9 n
V y + Q{z,y) + g(x,y) )

where p(x, y), q(x, y) are homogeneous polynomials of degree Np, Nq respectively with
Np, Nq > 2, f(x,y), g(x,y) are differentiable functions of orders o([|(rr, t/)||Arp) and
o(||(re, y)||^) respectively, and their derivatives Df(x,y), Dg(x,y) are o(||(x,y)||JVp-1)
and o(||(:r,2/)||iV‘7-1) respectively.
Given a subset V C !n we define

Wy = {(x,y) G U : 7T1Fk(x,y) G V, k > 0, Fk(x,y) —> 0, as k —y oo} (9.2.2)

and its local versión

W'v,' (9.2.3)
= {(x, y) G U : 7r1Fk(x, y) G V fl B(0, r), k> 0, Fk(x, y) —> 0, as k —► oo}

These definitions depend on the decomposition ]Rn+m = x Rm. Particular cases are
n = 1 or m = 1. In the two dimensional case, if n = 1 and m = 1, V can be taken as

(0,r) or (—r, 0). When V = (0,r) the corresponding invariant manifold is denoted by
Ws+ in [30].
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We shall use the following two norms: if z £

z\\ = max(|2i|,..., \zk\)

and therefore, if (x,y) G En+m, ||(x,y)||

IMI2 =

max(||x||, JI2/H), and

i=i

Of course both norms are equivalent, but some sets defined through the norm will have
different shape.

Given V C K", we introduce the following notation:

V(r) = {x 6 V : ||rc||2 < r},

V^r) = {¡r/||a;||2 : x € V(r)}.

Notice that if rq < r2 then V1 (r{) C V1(r2).
Also we introduce the projectors:

7r1(x,y)=x, 7T¡{x,y)=Xi, 1 <i<n,
ir2(x,y)=y, tt2(x,y) = yjy 1 <j<m

and the following sets,

V(r,/3) = {(x,y)€R“+’": xeV(r), ||* </3|M|2},
V*(r,0) = {(x,y)€R”+m: xeV(r), ||y||2 >/J||l||2},
v+{r,p) = {(x,y) £Rn+m : (x,y) eV(r,P),\\y\\2 = p\\x\\2},

S(«) = (K,r,)€R”+m: M > a||í|j},
S,» = {(?,») €R”+”: r,i ><*11®,
Sjia) = {((,r,)6r+- m<-a||£||},

for j G {1,... ,m}. Notice that
m

S(Q) = U(S+(Q)U5-(Q)).
7=1

(9.2.4)
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9.3 The Lipschitz case

This section is devoted to prove, under suitable hypotheses, the existence of a Lipschitz
stable invariant manifold in the sense of definitions (9.2.2) and (9.2.3). We consider
maps F of the form (9.2.1).
We will assume that there exists r > 0 such that:

Hl. The polynomial p satisfies
n m

-dXípí{x,o) > Y \DxkPi(x,°)\ + Y\Dy*Pi(x’0^’
k=l ,k^i k=l

Vz G {1,..., n} and Va; G Vl(r).
H2. The polynomial q satisfies

m

Dxq(x, 0)=0 and Dv.qj(x,0) > Y I °)|,
k=l,kj^j

\/j G {1,..., m} and Va; G fd1(r).
H3. 3A > 0 such that Va; G V(r), dist(a; +p{x, 0), V(r)c) > A||a;||iVp.

We remark that in H3, dist(x, A) = infze,4 dist(a;, z) where dist(x, z) is measured with
the norm ||.||.

The main theorem of this section is:

Theorem 9.3.1 Let F : U C M.n+m —>• Mn+m be a map of class CN, N > 2, of the
form

( x\ ^ í x + p(x,y) + fix,y) \ /Qon

vvy \y + q(x,y) + g{x,y) )
where p(x,y),q(x,y) are homogeneous polynomials of degree Np and Nq respectively
(Np, Nq > 2), f(x, y) is of order o(\\(x,y)\\Nr), Df(x,y) is of order o(\\(x,y)\\Np~l),
g(x,y) is of order o(\\(x,y)\\Nq) and Dg(x,y) is of order o[\\{x^y)\\Nq~l).
Then, if there exists a convex open set V C JRn, 0 G dV and r > 0 such that the
hypotheses H1-H3 hold, Wy^T is the graph of a Lipschitz function
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Remark 9.3.2 Hypotheses H1 and H2 provide a kind of weak hyperbolicity for the
fixed points in a suitable domain,through the nonlinear terms.

Remark 9.3.3 Hypothesis H2 implies that q(x, 0) = 0.

Remark 9.3.4 An unstable manifold theorem can be obtained by considering the in-
verse map.

The rest of this section is devoted to prove Theorem 9.3.1. For that we need several
lemmas. In all of them we will assume implicitly the hypotheses of Theorem 9.3.1.

We shall use several times the following simple lemma on homogeneous functions.

Lemma 9.3.5 Let V C M" be an open set with 0 6 V, and let h : V x IRm —> R be a

homogeneous continuous function of degree N and tq > 0 such that

h(x, 0) > 0, Vx £ Vl(ro).

Let h : V x —> IR be such that h(x,y) = o(||(x, y)||^). Then 3r,/3,K > 0, such that

h(x,y) + h(x,y)>K\\x\\%, Vx G V(r), \\y\\2 < P\\x\\2.

As a consequence 3r, K > 0, such that

h(x,0)+ h(x,0) > K\\x\\2 , Vx € V(r).

Proof. Since P1(r0) is compact, by continuity there exists (5 > 0 such that h(x, y) > 0
if (x, y) € B(r0,P) = {{x,y) : x E P1(r0), ||y||2 < /?}. Also since B(r0,/3) is a compact
set there exists M > 0 such that h(x,y) > M in B(r0,/3).
If x G V(r), r < r0, ||y||2 < /3||x||2 and x ^ 0, by the homogeneity of h, we have that

h(x,y) = Ikll^í inr, iprr) > M\\x\\%.\||x||2 11X112 '

On the other hand, if r is small enough, we have

\\h{x,y)\\2 < Vx G V(r), \\y\\2 < 0\\x\\2.

Henee h(x,y) + h(x,y) > h(x,y) — \h(x,y)\ > yII^II^ which proves the lemma. ■
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Lemma 9.3.6 If r > 0 and ¡3 > 0 small enough, then V(x,y) G V(r,(3) we have that

ixlF{x,y) G V(r).

Proof. It is a consequence of hypothesis H3. Note that V(x,y) G

\\7^1F{x, y) — x — p(x, 0)|| < \\p(x1y)-p{x,0)\\ + \\f(x,y)\\
< sup \\Dyp(x,C)\\\\y\\+y\\x\\Np < (CP+ r])\\x\\Np

\m<\\y\\

with suitable C and r) depending on r0 and (3 small enough, and henee

dist(ir1F(x,y),V(r)c) > dist(a: + p(x, 0), V(r)c) — \\n1F(x,y) — x — p(x,0)||
> A\\x\\Nr-(C/3 + ri)\\x\\Nr >0

if (C(3 + 77) < A which implies that n1F(x, y) G f(r). ■

Lemma 9.3.7 There exist r,K,fi > 0 such that for all (x,y) G V(r,¡3) we have

1) \\n1DF(x, y)\\ < 1 - KWxW**’-1,

2) ||7T1P(x,í/)|| < ||z||,

Proof. 1) With the norm we are working with:
n m

Ik'r’f’ll = (E +E lA^l) ■
k=1 k=1

For i G {1,..., n} we introduce
n m

h(x,y) = DXipi(x,y)+ \DxkPi{x,y)\ + ^\DykPi(x,y)\
k=l

and

n tu

h(x,y) = J2\D*kfi(x>y)\ + J2 \Dykfi(x,y)\-
k=1 fc=l

By hypothesis Hl, for x G P^r) we have that —h(x, 0) > 0. By the hypotheses of
Theorem 9.3.1 we also have that —h(x,y) = o(|| (re, y) ||'/Vp—1).
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Then, by Lemma 9.3.5 there exist r, K,(3 such that V(x,y) G V(r,/3),

—h(x, y) - h(x, y) > ^||^||iVp_1,

and therefore

n m

\DVkFi(x>v)\ ^ 1 + h(x,y)+ h(x,y)
k=1 fc=l

< l-K\\x\\N^\

since \DXiFi(x,y) \ = 1 + DXipi(x,y) + DXifi(x,y) > 0 if r is small.

2) It follows from

||7r1T(x,y)|| < í \\7r1DF(tx,ty){x,y)\\dt < í (1 - iíT||íx||iVp_1)||(a;,y)\\ dt < ||s||
Jo Jo

if P and r are small enough. ■

Lemma 9.3.8 There exists a constant Mi such that for (x,y) G V(r,P) and for any
te [0,1],

\\x + tp(x,y) +tf(x,y))\\2 < ||x||2(l - ¿Mi||a:||^p“1).

Proof. Let (x,y) G V(r,P) and t G [0,1]. We define two auxiliary functions
2

h(x, y) = — (xTDxp(x, y)x + xTDyp(x, y)y)

ht(x,y) = 2(x,f(x,y))+t\\p + f\\l

where (.,.} denotes the euclidean scalar product. Since hypothesis Hl, implies that

DXiPi(x, 0) < - IDXkPi{x, 0)|
k^i

it follows that

2
h(x,0) = —xTDxp(x,0)x < 0,

iVp
x ^ 0.
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Moreover, since ht(x,y) = o(||(a;, t/)||iVp+1) and 0 < t < 1, by Lemma 9.3.5 there exists
P small enough and a constant M such that, if ||y||2 < /?¡|a7||2 then

h(x, y) + ht(x, y) < -M||x||fp+1.
We observe that, by Euler’s theorem, the homogeneous polynomial p can be written as

p{x, V) = jj~Dxp{x, y)x + -^-Dyp(x, y)y.
Therefore,

\\x + tp(x,y) + tf(x,y)\\l = \\x\\l + 2t(x,p{x,y) + f(x,y)) +t2\\p(x,y) + f(x,y)\\j
= \\x\\l + 2t(x,p(x,y))+tht(x,y)
= \\x\\l + th(x,y)+tht(x,y)
< \\x\\í - Mt\\x\\%p+1

and the statement holds. ■

Lemma 9.3.9 There exists a constant M2 such that for any (x,y) £ v+(r,f3) and for
any 0 < t < 1 we have

\\y + tq(x,y) + tg(x,y)\\2 > \\y\\2{l + tM2\\x\\2q~1)

Proof. Let (x, y) £ v+. We study carefully the polynomial q(x, y). By hypothesis H2,
Dxq(x, 0) = 0, therefore we have that q(x, 0) = 0. Moreover for j £ {1,... , m}

m

Qj {x,y) = yjqf {x,y)+ ykqf] (x, y)
k=l,k^j

where qf\x,y) = f* Dykqj(x,sy)ds are homogeneous polynomials of degree Nq — 1.
Therefore if we define the matrix

Q{x,y) =
\

(m) \

¿m)/
we have that

q(x,y) = Q(x, y)y



9.3 The Lipschitz case 221

On the other hand, since qf\x, 0) = Dykqj(x, 0), hypothesis H2 gives that for all
x G y1(r)

m

q(j){x, 0) > J2
k=l,k^j

By Lemma 9.3.5, there exists ¡3 > 0 and a constant K, such that, if (x,y) G V(r,P)
and for any j G {1,... , m}

m

Qj3)(x>y) — kf}(^,í/)l > K\\x\\2q~l.
k=l,k^j

Consequently, the matrix Q(x,y) verifies

vTQ(x,y)v> 0 for v^O and (x,y) G V(r,j3).

Let M > 0 be such that for all (v,£,r)) G RmxV1xlm such that ||u||2 = ||(¿;, y)||2 = 1

vTQ(£,y)v > M.

Such M exists by compactness. We define the functions

h(x,y) = 2yTQ(x,y)y
ht(x,y) = 2yTg(x,y)+t\\q(x,y) + g(x,y)\\l.

We deal with h(x,y). Taking (x,y) G v+(r, (3), since ||y||2 = /5||a7||2, we have that

h(x'v) =

> 2p2\\x\\2q+1M.
Therefore, since ht(x,y) = o(||(x,y)||^9+1) and 0 < t < 1, by Lemma 9.3.5 there exists
C such that

h{x,y) + ht(x,y) > Cp2\\x\\*q+l

if P and r are small enough. Now we compute the norm ||y + q{x,y) + g(x, y) |¡|:
\\y + tq(x,y) +tg(x,y)\\l = ||y||¡ + 2t(y, q + g) + t2\\p(x,y) + g(x, y)||¡

> \\y\\l + th(x,y)+tht(x,y)
> WvWK1 + tc\\x\\2q-1)

and the statement holds. ■
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Lemma 9.3.10 There exist r > 0 and a G (0,1] such that V(rv,y) G V(r,/3),

DF(x,y) : S(a) —> S(a).

Proof. We write

jjp _ í Id + Dxp + Dxf Dyp + Dyf \_

^ Dxq + Dxg Id + Dyq + Dyg ) '
We define the auxiliary functions

n m

= DXipi(x,y)+ Y \DxkVi{x,y)\ + OiY\DykPi(x’V)l
k=lyk^Í fc= 1

1 n m
= -Dyjqj(x,y) + -Y\DXkqj(x,y)\+ Y \DvtfAx> v)\

k=l k=l,k^j

and

n m

Qi(x,y) = Y\D^fAx'y)\ + aY\Dy«fAx>y)l
k=1 k=l

^ n m
Q2(x,y) = -Y\Dxk9j(x,y)\ + Y\Dy*gAx’y)\-a

k=1 fc=l

By hypotheses Hl and H2, since a G (0,1], we have Pi(x, 0) < 0 and P2(x, 0) < 0 for
x G Vl{r). Moreover Qi(x,y) = o(||(:r,j/)||JV'’“1) and Q2(x,y) = o(||(a;,?/)||JV«_1).
By Lemma 9.3.5 we have that J2j=i(Pj(x,y) + Qj(x,y)) < 0 for (x,y) G V{r,f3).
Let (£,77) € ¿¡"(a:) and let j G {l,...,m} be such that ||77|| = (77^|. We are going to
check that Vi G {1,..., n}

H£ + DxP£ + Dxf f + Dypi7 + Dyf r¡)i\ < \{Dxq£ + Dxg£ + 77 + Dyq77 + Dygp)j\.

By the choice of j

\r¡k\ < \Vj\ for all k G {1,... ,m},

and by the definition of S(a)

alfil < \Vj\ for all Z G {1,... , ?7.}.

Pi(x,y)

Pi{x,y)
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Using all this we obtain
n n m

® (¡ "I- Dx/pt + y ] DXkpi + y ^ DXkfi + 5>„fcPi T Dykfi) pk
k=l>k^i k=1 fc=l

Vj T Dy^qj r¡j + DXkqj + DXkgj) ^ ^ Dykqj pk + ^ ] Dykgj pk
k=i k=l,k^j k=1

< a|^|(l + DXip¿) + Q! ]T psfcPill^fcl+a^P*fc/i| l^fcl
fc=i

+ a¿(IA/fc:p¿l + IA,J¿I)M - (1 + Dviqj)\vj I
*:=i

n m m

+ ^ T l-^ifc^iDl^fcl T ^ T ^ ] lA^I l^fcl
fc=i k=l,k^j k=1

< (l + -DxJ?i)+ ^ lAcfePt| + lA:fc/i| + ^y^d-PyfePil + \Dykfi\)
k=l,k^i k=1 fc=l

^ n m m
— (1 T Dyjqj) + — y '(\DXkqj \ + \DXkgj\) + y ] \Dykqj\ + y ] |^j/fcS'jI

A:=l,fc^i7fe=i k=1

= ¿(-Pjfc^.S/) + Qfc(®.y)) hil < 0-
fc=l

Then for allí 6 {1,... , n}

a\n¡[DF(x,y)(£,p)T]\ < \'K2[DF{x,y){Í,p)T}\ < \\n2[DF{x, y)(£, p)T] ||

Lemma 9.3.11 Ifr,(3> 0 are small enough, (x,y) £ V(r,/3) and £ £ S(a) we have
that

\\/K2DF~1(x,y)(\\ < ||7t2£||.

Proof. It is clear that F is locally invertible in a neighbourhood of the origin and that
F_1 is defined in a set of the form V(r,(3). Moreover F_1 and FF_1 can be written as

F-i. ( x A ^ f x~ p(x> v) + f(x> y) \
\y ) \ y~Q(x,y)+g(x,y) )
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and

DF-i = (Id - Dxp + Dxf -Dyp + Dyf \
\ ~Dxq + Dxg Id - Dyq + Dyg )

with f{x,y) = o(||(x)y)||7Vp), g(x,y) = o(||(x,y)^), Df(x,y) = o(||(¿n,S/)|[7Vp_1) and
Dg(x, y) = o(||(2;, y) ||Ar^—1)- Given j E {1,..., m} we define the auxiliary functions

Pj(x,y) = -Dyjq3(x,y) + ~Y^\DXkqj(x,y)\ + ^ \Dykq3(x,y)\
k=1 k=l ,kj£j

and

-j n m
Qj(x, y) = - J2\Dxk9j(x,y)\ +^2\Dykgj(x,y)\.

k=l k=1

By hypothesis H2 we have
m

Pj(x, 0) = -Dytfix, 0) + Y1 I DvkVÁx> 0)1 < 0
k=l,k¿j

and henee, by Lemma 9.3.5, there exist r, and K such that

Pj(x,y) + Qj(x,y) < —

for (x,y) E V(r,@). Let £ = (£,77) E S(a). We have

|7r|L>F_1(a;,y)C|
n m m

^{~DXkq3 + DXkg3)Ík + r¡3 - Dyjq3 r]3 - ^ Dykq3 Vk + Yl Dy^i Vk
k=1

n

k=l,k^=j k=1

— ^ '(\DxkQj \ "b + |1 Dyjqj| \r)j\ + ^ ' \Dykq3\ \r)k\
k= l1ky£jk=1

<

+£l*yjj\ \Vk\
k=1

■t rt m

-^Zi\Dxkqj\ + \Dxkgj\)\\v\\ + (1 - Dyjqj)M + \Dy&\INI
k=1

m

k=l,k¿j

+ '52\dvM ini
fc=1

< 0- + Pj(x,y) + Qj(x,y))\\v\\
< (i - K\\xf^)\\v\\ <



9.3 The Lipschitz case 225

Lemma 9.3.12 Let j € {1,... ,m}, G Sj~(a) and Ci > O, 1 < i < l, with l > 1.
Then

i

;>>«•,-í) es».
i=1

The same is true for Sf(a).

Proof. For Sh (a) it follows immediately from
i i i

i=1 i=1 i=1

and for S~(a)üom
i i i

i=1 i=1 i=l

Lemma 9.3.13 Let r and ¡3 be small enough. Let z1,z2 G V(r,¡3) be two different
points such that z2 — z1 G S(a). Then, if a > y/ñ/3,

z1 + t(z2 — zl) G V(r, ¡3) for all t G [0,1].

Proof. We put zl = {xl,y'1) for i = 1,2. Since, by hypothesis, V is convex, we must
see that for all í G [0,1]

h1 + t(y2 - yl)h < PWx1 + t{x2 - z1)^.
We note that, if a > ¡3y/ñ,

lly1 - y2\\2 > |\yl - y2II > «ll^1 - x2\\ > ~^=\\xl - %2h > P\\xl ~ x2h• (9.3.2)
v n

We claim that

P2{x\x2)-(y\y2)> 0. (9.3.3)
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Indeed, by (9.3.2)

P2(x\x2)-(y\y2) =

>

>

P2\ [(W^Wl + W^Wl- Wx1 -x2\\l)
— (Ily‘112 + lly2!!! — lly1 — y2lll)]

\ Wly1 -y2\\l~ 02\\xl -AH]
o.

Then, using (9.3.3) as well as that z1, z2 G V(r,/3), we have that

P2\W + t(x2 - x'M - Ib1 + t(y2 - y1)lll = t2{(32\\x2\\22 - \\y2\\22)
+ (1 - t)2{p2\\xl\\2 - I\yl\\l) + 2í(l - t){(32(x\x2) - (y1,y2))
> 0

as we wanted. ■

Lemma 9.3.14 Let r and ¡3 be small enough. Let zl,z2 G V(r,/3) be different points
such that z2 — z1 G S(a) and F(z2), F(z1) G V(r,j3). Then

1) F(z2) - F(z') 6 5(a),

^||7r2(F(z2)-F(^))||>||7r2(^-^)||.

Proof. By Lemma 9.3.13, z1 4- t(z2 — z1) G V(r,P), then since DF is continuous we
write

F(z2) — F(z1) = í DF{zl +t(z2 — z1))(z2 — zl)dt
Jo

lim V -DF(z1 + -{z2 - zl)){z2 - zl).
n-MYi < n v n v '' v 'n—>oo ' n

k=0

From (9.2.4) there exists j such that z2 — z1 G SJ(a) U (a). We suppose that
z2 — z1 G (a), the other case being analogous. By Lemma 9.3.12

¿ ii9F(V + ^(z2 - z1)^ (z2 - z1) G S+(a) C S(a)
k=0 71 U

for all n G N and henee the limit when n —> oo has to belong to S(a) = S(a).
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To deal with the second property, we observe that, since F[z1), F(z2) e V(r,/3) and
as we have already seen in 1), F(z2) — F(z1) 6 S(a), henee by Lemma 9.3.13 applied
to F(zx), F(z2), the segment

m = (1 - t)F{zl) + tF(z2) e V(r, p), te [0,1],

By the mean valué theorem, Lemma 9.3.11 and the definition of i/j, we have that

¡|7T2(^2 — ZX)|| = 117T2 O F-1 O 1p{\) — 7T2 O F~l O -0(0) ||

< f \\(ir2 o F-1 oi¡j)'(t)\\dt

7r2DF~1('ip(t))'ipl(£)|| dt

tt20,(í))|| dt

= ||i2(F(z2)-JF(z1))||
and the statement holds. ■

We will use a little bit of degree theory. See [59] for details. We denote by d(f,D,p)
the degree of / at p relative to D. We recall that if d(f, D,p) ^ 0, then p e f{D).
We recall that two functions f,g G C°(D) are homotopic if there exists a continuous
function H : [0,1] x D —> R" such that H(0,.) = / and H(1,.) = g. We say that H is
a homotopy from / to g.

Proposition 9.3.15 Let f,g : D c Rn —> Rn be two continuous maps. If there exists
a homotopy H : [0,1] x D —> Mn from f to g and

p ^ H(t,dD) for all t e [0,1]
then

d{f,D,p) = d(g,D,p).

We consider the set of m dimensional manifolds defined as follows: let V be an open
neighbourhood of V(r, /3)\{(0,0)} such that

V fl {x = 0} = 0.
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Below D™ will denote an open set of Rm, such that 0 G D™ and that D™ is home-
omorphic to a closed ball. Therefore dD™ will be homeomorphic to a sphere. Given
7 : D™ -> Vwe will denote by T the image of 7, i.e. 7(D™). At some places we will
identify 7 with T.

Let

H(a)
= (7 : D? -> V : 7 e C\ TZT C S(a) Vz G T n V(r,0), 7(dD™) C (V(r,P))c}.

We note that the condition TZY C S(a) implies that T fl V(r,j3) can be expressed as a
graph of a function -0 : 7r2(r fl K(r,/?))—> R2, in the form

r = {(V’(y).2/); y e rn V(r,¡3)}

and

\W{y)\\ < (9.3.4)
a

This is easily seen because if v G Rm\{0} we have that t 1—> (ip(y + tv),y + tv) is a
curve in T and henee its derivative at t = 0, (Dip(y)v,v) belongs to T^y^y)T C S(a)
and then

||n|| > a\\Dtp(y)v\\

which proves (9.3.4).
Our goal is to itérate manifolds of H(o¿) by F. A subtle and delicate point is to
check that the iterates remain non-void. When m = 1 this is a simple consequence of
Bolzano’s theorem, but if m > 1 we are forced to apply degree theory. This motivates
in part the definition of H(a).

Lemma 9.3.16 If (3 < a/y/ñ, we have that ifVE H(a) then

F{r)nV(r,P) € H{a).

Proof. We perform the change of variables C defined by
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which transform the cone-like domain V(r, ¡3) to the cylinder-like domain

V(r,/3) = {(x,v) E Rn+m : x E V(r), ||u||2 < /?}.

This change is a diffeomorphism when restricted to V(r,(3)\{x = 0}. Indeed if (x,y) E
V(r,/3) then x ^ 0, and we can write the inverse explicitly as

(x,y) i-> (x,v = F^r)V \\x\\2J

Note that x i—> ||x||2 is C1 except at x = 0.

In these new variables F is expressed as F = C~l o F o C with

7T1F(x, V)

7T2F(x, V)

7v1F(x, n||rr||2)

tt2F(x,v\\x\\2)

x + p{x,v\\x\\2) + f(x,v\\x\\2)
v\\x\\2 + q(x,v\\x\\2) + g(x,v\\x\\2)
\\x + p(x,v\\x\\2) + f(x,v\\x\\2)\\2 '

If r E H(a), we denote by T the image of T by this change of variables, i.e. T = C 1 (T).
We claim that T can also be represented as a graph of a function ip. Indeed, if

r = {(i>(y),v) ■ y e A¿},

then

r = 4>(y), mv)b
■ y £

Now, we are going to check that

X : y •->
y

U(y)h

is a diffeomorphism. First note that i¡) ^ 0 and then it is well defined and C1. Now we

prove that X is one to one. If yi, y2 £ D^ and X{yi) = X(y2) we can write

yi [U(y2)h - \\ip(yi)h\ + (yi - y2)U(yi)h = 0

and then, if we assume that y\ ^ y2

U{y2)h - H{yi)h
= HV'ü/Qlh

\\y1-y2h \\yih (9.3.6)
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By (9.3.4)

11-0(^)112 - ||'0(j/l) 112 < 11-0(1/2) -^{yi)h < i
\\y\-y2W2 - llz/1 - 2/2II2

and by the fact that (^(yi), ?/i) G V(r,P)

U{yi)h > _1
IMh “ P'

Putting these two last bounds in (9.3.6) we obtain

1 1

P ~ a

which gives a contradiction.

Next we prove that X is a C1 diffeomorphism. Since we already know that it is one to
one we only have to check that DX(y) is invertible. We compute

DX(y)
1

U(y)h
1

¥hM¡

Id-y
1

llalli
y

{fp(y),Dip(y))

Id-..*.. ’Wiy)) ■U(y)h NlhWlh VJ
Since |M|2/|My)||2 £ P-, \\Di¡j{y)\\ < 1/a and P < a we immediately see that DX(y)
is invertible.

Therefore

f = {(#(r1(.)),ti):»eA;(j)í)(.

We cali ip = i>oX~x.
Now we look at the image of T = graph-0 by F. First we prove that n2F o (íj(y),y)
covers

0) = {y € R“ : ||t/¡| < /?}.

For this we will use degree theory. Let

A^)h + tq(i)(v),v\\x\\2) +tg(i¡{v), u||0(u)|l2)
\\4>(v) + tp(4>(v), v||ar||2) + tf$(v), v\\ip(v) ||2)||2
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be a homotopy from the identity to ir2F o ('ip(y),y). Let v0 G B™(0). If v0 G dB™(0)
then (V>(y),y) G dV(r,fi) and by the conclusions of Lemmas 9.3.8 and 9.3.9 translated
to F we deduce that

vo^H(t,dB^(0))

and henee from Proposition 9.3.15 we get that

d(n2F o (V¡, Id), B$(0), v0) = d(ld,Bp(0)tv0) = 1.

Going back to the variables (x,y) we obtain that F(T) is the image of

7l = Fo7 = Co (C~l oFoC)o (C-1 o1) = CoFo (C~l o 7).

We will need to restrict the domain D1 to D7l so that

V<€£>7,, F7«)eV.

Therefore we also obtain that

F(aDJt)c(V(r,í3)r.

Finally the fact that

T,(F(T)) C S(a)

for all z G F(T) D V{r,(3) comes from Lemma 9.3.14. ■

With the previous lemmas we can prove Theorem 9.3.1, that is the existence of a

Lipschitz manifold.

Proof of the Theorem 9.3.1. Given T G H(a) we define the sequence

r0 = r,
rfc = fc > i.

By Lemma 9.3.16 all the elements of this sequence belong to H(a). We introduce
Ik = F~k(rk). We claim that (Ik)k is a nested sequence of nonempty compact sets.
Indeed:

h = r‘(F(r„) n v(r,/?)) c r‘(F(rH)) =
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The fact that Ik are nonempty comes from Lemma 9.3.16. Henee P)fc>0/fe ^ Next
we will prove that p|fc>0 -^fc reduces to a point. For that we consider a particular sort
of initial r0. Given x° £ V we define T = r0 by

r :
x = x°

I\yh < PWAW
It is clear that T € H(a) and that VT1, z2 £ To, z2 — z1 £ S(a).
Assume that there exist ¿V2 e a>„4- Then Fk{z1),Ft(¿2) € V(r,0), VA > 0.
By Lemma 9.3.7 we have that ||7ri(F'A:(z1))|| is a strictly decreasing sequence of real
numbers. Therefore it has a limit which must be 0. Moreover, for all k, ||7r2(i7'fc(z1))|| <
P\\n1(Fk(z1))\\, so that n2(Fk(z1)) also goes to 0. The same happens to n2(Fk(z2)).
Applying Lemma 9.3.14 iteratively we get

\\v2{Fk{z2)-Fk{z'))\\>\\'K2{zí-z2)\\.
Taking the limit when k —> oo we obtain 7t2(2:2) = 7t2(z1). Also, since z2 — z1 £ S(a),
we have that tt1(z2) = 7rl{zl) and z2 = z1. Therefore f]k>QIk is a point and has the
form (x°, y°). Furthermore

H Ik =m {{x,y) £ Kn+m : lim Fk(z) = 0, Fk{z) £ V{r,P), k > 0}.1 1 fe—>oo
fc> 0

We define ip by <p(x°) = y°. The graph of <p is the invariant manifold we looked for.
Now it remains to be proved that <p is Lipschitz. If we assume that Lip ip is not smaller
than a, there would exist two different points xx,x2 G V(r,P) such that

lk(z2) -</?(z1)ll ^

Applying Lemma 9.3.14 iteratively we have

\\'K2{Fk{x2^{x2))-Fk{x\^)))\\ > Mx2) - y>{xl)\\ >a||*2-:r1||.
Since (z1, (^(z1)) and (z2,<¿?(z2)) belong to the stable manifold

lim 7r2 (Fk(x2, <p(x2)) — Fk(x1, ^(z1))) = 0fe-+oo v '

and henee we deduce that x2 = x1, which is a contradiction. Therefore (p is Lipschitz
with Lip <p < a. ■

Remark 9.3.17 From the fact that we can take a as small as we want if we take r
small enough, we get that <p has an arbitrarily small Lipschitz constant in a sufficiently
small neighbourhood of the origin. Therefore ip is differentiable át 0 and Dip(0) = 0.
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9.4 The analytic case

In this Section we shall prove that if F is analytic <p is also analytic in a suitable
domain. We consider F defined in an open set of Cn+m. We introduce the following
notation: if x G Cn

||Rex|| = max(| Rexi|,..., | Rexn|),
||Imx|| = max(| Imxi|,..., | Imxn|),

||x|| = max(|xi|,..., |x„|).

Given 7, r > 0 we define

íi(7) = {x G Cn : Rex G V(r), || Imx|| < y|| Rex||}.

We will need that the set 0(7) to be invariant. In fact, we only need that there exists
a invariant set contained in Í2(7). A sufficient condition for that is:

H4 For alH, l G {1,... , n} and for all x G Vl{r),

Np(^DXipi(x, 0) + \DxkPi{x,0)\) < DXlpi{x,0) + \DxkPi(x,0)\.
k=l}k^i k=l,ky^l

Theorem 9.4.1 Let F defined as in (9.3.1). Assume that the hypotheses H1-H3 hold
for x G ^(7) flMn and that H5 holds in 0(<5) (or more generally that Í2(<5) is invariant
by 7r1F(.,0)J. Then, the map p obtained in Theorem 9.3.1 is analytic in V(r).

The following estimate will be required.

Proposition 9.4.2 There exist r, 7, /3 > 0 such that

1) if x £ 0(7), and ||y|| < ¡3\\x\\ then 7rlF(x,y) G ^(7),

2) ifx £ and ||y|| = (3\\x\\ then ||7r2F(x,y) - y\\ < \\y\\,

3) ifx G 0(7), and ||y|| = f3\\x\\ then ¡3\\7v1F(x,y)\\ < \\n2F(x,y)\\.
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Proof. 1) Let x £ 0(7). We write x = x\ + ix2 with Xi,x2 £ Rn and

p(x,0) = p1(x1,x2) + ip2(x1,x2), p1(x1,x2),p2(x1,x2) £ Rn

We want to see that there exists a constant B such that

\\x2 +P2(XUX2)\\ - 7||xi +p1(x1,x2)W < -B\\x\\Np.
Since p2(xi,0) = 0, we have that

P2(xi,x2)= / DX2p2(xi, sx2)x2 ds
Jo

Moreover, since p1 is a vector of homogeneous polynomials, by Euler’s theorem
1 1

pl{xi,x2) = -^DXlp1(x1,x2)x1 + —DX2p1(xi,x2)x2.
Also, since p(x, 0) is analytic, by the Cauchy-Riemann equations, we have that

Dxipl{xux2) = DX2p2(xi,x2)
DxJPl(x\,x2) = -DXlp2(x1,x2).

We observe that, since p2(x1,0) = 0, by (9.4.3)

DX2pl{xx, 0) = -DXíp2(xi,Qt) = 0.

(9.4.1)

(9.4.2)
(9.4.3)

We denote

C{x1,^2) ^2)S)l<i,j<n ~ I &X2P
Jo

A(xux2) = {.<kj(xi,x2))i<ij<„ = —DXlp1(x1,x2)

B{x i,x2) = {bij(xl,x2))1<Í!j<n = ^-DX2p1(x1,x2)
and we note that, by (9.4.2) and (9.4.4)

C(xu 0) = DX2p2{xi, 0) = DXlpl(xi, 0) = NpA(x1,0)
B(x i,0) = 0.

Let x £ 0(7) be such that Ua^H < Tll^ill- Then

\\x2+p2(xux2)\\ = ||(Id+C(xi,x2))®2|| < ||®2||||Id+C,(a;i,a;2)||
< 7||xi|||| Id+C(xi,x2)||

(9.4.4)

(9.4.5)

(9.4.6)

(9.4.7)

(9.4.8)
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and, by (9.4.1)

\\xx+p1(xux2)\\ = \\(ld+A(x1,x2))xl +B(x1,x2)x2\\
> 11^1 II(1 - P(^i,a:2)|| -711-6(^1,^2)11)-

Since that in the norm we are working with, the operator norm is the máximum over
the íl norm of rows, there exist i,l £ {1,... , n} such that

||A(a;1,X2)|| = \au(x1,x2)\+ ^ \aij(x1,x2)\
k=l}k^i

|| Id +C(xu m2)|| = 1 + cu(x1,x2) + ^2 \cij{xi,x2)\.
k~lyk^l

Then

\\x2+P2(xi,X2)\\-^\\x1+P1(x1,X2)\\
< 7||^i||(|| Id+^(2:1,2:2)11 - 1 + 11^(2:1,2:2)11 +7||5(xi,a:2)||)
= 7||mi|| (^QZ(mi, rc2) + ^2 \cij(xi,x2)\ - \aü(x1,x2)\

k=l,k^l

- ^2 ^2)| +7ll-6(2:i,2:2)||)
fc=l,fc/i

and it is negative if and only if the functions

hH(x1,X2) = Cii(x1}x2)+ ^2 \clj(xlix2)\ — Wii{xi,x2)\
k— lyk^l

- +7||-6(2:i,2:2)||
k=l,k^i

are negative. We observe that, by (9.4.8)

hu(xi,0) = Np(au(x1,0)+ ^2 \aij{xii 0)|)
k=l,k^l

— \a-n(xu 0)1 — ^2 la»j(a;i>0)l
k=X}k^i

and by hypotheses H4 hu(x1,0) < 0. Thus, by Lemma 9.3.5 there exist 7 > 0 sma.11
enough and a constant B such that

|/hi(2h,2:2)| < -2B\\x\\Np 1
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if H^ll < 7||xi||. Thus, for all x G ü(j) with 7 small enough, we have

\\x2 +P2(x1,X2)\\ - 711^1 +í?1(;ri)^2)|| < ~B^\\x\\Np.
Let ¡3 > 0 be small enough such that for all x G 0(7) and ||t/|| < (3\\x\\ we have that

B
\\lmp(x,y)-p2(x1,x2)\\ < \\Dylmp\\\\y\\ <-fj\\x\\N^
\\Rep{x,y)-p1(x1,x2)\\ < \\Dy Rep||||j/|| < 7j\\x\\Np. (9.4.9)

On the other hand there exists r > 0 such that if ||x|| < r and ||y|| < ¡3\\x\\,

II Re/(a?, j/)|| < 7^ll®l|Wp (9.4.10)
\\lmf(x,y)\\ < /y~^\\x\\Np-

We have that

Re 'k1F{x, y) = Re(z + p(x, 0)) + Re(p(z, y) - p(x, 0)) + Re(f(x, y))
by (9.4.9) and (9.4.10)

30
¡Re(p(x,y) -p(x,0)) + Re(f(x,y))¡ < TylMI^

and then, if 7 is small, by H3, Ren1F(x,y) G V(r).

Moreover,

|| lm(n1F(x,y))|| - 7|| Re(7r1F(x,y))|| < \\x2 + p2(x1,x2)\\ — 7ll®i + PX(^i,^2)||
+ ||p2(xi,x2) - lmp(x,y)\\ + j\\pl(x1,x2) - Rep(x,?/)||
+ \\Imf(x,y)\\ +7|| Ref(x,y)\\

< -B7bir- + B (i + §) h + -T2)INir- < -7§ ¡Mf'
which implies that 7r1F(x,y) G ^(7).

2) We let x G ^(7) and ||t/|| = (3\\x\\, Let j G {1,... ,m} be such that \yj\ = ||y||. Then
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if r is such that KrN 1 < ¡3.

3) We fix j G {1,..., m}. Since DXkqj(x, 0) = 0, 1 < k < n, we have that q(x, 0) = 0
and

m

Qj (x> y) = yjQjj)& y) + Y ykyf] (%, y)
k=l,k^j

where qf\x,y) = Jg DVkqj(x, sy) ds, 1 < k < m, are homogeneous polynomials of
degree Nq — 1. Clearly

Dykqj(x, 0) = qjj\x, 0) 1 < k < m.

If we restrict us to Rn+m, by hypotheses H2 we have that for x G V(r),

m

Dy.qj(x,0) > Y \DvkQÁx>Q)\ > 0.
k=l,kjíj

Henee

m

0)> Y \qjk\x, 0)| > 0. (9.4.11)
k=l,k^j

Now let (x,y) G Cn+m be such that x G íl(7) and ||y|| < (3\\x\\. In order to apply
Lemma 9.3.5, we consider q^ as maps of the form q^ : b(r)xlnxMm x]Rm -> Mxl,
depending on the real and the imaginary parts of x and y. Then

Re(q^(Rex, 0,0,0)) = q^(Rex} 0,0,0)
m

> Y i^fc)(Re;r>o>o.o)i-
k=l,k^éj

There exist 7,¡3,K > 0 such that if, || Imx|| < 7|| Rex|| and \\y\\ < P\\x\\,

m

Re(qj(x,y)) - Y ^ ^i|| RexH^-1 > K2\\x\\N<1-1.
k=l,k^j
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Now we bound \K2jF{x,y)\, with x £ ^(7), and \yj\ = (3\\x\\

\rfF(x,y) | = \yj+qj(x,y)+gj(x,y)\
m

= Iyj + yjQjj) (z, y) + ykqf] (x’
k=l,kjíj

m

> \yj\(\1 + Qj,)(x>y)\- \qjk}(x’y)\) ~ \9Áx^y)\
k=l,k^j

m

> \yj\(l + Re(q(J\x,y)) - \qf\x,y)\} - \gj(x,y)\
> |2/¿I(H-K1MIJV,~1) - \9j(x,y)\ > \yj\

if r is small enough since gj(x,y) = o(||(x, y)!!^9).
Now we claim that if ¡3 and 7 are small then \\irlF(x,y)\\ < ||x||. Indeed, by Euler’s
theorem,

p(x, y) = -^-Dxp(x, y)x + -^-Dyp(x, y)y.
We denote

Á(x,y) = (dp(x,y))¿j = -^-Dxp(x,y)
B{x,y) = (bij(x,y))itj = -^-Dyp(x,y).

By hypothesis Hl, there exists a constant K such that, for i £ {1,... ,n} and for
X £ Q(j) n Rn

n

Reaj¿(x,0)+ ^ | Reñp-(x, 0)| < — if||2;||iVp~1.

Therefore, by Lemma 9.3.5, there exist 7 and (3 small enough such that if || Imx|| <
7|| Rex|| and ||y|| < P\\x\\, then

n

Reüü(x,y)+ ^2 | Rea¿,(x,y)| < -R'||x||iVp'"1. (9.4.12)
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We consider the functions = (ah, ah) : V x Rn x Rm x Rm —> IR2 defined by

ah (Rere, Ima:, Rey, Imy) = Redij(x,y),
a2 (Rex, Ima;, Re?/, Imy) = lmáij(x,y).

Then

a,ij(Rex, 0,0,0) = (Re d/,-(Rea;, 0), 0).

We denote v = (Imi, Rey, Imy), and we recall that ||ü|| < <5||a;|| = max{/d,7}||:r||.
There exists a constant K such that

| lmáij(x, y)\ = |ah(Rea:,n)| < í \Dva¡j(Rex, st))|||n||ds < <5Rr||a;||iVp-1. (9.4.13)Jo

Let i 6 {1,... , n} be such that

n

\\Id+Á(x,y)\\ = \l + átí(x,y)\+ Y \ai:j{x,y)\

then, by (9.4.12) and (9.4.13)

|| Id +Á(x,y) || = |1 + áa(x,y)\ + Y \ñij{x,y)\
j=

= [(1 + Redu(x,y))2 + (Imda(x,y))2}1/2
n

+ Y [(R-ea¿j(rr, y))2 + (Imd¿¿(:r, J/))2]1/2
< [(1 + Red¿¿(z, y))2 + d2C2||z||2iVp~2]h/2

+ Y, [(Red¿j(x,y))2 + <S2C'2||a;||2;Vp~2]1//2
n

< 1 + Reaü(x,y) + <5C'||x||iVp_1 + Y, I Red¿j(x,y)| + <5C'||:r||iVp-1
1=1
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Moreover, it is clear that \\B(x, y)|| ||y|| < K0p\\x\\Np and since, f(x,y) = o(|J (rr, y)||7Vp),
there exists r small enough such that \\f(x,y)\\ < yU^H^. We bound \\7r1F(x,y)\\,

irlF(x,y)\\ = \\x + p(x,y) + f(x,y)\\
< || Id+A(x,y)||||x|| + ||¿?(a:,y)||||2/|| + \\f(x>v)\\
< (i -(k- ¿cjiixii^-'jiixii+Elixir»+fiixir-
< \\x\\-(K-8C-PK0-j)\\x\\Nr
< INI

if 5 is small enough.

As before the take x G ^(7), x 0, and \yj\ = /3||a;||. We can bound the expression
\rfF(x,y)\ — (3\\n1F(x, y)||:

rfF(x,y)\ - ¡3\\TTlF(x,y)\\ =

>

\yj + qj(x,y)+gj{x,y)\

-j4\\x + p(x,y) + f(x,y)\\IFII

¡Vil ~ l%lB = 0

which proves 3). ■

We also will need a multidimensional versión of the classical Rouche’s theorem. First
we recall the definitions of Índex and multiplicity.

Definition 9.4.3 Let D C C" be an open set and let f G Lt{D) be a holomorphic
function. Let Xq be an isolated solution of f{x0) = p.

(1) We define the índex of Xq as i(f,x0,p) = d(f,U,p) where U is a neighborhood of
Xq which does not contain any solution of f(x) =p different from xq.

(2) We define the multiplicity of xq as ap-point of f as i(f,xo,p). We say that Xq is
simple if its multiplicity is 1.

The following theorem can be found in [59].
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Theorem 9.4.4 (Rouche’s theorem) Let D be a bounded, open set in Cn. Suppose that
f,g £ H(D) are such that ||g(2:)|| < ||/(^) || for all z £ dD. Then f has finitely many
zeros in D, and, counting multiplicity, f and f + g have the same number of zeros in
D.

In particular, if f has a unique zero in D of multiplicity one, f + g also has a unique
zero in D.

We define the set of functions

H = {h : 0(7) —> Cm : real analytic in íl, ||h(x)|| < /3||:r||}.
and also the sets

A° = {(®>y)GCBxCm:®€ÍÍ(7)>IMI<«},
A = {(l,S)£Cxr:l£Ü(i

D(xq) = {z £ Cn : \\z\\ < ^||x0||}-
where x0 £ 0(7).
For £0 £ 0(7), y £ D(x0) and h e H, we define

H(x0,y) = 7T2F(x0,y) - h{'K1F{x0,y))
and we want to solve H(x0, y) = 0 with respect to y. The interpretation of H(x0,y) = 0
is that, if we solve y = y*(x0), graphy* is the preimage by F of graphh. Notice that
if x0 £ Q(8) and y £ D(x0), H is well defined and analytic in A°. Let us see that
H(xo,y) = 0 has a unique solution in D(:r0). Indeed, by Lemma 9.4.2, if x0 £ ^(7)
and ||?/|| = P\\x0\\ then

||7r2F(2;o,y) - y\\ < \\y\\.
Therefore by Rouché’s theorem, the functions y and 7r2F(x0, y) (as functions of y) have
the same number of zeros in D(x0). Since the first function is the identity they have a

unique zero.

On the other hand, if ||y|| = /3||x0||, by Lemma 9.4.2 we have that

P\\tt1F(xo, y)|| < \\n2F(xo,y)\\
and henee

\\H(x0,y)-7T2F(x0,y)\\ = {{h^Fix0,y))||
< P\\'KlF{xQ,y)\\
< \\tt2F(xq, y)||
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and again by Rouché’s theorem, H has a unique zero in D(xq) which we denote by
y*(aro)- Clearly ||í/*(ar0)|| < PW^oW-
By the implicit function theorem, since this zero is unique, it depends analytically with
respect to xq. Henee we can define the map T : Ti —> 7i by

Fh{x) = y*(x)

where y*{x) such that H(x,y*(x)) = 0 for all x G 0(<5).
Since H is real analytic and the solution y{x) is unique it must be real analytic.
Otherwise the conjúgate would be another solution on D(x) we have proved that T
sends Ti into Tí

Furthermore by construction we have

F(graph(Jrh)) C graph(h)

and if 0 < m < n

Fm(graph(.Fnh)) C graph(F'^h) G A.

Given h0 G H we define the sequence hn = J^ho G A. Since hn G Ti the sequence
is uniformly bounded and, by Montel’s theorem, it has a subsequence convergent to
some function h G Tí. To check that Fm(graph(h)) G A, we shall assume the contrary,
that is, that there exist m > 0 and iGÍl such that Fm(graph(h)) ^ A. Since Fm is
continuous there exists e > 0 such that if ||y — h(x)|| < e then Fm(x,y) ^ A, but for
n > m big enough ||hn(:r) — /i(x)|| < e, and this would imply Fm(x, hn(x)) ^ A which
is a contradiction. Henee

Tm(graph(/i)) G A, Vm G N.

If x G O fl E" = V we have, if ¡3 is small enough, that

graphh\V C WyT n{i/G : ||y|| < /3||^||}
c W‘Vr n {í, e R™ : IIj/II, < Vñ^||i||2}
= graph (p.

Therefore, h\y = <p which implies that ip is a real analytic function.
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9.5 Example 1

A simple example of application of the above theorem is the map F : M2+1 —»
R2+1defined by

/ X \ / x - x3 + 3xy2 + fi(x,y,z) \
I 2/ J |-M V + y3 ~ ^2y + f2{x,y, z)
\z ) \ z + q(x,y,z)+g(x,y,z) /

where q(x,y,z) is an homogeneous polynomial of degree 3, /i, f2 and g have order 4
and their derivatives have order 3. Let

V(r) = {(x,y) GR2; xE (0,r), 4|y| < |z|}.

We assume that q(x, y, z) — zq(x, y, z) and q(x, y, 0) > 0 on

Vl(r) = {(x,y)/\\(x,y)\\2 : (x,y) E V(r)}.

Below we will check that F satisfies the hypotheses of Theorem 9.4.1. Therefore there
exists a stable invariant manifold of the origin given by the graph of an analytic function
(p : V(r) —> IR. Next we check the hypotheses of the theorem.

Let

We have

( Pi(x,y,z) \
= / —x3 + 3xy2 \

V P2(x,y,z) ) \ y3- 3yx2 )

Dp(x, y, z)
—3x2 + 3y2

—6xy
6xy

3y2 — 3x2
0

0

The conditions of hypothesis H1 read 3x2 — 3y2 > |6xy| for (x,y) E E1(r) (the condi-
tions for pi and P2 coincide). The condition is equivalent to

1-2y2 > \2y\/l - y2\ for y < 1/VlT

which is easy to verify that it holds.

Since Dxq(x, y, z) = zDxq(x, y, z) we have that Dxq(x, y, 0) = 0 and Dyq(x, y, 0) = 0.
Also Dzq(x, y, 0) = q(x, y,0) > 0 which implies the second condition of H2.
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Now we deal with H3. We have to prove that 3A > 0 such that if (x,y) £ V(r)
dist(7rxF(a;, y, 0), V(r)c) > A\(x,y)\3 = Ax3. We estímate the distances of n1F(x, y, 0)
to the three parts of dV(r) :

{{x,y) : x — 4y = 0, 0 < x < r}
{(x,y) : rr + 4?/ = 0, 0 < x < r} and
{(x,y) : x = r, \y\ < 1/4}.

We have that for x — 4y > 0 and x > 0

dist(7r1F(a;, y, 0), X — 4Y = 0) =

>

>

x — x3 + 3xy2 — 4 (y + y3 — 3yx2)
7W

x(l — x2 + 3y2) — 4y(l + y2 — 3x2)
Vrf

x(2x2 + 2y2)
Vl7

Vrf
x3 > 0

which means that n1F(x,y,0) stays at the same side of X — 4Y = 0 than (x,y) and
that the distance is 0(|| (m, y) ||3).

Also, if x + Ay > 0 and x > 0

dist(7r1F(a:, y, 0), X + AY = 0) =

>

>

x — x3 + 3xy2 + 4 (y + y3 — 3yx2)
Vrr

x(l — x2 + 3y2) + 4y(l + y2 — 3x2)

x(2x2 + 2y2)
VÍ7

Vri

The third distance we must compute is, if —x + r > 0 and x > 0

dist(7r1F(2;, y, 0), —X + r = 0) = —x + x3 — 3xy2 + r
> x(x2 - 3y2) > > 0.

the conditions of the hypothesis H4 is equivalent to

3[(—3m2 + 3y2 + Q\xy\] < 6\xy\ + 3y2 - 3x2, (x, y) £ Vl(r)
which is satisfied since 6|xy| + 3y2 — 3x2 is strictly negative.
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9.6 Example 2

The second example is the elliptic three body problem. It consists in the study of the
motion of three bodies of masses 1 — p, p, 0, with p G (0,1). The first two bodies,
called primarles, move on ellipses of eccentricity e and semimajor axis a in a plañe. The
third body moves in the plañe of motion under the effect of the attraction of the two
primarles. In a fixed System of coordinates X, Y we use complex variables notation
Z = X + iY. The formulae Z\ = Zié1?, Z2 = —z2el¡with

p{ 1 - e2) (1 ~ M)(l ~ e2) , (1 Tecos/)2
1

1 Tecos/’ 2 1 Tecos / ’ dt (1 — e2)3/2
describe the position of the primaries. The motion of the third body is governed by
the equation

’ry /■-, ^Z ~ Zl Z ~ Z2Z=-{1-p)—^ p-Rf Rl
where R\ = \\Z — Zi|| and R2 = \\Z — Z2\\. McGehee introduced the set of coordinates
x, y, p, a to study the behavior in a vicinity of infinity. These are defined by

Z = -re’“ Z = (y +Áeia.
The equations become

x = ;x3y

y = ~\x*+ \x&p2 + Fx
1 4

a = -x p
4

p = Fo

F =

Fo

a =

4X
1 - M

+4 T -x6 eos (a - /) (1 — m)m(1 — e2)
1 T ecos(/)

a

p(! -p)(l -e2) 4

4(1 Tecos(/))
1 1

x4sin(a: — /)(—a)

1 — ZiX2 cos(o: — /) T

(Jo = 1 T z2x2 cos(a — /) T -z2x4.

where
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The set

/ = {(x,y,a,p,f) : x = 0}

is called the infinity manifold. The flow extends analytically to it and it is invariant
by it. J0 = I D {y = 0} is called the parabolic infinity. It is foliated by periodic orbits
which can be labeled by a and p. Our objective is to prove that they have an analytic
stable invariant manifold.

We will compute the Poincaré map from / = 0 to / = 2n. For this we calcúlate
x(f)\f=2m y(f)\f=2m o¡(/)|/=27r and P|/=2tt- We need some preliminary computations.
Evaluating at / = 0:

and

l-p
(1 — x2{z\ eos a — z2\x2)f!2

3
= (1 — p)(l + -x2z\ cosa + 0(x4))

1 - p + 0(x2)

(Jo
= V:(1 + x2{z2 eos a + z%^x2))3/2

3
= p(l — -x2z2 cosa + 0(x4))
= p + 0(x2).

Therefore

-—J- + = 1 - p + 0(x2) + p, + 0(x2) = 1 + 0(x2).

We compute a

3 3
<7 = 1 — -x2z2 cosa + 0(x4) — (1 + ~x2Zi cosa + 0(x4))

z z

3 2 / ,
= --x eos a{zi + z2)

3 2 1 - e2 3 2
= —rcosa- = ——x cosa 1-e .

2 1+e 2 v 1
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We write (x,y,a,p) = (x(0),y(0),a(0),p(0)), evaluated at / = O, and then the
Poincaré map is:

x — Kx3y + h.o.t.
y — Kx4 + h.o.t.
a + Kx4p + h.o.t.
p — Cx6a + h.o.t.

c = 1^(1 - m)(1 - e?K.
We observe that the fixed points of the Poincaré map are of the form (0,0, ctoo, Poo)-
This map is not yet in a suitable form. We perform the change of variables,

u = x + y

v = x — y

t = (a - a^v
z = (p- Poo)v.

Then, the Poincaré map in this variables is

x{2tv) =

y{2ir) =

a(27r) =

p(27r) =

where

K tt (1 - e)32
2 (1 + e)12

u(2ir)

v(2ir)

t( 2tx)

z(27r)

u — Ku

v + Kv

t + Kt(
z + Kz

U + V

2

3

+ h.o.t.

u + v

2

3

+ h.o.t.

u + v

2

3

+ h.o.t.

u + v

2

3

+ h.o.t..

This map satisfies the hypotheses H1-H4 of Theorem 9.4.1, when we consider it defined
in a neighbourhood of IR x K3, and therefore there exists a one dimensional stable
invariant manifold of the origin, which can be expressed as the graph of a Lipschitz
function <p : (0, r) —> K3 where

v = <pi(u)
t = íp2{u)
Z = <p3(u).
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We note that v(2ir) = 0 if and only if u = v = 0. Therefore, v = <pi(u) ^ 0. It remains
to put the invariant manifold in the origináis coordinates. On the invariant manifold,

x =
u + v u + (pi(u)

— h{u).

We observe that h is a Lipschitz function such that Liph < | + Lip</?i < 1, therefore
h is invertible. In other words, there exists 'ip such that u = ip(x), thus the manifold
can be represented as

y =

a =

P =

V’(g) - y^Q))
2

Mili

With x belonging to a complex neighbourhood of and interval (0,r).
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