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1. Introduction

One key tool in many problems in function theory is the existence of suitable integral representations
(such as Bergman projections or Berezin integral operators) with precise estimates.

The main object of this paper is the study of such type of manageable representation formulas, and their
accurate estimates for weighted Bergman spaces of entire functions related to Muckenhoupt type weights.

Our initial motivation comes from the following problem. Let @ > 0 and ¢ > 1, and consider a real
polynomial ¢(z) = Sz + Zg;ol cx® = o) + Q(z). Let Ly = LP(C, e P?U=D) (respectively, LE! =
L‘Zba’[) and let Fg the corresponding Fock space of entire functions f € LZ (resp. FP* = Fé)a,e)' The
classical theory of Hilbert spaces gives the existence of the orthogonal projection Pﬁ from Lg;z onto Fa“,
the so called Bergman projection, which is an integral operator with kernel K;*, the Bergman kernel. This
azw

holds for any real number ¢ > 1 (non necessarily integer). Indeed, KL (z,w) = e**™ and this neat expression

easily gives the boundedness of P} on LE* 1 < p < oo (see [10]). For any real number £ > 1, K has an
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explicit expression in terms of Mittag-Leffler functions. Their asymptotic expansions give precise pointwise
estimates of K¢, from which the boundedness of P on LP* is easily deduced (see, for instance, [4] and the
references therein). We have to remark that these boundedness results are particular cases of a more general
theory on doubling weighted Fock spaces [11]. These results suggest the following question: Is the Bergman
projection P also bounded on L%?

Since ¢ looks like a “perturbation” of ¢ ¢, one might think that the answer is always affirmative. However,
as we will show, this is not true. Surprisingly, P! is bounded on LZ if and only if @ is a polynomial of degree
less than or equal to /.

The suitable setting for this problem is the study of the weights w, that is, positive locally integrable
functions on C, such that P! is bounded from L2*(w) = LP(C,e’%MMw) to FPY(w) = H(C) N L2 (w),
for any real number ¢ > 1. We obtain a characterization of such weights in terms of a Muckenhoupt type
condition, that for the classical case £ = 1 was obtained in [9].

We recall that, in the classical weighted Bergman setting on the unit ball of C™, the weights for which
the Bergman projection is bounded are also characterized by a Muckenhoupt type condition. They are the
so called Bekollé-Bonami weights (see [3] and [2]). There is a large literature on those weights, which have
been a key tool in the study of weighted norm inequalities for the Bergman projection in different settings
of complex analysis (see, for instance, [17], [19], [14], [15], and the references therein).

Before we state precisely our main results, we introduce the Muckenhoupt type weights we need. Let
¢ > 1. For any z € C and ¢ > 0, let D! , be the Euclidean disk of center z and radius o(1 4 |2)'~*. We

denote by Afug’ 1 < p < oo, the set of all weights w such that

D@ IDZ p/p’
[w] 4¢ :=sup w Z’Q) (w ( z’g)) < 0.

p,0 ~eC |D£’Q|P

Here p’ is the conjugate exponent of p, w' = w™?/?, |D¢ | := fDﬁ,Q dA = 0*(1 + |2[)?079 and w(D! ) =
fD’f dw, where dw := w dA.

Recall that the Bergman projection on F2* is the orthogonal projection from L2¢ onto F2:¢, which is the

integral operator

Plo(z) = /gp(w) K. (z,w) e dA(w).
C

Here K’ is the Bergman kernel for F>. We also consider the operator P%+, which is the “positive version”
of P! and is defined by

P f(z) = / )| (2, w)| e~ dA(w).
C

Our first main result (which for £ =1 is proved in [9]) is the following.
Theorem 1.1. Let 1 < p < co. Then, for any weight w, the following assertions are equivalent:
¢
(a) we A, ,, for some (any) o > 0.
(b) PL7* is bounded on LE(w), for some (any) a > 0.

(c) P is bounded on LE(w), for some (any) a > 0.

As a consequence of this theorem we obtain a complete answer of our initial question.
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Corollary 1.2. Let p(z) = 2721 cjlz|%, where 0 < f1 < by < -++ < by, and c1,...,c;m € R. Then, for any

a >0, P! is a bounded operator from L (e®) onto AP (e¥) if and only if £y, < L.

In order to prove Theorem 1.1, we need to develop the theory of .Af;, o weights, and for this reason the
proof of that theorem will be postponed to the end of the paper.

Another important consequence of Theorem 1.1 is that the class Afn o does not depend on . Indeed, this
fact will be deduced from a real version of the above theorem (see Theorem 1.4). This is why we maintain
the “p” in the notation Af;,g until we state Theorem 1.4.

We remark that, for ¢ > 1, the radius of the disk Df,wg which appears in the definition of the .Af,yg weights
is a non-constant function of |z|, whereas for £ = 1 this radius is constant. This difference makes the proof
of Theorem 1.1 much more difficult when ¢ > 1. For example, one key tool in this proof is the comparison
of the mass of an Af,)g weight on two disks D?Q:

Theorem 1.3. Let ¢ > 1, o > 0 and 0 < B < 7/(20). Then for any w € Afw there exists a constant
C =C(w,¥ 0,B8) >0 such that

¢
WD) < OB(zw)'? (z,w € C).

w(Dﬁ’g

2. when z and w lie on a

Here, for £ = 1, qﬁg(z,w) = |z — w|?, whereas, for £ > 1, gbg(z,w) = |2* — w’|
certain sector, and otherwise ¢f3(z, w) is comparable to |z|2* + |w|?¢ (see Section 2.2 for a precise definition).
Theorem 1.3 suggests to consider the following family of integral operators. For a > 0, 0 < 8 < 7/2¢ and

s € R, let

Tl 50 (2) 1= [ T () f(w)dAw),

C

where

e~ 5 (zw) |D! | s/(26=2)
Tﬁﬁs(sz) = 7 12)7g .
. |DZ | |D

2 ol

The importance of these operators is that their LP(w)-boundedness characterize that w € Af; o

Theorem 1.4. Let w be a weight and let 1 < p < co. Then the following assertions are equivalent:

(a) we AL, for some (any) o > 0.
(b) T£7B7s is bounded on LP(w), for some (any) o >0, g € (0,7/(2¢)) and s € R.

In particular, the class Af;)g does not depend on g.

As we have said before, until the end of this introduction we will simply denote the class .Af,’ o by .Af;.

The integral kernels Tfé’ 5,5 are related with the Bergman kernel by the pointwise estimate |K Lz,w)| <
Té,&s(z,w). This estimate together with Theorem 1.4 and the fact that P’ is bounded on LP gives the
following result on a Berezin type operator.

Theorem 1.5. Let £ > 1 and o > 0. Let B, be the integral operator defined by

£ Z,w 2 20
BLo)) = [ o) Bolew) dAw), where B u) = et et
C
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Then, for any 1 < p < oo, we have that:

a) B, is bounded on LP(w) if and only if w € AL.
b) B f = f, whenever w € Af; and f € AP(w) = H(C) N LP(w).

Finally, as an application, we obtain a characterization of the boundedness of products of certain Toeplitz
operators on FP. This result was proved by similar methods for any p and ¢ = 1 in [9] and by direct
computation for p =2 and any ¢ > 1 in [5].

We consider the Toeplitz operator Tﬁh := P%(ph), which is densely defined in FP* (see Section 7.2 for
a precise definition). Then the boundedness of the composition operator T; TgZ on F}j’e can be completely
characterized in terms of f and g as follows.

Theorem 1.6. Let 1 < p < oo and let f,g € F%*Z, 0 < v < 2a, be two non-identically zero functions. Then
the following assertions are equivalent:

(a) Tf Tyg extends to a bounded operator on FP*.
(b) The product f g is a constant function and f = e, where h is a polynomial of degree m < £.
(c) The product f g is a constant function and |f|P € Af;.

This result clearly shows that Sarason’s conjecture on the product of Toeplitz operators is trivially true
for the Fock space FP‘, ¢ > 1, as it happens in the £ = 1 case (see [9]). The situation is completely
different in the Hardy and Bergman settings, where it is known that this conjecture is false (see [12] and
[1], respectively).

The paper is organized as follows. In Section 2, we prove some geometrical results related to the disks Dé 0
and we also state some basic properties of the Aﬁ weights. Section 3 is devoted to the proof of Theorem 1.3.
In the next section, we study the boundedness of the operators T 57 3,5 and we prove Theorem 1.4. Section 5
describes several properties and examples of weights in Af,. In this section it is also proved that, for w € .Aﬁ,
the weighted Bergman space AP(w) coincides with AP(Q)), where 2 is a more regular weight (slowly growing
weight). The Berezin type results, including the proof of Theorem 1.5, are given in Section 6. Finally, in
Section 7 we prove Theorems 1.1 and 1.6.

Notations:. We denote by N the set of all positive integers.
The notation ® < ¥ (¥ > @) means that there exists a constant C' > 0, which does not depend on the
involved variables, such that ® < C W. We write ® ~ ¥ if & < ¥ and ¥ < .

2. Preliminaries and Af;’ o weights
2.1. Properties of the disks Dﬁ’g
In this section we study some elementary properties of the disks
Dﬁ’g ={weC:|w-z <ol+|z) ¢

Lemma 2.1.

1+ 2]
1+p

<l+w <(1+01+2)) (:€C, weD.,). (2.1)

Proof. If w € Ei’g then [(1+]z]) —(1+|w])| < [w—2| < g min(1+|z|,1+|w|), and so 1+|z| < (1+0)(1+]|w]|)
and 1+ |w| < (1+0)(1+1z]). O
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Remark 2.2. The function n}(z) := o(1 + |2])*~* is a radius function in the sense of [8, p. 1617-1618], that
is, n5(2) ~ nb(w), for z € C and w € D! .

Lemma 2.3.

a) Let o > 0. For any z € C and w € Dﬁ,g, we have that Dfuyg C Dﬁm(g) and Dﬁ,g C Dﬁjﬂ(g), where
Te(0) = 20(1 + )"
b) Let 0,0, 0" > 0 such that 7¢(0) < o and 174(0’) < ¢"”. Then, for any z € C and w € Dﬁ,a we have

¢ ¢ ¢ ¢ ¢ ¢
DZ,Q C Dw7g/ C DZ,,Q” and Dw,Q C DZ,,Q/ C Dw7g//.
Proof. Part a) follows from (2.1). Indeed, for ¢ € Dﬁh o, We have that

=2 < [¢—w|+w—2z] < o(1+|w])'~F + o(1+]2) 7"
<o((T+ o)+ 1)+ 2) < melo)(1+ |2,

and so DY , C D! (o) Similarly we show that Dﬁvg c D!

w,Qo w,me(0)"

Finally, since 7¢(0) > o, for every p > 0, part b) follows from part a). Indeed, Dﬁ, 0 C Dt

w,Te

¢
ﬁﬂ( o) C Dﬁ’ o and the other chain of inclusions follow in a similar way. O

To finish the section we recall the following covering property (see, for instance, [8, Proposition 7] and
[13, Lemma 6.6]).

Lemma 2.4. For each ¢ > 0, there exists a sequence {z;}r € C such that the sequence of disks {Dﬁ)ﬁg}k

covers the whole plane C, and, for any o’ > o, the overlapping of the disks {Dﬁk,g'}k is finite, that is, there
exists Né)gl € N so that ), XDﬁk,g'(z) < Né)g,, for every z € C.

2.2. The functions gb% and 7,/136
For 0 < 8 < 7/(2¢) and z # 0, let

S.p = {we C\ {0} : |arg(m)| < BYU{0} (€ C\{0},0<B< %),

where arg A denotes the principal branch of the argument of A € C \ {0}, i.e. —7 < arg A < 7. The following
elementary property will be useful later on.

Lemma 2.5. Let ¢ > 0 and let 0 < § < w/(2¢). Then there is R > 0 such that Dﬁ,g C S, p for|z| > R.
Proof. It is clear that R = p/sin 8 satisfies the statement. O

Let qﬁg :C x C — [0,00) be the continuous function defined by

o4 (2 0) |22 + |w|* — 2 Re((wZ)"), if ze C\ {0} and w € S, g,

3(z,w) =

? 1212 4 [w[2¢ — 2|2|¢|w|’ cos(€B), otherwise.

Moreover, for a > 0, let 9, 5 = ¢~ 59 . Observe that Ph(z,w) = [2¢ — w'?, for z,w € S, 5, where X
denotes any branch of the /-th power of A on S g. Hence ((bg)l/ 2 defines a distance on any fixed sector S, g.
The definition of the functions qbg directly shows the following symmetry properties.
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Lemma 2.6. For 0 < 8 < 7/(2¢) we have:

a)
b)

gbg( w) = ¢f3(zei‘97wei9), for any z,w € C and 6 € R.
gzbg( w) = gZ)EB(w,z), for any z,w € C.
Next lemma states some useful simple estimates of the functions ¢g.

Lemma 2.7. Let z,w,u € C, with u # 0, and let 0 < 8 < 7/(2¢).

a) IfweC\ S, g, with z # 0, then qbé(z,w) ~ [2]% + |w|?.
b) If z,w € Sy then

1
o4 ()2 = |2 — ﬂzaww4/%*a7
0

where n; = (1 —t)z+tw, 0 <t < 1. Here we consider the powers X and \*~!, for any \ € Su.p, defined
as follows: 0° = 0°=1 = 0, X = ef198* qnd X\'=! = e(=D18A " for any X € S, 5 \ {0}, where log is any
branch of the logarithm on Sy g\ {0}.

c) If z,we St pand w € D¢, then¢z(z w)'/? = |2¢ —w'| < lo(1+ o).

Proof. Part a) is obvious, while part b) directly follows from Lemma 2.6 b). Finally, part c) is easily deduced,

since, for z,w € Sy g with w € D! . we have

z,07

(bé(z,w)l/z = |w® — 2 < fw — 2] /(|z| + tlw — z|)*dt

< lo(L+ |2)) (2] + o1+ |2 < lo(1+9) . O

Corollary 2.8. If either w € D
QL s(zw) ~ 1.

o and z =0, or w € Dﬁ,g NS.3 and z # 0, then ¢é(z,w) < 1 and

The following lemma states an important property of the functions 1, g, that roughly speaking says
that, up to a change of the parameter «, the value ¥, g(z,w), for z and w in the disks D,, , and D, ,,
respectively, is comparable to the values at the centers.

Lemma 2.9. Let 9 > 0. Then for any > 0 there exist o/, o/ > 0 such that

Bl 4(00) S Y8 5(20) S Pl s(w0) (0 €C,2 € DL ywe DL ). (2.2
Similarly, for any a > 0 there exist &', " > 0 such that
wil’ﬁ(z,w) S wiﬁ(u,v) < wf;,,”g(z,w) (u,v € C,z € D, o WE Dﬁ’g). (2.3)

Proof. First, we prove (2.2). Since wi’ﬁ(g,g) = w{;’ﬁ(g, (), for any (,¢ € C, it is enough to show the result
for z = u, that is,

¢(€é,,ﬂ (U, U) 5 ¢a,ﬁe (U, U]) Sz ¢£¢”7 (U, U) (24)
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Indeed, wﬁjﬁ(z,w) < wﬁ,l,’ (z,v) = wﬁ,l,ﬁ(v,z) < wﬁgﬁ(v,u) = 1/)&,2,7 (u,v), and similarly we obtain that
1/13,3(% U) S 1/’@5(% w)

Since the function wg} 5 1s continuous, without loss of generality we may assume that u,v,w € C \ {0}.
We consider four cases:

Case 1: v,w € Sy .
Taking into account the notations in Lemma 2.7 b), we assume first that [u’ — v’| > 200(1 + 0)* 1.
Then, by Lemma 2.7 c),

[Juf = w| = Ju’ —vf|| < [w’ =] < Lp(L+p) "t < glu’ =o',

and so |uf —vf| < [uf —wf| < 3{ul — v, ie. iqﬁé(u,v) < qﬁ%(u,w) < %qﬁ%(u,v), which proves (2.4)
in this situation.
Next assume that |u’ —v*| < 20o(1+ 0)*~!. Again by Lemma 2.7 ) we get |u’ —w’| < 30o(1+0)* .
Therefore (bg(u,v) <1 and qbg(u,w) < 1, and hence wg,ﬁ(u,v) ~1x~ wiﬁ(u,w).
The remaining cases will follow from Case 1.

Case 2: v € Sy, w ¢ Sup.
Assume arg(vi) > 0, and let @ = |w|e!®8W+A) which satisfies w € S, 3 and wg’ﬁ(u, w) =
zpiﬁ(u,w). Since |w — v| < Jw — v|, we also have that w € Df ,. So (2.4) follows from Case 1,
because %, 5(u,v) < Kbg,g(% w) S 1/)(‘;,,75(11,1}).
If arg(vi) < 0, a similar argument considering now @ = |w|e!®8(")=F) instead of w, gives (2.4) in
this case.

Case 3: v ¢ S, g and w € Sy p.
This case is similar to Case 2. Indeed, if arg(wu) > 0 then w € D%Q, where ¥ = |v|et(@re(wW)+5)
satisfies v € S, g and 1%,6 (u,v) = wfxﬁ (u,v), so Case 1 gives (2.4). When arg(wu) < 0 we consider
0 = |v|e?@&(®)=P) instead of v.

Case 4: v,w ¢ S, 8.
In this case, using the above notations, |w —v| = ||w| — |v|| < |w —v|, so W € Dg,g. Hence we apply
Case 1 to v and w.

14

Finally, (2.3) is an immediate consequence of (2.2) because if z € Dﬁ,g and w € Df,g then w € D

and v € D¢ ) (see Lemma 2.3 a)). O

w,T (0

2.3. AL weights and doubling weights Dg

D,e

The following characterization of Af;, o resembles a well known characterization of the classical Mucken-
houpt weights.

Lemma 2.10. For a weight w on C, the following assertions are equivalent:
(a) we Af;’g.
(b) There is a constant C > 0 such that

P

1 C
_— < - P )
| D¢ ,_)ID/ faal = w(Dﬁ,g)D/ f* 25)

Z,
z,0

for any non-negative measurable function f on C and for any z € C.
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The best constant C in the above inequality coincides with [W]Ag .

Proof. The proof is similar to the one for the classical Muckenhoupt weights (see, for instance, [18, Ch.
5]). The fact that (a) implies (b) with C' = [w] 4¢ is a direct consequence of Holder’s inequality, while the

opposite implication follows by applying (2.5) to f = w’ = w /P g

As the classical Muckenhoupt weights, our Af;, o Weights are doubling in a sense that we are going to
state precisely.

Definition 2.11. The doubling class Dg consists of all the weights w satisfying

w(D’
[W]Dg = sup ( Z’T(g)) < oo, where 7(p)=20(1+ ).

zeC w(Dﬁ,g)

Then Lemma 2.3 directly gives the following result.

Lemma 2.12. For any w € Dg we have that

< [w]pe (zeC, we Dﬁ’g). (2.6)

Proposition 2.13.

a) If0< o< andw € 'Afw” then w € .Aﬁ)g, [W]Aﬁ,g < (d'/o)* [W}Aﬁ,g/’ and

w(DE ) < (&)0)? llas  w(DE,)  (2€C). 2.7
b) If 0,0’ > 0 satisfy o' > (o), then Afw, C Aﬁ,a N Dﬁ.

Proof. The first two assertions of a) easily follow from the definition of Af; o+ We obtain (2.7) by apply-
ing (2.5) (replacing o by ¢, and taking C' = [w] 4¢ ) to the characteristic function f of D?Q. Finally, b) is
a direct consequence of a). O 1

Remark 2.14. We point out that Theorem 1.4 will show that the class Af)_’ o, does not depend on g. A direct
and important consequence of that fact and assertion b) of the above proposition is that Af,’ 0 C Dg,, for
any o, 0’ > 0, which means that, as the classical Muckenhoupt weights, our Af,’ o Weights are really doubling
weights.

3. Proof of Theorem 1.3

In order to compare the w-measure of two arbitrary disks D! and D . we consider suitable finite

z,0 w,Q’

chains of overlapping disks linking Dﬁ’ o With Df;y o

Definition 3.1. Given z,w € C and p > 0, Ug(z,w) will denote the set of all finite sequences of points
{¢e 3, such that N € N, (o =2, (N =w, () € Eﬁk—ly@ and (x_1 € bi‘mﬂ for k=1,..., N. Moreover,

Nﬁ(z,w) ==min{N € N: {{:}1, € Ug(z,w)}.

Now we state some elementary properties of US(z,w) and N,(z,w):
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Lemma 3.2. For z,w,u € C and 8 € R, we have:

a) If {Ck}ff:o IS Ug(z,w) then {CN,k}kNZO € Ug(w,z), 50 Nf;(z?w) = Ng(w,z),
b) Nj(z,w) < Ni(z,u) + Nj(u,w).
) Ng(z,w) = Né(ewz,eww).

Observe that, if w € DS and {(x}7_, € US(z, w), then (2.6) implies that

(DG o) < Wl (DG ) < [wlpy (D, p)-

Thus we have the following lemma, which compares the w-measure of any two arbitrary disks D? o

Lemma 3.3. If w € D, then

0’

¢ Ng(z,w) ¢
W( Dy ) < [Wlpe w(D? ) (z,w € C).

z
o 0

It directly follows from Lemma 3.3 that, in order to prove Theorem 1.3, it is enough to show the following
proposition.

Proposition 3.4. Let £ > 1, 0 > 0 and 8 < 7/(2¢). Then
Ng(z,w),ﬂqbé(z,w)lﬂ—i—l (z,w e C).

The rest of this section is devoted to prove Proposition 3.4.
Observe that Nf(z,w) > 1 and N}(z,w) =1 if and only if w € Ei’g and z € D,

w,e’?

that is,
|2 —w| < o min{(1+[2))' 7", (1 +[w])' ). (3.8)

The following lemma considers the case where the points z and w belong to a neighborhood of the origin
only depending on o:

Lemma 3.5. For every o > 0 let r4(0) be the only positive solution to the equation 2r(1 + 1)1 = o. Then
—
Ni(z,w) =1, for any z,w € Dyry(0)-

In order to estimate N} (z,w) when z and w do not satisfy (3.8), we will consider the cases where both
z and w lay either on a circle centered at the origin or on a line passing through the origin.

Lemma 3.6. Let v : [0,1] — C be a C! curve such that ¥(0) = z and v(1) = w. Let M = sup{|y(t)| : t €
[0,1]}. If z and w do not satisfy (3.8), then

1

-1
Nytew) < 2 veyae

%
0

Proof. Since (1+M)'~* < (1+|v(#)])*~¢ and z,w do not satisfy (3.8), thereexist tg =0 < t; < --- <ty =1
such that

g(l + M) < y(tro1) — y(t)| < o(1 + M5, k=1,---,N.
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Then it is clear that {¢x = v(tx)}py € US(z, w), and so Nj(z,w) < N. But

1

2 al 2(1 4+ M)t

< g ) G — Gl £ ———— [ [Y(W)|dt. O
o1+ M)t=* ; ' 0 O/

Corollary 3.7. For any z,w € C such that |z| = |w|, we have

‘ ™ -1
Ng(z,w)§5(1+|z|) |z —w| + 1.

Proof. If z and w satisfy (3.8), then Ng(z, w) = 1. Otherwise, applying Lemma 3.6 to circle arcs y(t) = |z|e’
of length less than 7|z|, we obtain

™

¢ -1
Ny(zw) < =(1+[z[)" [z —w|. O

)

Now we consider the radial case w = sz, s € (0,1).

Lemma 3.8. Assume that z € C and w = sz, s € (0,1). Then

(1+20)~

Ng(z,w) < Tre(o)"

(IZIZ [wl) +2,

where r(p) > 0 is as in Lemma 3.5.
Proof. Without loss of generality we may assume N, 5 (z,w) > 1. Then we consider three cases.

Case 1: r9(0) < |w| and |z| — |w| < 20.
By Lemma 3.6 applied to the line segment determined by z and w, we obtain

Ny(z,w) < =(1+[21) (2] = ).

SR

Since 1+ |z| < (1 +20)(1 + |w]|), by the mean value theorem we have that

¢ 2(1+20)" (14w ¢l (1+29" wl
Vo) < 2220 (LY e gy < CER0 g — g,

Case 2: r(p) < |w| and |z| — |w| > 2p.
Then there exist tg = s < t; < --- < ty = 1 such that o0 < (tx — tx—1)|z| < 20. Let 2z, = 12, for
k=0,...,N. Thus we may apply case 1 to the points z;_1 and zj, and obtain that

(14 20)

ET@( ) (|Zk|2 |Zk—1|e) (k’zl,...,N).

NE(zp-1,21) <
Then, by Lemma 3.2,

(14 20)!

)4 4
Fratay (el wl).

o(Zh—1,2k) <

HMZ
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Case 3: |w| < r¢(p).
Then w = r¢(0) (2/]7]) € Eé’”(gy so Nf(z,w) < Ni(z,w) + 1, by Lemmas 3.2 and 3.5. In particular,
Ng(z,w) <2, if Ng(z,@) = 1. When Ng(z,@) > 1, the preceding cases give that

(1+20)"

¢ <
Ng(z,w) S o)

(|2 = |w|) +1. O

Proof of Proposition 3.4. By Lemmas 2.6 and 3.2, without loss of generality we may assume z = |z| > 0
and |w| < |z|. Then Lemmas 3.2 and 3.8, and Corollary 3.7 show that

Ng(z,w) < Ny(z, [w]) + Ny(jw],w) < 2| = [w]’ + (1 + Jw)Hw — |w]] + 1.

In order to conclude the proof we need to show that the right hand side term in the above inequality is
bounded by

l £ i
‘ 1241~ HZ| —w |+1’ if w € 56,
b5z, w)= + { |2 + |w|* +1, otherwise.

Assume first that w € S|, g. It is clear that |z|*—|w|® < ||2]* —w®|. Moreover, then (14|w|)*~!|w—|w]|| < 2¢,
if [w| < 1. On the other hand, when |w| > 1 we have that

(1 Jol) oo = ool | < 2 ol oo — fuel| < 20 ol o — |2

because Rew < |w| < 3(|w| + |2|). But, since
(cos(£8)) 2 fwl” < min |(1 =’ + )2

the mean value theorem shows in this case that

(L4 [ w = Jwl| S JwlHw — ||| S |w® = |21°].
Finally, when w ¢ S|.| 3 we have the estimate

|2 = Jwl® + (1 + Jw)) " Hw = wl| < |w]® + |2 + 1,
which ends the proof. O
4. Integral operators on LP(w). Proof of Theorem 1.4

In order to prove Theorem 1.4, we need the following three technical results. The first two give some
useful estimates of integrals and sums related to the ¢, ; functions and the Aj, , weights.

Lemma 4.1. Let o > 0, 8 € (0,7/(2¢)) and s € R. Then
/(1 + w]) 200 YL (2, w) dA(w) = (1+|2])° (2 €C). (4.9)
C

Moreover, if {Dﬁk,g}k is a covering as in Lemma 2.4, then

Z(l +121)° v 52k, 27) = (1 + |2x])°. (4.10)
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Proof. First we prove (4.9). Taking into account Lemma 2.6 b), by making a rotation, we may assume that
z =|z| > 0. Let I, be the integral in (4.9). First note that, by Corollary 2.8, wf;”@(z,w) ~ 1, forwe D,,,
and so

Lz [ (™00 dA(w) = (1 + |2

D¢

z,e

Now we prove the opposite estimate. Since I, < 1, for |z| < 1, we may assume that |z| > 1. Now we split T,

~

E={ [ [ b e 0wt e daw) = 12+ 2

Q C\Q

into two integrals:

where Q := {w € S|, 5 : [w* — [z]*| < §[z[*}. We claim that I, < (14 |2|)® and there is some € > 0 such
that 17 < e~<l=1” < (14 2))*.
Note that |w| ~ |z|, for w € Q, so I ~ (1 + |z|)®J,, where

J. = /(1 + |w]) 20— 510 121 P g A ().
Q

Now the change of variables u = w’ — |z|* shows that .J, < 1, which means that I < (14 |z])®.

In order to prove the second claim, it is enough to check that there is some £ > 0 such that Wé, ﬁ(z, w) =
e~ 5%5(=w) < e~ +1=1") for w e C \ ©. And this can be deduced as follows:

If we S.pand §]2|° < Jw’ — |2 < 2|2/, then |w|® < 3[z[* < 6|w’ — [2[*], and so 2 (Jw[** + |2[*) <
|w — |2|°|? = d)ﬁ(z w). If w € S, 5 and |w’ — |2|*] > 2[2[*, then |w|’ < |w® — 2 + |2|* < 3w’ — 2|, and so
2(Jw]? +[2]%) < ¢e (z,w). For w € C\ S, g, the estimate is a direct consequence of Lemma 2.7 a).

Finally, we prove (4.10). Since ¢ (2K, 25) = 1, the estimate 2 is clear. The opposite estimate follows
from (4.9). Indeed, if {D*
such that

“r.o)k is @ covering as in Lemma 2.4, then Lemma 2.9 implies that there is o/ > 0

S 5D el €30 [ 2006 o, w) dA ()

J J pit
DL,

< / (14 Jol)* 200 4tz w) dAw).  ©
C

Proposition 4.2. Let s € R. Then any weight w satisfies

/(1 +w])* 9 (2, w) dw(w) Z (14 |2])° w(Dy ). (4.11)
C

Moreover, when w € Af, o» we have that
/(1 + |wl|)? é,ﬁ(z,w) dw(w) ~ (1 + |z\)sw(Dﬁ}g), (4.12)
C

and, in particular, for every 1 < q < oo, the following estimate holds
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w(DZ,,)
DL,

1T .6 (2 Mgy = (L4 12D D1 w(DE ) = (4.13)

In order to prove Proposition 4.2 we need next lemma which is a direct consequence of Theorem 1.3.

Lemma 4.3. Let w € A’

por @ >0, and 6 € R. Then there exists o’ >0 so that

Y4 w(Dﬁ) g) ’ Y4
1#&”6(2,11)) UJ(TZ,) SJ wa’ﬁ(z’w) (Z’w € (C)

z,0

Proof of Proposition 4.2. First note that (1+ |w])*y! pHw) = (1+]z])%, forw € D! o> and so (4.11) clearly
holds. Next we prove (4.12). Assume that w € Af) o and let {D:_}i be a covering as in Lemma 2.4. Then

Lemmas 2.9 and 4.3, and (4.10) give that there are o/, a” > 0 such that

w(D?
[ o)) S D) S+ ] o 0) S
C k z,0
W(DL ) (1 + [zk]) ¥h 5(2, 2)
k

S (L+[2)w(DL ).

Finally, (4.13) directly follows from (4.12) and the fact that (dJiﬁ)q = ﬁa’ﬁ. a

Our third technical result states that if T(i”&S is well defined on LP(w) (in the sense that v‘(w) =
fw)TE 5 (z,w) € L'(dA) ae. z € C, for any f € LP(w)), then w' is also a weight. Its proof follows the
ideas in [2, Lemma 4].

Lemma 4.4. If T* 5. s well defined on LP(w), then W' =w PP is q weight.

Proof. The proof is by contradiction. Assume that T .5 is well defined on LP(w), but ' ¢ L' (D&R),
for some R > 0. Then w™'/? ¢ LYD/(DSVR)7 and so there is some g € LP(D§ ) satisfying that f =
gw=/P ¢ Ll(De r)- On the other hand, since f € LP(w) and TY 4, is well defined on LP(w), we have
that f(-)T Lo 53( e L (Dé r) a.e. z € C. Finally, since T* pplzw) =1, for z,w € DO r» we deduce that
f e LY(D§ o.r)> Which is a contradiction. O

Proof of (a) = (b) in Theorem 1.4. Assume that w € AP , for some ¢ > 0, and we want to show that T(i#S
is bounded on LP(w), for any a > 0, 8 € (0,7/(2¢)) and s € R. First observe that w’ € .Af) o 50, for any
¢ € LP(w), Holder’s inequality, (4.13) and Tonelli’s theorem give
1T 5ol
P
</ / (lolw)leo(w) ) (& (w) 7 ) T (2, ) dA(w) | dio(2)

C

//| W)PTL 5 (2, w) duo(aw) '(Dz)m/dm
e(W)P T, 5.4(2w) dw(w D] w(z

([T, (zw) fw/(DE )\
p f p/p a,B,s\ Z,0
C ' '
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Now Lemma 4.3 shows that

’

p/p
) < (14 ) (U [2])! a2 ),

AN ERT) (w’(Dﬁ,g>
|D279|p/p, w’(Dﬁ, g)

)

where t = 2(¢ — 1)p — s, so, by (4.12),

/Tﬁ,ﬁ,s(zaw) (:”(D;«z))p/pldw( ) S (1 + uw])2EDP (D ).
C

|D£’Q|p/p' /(Dw,g)

Hence

w(DL, ) (DL, )PV
1T 50 0lE ) S / ()l SRR da(w) S Il O
J ,

Proof of (b) = (a) in Theorem 1.4. We assume that TaB s is bounded on LP(w), for some o« > 0, § €

(0,7/(2¢)) and s € R, and we want to prove that w € Afo o» for any o > 0.

For ( € C and p > 0, let x¢ be the characteristic function of DZ .o and let oc(w) == x¢(w) W' (w).
Since (W)Pw = w' is a weight, by Lemma 4.4, [¢. | 1r(w) =° &/ (D-, )1/1’ < o0, and so ||ITY 5, pcllor(w) <
|7 wpsllW (Dég)l/p. Next, by Lemma 2.9,

(L+ )XV (L4 G W' (DE,) S Taps0c(2)  (CEC, 2 €DE,).

Therefore

(1 +[¢H* VP! (DE ,)Pw(DE /I 0,52 ()P dw(z) < || Ty g |IPw (D ),

and hence [w]Af), S| .8, P o

As a consequence of Theorem 1.4 the class .Ag » does not depend on g, so from now on we will simply
write .Af, instead of Aﬁ’g. Then, by Proposition 2.13 b), we deduce:

Corollary 4.5. Af) C Dg, for any 0 > 0.

Finally, Theorem 1.4 and Lemma 4.4 directly imply the following result.
Corollary 4.6. If w € A’ then w' € .Af),.
5. Properties and examples of weights

In what follows, the disk Df,’l will be simply denoted by D’. Our first class of weights consists of weights
that are “essentially constant” on those disks.

5.1. Slowly growing weights S*

Definition 5.1. The class of slowly growing weights S¢ is composed of all the weights w such that there is a

w(w

1
constant C' > 1 satisfying — c < =2 < C, forany z € C and w € D’. Then we have:

w(2)
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Lemma 5.2. If w € S¢, then w € .Af;, for any 1 < p < oo, and ' € S*.

Proposition 5.3. For every w € S’ there exists a constant v = ~y(w, £, p) > 0 such that w(z) < 2" and
W'(2) S el

Proof. By Lemma 5.2 it is enough to prove the estimate for w. Since w € SY, we have that w(z) ~
w(DY)/|DY|. Then, taking into account that w € Af, (by Lemma 5.2), Theorem 1.3 shows that there exists
a constant C' > 1 such that w(z) < w(D§)(1 + |z|)2(5*1)0|2|e. Therefore the estimate w(z) < =" holds for
any constant v > logC. O

5.2. Bergman spaces AP (w)

The main result of this section shows that the weighted Bergman space AP(w), w € .Af;, coincides with a
weighted Bergman space AP(£2), where Q is a more regular weight in the class S¢. Namely:

Theorem 5.4. Let w € Aﬁ. Then:

Dé
a) The average Q(z) := w(D;|) is a weight in S°.

b) For 1l < p < oo, AP(2) = AP(w) with equivalent norms.

In order to prove this result we need the following lemma, which is a consequence of Lemma 2.10 and
the mean value property for subharmonic functions.

Lemma 5.5. Given w € Aﬁ and o > 0, we have the following estimates:

|f<w>psm [ lsraa (fen@)zecweD.y,) (5.14)
z,7(e)
1
S0P S sy [ 1P (fEH©), 2 eCweDt,) (515)
D(Z

z,7(e)

Proof. The sub-mean-value property for the subharmonic function |f|? gives that

1
|f<w>Pst/ fPdA  (f € H(C), weC).

w,p

Moreover, the sub-mean-value property for |f| and Lemma 2.10 show that

sl < (5 [ aa) g [ 1Pae (e HE), weo)
5@ w,o Dfuyg

w,e

Now note that \Dﬁw\ ~ |D! n(p)| and, by Lemma 2.3 a), Dfu,g c D’ o(o)» fOr every w € D?Q. Furthermore,

Corollary 4.5 and Lemma 2.12 imply that
w(Dy,) =w(D;,)  (:€C,weD.,).

Therefore it is clear that both (5.14) and (5.15) hold. O
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Proof of Theorem 5.4. Part a) is a direct consequence of Corollary 4.5 and Lemma 2.12. Next we prove
part b).

Pick o > 0 so that 7,(0) = 1, and consider a covering {D?

zk,g}k as in Lemma 2.4. Note that, since p < 1,

{ng}k is also a covering of this type. By integrating (5.14) against dw(w) on D?Q and applying a), we
obtain
/ \f|pdw§/|f|pdﬂ (fe H(C), z € C). (5.16)
D¢, Dt
. . Z e
We also integrate (5.15) against dA(w)/| D ,| on Df ,, and use a) to get
[ lraes [ipa en©.ze0), (5.17)
D, Dt

Finally, if we apply the estimates (5.16) and (5.17) to z = z; and sum on k, we deduce that
[israe= [ipar (7 eHE).
C C

which finishes the proof. O
5.3. Doubling weights

In this section we will prove two technical properties of the doubling weights (see Section 2.3 for the
precise definition), that we will use later on.

Proposition 5.6. Let w € D‘;. Then there exists a constant v = y(w, £, 0) > 0 such that w(z)e””z‘[ € L'(dA).
In particular, w(z)e~=!1" € LY(dA), for any e > 0 and m > (.

Proof. Let {Dﬁk,g}k be a covering of C as in Lemma 2.4. By Theorem 1.3, there exists a constant C' =

C(w, 4, p) > 1such that w(D! ) < w(Dg,Q)C‘Zk‘e. Moreover, if w € DY, then | [w|’—|z|* | < 1. Therefore,

Zk,0Q Zk,0

for v > log C, we have that

/w(w)e*“’lw‘z dA(w) S Ze*V‘Z"’lzw(Dﬁhg) < Ze*ﬂzk‘ZC‘z""e <oo. O
& k k

As a consequence of Proposition 5.6, we obtain the following embeddings.
Proposition 5.7. Let w € Dg and 1 < p < oo such that w' = w PP e Dg, Then
L s L2 (w) < LYY (a0 < < o).
In particular, the above embeddings hold when w € Aﬁ.
Proof. Let ag < a < a;. Then, for any f € L7, it is clear

@

20 w2t
1175 ) = [ 1) Po(w)e = dA(w) < [|£1a lw(w)e™ |1 gaa),
a( ) 0
C
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where € = w. Therefore Proposition 5.6 gives that || f||zzw) < Ifllzg -

On the other hand, for any f € LE(w), Holder’s inequality shows that
o1 )2t _(ag—ag)p’y, 2e 1/
19, = [ 1 )le 1 dAw) < gl wpe 0
C

so, by Proposition 5.6, we conclude that Hf”L;l SIfllze- O
5.4. Radial .Afg weights

We start this section by “rewriting” the definition of Af; weights for radial weights. For R > 0 let
I% = max{0, R — (1+ R)'*}, R+ (1+ R)'%].

Proposition 5.8. Let w : [0,00) — R be a positive locally integrable function, and define w(z) := w(|z|), for
z € C. Then the following assertions are equivalent:

(a) we AL
(b) sup (1+ R)“ w(I&) /P (I6)" < .

Proof. For any z € C, we consider the set

Ul =

z

{wG(C:|w|€I‘€Z‘}, if |2 < 2,
{re? . r e Ifz|, |0 —argz| <6.}, if |2 > 2,

where 6, = arcsin((1 + |z|)*~'/|z|), which satisfies the estimate
w(UHYPW (U ~ (14 |2)) ! w (I ) VP (T )P (2 €C). (5.18)

First we prove that (a) implies (b). Assume that w € AJ. Then we know that w and ' are locally integrable
functions on C (see Corollary 4.6). Since I% C [0, 3], for every 0 < R < 2, it directly follows that

sup (14 R) ™ w(Ih)VPuw (I5)V7 < 31w ([0,3]))Pw([0,3))/* < .
0<R<2

On the other hand, if R > 2 then Uf;C C Dég, and so

wUR) P UR)YP < (L4 RO (R > 2),
which, by (5.18), implies that

(14 R wIH)VP (IHYY <1 (R > 2).

Therefore (b) holds.
Finally, the implication (b) = (a) follows from the inclusion D{ C U! and the estimate (5.18). Indeed,
then we have that

w(DH)MPW! (DOYP < w(UL)Pu! (UHVP = (14 [2))! wlI])) VP (I )M

|2l |2

which clearly shows that (b) implies (a). O



18 C. Cascante et al. / J. Math. Anal. Appl. 504 (2021) 125481

Next we describe the AY weights which are linear combinations of functions of the form |z[7, v > 0.

Proposition 5.9. Let ¢(r) = Z;nzl cjrti, where 0 < f1 < ly < -+ < Ly, and c1,...,¢, € R, and let
w(z) = (1+ |2])%e?U2D | where s € R. Then the following assertions are equivalent:

(a) we AL
(b) we S
(c) tm < 0.

Proof. Note that the implication (b) = (a) is a direct consequence of Lemma 5.2. Moreover, since, by
Corollary 4.5, A% C DY, Proposition 5.6 shows that (a) implies (c). Finally, the implication (c) = (b)
follows from two facts: (1 + |z])® is a radius function (by Lemma 2.1) and

||w|ﬁ—|z\5|§1 (ZG(C,wEDﬁ),
whenever 0 < < /{. O

As a consequence of Proposition 5.9 we characterize the functions |e”|, where h € H(C), which are Af,
weights.

Proposition 5.10. Let h € H(C) and let w = |e"|. Then the following assertions are equivalent:

(a) we .Af;.
(b) we S
(c) h is a polynomial of degree m < L.

Proof. First, note that Lemma 5.2 shows that (b) implies (a). Now we are going to prove that (a) implies (c).
Assume that w € Ag. Then, by Corollary 4.5 and Proposition 5.6, there exists v > 0 such that

/eRe"(w)*”lw‘gdA(w) < 00.
C

By taking into account the subharmonicity of ef¢" = |¢/| and the fact that e=wl s a slowly growing

function (by Proposition 5.9), we deduce that ef® h(z)_ﬂz‘é(l + |2)20=8 < 1. Therefore efte(2) < 2=l
and, by a classical theorem of Hadamard (see, for instance, [6, Corollary 6.33]), we obtain that h is a
polynomial of degree m < /.

Finally, we show that (c) implies (b). Since a finite product of slowly growing functions is a slowly growing
function, without loss of generality we may assume that h(z) = az*, where a € C and k = 0,1,...,¢. Then

k—1

| Re(A(w) — h(2))] < [h(w) = h(2)] < lallw — 2| Y |z [w]* "1 (2,w € C),
§=0

and so
|Re(h(w) —h(2))| S (1+[z)"* <1  (2€C,we D).

Since w(w)/w(z) = eRer@)=()) it follows that w € S, which finishes the proof. 0O
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6. Proof of Theorem 1.5

In order to prove Theorem 1.5, we need some estimates of the Berezin kernel B%, which will follow from
the behavior of the Bergman kernel K?,.
Recall that the Bergman kernel for F2 is given by

Kﬁ(z,w) = Eal/zEl/m/g(al/sz), (6.19)

where Ey01/0(A) = > ey Wi)ﬂ) is a Mittag-Leffler function (see, for instance, [4] for the details). This
function satisfies the following asymptotic expansion when |A\| — oo (see, for instance, [16, Theorem 1.2.1]):

AN 4 o\ 1), if JargA| < 25,

(6.20)
O\ ™Y, if Jarg Al > ;.

Eyjeae(N) = {
This asymptotic equality shows that, for a fixed R > 0 large enough, we have that

|E1e170(N)] >~ (1 + |>\|)€_16R‘3(’\£)7 if JargA| < £ and [A| > R,
|E1ye1eN)] S 1, otherwise.

Moreover, since E1 /41 /¢(2) > 0, for every x € [0, 00), there exists 0 < & < 1 such that |Ey,s/0(N)] >~ 1,
for —e <ReA < R+¢e, —e <Im A\ < &. Therefore there is 0 < 8 < 7/(2¢) small enough so that

{wwmz L+ ARG, i farg A < Bor N < 2 620
| |

(
|E1/e170( M) S 1, otherwise.
Here 0° = 0 and ¢ = |\|¢ ecos(?@18A) for any A € C \ {0}. As a consequence of (6.21) we obtain global and
local estimates of the Bergman kernel, which, for convenience, are written in terms of the so called twisted
Bergman kernel
K’ (z,w) := e_%‘z‘ﬂKi(z,w) e~ g hl*,
Lemma 6.1. There is 0 < 8 < w/(20) satisfying that

Ko (zw)| S Tapeoi(zw)  (zweC). (6.22)

Moreover, there is ¢ > 0 such that

|Ki(z,w)| ~ Tf;’@’efl(z,w) ~(1+ \z|)2(e_1) (zeC,we Dﬁ_ﬁ). (6.23)

In particular:
Bg(sz) S Tfa,ﬁ,Z(é—l)(va) (va € (C) (624)
Bg(z,w) ~ T§a7ﬁ72(471)(z,w) ~ (14 \z|)2(€_1) (zeC,we Dﬁ,é)‘ (6.25)

Proof. Since 1+4|2w| < (1+|z])(1+]|w]), (6.22) follows from (6.21). Moreover, (6.23) also follows from (6.21),
because, for any p > 0, we have that

L[z =~ (L4 2L+ w]) (2 €C,we DL,),
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and, given 0 < f < 7/2 and 0 < € < 1, there is ¢ = 9(f,¢) > 0 such that any z € C and w € D, ; satisfy
either |arg(zw)| < B or |zw0| < e.
Indeed, if 0 > 0 and [z| > 50, then |z| > 0 > o(1 + |z[)1~*, and so
|arg(zw)| < arcsin |Q| < ;T |Q| B, for every w € Dﬁyg
On the other hand, if 2| < 750 and w € DY
Therefore g = e2 (35 +1)~" does the job.
Finally, by (6.23) we have that K%(z,z) ~ (1 + |2[)2(0=9e2=" 50

2o then |w] < [z + 0 < o(55 + 1), so 2w < Q2(% +1)%

Bi(z,w) = (1+[2])*" 79 Ko (2, 0)* (2w e C).

Hence it is clear that (6.24) and (6.25) are direct consequences of (6.22) and (6.23), respectively. Thus the
proof is complete. 0O

The pointwise estimates (6.22) and (6.23) give, for 1 < p < oo, the L2*-norm estimate for the Bergman
kernel (see, for instance, [4] or [7]):

HK(I;(’ Z)HFg’[ ~ (1 + |Z|)2(€—1)/p’e%|zl2e (z c C) (626)
A direct consequence of (6.26) is the boundedness on L2 of the Bergman projection.

Proposition 6.2 ([/], [7, Lemma 2.15]).

a) For 1 <p < oo the Bergman projection P’ is bounded on LP*.
b) If v < 2a then PLf = f, for every f € Fvl’é.

Corollary 6.3. If 1 < p < 00 and v > 0, then
F@IS Ml Q412D 3T (fe P2Y, 2 € ),
Now we give two technical lemmas needed in the proof of Theorem 1.5.

Lemma 6.4. Assume g > 0 satisfies (6.23). Then, for any w € Af, and 0 < o < g, we have that

/|Kfzw|dw( ) = |53 |) (z€0).

Proof. Let I(z) be the integral at the statement. Then, by (6.23), we have

w(DZ,,)

ID?:I) ~ (L =) /(1+|wl)€ ! deo(w /IK 2 w)| dw(w) < I(2).

D¢

z,0

On the other hand, (6.22) and (4.13) show that

HE) S [ T gma (o) ) = (14 )2 D) > Tt
C
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Lemma 6.5. Let 1 < p < co. If BY, is well defined on LP(w), then ' is a weight.

Proof. We prove the assertion by contradiction. If w’ is not a weight, then there is a € C such that
w' ¢ LY(D. ), where g > 0 satisfies (6.25). Thus w™1/? ¢ L' (D’ -) and so there exists g € LP(D? ;) such
that f = gw= /P ¢ LY(D}, ;). Now, since f € LP(Df, 5;wdA), the hypothesw gives that f B (z, -) € Ll(DgE)
for a.e. 2 € C. But (6.25) shows that B (z,w) ~ (1 + |a|)?“~V, for z,w € D! 5+ Which implies that

fe LD 3)» and we get a contradiction. O

Proof of Theorem 1.5. Assume that w € AS. Then (6.24) and Theorem 1.4 show that B, is bounded on
LP(w). Moreover, the fact that B, f = f, for every f € AP(w) = H(C)N LP(w), follows from Propositions 5.7
and 6.2 b) by observing that if f € AP(w) then fK.(-,z) € F}, for every z € C. Indeed, since w € AL, we
know that w’ = w™?/? € Afg, (see Corollary 4.6), and so Holder’s inequality, (6.22) and (4.13) show that,
for any f € AP(w), we have

I2£

I e @) 178 8,6-1(2 e’ ) < 00

[ sl o2 e aaw) < et
C

Conversely, assume that B is bounded on LP(w). Then, by Lemma 6.5, o' is a weight, and we may follow
the argument in the proof of the implication (b) = (a) in Theorem 1.4, but replacing T% 5.5 and o by B¢
and a radius g satisfying (6.25), respectively, to conclude that w € Afr ]

7. Proof of Theorems 1.1 and 1.6
7.1. Proof of Theorem 1.1

By Theorem 1.4 and the pointwise estimate (6.22), it is clear that we only have to prove the implication
(c) = (a).

Assume that P! is bounded on LE*(w), for some o > 0, and we want to prove that w € .Af). In order to
do that, we will follow the scheme of the proof of [9, Theorem 3.1].

First, we observe that the argument in the proof of Lemma 6.5 shows that, if Pﬁ is well defined on
LP*(w), in the sense that, for every f € LP¥(w), we have

V. (w) = f(w) K (2,w) e—elvl® ¢ L'(dA) for ae. z € C,

then w’ is a weight. Next, we prove that the boundedness of P{ on L2*(w) implies that w € .AZ , ¢.e. there
is some p > 0 satisfying

(@W(DENPW (DENYP SIDELl (C€C). (7.27)

Let o > 0 and R > 0. Note that D 0 C D Rt and |Dég| > 0*(1+ R)>1=9 for any ¢ € Dy g. Since w and
w’ are weights, we only have to show that there is some small ¢ > 0 and some large R > 0 such that (7.27)
holds for || > R.

Assume that 0 < o < R/(4¢) and [(| > R > 1. Then [¢| < |2| < 2|¢| and |arg(2()| < &, for any
z € DC’Q. In particular, |arg(zw)| < 8 := J;, for any z,w € D . Now define the function

kww=@mk%”“ﬂwwk%wkdwwwo (we o),

where X denotes the characteristic function of the disk Df) o It is clear that
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p\\1/P
1l oz ) S 1Dl (' (DE,)) (I<l = R),
and we make the following claim:

Claim. There exist small enough ¢ > 0 and large enough R > 0 so that

|2€

W(DE,) S e 3FNPLf(2)] (K| > R, 2 € DE ).

Taking for granted this claim, it is easy to prove (7.27) for |{| > R:

1/p

W' (D ) (@(DE )P < / e 5 PL ()P dw(2)

i
¢.e

1/
< NP fellng ) S 1DE | (W'(DE )"

a

In order to prove the claim, note that e~ % PZfC fD‘f O (z,w) dA(w), where

Bc(z,w) = fe(w) e T KL (2, w)eell™,

Recall that |2w| > $[¢|* > $R? and |arg(2w)| < B, for every z,w € Dég, so (6.19) and (6.20) show that,
for large enough R > 0, we have

K. (z,w) = ab(zw) e L O((zw) ") (2w e DL, (| > R).
It follows that

Be(z,w) = al (/)1 o ImGED (D)) o= (=1 2 Re(m) ) +wl*) Ly (1)
+ fo(w) el =817 O((zm) 1)
— ol (/)1 GEOD (2, w) W (w)
— al (2/C) Mo (2, w) (10 TGO _ iaTm(Z) =@ (f (4)
4+ (cmyt-te () =3 1P+ Lt () O((2m) 1)
= 0l(z,w) + P(z,w) + BY(z,w)  (z,we D, [¢| > R).

Now we estimate the integrals I fD,; (z,w) dA(w), for || > R and z € DC o+ as follows:
I (2)| = (D¢ ). (7.28)
[I3(2)| < 5 1I2(2)], for small enough ¢ > 0. (7.29)
13(2)] S R~ e /D™ /(DL ). (7.30)

Observe that these estimates prove the claim, since, for large enough R > 0 and small enough ¢ > 0, we
have that

|2€

|Palf) (@) 2 5 ()| = 1IE(2)] 2" (DE ) (IK] 2 R, 2z € DE ).
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The estimate (7.28) holds because |I}(2)] = fD |<I>1 (z,w)| dA(w), and, by Corollary 2.8, |®¢(z, w)| =~
|2/C o (2, w) W (W) =~ W' (w), for z,w € D coo The proof of (7.30) is also easy since, for |(| > R and
Z, W E Dég, we have

182 (2,w)| < |¢]2eUS2™ W (w) < R e R/D™ / (w),

Finally, (7.29) is a consequence of the fact that Mg(p) — 0, as ¢ — 0", where Mg(0) := sup{¥¢(z,w) :
I¢| > R, z,w € Df ,}, and

U (2, w) = [ Im(GD") _ giatm((zm) ~(C@))| | _ gioIm((70) (@) (=),

Indeed, since 2w = uw, where u = 2(/|¢| and v = w(/|(| satisfy |argu| + |argv| < 7, we have that

(2w)" = u'T’, and so

(zw)" — (Cw)" — (2¢)" = u'" — [¢|D" — ¢’ = (u* = [¢])@" —[¢[*) = [¢]*.

Moreover, since z,w € Df, we have that u,v € qu ,» and so Lemma 2.7 shows that lu® —[¢]4), |7 — |¢[f] <
7(0) := Lo(1 + 0)*~!. Therefore

Ue(z,w) = [1 — e KO K| < 0@ 1 (|¢| > R, z,w € DL),

and hence M, (9) = 0,as o — 0. O
As a direct consequence of Theorem 1.1 and Propositions 5.7 and 6.2 b), we obtain the following result.

Corollary 7.1. If w € AL, then P. maps LE*(w) onto F2*(w), for any a > 0.

Then Corollary 1.2, which answers the initial question in the introduction, follows from Corollary 7.1
and Proposition 5.9.

7.2. Sarason’s conjecture for the spaces FP**

Before proving Theorem 1.6 we precise the definition of the Toeplitz operators Té. Given a > 0, for

€ L}Y’e, 0 < v < 2a, we define the Toeplitz operator Té on X! := Span{K’(-,w) : w € C} by
Tf,h := P%(ph). Note that the condition v < 2« assures that Tﬁ is well defined, i.e. for any h € X£ and
z € C, we have that f.(w) = K’ (z,w) p(w) h(w) € L'(C; e~ dA(w)).

Moreover, if g € F** then TH(Kqa(-,2))(w) = g(z g(2) KL (w, z), and so, for f,g € F3*, the composition
operator T; TglZ is well defined on X’ and

TYTUKL(2) (w) = f(w) 9(2) Kalw,2) (2w € C). (7.31)

Proof of Theorem 1.6. First we prove that (a) implies (b). By (7.31), we have that

T(z,w) == (TfTs k=, kly)a = f(w) g(2)S(z,w) (z,w e C),

zy "

where k(u) = K{(u, 2) /| K& (- 2) | e, Ky (u) = K& (u,w) /|| K, w)l| gy and

Kf(w, 2)
TREC e IKEG o),y

S(z,w) :=
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Since T{T% is bounded on F?, T(z,w) is a bounded function on C2. By (6.26), S(z,2) ~ 1, so [T(z,z)| ~
|f(2)g(2)]. Thus the function fg is bounded, and, by Liouville theorem, it is a non-zero constant. In
particular, f = ¢/, for some entire function h. By Corollary 6.3, |f(2)| < [|f]lpre(1 + |2])2¢Dezl=1
Hence, by a classical theorem of Hadamard (see, for instance, [6, Corollary 6.33]3, we have that h is a
polynomial of degree m < 2/.

Now we prove that m < {. Assume that h(u) = 37" Ajul. Let ¢ > 0 be a radius satisfying (6.23), and
let § = arg(\,). For x > 1, we consider the points w, = e~"/™(z + 15(1 +2)'~%) and z, = e7**/™z. Note
that w, € D, 5, and so (6.23) and (6.26) give that S(zg,w,) ~ 1. It follows that

T2, we) = | f(we)|lg(za)] = |f (wa)||f(2a)| 7 = 51,

where ¢(z) = Reh(w,) — Re h(zy). Next, for j = 1,...,m, we have that

R <(1 +i(z)) — 1) = e 10/m i (jt(x) + o(z 7)) ,

where t(z) = gw. Since t(z) ~ x7¢, as x — oo, we deduce
m—1 ] )
D Nwi =) =0l (x> 00).
j=0

Hence ¢(z) = 2™ *(mg|A\m| + o(1)), and, since |T(w,, z;)| = O(1), we conclude that m < .
By Proposition 5.10, (b) is equivalent to (c). Finally, the fact that (c) implies (a) follows from the
boundedness of P4 on L2‘(w) whenever w = |f[P € A’ (by Theorem 1.1). Indeed, since (7.31) gives

T]{Tf/Tgo = Pé(fo/Tgo), for any ¢ € X!, we have that

ITETE 7 ol e = 1P Pl ey < WPENIO/ Tl ey = IPL Il e ©
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