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CONSTRUCTIONS OF LINDELOF SCATTERED P-SPACES

JUAN CARLOS MARTINEZ AND LAJOS SOUKUP

ABSTRACT. We construct locally Lindeldf scattered P-spaces (LLSP
spaces, in short) with prescribed widths and heights under different
set-theoretic assumptions.

We prove that there is an LLSP space of width w; and height w2 and
that it is relatively consistent with ZFC that there is an LLSP space of
width w; and height ws. Also, we prove a stepping up theorem that, for
every cardinal A\ > ws, permits us to construct from an LLSP space of
width wy and height X satisfying certain additional properties an LLSP
space of width w; and height o for every ordinal & < A*. Then, we
obtain as consequences of the above results the following theorems:

(1) For every ordinal @ < w3 there is an LLSP space of width w; and
height a.

(2) It is relatively consistent with ZFC that there is an LLSP space
of width w; and height a for every ordinal o < wq.

1. INTRODUCTION

The cardinal sequence of a scattered space is the sequence of the car-
dinalities of its Cantor-Bendixson levels. The investigation of the cardinal
sequences of different classes of topological spaces is a classical problem of
set theoretic topology. Many important results were proved in connection
with the cardinal sequences of locally compact scattered (LCS, in short)
spaces, see e.g. [1, 2, 3 [4, [©, [7, 8, @, 10, 1T}, 12} 14, 15, 16]. In [5] a com-
plete characterization of the cardinal sequences of the 0-dimensional, of the
regular, and of the Hausdorff spaces was given.

Recall that a topological space X is a P-space, if the intersection of every
countable family of open sets in X is open in X. The aim of this paper is to
start the systematic investigation of cardinal sequences of locally Lindelof
scattered P-spaces. We will see that several methods applied to LCS spaces
can be applied here, but typically we should face more serious technical
problems.

If X is a topological space and « is an ordinal, we denote by X the a-th
Cantor-Bendixson derivative of X. Then, X is scattered if X% = () for some
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ordinal a. Assume that X is a scattered space. We define the height of X
by

ht(X) = the least ordinal « such that X% = ().

For a < ht(X), we write I,(X) = X*\ X, If » € I,(X), we say that a is
the level of x and we write p(z, X) = «, or simply p(z) = « if no confusion
can occur. Note that p(z) = o means that z is an accumulation point of
I3(X) for f < a but x is not an accumulation point of X* = (J{I5(X) :
B > a}. We define the width of X as

wd(X) = sup{|/o(X)| : @ < ht(X)}.
If X is a scattered space, z € X and U is a neighbourhood of x, we say
that U is a cone on x, if x is the only point in U of level > p(z, X).

By an LLSP space, we mean a locally Lindelof, scattered, Hausdorff P-
space.

Proposition 1.1. An LLSP space is 0-dimensional.

Proof. By [13, Proposition 4.2(b)], a Lindeléf Hausdorff P-space X is nor-
mal, so a locally Lindeléf Hausdorff P-space is regular. Thus, by [13, Corol-
lary 3.3], X is O-dimensional. O

So, by Proposition [I.1] above, if X is an LLSP space, x € X and B, is a
neighbourhood basis of z, we may assume that every U € B, is a Lindelof
clopen cone on .

It was proved by Juhdsz and Weiss in [6] that for every ordinal o < wo
there is an LCS space of height « and width w. Then, we will transfer
this theorem to the setting of LLSP spaces, showing that for every ordinal
« < ws there is an LLSP space of height o and width w;.

To obtain an LCS space of height w; and width w, in [6] Juhdsz and
Weiss, using transfinite recursion, constructed a sequence (X, : @ < wq) of
LCS spaces such that X, had height @ and width w, and for a < 3, the
space X, was just the first o Cantor-Bendixson levels of Xjg.

Since X, is dense in X441, Juhdsz and Weiss had to guarantee that X,
is not compact. But it was automatic, because if &« = v+ 1, then X, had a
top infinite Cantor-Bendixson level, so X, was not compact. If « is a limit
ordinal, then the open cover {X¢ : £ < a} witnessed that X, is not compact.

What happens if we try to adopt that approach for LLSP spaces? To
obtain an LLSP space of height ws and width wq, we can try, using transfinite
recursion, to construct a sequence (X, : @ < ws) of LLSP spaces such that
X, has height a and width wq, and for a < (3, the space X, is just the first
a levels of Xp.

Since X, is dense in X411, we have to guarantee that X, is not closed
in X441, in particular, X, is not Lindelof. (Since in a P-space, Lindel6f
subspaces are closed.) However, in our case it is not automatic in limit steps,
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because the increasing countable union of open non-Lindel6f subspaces can
be Lindelof.

So some extra effort is needed to guarantee the non-Lindel6fness in limit
steps.

Assume that x is an uncountable cardinal and « is a non-zero ordinal. If
X is an LLSP space such that ht(X) = o and wd(X) = k, we say that X is
a (k,a)-LLSP space.

Then, we will also transfer the results proved in [3] and [I1] on thin-tall
spaces to the context of locally Lindel6f P-spaces, showing that Con(ZFC)
implies Con(ZFC + “there is an (wy, a)-LLSP space for every ordinal o <
w4”).

2. CONSTRUCTION OF AN LLSP SPACE OF WIDTH wj AND HEIGHT wsg

By a decomposition of a set A of size wy, we mean a partition of A into
subsets of size wy. In this section we will prove the following result.

Theorem 2.1. There is an (w1,w2)-LLSP space.

Proof. We construct an (wj,ws)-LLSP space whose underlying set is wo. For
every o < wa, we put Iy, = (w; - (@ + 1)) \ (w1 - @), and for every ordinal
§ < w1, we define the “column” N¢ = {wy-p+E&:p <wz}. Write § € Ny(e).
Our aim is to construct, by transfinite induction on « < w9 an LLSP space
X, satisfying the following:

(1) X4 is an (w1, + 1)-LLSP space such that Ig(X,) = I for every
B<a.

(2) For every & < w1, N¢ N X, is a closed discrete subset of X,,.

(3) If B < av and = € X, then a neighbourhood basis of z in X is also a
neighbourhood basis of x in X.

For every @ < wo and z € [, in order to define the required neighbour-
hood basis B, of x in X, we will also fix a Lindel6f cone V. of x in X, such
that the following holds:

(4) Vo N1, ={x}.

(5) Vo = UB..

(6) There is a club subset C, of w; such that wy \ C, is unbounded in w;
and V, NU{N, : v € C} = 0.

We define X as the set Iy = w; with the discrete topology, and for x € I
we put V, = {z} and C, = {y € wy : y is a limit ordinal > x}. So, assume
that o > 0. If a = 8+ 1 is a successor ordinal, we put Z = Xg. And if o
is a limit ordinal, we define Z as the direct union of {Xg : 8 < a}. So, the
underlying set of the required space X, is Z U I,. If € Z, then a basic
neighbourhood of z in X, is a neighbourhood of x in Z. Our purpose is to
define a neighbourhood basis of each element of I,. Let {z, : v < wy} be
an enumeration without repetitions of Z. By the induction hypothesis, for
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every £ < wy there is a club subset C¢ of w; such that w; \ C¢ is unbounded
inwy and Vo, NU{N, 1 v € Ce} = 0. Let C = A{C¢ : £ < w1}, the diagonal
intersection of the family {C¢ : & <wi}. As Vo, NU{N, : v € Ce} =0, by
the definition of C, for every { < w1, Vi, NU{N, : v € C} CU{N, 1 v < &,
and clearly w; \ C'is unbounded in w;. Then, we will define for every element
y € I, a neighbourhood basis of y from a set V}, in such a way that for some
final segment C” of C' we will have that V, N | J{N, : v € C"} = 0. We
distinguish the following three cases:

Case 1. o = 8+ 1 is a successor ordinal.

For each { < w; we take a Lindelof clopen cone Ug on some u¢ in Z
as follows. We take Uy C V,, as a Lindelof clopen cone on z( such that
(Uo \ {z0}) N No = 0. Suppose that £ > 0. Let u¢ be the first element z,, in
the enumeration {z, : v < w;} of Z such that ug & (J{U, : p < &}. Since
IsnU{U, - n < &} C {uy = p < &}, the element ug is defined. Then, we
choose Ug C V;,, as a Lindeldf clopen cone on ug such that Us N J{U, : u <
&} =0and (U \ {ugh) NU{N, v <n} =0. So,as V,, N|U{N, : v e C} C
U{N, : v < n}, we deduce that (Ug \ {ue}) NU{N, : v € C} = 0. And
clearly, {U¢ : £ < wy} is a partition of Z. Let

A={{ cwi:ue€lgnN, for some p € w\C}.

Since Ig C {ug : & < w1}, we have |[A| = wi. Let {A¢ : £ < wi} be a
decomposition of A. Fix { < wi. Let y¢ = wy - a+ . Then, we define

Vye = {ye} U UL v € Ag).

Note that since (J{U, : v € A} NU{N, : v € C} = 0, we infer that
Vye NU{NV, s v € C and v > £} = (). Now, we define a basic neighbourhood
of y¢ in X, as a set of the form

{wet VU, v e A v > ¢}
where ¢ < wy. Then, it is easy to check that conditions (1) — (6) hold.
Case 2. « is a limit ordinal of cofinality w.

Let (o, : ¥ < wq) be a strictly increasing sequence of ordinals cofinal in
a. For every { < wi, we choose a Lindelof clopen cone Ug on some point
ug in Z as follows. If £ is not a limit ordinal, let u¢ be the first element
xy in the enumeration {z, : v < w1} of Z such that ue & J{U, : p < &}
and let Us C V;, be a Lindeldf clopen cone on u¢ such that Ug N (J{U, :
u < &} = 0. Now, assume that & is a limit ordinal. Let v < w; be such
that a, > sup{p(uy,Z) : p < &}. Then, we pick u¢ as the first element
Zy in the enumeration {x, : v < wi} of Z such that ue € I,,(Z) N N; for
some 0 € wy \ C with § > £. Note that by the election of «,,, we have that
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ue & (U, : n < &} Then, we choose Ug C V,, as a Lindeldf clopen cone
on ug such that

UgﬁU{Uu:,u<£}:(Z)and

(Ue \ {ueh) N NV v <} =10
Then since V,, NU{N, : v € C} C N, : v <n} and § € C, we infer that
UgﬂU{N,, Ve C} = 0.
Now, let {A¢ : £ < w1} be a decomposition of the set of limit ordinals of
wy. Fix { <wy. Let y¢ = wy - a+ ¢ Then, we define

Ve = {ye U U{Uu Dp € Agt

Clearly, V,, NU{N, : v € C,v > £} = 0. Now, we define a basic neighbour-
hood of y¢ in X, as a set of the form

Ve \( U v € A, v < ¢}
where ¢ < wy.

Note that the condition that § > & in the election of u¢ for £ a limit
ordinal is needed to assure that Ng N X, is a closed discrete subset of X,
for £ < wy. So, conditions (1) — (6) hold.

Case 3. « is a limit ordinal of cofinality w.

Let (o, : m < w) be a strictly increasing sequence of ordinals converging
to a. Proceeding by transfinite induction on £ < wy, we construct a sequence

(u§, 1 n < w) of points in Z and a sequence (U : n < w) such that each
U§ c V e is a Lindelof clopen cone on ué, as follows. Fix ¢ < wy, and

assume that for p < £ the sequences (uh : n < w) and (U} : n < w) have

been constructed. Let C* = ({Cx : p < §,n < w}. Note that C* is a club
subset of wy, because it is a countable intersection of club subsets of wy. Now
since for every p < £ and n < w, we have that Ve NJ{N, : v € Cyu} =0,
we infer that

U{Vu% :,u<£,n<w}ﬂU{N,,:V€C*}:@.

Hence, for every ordinal g < «,

|IB\U{Vu£€ < én<wl =w.

Now, we construct the sequences (ui ' n < w) and <US :n < w) by

induction on n. If n is even, let u$, be the first element z, in the enumeration
{2, : v <w} of Z such that u$ g UH{U - pn<&k <w}UU{U,§ ck <n},
and let US C Vg, be a Lindelof clopen cone on ui such that



6 J. C. MARTINEZ AND L. SOUKUP

UfLﬂ(U{U,i‘:,u<£,k:<w}UU{U,§:k:<n}):®.

Now, suppose that n is odd. Let k € w be such that ay > sup{p(uﬁn, Z):
m < n}. First, we pick 112 as the first element z, in the enumeration
{2, : v < w1} of Z such that @5 € In,+1(Z) N N¢« for some ¢* € C*. So,
@ ¢ UL - p < &m < wyUU{US : m < n}. Now, we choose U§ C Ve,
as a Lindelof clopen cone on ﬂ% such that

Uﬁﬂ(U{U#b:,u<§,m<w}UU{USQ:m<n}):@.

and

O\ @) NIV, s v <y =0,
Then as iy = zy and Vp, NN, v € C} C U{N, : v < i}, we infer
that (U5 \ {a5}) N U{N, : v € C} = 0. However, note that if ¢ is the
ordinal such that @, € N¢, it may happen that ¢ € C. Then, we pick

u4 as the first element x, in the enumeration {z, : v < w1} of Z such

that u$, € US N I,,(Z) N Ns for some § > & Note that 6 ¢ C, because
(US\ @) NULN, : v € C} = 0. Now, we choose US C U§ N Ve, as a
Lindel6f clopen cone on u% such that

WS () N UV v < o} = 0.
Hence as Vz, NU{N, : v € C} C N, : v < p} and 6 € C, we infer that
UsNU{N, :veC}=0.
Now, let {A¢ : £ < wi} be a decomposition of wi. Fix & < wy. Let
y¢ = wy - a+ & Then, we define

Ve = {ye} UJLUL < 1 € Ag,m odd).

As U{UY = € Ag,nodd} 0 N, - v € C} = 0, we deduce that V,, N
U{N, :v € Cand v > £} = (). Then, we define a basic neighbourhood of
y¢ in X, as a set of the form

{ye} U UL - e A, > ¢ n odd}
where ¢ < wy. Now, it is easy to see that conditions (1) — (6) hold.
Then, we define the desired space X as the direct union of the spaces X,

for o < ws. O

Remark 2.2. Note that by the construction carried out in the proof of
Theorem 2.1, we have that

if U C X is Lindelf then {¢ : Ne N U # 0} € NS(wy).
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3. A STEPPING UP THEOREM

In this section, for every cardinal A > wy we will construct from an (wy, A)-
LLSP space satisfying certain additional properties an (wj, a)-LLSP space
for every ordinal o < AT. As a consequence of this construction, we will be
able to extend Theorem 2.1 from ws to any ordinal a < ws3. We need some
preparation.

Definitions 3.1. (a) Assume that X is an LLSP space, 8 + 1 < ht(X),
x € Ig41(X) and B, is a neighbourhood basis for z. We say that B, is
admissible, if there is a pairwise disjoint family {U, : v < wy} such that for
every v < wy, U, is a Lindelof clopen cone on some point z,, € Ig(X) in
such a way that B, is the collection of sets of the form

{zyul U, v = ¢},
where £ < wy. Then, we will say that B, is the admissible basis for x given
by {U, : v < w1}
(b) Now, we say that X is an admissible space if for every x € X there is a

neighbourhood basis B, such that for every successor ordinal 8+ 1 < ht(X)
the following holds:

(1) B, is an admissible basis for every point z € Iz41(X),

(2) if x,y € Ig41(X) with z # y and p(z) = p(y), B, is given by {U, : v <
w1} and By, is given by {U}, : ¥ < wi}, then for every v, u < w; we have
U,nuj,=0.

Note that the space X constructed in the proof of Theorem 2.1 is admis-
sible.

Definition 3.2. We say that an LLSP space X is good, if for every ordinal
a < ht(X) and every set {U,, : n € w} of Lindel6f clopen cones on points of
X, the set I,(X) \ U{U,, : n € w} is uncountable.

Note that the space X constructed in the proof of Theorem 2.1 is good.

Assume that X is a good LLSP space. Then, we define the space X*
as follows. Its underlying set is X U {z} where z ¢ X. If z € X, a basic
neighbourhood of z in X* is a neighbourhood of x in X. And a basic
neighbourhood of z in X* is a set of the form

X*\U{Un:nEw}
where each U, is a Lindelof clopen cone on some point of X. Clearly, X* is
a Lindelof scattered Hausdorff P-space with ht(X*) = ht(X) + 1.

Theorem 3.3. Let A > ws be a cardinal. Assume that there is a good
(w1, \)-LLSP space that is admissible. Then, for every ordinal o < T there
is a good (w1, a)-LLSP space.
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So, we obtain the following consequence of Theorems 2.1 and 3.3.

Corollary 3.4. For every ordinal a < ws there is a good (wy,c)-LLSP
space.

Proof of Theorem 3.3. We may assume that A < a < A*. We proceed by
transfinite induction on «. If @ = A, the case is obvious. Assume that
a = [+ 1 is a successor ordinal. Let Y be a good (w1, §)-LLSP space. For
every v < wj let Y, be a P-space homeomorphic to Y* in such a way that
Y, NY, =0 for v < p < w;. Clearly, the topological sum of the spaces Y,
(v <wi) is a good (w1, a)-LLSP space.

Now, assume that o > X is a limit ordinal. Let § = cf(a). Note that
since there is a good admissible (w1, A)-LLSP space and 6 < )\, there is a
good admissible LLSP space T" of width wy and height 6. Let {ag¢ : £ < 6}
be a closed strictly increasing sequence of ordinals cofinal in a with ag = 0.
For every ordinal £ < 6, we put J¢ = {a¢} x wi. We may assume that
the underlying set of T"is (J{J¢ : £ < 0}, I¢(T) = J¢ for every & < 6 and
Iy(T) = 0.

Fix a system of neighbourhood bases, {B, : x € T'}, which witnesses that
T is admissible. Write V; = |JB; for s € T'.

So, writing

T' ={se€T:p(s,T) is a successor ordinal},
for each s € T' with p(s,T) = £ + 1, there is Dy = {dg : ( <w1} € [L(T)]"
and for each d € D, there is a Lindelof cone Uy on d such that

B = {{S}U U Udz :77<w1}.
n<¢

In order to carry out the desired construction, we will insert an adequate
LLSP space between I¢(T') and I¢41(T) for every £ < 6. If £ < 6, we define
d¢ = o.t.(agqr \ ag). We put ystt = (agq1,v) for £ < 0 and v < wy, and
we put Db = {z € T : p(z,T) =  and z € Vy§+1} = D e Since T is
admissible, D5 N Dﬁ = () for v # p.

Now, by the induction hypothesis, for every point y = y§+l where £ < 6
and v < w; there is a Lindelof scattered Hausdorff P-space Z, of height

8¢ + 1 such that Io(Z,) = D5, |I,(Z,)| = wy for v < &, I5,(Z,) = {y} and
ZyNT = D5 U {y}. Also, we assume that Zy5+1 N Zy§+1 = () for v # p and
v H

(Z,g \ {5 1) N (Zyn \ (g™} = 0 for € #m and v, < wr.

Now, our aim is to define the desired (w, «)-LLSP space Z. Its underlying
set is

Z=TU| J{2,:yeT}.

If V' is a Lindelof clopen cone on a point z € T', we define
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ve=vul J{(Z\T):yeV T}

Observe that if y € V NT’, then Z, \ V* = D, \ V and D, \ V is countable
because T' is admissible. So Z, N'V* is open in Z, because Z, is a P-space.

Now, assume that x € Z, for some s € T'. Then, if U is a Lindelof clopen
cone on x in Z,, we define

v~ =Uu| {0, :ye DT}

Note that for every s € T” we have (Vs)* = (Z5)™.

After that preparation we can define the bases of the points of Z. Suppose
that r € Z=TUU{Z, :y € T'}.
If z € T\ T, then let

BZ = {V*:V is a Lindelsf clopen cone on z in T'}.

If x € (Z\T)UT, then pick first the unique s € 7" such that z €
Zs \ Ip(Zs), and let

Bf = {U"~ : U is a Lindeldf clopen cone on z in Z}.

Claim 1. {BZ : z € Z} is a system of neighbourhood bases of a topology
TZ.

Proof. Assume that y € W € BZ. We should show that 1835 NPW) # 0.

Assume first that x € T\ 7', and so W = V* for some Lindel6f clopen
clone V on z in T.

If ye T\T', then y € V and so S C V for some Lindelof clopen clone S
onyinT. Thusy € S* C V* andS*GIB%g.

Ify € (Z\T)UT’ then pick first the unique s € T" such that y € Zs\1y(Zs).
Then s € V because otherwise y € V* is not possible. So as we observed,
V*N Zs is open in Zs. So let S be a Lindeldf clopen cone on y in Z, with
ScV*NZs Thenye S~ CV*and S™ 618%5.

Assume now that x € (Z\ T)UT", then pick first the unique s € T” such
that x € Zs \ Io(Zs). Then W = U~ for some Lindel6f clopen cone U on x
in Z.

If y € Zs\ In(Zs), then S C U for some Lindel6f clopen clone S on y in
Zs, and so S~ € Bg and S~ C U"™.

Ify ¢ Zs\ In(Zs), then y € (Ug)* for some d € Iy(Zs) N U, and so there
is S € 1835 with S C (Uy)* using what we proved so far. Thus S C U™ as
well. O

Claim 2. 7z is Hausdorff.

Proof. Assume that {z,y} € [Z]2. Let s and ¢ be elements of T' such that
x € Zs\Ip(Zs) it © ¢ T\T' and s = x otherwise, and y € Z; \ Ip(Z;) if
y ¢ T\ T and t = y otherwise.
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If s # t, consider disjoint Lindel6f clopen cones U and V on s and ¢ in T'
respectively. Note that if w € UNT’, then Z, \ T C U* because w € U,
but (Z, \ T) N V* =) because w ¢ V', and analogously if w € V NT" then
Zuy\T CV*but (Z, \T)NU* =0. So, U* and V* are disjoint open sets
containing x and y respectively.

If s = t, then there are disjoint cones in Z; on z and y, U and V, re-
spectively. Then U* and V* are disjoint open sets containing x and y,
respectively. O

It is trivial from the definition that Z is a P-space because T is a P-space
and the Z; are P-spaces.
By transfinite induction on d < « it is easy to check that

Je it 6 = ag,
15(Z) =
U{IW(ZS} MG I§+1(T)} if Qe < 6= ae +1n < gy,

so Z is scattered with height o and width wy.
Claim 3. Z is locally Lindeldf.

Proof. Note that if # € T\ T" and U* € BZ, then for every V* € BZ with
V* C U* we have that U*\ V* = [J{W,f : n € v} where v < w in such a
way that each W, is a Lindel6f clopen cone on some point v, € TNU in T
with p(v,, T) < p(x,T).

Also, if € T"U(Z\ T) and U~ € BZ then for every V™~ € BZ with
V™~ C U™, if s is the element of T with x € Z, \ Iy(Zs), we have that
U\ V™ = U{U), : n € v} where v < w in such a way that for every
n € v, either U}, = U, where U, is a Lindel6f clopen cone on some point
up € ZsNU in Zg with 0 < p(up, Zs) < p(x, Zs) or U, = U} where U, is a
Lindeld6f clopen cone on some point u, € D;U in T.

Now, proceeding by transfinite induction on p(x, Z), we can verify that if
x € T\T" and U is a Lindelof clopen cone on x in T, then U* is a Lindelof
clopen cone on z in Z, and that if x € Z; \ Iy(Zs) for some s € T" and U is
a Lindelof clopen cone on x in Zg, then U™ is a Lindel6f clopen cone on z
in Z. Therefore, Z is locally Lindelof. U

Claim 4. Z is good.

Proof. Let 6 < a = ht(Z) and let {W,, : n € w} be a family of Lindel6f cones
in Z. Since every W, is covered by countably many Lindelof cones from the
basis, we can assume that W,, € Bfn for some x,, € Z for each n € w. For
each n pick y, € T such that y, = x, if z, € T and z,, € Z,,, otherwise.

Then W, C W), for some W), € BZ , so we can assume that {z, : n €
w} C T. We can also assume that if z, € T”, then W), is as large as possible,
ie. Wy, =27 = (Vi)™

If x,, € T\ T’, then W,, = S for some Lindel6f cone S,, on x,, in T.
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If 6 = a¢ for some &, then Is(Z) N W,, = Is(Z) NV, if z,, € T" and
I5(Z) W, = Is(Z) N Sy if 2, € T\ T".

So I5(Z) \ Upew Wa is uncountable because T is good.

Assume that o < d < agqy and let 6 = ag + 1.

Pick s € In,,,(Z) \ Upew Wa- Then Zs\ U, e, Wn D Iy(Zs), and so
I5(Z) \ Unew Wn D 1y(Zs), and hence I5(Z) \ U, c,, Wn is uncountable.

O

Thus, the space Z is as required. O

4. CARDINAL SEQUENCES OF LENGTH < wy

In this section, we will show the following result.

Theorem 4.1. If V=L, then there is a cardinal-preserving partial order P
such that in V¥ there is an (w1, a)-LLSP space for every ordinal a < wy.

If S =UJ{{a} x Aqy : @ < n} where n is a non-zero ordinal and each A, is
a non-empty set of ordinals, then for every s = (o, §) € S we write 7(s) = «
and ((s) =¢&.

The following notion is a refinement of a notion used implicitly in [3].

Definition 4.2. We say that S = (S, <, i) is an LLSP poset, if the following
conditions hold:

(P1) (S, =) is a partial order with S = [J{Ss : @ < n} for some non-zero
ordinal 7 such that each S, = {a} x A, where A, is a non-empty set
of ordinals.

(P2) If s < t then 7(s) < 7(¢).

(P3) If « < B <nandte Sg, then {s € S, :s <t} is uncountable.

(P4) If v < np with cf(y) = w, t € S, and (t, : n € w) is a sequence of
elements of S such that t,, < t for every n € w, then for every ordinal
B < theset {s € Sz:s<tand s At, for n € w} is uncountable.

(P5) i: [S]? — [S]=¥ such that for every {s,t} € [S]? the following holds:
(a) If v € i{s,t} then v < s,t.

(b) If u < s,t, then there is v € i{s,t} such that u < v.

If there is an uncountable cardinal A such that |S,| = A for a < 1, we will
say that (S, =<,i) is a (A, n)-LLSP poset.

If S = (S, =<,i) is an LLSP poset with S = [J{S, : @ < n}, we define its
associated LLSP space X = X (S) as follows. The underlying set of X (S) is S.
Ifx € Swewrite U(z) ={y € S:y =< x}. Then, for every z € S we define a
basic neighbourhood of = in X as a set of the form U(x)\ | J{U(x,) : n € w}
where each z,, < x. It is easy to check that X is a locally Lindelof scattered
Hausdorff P-space (see [1] for a parallel proof). And by conditions (P3) and
(P4) in Definition 4.2, we infer that ht(X) = n and I,(X) = S, for every
a <.
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In order to prove Theorem 4.1, first we will construct an (wy,ws)-LLSP
space X in a generic extension by means of an wi-closed wo-c.c. forcing, by
using an argument similar to the one given by Baumgartner and Shelah in
[3].

Recall that a function F : [w3]? — [w3]S“" has property A, if F{a, 3} C
min{a, 3} for every {a, 8} € [w3]? and for every set D of countable subsets
of wg with |D| = wy there are a,b € D with a # b such that for every
aca\b, Be€b\aand 7€ anb the following holds:

(a) if 7 < o, B then T € F{«, 8},
(b) if 7 < 8 then F{a, 7} C F{«, B},
(c) if 7 < a then F{7,p} C F{a, }.

By a result due to Velickovic, it is known that 0., implies the existence
of a function F : [w3]? — [w3]=*! satisfying property A (see [I7, Chapter 7
and Lemma 7.4.9.], for a proof ).

Proof of Theorem [ Let F : [w3]? — [w3]=*“! be a function with property
A. First, we construct by forcing an (w,ws)-LLSP poset. Let S = (J{S, :
a < w3} where S, = {a} X w; for each @ < w3. S will be the underlying set
of the required poset. We define P as the set of all p = (z,, <, ) satisfying
the following conditions:

(1) z, is a countable subset of S.
(2) =, is a partial order on z, such that:
(a) if s <, ¢ then 7(s) < 7 (t),
(b) if s <, t and 7(t) is a successor ordinal 3+ 1, then there is v € Sg
such that s <, v <, t.
(3) ip @ [2p)? — [, satisfying the following conditions:
(a) if s <, ¢ then i,{s,t} = {s},
(b) if s Z, t and 7(s) < w(t), then ip{s,t} C J{Sa : @ € F{m(s),n(t)}},
(c) if s,t € xp with s # ¢ and 7w(s) = 7w(t) then iy{s,t} =0,
(d) v =y s,t for all v € ip{s,t},
(e) for every u <, s,t there is v € i,{s,t} such that u <, v.

If p,q € P, we write p < ¢ iff 2, C xp, <,| 2, ==, and i, | [74)* = i

We put P = (P, <).

Clearly, P is wi-closed. And since the function F' has property A, it is
easy to check that PP has the ws-c.c., and so IP preserves cardinals.

Now, let G be a P-generic filter. We write <= [J{=,: p € G} and i =
U{ip : p € G}. It is easy to see that S = (J{z, : p € G} and < is a
partial order on S. Then, we have that (S, <,4) is an (w1, ws)-LLSP poset.
For this, note that conditions (P1), (P2), (P5) in Definition 4.2 are obvious,
and condition (P3) follows from a basic density argument. So, we verify
condition (P4). For every t € S such that v = 7(¢) has cofinality w, for
every sequence (t, : n € w) of elements of S, for every ordinal 5 < ~ and for
every ordinal £ < wq let
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Dy (4, :newr pe = {g € P:{t}U{t, : n € w} C x4 and either (¢, A,
t for some n € w) or (t, <4t for every n € w and there is y € SgNx, with
C(y) > & such that y <, t and y Z, t,, for every n € w)}.

Since P is wy-closed, we have that Dy 1y .newy,pe € V. Then, consider
p = (Tp, =p,ip) € P. We define a ¢ € D, 4, .new} pe such that ¢ < p.
Without loss of generality, we may assume that ¢ € x,. We distinguish the
following cases.

Case 1. t,, ¢ x), for some n € w.
We define g = (x4, =4, 144) as follows:
(a) g = zp U{t, : n € w},
(b) <g==p,
() ig{z,y} = ip{x, y} if {z,y} € [1,)?, iy{z,y} = 0 otherwise.
Case 2. t,, € x,, for every n € w.
If t,, A, t for some n € w, we put ¢ = p. So, assume that ¢, <, t for all

n € w. Let u € Sz \ x, be such that ((u) > . We define ¢ = (x4, <4, 14) as
follows:

(a) zg = zp U {u},
(b) =g==<p U{(u,v) : t 2, v},

(C) Zq{$7y} = Zp{x7y} lf {ﬂj‘,y} € [xp]2’ Zq{$7y} = {33‘} 1f$ <q yv Zq{$7y} =
{y} if y <4 z, ig{z,y} = 0 otherwise.

So, Dy (t,:newt 8, is dense in P, and hence condition (P4) holds. Let
X = X((S,=,4)). For every x € S, we write U(z) ={y € S:y < z}. By
conditions (2)(b) and (3)(c) in the definition of P, we see that if 2 € Sg44
for some f < ws, then x has an admissible basis in X given by {U(y) : y <
x,m(y) = f}. Thus, X is an admissible space. And clearly, X is good. So,
by Theorem 3.3, we can construct from the space X an (w1, «)-LLSP space
for every ordinal ws < a < wy. O

Now, assume that x is an uncountable regular cardinal. Recall that a
topological space X is a Pg-space, if the intersection of any family of less
than k open subsets of X is open in X. And we say that X is k-compact,
if every open cover of X has a subcover of size less < k. By an SP, space
we mean a scattered Hausdorff P.-space. Then, we want to remark that
by using arguments that are parallel to the ones given in the proofs of the
above theorems, we can show the following more general results:

(1) For every uncountable regular cardinal x and every ordinal a@ < k™1,
there is a locally k-compact S P, space X such that ht(X) = o« and wd(X) =
K.

(2) If V=L and k is an uncountable regular cardinal, then there is a
cardinal-preserving partial order P such that in V* we have that for every
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ordinal a < k11T there is a locally x-compact SP, space X such that
ht(X) = a and wd(X) = &.
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