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ABSTRACT

Using a properly rescaled Planck’s law, the emission spectrum from nanostructures having one or two dimensions in the nanometric length
scale is studied. We account for size and shape effects on the radiative heat exchange between nanostructures. This rescaling involves a size-
dependent hypothetical temperature obtained from Wien’s displacement law. We derive analytical expressions for the absorption cross sec-
tion and heat conductance in terms of both the length characterizing the shape-anisotropy and the control temperature. Comparison with
the experimental data shows a remarkable agreement.
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Planck’s law describes the radiative heat transfer between macro-
scopic bodies of any shape and at different temperatures when one con-
siders real body emissivities and geometrical view factors.1–3 However,
recent experiments in the near-field4–8 have shown that classical
Planck’s description is valid only when the distances between both bod-
ies are larger than the corresponding thermal photon-length kT. When
the separation is shorter than kT, an increase in the radiative thermal
conductance appears overcoming the classical Planck’s description.1,9–11

A similar super-Planckian behavior of the radiative heat conductance is
also reported in the far-field regime for two pads having a micrometer-
sized area and a nanometer thickness.12 Analogous effect is observed in
the photoluminescence of thin films and in (surface-enhanced Raman
scattering).7,13–16

The theoretical explanation of the super-Planckian behavior in
both the near and far-field regimes has been given along the lines of
fluctuational electromagnetism, based on the Maxwell equations and
the fluctuation–dissipation theorem.4 In the far-field, the radiation heat
theory has been used to explain the super-Planckian behavior by modi-
fying the photonic density of states of the anisotropic nanostructure.17

These experimental and theoretical evidences lead to a crisis in
the classical radiative heat transfer theory based on Planck’s law,
both in the near- and far-field limits already discussed.9–11,17–19

Nonetheless, it was recently shown that in the near-field regime under
a proper rescaling to avoid energy divergences, Planck’s law succeeds

in describing the phenomenon of spectral thermal emission.20,21 Here,
we show that in the far-field radiative heat exchange between two thin
membranes, the super-Planckian behavior can be accounted for by
using a properly rescaled Planck’s distribution which includes the
dependence on the shape-anisotropy parameters. In doing this, we
have to consider a phenomenological model for the line shape-
function accounting for the temperature and frequency dependence of
the absorption cross section.

Our method entails shifting the frequencies to a more energetic
region. This accounts for the quantum effects induced by the confine-
ment and allows one to avoid the divergences of the energy spectrum
at very short wavelengths.21 Furthermore, this frequency shifting is
concomitant with a rescaling of the temperature in agreement with
Wien’s law. Consistently, the Planck distribution becomes squeezed.

The Wien’s law introduces a length scale that can be correlated
with the geometric characteristics of the devices. In this form, in
the near-field, this length scale is given by the distance between the emit-
ting bodies, and in the far-field case, this is determined by the physical
dimensions of the body itself. Thus, the frequency shifting and the
anisotropy-shape of the nanostructures are necessary, but not sufficient,
conditions to account for experiments.12 In addition, one has to take
into account the adequate spectral line shape. This line shape depends
both on temperature and characteristic length, and it is equivalent to
introduce amodified density of states for the emitted radiation.
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A size-dependent hypothetical temperature h emerges from the
Wien’s displacement law. If kh is the Wien’s length at temperature h,
then

kT
kh
¼ h

T
: (1)

The previous relation implies that a rescaling of length brings about a
rescaling of temperature. The temperature h plays the role of a hypo-
thetical temperature which is usually understood as the temperature of
a hypothetical black body emitting the same total amount of electro-
magnetic radiation as the real body.22

If n is the characteristic length, assuming kh � n, then the hypo-
thetical temperature obeys hn � TkT , where the meaningful situation
occurs when n� kT . Here, temperature rescaling and Wien’s law
imply a redefinition of the energy domain of the following form:

�̂n ¼ �kT : (2)

This scale transformation shifts the frequency domain toward the
high-frequency region, maintaining invariant the Bose–Einstein
distribution,

N̂ ð�̂ ; nÞ ¼ 1

exp
h�̂

kBhðnÞ

� �
� 1

: (3)

Physically, this scale invariance means that the shape anisotropy
controls the frequency through the characteristic nanoscopic length of
this anisotropy. This scale transformation also implies that, in thermal
equilibrium, the rescaled energy density of electromagnetic radiation
of an equivalent hypothetical blackbody (HBB) becomes

ûð�̂Þ ¼ 8p�̂2

c3
h�̂

exp
h�̂
kBh

� �
� 1

: (4)

Figure 1 shows the effect of the frequency rescaling on the radiated
spectral power. For a planar membrane with micrometer area
and sub-thermal wavelength thickness (n=kT � 0:027) at T ¼ 300 K
(infrared frequencies-blue dotted line), the maximum of the rescaled
distribution takes place in the visible frequency region (green-dashed
dotted line) implying a higher hypothetical temperature.

Equation (4) can be written in terms of the control temperature
T by introducing a chemical potential21,23,24

h�̂ � l̂
kBT

¼ h�̂
kBh

: (5)

From Eqs. (2) and (5), it is possible to write the following
relation:

h�̂ � l̂ð�̂Þ ¼ h�̂
n
kT
: (6)

This formula resembles that of the photoelectric effect since the first
term at the left-hand side is the incident energy per photon, whereas
the second term can be interpreted as the energy necessary for the acti-
vation of the surface vibrational and electronic collective modes. Thus,
the term at the right-hand side is the remaining energy at disposal for
being emitted by the body which, following our previous work,21 we

call configuration energy, Econð�̂ ; nÞ ¼ h�̂n=kT . Since the magnitude
of this configuration energy is proportional to the ratio n=kT , this
imposes that the present theory is valid for n=kT < 1.

The configuration energy given by the previous equation admits,
however, a second interpretation. It is the modified gap energy
between the valence and the conduction bands in the material due to
quantum confinement effects associated with the nanoscale character-
istic length.21,25 This interpretation is in good agreement with the lin-
ear dependence of the energy gap on the control temperature T
observed in thin-film photoluminescence experiments.14

The energy irradiated Ið�Þ, per frequency band, by a small body
is given by the following relation: d�I ¼ cað�Þuð�Þd�; where c is the
speed of light in vacuum and að�Þ is the absorption cross section.26,27

This later quantity becomes modified by the shape and size of the
systems.

The differential energy irradiated by a volume V per unit time
can be written as

d�̂ _E ¼ 1
s
VEconð�̂ ; nÞN̂ ð�̂ ; nÞqDð�̂Þd�̂ ; (7)

where qDð�̂Þ ¼ 8p�̂2=c3 is the Debye density and s is a frequency-
dependent characteristic time. Likewise, Eq. (7) can be rewritten in the
following form:

d�̂ _E ¼ c
4

1
s
4V
c

n
kT

� �
ûð�̂ ; nÞd�̂ : (8)

Comparison of the previous equation with the well-known spectro-
scopic expression28 for the absorption cross section allows us to identify

að�̂ ; nÞ ¼ 4
s
V
c

n
kT
: (9)

The previous expressions lead us to write

FIG. 1. Spectral power radiated by a pad of dimensions lx¼ 60lm, ly¼ 60lm,
and thickness n¼ 270 nm. The dotted blue line is the real blackbody limit (BB)
distribution without size correction. The rescaled distribution of the hypothetical
blackbody limit (HBB) at a hypothetical temperature h is represented by the red
dashed-dotted line multiplied by 10–3. The black solid line is the fractional approach
of the HBB associated with cooperative effects multiplied by 10. Further explana-
tions in the text.
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d�̂ _E ¼ c
4
að�̂ ; nÞ ûð�̂ ; nÞd�̂ ; (10)

which is the differential energy irradiated by the body per unit time in
terms of the size-dependent absorption cross section.

The energy irradiated per unit time by a small body follows from
Eq. (10) by performing an integration over all possible values of the
scaled frequency �̂ . Two cases are considered below, reflecting differ-
ent possibilities for the frequency dependence of the absorption cross
section.

In the BB limit, n � kT and hence, h � T . In this limit, the char-
acteristic time s can then be estimated from the wavelength relation
n�̂ ¼ c and the Heisenberg’s principle h�̂ s � h. It follows that
s � n=c. Thus, from Eq. (9), we have

aBB ¼ 4
V
n

(11)

and the expression for the total intensity radiated is

IBB ¼ c
V
n

ð1
0
uð�Þd� ¼ V

n
rT4; (12)

where r is the Stefan–Boltzmann constant.
We now apply the previous treatment to cases in which the char-

acteristic time depends on frequency: sð�̂Þ. Molecular spectroscopy28

shows that the absorption cross section is a function of the frequency
that involves the spectral line shape gð�̂Þ. In view of this, and taking
into account Eqs. (9) and (10), we define s�1 ¼ �̂ gð�̂Þ. Therefore, the
absorption cross section is given by

að�̂ ; nÞ ¼ 4
�̂

c
gð�̂ÞV T

h
¼ 4

�̂

c
gð�̂ÞV n

kT
: (13)

The spectral line shape depends implicitly on a characteristic
time needed to deactivate the excited states in the emitting material.
This time depends on radiative decays and on processes such as elec-
tron collisions or on the interactions between different excited modes
(plasmons, polaritons, and excitons).11,29

Excitation of different modes and their mutual interaction indu-
ces the dependence of the line shape on the temperature. Several
mechanisms underlie this dependence.28 In particular, the case of the
Doppler effect introduces a Gaussian distribution of frequencies wider
than the natural spectral line shape determined by a Lorentzian for-
mula and associated with purely radiative deactivation processes.
Here, we avoid mathematical complications by assuming that the
spectral line shape contains the product of two factors

gð�̂Þ ¼ f ðTÞ~gð�̂Þ; (14)

where f(T) only depends on the control temperature and can be
roughly described by the maximum contribution of the Doppler effect

f ðTÞ �
meff c2

2kBT�̂
2
res

 !1=2

: (15)

Here,meff is an effective mass, and �̂ res is the resonant frequency.
The spectral line shape gð�̂Þ responds to the specific combination

of emission sources and deactivation processes within the material. In
complex materials or in conditions for which the coupling of different
excited modes is strong enough, it is plausible to expect that the

frequency dependence of the absorption cross section becomes anom-
alous, meaning that a series of modes with different relaxation times
become coupled. This coupling leads to an anomalous dependence of
the spectral line shape on the frequency.

A classical approach to this anomalous behavior is to assume that
the spectral line shape takes the form of the imaginary part of the
Cole–Cole susceptibility function28,30

~gð�̂Þ ¼ ðsres�̂Þd sinðpd=2Þ
1þ 2ðsres�̂Þd cosðpd=2Þ þ ðsres�̂Þ2d

: (16)

Here, d is the characteristic exponent of the relaxation process and sres
is the time at which the maximum of the absorption function occurs.
Additionally, notice that when d < 1 we have the classical response
behavior associated with the Cole–Cole function.30 However, for
d > 1, the response is associated with an enhanced response.

The fundamental resonance frequency can be assumed as
s�1res ’ kBT=h. Then, it is possible to show that, for n=kT < 1, the
spectral line shape can be expressed in an approximated fractional
form by31

~g ð�̂Þ ’ sin
pd
2

� �
n
kT

� �d h�̂
kBT

� ��d

: (17)

Therefore, by using Eqs. (14), (15), and (17), in this approximation,
the absorption cross section takes the following form:

ad ’ 4
kBT
hc

/

T
3
2

sin
pd
2

� �
n
kT

� �d

V
h�̂
kBT

� �1�d

; (18)

where / ¼ ½meff c2h2=ð2k3BÞ�
1=2 has been introduced to simplify the

notation of the formula.
Using the last equation, it is possible to obtain the following

relation:

IdðT; nÞ
rT4

¼ Bd
kBT
hc

ffiffiffiffiffiffi
1
T3

r
sin

pd
2

� �
kT
n

� �4�d

V ; (19)

where, for notation simplicity, we have defined the constant Bd by

Bd �
60
p4

Cð5� dÞfð5� dÞ/: (20)

Here, fðxÞ is the Riemman’s zeta function.
Verification of the validity of our approach deals with the deter-

mination of the heat conductance between two anisotropic bodies at
different temperatures, T1< T2.

The total energy radiated per unit time is

ItotðT; nÞ ¼ IBBðTÞ þ IðT; nÞ; (21)

where IBBðTÞ is given by Eq. (12) and IðT; nÞ can be taken from Eqs.
(20) and (19). The heat exchanged between two bodies of the same
shape is

_Q ¼ F1;2ðn=dÞ ItotðT2; nÞ � ItotðT1; nÞ½ �: (22)

Here, F1;2ðn=dÞ is the view factor, a quantity that depends on the body
separation d � kT .

32

A first order expansion of Eq. (22) in the temperature difference
DT ¼ T2 � T1 yields
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_Qn ¼ �GðnÞDT; (23)

where T ¼ ðT1 þ T2Þ=2 is the average temperature and GðnÞ is the
heat conductance.

Cooperative effects lead to

Gd ¼ 4F1;2
V
n

1þ sin
pd
2

� �
kBBd

hc
1

T
1
2

ðkTÞ4�d

n3�d

" #
rT3: (24)

Notice that Eq. (24) introduces two parameters, the exponent d
and the effective mass meff, associated with the emergence of strongly
coupled excited modes. Both quantities imply non-trivial relations for
the density of states of several coupled optical and thermal modes in
the material.11

Figure 2 shows the heat conductance in terms of the thickness of
two parallel pads with variable thickness n. The red squares are BB simu-
lations from the far-field radiation theory, and the yellow circles are the
non-BB data both reported in Ref. 12. The ideal BB heat conductance
(red line) scales with the thickness according to the view factor F1;2. The
solid black line represents the fit using Eq. (24) with an emission volume
given by V ¼ wD n. Since the width is w ¼ lx ¼ 60 nm, we obtain that
the depth is given by D¼ 0.133nm. This fact means that the radiation is
emitted by a thin sheet of atoms at the surface. Let us notice that the ideal
BB heat-conductance without size effects is given by

Gbb ¼ 4F1;2rT
3; (25)

which needs to be multiplied by the factor V=n in order to reproduce
the data computed using the far-field radiation theory with emissivity
of 1 (red squares). The gray dashed line indicates the position of the
Wien’s length at T¼ 300 K.

The BB heat conductance (red squares and lines) inherits the
scaling of the view factor F12 between two square surfaces of size n.32,33

For n� kT , the curve exhibits a constant plateau (gray dashed line).
The theoretical expression incorporating the shape of the body, Eq.
(24), also shows this saturation behavior. However, for n < kT , the
heat conductance separates from the BB behavior, indicating that the
contribution of the absorption cross section becomes increasingly
important. The experimental data (yellow circles) and the fractional
approach (24) indicate that the heat conductance follows a power-law
behavior for n < kT . This scaling and the value of the effective mass
(if the Doppler mechanism is interpreted in terms of a single charge
carrier contribution), suggests the cooperation of different absorption
mechanisms dependent on the system’s size. The exponent used to fit
the data is larger than the unit suggesting an enhancement of the

FIG. 2. Heat conductance corresponding to the radiative heat exchange between
two pads of dimensions lx ¼ 60 l m, ly ¼ 60 l m, and variable thickness n. The red
squares (BB) and yellow circles (non-BB) are the experimental results from Ref. 12.
The solid black line comes from Eq. (24). The dotted red line corresponds to Eq. (25).
The fits were performed using T ¼ 300 K, kT ¼ 9:8l m, D ¼ 0.133 nm, d ¼ 1:5,
and meff ¼ 3:63	 10�12 kg (black line). The upper gray line corresponds
to meff ¼ 4:76	 10�12 kg, whereas the lower gray line corresponds to
meff ¼ 2:80	 10�12 kg. The inset shows the ratio Gd=Gbb. Details in the text.

FIG. 3. Heat conductance as a function of the temperature for different thicknesses. The symbols are the experimental data taken from Ref. 12 and the lines correspond to Eq.
(24). (a) Data for n ¼ 270 (blue), 1998 (pink), and 11 405 (red). (b) Data for n ¼ 486 (dark yellow) and 6712 (green). The dotted black line in (a) for 11 405 nm has been gen-
erated by neglecting the temperature dependence of the line shape function. The fits were performed using D ¼ 0.133 nm and d ¼ 1:5 in all cases. For n ¼ 270 and
11 405 nm, we used meff ¼ 4:76	 10�12 kg (relative error in 5%–10%). For n¼ 486 and n¼ 1998 nm, we used meff ¼ 2:8	 10�12 kg (relative error of 8%–10%). For
n¼ 6712 nm, we used meff ¼ 4:76	 10�12 kg (relative error of 50%).
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interactions between different modes associated with the absorption-
emission process.28

The temperature dependence of the heat conductance seems to
support the above-mentioned conclusions on enhanced mode interac-
tions [see Figs. 3(a) and 3(b)]. Using a phenomenological model for the
line shape broadening of the type observed in the Doppler effect, with
the characteristic frequency given by �̂ res ¼ kBT=h, provides a very
good correspondence between experiment12 (symbols) and theory [Eq.
(24)] for different fixed thicknesses. Neglecting the temperature depen-
dence of the line shape does not allow the reproduction of the tempera-
ture trend of the heat conductance [see the dotted black line in Fig. 3(a)].
This second case shows heat conductance trends in the temperature that
are very similar to those found by the FFRHT (far-field radiative heat
transfer).12 The complete approach given by Eq. (24) has a very similar
behavior as the FED (fluctuation electrodynamics) simulations.12

To finish, since the absorption coefficient c, proportional to the
absorption cross section, can be obtained in terms of the correlation
between the dipolar moments of the system through the Fourier
transform,34,35

cð�̂ ; nÞ ¼ 1
2p

ð
eixthlð0ÞlðtÞidt; (26)

wherex ¼ �̂=2p and the brackets hlð0ÞlðtÞi indicate the equilibrium
statistical average, we can establish an expression (26) of the fluctua-
tion–dissipation theorem for the dipolar moments in a nanometric
anisotropic body.35,36

The strong confinement by the asymmetry enhances couplings
among active modes leading to an anomalous dependence of the
absorption coefficient in terms of the frequency, characterized by the
exponent d. This coupling yields a power-law function of relaxation
times of the dipoles’ orientations. This later effect together with the
hypothetical temperature suggests that dipolar-moment fluctuations
may follow a modified form of the fluctuation–dissipation theorem.
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