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Abstract: In this paper, we show that the only solution of the vortex sheet equation,
either stationary or uniformly rotating with negative angular velocity €2, such that it
has positive vorticity and is concentrated in a finite disjoint union of smooth curves
with finite length is the trivial one: constant vorticity amplitude supported on a union of
nested, concentric circles. The proof follows a desingularization argument and a calculus
of variations flavor.

1. Introduction
A vortex sheet is a weak solution of the 2D Euler equations:
v+v-Vo=—-Vp, V.v=0, (1.1)

whose vorticity @ = curl(v) is a delta function supported on a curve or a finite number
of curves I'; = z;(a, t), i.e.

o, 1) =Y mile )8 -z 1). (1.2)

Here @;(«, t) is the vorticity strength on I'; with respect to the parametrization z;, and
the above equation is understood in the sense that

fR p@dw(x.1) = Z f 9(zi (@, )i (a, 1)da

for all test functions ¢(x) € Ci° (R?).

The motivation of the study of the equation (1.1) with vortex sheet initial data comes
from the fact that in fluids with small viscosity, flows separate from rigid walls and corners
[24,32]. To model it, one may think of a solution to (1.1) with one incompressible fluid
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where the velocity changes sign in a discontinuous (tangential) way across a streamline
z. This discontinuity induces vorticity in z.

The equations of motion of @; and z; can be derived by means of the Birkhoff—Rott
operator [7,21,24,35], namely:

1 (x — z(B. )"
BR(Z, W)(X,t) = EPV m@'(ﬂ, t)dﬂ, (13)
yielding
Ozi(a, 1) = Z BR(zj, i) (zi(a, 1)) + ¢i(at, 1)0e2i (et 1) (1.4)
J
drwi(a, 1) = du(ci(a, wi(a, 1)), (1.5)

where the term c¢; («, t) accounts for the reparametrization freedom of the curves. See
the paper [19] by Izosimov—Khesin where they propose geodesic, group-theoretic, and
Hamiltonian frameworks for their description.

The main goal of this paper is to establish radial symmetry properties of stationary/
uniformly-rotating vortex sheets to (1.1). To do so, we first define what we mean by a
stationary vortex sheet. Assume the initial data wg of (1.2) is supported on a finite number
of curves parametrized by z; (o), with strength @; () (with respect to the parametrization
z;) respectively. If there exists some reparametrization choice c;(«) such that the right
hand sides of (1.4)—(1.5) are both identically zero for every i, it gives that w(-, t) is
invariant in time, and we say w (-, t) = wy 1S a stationary vortex sheet.

For any x € R2 and Q € R, let Rg,x denote the rotation of x counter-clockwise by
angle Q¢ about the origin. We say w(x, t) = wo(Rq:x) is a uniformly-rotating vortex
sheet with angular velocity €2 if wq is stationary in the rotating frame with angular
velocity 2. (Note that in the special case 2 = 0, the uniformly-rotating sheet is in fact
stationary.) In Lemma 2.1, we will derive the equations satisfied by a stationary/rotating
vortex sheet.

It is easy to see that if the z;’s are concentric circles with constant @; (with respect to
the constant-speed parametrization) for every i, the solution is stationary, and it is also
uniformly-rotating with any 2 € R. We would like to understand the reverse implication,
namely:

Question 1. Under what conditions must a stationary/uniformly-rotating vortex sheet be
radially symmetric?

This type of rigidity question has been very lately understood for different equations
and different settings such as in the papers by Koch—Nadirashvili—Sverak [20] for Navier-
Stokes, Hamel-Nadirashvili [16—18] for the 2D Euler equation on a strip, punctured disk
or the full plane, Gémez-Serrano—Park—Shi—Yao [ 14] for the 2D Euler and modified SQG
in the full plane and Constantin—Drivas—Ginsberg [8] for the 2D and 3D Euler, as well
as the 2D Boussinesq and the 3D Magnetohydrostatic (MHS) equations.

The next theorem is the main result of the paper, solving it for the vortex sheet
equations:

Theorem 1.1. Let w(x, t) = wo(Rq:x) be a stationary/uniformly-rotating vortex sheet
with angular velocity Q2. Assume that wy is concentrated on I, which is a finite union of
smooth curves, and wq has positive vorticity strength on I'. (See (HI)—(H3) in Sect. 2
for the precise regularity and positivity assumptions.)
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IfQ < 0, I" must be a union of concentric circles, and wy must have constant strength
along each circle (with respect to the constant-speed parametrization). In addition, if
Q < 0, all circles must be centered at the origin.

Remark 1.2. Note that for any uniformly-rotating solution with 2 < 0, our theorem
yields that wy must be concentrated on concentric circles centered at the origin, with
constant strength on each circle. Such wy is actually stationary. As a result, there are no
uniformly rotating solutions with negative angular velocity that are non-stationary.

‘We now go first over the history of the equations (1.4)—(1.5), focusing later on the case
of steady solutions. The study of those solutions is important due to the ill-posedness
of the vortex sheet equation, thus they represent (unstable) structures for which there is
global existence.

1.1. Brief history of the dynamical problem. The existence of solutions to (1.4)—(1.5)
has been widely studied. The seminal paper of Delort [9] proved global existence of
weak solutions of (1.1) for an initial velocity in leo . and a vorticity a positive Radon
measure. Majda [23] provided a simpler proof. See also the works by Schochet [33,34]
and Evans—Muller [13]. All of them use the hypothesis that the vorticity has a definite
sign.

If the vorticity does not have a sign, Lopes Filho—Nussenzveig Lopes—Xin proved
existence in [22], in the case where the system enjoys reflection symmetry. For the setting
in which the curve z; is not closed and represented as a graph, Sulem—Sulem-Bardos—
Frisch [35] proved local existence in the case of analytic initial data.

The first sign of singularities with analytic initial data goes back to Moore [26], where
he demonstrated that the curvature may blow up in finite time. Ebin [11] showed ill-
posedness in Sobolev spaces when y has a distinguished sign, and Duchon—Robert [10]
proved global existence for a class of initial data in the unbounded setting. Caflisch—
Orellana [6] also showed global existence for a class of initial data, as well as ill-
posedness in H® for s > % and simplified the analysis of Moore [5]. We also mention
here the work of Wu [38], in which she proved the existence of solutions to (1.4)—(1.5)
in spaces which are less regular than H®. Székelyhidi [36] (resp. Mengual-Székelyhidi
[25]) constructed infinitely many admissible weak solutions to (1.1) for vortex sheet
initial data with (resp. without necessarily) a distinguished sign.

1.2. Stationary and rotating solutions. Relative equilibria are an important family of
solutions of fluid equations since their structures persist for long times. This is specially
important when the equations of motion are ill-posed. In the particular case of (1.4)—
(1.5), our knowledge is very small and only very few explicit cases are known: the circle
and the straight line (with constant y ), which are stationary, and the segment of length

2a and density
y(x) = Qva? — x2, x € [—a,al, (1.6)

which is a rotating solution with angular velocity €2 [2]. Protas—Sakajo [31] generalized
this solution and proved the existence of several others made out of segments rotating
about a common center of rotation with endpoints at the vertices of a regular polygon
by solving a Riemann—Hilbert problem, even finding some of them analytically.

In the paper [15] we prove the existence of a family of vortex sheet rotating solutions
with non-constant vorticity density supported on a non-radial curve, bifurcating from
the circle with constant density.
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Numerically, some solutions have been computed before. O’Neil [27,28] used point
vortices to approximate the vortex sheet and compute uniformly rotating solutions and
Elling [12] constructed numerically self-similar vortex sheets forming cusps. O’Neil
[29,30] also found numerically steady solutions which are combinations of point vortices
and vortex sheets.

1.3. Structure of the proof. The proof is inspired by our recent rigidity result in the
paper [14] on stationary and rotating solutions of the 2D Euler equations both in the
smooth and vortex patch settings. To prove it, we constructed an appropriate functional
and showed, on one hand, that any stationary solution had to be a critical point, and on
the other, for any curve which is not a circle there existed a vector field along which the
first variation was non-zero. This vector field is defined in terms of an elliptic equation
in the interior of the patch. In the case of the vortex sheet, this is not possible anymore.
Instead, we desingularize the problem by considering patches of thickness ~ ¢ which
are tubular neighborhoods of the sheet. The drawback is that we lose the property that
any stationary solution has to be a critical point if ¢ > 0 and very careful, quantitative
estimates need to be done to show that indeed the first variation of a stationary solution
tends to 0 as ¢ — 0. This setup is also reminiscent of the numerical work by Baker—
Shelley [1], where they approximate the motion of a vortex sheet by a vortex patch of
very small width. In [3], Benedetto—Pulvirenti proved the stability (for short time) of
vortex sheet solutions with respect to solutions to 2D Euler with a thin strip of vorticity
around a curve. See also the work by Caflisch—-Lombardo—Sammartino [4] for more
stability results with a different desingularization.

1.4. Organization of the paper. In Sect. 2 the equations for the stationary/rotating vortex
sheet are derived, and in Sect. 3 we perform the desingularization procedure. Section 4
is devoted to construct the aforementioned divergence free vector-field along which the
first variation is non-zero. Finally in Sect. 5 we conclude the quantitative estimates and
prove the symmetry result from Theorem 1.1.

1.5. Notations. For a bounded domain D C R?, we denote |D| by its area (i.e. its
Lebesgue measure). For x € R? and r > 0, denote by B(x,r) or B,(x) the open ball
centered at x with radius r.

Through Sects 3-5 of this paper, we will desingularize the vortex sheet into a vortex
layer with width ~ €, and obtain various quantitative estimates. In all these estimates,
we say a term f is O(g(e)) if | f| < Cg(e) for some constant C independent of €.

For a domain U C R?, in the boundary integral fa U f - ndo, n denotes the outer
normal of the domain U.

2. Equations for a Stationary/Rotating Vortex Sheet

Let w(-, 1) = wp(Rg:) be a stationary/rotating vortex sheet solution to the incompress-
ible 2D Euler equation, where wy € M (R?)NH ! (R?) is a Radon measure. Here Q = 0
corresponds to a stationary solution, and €2 # 0 corresponds to a rotating solution. As-
sume wy is concentrated on I', which is a finite disjoint union of curves. Throughout this
paper we assume I satisfies the following:
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Fig. 1. Tllustration of the closed curves I'y, ..., I';; and the open curves ', 41, ..., ['y4m, and the definitions
ofn,s, v and v—

(H1) Each connected component of I" is smooth and with finite length, and it is either
asimple closed curve (denote them by I'y, . .., [';;), or a non-self-intersecting curve with
two endpoints (denote them by I'y41, ..., I'4). Here we require n + m > 1, but allow
either n or m to be 0.

Let us denote

dr = 21521 dist(T';, Ty), 2.1)

which is strictly positive since we assume the curves {I';}!*1" are disjoint. For i =
1,...,n+m,denote by L; the length of T';. Let z; : S; — I'; denote a constant-speed
parameterization of I'; (in counter-clockwise direction if I'; is a closed curve), where
the parameter domain S; is given by

R/Z fori=1,...,n

Sii=
! [0,1] fori=n+1,...,n+m.

Note that this gives |z;| = L;, and the arc-chord constant

Fr := max sup & (2.2)

i=lntm g 2pes; 12i (@) — zi (B)]

is finite, since I" is non—self—intersecting Lets : I' — R? be the unit tangential vector

CO I (Ol)

on I', given by s(z;(@)) = andn : ' — R? be the unit normal vector,

lZj (@] — L
given by n = s*. See Fig. 1 for an illustration.
Fori = 1,...,n + m, let us denote by y;(«) the vorticity strength at z; (o) with
respect to the arclength parametrization, which is related to @; (o) by
wi(a)
vila) = Iz /( Y fora € S;. (2.3)

Throughout this paper we will be working with y;, instead of z;. We impose the following
regularity and positivity assumptions on y;:
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(H2) Assume that y; € C*(S;) fori = 1,...,nand y; € C?(S;) N C'(S?) for some
be (@ Dfori=n+1,....,n+m.!

H3)Fori =1,...,n,assume y; > 0in S;. Andfori =n+1,...,n+ m, assume
¥i > 0in §7, and y;(0) = y: (1) = 0.

Note that for a closed curve, (H3) implies that y; is uniformly positive; whereas
for an open curve, y; is positive in the interior of S; but vanishes at its endpoints.
This is because any stationary/rotating vortex sheet with continuous y; must have it
vanishing at the two endpoints of any open curve: if not, one can easily check that
|[BR(zi(«)) - n(z;())] — oo as « approaches the endpoint, thus such a vortex sheet
cannot be stationary in the rotating frame.

With the above notations of z; and y;, the Birkhoff—Rott integral (1.3) along the sheet
can now be expressed as

n+m n+m
BR(zi()) = Z BRi(zi(@)) == Z PV/ K2 (zi (@) — zi(@) (@) zp (@) de’,
k=1 k=1 Sk
(2.4)
with the kernel K; given by
1
—lgl X
Kr(x) := 2n)  'V-log x| = —, (2.5)
27 |x)?

and the principal value in (2.4) is only needed for the integral with k = i.

Let v : R? — R? be the velocity field generated by wy, given by v := V- (wg % N).
Note that v € C®(R? \ '), but v is discontinuous across I". Let v¥,v™ : ' — R?
denote the two limits of v on the two sides of I" (with v* being the limit on the side that
n points into—see Fig. 1 for an illustration), and [v] := v~ — v* the jump in v across
the sheets. [v] is related to the vortex-sheet strength y as follows (see [24, Eq. (9.8)] for
a derivation): [v] -n = 0, and

[vlxn=[v]-s=y.

In addition, the Birkhoff-Rott integral (2.4) is the the average of v* and v~, namely
1
BR(zj(@)) = §(V+(Zi () +Vv (zi(w))) foralla € S;,i=1,...,n+m.

In the following lemma, we derive the equation that the Birkhoff—Rott integral satis-
fies for a stationary/rotating vortex sheet.

Lemma 2.1. Assume w (-, t) = wo(Rq:X) is a stationary/uniformly-rotating vortex sheet
withangularvelocity Q € R, and wq is concentrated on U'''T';, with z; and y; defined as
above. Then the Birkhoff—Rott integral BR (2.4) and the strength y; satisfy the following
two equations:

(BR—QxT)-n=v*-n=v -n=0 onT, (2.6)
and
C; onS;fori=1,...,n,
(BR(zi (@) —Qz;" (@) s(zi (@) yi (@) = { i . (2.7
0 onSifori=n+1,...,n+m.
! For an opencurvei =n+1,..., n + m, note that (H2) does not require y; to be C 1 up to the boundary

of §;, and its derivative is allowed to blow up at the endpoints. This is motivated by the fact that in the explicit
uniformly-rotating solution (1.6), its strength y is Holder continuous in [—a, a] and smooth in the interior,
but its derivative blows up at the endpoints.
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In particular, the above two equations imply that BR(z; («)) — sz-(oe) =0fori =
n+l,...,n+m.

Proof. By definition of the stationary/uniformly-rotating solutions, wy is a stationary
vortex sheet in the rotating frame with angular velocity 2. In this rotating frame, an
extra velocity —sz‘ should be added to the right hand side of (1.4). Therefore the
evolution equations (1.4)—(1.5) become the following in the rotating frame (where we
also use (2.4)):

0rzi(a, 1) = BR(zi (o, 1)) — inL(a, 1) +ci(a,1)0yzi (o, t) (2.8)
i, 1) = du(ci(a, Hwi(a, 1)), (2.9)

where the term c; (@, t) accounts for the reparametrization freedom of the curves. Since
wo 18 stationary in the rotating frame, z; (-, ) parametrizes the same curve as z; (-, 0).
Therefore 0;z; («, t) is tangent to the curve I';, and multiplying n(z; (o, t)) to (2.8) gives

0=dzi(a, 1) - nzi(e, 1)) = (BRGi(e, 1)) — Qz; (e, 1)) (i (e, 1)), (2.10)

where we use that n(z; («, 1)) - dyzi (¢, t) = 0. This proves (2.6).
Now we prove (2.7). Towards this end, let us choose

_ (BR(zi(a, 1)) — Qzj- (. 1)) - s(zi(a, 1))
100 zi (at, 7)]

ci(a, t) =

’

so that multiplying s(z; («, 1)) to (2.8) gives 0;z;i (¢, t) - S(z; (¢, t)) = 0, and combining it
with (2.10) gives 9;z; (o, t) = 0. In other words, with such choice of ¢;, the parametriza-
tion z; (o, t) remains fixed in time. Since wy is stationary in the rotating frame, we know
that with a fixed parametrization z; (o, t) = z;(«, 0), the strength @; («, #) must also
remain invariant in time. Thus (2.9) becomes

ci(a, Hwi(a,t) = (.

Plugging the definition of ¢; into the equation above and using the fact that z; is invariant
in #, we have

(@) — QzE (@) - s(z; ,
(BR(i(@)) — Qz7 (@) - s@i(@)mi() _ ¢ foralla € S,
19,2 ()]

and finally the relationship between y; and ; in (2.3) yields (2.7) fori =1, ..., n.
And for the open curves i = n + 1,...,n + m, note that we do not have any
reparametrization freedom at the two endpoints « = 0, 1, therefore the endpoint ve-
locity BR(z; (0, 1)) — inl(O, t) must be 0 to ensure that wy is stationary in the rotating
frame. This immediately leads to C; = 0 fori = n + 1, ..., n +m, finishing the proof
of (2.7). O
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Fig. 2. Tllustration of the definitions of Rf and Df for a closed curve (left) and an open curve (right)
3. Approximation by a Thin Vortex Layer

Our aim in this section is to desingularize the vortex sheet wp. Namely, for 0 < ¢ < 1,
we will construct a vorticity w€ € L®(R?) N L(R?) that only takes values 0 and € !,
and is supported in an O (¢) neighborhood of I', such that w® weakly converges to wp
ase — 07.

Foreachi =1, ..., n+m, we will describe a neighborhood of I'; using the following
change of coordinates: let RY : §; x R — R? be given by

Rf (o, n) == zi (@) + €y (@)n(z; (@), (3.D
and let
Df := {Rf(a, nN:aesS,ne (—1,0)}.

Note that each Df is a connected open set, and for all € > 0 sufficiently small, the

sets (Df );’:}1 are disjoint. Fori = 1, ..., n, the domains Df are doubly-connected with
smooth boundary, and its inner boundary coincides with I';; see the left of Fig. 2 for an
illustration. And fori =n+1, ..., n+m, the domains Df are simply-connected, and its

boundary is smooth except at most two points; see the right of Fig. 2 for an illustration.

In addition, for € > O that is sufficiently small, one can check that Rf N
(—=1,0) — Dy is a diffeomorphism. Since y; € Cl(S;) and z; € C%(S;), we only need
to show R : S x (—1,0) — Dj is injective. Below we prove this fact in a stronger
quantitative version, which will be used later.

Lemma 3.1. Foranyi = 1, ...,n +m, assume I'; and y; satisfy (HI)-(H2). Then the
map R : S? x (=1,0) — Df given by (3.1) is injective. In addition, there exist some
co, €0 > 0 depending on ||z; ||C2(S;)» lvill Loe(s;y and Fr, such that for all € € (0, €g) we
have

|Rf (@, ') — R (e, )| > CO(|05/ —a| +e€lyi(a)n — Vi(a/)ﬁ/|), (3.2)
foralla,a’ € 87, n,n' € (=1,0).2

Proof. To begin with, note that (3.2) immediately implies that R{ : S x (—1,0) — Df
is injective, where we used the positivity assumption y; > 0 in S? in (H2). Thus it
suffices to prove (3.2). Throughout the proof, we fix any i € {1,...,n + m}, and we

2 In fact, (3.2) also holds (with a slightly smaller € and cg) for n, n” € (=2, 2), even though such Ri6 may
not belong to Df. We will use this fact later in the proof of Lemma 3.5.
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will omit the subscript i for notational simplicity. Using the definition (3.1), let us break
R¢(o’, ") — R¢(«, 1) into
R, ') = R(, ) = z(&) — z(@) +€ (y (@)’ — y(@)n) n(z(&))
— —
=T =T
+ey (@ (n(z@)) —n(z@))). (3.3)

=T

For T and T3, we have

|T1 - Z/(Ol/)(a/ — Ol)| S”Z”CZ(S)'a — C{/|2, (3 4)
T3] < ey (@)llzllc2(s)la — a'l.

Also, using that z'(a") = Ls(z(«')) is perpendicular to n(z(a’)), we have

1Z'(@) (@' — &) + Tr| = |L(&' — a)s(z(e) + € (y(@)n' — y(@)n) n(z(a))|

)

1 / 1 / /
> —Lle' —a|+=€|y@)n —y@n
2 2
where we use that /x2 + y2 > %(|x| +|y|). Combining this with (3.4) gives

L 1
T+ T2+ T3] = o — o (5_”Z”C2(5) (lo — | +€J/(Ol))> + §€|V(Ol/)’7/ — y(a)nl,

thus

€l N _ peE £ o l N
IR (e, 1) R(OKJI)|Z4|06 05|+2€|V(05)77 y ()| (3.5)

forall0 < € < L8| zllc2llyllz=)"" and |« — /| < W
For |a — /| > m, recall that the definition of FT in (2.2) gives |z(a) — z(a)| >
C

Fr ! |a’ — a|. Thus a crude estimate gives

1
IR (o', ) =R (a, )| = |z(a')—z(c0)|=2€ |y | Loocsy = Ela’—alﬁly(a’)n’—y(a)nl

(3.6)
for 0 < € < L(64Fp||z||cz||y||Loo)*]. (Note that for such € we have 4¢|y |~ <

1 l . / L
mkx — «| due to our assumption that | — o’| > W)'

Finally, combining (3.5) and (3.6), it follows that (3.2) holds for co = min{%, 57-, 3}
and €9 = min{L (8| z|[c2 ¥ lLe)~", L(64Fr | zllc2|ly || o)~ '}. This finishes the proof.
O

In the next lemma we compute the partial derivatives and Jacobian of Rf (a0, 1), which
will be useful later.
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Lemma 3.2. Foranyi = 1,...,n +m, let z; be a constant-speed parameterization of
the curve T'; (with length L;), and let Rf be given by (3.1). Then its partial derivatives
are

/ 1 // 1
3aRf(a,n)=Z§(a)+e<y,(a) 4@ n+ yz() ) n),

l

. (3.7)
z;(a)
R} (a0, n) = eyi(@) ’L .
i
Moreover, its Jacobian is given by
det(Ve,y RY) = €Liyi(@) — € Liy? (ki (), (3.8)

where k;(a) denotes the signed curvature of I'; at z; ().

Proof. Since z; is the constant-speed parameterization of I'; (which has length L;), we
have |z;| = L; and n(z;(a)) = z;(oz)J‘/L,'. Taking the o and 5 partial derivatives of
(3.1) directly yields (3.7).

Putting the two partial derivatives into columns of a 2 x 2 matrix and computing the
determinant, we have

|z< >|2

” L.
det(Var RE) = ey @) 1L 4 2,20y 5@ 5@,

2
L;
=eL;yi(a) — 62Liyi2(a)/ci (),

where in the second equality we used that z/' () = ; (@)n(z; () L? (recall that z; has
constant speed L;). This finishes the proof. O

Remark 3.3. We point out that for eachi = 1, ..., n +m, the determinant formula (3.8)
immediately gives the following approximation of | D5 |, which will be helpful in the
proofs later:
IDS| 1 1 0 .
— = - ldx = — det(Vg,y Ri (o, ) dndo = L; yi(@)do + O(e€),
€ € Jp¢ €Js J-1 S;
(3.9)

where the O (¢€) error term has its absolute value bounded by Ce, with C only depending
on [zillc2s,) and [[¥illLoocs;)-

Finally, let D¢ := U™ D¢, and ¢ : R? — R is defined as

n+m
o (x) =€ pe(x) =€) Ipe(x),
i=1
and let
V¢ = VE(of x N) (3.10)

be the velocity field generated by w€.

In the next lemma we aim to obtain some fine estimate of v¢ in the thin vortex layer
De<. Our goal is to show that along each cross section of the thin layer (i.e. fix i and «,
and let n vary in [—1, 0]), the function n — v¢ (Rf (a, 1)) is almost a linear function in
1, with the endpoint values (at n = —1 and 0) being almost v~ (z; («)) and v*(z; («))
respectively.
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Rf(aﬂ?)‘ 91‘(04,77)

Fig. 3. Illustration of the definition of g; («, -) (the orange arrows)

Lemma 3.4. Fori = 1,...,n+m, assume I'; and y; satisfy (H1)—(H3). Let

1
gi@. ) = BRG@) — (n+3)VMG@@) foraes;,

2
and note that g;(a,0) = v*(z;(a)) and gi(a, —1) = v~ (z;(a)) (see Fig. 3 for an
illustration of gi(«, n)). Then for all sufficiently small € > 0, foralli = 1,....,n+m
we have
V(R (r, ) — gi(e, )] < Ce’|loge| foralla € S;,n € [—1,0],  (3.11)

where b € (0, 1) is as in (H2), and C depends on b, max; ||zi||c2(s;), max; [1Villco (s,
dr and Fr.

Proof. Leti be any fixed index in 1, ..., n + m. We begin with breaking v into contri-

butions from different components { Dy };*}, namely

n+m n+m

V) =) Vi) =) et / Ka(x — y)dy,
k=1 k=1 Df

where the kernel K> is given by (2.5). Similarly, we canbreak BR(z; («)) into BR(z; (&) =

n+m

Z B Ry (zi(a)), where B Ry is the contribution from the k-th integral in (2.4), and note
k=1
that the PV symbol is only needed for k = i.
e Estimates for k # i terms. For any k # i, we aim to show that
[V (R (o, 1) — BRi(zi(@))| < Ce, (3.12)
where C depends on dr, maxy ||z« ||c2 and maxg || k|l L. Applying a change of vari-
able y = R (', '), we can rewrite v{ as
Vi(RS () = ¢! f K>(Rf (@, m) — y) dy
D

0
= / / Ko (RS (e, ) — R{(e', 1)) ! det(Vo,/,,,/RZ(zx/, n)) dn'do’.
Sk J—1

=T =T

(3.13)
Using the facts that Rf (e, n) — Ri (', 1) = zi(a) — zx(e) + O(e) as well as
|zi (@) — zx(a')| > dr > O (recall that dr is as given in (2.1)), for all sufficiently
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small € > 0 we have T} = K»(z; () — zx(a’)) + O(¢). For T3, the explicit formula
(3.8) for the determinant gives 7> = Ly yx (o) + O (¢). Plugging these into the above
integral yields

Vi (R (a, m) = / Ka(zi (@) — 2k (@) Ly (@) do + O(€) = BRi(zi (@) + O(e),

Sk
finishing the proof of (3.12).
e Estimates for the k = i term. It will be more involved to control the k = i term, and
our goal is to show that

1
Vi (Rf @) = BRiGi(@) + (n+ 3 ) VI (@)] < Ce'llogel.  (3.14)

To begin with, we again rewrite v; as in (3.13) with k = i, and plug in the formula
(3.8) for the determinant. This leads to

0
viki o) = [ [ Ko@) = R’ (L)
ya
—eLiy? @i (@) d'do’
=1L +1,

where Iy, I, are the contributions from the two terms in the last parenthesis respec-
tively. Let us control I, first, and we claim that

|I;| < Ce|loge]. (3.15)

Using (3.2) of Lemma 3.1 and the fact that |K»(x)| < |x|~!, we can bound I, as

|| =

0
// K>(R{ (e, ) — R (o', ') €Liy? (@ )i () dy'ded’
Sk

(]
< Cé/ / Vi (05/) dn/dOl/
S J—1 1o —Ol|+€|)/z(0l)77 = vi(a)n]

[17i ll oo
< Ce f / L a0 =y — i)
Sk = lvilloo 10 —a|+6|9|

f1/€ fl)/l lloo L, , _

< Ce ———do'dB’ (B =€ (o —a))

—1/e J=yilloo 1B |+ 1B1+16']

< Celloge]| (3.16)

where C depends on ||z; |2 and ||y; | zo.
In the rest of the proof we focus on estimating I} = / /0 K>(R{ (a,n) — R (&, "))
Liyi(a')ydn'da’. Fort € [0, 1], let us define e
fla, ' ,n,n'st) =R (a,n—1n') — R (@', n' — 1)),

0
J (1) :Z/S /le(f(Ol, o' n,n's ) Liyi(e) dn'de’. (3.17)
)
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Note that in the definition of f, the argument n — t5" of Rf belongs to [—1, 1], instead
of [—1, 0] as in the original definition of (3.1). Here Rf (o, n — 1) is defined as in the
formula (3.1), even though it might not belong to Dj . Clearly, J(0) = I;. The motivation
for us to define such f and J(¢) is that at = 1, we have

0 0
J(M) =/S /1K2(Rf(ot, n—ﬁ/)—Zi(a/))Lm(a/)dn’do/=/IVi(Rf(Ol,n—n’))dn’,
) -

(3.18)
where v; is the velocity field generated by the sheet I';. Recall that v; has a jump across

I';, where we denote its limits on two sides by V?:. Using Lemma 3.5, which we will

prove momentarily, we have

vi(zi(@) + O(eP|loge|) ifn—n'€(0,2),

V;(Zi(d)) + O(6b| ]0g6|) lfi’] _ 7]/ c (_27 O) (319)

Vi(Rf (@,n—1n)) = {

We can then split the integration domain on the right hand side of (3.18) inton’ € (—1, )
and " € (n, 0), and use (3.19) to approximate the integrand in each interval. This gives

J(1) = (n+ DV} zi(@) = nv; zi(@)) + O(e”| loge))

1 , (3.20)
= BRi((@) — (1+ 3 ) V)@ (@) + O(e"  log ).

where in the last step we used that [v](z; («)) = [v;](zi («)), since all other vy with k # i
are continuous across I';.
Finally, it remains to control |J(0) — J(1)|. Note that by (3.2), we have

fla,a' 0,05 1) = co(la — o'| + €lyi(@)n' — yi(a)n]).

In addition, we have

d
'Ef(a, o 00| = |e(viem(zi (@) — yi@)nz @))n'| < Cela —a'|?,

where the last inequality follows from (H2) and the fact that n(z; («)) € C 1(S;). There-
fore, forany ¢t € (0, 1), taking the ¢ derivative of (3.17) and using that |V K7 (x)| < |x|_2,
we have

0 AT N
170 < C/ / €la —o'|7yi(a) zdn/d(x/
S /=1 (Ja — o'| +€lyi(a)n’ — yi(e)n])

0 ()
= Cé/ / e 71/1 ) N/ dn/d()l/
s J=1 la —a'['77 (Jo — &'| + €ly; (@) — yi(e)n))

e rlvillos !
< CGh/ / e - - de/dﬁ/
—1/e oyl 1B 1 72UB 110D

O =y —yin, B =€ —a)

1/e Ny oo
< Ceb/ 18'1°" " log <1 + Il ”/L )dﬁ/
—1/e 18’1

< cé,



J. Gémez-Serrano, J. Park, J. Shi, Y. Yao

where C depends on b, ||¥illcb(s;ys I1Zill c2(s;) and Fr. This leads to

lJ(1) = [ =1J(1) = J(0)] < Ce’|loge].

Finally, combining this with (3.20) and (3.15) yields (3.14), finishing the proof of the
k = i case. We can then conclude the proof by taking the sum of this estimate with all
the k # i estimates in (3.12). |

The following lemma proves (3.19). Let v; be the velocity field generated by the
sheet I';, which is smooth in R? \ I';, and has a discontinuity across I';. It is known that
v; converges to Vii respectively on the two sides of I'; [24]. However, we were unable to
find a quantitative convergence rate (in terms of the distance from the point to I';) in the
literature, especially under the assumption that y; is only in C?(S;) for the open curves.
Below we prove such an estimate.

Lemma 3.5. Fori =1, ..., n+m, let v; be the velocity field generated by the sheet I';,
given by

vi(x) == / Ka(x — zi(@) yi(@)|zj(@)|do’  forx € R*\ T
Si

Then there exist constants C,ey > 0 depending on on b (as in (H2)), |1zillc2s,)
[lvi ||Cb(Sl_) and Fr, such that for all € € (0, €g) and n € (—2, 2) we have

Vi (RE (, ) — Vi (zi(@))] < CePlloge| ifn € (0,2), (3.21)
[Vi (RE (., ) — Vi (zi(@))| < Ce”|loge| ifn e (=2,0), (3.22)
where
n(z; (@) i (@) n(z; (@) i (@)

vi = BR;(zi(a)) + V; = BRi(zi(@)) —

2 2 ’

and BR; is the contribution from the i-th integral in (2.4).

Proof. We will show (3.21) only since (3.22) can be treated in the same way. From the
definition of Rf in (3.1), we have

! L . /
vi (R (@, m) = ﬁ/ (zi (@) = zi(@)) " yi(@) o

21 Js; 1zi@) — zi(@') + enn(zi (@) yi (@) [*
L; enn(z; (@) yi (@) y; (@) /
+ — 5 do
27 Js; |zi(or) — zi (@) + enn(zi (@) yi ()]
= A] + Az.

We claim that for all ¢ > 0 sufficiently small and 1 € [0, 2), we have

|A1 — BR; (z(@))| < Ce”|loge], (3.23)
1
‘ Ay — M < e, (3.24)
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and note that these two claims immediately yield (3.21). From now on, let us fix i €
{1,...,n+m} and omit it in the notation for simplicity. Throughout this proof, let us
denote

y(o, o) :=z(a) —z(a') and (@) := en(z(a))y (),

so that
g L[ y@adyE) L / cty@)
T sy ve@P T T 2 @ e re@P
Note that
F1:1|ot —d| < |y(o, )| < |lzllgi e — o). (3.25)
For the closed curves with i = 1,...,n, since z has period 1, we can always set

a—ao € [—%, %) in this proof.
Applying (3.2) (with " = 0), we have

ly(a, @) + e(@)]” = cola — &' + €0’y (@) = co(la — &' +[e(@)*).  (3.26)
Since 7/ (o) = Ls(z(«)), let us define
Y@, @) := Ls(z(@)) (@ — '),
which is a close approximation of y in the sense that
y(a, @) = §(@, &) < lzllc2(@ — ). (3.27)
Using s(z(«)) L n(z(«)), we have
§(a, o) + (@) = L?|a — ' +2n’y (@) = Lo — o/ +|e(@)]*.  (3.28)

From now on, for notational simplicity, we compress the dependence of y («, @), ¥ (o, '),
¢(a) on o and o in the rest of the proof.

e Estimate (3.23). Note that B R; (z(«)) can also be written using the above notations
as

L yl
_ ’
BRG@) = 5PV [ Toyda.
2n s 1yl

thus A; — BR;(z(«)) can be written as follows:

L € 1
A — BRi(z(@)) = gPV/S <Iyi—c|2 - E‘;?) y(a)da'
=:A(y,c)
_ L / £y O @) — y@)da’ + LD py / £(y. o)dal
27[ S 27‘[ S

=: A]] + A]z.
A direct computation gives

yt 2y-c+lc?

f(y,c) =
@O =1 “yrep

(3.29)
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Sincey-¢ = (y—¥)-¢ < Cla —a'|?|e|, (where we use § L n(z(«)) and (3.27)),
combining this with (3.25) and (3.26) gives a crude bound

/2 2
oa—o Cc|+|C
£y, o) < | SURAL

oo — o/ |(Jo — /|2 +[e|?)”

Plugging this into Aj; and using the Holder continuity of y, we have

12 2
oa—o cl+|cC
|A”|§/| | I“le] +|c] o — o Pdo’
S |
<

—a/|(Jla — o>+ [c?)
N/ 161" lel~" + 161"~ ")ao +/ (1
1B1<le| le|=lf|=1
+1el2101°P"Hdo 0 =o' — )
Slef” < ce,
where the last step follows from the fact that |¢| < 2€]||y ||co. Now let us turn to Ao,
which requires a more delicate estimate of f(y, ¢). Let us break Ay> as

Ly (a) Ly(a)
2 2

For Bj, let us take the gradient of f(y, ¢) (as in (3.29)) in the first variable. An
elementary computation yields that

Ap = /(f(y, ¢) — £(§, 0))da’ + Pfo(y, ¢)de’ =: By + Bs.
S S

Vb (x, ©)] < Clx~ min 1, %} (330)

as long as x satisfies
Ix + > = co(x | +Jef). (3.31)

We point out that x = £y + (1 — &)y indeed satisfies (3.31) for all £ € [0, 1]: to see
this, in the proof of Lemma 3.1, if we replace 77 in (3.3) by £y + (1 — &)y, one can
easily check the proof still goes through for & € [0, 1]. In addition, for any & € [0, 1]
we also have

&y + (1 = &)§| = cola — o] (3.32)
Thus the gradient estimate (3.30) together with (3.27) and (3.32) yields

1£(y,©) = f§, 0 Smin{l, |elle — o'} < min{l, el —a'| 7'},

and plugging this into Bj gives
|Bl|§e+/ ela — o' 'da' < €]loge.
e<la—a’|<1

As for Bj, using the definition of ¥, the identity (3.28) and the fact thaty - ¢ = 0, we
have

L L |e?
b Ty [Ty
2n s I¥I7 ly+cl
_ Ly@lePniz@) ,\, / o —a dol
27 L s o/ —a2(L2%|o’ — a|? + |c|?)
For the closed curves i = 1, ..., n, we immediately have By = 0 since o — @’ €

[—%, %), and the integrand is an odd function of &’ — «.
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For the open curvesi = n + 1, ..., n + m, the above integral becomes
L c|*n I-a 0
By — y (@)]¢| (z(a))PV/ 49 0 =o —a)
2 L —a  |B12(L2161% + |c|?)

)

_ Ly@lePn(z(a) /1‘“ 9
= 2L o OX(L20%+|c?)

where in the second inequality we used that the integral in [—«, o] gives zero contribution
to the principal value, since the integrand is odd.
Next we discuss two cases. If & > |c|, we bound the integrand by CO~3, which gives

1By < Cy(@)lefa™? < Cle)*a?™? < Cle® < Céb.

where the second inequality follows from the assumption ¥ (0) = O for an open curve
in (H3), as well as the Holder continuity of y. And if 0 < « < |c|, the integrand can be
bounded above by 6! |¢|~2, which immediately leads to

|B2| < Cy()|logal < Cle’|log|e]] < Ce’|loge|.

In both cases we have | By| < Ce”|log €|, and combining it with the By and A1 estimates
gives (3.23).

e FEstimate (3.24). We break A into

Let " — Let 1 1
Ay = ¢ /y(a) )/z(a)da/+ ¢ y(a)/( 5 — = 2)do/
2r Js  ly+c] 2z s \|y+c| ly +c|

.\ Lety (@) 1 ,
2 S |)~"+C|2
=: Ap1 + Ap + Ars.

For Ay, (3.26) and the Holder continuity of y immediately lead to

lo —a'|?

|Az| < CIcI/ ————————dd < |c|” < Ceb. (3.33)
s lo—a'> +¢f?

For Aj», its integrand can be controlled as

1

L y-§ly+el+§+e) _  Cla—a'
el ly+eP

ly +el?§ +cl? T (o — a2+ eH)¥

where the last step follows from (3.26), (3.27) and (3.28). This allows us to control
A22 as

1 2
0
|A2| < Clc| /_1 Wde < Cle| |logle|| < Ce|logel. (3.34)

Finally, for the A,3 term, (3.28) gives
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A Lety (@) 1 , L(oz)y(oz)
23 = 217 2 sda’ = 2
2 s L7/ — al* + |c] 9+1

Lo/ —
(setd := M),
|e]

. .. _ L L . _ La L(l—a)
wherethe1ntegrat10n1ntervalI_(—m, m)forl_l, ...,n,and ] = (:ﬁ’ lc‘a )
fori =n+1,...,n+m, and in the last equality we also used that % = nt. For
i =1,...,n,one can easily check that

1 1
—df —m| =2
160%2+1 /2Lc 62 +1
which immediately leads to
1 1
n n 1
Ay NE@Y@| @y (@) / o) < ce
2 2 1 92 +1
fori =1,. n Next we turn to the open curvesi = n+1,...,n +m, and let us

assume o € [O, 2] without loss of generality. In this case we have

La

| o0 1
/ —d9+/ a6 <min 1l Ty ce.
oo 02+1 %92+1 a2

where we used 1 — o > % to control the second integral by Ce. Using the above
inequality as well as the fact that y (a) < C a? due to (H3), we have

1
—df —
102 +1

nz@)ty@|  y@) / 1 o[ lel
Az — = do —m| <C , 1t +Ce
‘23 2 2w |), ez @ T =R
< C(ef’ +e) < Ce’
fori =n+1,...,n+m.Finally, combining the A3 estimates together with (3.33)
and (3.34) yields (3.24). O

4. Constructing a Divergence-Free Perturbation

In this section, we aim to construct a divergence-free velocity field u¢ : D¢ — R2, such
that —u€ tends to make each D} “more symmetric”. Let u¢ : D¢ — RR? be given by

u :=x+Vp¢ inDF, 4.1)
where the function p¢ : D€ — R is chosen such that

V.uf =0 in D", 4.2)

and on each connected component [ of d D€, u€ satisfies

/ue -ndo =0, (4.3)
l
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where n is the unit normal of / pointing outwards of D€. Note that d D€ has a total of
2n + m connected components: Df is doubly-connected for i = 1, ..., n (denote its
outer and inner boundaries by 8D; out @nd 8Diin; note that BDiin coincides with T';),
whereas it is simply-connected fori = n + 1, ..., n +m (denote its boundary by an).

Next we show that there indeed exists a function p€ so that u€ satisfies (4.2)—(4.3).

Clearly, (4.2) requires that p€ satisfies
ApS = —2 in D°. (4.4

Once (4.2) is satisfied, the divergence theorem yields that u¢ satisfies (4.3) for each
l=0Df fori=n+1,...,n+m.
Next let us set the boundary conditions as

Plaps =0 fori=n+1,....n+m. 4.5)
Fori =1,...,n,let
0 ondDf
¢ = IQOUI f ) = ]‘7"‘9 b 4.6
P {cf ondDf;, =T ort n (4.6)

where ¢§ > 0 is the unique constant such that
/ Vp¢-ndo = =2|U;| fori=1,...,n, 4.7
AU;

where U; is the domain enclosed by 8Df in = I'i (thus U; is independent of €), and n is
the outer normal of U; (thus the inner normal of D). The existence of c{ is guaranteed
by [14, Lemma 2.5]. One can then check that |, Y u¢-ndo = 0. Applying the divergence
theorem in Df then gives us that f 9D¢ u¢ - ndo = 0 as well, thus u€ satisfies (4.3) for

i,out

i=1,...,n.
In [14] we proved a rearrangement inequality for such p€ in a similar spirit of Talenti’s
rearrangement inequality for elliptic equations [37], which we state below.

Lemma 4.1 [14, Proposition 2.6]. The function p€ : D¢ > R defined in (4.4)-(4.7)

satisfies the following in each Df fori =1,...,n+m:
e _ 1Df]
sup p- < , (4.8)
and

Df|?
/ P (x)dx = L
Df§

i

4.9)

Moreover, each inequality above achieves equality if and only D5 is either a disk or an
annulus.

Note that the inequalities (4.8)—(4.9) hold for any domain with C Lo boundary. Even
though the inequalities are strict when D is non-radial, they are not strong enough to rule
out non-radial vortex sheets, as we need quantitative versions of strict inequalities that
are still valid in the € — 0% limit. As we will see in the proof of Proposition 5.2, the key
step is to show that if some I'; is either not a circle or does not have a constant y;, then the
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€2
following quantitative version of (4.9) holds: €2 <% - f pe D€ (x)dx> > ¢ > 0,

where cq is independent of €.

In order to upgrade (4.9) into a quantitative version, we need to obtain some fine
estimates for p¢ that take into account the shape of the thin domains Df. For i =
n+1,...,n+m,since p* = 0 on dDj, and the domain D5 is a thin simply-connected
domain with width € < 1, intuitively one would expect that |p€| < Ce2. The next
proposition shows that this crude estimate is indeed true, and its proof is postponed to
Sect. 4.1.

Proposition 4.2. Foranyi =n+1, ..., n+m, let p¢ : D_f — R be given by (4.4)—(4.5).
Then there exist € and C only depending on |zi || c2(s,)> 1 VillLeo(s;) and Fr, such that

Ip€l < Ce* in Df

forall e € (0, €1).

Fori = 1,..., n, the estimate is more involved, since p¢ takes different values cf
and 0 on the inner and outer boundaries of D;. Heuristically speaking, since Df is a
doubly-connected thin tubular domain with width ~ €, we would expect that pf (in e, n
coordinate) changes almost linearly from O to ¢f as n goes from —1 (outer boundary)
to O (inner boundary). Next we will show that the error between p€ (Rf (e, m)) and the
linear-in-7 function cf (1 + 1) is indeed controlled by 0 (€2). We will also obtain fine
estimates of the gradient of the function cf (1 + 1), as well as the boundary value c;.
Again, its proof is postponed to Sect. 4.1.

Proposition 4.3. Foranyi = 1, ...,n, let p€ : D_f — Rand ¢ € R be given by (4.4)

and (4.6)—(4.7). For such p¢, let us define p¢,q¢ : D +— R as follows:

PERE@.m) =i (1+1) fora € S;.nel0, ~1],
¢ = p — 5 inDF. (4.10)

Also let
2|Ui|

= 4.11
L; '[Si )/l._l(Ol)dOl 1D

Bi :

Then there exist €| and C only depending on ||zillc3s,), 1Villc2 s,y and Fr, such that
forall € € (0, €1) we have the following:

lg€| < Ce* in Df,
4.12
{qé =0 on D5, ( )
c€
l
L — Bi| < Ce, 4.13)
€
‘Vﬁe(Rf(a, n) — P n(zi()| < Ce fora € S;,nel0,—1]. (4.14)

vi(a)
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4.1. Proof of the quantitative lemmas for p€. In this subsection we aim to prove Proposi-
tions 4.2 and 4.3 . We start with a technical lemma on estimating the solution of Poisson’s
equation (with zero boundary condition) in the domain D5 .

Lemma 4.4. Foranyi =1,...,n+m, assume T'; and y; satisfy (HI)—(H3). Let v¢ €
C 2(Df) N C(D5) solve the Poisson’s equation with zero boundary condition.:

€ _ . €
{Av =—1 inD;, 4.15)

¥ =0 on D5

Then there exist positive constants € = C(||zillc2(s;ys 1VillL(s;), Fr) and Cy, Ca =
ClVillLeo(s;)), such that for all € € (0, ) we have

0 <vé <Cie inDf (4.16)

and
Vvl poor,) < Cae fori=1,...,n. (4.17)
Proof. Throughout the proof, leti € {1, ..., n +m} be fixed. For notational simplicity,

in the rest of the proof we omit the subscript i in Rf, Df, Si, zi and y;.

Step 1. We start with a simple geometric result that D€ is “flat” in a small neighbor-
hood of any interior z(cr). For any o € §°, let V() := D N Bge|jy | (2()), where
| - lloo denotes || - ||zoo(s). We will show that any y € V(@) satisfies

|(z(@) — ¥) - n(z(@))] < 2€]lylloo (4.18)

for all sufficiently small € > O (to be quantified in (4.23)). See Fig. 4a for an illustration.
Since y € V€(a) C D€, thereexist 8 € Sandn € (—1,0) suchthaty = R¢(8, n) =
z(B) + ey (B)n(z(B))n. It follows that

|(z(@) = y) - n(z(@)| < |(z(@) — 2(B)) - nEz@)] + €Y oo
. ) (4.19)
<Nz ool — B)” +€ll¥ lloos

where in the second inequality we used

(@) — 2(B)) — 2 (@) (@ = B)| < 2" lloole — B)* (4.20)

and 7'(«) - n(z(«)) = 0. To bound & — B on the right hand side of (4.19), the fact that
Y € Bee|ly |l (2(a)) gives

6€(|y lloo = |z(e) — y| = [z(a) = 2(B)] — €y (B), (4.21)

which implies |z(«) — z(B)| < 7€||¥ || Since the arc-chord constant FT given in (2.2)
is finite, this implies
lo — Bl < TFrly lloo€- (4.22)

Plugging this into the right hand side of (4.19), we know (4.18) holds for all
0 <e< @ looFRlyllo) " (4.23)

Step 2. Next we prove (4.16). Note that v€ is superharmonic in D€ and vanishes on
the boundary, thus it follows from the maximum principle that v¢ > 0 in D€. Denote
M := max,epe v€(x), and pick xo = R(ag, n9) € D€ such that v¢(xg) = M. Note that
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n(z(ap)) V(o)

(a) (b)

Fig. 4. a In Step 1, V€ («) (the yellow set) must lie between the two dashed lines for small €. b In Step 2,
V€ (agq) is decomposed into 3 Vf (ap) (in dark green) and 9 V2€ (tp) (in purple)

ap € S°. Without loss of generality, we can assume that z(«g) = (0, 0) and s(z(xg)) =
e; := (1,0),sothatn(z(xp)) = (0, 1) and xg = (0, €y (xg)no). Let us consider a barrier
function b; : R? — R given by

2
2 X
bi(x1,x2) = x5 — ER

Clearly Ab; = 1, so v¢ + b; is harmonic in D€. It then follows from the maximum
principle that maxm(v€ +b1) is achieved at some boundary point xo € 9V («). Let
us break dV¢(ap) into 0V (o) U 9 V5 (o) (see Fig. 4b for an illustration), given by

AV (o) := ID N Boelly |1 (2(0)), V5 (g) := D€ N3 Boe|jy | (2(0)).  (4.24)

We claim that Xy € 0V (ap). To see this, note that any y = (y;, y2) € 9V5 (o)
satisfies |y| = 6€||¥ [loo and |y2| < 2€]|¥ |loo, Where the latter follows from (4.18) and our
assumptions that s(z(«tg)) = e and z(«g) = (0, 0). This implies that |y;| > 4€||¥ ||co >
|y2], thus b1 (y) < 0. Using that v¢(xg) = M > v°(y) and by (xg) = b1(0, €y (ap)no) >
0, we have (v¢ +b1)(y) < (v€ +b1)(xp). This shows that max (v€ + by) cannot be
achieved on 9V (ap), finishing the proof of the claim.

Since Xo € dV{ (ap) C 3D, the boundary condition in (4.15) yields that v (xp) = 0.
Thus

V(o)

M + b1 (x0) = v (x0) + b1 (x0) < v(Xo) +b1(Xo) = b1(Xo).
Using b1 (xo) = b1(0, ey (ag)no) > 0, the above inequality becomes
M < bi(%o) < [Fol* < 36y 15.€”, (4.25)

where the second inequality follows from the definition of b;. This proves (4.16) for
C1 = 36|y %

Step 3. It remains to prove (4.17). First note that fori € {1, ..., n}, the assumptions
(H1)-(H3) yield that D has C? boundary, therefore v¢ € C2(Df) N C!(D¥). Let us
fixi € {l,...,n}and any @ € S, and we aim to show that |Vv€(z(x))| < Cae. Again,
without loss of generality we can assume that z(«) = (0, 0) and s(z(«)) = ej. Let us
consider a new barrier function b, : R —> R

2

X
ba(x1, x2) i= x3 + 4elly loox2 — 71, (4.26)
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which satisfies > (0, 0) = 0, and one can easily check that its zero level set has horizontal
tangent at (0, 0) (thus tangent to d D€ at z(«)).

Again, let us decompose dV¢(ar) as 9V () U dVy (@) as in (4.24) (except that ag
now becomes o). We claim that for all sufficiently small € > 0, the new barrier function
b, satisfies

Aby=1 inV<(a), (4.27)
by <0 ondVf, (4.28)
by < —€* ondVs. (4.29)

Let us assume for a moment that (4.27)—(4.29) are true. Then it follows that
v+ Coby <0in V(a), (4.30)

where C> := max {1, C1} and C is as in (4.16) (in the end of step 2 we have C|; =
36||y||go). To show (4.30), note that v + Cpb» is subharmonic in V¢ («) due to (4.27)
and the definition of C», thus its maximum is attained on its boundary. The boundary
conditions in (4.15) and (4.28) yield that v + C2b> < 0 on 9V («); whereas (4.16),
(4.29) and the definition of C; yield that v¢ + C2b2 < 0 on 9 V5 (). Thus v€ +C2by < 0
on AV (a) U dVy (@), implying (4.30).

However, v¢ + C2b, is actually zero at z(«) € dV€¢(«), therefore Hopf’s Lemma
implies that V (v€ + C2b2) (z(@)) - n(z(a)) > 0, where n(z()) is the outer normal of
o0 D€ at z(«). Hence

Ve (z(a))| = =Vve(z(a)) - n(z(a)) < C2Vba(z(@)) - n(z(@)) = 4Ca|l¥ [l ok,
(4.31)

where the first equality follows from the fact that v€ is superharmonic in D€ and constant
on 9 D€, and the second equality is a direct computation of Vb,. Thus (4.31) proves
(4.17).

To complete the proof, we only need to prove (4.27)—(4.29) for small ¢ > 0. Note that
(4.27) follows immediately from computing the Laplacian of b;. For (4.28), let us pick
y € V[ (), and we aim to show that b>(y) < 0. Note that y = R°(8, 0) or R*(8, —1)
for some B € S. We first deal with the first case.

Let us denote y = (y1, y2). Rewriting (4.20) into two inequalities for the two com-
ponents, and using that z(a) = (0, 0) and z’(«) = Le; (L is the length of the curve T';),
we have

10— y1 — L@ — B)| < 17" lloc (@ — B)? (4.32)
1y2l = 10 = y2| < 12" lloo (@ — B)*. (4.33)

Also, (4.22) gives |« — B] < TFT ||y lloo€- Applying it to (4.32), for all € > O sufficiently
small we have that

L
il = Sl — Bl. (4.34)

Plugging (4.34) and (4.33) into by(y) = — 37 + y3 +4¢||¥ [l ooy2, We have

L2
ba(y) = =5l = B+ 12" 112 (@ — B)* +4elly loollZ lloo (@ — B)?

A

L2
<—? +Ce* + Ce> (@—pB)* <0,



J. Gémez-Serrano, J. Park, J. Shi, Y. Yao

for all € > O sufficiently small, where the second inequality follows from (4.22). This
finishes the proof of (4.28) for the case y = R€(8, 0).

Before we deal with the case y = R€(8, —1), let us prove (4.29) first. For any y =
(1, y2) € 8V2€(oe), (4.18) gives |y2| < 2€||¥ ||oo. Combining this with |y| = 6€]|¥ ||co

yields |y1| > +/32¢€]|y ||co- Thus

(v32ellyll<)’
S < 4y I

b2(y) < Qellylloo) +4elly lloo2€lly lloo) —
Finally we turn to the proof of (4.28) for the case y = R€(f, —1). Note that the
curve {R(B, —1) : B € S}N Bee|y | (z(@)) lies in the interior of the region bounded by
"N Bee|ly |1« (z () on the top, 0 Bee|jy ||, (z(@)) on the sides, and y, = —2¢||y || on the
bottom. (The last one follows from (4.18) and our assumption that s(z(«)) = ej). We
have already shown b < 0onI"NBe¢j |, (z(@)) and the lateral boundaries, and it is easy
to check that b, < 0 on y» = —2¢€||y ||co- Since the set {b» < 0} is simply-connected, it
implies that b> < 0 in the interior of this region, finishing the proof. |

Note that (4.16) of Lemma 4.4 immediately implies Proposition 4.2. (The only dif-
ference is that Av¢ = —1 in Lemma 4.4 whereas Ap¢ = —2 in Proposition 4.2, so the
constant C in Proposition 4.2 is twice of that in (4.16)). The lemma also implies the
following corollary, which will be helpful in the proof of Proposition 4.3.

Corollary 4.5. Forﬂy i=1,...,n+m, assume I'; and y; satisfy (H1)—(H3). Assume
vé € C3(Df) N C(Df) satisfies that

|Av¢| < Co in Df,
=0 on D5,

for some constant Cy > 0. Then for the same constants €qy, C1, Ca as in Lemma 4.4, the
following holds for all € € (0, €p):

[vé| < CoCr€*  in D, (4.35)
and if v¢ € C*(Df) N C (DY), we have
||VU€||LOC(1‘I.) < CoCare for i=1,...,n. (4.36)

Proof. Let v be a solution to

=—Cp in Df,
=0 on 9 D5

CID
3

It is clear that v€ + v is super-harmonic and v¢ — v is sub-harmonic in Df, and they both
vanish on the boundary. Thus the maximum principle implies that

-0 <v* <7 inDj. (4.37)
Applying (4.16) of Lemma4.4 to Cio,weobtainO <7 < CoCrelin D¢ foralle € (0, €),

leading to (4.35). Furthermore, (4.37) and the fact that v€ and v both have zero boundary
condition imply that

Vv < |VD| ondDy.
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We then apply (4.17) of Lemma 4.4 to Cio and obtain ||Vv€| ;) < CoCae, which
proves (4.36). |

Now we are ready to prove Proposition 4.3.

Proof of Proposition 4.3. Throughout the proof, leti € {1, ..., n} be fixed. For nota-
tional simplicity, in the rest of the proof we omit the subscript i from all terms.
We claim that

€

~ C
VP (R (a, ) —
ey(a)
I1AG L (pey < C (4.39)

n(z(a))| < Ce foralla € S,n e [0, —1], (4.38)

for some constant C > 0 only depending on ||z [|c3s,)» Vi llc2(s;) and Fr. Assuming
these are true, let us explain how they lead to (4.12)—(4.14). By (4.6) and (4.10), p€ and
p¢ have the same boundary condition, thus g€ = 0 on d D€. This and (4.39) allow us to
apply Corollary 4.5 to ¢€ to obtain the estimate (4.35), implying (4.12).

Due to (4.36) of Corollary 4.5, we also have

IVg©liLer) < Ce. (4.40)
Using (4.7) and p€ = p€ + g€, we have

=2|U| :/ vV p¢ ~nd0+/ Vq¢ - ndo
U U

cL / 1
=- Y (o)da + O(e),
€ Js

where the second equality follows from (4.38) for n = 0, n(z(«)) = —n(z(«)) and
do = Lda, as well as (4.40). Rearranging the terms and using the definition of 8 in
(4.11) yields (4.13).

Finally, note that (4.13) and (4.38) directly lead to (4.14), where we are using the fact
that y; is uniformly positive fori = 1, ..., n, due to (H3).

The rest of the proof is devoted to proving the claims (4.38) and (4.39). For (4.38),
we compute the gradient of p€. Differentiating (4.10) with respect to « and 1, we obtain

C€

(Vo R (c, m))'V (R (e, 1)) = <0), (4.41)

where (Vq , R€)" denotes the transpose of the Jacobian matrix of R€. Since V, ,R¢ =
(34 R¢, 9, R°), using the formula for inverses of 2 x 2 matrices, we have

((Va,nRé)’) = m(—(anRG)L, (8. R)™Y). (4.42)

where J(a, n) := det(V,, , R). Multiplying the inverse matrix on both sides of (4.41),
we have

1 €
VP (R (@, m) = — (= (@ R)™, (0 R)) (f) = %(aaRf)L. (4.43)
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Recall that Lemma 3.2 gives (9, R)" = Z/()t + O(¢) = Ln(z(a)) + O(€), and
J = €Ly + O(€?). Plugging these into (4.43) gives

Vi (R ) = & (“(Zy("‘” + 0(6)) . (4.44)

Note that it follows from (4.8) that ¢¢ < 2D— where |D€| < Ce due to (3.9). These

imply -

— <C, (4.45)
€

and applying it to (4.44) yields (4.38).
To prove (4.39), since ¢ = p¢ — p€ and Ap® = —2 in D¢, it suffices to show that

|Ap| =C in DS, (4.46)

and we will begin with an explicit computation of dy,x, p¢ and dy,, p€. Let us denote
R€ =: (R', R?). For notational simplicity, in the rest of the proof we will use subscripts
on R¢, R!, R? and J to denote their partial derivative, e.g. Ré = 8aR1.

From (4.43), it follows that

- c*
3y, PE(R (a, 1)) = —7R§.

Differentiating in o and 7, we get
Nl € 5
V (3, 5°) (R (o, 1)) = ((Va,,,RE) ) Ve, (—71%)
Jo
() (R
~ J \-R! R! 2 _1p2 |
/ Rn Re J_ZROZ =y Ry

thus

Jo 2 p2 1 2 p2 252 1 2 p2
L —7RnRW——(R) +SRIRG, )

Oy P (R, ) = — <

Likewise, dy,x, P(R(a, 17)) takes the same expression except every R? is changed into
R'. Adding them together gives

PR = (3RS R~ R Ry = JHRG R+ RS,
(4.47)
Using the explicit formulae of R, R, and J inLemma 3.2, we directly obtain | R, |, | RS,
C; |Rf7|, |R§u7|’ Vol < Ce; |yl < Ce?; and J~' < Ce ! when € is sufficiently
small, where C depends on ||z [|¢c3(s;) and [|¥i [l ¢c2(s;)- As a result, all the four terms in
the parenthesis of (4.47) are bounded by some constant C independent of €. Finally,
(4.45) yields 5 € < C as well, thus |Ap€| < C, and this proves the second claim (4.39).

O
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5. Proof of the Symmetry Result

In this section we prove that a stationary vortex sheet with positive vorticity must be
radially symmetric up to a translation, and a rotating vortex sheet with positive vorticity
and angular velocity 2 < 0 must be radially symmetric. The key idea of the proof is to
define the integral

Q
I€ ::/ 6_1u6~V<wE*N——|x|2>dx
DE 2
-1 € € Q 2
= e (x+VpH) V0o * N — —|x|” | dx,
D¢ 2
and compute it in two different ways. The motivation of the definition is as follows.

As discussed in [14, Sect. 2.1], 1€ can be thought of as a first variation of an “energy
functional”

(5.1)

1 Q
Elw] :=/§we(a)e>k./\f)—5a)€|x|2dx

when we perturb »€ by a divergence free vector u€ in D€. (This functional £ only serves
as our motivation, and will not appear in the proof.) On the one hand, using that wy is
stationary in the rotating frame with angular velocity €2 and w® is a close approximation
of wp, we will show in Proposition 5.1 that /€ is of order O (¢|log €|), thus goes to zero
as € — 0. On the other hand, using the particular u¢ that we constructed in Sect. 4,
we will prove in Proposition 5.2 that if Q@ = 0, I€ is strictly positive independently of
€ unless all the vortex sheets are nested circles with constant density; and also prove a
similar result in Corollary 5.3 for 2 < 0.

Proposition 5.1. Assume w(-,t) = wo(Rqy;-) is a stationary/uniformly-rotating vortex
sheet with angular velocity Q2 € R, where wq satisfies (H1)—(H3). Then there exists
some C > 0 only depending on b (as in (H2)), max; ||z; | c3(s,), maxXi<n [1Villc2(s;)
max;- [|Villcb(s;), dr and Fr, such that |I€] < Ce?) log €| for all sufficiently small
€ > 0.
Proof. Letus decompose € =: Y /™" I, where If := fDig e T x+Vp9) V(o « N —
Z\x|?)dx.

We start with showing that |/f] < Ceb| loge|fori =n+1,...,n+m. Forsuchi,
p¢ =0on dD;, thus the divergence theorem (and the fact that ¢ = e lin DY) gives

Q
If = / e lx.v <af x N — E|x|2> dx —f e e = 29) pf (x)dx.
Df Df

::Tie

Using the estimate | p€| < CeZin Proposition 4.2 and the fact that | Df | < Ce from (3.9),
we easily bound the second integral by Ce. To control the first integral 7}, we rewrite

it using the change of variables x = Rf (., n) and the definition v¢ := V4 (@ * N) in
(3.10): (also note that on the right hand side we group €~ ! with the determinant)

0
Ti= fs f RE (@) (< (R (o) = 2RE ) € det(Vay R (e, ) dinde

::Kf

=:J€

i
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and recall that the exact expression of the determinant was given in (3.8). Let us take a
closer look at the integrand, which is a product of 3 terms. Clearly, the definition of R}
gives R (o, n) = zi(a) + O(e). As for the middle term J, Lemma 3.4 yields

1
Jf(a,n) = —BR (z; (@) + (n + 5) [VI* (zi (@) — Qzi (@) + O(e”| loge]).  (5.2)

Using the fact that BR(z; («)) = inl(oz) fori =n+1,...,n+m (which follows from
(2.6) and (2.7)), it becomes

1
JE (@, ) = (n + 5) VI (zi (@) + O(€”| loge)). (5.3)

Alsoitfollows from (3.8) that K7 (a, ) = L;yi(a)+0O (€). Plugging these three estimates
into the above integral gives

0 1
- / / Zil@) - (n+§> VI* (21 (@) Lii ()dnda + O(e"|loge]) = O(e?|loge]),
Si J—1

where the last step follows from the fact that f 31 (n+ %)d n = 0. This finishes the proof

that |If| < Ce®|loge|fori = n+1,...,n+m, where C depends on b, max; [|z; [l c2(s;)»
max; ||Villcb(s;)s dr and Fr.
In the rest of the proof we aim to show |/f] < Ce®|loge| fori = 1,...,n, which

is slightly more involved. Recall that in Proposmon 4.3 we defined p€ and q€ in Df for
i =1,...,n, where they satisfy p¢ = p¢ +q in Df, and ¢ = 0 on 9 D5 . This allows
us to apply the divergence theorem (to the g€ term only) and decompose I € as

Q
If = / e lx+Vpo) -V (af = —|x|2) dx
D 2
—/ e e —2Q)q  (0)dx = If | +If,.
D

We can easily show that 116,2 = 0(€): (4.12) of Proposition 4.3 gives |¢¢| < Ce?, and
combining it with | Df| < Ce in (3.9) immediately yields the desired estimate.
Next we turn to Ilfl . Again, the change of variables x = R{ (e, ) and the definition

V¢ = V(0 x N) gives
0
iy = fs f (R G+ V5 (R ) - (= ) (R (e m) — QRS )

=:J¢

i

el det(Ve,n RS (o, n)) dnda.

=Kf

For the three terms in the product of the integrand, we will approximate the first term
using the definition of R{ and (4.14) of Proposition 4.3:

RS (e, m) + VP (Rf (a, ) = zj () + n(z;(«)) + O(e),

Bi
vi(a)
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where §; 1= % is given by (4.11). Lemma 3.4 allows us to approximate the
middle term Jf as (5.2), however (5.3) no longer holds since fori = 1,...,n we do

not have BR(z;(x)) = sz‘(a). As for Kf, we again use (3.8) to approximate it by
K f(a,m) = Lijyi(@) + O(e). Plugging these three estimates into the integrand of 156,1
gives

Iy = /S | (a (@) + y’i;)n@,-(a))) (~BR* (@) — 22(@) ) Liyi(@)da
+0(e’|loge)),

where we again use the fact that the (n + %) term gives zero contribution since fi)l (n+

%)d n = 0. Next we will show the integral on the right hand side is in fact 0. Since w is
a rotating solution with angular velocity €2, the conditions (2.6) and (2.7) yield that

—BR (zi (@) — Qzi(@) = Ciy; N (@)n(zi (@),

for some constant C;. Plugging this into the above integral gives

bi )) do + O(e?|loge|)

Ify = CiLi/ <Zi(a) -n(zi (@) +
Si Yi
2|1U;]

1

=CiL; </ zi(@) - n(zi(@))do + ) + 0 (e’| loge)),
Si

where the second step follows from the definition of g; in (4.11). Let us compute the
integral on the right hand side by changing to arclength parametrization and applying
the divergence theorem:

1 2|U;
/ zi(a) -n(zij(a)do = —— x -ndo = —M,
S; L; Jau, L;

which yields Ilfl = O(e”|loge|), and finishes the proof that [If] < Ceb| log €| for

i =1,...,n, where C depends on b, |1z;|lc3(s,)> 1 Villc2(s;)» dr and Fr.
Finally, summing the If estimates fori = 1,...,n +m gives |[€] < Ceb| log €| for
all sufficiently small € > 0, thus we can conclude. |

Now we will use a different way to compute /€. Let us first define a new integral Ie
that is the same as /€ except with Q set to zero:

I€ ::/ e_l(x+Vp€)-V(w€*N)dx. (5.4)

Next we will prove that I€ is strictly positive independently of € unless all the vortex
sheets are nested circles with constant density. As we will see in the proof, the key step
is to show that if some I; is either not a circle or does not have a constant y;, then the
estimates on p€ in Propositions 4.2-4.3 lead to the following quantitative version of

€2
4.9): €2 (% — fD_e pe (x)dx> > ¢o > 0, where ¢ is independent of €.
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Proposition 5.2. Let I€ be defined as in (5.4). Assume that U; and y; satisfy (H1)—(H3)
fori =1,...,n+m. Then we have I¢ > 0 for all sufficiently small € > 0.

In addition, if T is not a union of nested circles with constant y;’s on each connected
component, there exists some ¢y > 0 independent of €, such that [€ > ¢y > 0 for all
sufficiently small € > 0.

Proof. We start by decomposing € as
I€ = / e 'x - V(of * N)dx +/ e 'Vpe V(o x Ndx =: If +I5.
D¢ De

I} can be easily computed as

X =) 2 “—
It dy = D5 | 5.5
1= 2pe2 ,/De /Ds Cx =y dxdy 4re? 47'[62 Z' (5-3)

where the second equality is obtained by exchanging x with y and taking the average
with the original integral. As for I3, we have

1 1
If:—/ pEV(af*J\/)-ndo——/ pfwcdx
€ JoDe €

DE

1 n . . 1 e
=_chi /w V(w *N)~nd0—€—2/DGP dx (5.6)
n n+m|D€| n+m

Iy RETES Do WA

i=1 j=1
where the first equality follows from the divergence theorem, the second equality follows
from the boundary conditions (4.5) and (4.6) for p€ (as well as the fact that dU; and
d D have opposite outer normals), and the last inequality follows from the divergence

theorem as well as the inequality ¢{ < sup DsP = 3 | due to (4.8).

Letusdenote j <iifi e {l,...,n},j e {l,. n+m} J # i and I'; lies in the
interior of the domain enclosed by I'; (that is, I'; C Ul-). If not, we denote j 4 i. Note
that for sufficiently small € > 0, we have

Dl ifj <.
/ Ipedx = {1071 T =0 5.7)
- 0 otherwise.
Applying this to (5.6) yields
1 n+m n+m
15 > Tl Z 11j<i|Di€||DE ——2/
!
" (5.8)
1 n+m n+m
=~ Y (i 1) D IIDS - Z/
i,j=1
where in the first step we used thatthei = n+1, ..., n+m terms have zero contribution

in the first sum, due to the definition of j < i.
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Adding (5.5) and (5.8) together, we obtain

n+m 2 n+m €11 DS
. 1 (D] 1DED;
2 3 (- [ i)+ B - ) PR

i=1 1/1

e ::Bie,j

(5.9)
From (4.9), it follows that A > O foralli = 1,...,n +m, with equality achieved if
and only if each De isa dlsk or an annulus. Note that Be . > 0 as well for all i and j,
since for any i 7 j, at most one ofi < jandj < i can hold. Putting these together
yields that /€ > 0 for any sufficiently small € > 0.

In the rest of the proof, we assume I" is not a union of nested circles with constant
y;’s on each connected component. Therefore at least one of the following 3 cases must
be true. In each case we aim to show that I~e > c¢o > 0, where ¢ is independent of € for
all sufficiently small € > 0.

Case 1. There exists some open curve I'; that is not a loop. In this case Dj is simply-
connected, and p¢ = 0 on 9 D; by (4.5). Applying Proposition 4.2 to p€ in Dj, we have
Sup pe p¢ < Ce?, where C is independent of . This leads to fo pfdx < Cé3, since

|Df| = O(€) by (3.9). As a result, for the index i we have

DR, % ’
Af:F’ez—e /fpfdxzﬁ /s,-yi(a)da — Ce,

where we again used (3.9) in the second inequality. This gives that A6 é— ( f s, Vi ()da)?
> ( for all sufficiently small € > 0.

Case 2. There exists some closed curve I'; that is either not a circle, or y; is not a
constant. In this case we aim to show that A{ > ¢¢ > 0, and this will be done by finding
|D 6|2
47e?”’

good approximations (independent of €) for both terms in Af. For the first term
using (3.9) we again have

|D€|2 LZZ 2
/ yi(@da | —Ce =: J; — Ce, (5.10)
Si

47T62 47

where J; > 0 is independent of €. For the second term €2 / pe D dx, rewriting the
integral using the change of variables x = R{ (a, n) gives

[ edx_// PR o) ek Var D)
Df €

i

Recall that in Proposition 4.3 we defined p¢(R; (a, 7)) := ¢{ (1 + 1) and g, such that
P€ — Pe = ge- By (4.12) and (4.13), for all « € S; and n € (—1, 0) we have

€

‘M L9 g
€

PURE @) <
€ €

—1+m)
€

—pil+n)| =

< Ce,
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2|U;i]
Li [s, v ' (@)da
the determinant in (3.8), we have

where §; 1= is defined in (4.11). Combining this with the expression of
0
6_2/ pidx = / f Bi(L+n) + O(€))(Liyi(a) + O(e))dnda
Df S J—1

- |Ui|
- fs, Vi_l(“)d“

where K; is independent of €. Putting this together with (5.10) yields the following:

f yi(a)da + Ce =: K; + Ce,
Si

Afz]i—Ki—CG

2 i (c)d i :
_ iw / ylfl(a)da/ yi(e)da — 4”'?' —ce. O
4 fSi v (@da \Js; S; L

i

Let us take a closer look at the two terms inside the parenthesis. For the first term,
Cauchy-Schwarz inequality gives

f y N (@)da f yi(@)da > 1,
S; ;

Si
with equality achieved if and only if y; is a constant. For the second term, the isoperimetric
inequality yields

4r|Ui|
2

<1,

(recall that L; = |0U;|), with equality achieved if and only U; is adisk. By the assumption
of Case 2, at least one of the inequalities must be strict, thus the parenthesis on the right
hand side of (5.11) is strictly positive (and independent of €). Therefore there exists
some constant ¢y > 0 such that € > Af > ¢ for all sufficiently small €.

Case 3. There exist i # j such thati £ j and j 4 i. Then it is clear that for such
|DS1|DS|
ez -

Bi; = L,-L,-</S Vi(a)da><fs yj(oz)da> — Ce,

J

i, ], Bij in (5.9) is given by Bl.fj = Hence (3.9) gives

which yields € > %LiLj (fS,- yida)(fsj y;jda) > 0 for all sufficiently small € > 0.
This finishes our discussion on all 3 cases. To conclude, since I" is not a union of

nested circles with constant y;’s on each connected component, at least one of the 3

cases must hold, and all of them lead to € >co > 0. o

The above proposition immediately leads to the following corollary for the Q2 < 0
case.

Corollary 5.3. Assume that U; and y; satisfy (H1)-(H3) fori = 1,...,n+m. Let 1€
be defined as in (5.1), and assume Q < 0. Then we have 1€ > 0 for all sufficiently small
€ > 0. In addition, if T is not a union of concentric circles all centered at the origin
with constant y;’s, there exists some co > 0 independent of €, such that I€¢ > co > 0 for
all sufficiently small € > 0.
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Proof. Let us decompose 1€ as follows (recall the definition of I€in (5.4))

1€ =1+ (—Q) <e—1/ (|x|> + Vp© .x)dx> = 1€+ (—Q) JE. (5.12)
D€ ~——

>0

Recall that Proposition 5.2 gives I, > ¢o > 0 as long as I" is not a union of nested circles
with constant y;’s. By [14, Lemma 2.11], we have

/ (|x|2+Vp€ -x)dx >0 foranyi=1,...,n+m,
Df

thus J€ > 0. Putting them together, and using the fact that Q < 0, we know 7€ > ¢g > 0
if I is not a union of nested circles with constant y;’s.

To finish the proof, we only need to focus on the case that the I';’s are nested circles
with constant y;’s, but not all of them are centered at the origin. Assume that there exists
k € {1, ..., n} such that I'; is a circle with radius r¢ centered at x; #% 0. Since y% is a
constant, Dy is an annulus given by B(xy, rx + €yy) \ B(xk, ry). The symmetry of Dy
about x; immediately leads to p€| pf = —%|x — xk|2 + %(rk + eyk)z. An elementary
computation gives

6*1/ (|x]> + Vp© - x)dx =e*1f Ix|? — (x — xp) - xdx = € ' |x || Df |
D§ D§

k

v

2rreyilakl* > 0,

where in the second-to-last step we used that | Di| = 2mergyy + 7'[62)/](2. Setting ¢ :=
2nrkyk|xk|2 gives 1€ > ¢o > 0, thus we can conclude. |

Now we are ready to prove Theorem 1.1. Note that for Q < 0, the symmetry result
immediately follows from Proposition 5.1 and Corollary 5.3. For 2 = 0, Proposi-
tion 5.1-5.2 already imply that a stationary vortex sheet with positive strength must be
a union of nested circles with constant strength on each of them. To finish the proof, we
only need to show that these nested circles must be concentric.

Proof of Theorem 1.1. For a uniformly-rotating vortex sheet with Q < 0, the symmetry
result for Q2 < 0 is a direct consequence of Proposition 5.1 and Corollary 5.3. Next we
focus on the stationary (i.e. Q2 = 0) case.

Combining Propsitions 5.1-5.2, we obtain that I" is a union of nested circles, and y;
is constant on I'; for all i = 1..., n. It remains to show that all I";’s are concentric.
Let us denote by v; the contribution to the velocity field by I';. Since I'; is a circle with
constant strength y;, a quick application of the divergence theorem yields that v; = 0 in
yiLi(x —x{)*

the open disk enclosed by I';, whereas v; (x) = 5
27 |x — x;|?

in the open set outside
I';, where x? is the center of the circle I';.

Without loss of generality, let us reorder the indices such that I'; is nested inside I';
for i < j. Towards a contradiction, let k& > 1 be such that I'y is the first circle that
is not concentric with I';. From the above discussion, we know that v; = 0 on I'; for
i =k+1,...,n (since T'y is nested inside I';), whereas fori =1, ...,k — 1 we have
_viLix — 0t

;= on I't, since all these I';’s have the same center x? and are nested

2 |x — xV2
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inside I'y. Summing them up (and also using the fact that 'y contributes zero normal
velocity on itself, since it is a circle with constant strength), we have

(x —x(l))J‘ -n

on Iy,
2 |x — xV2

n k—1
BR@)-n=) vi)-n=|) ylLi
i=1 i=1

where the right hand side is not a zero function since I'y has a different center from
x?. This causes a contradiction with the fact that @ = wy is stationary. As a result, all
I'1, ..., ', must be concentric circles, finishing the proof. O
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