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By means of Muckenhoupt type conditions, we characterize the weights ω on C
such that the Bergman projection of F 2,�

α = H(C) ∩ L2(C, e− α
2 |z|2� ), α > 0, 

� > 1, is bounded on Lp(C, e−
αp
2 |z|2�ω(z)), for 1 < p < ∞. We also obtain 

explicit representation integral formulas for functions in the weighted Bergman 
spaces Ap(ω) = H(C) ∩Lp(ω). Finally, we check the validity of the so called Sarason 
conjecture about the boundedness of products of certain Toeplitz operators on the 
spaces F p,�

α = H(C) ∩ Lp(C, e−
αp
2 |z|2� ).

© 2021 The Author(s). Published by Elsevier Inc. This is an open access article 
under the CC BY-NC-ND license 

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

One key tool in many problems in function theory is the existence of suitable integral representations 
(such as Bergman projections or Berezin integral operators) with precise estimates.

The main object of this paper is the study of such type of manageable representation formulas, and their 
accurate estimates for weighted Bergman spaces of entire functions related to Muckenhoupt type weights.

Our initial motivation comes from the following problem. Let α > 0 and � ≥ 1, and consider a real 
polynomial φ(x) = α

2 x
2� +

∑2�−1
k=0 ckx

k = φα,�(x) + Q(x). Let Lp
φ = Lp(C, e−pφ(|z|)) (respectively, Lp,�

α =
Lp
φα,�

) and let F p
φ the corresponding Fock space of entire functions f ∈ Lp

φ (resp. F p,�
α = F p

φα,�
). The 

classical theory of Hilbert spaces gives the existence of the orthogonal projection P �
α from L2,�

α onto F 2,�
α , 

the so called Bergman projection, which is an integral operator with kernel Kα
� , the Bergman kernel. This 

holds for any real number � ≥ 1 (non necessarily integer). Indeed, K1
α(z, w) = eαzw and this neat expression 

easily gives the boundedness of P 1
α on Lp,�

α , 1 ≤ p ≤ ∞ (see [10]). For any real number � > 1, Kα
� has an 
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explicit expression in terms of Mittag-Leffler functions. Their asymptotic expansions give precise pointwise 
estimates of Kα

� , from which the boundedness of P �
α on Lp,�

α is easily deduced (see, for instance, [4] and the 
references therein). We have to remark that these boundedness results are particular cases of a more general 
theory on doubling weighted Fock spaces [11]. These results suggest the following question: Is the Bergman 
projection P �

α also bounded on Lp
φ?

Since φ looks like a “perturbation” of φα,�, one might think that the answer is always affirmative. However, 
as we will show, this is not true. Surprisingly, P �

α is bounded on Lp
φ if and only if Q is a polynomial of degree 

less than or equal to �.
The suitable setting for this problem is the study of the weights ω, that is, positive locally integrable 

functions on C, such that P �
α is bounded from Lp,�

α (ω) = Lp(C, e−
αp
2 |z|2�ω) to F p,�

α (ω) = H(C) ∩ Lp,�
α (ω), 

for any real number � ≥ 1. We obtain a characterization of such weights in terms of a Muckenhoupt type 
condition, that for the classical case � = 1 was obtained in [9].

We recall that, in the classical weighted Bergman setting on the unit ball of Cn, the weights for which 
the Bergman projection is bounded are also characterized by a Muckenhoupt type condition. They are the 
so called Bekollé-Bonami weights (see [3] and [2]). There is a large literature on those weights, which have 
been a key tool in the study of weighted norm inequalities for the Bergman projection in different settings 
of complex analysis (see, for instance, [17], [19], [14], [15], and the references therein).

Before we state precisely our main results, we introduce the Muckenhoupt type weights we need. Let 
� ≥ 1. For any z ∈ C and � > 0, let D�

z,� be the Euclidean disk of center z and radius �(1 + |z|)1−�. We 
denote by A�

p,�, 1 < p < ∞, the set of all weights ω such that

[ω]A�
p,�

:= sup
z∈C

ω(D�
z,�)

(
ω′(D�

z,�)
)p/p′

|D�
z,�|p

< ∞.

Here p′ is the conjugate exponent of p, ω′ = ω−p′/p, |D�
z,�| :=

∫
D�

z,�
dA = �2(1 + |z|)2(1−�) and ω(D�

z,�) :=∫
D�

z,�
dω, where dω := ω dA.

Recall that the Bergman projection on F 2,�
α is the orthogonal projection from L2,�

α onto F 2,�
α , which is the 

integral operator

P �
αϕ(z) :=

∫
C

ϕ(w)K�
α(z, w) e−α|w|2� dA(w).

Here K�
α is the Bergman kernel for F 2,�

α . We also consider the operator P �,+
α , which is the “positive version” 

of P �
α and is defined by

P �,+
α f(z) :=

∫
C

f(w)|K�
α(z, w)| e−α|w|2� dA(w).

Our first main result (which for � = 1 is proved in [9]) is the following.

Theorem 1.1. Let 1 < p < ∞. Then, for any weight ω, the following assertions are equivalent:

(a) ω ∈ A�
p,�, for some (any) � > 0.

(b) P �,+
α is bounded on Lp,�

α (ω), for some (any) α > 0.
(c) P �

α is bounded on Lp,�
α (ω), for some (any) α > 0.

As a consequence of this theorem we obtain a complete answer of our initial question.
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Corollary 1.2. Let ϕ(z) =
∑m

j=1 cj |z|�j , where 0 < �1 < �2 < · · · < �m and c1, . . . , cm ∈ R. Then, for any 
α > 0, P �

α is a bounded operator from Lp
α(eϕ) onto Ap

α(eϕ) if and only if �m ≤ �.

In order to prove Theorem 1.1, we need to develop the theory of A�
p,� weights, and for this reason the 

proof of that theorem will be postponed to the end of the paper.
Another important consequence of Theorem 1.1 is that the class A�

p,� does not depend on �. Indeed, this 
fact will be deduced from a real version of the above theorem (see Theorem 1.4). This is why we maintain 
the “�” in the notation A�

p,� until we state Theorem 1.4.
We remark that, for � > 1, the radius of the disk D�

z,� which appears in the definition of the A�
p,� weights 

is a non-constant function of |z|, whereas for � = 1 this radius is constant. This difference makes the proof 
of Theorem 1.1 much more difficult when � > 1. For example, one key tool in this proof is the comparison 
of the mass of an A�

p,� weight on two disks D�
z,�:

Theorem 1.3. Let � ≥ 1, � > 0 and 0 < β < π/(2�). Then for any ω ∈ A�
p,� there exists a constant 

C = C(ω, �, �, β) > 0 such that

ω(D�
w,�)

ω(D�
z,�)

≤ Cφ�
β(z,w)1/2

(z, w ∈ C).

Here, for � = 1, φ�
β(z, w) = |z − w|2, whereas, for � > 1, φ�

β(z, w) = |z� − w�|2, when z and w lie on a 
certain sector, and otherwise φ�

β(z, w) is comparable to |z|2� + |w|2� (see Section 2.2 for a precise definition).
Theorem 1.3 suggests to consider the following family of integral operators. For α > 0, 0 < β < π/2� and 

s ∈ R, let

T �
α,β,sf(z) :=

∫
C

T �
α,β,s(z, w)f(w)dA(w),

where

T �
α,β,s(z, w) := e−

α
2 φ�

β(z,w)

|D�
z,�|

(
|D�

w,�|
|D�

z,�|

)s/(2�−2)

.

The importance of these operators is that their Lp(ω)-boundedness characterize that ω ∈ A�
p,�.

Theorem 1.4. Let ω be a weight and let 1 < p < ∞. Then the following assertions are equivalent:

(a) ω ∈ A�
p,�, for some (any) � > 0.

(b) T �
α,β,s is bounded on Lp(ω), for some (any) α > 0, β ∈ (0, π/(2�)) and s ∈ R.

In particular, the class A�
p,� does not depend on �.

As we have said before, until the end of this introduction we will simply denote the class A�
p,� by A�

p.
The integral kernels T �

α,β,s are related with the Bergman kernel by the pointwise estimate |K�
α(z, w)| �

T �
α,β,s(z, w). This estimate together with Theorem 1.4 and the fact that P �

α is bounded on Lp
α gives the 

following result on a Berezin type operator.

Theorem 1.5. Let � > 1 and α > 0. Let B�
α be the integral operator defined by

B�
α(ϕ)(z) =

∫
ϕ(w)B�

α(z, w) dA(w), where B�
α(z, w) = |K�

α(z, w)|2
K�

α(z, z) e−α|w|2� .
C
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Then, for any 1 < p < ∞, we have that:

a) B�
α is bounded on Lp(ω) if and only if ω ∈ A�

p.
b) B�

αf = f , whenever ω ∈ A�
p and f ∈ Ap(ω) = H(C) ∩ Lp(ω).

Finally, as an application, we obtain a characterization of the boundedness of products of certain Toeplitz 
operators on F p,�

α . This result was proved by similar methods for any p and � = 1 in [9] and by direct 
computation for p = 2 and any � > 1 in [5].

We consider the Toeplitz operator T �
ϕh := P �

α(ϕh), which is densely defined in F p,�
α (see Section 7.2 for 

a precise definition). Then the boundedness of the composition operator T �
f T

�
g on F p,�

α can be completely 
characterized in terms of f and g as follows.

Theorem 1.6. Let 1 < p < ∞ and let f, g ∈ F 1,�
γ , 0 < γ < 2α, be two non-identically zero functions. Then 

the following assertions are equivalent:

(a) T �
f T

�
g extends to a bounded operator on F p,�

α .
(b) The product f g is a constant function and f = eh, where h is a polynomial of degree m ≤ �.
(c) The product f g is a constant function and |f |p ∈ A�

p.

This result clearly shows that Sarason’s conjecture on the product of Toeplitz operators is trivially true 
for the Fock space F p,�

α , � > 1, as it happens in the � = 1 case (see [9]). The situation is completely 
different in the Hardy and Bergman settings, where it is known that this conjecture is false (see [12] and 
[1], respectively).

The paper is organized as follows. In Section 2, we prove some geometrical results related to the disks D�
ζ,�, 

and we also state some basic properties of the A�
p weights. Section 3 is devoted to the proof of Theorem 1.3. 

In the next section, we study the boundedness of the operators T �
α,β,s and we prove Theorem 1.4. Section 5

describes several properties and examples of weights in A�
p. In this section it is also proved that, for ω ∈ A�

p, 
the weighted Bergman space Ap(ω) coincides with Ap(Ω), where Ω is a more regular weight (slowly growing 
weight). The Berezin type results, including the proof of Theorem 1.5, are given in Section 6. Finally, in 
Section 7 we prove Theorems 1.1 and 1.6.

Notations:. We denote by N the set of all positive integers.
The notation Φ � Ψ (Ψ � Φ) means that there exists a constant C > 0, which does not depend on the 

involved variables, such that Φ ≤ C Ψ. We write Φ � Ψ if Φ � Ψ and Ψ � Φ.

2. Preliminaries and A�
p,� weights

2.1. Properties of the disks D�
z,�

In this section we study some elementary properties of the disks

D�
z,� = {w ∈ C : |w − z| < �(1 + |z|)1−�}.

Lemma 2.1.

1 + |z|
1 + �

≤ 1 + |w| ≤ (1 + �)(1 + |z|) (z ∈ C, w ∈ D
�

z,�). (2.1)

Proof. If w ∈ D
�

z,� then |(1 +|z|) −(1 +|w|)| ≤ |w−z| ≤ � min(1 +|z|, 1 +|w|), and so 1 +|z| ≤ (1 +�)(1 +|w|)
and 1 + |w| ≤ (1 + �)(1 + |z|). �
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Remark 2.2. The function η��(z) := �(1 + |z|)1−� is a radius function in the sense of [8, p. 1617-1618], that 
is, η��(z) � η��(w), for z ∈ C and w ∈ D�

z,�.

Lemma 2.3.

a) Let � > 0. For any z ∈ C and w ∈ D�
z,�, we have that D�

w,� ⊂ D�
z,τ�(�) and D�

z,� ⊂ D�
w,τ�(�), where 

τ�(�) = 2�(1 + �)�−1.
b) Let �, �′, �′′ > 0 such that τ�(�) ≤ �′ and τ�(�′) ≤ �′′. Then, for any z ∈ C and w ∈ D�

z,� we have

D�
z,� ⊂ D�

w,�′ ⊂ D�
z,�′′ and D�

w,� ⊂ D�
z,�′ ⊂ D�

w,�′′ .

Proof. Part a) follows from (2.1). Indeed, for ζ ∈ D�
w,� we have that

|ζ − z| ≤ |ζ − w| + |w − z| ≤ �(1 + |w|)1−� + �(1 + |z|)1−�

≤ �
(
(1 + �)�−1 + 1

)
(1 + |z|)1−� ≤ τ�(�)(1 + |z|)1−�,

and so D�
w,� ⊂ D�

z,τ�(�). Similarly we show that D�
z,� ⊂ D�

w,τ�(�).
Finally, since τ�(�) ≥ �, for every � > 0, part b) follows from part a). Indeed, D�

z,� ⊂ D�
w,τ�(�) ⊂ D�

w,�′ ⊂
D�

z,τ�(�′) ⊂ D�
z,�′′ and the other chain of inclusions follow in a similar way. �

To finish the section we recall the following covering property (see, for instance, [8, Proposition 7] and 
[13, Lemma 6.6]).

Lemma 2.4. For each � > 0, there exists a sequence {zk}k ∈ C such that the sequence of disks {D�
zk,�

}k
covers the whole plane C, and, for any �′ ≥ �, the overlapping of the disks {D�

zk,�′}k is finite, that is, there 
exists N �

�,�′ ∈ N so that 
∑

k XD�
zk,�′

(z) ≤ N �
�,�′ , for every z ∈ C.

2.2. The functions φ�
β and ψ�

α,β

For 0 < β < π/(2�) and z 	= 0, let

Sz,β := {w ∈ C \ {0} : | arg(zw)| ≤ β} ∪ {0} (z ∈ C \ {0}, 0 < β < π
2 ),

where arg λ denotes the principal branch of the argument of λ ∈ C \{0}, i.e. −π < arg λ ≤ π. The following 
elementary property will be useful later on.

Lemma 2.5. Let � > 0 and let 0 < β < π/(2�). Then there is R > 0 such that D�
z,� ⊂ Sz,β for |z| > R.

Proof. It is clear that R = �/ sin β satisfies the statement. �
Let φ�

β : C ×C → [0, ∞) be the continuous function defined by

φ�
β(z, w) :=

{
|z|2� + |w|2� − 2 Re((wz)�), if z ∈ C \ {0} and w ∈ Sz,β ,
|z|2� + |w|2� − 2|z|�|w|� cos(�β), otherwise.

Moreover, for α > 0, let ψ�
α,β := e−

α
2 φ�

β . Observe that φ�
β(z, w) = |z� − w�|2, for z, w ∈ Sz,β , where λ�

denotes any branch of the �-th power of λ on Sz,β . Hence (φ�
β)1/2 defines a distance on any fixed sector Sz,β. 

The definition of the functions φ�
β directly shows the following symmetry properties.
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Lemma 2.6. For 0 < β < π/(2�) we have:

a) φ�
β(z, w) = φ�

β(zeiθ, weiθ), for any z, w ∈ C and θ ∈ R.
b) φ�

β(z, w) = φ�
β(w, z), for any z, w ∈ C.

Next lemma states some useful simple estimates of the functions φβ .

Lemma 2.7. Let z, w, u ∈ C, with u 	= 0, and let 0 < β < π/(2�).

a) If w ∈ C \ Sz,β, with z 	= 0, then φ�
β(z, w) � |z|2� + |w|2�.

b) If z, w ∈ Su,β then

φ�
β(z, w)1/2 = |z� − w�| = �|z − w|

∣∣∣∣∣∣
1∫

0

η�−1
t dt

∣∣∣∣∣∣ ,
where ηt = (1 − t)z+ tw, 0 ≤ t ≤ 1. Here we consider the powers λ� and λ�−1, for any λ ∈ Su,β, defined 
as follows: 0� = 0�−1 = 0, λ� = e� logλ and λ�−1 = e(�−1) logλ, for any λ ∈ Su,β \ {0}, where log is any 
branch of the logarithm on Su,β \ {0}.

c) If z, w ∈ S�
u,β and w ∈ D�

z,�, then φ�
β(z, w)1/2 = |z� − w�| ≤ ��(1 + �)�−1.

Proof. Part a) is obvious, while part b) directly follows from Lemma 2.6 b). Finally, part c) is easily deduced, 
since, for z, w ∈ Su,β with w ∈ D�

z,�, we have

φ�
β(z, w)1/2 = |w� − z�| ≤ �|w − z|

1∫
0

(|z| + t|w − z|)�−1dt

≤ ��(1 + |z|)1−�(|z| + �(1 + |z|)1−�)�−1 ≤ ��(1 + �)�−1. �
Corollary 2.8. If either w ∈ D�

z,� and z = 0, or w ∈ D�
z,� ∩ Sz,β and z 	= 0, then φ�

β(z, w) � 1 and 
ψ�
α,β(z, w) � 1.

The following lemma states an important property of the functions ψα,β, that roughly speaking says 
that, up to a change of the parameter α, the value ψα,β(z, w), for z and w in the disks Du,� and Dv,�, 
respectively, is comparable to the values at the centers.

Lemma 2.9. Let � > 0. Then for any α > 0 there exist α′, α′′ > 0 such that

ψ�
α′,β(u, v) � ψ�

α,β(z, w) � ψ�
α′′,β(u, v) (u, v ∈ C, z ∈ D�

u,�, w ∈ D�
v,�). (2.2)

Similarly, for any α > 0 there exist α′, α′′ > 0 such that

ψ�
α′,β(z, w) � ψ�

α,β(u, v) � ψ�
α′′,β(z, w) (u, v ∈ C, z ∈ D�

u,�, w ∈ D�
v,�). (2.3)

Proof. First, we prove (2.2). Since ψ�
α,β(ζ, ξ) = ψ�

α,β(ξ, ζ), for any ζ, ξ ∈ C, it is enough to show the result 
for z = u, that is,

ψ�
α′,β(u, v) � ψα,β�(u,w) � ψ�

α′′,β(u, v) (2.4)
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Indeed, ψ�
α,β(z, w) � ψ�

α′′
1 ,β

(z, v) = ψ�
α′′

1 ,β
(v, z) � ψ�

α′′
2 ,β

(v, u) = ψ�
α′′

2 ,β
(u, v), and similarly we obtain that 

ψ�
α′,β(u, v) � ψ�

α,β(z, w).
Since the function ψ�

α,β is continuous, without loss of generality we may assume that u, v, w ∈ C \ {0}. 
We consider four cases:

Case 1: v, w ∈ Su,β .
Taking into account the notations in Lemma 2.7 b), we assume first that |u� − v�| ≥ 2��(1 + �)�−1.
Then, by Lemma 2.7 c),

||u� − w�| − |u� − v�|| ≤ |w� − v�| < �ρ(1 + ρ)�−1 < 1
2 |u

� − v�|,

and so 1
2 |u�− v�| ≤ |u�−w�| ≤ 3

2 |u�− v�|, i.e. 1
4φ

�
β(u, v) ≤ φ�

β(u, w) ≤ 9
4φ

�
β(u, v), which proves (2.4)

in this situation.
Next assume that |u�−v�| < 2��(1 +�)�−1. Again by Lemma 2.7 c) we get |u�−w�| < 3��(1 +�)�−1. 
Therefore φ�

β(u, v) � 1 and φ�
β(u, w) � 1, and hence ψ�

α,β(u, v) � 1 � ψ�
α,β(u, w).

The remaining cases will follow from Case 1.
Case 2: v ∈ Su,β , w /∈ Su,β .

Assume arg(vu) ≥ 0, and let w̃ = |w|ei(arg(u)+β), which satisfies w̃ ∈ Su,β and ψ�
α,β(u, w̃) =

ψ�
α,β(u, w). Since |w̃ − v| < |w − v|, we also have that w̃ ∈ D�

v,�. So (2.4) follows from Case 1, 
because ψ�

α′,β(u, v) � ψ�
α,β(u, w̃) � ψ�

α′′,β(u, v).
If arg(vu) < 0, a similar argument considering now ŵ = |w|ei(arg(u)−β) instead of w̃, gives (2.4) in 
this case.

Case 3: v /∈ Su,β and w ∈ Su,β .
This case is similar to Case 2. Indeed, if arg(wu) ≥ 0 then w ∈ D�

ṽ,�, where ṽ = |v|ei(arg(u)+β)

satisfies ṽ ∈ Su,β and ψ�
α,β(u, ̃v) = ψ�

α,β(u, v), so Case 1 gives (2.4). When arg(wu) ≤ 0 we consider 
v̂ = |v|ei(arg(u)−β) instead of ṽ.

Case 4: v, w /∈ Su,β .
In this case, using the above notations, |w̃− ṽ| = ||w| − |v|| ≤ |w− v|, so w̃ ∈ D�

ṽ,�. Hence we apply 
Case 1 to ṽ and w̃.

Finally, (2.3) is an immediate consequence of (2.2) because if z ∈ D�
u,� and w ∈ D�

v,� then u ∈ D�
z,τ(�)

and v ∈ D�
w,τ(�) (see Lemma 2.3 a)). �

2.3. A�
p,� weights and doubling weights D�

�

The following characterization of A�
p,� resembles a well known characterization of the classical Mucken-

houpt weights.

Lemma 2.10. For a weight ω on C, the following assertions are equivalent:

(a) w ∈ A�
p,�.

(b) There is a constant C > 0 such that⎛⎜⎝ 1
|D�

z,�|

∫
D�

z,�

f dA

⎞⎟⎠
p

≤ C

ω(D�
z,�)

∫
D�

z,�

fp dω, (2.5)

for any non-negative measurable function f on C and for any z ∈ C.
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The best constant C in the above inequality coincides with [ω]A�
p,�

.

Proof. The proof is similar to the one for the classical Muckenhoupt weights (see, for instance, [18, Ch. 
5]). The fact that (a) implies (b) with C = [ω]A�

p,�
is a direct consequence of Hölder’s inequality, while the 

opposite implication follows by applying (2.5) to f = ω′ = ω−p′/p. �
As the classical Muckenhoupt weights, our A�

p,�′ weights are doubling in a sense that we are going to 
state precisely.

Definition 2.11. The doubling class D�
� consists of all the weights ω satisfying

[ω]D�
�

:= sup
z∈C

ω(D�
z,τ(�))

ω(D�
z,�)

< ∞, where τ(�) = 2�(1 + �)�−1.

Then Lemma 2.3 directly gives the following result.

Lemma 2.12. For any ω ∈ D�
� we have that

1
[ω]D�

�

≤
ω(D�

w,�)
ω(D�

z,�)
≤ [ω]D�

�
(z ∈ C, w ∈ D�

z,�). (2.6)

Proposition 2.13.

a) If 0 < � < �′ and ω ∈ A�
p,�′ , then ω ∈ A�

p,�, [ω]A�
p,�

≤ (�′/�)2p [ω]A�
p,�′

, and

ω(D�
z,�′) ≤ (�′/�)2p [ω]A�

p,�′
ω(D�

z,�) (z ∈ C). (2.7)

b) If �, �′ > 0 satisfy �′ ≥ τ(�), then A�
p,�′ ⊂ A�

p,� ∩ D�
�.

Proof. The first two assertions of a) easily follow from the definition of A�
p,�. We obtain (2.7) by apply-

ing (2.5) (replacing � by �′, and taking C = [ω]A�
p,�′

) to the characteristic function f of D�
z,�. Finally, b) is 

a direct consequence of a). �
Remark 2.14. We point out that Theorem 1.4 will show that the class A�

p,� does not depend on �. A direct 
and important consequence of that fact and assertion b) of the above proposition is that A�

p,� ⊂ D�
�′ , for 

any �, �′ > 0, which means that, as the classical Muckenhoupt weights, our A�
p,� weights are really doubling 

weights.

3. Proof of Theorem 1.3

In order to compare the ω-measure of two arbitrary disks D�
z,� and D�

w,�, we consider suitable finite 
chains of overlapping disks linking D�

z,� with D�
w,�.

Definition 3.1. Given z, w ∈ C and � > 0, U �
�(z, w) will denote the set of all finite sequences of points 

{ζk}Nk=0 such that N ∈ N, ζ0 = z, ζN = w, ζk ∈ D
�

ζk−1,�
and ζk−1 ∈ D

�

ζk,�
, for k = 1, . . . , N . Moreover,

N �
�(z, w) := min{N ∈ N : {ζk}Nk=0 ∈ U �

�(z, w)}.

Now we state some elementary properties of U �
�(z, w) and N�(z, w):
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Lemma 3.2. For z, w, u ∈ C and θ ∈ R, we have:

a) If {ζk}Nk=0 ∈ U �
�(z, w) then {ζN−k}Nk=0 ∈ U �

�(w, z), so N �
�(z, w) = N �

�(w, z).
b) N �

�(z, w) ≤ N �
�(z, u) + N �

�(u, w).
c) N �

�(z, w) = N �
�(eiθz, eiθw).

Observe that, if ω ∈ D�
� and {ζk}Nk=0 ∈ U �

�(z, w), then (2.6) implies that

ω(D�
ζk−1,�

) ≤ [ω]D�
�
ω(D�

ζk,�
) ≤ [ω]2D�

�
ω(D�

ζk−1,�
).

Thus we have the following lemma, which compares the ω-measure of any two arbitrary disks D�
z,�.

Lemma 3.3. If ω ∈ D�
�, then

ω(D�
w,�) ≤ [ω]N

�
�(z,w)

D�
�

ω(D�
z,�) (z, w ∈ C).

It directly follows from Lemma 3.3 that, in order to prove Theorem 1.3, it is enough to show the following 
proposition.

Proposition 3.4. Let � ≥ 1, � > 0 and β < π/(2�). Then

N �
�(z, w) � φ�

β(z, w)1/2 + 1 (z, w ∈ C).

The rest of this section is devoted to prove Proposition 3.4.
Observe that N �

�(z, w) ≥ 1 and N �
�(z, w) = 1 if and only if w ∈ D

�

z,� and z ∈ D
�

w,�, that is,

|z − w| ≤ � min{(1 + |z|)1−�, (1 + |w|)1−�}. (3.8)

The following lemma considers the case where the points z and w belong to a neighborhood of the origin 
only depending on �:

Lemma 3.5. For every � > 0 let r�(�) be the only positive solution to the equation 2r(1 + r)�−1 = �. Then 

N �
�(z, w) = 1, for any z, w ∈ D

�

0,r�(�).

In order to estimate N �
�(z, w) when z and w do not satisfy (3.8), we will consider the cases where both 

z and w lay either on a circle centered at the origin or on a line passing through the origin.

Lemma 3.6. Let γ : [0, 1] → C be a C1 curve such that γ(0) = z and γ(1) = w. Let M = sup{|γ(t)| : t ∈
[0, 1]}. If z and w do not satisfy (3.8), then

N �
�(z, w) ≤ 2(1 + M)�−1

�

1∫
0

|γ′(t)|dt.

Proof. Since (1 +M)1−� ≤ (1 +|γ(t)|)1−� and z, w do not satisfy (3.8), there exist t0 = 0 < t1 < · · · < tN = 1
such that

� (1 + M)1−� ≤ |γ(tk−1) − γ(tk)| < �(1 + M)1−�, k = 1, · · · , N.
2
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Then it is clear that {ζk = γ(tk)}Nk=0 ∈ U �
�(z, w), and so N �

�(z, w) ≤ N . But

N ≤ 2
�(1 + M)1−�

N∑
k=1

|ζk−1 − ζk| ≤
2(1 + M)�−1

�

1∫
0

|γ′(t)|dt. �

Corollary 3.7. For any z, w ∈ C such that |z| = |w|, we have

N �
�(z, w) ≤ π

�
(1 + |z|)�−1|z − w| + 1.

Proof. If z and w satisfy (3.8), then N �
�(z, w) = 1. Otherwise, applying Lemma 3.6 to circle arcs γ(t) = |z|eit

of length less than π|z|, we obtain

N �
�(z, w) ≤ π

�
(1 + |z|)�−1|z − w|. �

Now we consider the radial case w = sz, s ∈ (0, 1).

Lemma 3.8. Assume that z ∈ C and w = sz, s ∈ (0, 1). Then

N �
�(z, w) ≤ (1 + 2�)�−1

� r�(�)�
(|z|� − |w|�) + 2,

where r(�) > 0 is as in Lemma 3.5.

Proof. Without loss of generality we may assume N �
�(z, w) > 1. Then we consider three cases.

Case 1: r�(�) ≤ |w| and |z| − |w| ≤ 2�.
By Lemma 3.6 applied to the line segment determined by z and w, we obtain

N �
�(z, w) ≤ 2

�
(1 + |z|)�−1(|z| − |w|).

Since 1 + |z| ≤ (1 + 2�)(1 + |w|), by the mean value theorem we have that

N �
�(z, w) ≤ 2(1 + 2�)�−1

� �

(
1 + |w|
|w|

)�−1

(|z|� − |w|�) ≤ (1 + 2�)�−1

� r�(�)�
(|z|� − |w|�).

Case 2: r(�) ≤ |w| and |z| − |w| > 2�.
Then there exist t0 = s < t1 < · · · < tN = 1 such that � < (tk − tk−1)|z| ≤ 2�. Let zk = tkz, for 
k = 0, . . . , N . Thus we may apply case 1 to the points zk−1 and zk, and obtain that

N �
�(zk−1, zk) ≤

(1 + 2�)�−1

� r�(�)�
(|zk|� − |zk−1|�) (k = 1, . . . , N).

Then, by Lemma 3.2,

N �
�(z, w) ≤

N∑
N�(zk−1, zk) ≤

(1 + 2�)�−1

� r�(�)�
(|z|� − |w|�).
k=1



C. Cascante et al. / J. Math. Anal. Appl. 504 (2021) 125481 11
Case 3: |w| < r�(�).
Then w̃ = r�(�) (z/|z|) ∈ D

�

0,r�(�), so N �
�(z, w) ≤ N �

�(z, w̃) + 1, by Lemmas 3.2 and 3.5. In particular, 
N �

�(z, w) ≤ 2, if N �
�(z, w̃) = 1. When N �

�(z, w̃) > 1, the preceding cases give that

N �
�(z, w) ≤ (1 + 2�)�−1

� r�(�)�
(|z|� − |w|�) + 1. �

Proof of Proposition 3.4. By Lemmas 2.6 and 3.2, without loss of generality we may assume z = |z| > 0
and |w| ≤ |z|. Then Lemmas 3.2 and 3.8, and Corollary 3.7 show that

N �
�(z, w) ≤ N �

�(z, |w|) + N �
�(|w|, w) � |z|� − |w|� + (1 + |w|)�−1∣∣w − |w|

∣∣ + 1.

In order to conclude the proof we need to show that the right hand side term in the above inequality is 
bounded by

φ�
β(z, w)1/2 + 1 �

{ ∣∣|z|� − w�
∣∣ + 1, if w ∈ S|z|,β ,

|z|� + |w|� + 1, otherwise.

Assume first that w ∈ S|z|,β . It is clear that |z|�−|w|� ≤
∣∣|z|�−w�

∣∣. Moreover, then (1 +|w|)�−1
∣∣w−|w|

∣∣ ≤ 2�, 
if |w| ≤ 1. On the other hand, when |w| > 1 we have that

(1 + |w|)�−1∣∣w − |w|
∣∣ ≤ 2�−1|w|�−1∣∣w − |w|

∣∣ ≤ 2�−1|w|�−1∣∣w − |z|
∣∣,

because Rew ≤ |w| ≤ 1
2(|w| + |z|). But, since

(cos(�β))1/2 |w|� ≤ min
0≤t≤1

∣∣(1 − t)w� + t|z|�
∣∣,

the mean value theorem shows in this case that

(1 + |w|)�−1∣∣w − |w|
∣∣ � |w|�−1∣∣w − |z|

∣∣ � ∣∣w� − |z|�
∣∣.

Finally, when w /∈ S|z|,β we have the estimate

|z|� − |w|� + (1 + |w|)�−1∣∣w − |w|
∣∣ � |w|� + |z|� + 1,

which ends the proof. �
4. Integral operators on Lp(ω). Proof of Theorem 1.4

In order to prove Theorem 1.4, we need the following three technical results. The first two give some 
useful estimates of integrals and sums related to the ψ�

α,β functions and the A�
p,� weights.

Lemma 4.1. Let α > 0, β ∈ (0, π/(2�)) and s ∈ R. Then∫
C

(1 + |w|)s−2(1−�) ψ�
α,β(z, w) dA(w) � (1 + |z|)s (z ∈ C). (4.9)

Moreover, if {D�
zk,�

}k is a covering as in Lemma 2.4, then∑
(1 + |zj |)s ψ�

α,β(zk, zj) � (1 + |zk|)s. (4.10)

j
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Proof. First we prove (4.9). Taking into account Lemma 2.6 b), by making a rotation, we may assume that 
z = |z| > 0. Let Iz be the integral in (4.9). First note that, by Corollary 2.8, ψ�

α,β(z, w) � 1, for w ∈ Dz,�, 
and so

Iz �
∫

D�
z,�

(1 + |w|)s−2(1−�) dA(w) � (1 + |z|)s.

Now we prove the opposite estimate. Since Iz � 1, for |z| ≤ 1, we may assume that |z| > 1. Now we split Iz
into two integrals:

Iz =
{∫

Ω

+
∫

C\Ω

}
(1 + |w|)s−2(1−�) ψ�

α,β(z, w) dA(w) =: I ′z + I ′′z ,

where Ω := {w ∈ S|z|,β : |w� − |z|�| < 1
2 |z|�}. We claim that I ′z � (1 + |z|)s and there is some ε > 0 such 

that I ′′z � e−ε|z|2� � (1 + |z|)s.
Note that |w| � |z|, for w ∈ Ω, so I ′z � (1 + |z|)sJz, where

Jz =
∫
Ω

(1 + |w|)−2(1−�)e−
α
2 |w�−|z|�|2dA(w).

Now the change of variables u = w� − |z|� shows that Jz � 1, which means that I ′z � (1 + |z|)s.
In order to prove the second claim, it is enough to check that there is some ε > 0 such that ψ�

α,β(z, w) =
e−

α
2 φ�

β(z,w) � e−ε(|w|2�+|z|2�), for w ∈ C \ Ω. And this can be deduced as follows:
If w ∈ Sz,β and 1

2 |z|� ≤ |w� − |z|�| ≤ 2|z|�, then |w|� ≤ 3|z|� ≤ 6|w� − |z|�|, and so 1
72 (|w|2� + |z|2�) ≤

|w� − |z|�|2 = φ�
β(z, w). If w ∈ Sz,β and |w� − |z|�| > 2|z|�, then |w|� ≤ |w� − z�| + |z|� ≤ 3

2 |w� − z�|, and so 
2
9 (|w|2� + |z|2�) ≤ φ�

β(z, w). For w ∈ C \ Sz,β , the estimate is a direct consequence of Lemma 2.7 a).
Finally, we prove (4.10). Since ψ�

α,β(zk, zk) = 1, the estimate � is clear. The opposite estimate follows 
from (4.9). Indeed, if {D�

zk,�
}k is a covering as in Lemma 2.4, then Lemma 2.9 implies that there is α′ > 0

such that ∑
j

(1 + |zj |)s ψ�
α,β(zk, zj) �

∑
j

∫
D�

zj,�

(1 + |w|)s−2(1−�) ψ�
α′,β(zk, w) dA(w)

�
∫
C

(1 + |w|)s−2(1−�) ψ�
α′,β(zk, w) dA(w). �

Proposition 4.2. Let s ∈ R. Then any weight ω satisfies∫
C

(1 + |w|)s ψ�
α,β(z, w) dω(w) � (1 + |z|)s ω(D�

z,�). (4.11)

Moreover, when ω ∈ A�
p,�, we have that

∫
C

(1 + |w|)s ψ�
α,β(z, w) dω(w) � (1 + |z|)s ω(D�

z,�), (4.12)

and, in particular, for every 1 ≤ q < ∞, the following estimate holds
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‖T �
α,β,s(z, ·)‖qLq(ω) � (1 + |z|)2(�−1)q ω(D�

z,�) �
ω(D�

z,�)
|D�

z,�|q
. (4.13)

In order to prove Proposition 4.2 we need next lemma which is a direct consequence of Theorem 1.3.

Lemma 4.3. Let ω ∈ A�
p,�, α > 0, and δ ∈ R. Then there exists α′ > 0 so that

ψ�
α,β(z, w)

(
ω(D�

w,�)
ω(D�

z,�)

)δ

� ψ�
α′,β(z, w) (z, w ∈ C).

Proof of Proposition 4.2. First note that (1 + |w|)sψ�
α,βz, w) � (1 + |z|)s, for w ∈ D�

z,�, and so (4.11) clearly 
holds. Next we prove (4.12). Assume that ω ∈ A�

p,�, and let {D�
zk,�

}k be a covering as in Lemma 2.4. Then 
Lemmas 2.9 and 4.3, and (4.10) give that there are α′, α′′ > 0 such that∫

C

(1 + |w|)sψ�
α,β(z, w)ω(w)dA(w) � ω(D�

z,�)
∑
k

(1 + |zk|)sψ�
α′,β(z, zk)

ω(D�
zk,�

)
ω(D�

z,�)

� ω(D�
z,�)

∑
k

(1 + |zk|)sψ�
α′′,β(z, zk)

� (1 + |z|)sω(D�
z,�).

Finally, (4.13) directly follows from (4.12) and the fact that (ψ�
α,β)q = ψ�

qα,β . �
Our third technical result states that if T �

α,β,s is well defined on Lp(ω) (in the sense that ψ�
z(w) =

f(w) T �
α,β,s(z, w) ∈ L1(dA) a.e. z ∈ C, for any f ∈ Lp(ω)), then ω′ is also a weight. Its proof follows the 

ideas in [2, Lemma 4].

Lemma 4.4. If T �
α,β,s is well defined on Lp(ω), then ω′ = ω−p′/p is a weight.

Proof. The proof is by contradiction. Assume that T �
α,β,s is well defined on Lp(ω), but ω′ /∈ L1(D�

0,R), 
for some R > 0. Then ω−1/p /∈ Lp′(D�

0,R), and so there is some g ∈ Lp(D�
0,R) satisfying that f =

gω−1/p /∈ L1(D�
0,R). On the other hand, since f ∈ Lp(ω) and T �

α,β,s is well defined on Lp(ω), we have 
that f(·) T �

α,β,s(z, ·) ∈ L1(D�
0,R) a.e. z ∈ C. Finally, since T �

α,β,ρ(z, w) � 1, for z, w ∈ D�
0,R, we deduce that 

f ∈ L1(D�
0,R), which is a contradiction. �

Proof of (a) ⇒ (b) in Theorem 1.4. Assume that ω ∈ Ap
p,�, for some � > 0, and we want to show that T �

α,β,s

is bounded on Lp(ω), for any α > 0, β ∈ (0, π/(2�)) and s ∈ R. First observe that ω′ ∈ A�
p′,�, so, for any 

ϕ ∈ Lp(ω), Hölder’s inequality, (4.13) and Tonelli’s theorem give

‖T �
α,β,s ϕ‖pLp(ω)

≤
∫
C

⎛⎝∫
C

(
|ϕ(w)|ω(w)1/p

) (
ω′(w)1/p

′)
T �
α,β,s(z, w) dA(w)

⎞⎠p

dω(z)

�
∫
C

⎛⎝∫
C

|ϕ(w)|p T �
α,β,s(z, w) dω(w)

⎞⎠(
ω′(D�

z,�)
|D�

z,�|

)p/p′

dω(z)

=
∫
C

|ϕ(w)|p ω′(D�
w,�)p/p

′
(∫
C

T �
α,β,s(z, w)
|D�

z,�|p/p
′

(
ω′(D�

z,�)
ω′(D�

w,�)

)p/p′

dω(z)
)
dω(w).
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Now Lemma 4.3 shows that

T �
α,β,s(z, w)
|Dz,�|p/p′

(
ω′(D�

z,�)
ω′(D�

w,�)

)p/p′

� (1 + |w|)s (1 + |z|)t ψα′,β(z, w),

where t = 2(� − 1)p − s, so, by (4.12),

∫
C

T �
α,β,s(z, w)
|D�

z,�|p/p
′

(
ω′(D�

z,�)
ω′(D�

w,�)

)p/p′

dω(z) � (1 + |w|)2(�−1)p ω(D�
w,�).

Hence

‖T �
α,β,s ϕ‖pLp(ω) �

∫
C

|ϕ(w)|p
ω(D�

w,�)ω′(D�
w,�)p/p

′

|D�
w,�|p

dω(w) � ‖ϕ‖pLp(ω). �

Proof of (b) ⇒ (a) in Theorem 1.4. We assume that T �
α,β,s is bounded on Lp(ω), for some α > 0, β ∈

(0, π/(2�)) and s ∈ R, and we want to prove that ω ∈ A�
p,�, for any � > 0.

For ζ ∈ C and � > 0, let χζ be the characteristic function of D�
ζ,� and let ϕζ(w) := χζ(w) ω′(w). 

Since (ω′)pω = ω′ is a weight, by Lemma 4.4, ‖ϕz‖Lp(ω) =� ω′(Dz,�)1/p < ∞, and so ‖T �
α,β,s ϕζ‖Lp(ω) ≤

‖T �
α,β,s‖ ω′(D�

ζ,�)1/p. Next, by Lemma 2.9,

(1 + |z|)2(�−1)−s (1 + |ζ|)s ω′(D�
ζ,�) � T �

α,β,s ϕζ(z) (ζ ∈ C, z ∈ D�
ζ,�).

Therefore

(1 + |ζ|)2(�−1)pω′(D�
ζ,�)pω(D�

ζ,�) �
∫

D�
ζ,�

|T �
α,β,sϕ(z)|p dω(z) ≤ ‖T �

α,β,s‖pω′(D�
ζ,�),

and hence [ω]A�
p,�

� ‖T �
α,β,s‖p. �

As a consequence of Theorem 1.4 the class A�
p,� does not depend on �, so from now on we will simply 

write A�
p instead of A�

p,�. Then, by Proposition 2.13 b), we deduce:

Corollary 4.5. A�
p ⊂ D�

�, for any � > 0.

Finally, Theorem 1.4 and Lemma 4.4 directly imply the following result.

Corollary 4.6. If ω ∈ A�
p then ω′ ∈ A�

p′ .

5. Properties and examples of weights

In what follows, the disk D�
z,1 will be simply denoted by D�

z. Our first class of weights consists of weights 
that are “essentially constant” on those disks.

5.1. Slowly growing weights S�

Definition 5.1. The class of slowly growing weights S� is composed of all the weights ω such that there is a 

constant C ≥ 1 satisfying 
1 ≤ ω(w) ≤ C, for any z ∈ C and w ∈ D�

z. Then we have:

C ω(z)
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Lemma 5.2. If ω ∈ S�, then ω ∈ A�
p, for any 1 < p < ∞, and ω′ ∈ S�.

Proposition 5.3. For every ω ∈ S� there exists a constant γ = γ(ω, �, p) > 0 such that ω(z) � eγ|z|
� and 

ω′(z) � eγ|z|
� .

Proof. By Lemma 5.2 it is enough to prove the estimate for ω. Since ω ∈ S�, we have that ω(z) �
ω(D�

z)/|D�
z|. Then, taking into account that ω ∈ A�

p (by Lemma 5.2), Theorem 1.3 shows that there exists 
a constant C > 1 such that ω(z) � ω(D�

0)(1 + |z|)2(�−1)C |z|� . Therefore the estimate ω(z) � eγ|z|
� holds for 

any constant γ > logC. �
5.2. Bergman spaces Ap(ω)

The main result of this section shows that the weighted Bergman space Ap(ω), ω ∈ A�
p, coincides with a 

weighted Bergman space Ap(Ω), where Ω is a more regular weight in the class S�. Namely:

Theorem 5.4. Let ω ∈ A�
p. Then:

a) The average Ω(z) := ω(D�
z)

|D�
z|

is a weight in S�.

b) For 1 < p < ∞, Ap(Ω) = Ap(ω) with equivalent norms.

In order to prove this result we need the following lemma, which is a consequence of Lemma 2.10 and 
the mean value property for subharmonic functions.

Lemma 5.5. Given ω ∈ A�
p and � > 0, we have the following estimates:

|f(w)|p � 1
|D�

z,τ(�)|

∫
D�

z,τ(�)

|f |p dA (f ∈ H(C), z ∈ C, w ∈ Dz,�) (5.14)

|f(w)|p � 1
ω(D�

z,�)

∫
D�

z,τ(�)

|f |p dω (f ∈ H(C), z ∈ C, w ∈ D�
z,�) (5.15)

Proof. The sub-mean-value property for the subharmonic function |f |p gives that

|f(w)|p ≤ 1
|D�

w,�|

∫
D�

w,�

|f |p dA (f ∈ H(C), w ∈ C).

Moreover, the sub-mean-value property for |f | and Lemma 2.10 show that

|f(w)|p ≤
(

1
|D�

w,�|

∫
D�

w,�

|f | dA
)p

� 1
ω(D�

w,�)

∫
D�

w,�

|f |p dω (f ∈ H(C), w ∈ C).

Now note that |D�
w,�| � |D�

z,τ�(ρ)| and, by Lemma 2.3 a), D�
w,� ⊂ D�

z,τ�(�), for every w ∈ D�
z,�. Furthermore, 

Corollary 4.5 and Lemma 2.12 imply that

ω(D�
w,�) � ω(D�

z,�) (z ∈ C, w ∈ D�
z,�).

Therefore it is clear that both (5.14) and (5.15) hold. �
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Proof of Theorem 5.4. Part a) is a direct consequence of Corollary 4.5 and Lemma 2.12. Next we prove 
part b).

Pick � > 0 so that τ�(�) = 1, and consider a covering {D�
zk,�

}k as in Lemma 2.4. Note that, since � < 1, 
{D�

zk
}k is also a covering of this type. By integrating (5.14) against dω(w) on D�

z,� and applying a), we 
obtain ∫

D�
z,�

|f |p dω �
∫
D�

z

|f |p dΩ (f ∈ H(C), z ∈ C). (5.16)

We also integrate (5.15) against dA(w)/|D�
z,�| on D�

z,�, and use a) to get∫
D�

z,�

|f |p dΩ �
∫
D�

z

|f |p dω (f ∈ H(C), z ∈ C). (5.17)

Finally, if we apply the estimates (5.16) and (5.17) to z = zk and sum on k, we deduce that∫
C

|f |p dΩ �
∫
C

|f |p dω (f ∈ H(C)),

which finishes the proof. �
5.3. Doubling weights

In this section we will prove two technical properties of the doubling weights (see Section 2.3 for the 
precise definition), that we will use later on.

Proposition 5.6. Let ω ∈ D�
�. Then there exists a constant γ = γ(ω, �, �) > 0 such that ω(z)e−γ|z|� ∈ L1(dA). 

In particular, ω(z)e−ε|z|m ∈ L1(dA), for any ε > 0 and m > �.

Proof. Let {D�
zk,�

}k be a covering of C as in Lemma 2.4. By Theorem 1.3, there exists a constant C =
C(ω, �, p) > 1 such that ω(D�

zk,�
) ≤ ω(D�

0,�)C |zk|� . Moreover, if w ∈ D�
zk,�

then 
∣∣ |w|�−|zk|�

∣∣ � 1. Therefore, 
for γ > logC, we have that∫

C

ω(w)e−γ|w|� dA(w) �
∑
k

e−γ|zk|�ω(D�
zk,�

) �
∑
k

e−γ|zk|�C |zk|� < ∞. �

As a consequence of Proposition 5.6, we obtain the following embeddings.

Proposition 5.7. Let ω ∈ D�
� and 1 < p < ∞ such that ω′ = ω−p′/p ∈ D�

�. Then

L∞,�
α0

↪→ Lp,�
α (ω) ↪→ L1,�

α1
(α0 < α < α1).

In particular, the above embeddings hold when ω ∈ A�
p.

Proof. Let α0 < α < α1. Then, for any f ∈ L∞
α0

, it is clear

‖f‖p
Lp

α(ω) =
∫

|f(w)|pω(w)e−
αp
2 |w|2�dA(w) ≤ ‖f‖pL∞

α0
‖ω(w)e−ε|w|2�‖L1(dA),
C
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where ε = (α−α0)p
2 . Therefore Proposition 5.6 gives that ‖f‖Lp

α(ω) � ‖f‖L∞
α0

.
On the other hand, for any f ∈ Lp

α(ω), Hölder’s inequality shows that

‖f‖L1
α1

=
∫
C

|f(w)|e−
α1
2 |w|2�dA(w) ≤ ‖f‖Lp

α(ω)‖ω′(w)e−
(α1−α0)p′

2 |w|2�‖1/p′

L1(dA),

so, by Proposition 5.6, we conclude that ‖f‖L1
α1

� ‖f‖Lp
α(ω). �

5.4. Radial A�
p weights

We start this section by “rewriting” the definition of A�
p weights for radial weights. For R ≥ 0 let 

I�R := [max{0, R− (1 + R)1−�}, R + (1 + R)1−�].

Proposition 5.8. Let ω : [0, ∞) → R be a positive locally integrable function, and define ω(z) := ω(|z|), for 
z ∈ C. Then the following assertions are equivalent:

(a) ω ∈ A�
p.

(b) sup
R≥0

(1 + R)�−1ω(I�R)1/pω′(I�R)1/p
′
< ∞.

Proof. For any z ∈ C, we consider the set

U �
z :=

{
{w ∈ C : |w| ∈ I�|z|}, if |z| ≤ 2,
{reiθ : r ∈ I�|z|, |θ − arg z| ≤ θz}, if |z| > 2,

where θz = arcsin((1 + |z|)�−1/|z|), which satisfies the estimate

ω(U �
z)1/pω′(U �

z)1/p
′ � (1 + |z|)1−�ω(I�|z|�)

1/pω′(I�|z|�)
1/p′

(z ∈ C). (5.18)

First we prove that (a) implies (b). Assume that ω ∈ A�
p. Then we know that ω and ω′ are locally integrable 

functions on C (see Corollary 4.6). Since I�R ⊂ [0, 3], for every 0 ≤ R ≤ 2, it directly follows that

sup
0≤R≤2

(1 + R)�−1ω(I�R)1/pω′(I�R)1/p
′ ≤ 3�−1ω([0, 3])1/pω([0, 3])1/p

′
< ∞.

On the other hand, if R > 2 then U �
R ⊂ D�

R,3, and so

ω(U �
R)1/p ω′(U �

R)1/p
′ � (1 + R)2(1−�) (R > 2),

which, by (5.18), implies that

(1 + R)�−1ω(I�R)1/pω′(I�R)1/p
′ � 1 (R > 2).

Therefore (b) holds.
Finally, the implication (b) ⇒ (a) follows from the inclusion D�

z ⊂ U �
z and the estimate (5.18). Indeed, 

then we have that

ω(D�
z)1/pω′(D�

z)1/p
′ ≤ ω(U �

z)1/pω′(U �
z)1/p

′ � (1 + |z|)1−�ω(I�|z|)1/pω′(I�|z|)1/p
′
,

which clearly shows that (b) implies (a). �
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Next we describe the A�
p weights which are linear combinations of functions of the form |z|γ , γ > 0.

Proposition 5.9. Let ϕ(r) =
∑m

j=1 cjr
�j , where 0 < �1 < �2 < · · · < �m and c1, . . . , cn ∈ R, and let 

ω(z) = (1 + |z|)seϕ(|z|), where s ∈ R. Then the following assertions are equivalent:

(a) ω ∈ A�
p.

(b) ω ∈ S�.
(c) �m ≤ �.

Proof. Note that the implication (b) ⇒ (a) is a direct consequence of Lemma 5.2. Moreover, since, by 
Corollary 4.5, A�

p ⊂ D�
�, Proposition 5.6 shows that (a) implies (c). Finally, the implication (c) ⇒ (b)

follows from two facts: (1 + |z|)s is a radius function (by Lemma 2.1) and

∣∣ |w|β − |z|β
∣∣ � 1 (z ∈ C, w ∈ D�

z),

whenever 0 < β ≤ �. �
As a consequence of Proposition 5.9 we characterize the functions |eh|, where h ∈ H(C), which are A�

p

weights.

Proposition 5.10. Let h ∈ H(C) and let ω = |eh|. Then the following assertions are equivalent:

(a) ω ∈ A�
p.

(b) ω ∈ S�.
(c) h is a polynomial of degree m ≤ �.

Proof. First, note that Lemma 5.2 shows that (b) implies (a). Now we are going to prove that (a) implies (c). 
Assume that ω ∈ A�

p. Then, by Corollary 4.5 and Proposition 5.6, there exists γ > 0 such that

∫
C

eReh(w)−γ|w|�dA(w) < ∞.

By taking into account the subharmonicity of eReh = |eh| and the fact that e−γ|w|� is a slowly growing 
function (by Proposition 5.9), we deduce that eReh(z)−γ|z|�(1 + |z|)2(1−�) � 1. Therefore eReh(z) � e2γ|z|�

and, by a classical theorem of Hadamard (see, for instance, [6, Corollary 6.33]), we obtain that h is a 
polynomial of degree m ≤ �.

Finally, we show that (c) implies (b). Since a finite product of slowly growing functions is a slowly growing 
function, without loss of generality we may assume that h(z) = azk, where a ∈ C and k = 0, 1, . . . , �. Then

|Re(h(w) − h(z))| ≤ |h(w) − h(z)| ≤ |a||w − z|
k−1∑
j=0

|z|j |w|k−1−j (z, w ∈ C),

and so

|Re(h(w) − h(z))| � (1 + |z|)k−� ≤ 1 (z ∈ C, w ∈ D�
z).

Since ω(w)/ω(z) = eRe(h(w)−h(z)), it follows that ω ∈ S�, which finishes the proof. �
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6. Proof of Theorem 1.5

In order to prove Theorem 1.5, we need some estimates of the Berezin kernel B�
α, which will follow from 

the behavior of the Bergman kernel K�
α.

Recall that the Bergman kernel for F 2,�
α is given by

K�
α(z, w) = �α1/�E1/�,1/�(α1/�zw), (6.19)

where E1/�,1/�(λ) =
∑∞

k=0
λk

Γ((k+1)/�) is a Mittag-Leffler function (see, for instance, [4] for the details). This 
function satisfies the following asymptotic expansion when |λ| → ∞ (see, for instance, [16, Theorem 1.2.1]):

E1/�,1/�(λ) =
{
�λ�−1eλ

� + O(λ−1), if | arg λ| ≤ π
2� ,

O(λ−1), if | arg λ| > π
2� .

(6.20)

This asymptotic equality shows that, for a fixed R > 0 large enough, we have that{
|E1/�,1/�(λ)| � (1 + |λ|)�−1eRe(λ�), if | arg λ| ≤ π

2� and |λ| > R,

|E1/�,1/�(λ)| � 1, otherwise.

Moreover, since E1/�,1/�(x) > 0, for every x ∈ [0, ∞), there exists 0 < ε < 1 such that |E1/�,1/�(λ)| � 1, 
for −ε ≤ Reλ ≤ R + ε, −ε ≤ Imλ ≤ ε. Therefore there is 0 < β < π/(2�) small enough so that{

|E1/�,1/�(λ)| � (1 + |λ|)�−1eRe(λ�), if | arg λ| ≤ β or |λ| < ε

|E1/�,1/�(λ)| � 1, otherwise.
(6.21)

Here 0� = 0 and λ� = |λ|� ecos(� argλ), for any λ ∈ C \ {0}. As a consequence of (6.21) we obtain global and 
local estimates of the Bergman kernel, which, for convenience, are written in terms of the so called twisted 
Bergman kernel

K�
α(z, w) := e−

α
2 |z|2�K�

α(z, w) e−α
2 |w|2� .

Lemma 6.1. There is 0 < β < π/(2�) satisfying that

|K�
α(z, w)| � T �

α,β,�−1(z, w) (z, w ∈ C). (6.22)

Moreover, there is �̃ > 0 such that

|K�
α(z, w)| � T �

α,β,�−1(z, w) � (1 + |z|)2(�−1) (z ∈ C, w ∈ D�
z,�̃). (6.23)

In particular:

B�
α(z, w) � T �

2α,β,2(�−1)(z, w) (z, w ∈ C) (6.24)

B�
α(z, w) � T �

2α,β,2(�−1)(z, w) � (1 + |z|)2(�−1) (z ∈ C, w ∈ D�
z,�̃). (6.25)

Proof. Since 1 +|zw| ≤ (1 +|z|)(1 +|w|), (6.22) follows from (6.21). Moreover, (6.23) also follows from (6.21), 
because, for any � > 0, we have that

1 + |zw| � (1 + |z|)(1 + |w|) (z ∈ C, w ∈ D�
z,�),
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and, given 0 < β < π/2 and 0 < ε < 1, there is �̃ = �̃(β, ε) > 0 such that any z ∈ C and w ∈ Dz,�̃ satisfy 
either | arg(zw)| ≤ β or |zw| < ε.

Indeed, if � > 0 and |z| > π
2β�, then |z| > � ≥ �(1 + |z|)1−�, and so

| arg(zw)| ≤ arcsin �

|z| <
π

2
�

|z| < β, for every w ∈ D�
z,�.

On the other hand, if |z| ≤ π
2β � and w ∈ D�

z,�, then |w| < |z| + � ≤ �( π
2β + 1), so |zw| < �2( π

2β + 1)2. 
Therefore �̃ = ε

1
2 ( π

2β + 1)−1 does the job.
Finally, by (6.23) we have that K�

α(z, z) � (1 + |z|)2(1−�)eα|z|
2� , so

B�
α(z, w) � (1 + |z|)2(1−�) |K�

α(z, w)|2 (z, w ∈ C).

Hence it is clear that (6.24) and (6.25) are direct consequences of (6.22) and (6.23), respectively. Thus the 
proof is complete. �

The pointwise estimates (6.22) and (6.23) give, for 1 ≤ p < ∞, the Lp,�
α -norm estimate for the Bergman 

kernel (see, for instance, [4] or [7]):

‖K�
α(·, z)‖Fp,�

α
� (1 + |z|)2(�−1)/p′

e
α
2 |z|2� (z ∈ C). (6.26)

A direct consequence of (6.26) is the boundedness on Lp,�
α of the Bergman projection.

Proposition 6.2 ([4], [7, Lemma 2.15]).

a) For 1 ≤ p < ∞ the Bergman projection P �
α is bounded on Lp,�

α .
b) If γ < 2α then P �

αf = f , for every f ∈ F 1,�
γ .

Corollary 6.3. If 1 ≤ p < ∞ and γ > 0, then

|f(z)| � ‖f‖Fp,�
γ

(1 + |z|)2(�−1) e
γ
2 |z|

2�
(f ∈ F p,�

γ , z ∈ C).

Now we give two technical lemmas needed in the proof of Theorem 1.5.

Lemma 6.4. Assume �̃ > 0 satisfies (6.23). Then, for any ω ∈ A�
p and 0 < � ≤ �̃, we have that

∫
C

|K�
α(z, w)| dω(w) �

ω(D�
z,�)

|D�
z,�|

(z ∈ C).

Proof. Let I(z) be the integral at the statement. Then, by (6.23), we have

ω(D�
z,�)

|D�
z,�|

� (1 + |z|)�−1
∫

D�
z,�

(1 + |w|)�−1 dω(w) �
∫

D�
z,�

|Kα(z, w)| dω(w) ≤ I(z).

On the other hand, (6.22) and (4.13) show that

I(z) �
∫

T �
α,β,�−1(z, w) dω(w) � (1 + |z|)2(�−1)ω(D�

z,�) �
ω(D�

z,�)
|D�

z,�|
. �
C
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Lemma 6.5. Let 1 < p < ∞. If B�
α is well defined on Lp(ω), then ω′ is a weight.

Proof. We prove the assertion by contradiction. If ω′ is not a weight, then there is a ∈ C such that 
ω′ /∈ L1(D�

a,�̃), where �̃ > 0 satisfies (6.25). Thus ω−1/p /∈ Lp′(D�
a,�̃) and so there exists g ∈ Lp(D�

a,�̃) such 
that f = gω−1/p /∈ L1(D�

a,�̃). Now, since f ∈ Lp(D�
a,�̃ ; ω dA), the hypothesis gives that f B�

α(z, · ) ∈ L1(D�
a,�̃)

for a.e. z ∈ C. But (6.25) shows that B�
α(z, w) � (1 + |a|)2(�−1), for z, w ∈ D�

a,�̃, which implies that 
f ∈ L1(D�

a,�̃), and we get a contradiction. �
Proof of Theorem 1.5. Assume that ω ∈ A�

p. Then (6.24) and Theorem 1.4 show that B�
α is bounded on 

Lp(ω). Moreover, the fact that B�
αf = f , for every f ∈ Ap(ω) = H(C) ∩Lp(ω), follows from Propositions 5.7

and 6.2 b) by observing that if f ∈ Ap(ω) then fK�
α(·, z) ∈ F 1

α, for every z ∈ C. Indeed, since ω ∈ A�
p, we 

know that ω′ = ω−p′/p ∈ A�
p′ (see Corollary 4.6), and so Hölder’s inequality, (6.22) and (4.13) show that, 

for any f ∈ Ap(ω), we have∫
C

|f(w)||K�
α(w, z)| e−α

2 |w|2�dA(w) ≤ e
α
2 |z|2�‖f‖Lp(ω)‖T �

α,β,�−1(z, · )‖Lp′ (ω′) < ∞.

Conversely, assume that B�
α is bounded on Lp(ω). Then, by Lemma 6.5, ω′ is a weight, and we may follow 

the argument in the proof of the implication (b) ⇒ (a) in Theorem 1.4, but replacing T �
α,β,s and � by B�

α

and a radius �̃ satisfying (6.25), respectively, to conclude that ω ∈ A�
p. �

7. Proof of Theorems 1.1 and 1.6

7.1. Proof of Theorem 1.1

By Theorem 1.4 and the pointwise estimate (6.22), it is clear that we only have to prove the implication 
(c) ⇒ (a).

Assume that P �
α is bounded on Lp,�

α (ω), for some α > 0, and we want to prove that ω ∈ A�
p. In order to 

do that, we will follow the scheme of the proof of [9, Theorem 3.1].
First, we observe that the argument in the proof of Lemma 6.5 shows that, if P �

α is well defined on 
Lp,�
α (ω), in the sense that, for every f ∈ Lp,�

α (ω), we have

ψz(w) = f(w)K�
α(z, w) e−α|w|2� ∈ L1(dA) for a.e. z ∈ C,

then ω′ is a weight. Next, we prove that the boundedness of P �
α on Lp,�

α (ω) implies that ω ∈ A�
p, i.e. there 

is some � > 0 satisfying

(ω(D�
ζ,�))1/p(ω′(D�

ζ,�))1/p
′ � |D�

ζ,�| (ζ ∈ C). (7.27)

Let � > 0 and R > 0. Note that D�
ζ,� ⊂ D�

0,R+� and |D�
ζ,�| ≥ �2(1 +R)2(1−�), for any ζ ∈ D0,R. Since ω and 

ω′ are weights, we only have to show that there is some small � > 0 and some large R > 0 such that (7.27)
holds for |ζ| ≥ R.

Assume that 0 < � < R/(4�) and |ζ| ≥ R > 1. Then 1
2 |ζ| ≤ |z| ≤ 2|ζ| and | arg(zζ)| ≤ π

8� , for any 
z ∈ D�

ζ,�. In particular, | arg(zw)| ≤ β := π
4� , for any z, w ∈ D�

ζ,�. Now define the function

fζ(w) := (ζw)1−�e
−iα Im

(
(ζw)�

)
e

α
2 |w|2�χζ(w)ω′(w) (w ∈ C),

where χζ denotes the characteristic function of the disk D�
ζ,�. It is clear that
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‖fζ‖Lp
α(ω) � |D�

ζ,�|
(
ω′(D�

ζ,�)
)1/p (|ζ| ≥ R),

and we make the following claim:

Claim. There exist small enough � > 0 and large enough R > 0 so that

ω′(D�
ζ,�) � e−

α
2 |z|2� |P �

αfζ(z)| (|ζ| ≥ R, z ∈ D�
ζ,�).

Taking for granted this claim, it is easy to prove (7.27) for |ζ| ≥ R:

ω′(D�
ζ,�)(ω(D�

ζ,�))1/p �

⎛⎜⎝ ∫
D�

ζ,�

e−
pα
2 |z|2� |P �

αfζ(z)|p dω(z)

⎞⎟⎠
1/p

≤ ‖P �
α‖ ‖fζ‖Lp

α(ω) � |D�
ζ,�|

(
ω′(D�

ζ,�)
)1/p

.

In order to prove the claim, note that e−α
2 |z|2�P �

αfζ(z) =
∫
D�

ζ,�
Φζ(z, w) dA(w), where

Φζ(z, w) = fζ(w) e−α
2 |z|2�K�

α(z, w)e−α|w|2� .

Recall that |zw| > 1
4 |ζ|2 > 1

4R
2 and | arg(zw)| ≤ β, for every z, w ∈ D�

ζ,�, so (6.19) and (6.20) show that, 
for large enough R > 0, we have

K�
α(z, w) = α�(zw)�−1eα(zw)� + O((zw)−1) (z, w ∈ D�

ζ,�, |ζ| ≥ R).

It follows that

Φζ(z, w) = α� (z/ζ)�−1 eiα Im((zw)�−(ζw)�) e−
α
2 (|z|2�−2 Re((zw)�)+|w|2�) ω′(w)

+ fζ(w) e−α|w|2� e−
α
2 |z|2� O((zw)−1)

= α� (z/ζ)�−1 eiα Im((zζ)�) ψα,β(z, w)ω′(w)

− α� (z/ζ)�−1ψα,β(z, w)
(
eiα Im(zζ)�) − eiα Im((zw)�−(ζw)�))ω′(w)

+ (ζw)1−�e
−iα Im

(
(ζw)�

)
e−

α
2 (|z|2�+|w|2�) ω′(w)O((zw)−1)

= Φ1
ζ(z, w) + Φ2

ζ(z, w) + Φ3
ζ(z, w) (z, w ∈ D�

ζ,�, |ζ| ≥ R).

Now we estimate the integrals Ijζ (z) =
∫
D�

ζ,�
Φj

ζ(z, w) dA(w), for |ζ| ≥ R and z ∈ D�
ζ,�, as follows:

|I1
ζ (z)| � ω′(D�

ζ,�). (7.28)

|I2
ζ (z)| ≤ 1

2 |I
1
ζ (z)|, for small enough � > 0. (7.29)

|I3
ζ (z)| � R−2�e−α(R/2)2� ω′(D�

ζ,�). (7.30)

Observe that these estimates prove the claim, since, for large enough R > 0 and small enough � > 0, we 
have that

e−
α
2 |z|2� |P �

α(fζ)(z)| ≥ 1 |I1
ζ (z)| − |I3

ζ (z)| � ω′(D�
ζ,�) (|ζ| ≥ R, z ∈ D�

ζ,�).
2
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The estimate (7.28) holds because |I1
ζ (z)| =

∫
Dζ,�

|Φ1
ζ(z, w)| dA(w), and, by Corollary 2.8, |Φ1

ζ(z, w)| �
|z/ζ|�−1ψα,β(z, w) ω′(w) � ω′(w), for z, w ∈ D�

ζ,�. The proof of (7.30) is also easy since, for |ζ| ≥ R and 
z, w ∈ D�

ζ,�, we have

|Φ3
ζ(z, w)| � |ζ|−2�e−α(|ζ|/2)2� ω′(w) ≤ R−2�e−α(R/2)2�ω′(w).

Finally, (7.29) is a consequence of the fact that MR(�) → 0, as � → 0+, where MR(�) := sup{Ψζ(z, w) :
|ζ| ≥ R, z, w ∈ D�

ζ,�}, and

Ψζ(z, w) := |eiα Im((zζ)�) − eiα Im((zw)�−(ζw)�)| = |1 − eiα Im((zw)�−(ζw)�−(zζ)�)|.

Indeed, since zw = uv, where u = zζ/|ζ| and v = wζ/|ζ| satisfy | arg u| + | arg v| < π, we have that 
(zw)� = u�v�, and so

(zw)� − (ζw)� − (zζ)� = u�v� − |ζ|�v� − |ζ|�u� = (u� − |ζ|�)(v� − |ζ|�) − |ζ|2�.

Moreover, since z, w ∈ D�
ζ , we have that u, v ∈ D�

|ζ|,�, and so Lemma 2.7 shows that |u� − |ζ|�|, |v� − |ζ|�| ≤
r(�) := ��(1 + �)�−1. Therefore

Ψζ(z, w) = |1 − eiα Im(u�−|ζ|�)(v�−|ζ|�))| ≤ eαr(�)
2 − 1 (|ζ| > R, z, w ∈ D�

ζ,�),

and hence Mr(�) → 0, as � → 0+. �
As a direct consequence of Theorem 1.1 and Propositions 5.7 and 6.2 b), we obtain the following result.

Corollary 7.1. If ω ∈ A�
p, then P �

α maps Lp,�
α (ω) onto F p,�

α (ω), for any α > 0.

Then Corollary 1.2, which answers the initial question in the introduction, follows from Corollary 7.1
and Proposition 5.9.

7.2. Sarason’s conjecture for the spaces F p,�
α

Before proving Theorem 1.6 we precise the definition of the Toeplitz operators T �
ϕ. Given α > 0, for 

ϕ ∈ L1,�
γ , 0 < γ < 2α, we define the Toeplitz operator T �

ϕ on X�
α := Span{K�

α(·, w) : w ∈ C} by 
T �
ϕh := P �

α(ϕh). Note that the condition γ < 2α assures that T �
ϕ is well defined, i.e. for any h ∈ X�

α and 

z ∈ C, we have that fz(w) = K�
α(z, w) ϕ(w) h(w) ∈ L1(C; e−α|w|2�dA(w)).

Moreover, if g ∈ F 1,�
γ then T �

g (Kα(·, z))(w) = g(z)K�
α(w, z), and so, for f, g ∈ F 1,�

γ , the composition 
operator T �

f T
�
g is well defined on X�

α and

T �
f T

�
g (K�

α(·, z))(w) = f(w) g(z)Kα(w, z) (z, w ∈ C). (7.31)

Proof of Theorem 1.6. First we prove that (a) implies (b). By (7.31), we have that

T (z, w) := 〈T �
fT

�
g kz, k

′
w〉α = f(w) g(z)S(z, w) (z, w ∈ C),

where kz(u) = K�
α(u, z)/‖K�

α(·, z)‖Fp
α
, k′w(u) = K�

α(u, w)/‖K�
α(·, w)‖

Fp′
α

and

S(z, w) := K�
α(w, z)

‖K� (·, z)‖ p‖K� (·, w)‖ p′
.

α Fα α Fα
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Since T �
fT

�
g is bounded on F p

α, T (z, w) is a bounded function on C2. By (6.26), S(z, z) � 1, so |T (z, z)| �
|f(z)g(z)|. Thus the function f g is bounded, and, by Liouville theorem, it is a non-zero constant. In 
particular, f = eh, for some entire function h. By Corollary 6.3, |f(z)| � ‖f‖F 1,�

γ
(1 + |z|)2(�−1)e

γ
2 |z|

2� . 
Hence, by a classical theorem of Hadamard (see, for instance, [6, Corollary 6.33]), we have that h is a 
polynomial of degree m ≤ 2�.

Now we prove that m ≤ �. Assume that h(u) =
∑m

j=0 λju
j . Let �̃ > 0 be a radius satisfying (6.23), and 

let θ = arg(λm). For x > 1, we consider the points wx = e−iθ/m(x + 1
2 �̃(1 + x)1−�) and zx = e−iθ/mx. Note 

that wx ∈ Dzx,�̃, and so (6.23) and (6.26) give that S(zx, wx) � 1. It follows that

T (zx, wx) � |f(wx)||g(zx)| = |f(wx)||f(zx)|−1 = eϕ(x),

where ϕ(x) = Reh(wx) − Reh(zx). Next, for j = 1, . . . , m, we have that

wj
x − zjx = e−ijθ/mxj

(
(1 + t(x))j − 1

)
= e−ijθ/mxj

(
jt(x) + o(x−�)

)
,

where t(x) = �̃
2

(1+x)1−�

x . Since t(x) � x−�, as x → ∞, we deduce

∣∣∣∣m−1∑
j=0

λj(wj
x − zjx)

∣∣∣∣ = o(xm−�) (x → ∞).

Hence ϕ(x) = xm−�(m�̃ |λm| + o(1)), and, since |T (wx, zx)| = O(1), we conclude that m ≤ �.
By Proposition 5.10, (b) is equivalent to (c). Finally, the fact that (c) implies (a) follows from the 

boundedness of P �
α on Lp,�

α (ω) whenever ω = |f |p ∈ A�
p (by Theorem 1.1). Indeed, since (7.31) gives 

T �
fT

�
1/f ϕ = P �

α(f T �
1/f ϕ), for any ϕ ∈ X�

α, we have that

‖T �
fT

�
1/f ϕ‖Lp,�

α
= ‖P �

α(ϕ/f )‖Lp,�
α (ω) ≤ ‖P �

α‖ ‖ϕ/f ‖Lp,�
α (ω) = ‖P �

α‖ ‖ϕ‖Lp,�
α
. �
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