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Nonlocal Lagrangian fields: Noether’s theorem and Hamiltonian formalism
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This article aims to study nonlocal Lagrangians with an infinite number of degrees of freedom.
We obtain an extension of Noether’s theorem and Noether’s identities for such Lagrangians. We then set up
a Hamiltonian formalism for them. In addition, we show that n-order local Lagrangians can be treated as a
particular case, and the standard results can be recovered. Finally, this formalism is applied to the case of

p-adic open string field.
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I. INTRODUCTION

One of the most frequently emerging features in quantum
gravity models is nonlocality. In string theory, for instance,
nonlocality is displayed in its interactions, characterized by
its infinite derivative structure [1,2]. In a more visual way,
the interactions are not pointwise but are given in a specific
finite region. A similar idea occurs in the case of loop
quantum gravity [3] or effective models of string theory
such as p-adic strings [4,5].

At the classical level, nonlocal gravity models—inspired
by the ultraviolet (UV) finiteness of string theory, see, for
instance, [6]—are being proposed to solve both cosmo-
logical and black hole singularities. There is an essential
improvement in the UV regime by adding infinite deriv-
atives to the Lagrangian without introducing new degrees
of freedom [7]. These nonlocal models of gravity are called
infinite derivative theories of gravity, and their results are
quite promising. For instance, they can show the regulari-
zation of the gravitational potential 1/r of pointlike sources
at the linearized level [8], as well as other sorts of sources
[9-17]. Likewise, other nonlocal gravity models are also
being used to explain the cosmic expansion of the Universe
[18]. It was shown that the 1/[J operator applied on the
R-curvature scalar results in an accelerated expansion of the
Universe without relying on a contribution from dark
energy [19].

All these models mentioned contain nonlocality both in
space and time. Spatial nonlocality might be considered a
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mere curiosity presented by the theory; however, temporal
nonlocality is a very problematic feature in the sense of the
initial value problem and the preservation of causality.
However, recent studies [20—23] show that the initial value
problem might be well posed even though infinite deriv-
atives or integrodifferential equations are involved.
Likewise, it is shown in [24-27] that the existence of
solutions for elliptic partial differential equations contain-
ing infinitely many derivatives might be slightly more
manageable to provide.

In the 1990s and 2000s, a Hamiltonian formalism for
nonlocal Lagrangians was developed [28,29] and was
known as (1 + 1)-dimensional Hamiltonian formalism
[30]. The main idea of this formalism was to rewrite the
nonlocal Lagrangian into a local-in-time one by using an
extra dimension and thus be able to formulate the
Hamiltonian formalism in this equivalent theory. Later,
this formalism was applied in [31-33], among other cases
[34]. Unfortunately, as Ferialdi and Bassi [35] correctly
pointed out, this approach is lacking in considering non-
local Lagrangians that explicitly depend on time. However,
in a recent paper [36], this formalism was significantly
improved by extending Noether’s theorem for nonlocal
Lagrangians mechanics, i.e., a finite number of degrees of
freedom. This extension allowed the use of a conserved
quantity to infer a suitable definition for the Legendre
transform and thus avoid the extra nonphysical dimension.
Furthermore, the conserved quantity was presented in a
closed form—i.e., with the infinite series that appears when
dealing with infinite-order Lagrangians summed—and the
deficiency of considering explicitly time-dependent non-
local Lagrangians was addressed.

The present work aims to adapt the latter results [36] to
nonlocal Lagrangian fields, considering all the peculiarities
of field theories with respect to mechanics. In Sec. I, we
present the functional form of nonlocal field Lagrangians,
which may explicitly depend on the spacetime point.

Published by the American Physical Society
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We then raise the nonlocal variational problem and
derive the Lagrange field equations. It happens that any
Lagrangian is the total four-divergence of a nonlocal
current, but this does not imply that the Lagrange equations
vanish identically. We find what extra conditions the
nonlocal current must satisfy for the Lagrange equations
to vanish identically.

In Sec. 111, we study Noether’s symmetries, including the
case that the Lagrangian explicitly depends on the space-
time point, and we find the conserved currents associated to
symmetry finite Lie groups—first Noether’s theorem. We
then concretize to Poincaré invariant field theories and
derive both the energy-momentum and angular-momentum
tensors. Then, by inspecting the expression of the energy
density, we can guess the form of the Legendre trans-
formation that, in Sec. I'V, allows us to set up a Hamiltonian
formalism for the nonlocal Lagrangian field theory and
derive a precise expression for the Hamiltonian and the
symplectic form. Finally, in Sec. V, we apply all these tools
to the p-adic open string. By using a perturbative solution,
we obtain the Hamiltonian, a set of canonical coordinates
and, by canonical quantization, we set up a quantum theory.
In addition, we calculate each of the components of the
Belinfante-Rosenfeld tensor in closed form, and we obtain
the total linear momentum and the pressure exerted on a
spherical surface.

II. NONLOCAL LAGRANGIAN THEORIES

Consider the action integral

5= [ a2, (1)

where the Lagrangian density £ depends on all the values
¢*(z), A =1...m, of the field variables at points z other
than x. This fact is why we refer to it as nonlocal. Likewise,
we take x € R* for concreteness; however, the following
also holds for any number of dimensions.

The class of all possible fields, whether or not they meet
the field equations—off shell, makes up the kinematic
space K. This space is the subspace of all smooth functions
C®(R*;R™) such that £([¢"],x) is locally summable. For
Lagrangians depending explicitly on the point1 xb, we have
to resort to the extended kinematic space, K' = K x R*.

The nonlocal Lagrangian density is a real-valued
functional,

(¢".x") €K' = L(¢".x") ER,
and it may depend on all the values ¢ (z), z € R*. To make
the notation lighter, we write £(¢, x), where the functional
dependence is understood, although the square bracket

'As in the case of p-adic string [37].

does not emphasize it, as is usually done in most textbooks.
Moreover, we also omit the superindices both in the field
variables and the point coordinates, unless the context
makes it necessary, e.g., in Sec. III.

The function ¢(z) contains all information about the
evolution in X’. Given y € R* we define the spacetime
translation,

($.x) 3 (Typox+y). where T,p(z) = p(y +2). (2)
which has the obvious additive property 7', o7y, =T, ..
We refer to the subset {(Ty¢,x +y).y € R} C K’ as the
field trajectory starting at (¢, x).

The action integral (1) is currently understood as the

functional on £,

S(0) = [ e, ()

It may be divergent because we need an unbounded
integration domain to abide by the fact that the
Lagrangian density £ depends on all the values ¢(z).
An alternative and more consistent formulation is intro-
ducing the one-parameter family of finite action integrals,

S(.R) = / LWETey. RERL @
yl<

where |y| = />77_;(3/)* is the Euclidean length. Then,

the variational principle reads

6L(Tyg.y)
11m6S(¢ R) = lim /y|<Rdy%¥4 5¢y 5¢p(z) =

R %)
(5)

for all variations 5¢(z) with compact support, and the
Lagrange equations are

w(p,z) =0, with w(ep,z):= A4 dyA(¢,y,z) and

SL(Ty,y)
Sp(z)

The dynamic fields—on shell—are those ¢ fulfilling this
equation.

So far, the variational principle formulation has been
limited to trajectories (T¢, y) initiating at (¢,0). As we
are interested in Lagrangians that may explicitly depend on
the point, we need to extend this formulation to abide
trajectories starting at any (¢, x) € K. Such a trajectory is
nothing but the one starting at (7_,¢, 0) but advanced an
amount x, that is

M.y.z) = (6)
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(Ty¢’x+y):<T)"§~bvyl)’ with y’
(7)

Hence, the Lagrange equation for the dynamic trajectory
initiating at (¢, x) is

Y(¢p.x.z) =0, where ¥(¢,x,2) =yw(T_ .2+ x) (8)
or (¢, x,2) == [pe dyA(¢, x,y, z) with
Aory.2) = ATyt xzt3) = DI )

o¢(z)
The following property easily follows from the definition
A(TL1¢7-X+ M,y, Z) = A(T—x¢vy +x + M,Z +.x + u)

= A, x,y+u,z+u), (10)

which is useful later.

A. Local theories as a particular case

Let us see how a standard Lagrangian L (¢, o Dby by X),
which depends on the field derivatives up to the order &,
fits in the formalism developed so far—the “stroke”

means “partial derivative.” The standard action integral
JAxL(¢(x). ..., b, (x). x) has the form (4) provided that
we take

L(Typ,y) =L($(y), .-

It follows from (6) that

SL(Ty.y)
5 (z)

Dby b (¥),Y)- (11)

M.y, z) =

i ) (D) iy b (9).)
(z—y), (12)

k
B j=0 <8¢|c]
X <_1) 5|cl

where we have included that
Beroe/0) = (1 [ 2@, 2= ).

Substituting (12) in (9), we finally arrive at

¢XZE 8z¢1 azf

8 ( OL
ad)\cl €

which is the Euler-Ostrogradski equations [38].

‘M*

=0, (13)

=x+y and ¢p=T_.¢.

B. The Lagrange equations for a total divergence

A well-known feature of local theories is that when the
Lagrangian density is a total divergence

L(x) = 0,Wl(x); (14)

then, the Lagrange equations vanish identically. The non-
local case is more nuanced since Eq. (14) has always a
solution (in fact, infinitely many). Indeed, the general
solution is

Wh(x) = & A de0(c) — B(z — x| L(x. 7) + 0,97 (x),

where x = (x,7), and Q" + Q% = 0. However, as the
solution W? (¢, x) is not necessarily local, it does not imply
that the Lagrange equations for any nonlocal Lagrangian
density are identically null.

Let us now search for a sufficient condition on W’ (¢, x)
for the Lagrangian 9,W?(¢,x) to produce null field
equations. The family of actions (4) for such a
Lagrangian is

SR = [ 00T
y|<
_ / 4z, (y)W*(T,. ).
[y|=R

where Gauss theorem has been applied, and dX,(y) is the
volume element on the hypersphere |y| = R
The variational principle (5) yields the field equations

oS(¢p, R

w(.2) = lim %
. SWH(T,h.)
:1%1_1;1;10 I=R dzb(y) 5¢(Z) ’

and as dX,(y) scales as |y|®, they are identically null
provided that

b
m {pp 0. as)

where the symbol = means that the equalities hold for any
¢. This condition is obviously met if W? (Typ,y) is local;
i.e., it depends only on a finite number of derivatives of ¢
at y.

C. The Lagrange equations, time evolution, and
spacetime translations
Obviously, Eq. (8) is not met by any (¢,x) € K.
Therefore, the Lagrange equation acts as an implicit
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equation defining the dynamic space D', i.e., the class of all
dynamic fields, as a submanifold of K.

In the local regular case, Eq. (13) is a partial differential
system of order 2k which usually admits a well-posed
Cauchy problem. According to the Cauchy-Kowalewski
theorem [39], given a noncharacteristic hypersurface
¥ in R* with normal vector n’ and 2k functions,
uj,j=0...2k =1, on this hypersurface, there exists a
solution ¢(x) of the partial differential system (13) such
that

nbi ...nbf‘(ﬁ‘blmbj(x) =u;(x), j=0..2k—1, Vx€eZX.

In case that ¥ is the hyperplane = x* = 0, then n® =
(0,0,0,1), and the Cauchy-Kowalevski theorem is the
basis for interpreting the Cauchy data u;(x), j = 0...2k — 1
as “the state of the field” at + = 0, which evolves in time
steered by the field equation (13).

Furthermore, and similarly as the theorems of existence
and uniqueness do for systems with a finite number of
degrees of freedom, the Cauchy-Kowalevski theorem
allows parametrizing each solution ¢ € D with a well-
defined—although infinite—set of “parameters,” namely,
the Cauchy data.

In contrast, the above interpretation does not hold for a
nonlocal Lagrangian because, as a rule, we do not have an
equivalent to the Cauchy-Kowalevski theorem to turn to.
For this reason, we take (8) as an implicit equation or
constraint defining D' as a submanifold of K’ that we
write as

Y(hx) =0 VoeR?,

1) = [ A0 (16)

where

The notation is intended to indicate that ¥ maps X' on the
space of smooth functions of ¢ € R*. The dynamic fields
are those (¢, x) that make ¥ null.

The infinitesimal generators of spacetime translations (2)
in K’ are the vector fields X, a = 1...4, that are tangent to
the curves (T, x + y), y* = &8}. Therefore, for a function
F(¢,x) on K', we have that

OF (Typ, x + )

X = (TP

They are vector fields on K’ that, including the chain rule,
can be written as

o
5¢(o)’

where X, is the generator of time evolution and plays a
central role in Sec. IV.

Xa:=8a+A4do-¢a(a) (18)

For the particular way in which we have defined Eq. (8)
as an extension of (6), the constraints (16) are stable under
spacetime translations, and therefore, the generators X, are
tangent to the submanifold D' C K'. Indeed, including (16)
and (10), we have that

\I'(Ty¢’x+y)(d) :/th dTA(TyQ’)’x—Fy,T,G)
_ A ACA(px7 0+ y) = (1) gy,

where (10) has been included, and the replacement 7/ =
7+y has been made. Hence, if W(¢,x) =0, then
¥(Typ,x +y) =0 as well, and therefore,

=0, yr'=ed.

OV(Typ.x+y),,
X ¥(¢,x),) = { - e ( )] B

III. NOETHER’S THEOREM

In what follows, let us restore the superindex A in the
field variable since it will be necessary for nonscalar fields.
Consider the infinitesimal transformation
XO(x) =xt40x(x),  p(x) =g (x) +6¢(x).  (19)
The Lagrangian density transforms so that the action
integral over any four-volume is preserved; that is,

S(V) = S(V), with S(V)= / dxL(T ", x)
%
and  §'(V) / A LTy, ),
V/

where V' is the transformed of the spacetime volume V.
Therefore,

Ox

ox’'

LN(Tod" x') = L(T " x)

We say that the transformation (19) is a Noether
symmetry if the transformed Lagrangian is the original
one plus a total divergence, namely,

LT o x') = LITod™ x') + 0,WP(Tug™ . x'). (20)

where W2 (T ¢, x') is a first-order quantity fulfilling the
asymptotic condition (15). Recall that being a Noether
symmetry is a sufficient (but not necessary) condition for a
transformation to preserve the field equations.

As §'(V') = S(V), we have that

dxL/ (T A, x) — / AxL(T 4, x) =0, (21)
V v
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FIG. 1.

where we have replaced the dummy variable x’ with x. As
depicted in Fig. 1, the volumes V and V' differ slightly: they
share a large common part V), and differ in an infinitesimal
layer close to the boundary 9V. If d¥, is the hypersurface
element on the boundary, then the volume element close to
the boundary is dx = dZ,dx”. Hence, by neglecting sec-
ond-order infinitesimals, Eq. (21) becomes

/V dx[L/ (T, x) = LT, )]

L(T ", x)oxbdZ, = 0. (22)
1%

For a Noether symmetry, we have that

LI(T ¢ x) = L(T¢", %)
= L(T @ x) = L(T " x) + 9, W' (T ¢ x)

—OWAT A 0) 4 [ dvialr )t ),

where A4(¢, x,y) is defined in (6), and 0, is the partial
derivative with respect to x”. Second-order terms have been
neglected.

Introducing the variable z = y — x in the latter, substitut-
ing it in (22), and applying the Gauss theorem, we obtain
that

[ a{ouicrat o+ wer,at o)
Y

+ / dzAs (¢, x, 7 + x)6¢™ (z + x)} =0,

R4
and including (6), we can write
- [wwatonan o= [ax{onerat voe)
Y v
+/ dz[As (¢, x, 2 +x)6¢™ (z+x)
R4

—AA<¢,x—z,x>a¢A<x>}}. (23)

The variation of the spacetime domain V.

Then, we use the identity
An(@.x, 24+ x)6¢" (2 +x) = A (¢, x — 2.x)6¢ (x)

- / s (x5 Tz s2) (x+52))
0

:Al dszba;;{/lA(q,’),x—i— [s —1]z,x+ s2)6¢™ (x + s2)]},

that combined with (23) leads to

/ dx{y/A(¢,x)6¢A (x)+%[£5xb+wb+nb(¢,x)]} =0,
%

(24)
where £ and WP’ are shorthands for L£(T.$,x) and
Wb(T ¢, x), and
2 (¢, x) = A{‘* dzzb [)1 dsds (¢, x + [s — 1]z, x + 52)

X 5™ (x + 52). (25)

Now, as Eq. (24) holds for any spacetime volume )/, it
follows that

N(¢.x) = 0,J" (. x) + wal¢h x)5¢" (x) =0, (26)
where
Jb (¢, x) = LOxP + WP
+ A& dzzl’A1 dsdy (¢, x + [s = 1]z, x + s2)
X ¢ (x + 57). (27)
Equation (26) is the Noether identity and holds off shell,
i.e., for any kinematic field ¢. On shell—only for dynamic

fields—this identity implies that the current J?(¢, x) is
locally conserved,
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A. Nonlocal Lagrangian densities that explicitly
depend on x?

The locally conserved current (27) corresponds to field
trajectories starting at (¢,0) € K'. In the case of explicit
dependence on x, it is convenient to abide also trajectories
initiating at any (¢, x). Therefore, we follow the same
procedure as in Sec. II through the translation (7) and the
correspondence (9). In this way, we obtain the extended
current

I (. x.y) = IN(T_p.x + y);
that is,
I (¢p.x.y) = L(T gp.x +y)8(x" +3") + WP (T p.x + )
+ [@4 dzz? Al dsAyu(p,x,y + [s — 1]z, y + s2)
X 5 (y + 52). (29)
From the way the current has been extended, it follows that

T pox+2.y) =T (T_xp.y + x +2)
=J(p.x,y+2). (30)

B. Finite-dimensional Lie groups:
First Noether’s theorem

In case the transformation (19) belongs to an N-parameter
Lie group, then

ox’(x) = e"gg(x), 8 (x) = e @ (b x),

WP(x) = e Wi (x),

where £ (x) is the infinitesimal generator for the parameter
€%, a = 1...N. The current J”(x) can be written as
Jb(x) = e*Jb(x), with 8,J5(x) =0,

and we have one conserved current for each group parameter,
namely,

Jo(x) = LE(x) + W),
1
+/ dzzh/ dsAs(p, x + [s — 1]z, x + s2)
R* 0
X @ (x + 57). (31)

Recall that £ = £(T ¢, x) and W2 = W8(T ., x).

C. Poincaré invariance: Energy-momentum
and angular-momentum currents

Infinitesimal Poincaré transformations act on coordi-
nates as

X=x146x, Sx=e"+w"yx?, @ +wp, =0, (32)

where ¢ and @w?, are constants, @,, = 1,0, and n,. =
diag(1, 1,1, —1) is the Minkowski matrix to raise and lower
indices. In turn, the field ¢* transforms as a tensor object
(A = 1...n are the different components of the field),

YY) = " (x) + Mg (x), (33)

where the constant matrix M% = “” M, depends on the
tensor type of the field. Hence,

S (x) 1= ¢ (x) — A ()
= 0" Miyand® (x) = () (e + wh’). - (34)

where (19) and (32) have been included.

Then, substituting (32) and (34) into (27), and assuming
that the Lagrangian density is Poincaré invariant—there-
fore, W? = 0—we find that the conserved current can be
written as

P (px) = =T (. 3) = 50 T ). (39)
where
Tab = _ﬁ(Ty¢’ Y)5Z

+ A dzz%l dsa(¢.y + s = 1z.y + 52)

X qﬁﬁl (y + 52), (36)

jacb = 2y[cTa]b + Sacb and (37)

1
Spl =2 / dzz / dsa(.y + [s — 1z.y + 2)
R* 0
X [SZ[CQbﬁZ] (y + SZ) - MAB[aC]¢B(y + SZ)] (38)

are the currents of energy momentum, angular momentum,
and spin, respectively.

As the ten parameters ¢ and @“ are independent, the
local conservation of the current J? implies that the currents
T,’ and 7J,.” are separately conserved; that is,

0 0
a—beab((p,Y) =0 and a—ybjacb((pvy) :O’

or
T, =0 and 9,S," +2T,=0. (39)
T is also known as the canonical energy-momentum

tensor which, as a rule, is nonsymmetric. As a consequence
of the second equation (40), it is symmetric if, and only if,
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the divergence of the spin current vanishes. Indeed, this fact
happens for scalar fields ruled by a local Lagrangian of the
first order. For higher-order Lagrangians, there is a spin
current even for them.

In all cases, an energy-momentum tensor ®“? can be found
such that (in a well-defined sense) is equivalent to 7 by
means of the Belinfante-Rosenfeld technique [40—42],

@ab — Tab + acwcba (40)

with
1
cha = 5 (Scba Scab _ Sbac). (41)

In addition, Rosenfeld proves that, for finite-order
Lagrangians, ©“® is actually the Hilbert energy-momentum
tensor [43].

The expressions (36)—(38) correspond to field trajecto-
ries initiating at (¢, 0) € D'. For trajectories starting at any
(¢, x), we should use (29) rather than (27), and for the
energy-momentum tensor, we obtain

T, (x,y) =T (T_p.x+y)
= _E(Ty¢9x +y)52

1
+/4dzzh/ dsAx(p,x,y+[s—1]z,y+s2)
R 0

x¢f, (v +52) (42)

A 1
S’ (¢.x.y) ==2A4dzzl% dsAa(d.x,y+[s—1]z,y+52)

X [s2ipiy (v+52) = Mpla 9 (v +52)],
(43)

where (9) has been included.

D. Energy density and the Legendre transformation

Searching for some insights to generalize the Legendre
transformation, we now examine the expression of the
energy. The component 7 ,*(x) of the energy-momentum
tensor is the energy density, and using (42) and putting
y? = (y,7), the total energy for a field trajectory starting at

(,0,1) is
B = [ T p00y.0)
= A YT 3 (. x + 7). (44)

It is well known [43] that if the field decays fast enough
at spatial infinity the continuity equation (39) implies that
the total energy and momentum do not depend on z. In the
particular case of the energy, this fact implies that

E(¢p,t,7) = E(¢,1,0)=E(¢, 1). (45)

Therefore

E(h.1) = ~L(¢h.1) + / dyd / ac / L ased (y + s2.50)

X Aa(. 0.0y + (5= )2, (s = 1)Ey +52.50).
(46)

wher§L(¢,t) i= [ dyL(Ty,y.1), y* = (y.7), 2% = (2,{),
and ¢* = iy

After transforming the variables u =y + sz and p = s¢,
the integral on the right-hand side becomes

[ dudz [ az [“dpna(@.0.u-2p-Cwpd up)
RO R 0

:/ duéﬁA(u)/ dz[0(u*) — O(u* — z*)]
R R
XAA<¢’0,t,M—Z,§l,u>,

where we have taken u = (u,p) and z = (z,().
Then, going back to (46) and renaming the dummy
variable ¢’ as { and (u, p) = y¢, we arrive at

B@) = -L@) + [ dudPa(w). @)

where

Pu(,t,u):= A4 dz[0(u*) — 0(u* — 29| As (4.0, 1, u— 7, u)

(48)

is the momentum.
The total energy can be written as E(¢,t) =
Jgs dXE(¢. x, 1), where the energy density is

Ep.x.1) = ~L(Ty.x.1) + / dpdf (x.0)Pa(dh.1.%.p).
(49)

and ¢ (x,p) = 9,¢"(x,p) is understood.

IV. HAMILTONIAN FORMALISM

We now set up a Hamiltonian formalism for the
Lagrange equations (16). The procedure is similar to the
one designed in Ref. [36] for nonlocal Lagrangian mechan-
ics with a finite number of degrees of freedom.
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A. Generalized Legendre transformation

We start by introducing the extended phase space
= K? x R consisting of the elements (¢, 7, t), together
with the Hamiltonian

Hx0) = [ Sm 0P 0) - L. (50

where ¢ = (¢'...¢"), n = (n,...7,,) €K are smooth
functions, K = C®(R*, R™), and the Poisson bracket,

5G 6F &G
{F G} /dy<5¢A 5;7;A(y) 5ﬂA()’)5¢A(y)>'

Thus, the Hamilton equations are

H ) = 5o = 30, 51)

SH
5™ (y)

(o) + A AxAL($.0.1.x.0.y). (52)

Hz,(y) = -

where H is the generator of the Hamiltonian flow

(¢A’”B’ t) -

Hamilton’s equations can be written in a compact form
by means of the contact two-form,

(T ¢" Tomp.t+7). =18

Q' =Q—6H A St, where Q = / dydma(y) A 8™ (y)
R4
(53)

is the symplectic form [44,45]. Note that we have written “5”
for the differential on the manifold I" to distinguish it from
the “d” used in the notation for integrals we have adopted
here. Then Hamilton’s equations (51) and (52) become

|

(J TX4 )7 (Y

- {86 [t [ atlotr) =00~ A0ty —2.p =+ eyt Eﬂ

- A Lz A az'0,([0(p)

{ /dz/dce(p O(p — c:)]AA(ng),O,tst,y—z,p—C,y,p)}

igQ = 0. (54)

So far, this Hamiltonian system in the extended phase

space T has little to do with the Lagrangian system (16) or

the generator of time evolution X, in the space D'
However, they can be connected by the injection map,

ER (¢p,m,t) €T’, where

Py(. 1)) €K, (55)

(p,1) e D
ﬂA(y) =

and P, (¢, 1)y is the prefactor of @ (y) in the energy (47),
which is given by (48),

PA(¢’ t)(y) = PA(¢9t’y)

- Ay; dz[0(y*) = 0(y* = 2)]Ax(¢.0. 1.y = 2. ).
(56)

where y* = (y, p). j defines a 1-to-1 map from D’ into its

range, j(D') C T, i.e., the submanifold implicitly defined

by the constraints

Wi, t)=0 and Y,(p, 7 t)=m4—Pa(p,t)=0. (57)
Proposition 1. The Jacobian map j7 maps the infini-

tesimal generator X of time evolution in 7’ into H, i.e., the

generator of the Hamiltonian flow in T”.

Proof: To begin with, including (56) and (18), we have
that

("X)p  (v) = Xug*(y) = 00" (v) = Hp (v)

where we have taken y? = (y,p). Then,

(" Xa)ms ()

and using (56), (10), and (52), we obtain

= X4PA(¢7 L y) - [agPA(Tsd’v I+e, y)]s:()’

e=0

e=0

- 9(6.:, - 8)]AA ((bv 0’ Ly—1, Z.:lv y.p+ 8))1:‘:0

= 0,Pad.1.y.0) + [ xANP.0.1.x.0.5.p)

= Hzr(y.p),

where we have successively taken y? =

(y,p),x =y —12,{ = p—{— ¢eand have used that the second term in the right-

hand side of the last but one line vanishes because the generator X, is a solution of the field equations (16). [
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As a corollary, H = j7X, is tangent to the submanifold
Jj(D'), and therefore, the constraints (55) are stable by the
Hamiltonian flow.

To translate the Hamiltonian formalism in I" into a
Hamiltonian formalism in the extended dynamic space 7',
we use that the pullback j* maps the contact form (53) onto
the differential two-form,

o =jQ = /R“ dySP (¢, 1,y) A 5™ (y) — Sh A 6t,

o' € NX(D), (58)

where h = Hoj. Then, since j7X, = H, the pullback of
Eq. (54) implies that

ix,@ = 0. (59)

The reduced Hamiltonian %(¢, ¢) and the contact form o’
on D' are derived using Egs. (50) and (56), and they are

) =—Lip1)+ [ dvdelo(s) - 004 =)
x () Aa(9.0.1.y = 2.), (60)

and a)’M)J) = —6h(¢,t) A 5t + @y ), Where

D) = AS dydz[&(y4) - 9(y4 _ 24)}
X5AA(¢90’t7y_Z’y) /\5¢A(y) (61)

is the (pre)symplectic form.

We have not reached our goal yet. Because the con-
straints that characterize the dynamic space as a sub-
manifold of the kinematic space K’ are W, (¢, 1) = 0, ¢*
and ¢ are not independent coordinates in D’. Therefore,
the remaining final step consists of coordinating D’. We
need to obtain the explicit parametric form of the sub-
manifold D’ instead of the implicit form provided by the
Lagrange equations. This fact is easy for regular local
Lagrangians that depend on derivatives up to the nth order
since, as Lagrange’s equations are a partial differential
system of order 2n, the Cauchy-Kowalewski theorem [39]
provides the sought parametric form. However, as a
rule, deriving the explicit equations of 7’ from the
implicit equations is a complex task that depends on
each specific case.

Let us exemplify this fact in the next section.

V. APPLICATION: THE p-ADIC OPEN
STRING FIELD

The “user manual” for the procedure developed so far
would read as follows:

(1) To start with, write the action integral so that the

function £(T,¢,y) can be identified.

(ii) Compute the functional derivatives A(¢,y,z) and

A(p, x,y,z)—see Egs. (6) and (9).
(iii) Substitute the latter in (61) and calculate both the
contact form and

(iv) The Hamiltonian (60).

In what follows, we apply these directions to the p-adic
open string case. The main difficulty stems from finding a
complete set of coordinates to characterize the elements of
the dynamic space D'.

On the other hand, let us also mention that we are
outsiders of this model. Our intention is only to illustrate
the procedure of how to apply this formalism and not to
analyze the result obtained. We leave the latter to the reader
who is specialized in this field.

We consider the Lagrangian density for the p-adic open
string,

1 1 . 1
Ely)==gweyt mqutth with r=3n(p) - (62)

where O is the d’ Alembert operator O = 79,05, n* the
inverse Minkowski metric, and p a prime number.

As for the kinematic space, y/(y) is a smooth function
C®(R**!) such that the operation

()= (_n,;)n Oy (y)
n=0 :

is “well defined”. Since it is a part of the Lagrangian

density (62), we need the series in e"My(y) to converge in

some appropriate functional space. The consequences of

this requirement have been thoroughly analyzed in

Ref. [46] and led to the following conclusions:

(a) Each function y/(x) in the kinematic space is the result
of a convolution

W(x)s= (£ p)(x). where E(x.1):=Gs(x)5(r). (63)

and x := (x, 1), for some smooth function ¢(x, ¢) that
grows slowly at |x| — oo, that is, Ya = (ay,...a,),
a; =1...4, they exist

C,(t)>0 and m,(t) € Z"
such that [0, . ¢(x.1)| < C,(£)(1 + |x[?)m0).
No restriction on the behavior of ¢(x, ) at large 7] is

imposed. We denote by 6,,(R?) the class of these
functions [47].
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(b) The operator e~ acts as
e ™y (x) = (T *¢)(x), where T(x,t):=8(x)G,(1).
(64)
The functions G, and G5 are defined by2

e
NN

Including all this, in terms of the new kinematic variables
¢(v), the Lagrangian (62) becomes

xeR", n=1 or 3. (65)

L(Typ3) = =5 (E* PONT +4)0)

1 +1
o [(Ex )W) (66)

For the Lagrangian density (66), the functional derivative
(6) is
1
H0.3:5) = €= =3 (T <)) + (€ DO}

3 TB=EH0). (67)

where z := (z, &), y == (y, 7), and as the Lagrangian density
does not explicitly depend on x¢, the functional derivative
) is

A, x,y,2) = Ay, 7).

The Euler-Lagrange equation (8) and (9) easily follows
and has the form of the convolution equation

Ex[Txp—(Exp)P] =0, (68)
which amounts to—see the Appendix for details—
Tx¢p—(Exp)’ =0. (69)

If we now consider the spatially homogeneous case,
@(x) :== ¢(t), the field equations are the same as for the
p-adic particle case [49]. A possible solution of (69) is

¢0(x) _ {il,O if p is odd (70)

1,0 if p is even.

The field equation (69) admits other solutions [50]; how-
ever, we focus on the perturbative ones around ¢ (x) # 0,
namely,

’In fact, they are the heat kernels in one-dimensional and three-
dimensional space where r plays the role of evolution parameter
of the heat equation. See, for instance, [48].

D(x) = o (x) + kP (x), (71)

where ¥ < 1 is the expansion parameter. For the sake of
simplicity, we choose p = 2, which is even, and therefore,
¢o(x) = 1. Thus, substituting ®(x) = > *  k"®,(x) in
the field equation (69), we get

T+®,-265®,= Y (ExP)ExD,). (72)

I+m=n—1
At the lowest order, n = 0, it reads
The latter is an integral equation that might be solved
using the Fourier transform, but this would restrict the
search to summable functions that vanish at infinity, both
spatial and temporal. From a physical point of view, this
makes sense for the spatial dependence; however, this
restriction does not seem appropriate as far as the time
dependence is concerned. For this reason, we propose
that the general solution is a superposition of “mono-
chromatic” solutions such as ®(z) = ¢®A(z), where

A(z) is a summable function and z* = (z, £). Therefore,
using that

Gy (&) * plaé — p—ra’+iag (74)
and plugging @(z) into (73), we get
e (e A(z) —2(Ex A)(z)) =0, (75)
whose spatial Fourier transform® yields
A(k)e (e

—2¢77K) = 0. (76)

Whereas A(k) = 0 leads to the trivial solution, nontrivial
solutions are connected with the spectral equation

e — 27kl = 0, (77)

whose solution is the set of complex numbers

N = {al,(k) = s\/|k|2 —2(1 +iirl), k € R3,

v=_(s,1), s==, IEZ}. (78)

We write

3See the Appendix for the Fourier transform convention.
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V= (-s,1), (=s,=1),

U= (s,=10), - =
and we have that
a(k) =a,(k),  ayk)=-a/(k). (79

Therefore, the general solution of (73) is

2 /dZA ella(®)Etka] - (g()

and as @g(z) has to be real,

Dy(z) =

AL (k) = A,(K). (81)
Notice that, as a(k) is complex, the integral might diverge
at |k| — oo; however, this is not the case, as shown in the
Appendix A. 2.

At the next perturbative order, n = 1, Eq. (72) yields

T =28+ D = (€ Dy)>. (82)

Using (74), the right-hand side of this equation can be
written as

(€ = ®g)*(2)

_/ dkdeA (K)A, (p

x e—r<|k|2+|p| PRz gile ()4, (0 (83)

Again, a particular solution (82) can be obtained
as a superposition of “monochromatic” solutions like
@, (k,p)ektP)zelak)+a(p)lé Following the same steps
as above, we arrive at

dkdp
@
1(2) A@ 27)° Z fW

(k>+aﬂ(p>]§+i(k+p>-z,

(84)
where
2[28—2r%(k)aﬂ(p) -

fo(K.p) = e kPl (85)

and we have used that o, (k) is a solution of the spectral
equation (77). Therefore, the general perturbative solution
up to the second order is

#lad)=1 +KAs(STkPZA»(k)e"[“Ak)ﬂk-z]
dp A, p) A }
1 ila, (p)E+pz] |
X{ +K/ ( ) vaﬂ(k’p)e

(86)

A. The symplectic form
Using (67), we find that the momentum (56) is

P(y) = =5 [ del0(s) - 0060101 (¢ - D)€+ $)(3.9).

(87)

and therefore, the (pre)symplectic form (61) becomes

o= [ avsGi(s) [ dr€ap) vz =5) A 39(y. ),
(88)

where we have introduced the change s = £ — 7. Taking
now

$(z) = 1 4 k@ (z) + K*®; (z) + O(),

after a bit of algebra—see the Appendix A. 3 for details—
we obtain that the symplectic form is

w:z/ dk "6B)(k)

lez

) A BB (K) + O(k*), (89)

where the new variables

Qe "Ikl

B(k) ‘=W

ray(k)A(; (k) and Bj(k)=B_(k)
(90)

have been introduced.
It is apparent that (a) @ is nondegenerate, hence

symplectic, and (b) the modes B;(k) and B}(k) are a
system of canonical coordinates whose elementary Poisson
brackets are

{B,(k).Bi(k")} = i5;;6(k — k') + O(x*),
{B,(k). B;(K)} = {B](k), Bj(K')} = O(x*). (91)

B. The Hamiltonian

Substituting the momenta (87) in Eq. (60), we obtain that
the Hamiltonian is

) =-L(@)+5 [ dv [ as0,(6)

« A CdEb(y.E—5)(E+ )y, (92)

where we have defined s = £ — 7, and
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L) = [ ave(typ.0) (93)

with £ given by (66).

Again, taking the perturbative expansion of ¢(z) u
to k2 terms, we obtain that the Hamiltonian is—see the
Appendix A.4 for details—

h= / dk > ay(k)

lez

(k) +O().  (94)

where V, = [psdy is an infinite contribution to the
Hamiltonian, which is associated with the (divergent)
vacuum energy. This problem may be highly complex to
treat when gravity is present [51]. However, as gravity is
absent in our case, we can simply drop it [52]. Moreover,
since the Hamiltonian is treated as the generator of the
dynamics of our system, Hamilton’s equations will not be
affected by this term because it is merely a constant.
Therefore, the Hamilton equations for this Hamiltonian
with the Poisson brackets (91) are

hB; (k)

= ia;(k)B;(k) and th(k):—iqi(k)B"?(k).

C. The energy-momentum tensor

In [53], an expression of the energy-momentum tensor for
the homogeneous infinite-order p-adic Lagrangian is
obtained in a nonclosed form (i.e., expressed as an infinite
series). Since our formalism allows us to calculate both the

canonical energy-momentum tensor 7 and the Belinfante-

Rosenfeld energy-momentum tensor @ in a closed form

(i.e., with the infinite series summed), we now particuliarize

these expressions for the perturbative p-adic open string

case, as we did for nonlocal dispersive media [54].

Before calculating these tensors, we must take into
account these two observations:

(a) The Lagrangian density (62) is Poincaré invariant if
the y field transforms as a scalar, i.e., y/(x') = y(x).
However, note that the ¢ field cannot be a Poincaré
scalar because its definition (63) is not. Therefore, we
require that the y field transforms as a scalar to obtain
the transformation rule of ¢ that leaves the Lagrangian
density (66) Poincaré invariant (i.e., with W? = 0).
Indeed, this transformation is—see the Appendix A. 5
for details—

Sp(x) = =(e° + 0P, ) Dep(x) + 0 (275}, 8,0 h(x)].

(96)

As one can observe, the last term causes the ¢ field not
to be a Poincaré scalar. In fact, this term will contribute
to the spin part. Fortunately, due to the structure of this
additional term, we do need to recalculate Sec. III A
since the structure of (96) is equivalent to (34). We just

need to change the a)“bM’B?[ . ¢" term by the last term
of (96).

(b) Both the canonical and the Belinfante-Rosenfeld
energy-momentum tensor are conserved only on shell,
namely, at any solution of (69); therefore, we have to
consider the p-adic Lagrangian density and A(¢, y, z)
on shell to obtain them; that is,

B(T.3) = Lo (Tyh.) =~ g€ DO (97
and
T(y,z) = /1(03)(¢,y,Z)

e T ) -

. Tr-2)(E D).

(98)

respectively. As mentioned above, since the Lagran-
gian density does not explicitly depend on the space-
time coordinates, the canonical energy-momentum

tensor 7% coincides with 7. The same is true for

the spin tensors S“” and S*?.
Thus, bearing in mind the second observation and using
(97) and (98), the canonical energy-momentum tensor in
closed form is

Tab(¢7 y) - _E‘(Ty¢’ y)éz
+Alds/R4dzT(y+ [s —1]z,y + s2)
X 2 (y + 52). (99)

Now, using (98) and bearing in mind both the first and
second observation, the spin current (38) is

1
Sacb(¢7Y):2/ dZZb/ dST(y—f—[S—]]Z,y—}-sz)
R4 0

X [52ja) (y+52) +2r8}, 3, i (v +s2)]. (100)

With the last expression (100), we find that WW<4(¢, y) is

1
W”buz/ dz/ dsYT(y+[s—1]z,y+52)
R4 0
x[s(242"8)—2°2°55) ¢ (y + 52)
+2r(Z<al’]b>4i’]cf—Z(aﬂb)fﬂ4c _ch4[al,[b]f)¢|f(y+sz)]’
(101)

where we have used the fact that #*pig;(y + s2) =
eyt éﬁ‘f(y + 57) because of the antisymmetry. Finally,
deriving with respect to y¢ of Eq. (101), and using the
property z°A| (y+sz) = £ A(y + sz) and an integration
by parts, we obtain
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O W =~ /R dz{zaT(% v+ 2@y +2) +2m (X y + )@y +2) = Y= 2.8 (1)
- A s[sz9220. X (y + [s = Nz, y + s2)@l(y + 52)] + 29T (v + [s = 1]z, y + 52)p" (v + 52)

+2r2 (PP [ (y + [s = 1z, y + s2)bip (v + 52)] = P[L(y + [s — 1z y + s2)” (v + SZ)])]}- (102)

Therefore, putting (99) and (102) together, we obtain the Belinfante-Rosenfeld tensor in closed form

O (¢, y) = —E(T ¢, y)8" - /4 dZ{T(y, Y+ 2)29 (v + 2) + 2 (L (v, y + 2) (v +2) = Ty — 2. 9)d" ()
/ ds[sz°2P0.[Y(y + [s = 1]z, y + 52)¢!°(y + 52)] + 2X(y + [s — 1]z.y + 52)29¢/*) (y + s2)
42z

@l X (y + [s = 1]z, y + sz)¢|f(y +52)] =Y (y + [s — 1]z, y + sz)éﬁ‘h) v+ sz)})]}. (103)

It is worth mentioning that the Belinfante-Rosenfeld tensor is dependent on the solution that the theory might present. For
this reason, we use the perturbative solution (86) to obtain explicitly its components

The first element to be calculated is the (4,4)-component, which indicates the energy density of the system associated to
the perturbative solution. Therefore, the energy density is

O3(p.y) = —E(Typ.y) + Al ds A4 dzzH{Y(y + [s = Uz.y + 52)p(y + s52) = sZ'0[L(y + [s — ]z, y + 52)B(y + 52)]
= O[sZ*Y(y + [s = z.y + 52)pli(y + 52) = 2P0 (y + [s — Uz, y + s2)@l (v + s2)]}. (104)
and including

Y(y+[s—1]z,y+s2) = [ (©)G3(2)(T * @) (y + [s = 1]z) = 8(2)G1 (&) (€ * ) (v + [s — 1]2)], (105)

it simplifies as

O(h.y) = ~E(T,p.y) - / ds / AEEGL(E){(E * #)(y. 7+ [s — 1JE)D(y. 7 + 56)
_O[(E* B) .1+ [s — 11E) (s (y.7 + 58) — 2l (y. 7 + sED]}.

(106)
Taking (A14), (A10), and (86), and computing the integrals, it becomes—after a tedious computation—
1 1 2
0,%(y) :8+K®44(y) + 70, 4(y) + O(%), (107)
where
0,4(y) = % /R 3 (;1:)3 DA 0971 |1 % <e"|k2 4 ray(K)? — %)] (108)
and
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2 1 [ dkdp : 1 — ki) (k + p)>
G) 4 y) = _/ _ AI/ k A p el([ab(k)+ap(p)]7+[k+p]'Y)|: —_
00 =3 f e A4 (P) ForkoB) funll D) [y (K) + 1, (PP

k- (k+p)e PP
2[a, (k) + a,(p)]?

(e—rn:l,(p)2 _ e—rav(k)z):| . (109)

6
v

« (e—r[ap(k)+lx;4(l3)]2 +2rfa, (k) + a,(p)2 = 1) + (e—r(\k\z—\pF) + 2ra, (k) (o, (k) + o, (p)] = 1)

a,(k)e~"PI
[a, (k) + a,(p)]

From the last two expression, it is easy to prove that, if we calculate the total energy of the system at z = 0, it coincides with
the Hamiltonian (94) since

1
| 6:4(r.0) =0 (110)

and

v, v, 2
g =h-g = [ w60 = [ akY (kB 08] (k) (1

lez

where V, = g dy is the vacuum energy. It is important to highlight this result. Note that the total energy of the system (or
the Hamiltonian for this case) is not affected by choice of tensor. As we have just shown, either through the canonical or the
Belinfante-Rosenfeld energy-momentum tensor, the result remains the same, as might be expected since the total energy of
the system is not modified.

The second element is the (i, j)-component, which indicates the pressure of the system. Thus, the pressure is

07 (¢.y) = ~E(T,¢.y)d" - A4 dZ{T(y, y+2)Z iy +2) - [)1 ds[sz'z/ x O[T (y + [s = 1]z, y + 52)¢'° (y + 52)]
+27(y + [s = 1z.y + 52)20gl) (v + 52) + 2r200,[ Y (v + [s = ]z, y + s2)8" (y + 52)]] } (112)
where including (105) simplifies as
0(p.3) = ~E(T,$1)3 =3 (T < P)) [ daGs(a)z gy +2.1)

+%/01 ds /R} dzG3(2){sz'270,.[(T * ) (y + (s — 1)Z,T)¢‘C(y+ 52,7)]
LT + )y + (s — Dz, )20 @ (y + s2,7) + 2r200,[(T + ) (y + (s = Dz, ) (y + sz, 2)]}.  (113)

Again, taking (86), (A13), and (A10), the last expression becomes

N s
©'/(y) =" +x®1(y) + OK), (114)
where
O i(y) = 1/ Z weeken) [ (61 4 2rikd)e 0 4258 L (e Z 1) (1 ey ()2)
R} (27) (27)? k[? ’
Ik\z—%(k)2 21,—r[kp
+T(1 —[1+ r|k e Py £ (115)

Again, it is important to highlight this result. Note that the tensor is completely symmetric in (i, j)-indices due to the
Belinfante-Ronsenfeld symmetrization technique, as expected. Therefore, this fact ensures that we can use this tensor in
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theories where it is needed to be symmetric, for instance, general relativity. Likewise, if we calculate the pressure exerted on
a spherical surface A of radius R at 7 = 0, we get

Ti= A @ij(y,O)dzAl/-IKéi—i-O(Kz), (116)
where
o [ DA R RIRcos R |5 (1 -+ 2k (e = 1)1 o ()
Wu -1+ r|k|2]e—fk2)} (117)

and k' is the unitary vector of k’. One might think that the pressure is imaginary because of the i factor in front; however, it
can be proved that, using Eqgs. (79) and (81), it is indeed a real value, as expected.

Making the analogy with the electromagnetic case, the last two remaining elements are the elements of the Poynting
vector,

O (g, y) = / dz{T(y, y+2)Zp(y+2) + /1 ds[sz*z'0,.[X(y + [s = 1]z.y + s2)@/¢(y + s2)]
R* 0
F2Y(y + [s = 1z, y + s2)241) (v + 52) = 2r210;[ Y (y + [s — 1]z.y + 52)p (v + SZ)]]} (118)
and
0% (¢.y) = A4 dZ{—T(y,y +2)2 (v + 2) + 201X (.3 + )" (v +2) = Ty = 2.)0" (V)]
+ / s[sz* 2 0:[Y(y + [s = 1z, y + 52)p°(y + 52)] + 2T (y + [s = Nz, y + 52)24¢1 (y + 52)
0

- 20200, + s = ey + 520 0+ s3] . (19)

respectively. Including (105) and

[6(6)G3(2)(T * ¢)(y) = 6(2)G1 (£) (€ * @) ()],
[6(6)G3(2)(T * ¢)(y — 2) = 6(2)G1 (£)(€ * $) (v = 2). (120)

T(y.y+2) =

T(y—zy) =

N = N~

they become

04(0.3) =3 (T #)0) [ daGaCaity-+2.0) =5 [ [ a0, x D+ 5= 1) 35+ 50
+ [ GG @T < By + (s - Dy )ly + 52.7)

27 [ 4G 0(T + )3+ (= 1z >¢f><y+sy,r>}] (121)

and
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0% (0.3) = €+ D)) [ 40,(6) 307+ = i 3+ 6

)| [ 060, @(E < p)v.5 -8 - [ da0.@)(T -2

AT ) [ Gy e [

[ [ azeqiere s e+ (s - D0 e +58)

+ [ 0@ (T <)y + 5= V2 0ly + 52.0)

# 2 [ GG @ DT« Py + 5= 15+ .9 (122)
As above, taking (86), (A13), and (A10), we finally obtain—after a tedious computation—
A ) 1 2
0%(y) = 0%(y) = k@™ (y) + K@ *(y) + O(K°), (123)
where
1 . K a (k) 2 1 2
®l4 la T+ky)k v 1 — —rlk| — (1=2 —rlk| -2 k 124
=35 [, s A [ (1= ) (126K = 2r ()| (124)
and
1 dkdp
@t4 —_ A, (k)A i([a, (k)+a, (p)]e+[k+p]y)
=3 [ 5o G AP
—r|p|2 2 )
X [kt< [e—m#(k) — ek )} 4ra,(k)e" (Ik[*+/pl? )
al/
k + 4 . 1 = e r@®)ta, ) -rlk+pl _
Laa) ( ( ) %(p)) <2r[1 — 2e~rIkRl) 4 -+ : )] (125)
Ju(K.p) (ay(k) + a,(p)) |k + p|
Now, if we integrate the whole volume at 7 = 0, we obtain the i-components of linear momentum P’
Pi= / dy®H(y,0) = —2rk> / dk > A KA, (-k)ka, (k)e K + O, (126)
[R3 [R3 (2”)3 14 M v

With Egs. (79) and (81), it can be proved that the last
expression is real, as expected. Therefore, everything holds.

VI. CONCLUSION

We have considered field theories governed by nonlocal
Lagrangians. They differ from local Lagrangian fields
usually found in textbooks especially concerning the initial
data problem. In the local (first-order) case, the field
equations form a partial differential system with a well-
posed initial value problem, and the Cauchy-Kowalevski
theorem [39] ensures the existence of a solution determined
by the field itself and its first time derivative on a
noncharacteristic hypersurface. In contrast, the field

equations in the nonlocal case are of integrodifferential
type—usually in convolutional form—and there is no
general theorem of existence and uniqueness of solutions
for such a system.

In our approach, as we did in the previous paper on
nonlocal mechanics [36], the nonlocal field equations are
taken as constraints selecting the dynamic fields as a
subclass D among all kinematic ones K, and the spacetime
evolution is considered as the trivial correspondence
¢(y) = ¢(y + x); i.e., it consists in advancing the “initial”
spacetime point an amount x.

We have then posed the variational problem and derived
the Lagrange field equations. It has the peculiarity that,
because the nonlocality makes all the values of the field
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intervene in the action integral S, the support of the action
integral has to be overall R*. This fact could lead to the
action integral S being infinite. To avoid this issue, the field
variations considered are of bounded support.

We have then generalized Noether’s theorem to the case
of a nonlocal Lagrangian and defined the energy density in
a closed form. Considering then the structure of the latter,
we make an educated guess to define the canonical
momenta which we use to set up a Hamiltonian formalism
for the nonlocal field. Notice that this could not be done in
the usual manner, i.e., a Legendre transformation consisting
of replacing the field time derivatives with the conjugated
momenta.

We start by considering an almost trivial Hamiltonian
formalism on the kinematic phase space I'"'. We then see
that the Hamiltonian flow preserves a submanifold that is
diffeomorphic to the extended dynamic space D’. This fact
enables us to translate the Hamiltonian formalism in the
larger space I" onto D’. We opt for the symplectic
formalism instead of Dirac’s method [55] for constrained
Hamiltonian systems since it is better suited by means of
pullback techniques. In this way, provided that we are able
to find an appropriate coordination of the dynamic space,
we can derive the formulas for the Hamiltonian and the
symplectic form. This fact implies using the field equations
as the constraints defining that space; therefore, it has to be
done specifically for each particular case.

We have then applied our result to the p-adic open string.
We have focused on the perturbative solutions allowed by
this model to obtain both the Hamiltonian and the sym-
plectic form. Furthermore, the canonical momentum
energy tensor and the Belinfante-Rosenfeld tensor were
calculated in closed form, and the components of the
Belinfante-Rosenfeld tensor were explicitly computed for
the perturbative solution. This model has been previously
studied in the literature—see for instance [53]—by other
methods. They rely on transforming the nonlocal
Lagrangian into an infinite order Lagrangian by replacing
the whole trajectories in the nonlocal Lagrangian with a
formal Taylor series (that includes all the derivatives of the
coordinates) and then dealing with it as a higher-order
Lagrangian with n = co. The value of those methods might
only be heuristic unless the convergence of the series is
proved or the “convergence” for n — oo is suitably defined.
Furthermore, these methods are cumbersome in that they
often imply handling infinite series with many subindices,
square oo X oo matrices, formal inverses, regularizations,
etc. In contrast, our approach is based on functional
methods, and as it involves integrals instead of series, is
much easier to handle.

The same results here obtained could have been derived
by converting the nonlocal Lagrangian into a Lagrangian
depending on infinitely many derivatives by means of
replacing the field in the nonlocal Lagrangian with a formal
Taylor series. Processing then the infinite-order Lagrangian

as if it were a Lagrangian of order n but replacing n with oo,
one can obtain an extension of Noether’s theorem, and as a
consequence of Poincaré invariance, derive the energy-
momentum and angular-momentum tensors in the form of
infinite series, which can be summed [28,56] to obtain
integral expressions over the field derivatives up to a finite
order. In Ref. [57], we have applied this procedure to the
nonlocal Lagrangian of the electromagnetic field in a
dispersive medium. We have not taken this path here
because, on the one hand, being based on formal, ques-
tionable convergence Taylor series, it is a purely heuristic
method and lacks of mathematical rigor, and on the other
hand, it is much more tedious.
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APPENDIX

As far as this article is concerned, we use the following
convention for the Fourier transform:

30 =l = [ drgle s and

o) = FU) = gy [ et (aD

1. Equation (69) derived from (68)

Equation (68) amounts to

ExX =0, where X:=T7 x¢p—(Exp)P.

For any fixed value of 7, ¢(x, ) belongs to the class
0,,(R3) of slowly growing smooth functions; i.e., it grows
more slowly than any power of |x| at spatial infinity.
This class is a subset of the space of tempered distribu-
tions &'(R3?), and as a consequence of this fact,
(T x¢)(x,1),(E*xp)(x,1) and X(x,f) also belong to
0y (R3) for any fixed value of ¢ [47].

We now prove that £+ X =0 implies that X = 0.
Indeed, for any fixed ¢, X(,(x) := X(x,1) is a tempered
distribution. Moreover, as G; € S(R3)—the space of basic
functions—the convolution theorem holds [47], and

g3 * X(,) S GM(R3) and
F(Gyx X () = F(G3) F (X)) € S'(RY),
where F means the Fourier transform in S'(R?).

Therefore, £+ X = 0 implies that G5 * X,y = 0, whose
Fourier transform yields
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e"sz(X(,>) =0

that is, V (k) € S(R?), (F(X;). e "® ¢(k)) = 0. This
fact does not yet imply that 7 (X(,) = 0 because not all
w € S(R?) can be written as e~*’ (k). However, since
S’ ¢ D'—tempered distributions are distributions—and as

for any p(k) € D(R3), then ¢’*’p(k) also has compact
support, we have that

(F(X().p(k)) = (e F(Xy). e p(k)) = 0.

Now, the space of test functions D is dense in the space of
basic functions S [47]; i.e., any yw € S is the limit of a
sequence {p, € D,n € N}, and therefore,

(F (X)) w(k)) = lim (F(X(), pu(k)) =

n—-oo

2. The convergence of the solution (80)
for the p-adic open string

The space integral in (80) might diverge because the
imaginary part of a,(k) makes that e”%*) grows expo-
nentially for large k and t < 0. We see that, despite this
fact, the integral does converge. Indeed,

eI ZA
/ de|A

where we have written a, (k) = s[a,p (k) + i, (Kk)], with
v=(s,n),n €”,

|CI)0 (X t k)r+k-x]

—tsabﬂ

(A2)

dkd
Si(y,z,s) = / q ZéA

kP =2+ /(K[ - 2)2 + (222
ar(k) = 3 and

—IK]2 + 2+ /(K[ - 2)2 + (22
; .

a1 (K) == sign(n)

If 7 s sign(n) < 0, the exponent in the right-hand side of
(A2) is |ta, (k)| > 0, which is positive. However, it can be
easily checked that lim|_, a,1(k) = 0. Hence,

Ve>0, 3IK>0 suchthat |k|>K = |ta, (k)| <e.
That is, if k| is large enough, the exponential is bounded

by the constant e, where it follows that |®((x,7)| < oo,
provided that ), |A, (k)| is summable.

3. Derivation of the symplectic form for the p-adic
open string

In this subsection of the appendix, we give the details of
the derivation of the symplectic form (89) from (88). We
take the perturbative solution (86) up to second order in x
and obtain that

{ i[a,(K)r+Kk-y]

305) = [ s LA
el<[ab(k)+au(p>]7+[k+p]'y) }

dp
#2¢ [ G 2 AP )
+ O(x3).

With the latter, we find that S, (y,z,s):=
6¢(y,7) is

(Ex60)(y,t—5) A

) A BA, ()N il () (a) e ()5 aly)

dqdpdk e—r\k\z—iab(k)s
+ 2 / 5A,(K) A SA qup{i
oy 2 ORI T
e_r\k+p|z_i[m(k n(p)]s} (o, (@), (k) (p)] - K+ -+ D]y O, (A3)
+ el (lu a, Oy T +
fio(k.p)

Taking into account that [i; dye’™®Y = (27)350C

AdySl(y,T,s)—K /

ZéA
/ dkdp DS,

U0

e—r\k+p|2—i[ab(k)+ao(P)]s

+

/\6A

fl/(f(k’ p)

)(Kk), the integration over y of (A3) is

) —r|k[*+i[(a, (k)+a,(k))r—a, (k)s]

eIk =ia, (k)s

) A SA (—k - p)Af,(p){ P

}ei[(lﬂ(k+p)+a )+a,(p)]z =+ O( )
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where we have used that a,(—k) = a, (k). Then, integrating over z, we obtain

) A SA,

/dr/ dyS;(y,z,s) _K/
R'&

ZaA
R (2” 3 ZéA

=%

) A 5A

k)e—r\k\zse—iab (kK)s

e—r\k\z[e—isap(k) _ eisa,‘(k)]

(k) a,(k) + a,(k)

5A1/(k> A 5A”(—k - p)Ao(p)

+ 2k / dgdlz
Ré( ”) VY0

a,(k) + a,(p) + a,(k +p)

_ eisla(p)+ (p)])

e_r‘k+p|2 (eisay(k""p) — e_is[av(k)""aﬁ(p)])

|:e—rk2 (e—isau(k)
X
fus(=K —P.P)

where we have included that

/S dreier =L (1 = ei®),  q#0. (A4)
0 a

Finally, substituting (A4) into (88), we get

dk
— 92
o = 2irk AS 21 E,, a,(k

+ O(x*),

)e 2K 5A, (k) A 8A,(—K)
(A5)

where we have included that a, (k) is a solution of (77),

/dsgl(s) —ia,( )A':Ze—r|k|27

/ dsG, (s)se~@®)s = _4ira, (k)e "% (A6)
R

and

el / A |
— | dsG, (s)(e slak)+as(p)] — p=isa(q)
Fun (.9 Jo 29O )

— ¢~r(aP+kP+pP)

Now, using that A_,(—k) = A, (k) and the fact that k is
a dummy variable, the expression (A5) becomes

dk -
0—4r / K2 N (K)3A g (K) A By (K)
Wl g |
+0O(k*),
where o;(k) = a4 ; (k). Introducing the new variables

eIk

Bl(k):W

ra;(k)A(. (k) and Bj(k):=B_(k),

(A7)

fl/O'(k’ p) + O(K4)’

we finally arrive at

/ dk> "6B)(k)

lez

A BBl (k) +O®*).  (A8)

We have thus obtained a system of canonical coordinates,
namely, {Bl(k),B;(k’ )}1jez> Whose elementary Poisson
brackets are

{Bi(k),
{Bi(k),

BI(K')} = i6,;6(k — k') + O(x*),
B;(k")} = {B] (k). Bi(K')} = O(x*).

4. Derivation of the Hamiltonian for the p-adic
open string

Here, we show the details of the derivation of the
Hamiltonian (94) from (92). Taking the time derivative
of the perturbative solution (86), we find

K ila,(k)(&E—
o / deAy(k)ay(k)e[ e

A,(p)
+ Gy A dkapy " fpﬂ(k D)

U
X [ay(k) + aﬂ(p)}e’[ o, (k)+a, (p)|(§—s)+i(k+p)y
+ O(x?). (A9)

5)+k-y]

P(y.E—5) =

Now, the convolutional part in (92) is

/ deA

K2 A,(K)A, (p)
+WA dkdp_~7 hcp)

Xe—r\k+p|2+i[(a(k)+aﬂ( )lé+i(k+p)y

—r\k\2+1 [, (K)é+k-y]

(Exp)(y. 5)—1+

(A10)

Combining both (A9) and (A10) and defining S,(&, s) =
fR3 dy¢(y9 5 - S)(g * ¢) (y1 5)’ we get

126002-19



CARLOS HEREDIA and JOSEP LLOSA PHYS. REV. D 105, 126002 (2022)

dk )
ZKZ(X A, el (6=5) 4 / ZAD(k)A”(_k)gl[%(k)ﬁ-%(k)lé
R3

3
(27) v

a, (k) + aﬂ(k) . , }
v —is[a, (k)+a, (k)] —rlk|*—isa, (k)
X e W+ o, (K)e , All

{ fw(k,—k) (k) ( )

where a, = @,(0), A, == A,(0), and we have used that ,(—k) = a, (k). Then, integrating over &, we obtain

s —2r[k|?
—ia,s ; —r|k|>=isa, ¢
/0 dES,(E,5) = KZAD(I —emias) 4 / % A, (KA ( [ay(k)e [K[?~isa, (k) _T(k)}
—r|k[*+isa, (k)
/ Z [[ L a(k)e } (1 = e-isla+a,00)])
R} (27) )3 (k. k) a,(k) + a,(k)
where we have included (A4). Finally, we have that the second term in the right-hand side of (92) is
l/ dsG, (s) / dés, = —52A + i/ dk | > "2ra,(k)2e 2 k7A, (k)A, (k)
2 R 1 0 2 B v (27_[ 3 - o v v v

ZA (Jﬁ - e‘z”‘|2)] : (A12)

ﬂ#v

where we have used (A6).
Now, to calculate the Lagrangian contribution to (92), we first use (A10) to obtain that

(T+d)(y) =1 / dk ZA JemrlkPila, (K)e+ey)
2
_|_K_/ dkdp Me—r[ap(k)+(1ﬂ(p)]2+i([av(k)+a,,(q)]1+(k+p)‘y) (A13)
(2ﬂ)6 R® fu;t(k’p)
and
LE DO =5+ [y ek
3 3
( / dkd Z f fw( p) + e 2kpler(k ) il (k) +a,p)let(k4p)y)  (A14)
Vi

up to x* terms.
Substituting the latter, (A10) and (A13) into (66), we obtain that

K 2, .
dkE A (K)e~ Tkl +i(a (k)r+ky)
( y¢ y) 6 2(271_) /'3 - l/( )e

12 / e~2rkp Y
——— [ dkdp ) A,(k)A,(p |:1 + 7] e~ (kP +pP)+i(a, (K)+a,(p)lr+(k+p)y)
2(2”)6 RS yzﬂ: ( ) ﬂ< ) fl/[t(k’ p)

and then, integrating over y and evaluating at 7 = 0, the Lagrangian (93) becomes

y K
L(¢):—?—§y v 2(275 /R3

where V' stands for ng dy. Finally, by adding together (A12) and (A15), we arrive at the Hamiltonian

Ay (k) {ﬁﬁ— e K+ O(3), (A15)

l/
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Vy
6
+ O(c3).

_ 2
2 -2rfk|

A, (k)A, (-k)

. dsz:ZraD(k)

Now, using that A_,(—k) = A, (k) and the fact that k is a
dummy variable, we easily get that

v, o ~
h-é+@w/ o uw%;n (K)As (k)
+0(x3), (A16)
that, using the variables (A7), becomes
h— / akY (k) &) +0().  (Al7)

lez

5. The ¢ transformation rule for Poincaré invariance

Let us find the transformation rule of ¢ to leave the
Lagrangian density (67) Poincaré invariant. Since y is a
scalar, by Eq. (34), we get
—(e 4 @ px")d ey (x).

Sy (x) = (A18)

In order to correctly define the e~ operator, our
dynamic variables are the ¢ fields. These fields are related
to the fields w by means of Eq. (64), which its Fourier
transform is

Filwl(k.1) = G(k) - p(k),
and G(k) = e ¥,

with  p(k, 1) = Fy[p](k.1)

(A19)

On the other hand, the Fourier transform of (A18) is

Filowl(k. 1) = {200 F [yl (k. 1) + 0" 0o Fx[xw](k. 1)
+ (e + 0x) [0y (k. 1)

Tl F [ d (k. ). (A20)

Plugging Eq. (A19) into (A20), we find

—G(k){e°00p(k. 1) + i [D;Dp(K. 1)

— 2rk; 0o (k. 1)] + i(e/ + 00x0) K (K. 1)
—a/'8;;p(k.t) + k;Dip(k. 1)
— 2rk;k;p(k.1)]}.

G(k)op(k, 1) =

(A21)

where D; means 9/0k/ to distinguish it from &/0x/.

Bearing in mind that ®®* = —@%?, we can simplify it as

op(k.t) = —i(e/ + 0'x)k;p(k. 1)
)0ob(k, 1)
+ a)-fiijiqﬁ(k, 1) — io0" D;0yp(k, 1),

— (6% = 2ira"k

(A22)

that, undoing the Fourier transform, we obtain how the ¢
field transforms,

—(& + @x;)0cp(x)
+ 0™ (254 5,0, (x)].

5p(x) =
(A23)
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