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Vibrational energy relaxation of a diatomic molecule in a 

superfluid liquid helium nanodroplet. Influence of the 

nanodroplet size, interaction energy and energy gap

Miquel Blancafort-Jorquera and Miguel González*

Departament de Ciència dels Materials i Química Física and IQTC, Universitat de 

Barcelona, Martí i Franquès, 1-11, 08028 Barcelona, Spain

Abstract

The influence of the nanodroplet size, molecule-helium interaction potential 

energy and =1-=0 vibrational energy gap on the vibrational energy relaxation (VER) 

of a diatomic molecule ( ) in a superfluid helium nanodroplet [HeND or (4He)N; finite X2

quantum solvent at T=0.37 K] has been studied using a hybrid quantum approach 

recently proposed by us and taking as a reference the VER results on the I2@(4He)100 

doped nanodroplet (Vilà et al., Phys. Chem. Chem. Phys., 2018, 20, 118, which 

corresponds to the first theoretical study on the VER of molecules embedded a HeND). 

This has allowed us to obtain a deeper insight into the vibrational relaxation dynamics. 

The nanodroplet size has a very small effect on the VER, as this process mainly depends 

on the interaction between the molecule and the nanodroplet first solvation shell. 

Regarding the interaction potential energy and the energy gap, both factors play an 

important and comparable role on the VER time properties (global relaxation time, 

lifetime and transition time). As the former becomes stronger the relaxation time 

properties decrease in a significant way (the inverse of them follows a linear 

dependence with respect to the =1-=0 coupling term) and they also decrease in an 

important manner when the energy gap diminishes (linear dependence with the =1-

=0 energy difference). We expect that this study will motivate further work on the 

vibrational relaxation process in the HeNDs quantum solvent.
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1. Introduction

Vibrational energy relaxation (VER) is one of the most important molecular 

relaxations, apart from electronic relaxation, in chemical reactivity.1 VER can take place 

through two different ways: by energy exchange with other atoms/molecules and by 

exchanging energy with other degrees of freedom of the same molecule (intramolecular 

vibrational relaxation).

The mechanism of VER depends on the phase in which the molecules are located. 

In gas phase, vibrational relaxation happens in a not very efficient manner by means of 

binary molecular collisions. In contrast to this, in condensed phases the number of 

molecules surrounding the vibrationally excited molecule is larger, so that the exchange 

of energy becomes much easier.2,3 Besides, the study of the VER processes in condensed 

phase also allows to obtain information on the liquid phase structure, intermolecular 

dynamics and solute-solvent interactions.4

Ultrafast time-resolved spectroscopic techniques have extensively contributed to 

the knowledge of the VER mechanism in the condensed phase.5,6 Pump (excite)-probe 

(detect) schemes are the most used spectroscopic techniques (a first ultrashort laser 

pulse excites the molecules and a delayed second pulse probes the vibrational 

populations).2,3,7 Depending on the system under consideration, the ways to pump and 

probe may be different:8 in general, excitation involves stimulated Raman scattering or 

infrared (IR) absorption, and the probe depends on the type of experiment. In phase 

coherence experiments, sub-picosecond IR pump-probe spectroscopy as well as 

coherent anti-Stokes Raman spectroscopy and photon echo are used to study VER.9

Several theoretical approaches have been developed to investigate VER in 

condensed phase. Using classical mechanics the friction exerted by the liquid on the 

vibrational motion of the solvated molecule damps its amplitude while heating the 

bath.10 A Langevin equation for a damped oscillator subject to a fluctuation force is 

applied here and relaxation takes place efficiently when the excited oscillator and 

solvent fluctuation frequencies coincide. This classical approach is suitable for low 

frequencies or high temperatures. 

The first order time dependent perturbation theory is the simplest quantum 

approach to calculate the rate constant for the transition between two vibrational levels 
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(through the Fourier transform of the time correlation function of the interaction 

energy). The quantum time correlation function, in general is not available due to the 

large number of solvent molecules, so approximate treatments are needed. One way to 

proceed is finding the classical analogous for the rate constant equation considering the 

detailed balance principle and the equivalence between the classical and real parts of 

the quantum correlation functions.2 Then, the classical correlation function is derived 

from molecular dynamics (MD) simulations. Another way to treat this is by modelling 

the liquid as a bath of independent harmonic oscillators and then calculate the 

corresponding quantum correlation function.11

Finally, another theoretical approach is based on the real-time simulation of the 

VER dynamics, which has only been possible for a classical non-equilibrium MD coupled 

to quantum oscillators.5,6,10 This strategy is highly demanding due to the large number of 

solvent molecules and the different time scales involved.

Here, in the context of superfluid 4He nanodroplets (HeND; finite quantum solvent 

at ),12,13,14,15 we have considered real-time simulations of the VER employing a T = 0.37 K

full quantum treatment of the system, which is formed by a homonuclear diatomic 

molecule (X2) embedded in a HeND. This has been achieved using a hybrid approach 

proposed by our group,16 which is based in a previous work of our own17 and includes 

significant modifications in the mathematical procedure used in the time-propagation of 

the wave functions. These modifications are very relevant as the VER in HeND is a very 

slow process. In the first theoretical study of VER in HeNDs the I2(X) diatomic molecule 

was investigated16 and the main goal of the present study is to obtain a deeper insight 

into the VER dynamics using this molecule as reference system. These quantum 

simulations have been feasible thanks to the use of the time dependent density 

functional theory (TDDFT) for the description of superfluid helium.

The hybrid method mentioned above has also allowed us to study the dynamics of 

different physico-chemical processes involving HeNDs (photodissociation of 

diatomics,17,18,19 capture of atoms,20,21 dimerization reactions,22,23 vibrational energy 

relaxation,16 rotational energy relaxation24,25 and HeND relaxation26). This method could 

also be applied to investigate electronically non-adiabatic bimolecular reactions (e.g., 

electron transfer reactions27) if the electronic states and couplings are known.
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The interest in HeNDs resides in their special properties such as superfluidity, 

chemical inert character and finite size, which have led to important applications in the 

field of Chemical Physics/Physical Chemistry,12,13,14,15 such as high resolution 

spectroscopy of atoms and molecules, stabilisation of metastable species, and the 

synthesis of metal nanoparticles28,29,30,31,32 and nanowires.33,34 

Regarding the I2 molecule in the electronic ground state (benchmark system), its 

high-resolution rovibrational spectroscopy has been widely investigated in several 

contexts.35,36,37,38,39,40,41,42,43 The energy separation between  two consecutive vibrational 

levels of I2(X) is quite small,  (308.621 K),44 which provides a high 𝜈𝑒 = 214.502 cm ―1

density of vibrational states. This leads to relatively fast VER rates in comparison to 

other molecules, making this system particularly attractive to be studied. Thus, e.g., the 

VER of I2(X) has been examined in gas phase (He-I2(X) mainly45,46,47) and condensed 

media such as mesitylene48 and liquid Xe.49,50,51,52,53,54,55,56,57,58,59,60

Rovibrational spectroscopy has been well studied in HeNDs12,13,14 and this solvent 

induces small band broadening and vibrational line shifts (typically less than ). As 2 cm -1

the interaction with the helium solvent is weak the vibrational symmetry of the 

molecule is not modified in liquid helium. However, only a few studies have been 

reported on the VER of molecules in helium nanodroplets and they consider, e.g., IR 

spectroscopy and bolometric detection of some molecules and binary 

complexes.61,62,63,64

The VER of HF( ) in HeNDs is very slow ( )63 due to its large 𝜈 = 1 𝑡 ≥ 0.5 ms

vibrational energy gap (  (5954.12 K)),44 which leads to an important 𝜈𝑒 = 4138.32 cm ―1

metastability. The nanodroplet size dependent line shifts and broadening indicate that 

the coupling of the HF vibration with the HeND surface excitations (ripplons) is the main 

relaxation mechanism.63 For binary complexes of HF such as Ne, Ar, Kr-HF( ), the 𝜈

relaxation takes place in similar time scales to the HF case and the relaxation rate is also 

size dependent.64 

Furthermore, the vibrational relaxation and dephasing of some alkali dimers (Rb2, 

Na2 and K2) placed in a dimple on the surface of a HeND65,66,67 and the photoinduced 

non-adiabatic dynamics of Na3 and K3 in quartet states (also formed on the HeND 
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surface) have been also studied,68 providing information on the Na3(24E’) VER. Besides, 

the de-alignment of the I2(X) rotation in HeNDs has been also reported.69

This chapter is organised as follows. The hybrid quantum method employed in the 

simulation of the real-time VER dynamics is described in Section 2. The main results 

obtained for the different initial conditions explored are presented and discussed in 

Section 3. The summary and conclusions are given in Section 4. Finally, some additional 

information is included in the Electronic Supplementary Information (ESI) document.

2. Theoretical methods

As the same methodology used in ref. 16 has been employed here, a shorter 

description of the main aspects is given in this section. At the low temperature of the 

HeNDs (  only the vibrational ground state ( ) of the molecule is 𝑇 = 0.37 𝐾) 𝜈 = 0

populated in the thermal equilibrium. The zero time condition of the dynamics is then 

represented by the helium wave function corresponding to the I2(X, =0)@4HeN ground 𝜈

state doped nanodroplet, but with a sudden change of the I2 vibrational wave function 

from =0 to the first excited vibrational level ( =1). The global vibrational relaxation 𝜈 𝜈

process can be represented as:

I2(X, ν = 0)@4HeN + ℎ𝜈→[I2(X, ν = 1)@4HeN] * + ℎ𝜈′

[I2(X, ν = 1)@4HeN] * →[I2(X, ν = 0)@4HeN'] * + (N - N')4He (1)

, where the vibrational relaxation time does not necessarily coincide with the liquid 

helium relaxation time.

The impurity is placed in the centre of the nanodroplet since the strength of the I2-

He interaction is larger than that of the He-He interaction. This fact and the symmetry of 

the system allows us keeping frozen the I2 centre of mass (CM) during the VER 

dynamics.16,17 Furthermore, as the mass of the I2 CM is much larger than that of a He 

atom its classical description is justified (i.e., the zero-point motion of the I2 CM is not 

considered). Besides, in this study the rotational degrees of freedom of the molecule 

have not been taken into account.
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The real-time quantum simulations of the VER have been performed following a 

“divide and conquer” mean field hybrid strategy, combining a commonly used method to 

study rather large systems of bosonic superfluid liquid 4He 

(TDDFT)16,17,18,19,20,21,22,26,70,71,72,73 and a usual method to study atoms and molecules in 

gas phase (time dependent wave function).16,17,18,19, 20 ,22

In the TDDFT calculations the Orsay Trento (OT) phenomenological density 

functional74 has been used, and the non-local contributions to the helium correlation 

energy and the back-flow terms have been neglected for computational reasons, as 

usual.16,17,18,19,20,21,22,23,24,26,70,71,72,73 Moreover, a modification has been added to the OT 

functional in order to avoid unphysical helium densities when the interaction between 

the dopant molecule and helium is strong.75 The X2 vibrational degree of freedom has 

been described using standard quantum mechanics, employing suitable time dependent 

wave functions.

Using this hybrid approach the equations of motion are found by minimising the 

quantum action (𝒜):

𝒜[Ψ𝐻𝑒,𝜑𝑋2
]

= ∫𝑑𝑡{𝐸[Ψ𝐻𝑒,𝜑𝑋2
] ― 𝑖ℏ∫𝑑𝑹𝑯𝒆Ψ ∗

𝐻𝑒(𝑹𝑯𝒆,𝑡)
∂
∂𝑡Ψ𝐻𝑒(𝑹𝑯𝒆,𝑡) ― 𝑖ℏ∫𝑑𝑟𝜑 ∗

𝑋2(𝑟,𝑡)
∂
∂𝑡𝜑𝑋2(𝑟,𝑡) } (2)

, where  is the complex effective wave function describing the liquid helium (Ψ𝐻𝑒(𝑹𝑯𝒆,𝑡)

),  is the vibrational wave function of the molecule |Ψ𝐻𝑒(𝑹𝑯𝒆,𝑡)|2 ≡ 𝜌𝐻𝑒(𝑹𝑯𝒆,𝑡) 𝜑𝑋2(𝑟,𝑡)

and  is the total energy of the system.𝐸

The quantum action must be minimised, by taking variations with respect to each 

one of the wave functions, to obtain two coupled time dependent Schrödinger-like 

nonlinear equations that rule the evolution of helium and the diatomic molecule 

respectively:

𝑖ℏ
∂
∂𝑡Ψ𝐻𝑒(𝑹𝑯𝒆,𝑡) = [ ―

ℏ2

2𝑚𝐻𝑒
∇2 + ∫𝑑𝑟𝑉𝐻𝑒 ― 𝑋2

(𝑟,𝑹𝑯𝒆)|𝜑𝑋2(𝑟,𝑡)|2 +
𝛿𝜀𝑐[𝜌𝐻𝑒]

𝛿𝜌𝐻𝑒 ]Ψ𝐻𝑒(𝑹𝑯𝒆,𝑡)
(3)

𝑖ℏ
∂
∂𝑡𝜑𝑋2(𝑟,𝑡) = [ ―

ℏ2

2𝜇𝑋2

∂2

∂𝑟2 + ∫𝑑𝑹𝑯𝒆𝑉𝐻𝑒 ― 𝑋2
(𝑟,𝑹𝑯𝒆)𝜌(𝑹𝑯𝒆,𝑡) + 𝑉𝑋2(𝑟)]𝜑𝑋2(𝑟,𝑡)

(4)
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, where  is the reduced mass of X2. The  term corresponds to the potential 𝜇X2 𝜀𝑐[𝜌𝐻𝑒]

energy and correlation energy densities of superfluid liquid helium. The term 𝑉𝐻𝑒 ― 𝑋2

 stands for the interaction potential energy between a He atom and the X2 (𝑟,𝑹𝑯𝒆)

molecule, which has been taken from ref. 76. Due to the key role played by the He-

molecule interaction, it is highly relevant to calculate it accurately, which is a difficult 

task as it is dispersion dominated. For the  potential energy curve describing the 𝑉𝐼2(𝑟)

interaction between the two atoms of the molecule, a Morse function (eq. (5)) with the 

experimental parameters from ref. 44 ( ,  and 𝑟𝑒 = 2.6663 Å 𝐷𝑒 = 18052.42 𝐾

) has been employed, where this function is given by𝑎 = 1.857608 Å ―1

𝑉𝐼2(𝑟) = 𝐷𝑒(1 ― 𝑒 ―𝑎(𝑟 ― 𝑟𝑒))2 (5)

Equations (3) and (4) are identical to those employed in the photodissociation of 

Cl2(B←X) in HeNDs.17 However, this process is very different from VER, where the 

relative coordinate wave function is always placed around the equilibrium distance, , 𝑟𝑒

of the X2 potential energy curve. For this reason we have applied a much more efficient 

mathematical strategy to determine the time evolution of the system.16 Thus, the  𝜑𝑋2(𝑟)

vibrational wave function has been expressed as a linear combination of the vibrational 

eigenfunctions basis set  of the vibrational Hamiltonian operator of the isolated {𝜑𝑖(𝑟)}

molecule:

𝜑𝑋2(𝑟) = ∑
𝑖

𝑐𝑖𝜑𝑖(𝑟)
(6)

Equation (4) can now be transformed into equation (8) (see below), which can be 

solved in a more efficient way in terms of numerical accuracy and computational time. 

Then, to describe the VER dynamics the following equations have been propagated in 

time:

𝑖ℏ
∂
∂𝑡Ψ𝐻𝑒(𝑹𝑯𝒆,𝑡) = [ ―

ℏ2

2𝑚𝐻𝑒
∇2 + ∑

𝑖,𝑗
𝑐 ∗

𝑖 (𝑡)𝑐𝑗(𝑡)𝑉𝑖𝑗(𝑹𝑯𝒆) +
𝛿𝜀𝑐[𝜌𝐻𝑒]

𝛿𝜌𝐻𝑒 ]Ψ𝐻𝑒(𝑹𝑯𝒆,𝑡)
(7)

𝑖ℏ
𝑑𝑐𝑖(𝑡)

𝑑𝑡 = 𝐸𝑣𝑖𝑏,𝑖𝑐𝑖(𝑡) + ∑
𝑗

𝑐𝑗(𝑡)𝑉𝑖𝑗 
(8)
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𝑖, 𝑗 = 0, 1, 2, …𝑛

, where  are the corresponding vibrational energy eigenvalues, and the helium {𝐸𝑣𝑖𝑏,𝑖}

coordinate-dependent potential energy matrix elements, , are equal to𝑉𝑖𝑗(𝑹𝑯𝒆)

𝑉𝑖𝑗(𝑹𝑯𝒆) ≡ ⟨𝑖│𝑉𝐻𝑒 ― 𝑋2
│𝑗⟩ = ∫𝑑𝑟𝑉𝐻𝑒 ― 𝑋2

(𝑟,𝑹𝑯𝒆)𝜑 ∗
𝑖 (𝑟)𝜑𝑗(𝑟) (9)

and

                  (10)𝑉𝑖𝑗 ≡ ⟨𝑖│∫𝑑𝑹𝑯𝒆𝑉𝐻𝑒 ― 𝑋2
(𝑟,𝑹𝑯𝒆)𝜌𝐻𝑒(𝑹𝑯𝒆,𝑡)│𝑗⟩

To converge the calculations for the initial excited vibrational level , it has 𝜈 = 1

been enough to include in the calculations all vibrational levels from  up to 𝜈 = 0 𝜈𝑚𝑎𝑥

 (  in this case). = 𝜈 + 3 𝑖.𝑒., 𝑣𝑚𝑎𝑥 = 4

The determination of the initial time ground state  configuration I2(X,ν = 0)@4HeN

has been obtained by finding the stationary solution of eq. (7) but keeping fixed the 

vibrational wave function to the  one ( ). This approximation is 𝜈 = 0 𝑐0 = 1, 𝑐𝑖 = 0, 𝑖 ≠ 0

acceptable due to the large differences between the involved energies (  chemical bond I2

versus van der Waals (vdW) -He interaction), and has been validated in the dynamical I2

calculations (the wave function (r) that corresponds to the global relaxation time is 𝜑𝑋2

just equal to ).𝜑0(𝑟)

Equation (7) has been solved numerically discretising the space in a grid of points 

in which the spatial derivatives of the kinetic energy terms have been calculated using 

the fast Fourier transform (FFT).77 The numerical time propagation has been performed 

employing a fifth order predictor-corrector method,78 preceded (first three initial steps) 

by a fourth order Runge-Kutta method79 (time step= ).1.0 × 10 ―3 ps

The Cartesian grid for the helium wave function has a spacing of 0.40 Å for the  𝑥

and  axes and of 0.30 Å for the z axis, where the molecule is placed, and each axis has a 𝑦

total length of 38.0 Å (Figure 1). As in our previous works, a quartic negative imaginary 

potential (NIP)80 energy term has been defined at the edges of the grid. Thanks to its 

complex character it gradually absorbs possible fragments of the helium wave function 

arising from the evaporation of helium, avoiding in this way artificial reflections at the 

edges. This additional potential energy term, which is placed inside the parentheses of 
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the right hand side of equation (7) and only acts at the edges of the grid, has the 

following expression:80

𝑉𝑁𝐼𝑃 = ―𝑖𝐴
5
2(𝑑 ― 𝑑𝑁𝐼𝑃

𝐿 )
4

(11)

, where the absorption strength  is equal to 331.0 K, the length  has a value of 1.0 (𝐴) (𝐿)

Å, and the NIP has been placed  at a distance of 1.0 Å before the limit of the helium (𝑑𝑁𝐼𝑃)

grid.

Figure 1. Schematic plot of the Cartesian grid used for the helium wave function showing the 
discretization in the xz plane. The blue area shows the region where the helium density takes 
non-negligible values and the red circles represent the diatomic molecule in the equilibrium 
geometry.

The numerical time propagation of equation (8) takes benefit from the basis set 

expansion of . For the evaluation of the required integrals the basis set functions 𝜑𝑋2(𝑟)

have been discretised into a grid of 1000 points between r=2.3 Å and 3.5 Å. To integrate 

in time, for each time step  the full Hamiltonian of the diatomic molecule (eq. 𝑡→𝑡 + 𝛿𝑡

(8) ) is diagonalized, and the time evolution from  to  is determined in terms of 𝑡 𝑡 + 𝛿𝑡

the stationary states  for time t. Then, we come back to the original basis set, , {|𝛼⟩} {|𝑖⟩}

and the procedure is repeated for the new time, , to determine the evolution to 𝑡 + 𝛿𝑡

, and so on.16𝑡 + 2𝛿𝑡
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3. Results and discussion

To analyse the influence of the nanodroplet size, molecule-helium interaction 

potential energy and -  vibrational energy separation on the VER, a number of 𝜈 = 1 𝜈 = 0

simulations have been performed. These properties have been modified conveniently 

taking as a reference the VER results, from  to of a I2(X) molecule embedded 𝜈 = 1 𝜈 = 0, 

in a nanodroplet of 100 4He atoms.16 

For the study of the effect of the nanodroplet size the number of 4He atoms has 

been taken as equal to N=50, 100, 150 and 200. For the analysis of the influence of the 

molecule-nanodroplet interaction the I2-He interaction potential energy has been 

multiplied by several scalar factors:  with x=1.50, 1.25, 1.00, 0.75 and 0.50 V = x𝑉𝐼2 ― 𝐻𝑒

(N=100). Concerning the effect of the vibrational energy separation it has been 

modified changing the equilibrium frequency of the oscillator, :  with 𝜈𝑒 𝜈𝑒 = x 𝜈𝑒,𝐼2

x=1.50, 1.25, 1.00 and 0.75 (N=100), where the vibrational energy is given by 𝐸𝑣𝑖𝑏(𝜈)

.= ℎ𝜈𝑒(𝜈 +
1
2) ―ℎ𝜈𝑒𝑥𝑒(𝜈 +

1
2)2

3.1. Vibrational relaxation vs. nanodroplet size

The helium density of the I2(X, =0)@4HeN system in the ground state for 𝜈

nanodroplets of different sizes (N=50, 100, 150 and 200) is shown in Figure 2. The 

nanodroplet size has a very small effect on the vibrational energy relaxation (Figure 3). 

This happens in this way because the interaction energy of the molecule with the 

nanodroplet mainly comes from the first solvation layer, which is substantially large in 

comparison to the other ones and is completely defined for all the nanodroplet sizes 

(Figure 2), due to the relatively strong I2-He interaction. Moreover, the I2-helium 

interaction energy tends to converge into a limit value, taking the following values at 

t=0 (i.e., just when the sudden excitation to =1 takes place): -664.1, -740.0, -767.6 and 𝜈

-782.7 K for N=50, 100, 150 and 200, respectively. Information about all the energies 

involved is given in Table s1.
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12

Figure 2. Helium density of the  nanodroplet in the ground state, along the I2(X,𝜈 = 0)@4HeN
molecular axis (z axis), for N=50, 100, 150 and 200.

 

Figure 3. Population of the  excited vibrational state as a function of time for N=50, 100, 𝜈 = 1
150 and 200.

3.2. Vibrational energy relaxation vs. I2-He interaction potential

Here, the nanodroplet with N=100 has been considered. The shape of the 

nanodroplet helium density is quite affected by the “I2-He” interaction potential energies 

selected (Figure 4). For the stronger interaction potential energies higher peaks 

(densities) are observed for the first and second solvation shells, while the nanodroplet 

radius (∼15 Å) is essentially not affected by the interaction energy.
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13

Figure 4. Helium density of the  nanodroplet in the ground state along the I2(X,𝜈 = 0)@4He100
molecular axis (z axis) for  with x=1.50, 1.25, 1.00, 0.75 and 0.50.V = xVI2 - He

Vibrational relaxation is clearly faster for the stronger “I2-He” interaction potential 

energies (Figure 5). The time scales involved in the vibrational relaxation from =1 to 𝜈 𝜈

=0 for the five selected “I2-He” interaction potential energies are shown in Table 1 and 

Figure 6. The global relaxation time is defined as the time it takes for the whole 

vibrational relaxation to occur, this is from t=0 to the time at which the population of 

the excited vibrational state is equal to 1%; the lifetime is taken from t=0 to the time at 

which the population of this state is 50%; and the transition time is the time needed for 

the population of the excited state to decrease from 99 to 1%. The values of the three 

relaxation times decrease in a substantial way with increasing the strength of the 

interaction energy and tend towards an asymptotic behaviour. More concretely, taking 

as a reference the results for x=1.00, the lifetime is equal to 4.87, 1.84, 1.00. 0.40 and 

0.21 for x=0.50, 0.75, 1.00, 1.25 and 1.50 respectively, and similar values are obtained 

for the other relaxation times (with the only exception of the transition time for x=0.50 

(3.88)). These results will be interpreted at the end of this subsection.

The time evolution of the different energies and the number of helium atoms of the 

HeND are shown in Figure 7 and their corresponding increments with respect to t=0  

values are presented in Figure s1. The temporal evolution of the vibrational energy 

implied in the VER process follows the same pattern with respect to the changes in the 

“I2-He” interaction potential as the population of the =1 excited state, and it changes 

from 460 to 154 K. The helium nanodroplet energy increases 4.0-6.4 K during the 

relaxation, as a result of the evaporation of a single 4He atom (please, see the 

explanation given at the end of subsection 3.3). The interaction energy between the 
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diatomic molecule and the helium nanodroplet changes very little as a result of the 

relaxation process (of the order of 0.1 K), as the helium nanodroplet structure is 

essentially not affected. Only small amplitude oscillations of the interaction energy can 

be seen during the transitions which vary from ≈ -3.2 to 4.4 K and ≈ -0.4 to 0.8 K, from 

the stronger to weaker interaction potential energies, respectively. As a result of the 

vibrational relaxation, for the simulated times the total energy of the doped nanodroplet 

decreases ≈300 K in all cases.

Figure 5. Populations of the =1 excited vibrational state as a function of time for , 𝜈 V = xVI2 - He
with x=1.50, 1.25, 1.00, 0.75 and 0.50 (N=100).

The expected value of the  coupling term during the transition time, , as a 𝑉2
01 〈𝑉2

01〉
function of the interaction potential energy is presented in Table s2. It can be seen that 

 increases in a significant way with the interaction energy. Thus, e.g., when the 〈𝑉2
01〉

interaction energy is increased 50% with respect to the reference one (x=1.00) the 

coupling term increases by a factor of 3.84, while when it is decreased 50% with respect 

to the reference the coupling term decreases by a factor of 10.4 (Table s2).  From the 

analysis of the inverse of the values of the relaxation times as a function of , it 〈𝑉2
01〉

comes out that there is an approximate linear relation between these properties and 

 (Figure 8). This linear dependence agrees with that given by the Fermi’s Golden 〈𝑉2
01〉

Rule for the transition probability between two states.81
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Table 1. Global relaxation times, lifetimes and transition times of the =1 excited vibrational 𝜈
state for the five “I2-He” potential energies considered (  and N=100.aV = xVI2 - He)

x

Global relax.
time
(ps)

Lifetime
(ps)

Transition
time
(ps)

0.50 13060  (4.55) 9721  (4.87) 6705  (3.88)
0.75   5094  (1.77) 3661  (1.84) 2856  (1.65)
1.00   2873  (1.00) 1995  (1.00) 1726  (1.00)
1.25   1176  (0.41)   789  (0.40)    748  (0.43)
1.50     640  (0.22)   413  (0.21)    432  (0.25)

aThe relaxation times relative to the x=1.00 reference case are given between parentheses.

Figure 6. Global relaxation times (top), lifetimes (middle) and transition times (bottom) of the 𝜈
=1 excited vibrational state, as a function of x ( ), and fitting curve (quadratic V = xVI2 - He
polynomial) for N=100.
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Figure 7. Energies involved in the VER from =1 at the five selected “I2-HeND” interaction 𝜈
potential energies and number of 4He atoms of the nanodroplet, as a function of time for N=100: 
a) vibrational energy of the molecule; b) energy of the helium nanodroplet; c) molecule-
nanodroplet interaction energy; d) total energy of the system ( @HeND); e) number of 4He I2
atoms of the HeND.
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Figure 8. Inverse of the global relaxation times (top), lifetimes (middle) and transition times 
(bottom) of the =1 excited vibrational state, as a function of the  coupling term for the 𝜈 〈𝑉2

01〉
different interaction potential energies ( , with x=0.75, 1.00, 1.25 and 1.50) and V = xVI2 - He
N=100. The coupling term increases with x.
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3.3. Vibrational relaxation vs. energy gap

Changes in the oscillator frequency affect the energies of the vibrational levels and 

the gaps between them, and the energy gaps between the  and  vibrational |𝜈 = 1⟩ |𝜈 = 0⟩

states of the molecule take the following values:  K for Δ𝐸𝑣𝑖𝑏,1 ― 0 = 230, 306, 382 and 457

the  frequency values analysed, respectively. 𝜈𝑒 = 0.75𝜈𝑒,𝐼2, 1.00𝜈𝑒,𝐼2,1.25𝜈𝑒,𝐼2 and 1.50𝜈𝑒,𝐼2

The increase of the energy separation between the =1 and =0 vibrational levels is 

expected to quench somehow the vibrational relaxation process, as in fact has been 

found here.

Figure 9. Helium density of the  nanodroplet in the ground state along the I2(X,𝜈 = 0)@4He100
molecular axis (z axis) for  with x=1.50, 1.25, 1.00 and 0.75.𝜈𝑒 = x 𝜈𝑒,𝐼2

As in the previous subsection, the nanodroplet with N=100 has also been 

considered here. The structure of the vibrational wave function is very little affected by 

the selected equilibrium frequencies of the I2(X) Morse oscillator, and for this reason the 

initial helium density is identical for all cases studied (Figure 9). However, the changes 

in the frequency of the Morse oscillator lead to important modifications in the VER time 

properties, as it is shown in Figure 10.

The global relaxation times, lifetimes and transition times of the four cases 

considered are shown in Table 2 and Figure 11. It can be seen that the larger the 

frequency of the oscillator the slower the relaxation is, following an approximately 

linear dependence for the interval of frequencies investigated. If we take as a reference 

the relaxation times obtained when x=1.00, the lifetime values are 0.35, 1.00, 1.90 and 

3.05 for x=0.75, 1.00, 1.25 and 1.50, respectively, the other properties taking similar 
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values (with the exception of the global relaxation and transition times for x=1.50 (2.73 

and 2.60, respectively)). These results will be interpreted below.

During the VER analogous patterns are seen in the evolutions of the energies and 

number of 4He atoms of the nanodroplet, with the transition from =1 to =0 being 𝜈 𝜈

faster for the smaller oscillator frequencies, i.e., for the lower vibrational energy gaps 

(Figure 12). The vibrational energy of the molecule decreases according to the =1- =0 

energy gap and the helium energy of the nanodroplet increases ≈4-5 K. The small 

changes that occur in the interaction energy, from ≈-0.5 to 0.5 K with oscillations of 

about 3-3.5 K during the transition, denote that the structure of the liquid helium does 

not change significantly during the VER. Moreover, changes in the total energy of the 

doped nanodroplet are similar to the vibrational energy released and the final helium 

energy of the nanodroplet is similar for all cases.

Figure 10. Populations of the =1 excited vibrational state as a function of time for  𝜈 𝜈𝑒 = x 𝜈𝑒,𝐼2

with x=1.50, 1.25, 1.00 and 0.75 (N=100).

The dependence of the  coupling term with respect to the energy gap is 〈𝑉2
01〉

presented in Table s3, which shows that it increases moderately with the energy gap, 

(differing from what happens in the case of the  dependence on the interaction  〈𝑉2
01〉

energy). According to these  values the inverse of the values of the three relaxation 〈𝑉2
01〉

times should increase as the energy gap increases. However, from the dynamics results 

the opposite trend is found. This means that there is another factor that is playing a 

dominant role here. The results obtained for the rotational relaxation24 suggest, by 

analogy, that the expected velocity of the oscillator,  (neglecting 〈v2
𝑜𝑠𝑐𝑖𝑙𝑙𝑎𝑡𝑜𝑟〉1/2 ∝ 𝜈

1
2
𝑒

anharmonicity), could be involved in making the VER process more difficult as it 
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increases. Unfortunately, the information available does not allow us to characterise the 

dependence of the time relaxation properties with respect to both  and . 〈𝑉2
01〉 𝜈1/2

𝑒

Nevertheless, it has been shown before that in the situation under consideration a 

simple (linear) dependence relates the relaxation times and e (Figure 11).

Table 2. Global relaxation times, lifetimes and transition times of the =1 excited vibrational state for the 𝜈
four vibrational frequencies  considered (  and N=100.a𝜈𝑒 𝜈𝑒 = x 𝜈𝑒,𝐼2)

x

Global relax.
time
(ps)

Lifetime
(ps)

Transition
time
(ps)

0.75 1027  (0.36)   707  (0.35)   628  (0.36)
1.00 2873  (1.00) 1995  (1.00) 1726  (1.00)
1.25 5334  (1.86) 3793 (1.90) 3101 (1.80)
1.50 7842  (2.73) 6079  (3.05) 4493  (2.60)

aThe relaxation times relative to the x=1.00 reference case are given between parentheses.
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Figure 11. Global relaxation times (top), lifetimes (middle) and transition times (bottom) of the 
=1 excited vibrational state, as a function of x ( ) for N=100.𝜈 𝜈𝑒 = x 𝜈𝑒,𝐼2

Figure 12. Energies involved in the VER from =1 at four vibrational frequencies selected and 𝜈 𝜈𝑒
number of 4He atoms of the nanodroplet, as a function of time for N=100: a) vibrational energy 
of the molecule; b) energy of the helium nanodroplet; c) molecule-nanodroplet interaction 
energy; d) total energy of the system ( @HeND); e) number of 4He atoms of the HeND.I2

The single He atom evaporated of the nanodroplet observed in all cases considered 

in Section 3 contrasts with the larger number of He atoms evaporated that can be 

estimated, considering the ratio between the vibrational excitation energy to be 

removed from the HeND and the binding energy of a He atom in the HeND (assuming 
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that each evaporated atom has a negligible translational kinetic energy), as it has been 

previously reported and discussed in ref. 16. Furthermore, it should be noted that 

during the simulations the energy of the system is conserved if we take into account the 

energy of the evaporated helium atom, but this atom has an excess of energy compared 

to what would be expected from the experimental evidences.

This fact probably results from the continuous description of the HeND (DFT 

approach), which nowadays is the only available way to describe the dynamics of 

physicochemical processes in this superfluid quantum solvent. Besides, we have 

employed the Orsay-Trento phenomenological density functional,74 which is the best 

one available and has been used in all or almost all the dynamics studies reported so far 

involving HeNDs and atoms/molecules.

Previous studies, where the helium nanodroplets were described using a DFT 

approach, have shown the evaporation of He atoms in different situations. Thus, in soft 

landing all He atoms of the nanodroplet were evaporated.82 Other processes where 

evaporation was observed include, e.g., atom capture,20,21 dimerization22,23 and 

clustering.83 However, in these cases the number of evaporated atoms was below the 

expected value, on the basis of the energy involved in the process and the binding 

energy of the He atom in a HeND (7.2 K). As in the present work, in all cases the Orsay-

Trento functional was used, but in the soft landing this functional was modified to 

account for the very structured helium arrangements appearing in the collision.83

In spite of the previous facts, taking into consideration that within this approach 

superfluidity is taken into account, that there is an efficient release of the vibrational 

excitation energy by the helium, and the remarkable fact that vibrational relaxation is 

mainly affected by the first solvation shell, we believe that the present results are 

reasonable and represent a good starting point for the study of the influence of the three 

key aspects examined here on the VER dynamics in HeNDs.

In the future, theoretical efforts should be made in order to improve the 

description of the evaporation of helium atoms and to take into account the rotational 

energy. The theoretical results available for the rotational energy relaxation in HeNDs 

(which strongly depends on the Be rotational constant and the strength of the molecule-

helium interaction24,25) suggest that a complex dynamics behaviour can be expected for 
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the vibro-rotational relaxation of molecules which are not as fast rotors as H2 and 

interact with helium in a significantly stronger way than H2. Thus, e.g., for HCl and 

isotopologues a complex rotational energy relaxation dynamics has been theoretically 

found showing non-monotonic dependences of the relaxation times on Be and with 

relaxations involving, e.g., not only j=-1 but also, in some cases, j=-2.25 Furthermore, 

the vibro-rotational relaxation process also opens the way to new possible energy 

exchange routes, due to the coupling between the vibrational and rotational motions.

Finally, it is worth noting that the limited number of theoretical results available 

on the vibrational and rotational relaxation of molecules in HeNDs show a wide variety 

of values for the relaxation times.16,24,25 Moreover, on the basis of the amount of 

excitation energy that has to be released from the molecule to the helium and the time 

required for this to occur, the theoretical results suggest that vibrational energy transfer 

is more efficient than rotational energy transfer.

4. Summary and conclusions

The vibrational energy relaxation of a homonuclear diatomic molecule ( ) inside 𝑋2

a superfluid helium nanodroplet (T=0.37 K; finite quantum solvent) has been 

investigated using a hybrid quantum approach recently proposed by us. The helium and 

the  molecule have been described using TDDFT and standard quantum dynamics X2

methods, respectively; and we have followed the same mathematical strategy for the 

time propagation as in a previous work of our group.16

This contribution complements and extends our recent work,16 where the VER in 

HeNDs was studied for the first time, considering the I2 molecule as initial example. 

Here, taking as a reference the I2(X)@(4He)100 system, we have obtained a deeper 

insight into the vibrational relaxation dynamics through the analysis of the influence of 

the nanodroplet size (N=50, 100, 150 and 200), molecule-helium interaction potential 

energy (  with x=0.50, 0.75, 1.00, 1.25 and 1.50 and N=100) and =1-=0 𝑉 = 𝑥𝑉𝐼2 ― 𝐻𝑒

vibrational energy gap (  with x=0.75, 1.00, 1.25 and 1.50 and N=100) on this 𝜈𝑒 = 𝑥𝜈𝑒,𝐼2

relaxation process.

The present results show that the nanodroplet size has a little effect on the VER 

dynamics, as the interaction between the molecule and the liquid helium is mainly due 
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to the first solvation shell (due to the relatively large I2-He interaction this solvation 

shell is fully formed for all the nanodroplet sizes studied). The interaction potential 

energy and the energy gap have an important and comparable influence on the VER time 

properties (global relaxation time, lifetime and transition time), which decrease in a 

significant way as the interaction potential energy is stronger and the vibrational energy 

gap decreases.

An interpretation based on the expected value, during the transition time, of the 

coupling term between the two vibrational levels involved, , and on the oscillator 〈𝑉2
01〉

velocity (that is proportional to ) has been attempted. As the interaction energy 𝜈1/2
𝑒

becomes stronger the relaxation times decrease in a significant way, according to a 

linear dependence of the inverse of the relaxation times with respect to the  〈𝑉2
01〉

coupling term. The relaxation times also decrease in an important manner when the 

=1-=0 energy gap diminishes and they follow a linear dependence with respect to the 

=1-=0 energy difference.

Furthermore, the molecule-helium interaction energy is hardly modified during 

the relaxation process, but it shows oscillations during the transition, which means that 

the nanodroplet structure is essentially unchanged. More theoretical and experimental 

research on this interesting relaxation process in HeNDs, about which our knowledge is 

still very scarce, is desirable.
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contributions in the field of molecular spectroscopy, including systems where van der 

Waals interactions play an important role.
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