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Abstract: The anomalous magnetic dipole moment of a lepton (𝑎ℓ) can be measured experi-
mentally and also computed theoretically within and beyond the Standard Model. Currently, there
are discrepancies between measurements and Standard Model predictions for both the electron and
the muon magnetic moments. We perform an analysis of 𝑎ℓ beyond the Standard Model in terms
of a low-energy effective field theory, and include the effects of effective operators of dimension
five and six. A final expression for 𝑎ℓ is given that allows to interpret the discrepancy in terms of
non-standard contributions to the coefficients of these effective operators.

I. INTRODUCTION

The anomalous magnetic dipole moment of a fermion
is a contribution of effects of quantum mechanics to the
magnetic moment of that particle. In quantum electro-
dynamics, the Dirac magnetic moment, that corresponds
to tree-level Feynman diagrams, is usually expressed in
terms of the 𝑔-factor, which from the Dirac equation its
value equals 𝑔 = 2.

This result differs from the observed value for particles
such as the electron or muon by a small fraction due to
quantum corrections. This difference from the 𝑔-factor is
the so-called anomalous magnetic dipole moment, defined
as:

𝑎ℓ = 𝑔 − 2
2 . (1)

The electron anomalous magnetic moment is also deeply
related to the fine-structure constant 𝛼, which during this
work we will try to determine using the experimentally
observed values, and the computation of 𝑎ℓ using an ef-
fective field theory (EFT). An effective field theory is a
tool conceived to analyse phenomena at a certain low en-
ergy scale parameterizing the dynamics of physics at high
energies in full generality by a few effective coefficients.

Currently, the measurements for the anomalous mag-
netic moments of electrons and muons disagree to some
level with the Standard Model (SM) predictions. In this
project we investigate the possibility that this difference
is due to beyond Standard Model (BSM) physics. The
anomalous magnetic and electric dipole moments of a
lepton are defined through the vertex function:

−𝑞 𝛾

ℓ− ℓ+

= −𝑖𝑒𝑢ℓ(𝑝′)Γ(𝑝, 𝑝′)𝑢ℓ(𝑝)

The vertex function can be decomposed in terms of

Lorentz-invariant form factors [1, 2] as:

Γ(𝑝, 𝑝′) = 𝛾𝜇𝐹𝐸(𝑞2) + 𝑖𝜎𝜇𝜈𝑞𝜈

2𝑚ℓ
𝐹𝑀 (𝑞2) (2)

+ 𝜎𝜇𝜈𝑞𝜈

2𝑚ℓ
𝛾5𝐹𝐷(𝑞2) +

𝑞2𝛾𝜇 − 𝑞𝜇/𝑞

𝑚2
ℓ

𝛾5𝐹𝐴(𝑞2) .

The anomalous magnetic moment of a lepton is then de-
fined as the magnetic form factor at 𝑞2 = 0 [1]:

𝑎ℓ = (𝑔ℓ − 2)
2 = 𝐹𝑀 (𝑞2 = 0) . (3)

Thus we need to calculate the vertex function Γ(𝑝, 𝑝′) and
isolate the magnetic form factor 𝐹𝑀 at zero momentum
transfer.

II. LOW ENERGY EFFECTIVE FIELD THEORY

A. Effective Lagrangian

We consider dimesion-five and -six terms in the LEFT
Lagrangian, that include both SM and BSM contribu-
tions [3]:

ℒ = ℒ𝐼 + ℒ𝐼𝐼 + ℒ𝐼𝐼𝐼 (4)

where

ℒ𝐼 = 𝐿𝑒𝛾(𝑒𝐿𝜎
𝜇𝜈𝑒𝑅)𝐹𝜇𝜈 + h.c. ,

ℒ𝐼𝐼 =
∑︁

ℓ

𝐿𝑆,𝑅𝑅
𝑒ℓℓ𝑒 (𝑒𝐿ℓ𝑅)(ℓ𝐿𝑒𝑅) + h.c. ,

ℒ𝐼𝐼𝐼 =
∑︁

𝑞

[︂
𝐿𝑆,𝑅𝐿

𝑒𝑞 (𝑒𝐿𝑒𝑅)(𝑞𝑅𝑞𝐿)

+𝐿𝑆,𝑅𝑅
𝑒𝑞 (𝑒𝐿𝑒𝑅)(𝑞𝐿𝑞𝑅)

]︂
+ h.c. , (5)

where ℓ = {𝑒, 𝜇, 𝜏} and 𝑞 = {𝑢, 𝑑, 𝑠, 𝑐, 𝑏}, and the
subindexes 𝑅,𝐿 are such that 𝜓𝑅,𝐿 ≡ 𝑃𝑅,𝐿𝜓, where
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𝑃𝑅/𝐿 = (1 ± 𝛾5)/2 are the right- and left-handed chi-
rality projectors.

B. Contribution from effective operators

We begin considering the dimension-five dipole contri-
butions in ℒ𝐼 , and expand the field-strength tensor in
terms of photon fields in momentum space:

ℒ𝐼 = 𝐿𝑒𝛾(𝑒𝐿𝜎
𝜇𝜈𝑒𝑅)𝐹𝜇𝜈 + h.c.

= −𝑖𝐿𝑒𝛾𝑒𝜎
𝜇𝜈𝑃𝑅𝑞𝜇𝐴𝜈𝑒+ 𝑖𝐿𝑒𝛾𝑒𝜎

𝜇𝜈𝑃𝑅𝑞𝜈𝐴𝜇𝑒+ h.c.

= 2𝑖𝐿𝑒𝛾𝑒𝜎
𝜇𝜈𝑃𝑅𝑞𝜈𝐴𝜇𝑒+ h.c. (6)

The hermitian conjugation leads only to conjugation of
the Wilson coefficient 𝐿𝑒𝛾 , leading to the dependence

𝐿𝑒𝛾 + (𝐿𝑒𝛾)* = 2Re (𝐿𝑒𝛾) . (7)

Then the contribution to the vertex function from ℒ𝐼 is

−𝑖𝑒𝑢𝑒(𝑝′)Γ𝐼(𝑝, 𝑝′)𝑢𝑒(𝑝)

= −𝑖
[︁
4𝑖Re (𝐿𝑒𝛾)𝑢𝑒𝜎

𝜇𝜈𝑃𝑅𝑞𝜈𝑢𝑒

]︁
= −𝑖𝑒𝑢𝑒

[︁4𝑖
𝑒

Re (𝐿𝑒𝛾)𝜎𝜇𝜈𝑃𝑅𝑞𝜈

]︁
𝑢𝑒 (8)

= −𝑖𝑒𝑢𝑒

[︁2𝑖
𝑒

Re (𝐿𝑒𝛾)𝜎𝜇𝜈𝑞𝜈 + 2𝑖
𝑒

Re (𝐿𝑒𝛾)𝜎𝜇𝜈𝛾5𝑞𝜈

]︁
𝑢𝑒 .

Identifying the magnetic form factor in our expression
and assuming the only impact of the new physics comes
from this dimension-five operator 𝐿𝑒𝛾 , we have:

𝑎𝑒 = 𝛼

2𝜋 + 4𝑚𝑒Re (𝐿𝑒𝛾)
𝑒

+ 𝒪(𝛼2) . (9)

The first term corresponds to the magnetic form factor
in the Standard Model to order 𝛼, first time computed
by Schwinger in 1948 [4].

Assuming that the standard model is valid the most
precise determination of 𝛼 is [5, 6]:

𝛼−1 = 137.035 999 1570(334) . (10)

This value is computed from

𝑎𝑒(theory) = 𝑎𝑒(experiment) , (11)

where the theoretical 𝑎𝑒(theory) goes up to order 𝛼5

and the experimental value was a measurement obtained

by the Harvard group using a one-electron quantum cy-
clotron [6].

Using our Eq. 9 we can plot the “correct” value of 𝛼
depending on the value of 𝐿𝑒𝛾 , as shown in Figure 1. The
best 𝛼 available at present is the one from the experiment
that measures the recoil velocity of a rubidium atom that
absorbs a photon by a matter-wave interferometry [7],

𝛼−1(Rb) = 137.035 999 206(11) . (12)

On the other hand, the latest measurement of the anoma-
lous electron magnetic moment is [6]

𝑎𝑒𝑥𝑝
𝑒 = 0.001 159 652 180 73(28) . (13)

From these values, using the relation of Eq.(9) with the
QED correction up to 𝛼5[5], we can compute a valid value
of the effective coefficient 𝐿𝑒𝛾 :

𝐿𝑒𝛾 = 0.34(26) × 10−11 GeV−1 . (14)

For the second term in the Lagrangian we have a four-
lepton operator with a coefficient of dimension-six:

ℒ𝐼𝐼 =
∑︁

ℓ

𝐿𝑆,𝑅𝑅
𝑒ℓℓ𝑒 (𝑒𝐿ℓ𝑅)(ℓ𝐿𝑒𝑅) + h.c. (15)

The contribution to the vertex function from this
dimension-six operator (see Fig. 2) is given by the in-
tegral over the loop momentum 𝑘 of

𝐿𝑆,𝑅𝑅
𝑒ℓℓ𝑒

(︂
𝑢𝑒𝑃𝑅

/𝑘 +𝑚ℓ

𝑘2 −𝑚2
ℓ

𝛾𝜇
/𝑘 + /𝑞 +𝑚ℓ

(𝑘 + 𝑞)2 +𝑚2
ℓ

𝑃𝑅𝑢𝑒

)︂
(16)

= 𝑚ℓ

[𝑘2 −𝑚2
ℓ ][(𝑘 + 𝑞)2 +𝑚2

ℓ ]𝑢𝑒 (Γ1 + Γ2)𝑃𝑅𝑢𝑒 ,

where

Γ1 + Γ2 = 𝛾𝜇/𝑘 + 𝛾𝜇
/𝑞 + /𝑘𝛾𝜇 (17)

= 2𝑘𝜇 − /𝑘𝛾𝜇 + 𝛾𝜇
/𝑞 + /𝑘𝛾𝜇 = 2𝑘𝜇 + 𝛾𝜇

/𝑞 .

So two integrals will have to be computed:

𝑆1 = 2
∫︁

𝑑4𝑘

(2𝜋)4
𝑘𝜇

[𝑘2 −𝑚2
ℓ ][(𝑘 + 𝑞)2 +𝑚2

ℓ ] , (18)

𝑆2 =
∫︁

𝑑4𝑘

(2𝜋)4
1

[𝑘2 −𝑚2
ℓ ][(𝑘 + 𝑞)2 +𝑚2

ℓ ] . (19)

Computing these integrals, we have

𝑆1 = 2
∫︁

𝑑4ℓ

(2𝜋)4

∫︁ 1

0
𝑑𝑥

ℓ𝜇 − 𝑥𝑞𝜇

[ℓ2 + 𝑥(1 − 𝑥)𝑞2 −𝑚2
ℓ ]2 = 2

∫︁ 1

0
𝑑𝑥

∫︁
𝑑𝑑ℓ

(2𝜋)𝑑
�̃�2𝜖 ℓ

𝜇 − 𝑥𝑞𝜇

[ℓ2 − Δ]2 (20)
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Figure 1: Determination of the fine structure constant 𝛼 as a function of the effective coefficient 𝐿𝑒𝛾 .

= −2
∫︁ 1

0
𝑑𝑥
𝑖𝑥𝑞𝜇�̃�2𝜖

(4𝜋)𝑑/2
Γ(2 − 𝑑

2 )
Γ(2)

(︂
1
Δ

)︂2− 𝑑
2

= −2
∫︁ 1

0
𝑑𝑥

𝑖𝑥𝑞𝜇

(4𝜋)2

(︂
1
𝜖

+ log 𝜇
2

Δ

)︂
𝑞2→0= −𝑖𝑞𝜇

(4𝜋)2

(︂
1
𝜖

+ log 𝜇2

𝑚2
ℓ

)︂
,

𝑆2 =
∫︁ 1

0
𝑑𝑥

∫︁
𝑑4ℓ

(2𝜋)4
1

[ℓ2 − Δ]2 =
∫︁ 1

0
𝑑𝑥

∫︁
𝑑𝑑ℓ

(2𝜋)𝑑
�̃�2𝜖 1

[ℓ2 − Δ]2 =
∫︁ 1

0
𝑑𝑥

𝑖

(4𝜋)2

(︂
1
𝜖

+ log 𝜇
2

Δ

)︂
𝑞2→0= 𝑖

(4𝜋)2

(︂
1
𝜖

+ log 𝜇2

𝑚2
ℓ

)︂
, (21)

where ℓ = 𝑘 + 𝑥𝑞 and Δ = 𝑚2
ℓ − 𝑥(1 − 𝑥)𝑞2. Also, we

have used dimensional regularization in 𝑑 = 4 − 2𝜖 di-
mensions in order to regularize ultraviolate divergences.
The renormalization scale 𝜇 is defined in the MS-scheme
(modified minimal substraction) in order to absorb the
divergent part plus some constants that always arise
alongside the divergence in Feynman diagram calcula-
tions. This is implemented by rescaling the renomaliza-
tion scale: �̃�2 = 𝜇2𝑒𝛾

4𝜋 [8].

Putting everything together, the contribution to the
vertex function from ℒ𝐼𝐼 is:

−𝑖𝑒𝑢𝑒(𝑝′)Γ𝐼𝐼(𝑝, 𝑝′)𝑢𝑒(𝑝) = (22)
𝑖𝑚ℓ

(4𝜋)2𝐿
𝑆,𝑅𝑅
𝑒ℓℓ𝑒

(︂
1
𝜖

+ log 𝜇2

𝑚2
ℓ

)︂
𝑢𝑒(𝛾𝜇

/𝑞 − 𝑞𝜇)𝑃𝑅𝑢𝑒 .

Using that

−𝑞𝜇 + 𝛾𝜇
/𝑞 = −𝑞𝜇 + 1

2
(︀
𝛾𝜇
/𝑞 + 2𝑞𝜇 − /𝑞𝛾

𝜇
)︀

(23)

= 1
2

[︀
𝛾𝜇
/𝑞 − /𝑞𝛾

𝜇
]︀

= −𝑖 𝑖2
[︀
𝛾𝜇, 𝛾𝜈

]︀
𝑞𝜈 = −𝑖𝜎𝜇𝜈𝑞𝜈 ,

we can identify the contribution from the lepton 𝑙 to the
magnetic form factor at zero momentum transfer,

𝐹𝑀 (𝑞2 = 0) = 2𝑚𝑒𝑚ℓ

(4𝜋)2 log 𝜇2

𝑚2
ℓ

𝐿𝑆,𝑅𝑅
𝑒ℓℓ𝑒 . (24)

For the total contribution to the anomalous magnetic
moment of the four lepton operator, it has to be taken
in account the hermitian conjugate and summed up over
all the leptons:

𝑎4𝑙
𝑒 = 𝑚𝑒

∑︁
ℓ=𝑒,𝜇,𝜏

𝑚ℓ

4𝜋2 log 𝜇2

𝑚2
ℓ

Re(𝐿𝑆,𝑅𝑅
𝑒ℓℓ𝑒 ) . (25)
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Figure 2: One loop contribution to 𝑎𝑒 from the
four-lepton operator with coefficient 𝐿𝑆,𝑅𝑅

𝑒ℓℓ𝑒 .

Regarding the one loop contributions from the third term
in the EFT Lagrangian, the two coefficient terms and
their hermitian conjugates give the same contribution to
the vertex function, so we will only show the computation
for the first one.

ℒ𝐼𝐼𝐼 =
∑︁

𝑞

𝐿𝑆,𝑅𝐿
𝑒𝑞 (𝑒𝐿𝑒𝑅)(𝑞𝑅𝑞𝐿) + h.c. (26)

The contribution to the vertex function of this third term
is also given by the following integral over the loop mo-
mentum 𝑘:

−𝑖𝑒𝑢𝑒(𝑝′)Γ𝐼𝐼𝐼(𝑝, 𝑝′)𝑢𝑒(𝑝) =

−𝑖𝑒𝐿𝑆,𝑅𝐿
𝑒𝑞 (𝑢𝑒𝑃𝑅𝑢𝑒)

∫︁
�̃�2𝜖𝑑𝑑𝑘

(2𝜋)𝑑
(−1) × (27)

×Tr
[︂
𝑖[(/𝑞 + /𝑘) +𝑚𝑞]
(𝑞 + 𝑘)2 −𝑚2

𝑞

𝑃𝐿
𝑖(/𝑘 +𝑚𝑞)
𝑘2 −𝑚2

𝑞

𝛾𝜇

]︂
= 2𝑖𝑒𝐿𝑆,𝑅𝐿(𝑢𝑒𝑃𝑅𝑢𝑒)

∫︁
𝑑𝑑𝑘

(2𝜋)𝑑

�̃�2𝜖𝑚𝑞(𝑞𝜇 + 2𝑘𝜇)
[(𝑞 + 𝑘)2 −𝑚2

𝑞][𝑘2 −𝑚2
𝑞]

=
∫︁ 1

0
𝑑𝑥
𝑖𝑚𝑞(1 − 2𝑥)𝑞𝜇

(4𝜋)2

(︂
1
𝜖

− log 𝜇

Δ

)︂
= 0 .

The difference with respect the four-lepton operators is
that this is a closed fermion loop (as opposed to Fig.2,
which is an open loop). Thus there are no one-loop con-
tributions proportional to 𝐿𝑆,𝑋𝑌

𝑒𝑞 .

III. TOTAL CONTRIBUTION TO THE
ANOMALOUS MAGNETIC MOMENT

After all the computation for each term of the LEFT
Lagrangian and identifying the magnetic form factor, 𝑎𝑒

can be expressed up to one-loop order as:

𝑎𝑒 = 𝛼

2𝜋 + 4𝑚𝑒𝑅𝑒 (𝐿𝑒𝛾)
𝑒

(28)

+𝑚𝑒

∑︁
ℓ=𝑒,𝜇,𝜏

𝑚ℓ

4𝜋2 Re(𝐿𝑆,𝑅𝑅
𝑒ℓℓ𝑒 ) log 𝜇2

𝑚2
ℓ

+ 𝒪(𝛼2) .

The first term comes from the one-loop QED correction,
the second term is the contribution from the photonic
dipole operator (see Eq. 9) and the third term is the
contribution from the four-lepton operator (see Eq. 25).

IV. CONCLUSIONS

Using the Low-Energy Effective Field Theory La-
grangian, we have calculated the one loop contribution to
the anomalous magnetic moment of the electron. Apart
from the pure QED correction (we have only considered
the one-loop contribution of order 𝛼, but it is known up
to 𝛼5 [5]) we have provided the contribution from ef-
fective coefficients of higher dimension that include the
possible effects of physics beyond the Standard Model.

A future work could include the study of the values of
these coefficients in order to explain the anomalies be-
tween the theory and experimental value of 𝑎𝑒 and 𝑎𝜇.
For example, assuming that just one of the coefficients
has a non-zero value, or allowing combinations of them.
In this work we have considered the case of 𝐿𝑒𝛾 as the
only non-zero coefficient, obtaining a value of

𝐿𝑒𝛾 = 0.34(26) × 10−11 GeV−1 , (29)

using the currently most precise measurements of 𝛼
and 𝑎𝑒.

As a conclusion, it has been observed that the dis-
crepancy Δ𝑎𝑒 can be explained within the LEFT with
suitable BSM contributions to the coefficients of dipole
and four-lepton operators. It remains to see if these val-
ues are allowed by the measurements of other leptonic
observables.
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