A TOEPLITZ TYPE OPERATOR ON HARDY SPACES IN THE UNIT
BALL

JORDI PAU AND ANTTI PERALA

ABSTRACT. We study a Toeplitz type operator @, between the holomorphic Hardy spaces
HP and H? of the unit ball. Here the generating symbol p is assumed to be a positive
Borel measure. This kind of operator is related to many classical mappings acting on
Hardy spaces, such as composition operators, the Volterra type integration operators and
Carleson embeddings. We completely characterize the boundedness and compactness of
Qu : H? — H1 for the full range 1 < p,q < oo; and also describe the membership in the
Schatten classes of H2. In the last section of the paper, we demonstrate the usefulness of
@, through applications.

1. INTRODUCTION AND MAIN RESULTS

Let B, = {z € C": |z] < 1} be the open unit ball in C", the Euclidean space of complex
dimension n. For any two points z = (21, ..., 2,) and w = (wy, ..., w,) in C" we write

(z,w) = 21wy + - -+ + 2,Wp,

and

|2l = V{2, 2) = Va4 + |z

For a positive Borel measure p on B,,, the Toeplitz type operator (), is defined as

Quf(z) = An% du(w), z € B,.

In the one variable setting, the operator (), appeared in the paper [15] of Luecking, where
a description of the membership of @, in the Schatten ideals S, of the Hardy space H?
was obtained. As mentioned in that paper, this operator is closely related with the study
of composition operators, and later on in [2] a connection with a Volterra type integration
operator was given. As far as we know, the operator (), has not been studied in the setting
of Hardy spaces in the unit ball.
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For 0 < p < oo, the Hardy space H? := HP(B,,) consists of those holomorphic functions
f in B, with

11 = sup / FrOP do(¢) < oo,
o<r<1Js,

where do is the surface measure on the unit sphere S,, := 0B,, normalized so that o(S,) = 1.
Moreover, any function in H? has radial limits f(¢{) = lim,_,;- f(r() for a.e. ¢ € S,; and
H? becomes a Hilbert space when endowed with the inner product

f, g = /f o(0).

We refer the reader to the books [24] and [29] for the theory of Hardy spaces in the unit
ball.

We completely describe the boundedness of @, : H? — H? for 1 < p,q < oo (the case
p # q seems to be new even in one dimension), and characterize its membership in S,(H?),
thus generalizing Luecking’s results to higher dimensions.

Before stating the main results of the paper, we recall the concept of a Carleson measure.
For ( € S, and 6 > 0 consider the non-isotropic metric balls

Bs(¢) ={z€B,:[1—(z,()] <4}

A positive Borel measure ;1 on B, is said to be a Carleson measure if there exists a constant
C > 0 such that

u(Bs(C)) < Cs™

for all ( € S, and 6 > 0. Obviously every Carleson measure is finite. Hormander [12]
extended to several complex variables the famous Carleson measure embedding theorem
[4, 5] asserting that, for 0 < p < oo, the embedding I; : H? — LP(u) := LP(B,,,du) is
bounded if and only if p is a Carleson measure.

More generally, for s > 0, a finite positive Borel measure on B, is called an s-Carleson
measure if there exists a constant C' > 0 such that u(Bs(¢)) < C§™ for all ( € S,, and
d > 0. We denote by ||p||car, the infimum of all possible C' above.

It is well known (see [28, Theorem 45]) that p is an s-Carleson measure if and only if
for each (some) ¢ > 0 one has

(1 —al*)'
1.1 sup
( ) a€By IB%n|1 - <a’v Z>|ns+t

Moreover, with constants depending on ¢, the supremum of the above integral is comparable
to ||l -
In [9], Duren gave an extension of Carleson’s theorem by showing that, for 0 < p < ¢ <

00, one has that I; : H? — L9(u) is bounded if and only if u is a ¢/p-Carleson measure.
1/q

du(z) < oo.

Moreover, one has the estimate || 14|l gr—ra(u) =< [|1t||ar , - A simple proof of this result, in

the setting of the unit ball, can be found in [20] for example.
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Our first result characterizes the boundedness of the Toeplitz type operator @, : H? —
H? when 1 < p < ¢ < o0 in terms of s-Carleson measures.

Theorem 1. Let 1 < p < q < oo and p be a positive Borel measure on B,. Then
Q, : H? — H? is bounded if and only if j is an s-Carleson measure with s = 1 + % — %.
Moreover, one has

||QMHHP_>H«1 = H“HCMS‘

The notation A < B means that the two quantities are comparable, and ||T||x_y denotes
the norm of the operator T': X — Y.

For ¢ € S,, and 7 > 1 the admissible approach region I',({) is defined as

Q) =T4(0) = {z €Bu: 11— (2,0l < S - |2}

As we will see later, for most of the properties we will use, the choice of «y is not important.

For a positive Borel measure p on B,,, we set
RO = [ =P rdue). ces.
()

The characterization of the boundedness of @), from H? to H? in the case 1 < ¢ <p < 00
will be given in terms of the function p.

Theorem 2. Let 1 < g < p < o0 and pu be a positive Borel measure on B,,. Then
Qu : H? — HY is bounded if and only if [t belongs to L"(S,) with r = pq/(p—q). Moreover,
one has

1@l oo = 17

For 0 < p < 00, a compact operator T" acting on a separable Hilbert space H belongs to
the Schatten class S, := S,(H) if its sequence of singular numbers belongs to the sequence
space (P (the singular numbers are the square roots of the eigenvalues of the positive
operator T*T, where T™ is the Hilbert adjoint of 7). We refer to [30, Chapter 1] for a brief
account on Schatten classes.

Our next main result (see Theorem 10 in section 6) is a complete characterization of the
membership in the Schatten class S,(H?) of the Toeplitz type operator @,,. One description
is similar to the one obtained by Luecking [17] in the one dimensional case, and we also
obtain another description in terms of a Berezin type transform.

The paper is organized as follows: first some background and preliminary results are
given in section 2. In section 3 we prove Theorem 1, and section 4 is devoted to the proof
of Theorem 2. A description of the compactness of @), : H? — H? for 1 < p,q < oo is
obtained in section 5, and in section 6 a characterization of the membership of @), in the
Schatten ideal S,(H?) is provided. The last section contains some applications to weighted
composition operators, Volterra type integration operators and Carleson embeddings.

L7(Sn)’
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Finally some words on the notation. For 1 < p < oo, we let p’ to denote the conjugate
exponent of p. We use dv for the normalized volume measure on B,,, and for o > —1, we
set dva(2) = co(1 — |2|*)*dv(2), where ¢, is a constant taken so that v,(B,) = 1. The
notation a < b means that there is a finite positive constant C' with a < Cb. Also, we use
the notation a 2 b to indicate that b < a.

2. PRELIMINARIES
In this section we collect some facts needed for the proofs of the main results.

2.1. Admissible maximal and area functions. For ( € S, and v > 1, recall that the
admissible approach region I',(¢) is defined as

Q) =To(Q) = {z € Bu: 1= (.0l < S(1 - |2}

If I(z2) = {C €S, :2z¢€T ()}, then o(I(z)) < (1 —|2]*)", and it follows from Fubini’s

theorem that, for a positive function ¢, and a finite positive measure v, one has

1) | e = [ (/ . o) ) dot6)

This fact will be used repeatedly throughout the paper.
For v > 1 and f continuous on B,,, the admissible maximal function f7 is defined on S,
by
Q) = f5(¢) = sup [f(2)].

2€T'(¢)

We need the following well known result on the LP-boundedness of the admissible maximal
function that can be found in [24, Theorem 5.6.5] or [29, Theorem 4.24].

Theorem A. Let 0 <p < oo and f € H(B,,). Then
1f I zrsny < Cllf Nl

Another function we need is the admissible area function A, f defined on S,, by

1/2
[Rf(2)]* (1~ IZIQ)I_"dv(Z)>
+(¢)

AF(Q) = A,(O) = ( /

r

for a function f holomorphic in B,,. Here Rf denotes the radial derivative of f, that is,
Rf(z):sza—zk(z), z2=(z1,...,2n) € B,.

The following result [1, 11, 20, 22] characterizes the membership in the Hardy space in
terms of the admissible area function.
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Theorem B. Let 0 < p < oo and g € H(B,)). Then g € H? if and only if Ag € LP(S,,).
Moreover, if g(0) =0 then

191l = [|AgllLrs.)-

As said before, all the results here are independent of the aperture v > 1 and, for that
reason, from now on we omit it from the notation.

Luecking’s theorem: We will also need the following result essentially due to Luecking
[16] (see also [20]) describing those positive Borel measures for which the embedding from
H? into L*(p) is bounded when s < p.

Theorem C. Let 0 < s < p < o0 and let p be a positive Borel measure on B,,. Then the
identity 1, : HP — L*(u) is bounded, if and only if, the function defined on S, by

() = / JERERRTE

1/s

belongs to LP/*=9)(S,)). Moreover, one has ||14||gr—rs(s) = H/jHLp/@fs)(s )

Finally, we will use the following integral estimate. It can be found in [3] and [13].

Lemma D. Let 0 < s < oo and A > nmax(1,1/s). If p is a positive measure, then

/Sn [/B (%)Adw)rda(o < C/Sn w(D(C))*do(€).

2.2. Separated sequences and lattices. A sequence of points {z;} C B, is said to be
separated if there exists 6 > 0 such that (§(z;,2;) > 0 for all ¢ and j with ¢ # j, where
B(z,w) denotes the Bergman metric on B,,. This implies that there is » > 0 such that the
Bergman metric balls D; = {z € B,, : 8(2, z;) < r} are pairwise disjoint.

Let D(a,r) = {z € B, : B(a, z) < r} be the Bergman metric ball of radius > 0 centered
at a point a € B,,. We need a well-known result on decomposition of the unit ball B,,. By
Theorem 2.23 in [29], there exists a positive integer N such that for any 0 < r < 1 we can
find a sequence {a;} in B,, with the following properties:

(i) B, = UrD(ay, ).
(ii) The sets D(ax,r/4) are mutually disjoint.
(iii) Each point z € B,, belongs to at most N of the sets D(ay, 47).

Any sequence {ay} satisfying the above conditions is called an r-lattice (in the Bergman
metric). Obviously any r-lattice is a separated sequence.
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2.3. Tent spaces of sequences. For 0 < p,q < oo and a fixed separated sequence
Z = {zj} C B,, let the tent space T} = TP(Z) consist of sequences A = {\;} of complex

numbers with
Il = | Z A1) do(¢) < oo
"ZJEF

Proposition E. Let Z = {a;} be a separated sequence in B, and let 0 < p < oo. If
b > nmax(1,2/p), then the operator Ty : Ty (Z) — HP defined by

1 — Ia *)?
({\; E Aj —— 7
T2 } (2 a]))b
18 bounded.

Proof. See for example [3, 13, 16] or [20]. O

The sequence space T% = T? (Z) consists of those complex sequences A = {);} with
Supaker(c) |>\k| € Lp(Sn> Set

p
ME s —/ sup |A do(C).
N7 = | (s Pl) do(©)

Theorem F. Let 1 < p < oo. The dual of TY can be identified with Tg’; under the pairing

Ay = 3 MRl o)
k

Under the same pairing, for 1 < q < oo, the dual of T? can be identified with Tg.
Proof. Again see [3, 13, 16]. O

2.4. Forelli-Rudin type estimates. We need the following well known integral estimate
that has become very useful in this area of analysis (see [29, Theorem 1.12] for example).

Lemma G. Lett > —1 and s > 0. There is a positive constant C' such that

/ (1 — |w|2)t dv(w) < C(l o ’Z|2)_S

o 1= (zw)[rrees =

for all z € B,.
We also use the following well known discrete version of the previous lemma.

Lemma H. Let {2z} be a separated sequence in B, and let n <t < s. Then

(1= [z’
le C(1— |22 2 €B,.

ZZk

The following more general version of Lemma G will also be needed. The proof can be
found in [19].
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Lemmal. Lets > —1, s+n+1>rt>0, andr+t—s >n+1. Fora €B, and z € B,

one has
_ 2\s
L R
5, |1 — (w1 = (a,w)[ |1 — (z,a)|r+t=s—n-1

2.5. Differential type operators. We need to use the differential and integral type op-
erators R*' and R, for « > —1 and ¢ > 0 (see [29, Section 1.4]). Recall that R*' is the
unique continuous linear operator on H(B,,) satisfying

R ((1 - <z,i}>)”+1+a> T (- <z,w1>>”+1+°‘+t

for all w € B,,. Similarly, R, is the unique continuous linear operator on H (B,,) satisfying

1 1
R, =
* ((1 _ <Z’w>)n+l+a+t) (1 — (z,w))rti+a
for all w € B,,. It is well-known that
RotRY" = R*' Ry = 1.
Most of the time we use these operators as follows. If a holomorphic function f in B,, has
an integral representation
dv(w

f(z) :/ : )n+1+a’
Bn (1 - <Zv U)>)

where v denotes a complex-valued Borel measure, then

. dv(w
RYf(2) = /n (1— <27U}(>)7)z+1+04+t'

2.6. Khinchine and Kahane inequalities. Consider a sequence of Rademacher func-
tions r(t) (see [10, Appendix A]). For almost every ¢ € (0, 1) the sequence {r(t)} consists
of signs +1. We state first the classical Khinchine’s inequality (see [10, Appendix A] for
example).

Khinchine’s inequality: Let 0 < p < oo. Then for any sequence {cy} of complex

numbers, we have
p/2 1
(Z |ck|2> = / Z cxrr (1)
k 0 | &

The next result is known as Kahane’s inequality; see for instance Lemma 5 of Luecking
[17] or the paper of Kalton [14].

p

dt.
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Kahane’s inequality: Let X be a Banach space, and 0 < p,q < co. For any sequence

{z} C X, one has

! q e ! p
Moreover, the implicit constants can be chosen to depend only on p and ¢, and not on the
Banach space X.

1/p

t) T

3. PROOF OF THEOREM 1

3.1. Necessity. If @), : H? — H? is bounded, by the pointwise estimate for HP-functions
(see [29, Theorem 4.17]) we get

1
Quf(2)] < W“Quﬂ‘m-

Taking the function f to be the reproducing kernel K, of H?, that is,

f(w) = K.(w) = (1 = (w,2))™"
and taking into account that (an immediate application of [29, Theorem 1.12])
1l S (1 = [of?) 7m0/,

dp(w)
f T Gy =190
1

P —
T (L= JzP)

C
(1 — |22y (Varo-1/

we obtain

| Qpull oo - 1K 1o

S ) HQMHHP—)H‘I-
Hence, from (1.1) with ¢ = n(% + (12%1)) we see that p is an s-Carleson measure with

s=1+ % — é, and moreover

llloas, < C||Qull o ma.

3.2. Sufficiency. Let 1 < p < g < oo and let u be an s-Carleson measure with s =
1+ % — é. Take t > 0 satisfying n+1t¢ > ns. By the density of the holomorphic polynomials
and duality, it suffices to show that

(3.1) L(Quf.g) = / R™(Quf)(2) R=Vg(2) dva (2)| < Cll fllms - gl e

for holomorphic polynomials f and g (it is easy to see that, for holomorphic polynomials
P and Q, one has (P,Q)p2 = [; R™VP(2)R=14Q(2) dvy;1(2)). Observe that Ry is
also a holomorphic polynomlal (this follows from the expression of R'"!g in terms of the
homogeneous expansion of g. See [29, Chapter 1]). This together with (1.1), gives
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/ . </]B |’1f£w<)u|;,d5>(|gt) |R* M g(2)| dvg 1 (2)
< fllo - 1B Mgl / n ( /B r —%Z)ﬂw) o0

<l - 1R gl - Il / Aot 1 emsn(2) < 00,

n

and we can use Fubini’s theorem and the properties of the operators R*! to get

R(Quf)(2) RTg() o1 (2) = S0) dil) ) BrTag Y du - (2)
[ A (/ (i (=)

R=Vtg(2) dugy_q (2
= [ sw ( | =G e )> du(w)

= [ fw) Ry R g(w)dp(w)

]En
=, f(w) g(w) du(w).
This and Holder’s inequality give
(3.2) 1(Quf,9) < ) |f (w) g(w)] dpp(w) < [ fllze @ - N9l

with 0 = ps > p. As p is a (0/p)-Carleson measure, by Carleson-Duren’s theorem we have

1£ 1z < Callplletys, < 1 £l 2o

Also,
o _ps(g—1) _ ps(g—1)

¢ qlps—1) qlp—p/q)

Therefore, we also have

Il oy < Colltallitye - llgll o

Bearing in mind (3.2), we see that (3.1) holds, proving that @, : H? — H? is bounded,
and moreover

1Qull sro e S il
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4. PROOF OF THEOREM 2

4.1. Sufficiency. Suppose first that g belongs to L"(S,,). Observe that r > 1 so that by
Luecking’s theorem it follows that

/B FE) duz) < Clf

whenever f is in H?, with s =p+1 — %. Testing this inequality on the functions

1
(1= (za))"
with o big enough, we see that u is an (s/p)-Carleson measure. Note that, as r > 1 and
g < p,one has 0 < s/p < 1. Let t > 0 with £ + ns/p > n (observe that this implies

t +n > ns/p because s/p < 1). As in the previous proof, and with the same notation as
n (3.1), we need to show that

1L(Quf; 9| < Cllillzrs,y - 1 e - gl g

for holomorphic polynomials f and g. Because p is an (s/p)-Carleson measure, proceeding
as before we can justify the use of Fubini’s theorem that gives

n@uo) < [ el = [ [ A a

fa(z) =

a€B,,

< / (F) (O () do(¢) < Clllrony - I1f gl
Sn

with 7’ being the conjugate exponent of r (the last inequality follows from Holder’s inequal-
ity and Theorem A). Finally, Holder’s inequality gives || fgll g~ < || f||z» - 9]l g finishing
the proof of the sufficiency.

4.2. Preliminaries for the necessity. Set Q(0) = B,,, and given w € B,, \ {0}, we write
Cw = w/|w| and denote

Qw)={z€B,: |1 —(z,¢)] <1—]|wl}.
Lemma 3. Let w € B,,. Then 1 — |w| < |1 — (z,w)]| for z € Q(w).

Proof. The result is trivial for w = 0. Hence, assume that w # 0 and z € Q(w). Then
|1 - <Zaw>| 5 |1 - <Za Cw>| + |1 - <Cwaw>|

< (1= |w]) + |1 = (Gu, w)| = 2(1 — [w]).

Since the other inequality is trivial, we are done. O
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Lemma 4. Let 1 < p < oo, v be a positive Borel measure, finite on compact sets, and
consider the general area operator

Ag(0) = ( / . |g<z>12du<z>) "

and the discrete maximal operator

aver(e) (1= lax])™ Jo

where {ay} is an r-lattice. Suppose that g € L*(B,,, dv,) with dv,(z) = (1 — |z]*)"dv(2). If
r is small enough and C}g € LP(S,), then A,g € LP(S,). Moreover, r > 0 can be chosen
to guarantee that

1/2
c:<g><<>:<sup o )(1—rzw2>"\g<z>|2du<z>),

[AvgllLrs.) S NCGl s, + 19l 2 )

Proof. The proof uses some terminology and concepts related to tent spaces, which are
only covered in this paper for discrete measures. Moreover, a substantial part of the proof
is remarkably similar to a known standard proof, see for instance [23]. For completeness,
we will prove this lemma by using notation analogous to that of the mentioned reference,
and the reader should have no difficulties comparing the two proofs.

We want to show

[(f, 9)z20)] 5/ A, (MO 9) (o (C) + [[Avf L1, - 19l z2wn)-

n

By duality of tent spaces, it then follows that if C%g € LP(S,), then g belongs to the dual
of T¥ (), which is T?(v). This implies that A,g € LP(S,) with the desired estimate.

Fix K > 0 large enough to be specified later, and set Mg = {|z|> > 1 — 1/K?}. Split

the measure v as v = v, +v' with v/ =, ., . Then
n

<f7 g>T22(l/) = <fa g>T22( ) + <fa g>T22(u’)‘

Yimg

Moreover, we have

(f, 9z | < / £ Ng(2)] (1 = 22)" v/ ()

= [ ([ velseie) d

dv'(z) 1/
SQQVn/(/ fZ2—) do(¢
ol | ([ 1P G20 ) et
< K" | Aufllnisa - N9ll220m)-

Therefore, it is enough to show that, for v supported on My one has

)| < / AN Q) C9)(C) do(C).

n
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We note first that if v > 1, ( € S,,, and z € I'(¢), we have for R € (0,1) the estimate

(4.1) 11— (Rz,¢)| < (1—%) (1= R)+ 21— Rl2f).
If 1 > 2| > o with a > (2/7 — 1), then for R close enough to 1, we have Rz € T'(¢).

(Note that if v > 2, any z # 0 and R € (0,1) will work.)

We will use a variation of a well-known argument, which can be found with details in
23], for instance. Define

I(¢) =T(O)\ D(0,1/(h+1)),

and
an© = ([ era)”

Now set,
h(¢) = sup {h: A,(g[h)(C) < C1C;(9)({)}

The claim is proven, once we show

/n k(2)(1 = |2)2)"dv(z) < 2 /S </rh<<><<> k(z)dv(z>> do(¢)

for every positive v-measurable function k. By Fubini’s theorem, the integral on the right-
hand-side equals

/ o(I(2) O H(2)) k(=) dv(2),

n

with H(z) ={C €S, : 1/(1 + h({)) < |z|}. We therefore want to show that

o(I(z)NH(z) _ 1
oI(z) -2

holds for z € Myg. To this end, take z € Mg and set z* be the unique point in B,
satisfying (.« = ¢, and (1 — |2*]*) = K(1 — |2]*). Suppose, for now, that K is chosen to be
large enough so that the conditions on (4.1) are met. Then, there exists rx > 0 with the
following properties.

(i) I 0 <r <rg, then D(z*,7) C ,cre I'(v);
(i) If 2’ € D(z*,7), then 2(1 — |2/]?) > (1 — |2*|*);
(iii) If 2/ € D(z*,r), and 2, is the unique point in B, satisfying (,» = ¢, and K (1 —
202) = (1= [2/]%), then [1— (2, 20)] < 2(1 — |2[?).
Now, suppose that » > 0 above is the density of the lattice and set 2z’ to be a point of the
lattice contained in D(2*,7). Notice that if u satisfying |u| > |z| (so that 1—|u|*> < 1—|2]?)
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does not belong to Q(2), then by the property (ii) above (recall that d(a,b) = |1—(a, b)|'/?

satisfies the triangle inequality on B,,)

1= (G2 2 1= (u, )2 = |1 = (G G |2
> (K/2)Y2(1 = |2)'2 = [1 = {Gar, G ['2.

An application of Exercise 1.25 from [29] together with property (iii) above shows us that

1= {Gor, G < 8(1 — [2]).

Let us now set K to be a number big enough so that ((K/2)Y/? — 8/2)2 > K/3. Then
u ¢ Q(Z') implies that

1= (u, G > (K/3)(1 = [2]).

If now ¢ € I(z), then
1= QI 2 1= (u, G2 = 11— (2, Y2 = 1= (2, O,

1= (u, Q) > ((K/3)2 = 1= (v/2)2)" (1= |2) > (v/2)(1 = [uf?),

when K is large enough compared to 7. We now fix K big enough to carry us through all
the calculations above.

From this point onwards, we could follow the argument of [23], as the only real difference
was that we had to choose the point 2z’ from the lattice. We will present the remaining
details for the convenience of the reader.

By our choice of K and r, if |u| > |z| does not belong to Q(z'), then I(u) NI(z) = 0.

Thus, if z = 1/|z| — 1 (so that I'*(¢) = T'(¢) \ D(0,|z])), then

—1 2 v\u
= ST o, T Il )
1 2 v\u
< S o P g )

CY3 2\n 2
< ST o, (0 YTt i)

< Oy inf C*(g)(v)*.

vel(z)
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The last inequality holds, because by property (i), we have 2z’ € D(z*,r) C I'(v) for all
v € I(2). Now, let us chooce C; so that C? > 2Cs. If E(z) =S,, \ H(z), then

PRI /uz) cres (P
! 2
= Coinloer Cog) () /I(Z) Ay (gl)(¢)*da(C)
o(I(2))/2.
It follows that o(I(z) N H(z)) > o(I(2))/2 for z € Mg. Note also that the implicit

constants in the estimate can be chosen to be independent of the measure v. This finishes
the proof. O

We also need the following more general area function description of the Hardy spaces. The
result is probably known to experts, but we were unable to find a proof in the literature.

Proposition 5. Let f be holomorphic on B,, 0 < p < oo and d\,(2) = dv_1_,(z). If
s > —1 and t > 0, then the following are equivalent.

<a> f € H (B, >~ y
() (frq IBFGPQ = 2PN () € Lr(S,):

1/2
©) (Jro IR P =[P d0(z)) € L2(S,).
Moreover, if f(0) =0, then the L norms involved in all the items above are equivalent.

Proof. The equivalence of (a) and (b) can be found in [20]. So, we will prove that (b) and
(c) are equivalent. To this end, we may clearly assume that f(0) = 0.
Let us assume (b). Since f(0) = 0, we have the estimate

f(w) = / R (u) L (uw, u)dvs(u),

Lg(w,u) = /01 ((1 - <w7;u>)n+1+5 N 1> d_pp

valid for large enough 3, see page 51 of [29]. Moreover, if § = s + N for some positive
integer N, we have by Proposition 5 of [28],

1 _ ¢((w, pu))
(1 — (w, pu))"+1+8 (1 — (w, pu))rri+s+t’

where ¢ is a one variable polynomial of degree N. Note that R*!1 = 1, so putting p = 0
gives 1 in the above identity. Now, it is straightforward to obtain

1
R*'L < :
| B(U}, u>| ~Y |1 o <w’ u>|n+ﬁ+t

where

Rs,t
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This allows us to obtain the bound

RSl < [

By

| RS (u)|

L= (w, u)|["+0+

We may assume that f = s+ N > nmax(1,2/p) —n+ 1. By standard estimates, this leads

to
- RS () s (w)
(U= PR ) S [

Now, by Lemma I, if 6 > n + 8 — 1, we have

/ [0 — )[R £ ()] d ()
IN(9)!

dvg(u).

(1= Jwl)".

1— |wp?

S [ 10 Py IR ) (m)gwn(w

n

< () [ e oo
<, 1t (| = =)

< [ RsRa - oy (%)B Aa(n)

Now, since n +  — 1 > nmax(1,2/p), we can use Lemma D to get

IRUNCE ‘wP)t!Rs’ff(w)H?dAn<w>)p/2 ao(()
</ ( [ IR s~ upy (%)% d)\n(u)>p/2 &0

< (/ IRIF - |u|2>2dxn<u>)p/2 4o (0),

so (c) is obtained.

Suppose now that (c) holds. By an estimate from [28, page 20], for large enough S we

have
- < - [ LRI

We may assume that 8 > nmax(1,2/p) —n — 1 and let 0 < ¢ < 2 so that § — & > —1.
Then use Cauchy-Schwarz and standard integral estimates to deduce

(0= PRI S (= oy [ STl e

1
1= Guw)fred

n

— |2~

n
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Now, take # > nmax(1,2/p) + ¢ + 1 + (3, and estimate as before by using Lemma I to
obtain

/ (L |2)RF ()] dA(2)
(<)

1— |z

< [ (0= e (m)adxm

n

< [ a-mppmgwr ([ 75 =) ) o)

n 11— (2, ()| |1 — (z,w)|"+3+8
£ psit 1— |w|2 n+1+8+¢
< (L= PR )P (m) AAa(w)

Since n+ 1+ 8+ ¢ > nmax(1,2/p) + ¢, from Lemma D we conclude that (c) implies (b).
This finishes the proof. O

4.3. Necessity. Throughout this proof, we set [|Q.| = |Qullgr—me. Since u(B,) =
(Q,1)(0), the measure p is finite with p(B,,) < ||Q,]]. We split the proof in several cases.

4.3.1. The case q = 2. It is well known that the boundedness is equivalent to

[RTVHQuN () dui(2) < CHQUI™ - 1 f Iz

B,
For example, this can be deduced from Proposition 5 and the estimate (2.1).

Let {ax} C B, be a separated sequence and define

2 n+1
fi(z) = (%) : 2 €B,.

1 — (z, a
Apply the previous inequality with the function

Fy(2) =) Aerl(t) fu(2)
k
with A = {\;} € T%, and use Proposition E to get

LS R @uf )] ) < ORI - IN
nk

Integrate respect to t between 0 and 1, interchange the order of integration and use Khin-
chine’s inequality to obtain

S Il / [RHQuiN ] don(z) < C QI - M3
e )

By subharmonicity (see [29, Lemma 2.24] for example) this implies
_ 2 n
D P RTH@Qu ) (@) (1= ax))™? < ClQUI - M7
k
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and therefore

_ 2 n
Z M | BRI Qufr) ()| (1= |ax)"™ < C Q1% - H)\2HT§/2-
k
By the duality of tent spaces in Theorem F, this is equivalent to
(IR @Qufi @) (1~ arl)?} € 202,

with the corresponding 7% ”~* -norm dominated by ||Q,[|2. That is,

sup ‘R*l,l(Qufk)(ak) (1- |akm2 e [P/0-2(S,)

ax€r(¢)

or

(4.2) s [N (Qufr)(ar)| (1 — |ax]) € L/ #72(S,)
ai€

with the corresponding L?/(P=2)-norm dominated by ||Q,||. However, since (1 — |ax|) <
11— (ag, w)| for w € Q(ay),

dp(w)
B,|1 — (@, w)[2+D

|R™VM(Qpufr) (an)| (1 = Jax]) = (1 = |ay )"+

Z (1 . |ak|2)n+2/ d:u<w)

Qo) 11 = @k, w2+

1 ol dp(w)
= T () /QW“ ) T ey

Let us restate this estimate for later reference.

p(Qax))

(43) 1= Jax)"

< C IR Qufi)(ar)| (1 = lax]).

Finally, the result follows from (4.2), (4.3) and Lemma 4 applied to the measure dv(z) =
du(z)(1 —|z])™™ and g = 1.

4.3.2. The case q > 2. Let {a;} be a separated sequence in B,. Using the general
area function description of H? given in Proposition 5, and the same argument (applying
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Khinchine’s inequality) and test functions as in the previous case, we arrive at

q/2
/ (Z e rRl’l<@ﬂfk><z>Pdv1n<z>> 4o (¢)

</ ([,
C//o A </r<<> \R—“(Quﬂxz)!zdvl-n<z>)q/2 Ao(Q)d < CHQUE - Iz

Applying Lemma D with 6 big enough we have

2 9 qa/2
/ [Zw (o) [ 1R171<@yfk><z>rzdvm<z>] do(0) < CIQI - A,

9 /2
Z/\kﬁc Qufr)(2) dvln(z)dt) do(C)

k

where Dy, denotes the Bergman metric ball D(ay, ). Now, because |1 — (ag, ()| < 1 — |ax]
for a; € I'(¢), summing only over indices k so that a, € I'((), we obtain

qa/2
[ X wk [ IR Q@R )| doc) < ClQul- 7y
| k:arel(C) Dy,
By subharmonicity and the estimate (4.3), this gives
@@\
4.4 pWL: (&) do () < a . ||\,
an X e (e (€) S 1QulN - 1M1

ar€T(¢)

Now, let 8= (pg —p—q)/(p — q) so that ¢(5 —1)/(¢ —2) = r. Since p > q > 2 we see
that 8 > 1. By (2.1) we have

Z!W( ff) 0=l = [ ( YOI (W)w do (<)

ar€r(()
(4.5)
8-1
w(Q(ax))
= /sn (akSGI}‘IzC) (1— |&kz|)"> (

Hence, applying Holder’s inequality and (4.4) we get

a A+l 2
Sl (FEE) o S Il I
k

with v = {v,.} and vy = p(Q(ax))/(1 — |ag|)™. That is, we have

2 N(Q(%)) ?
2 I ((1— |ak|>n) )d”(o‘

k:arel(C)
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>l < Cllvllgg (@l ol e
k

By the duality between the tent spaces T} /2 and T/’ (see Theorem F), we obtain

1 gromn S Il [ Qull”
It is straightforward to check that
(B+1p/(p—2)=r

so that X
e < 127 oo < Mol - 1Qul
Now, if p is compactly supported, then ||1/| < 00, and therefore we deduce that
e % 1241

An application of Lemma 4 gives [|i|l.r < [|Qu| when p is compactly supported. The
general case follows by an approximation argument. Indeed, let 7, € (0,1) with r, — 1,
and consider the measures y, and pj defined on Borel sets E by ux(E) = u(E N D(0, 1))

and i (E) = pu(r;, ' EN D(0,r1)). Note that , < ﬁi because
D(0,7,) NT(¢) € D(0,7) N1 'T(Q).

If the aperture of I'({) = I',(() satisfies v > 2, then the above inclusion holds as stated,
whereas if 1 < 7 < 2, then it will hold modulo a compact set, see the beginning of the
proof of Lemma 4. The argument can be completed either way, and we can always just
change the aperture. We arrive at

.

||/7||LT < limkinf Hﬁ;HLT < limkinf| S limkinf HQuk”
Now, if f is a unit vector in H?, we have (by a change of variables) [Q .- f(2)| < [(Q.fx)x(2)],
where gx(2) = g(rxz), which easily gives [|Q,x[| < [|@,]| because dilatation by rj, can only

decrease the norm. This gives

Il < Tl Qull

finishing the proof in this case.

4.3.3. The case q < 2. We will start with the following simple lemma.
Lemma 6. Let 1 <p <oo. If Q.f is in H? and g € H? | then

: Quf(Q)g(Q)do(¢) = | f(w)g(w) dp(w).

Bn

Proof. If g is a holomorphic polynomial, then

Ay(h) = /S h(O)9()do (O)
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defines a bounded linear functional on H?. Let K, be the reproducing kernel of H? at the
point w. Since @, f € HP, we have

S 4 S (L
[ Qi@ = M@ = [ L utw))

f( ) (K, g) a2 dp(w) = f( ) g(w) dp(w).

As the holomorphic polynomials are dense on H” |, the result follows. O

It follows from Lemma 6 that if @), : H? — HY is bounded, then its adjoint is @, :
HY — HY. If p < 2, then p > 2 and from the previous cases (as q%’/_q];, = p—qq =) we
obtain that u is in L"(S,,).

Hence we may assume that 1 < ¢ < 2 < p. Let {ax} be a separated sequence in B,.
Using the area function description of Hardy spaces obtained in Proposition 5, Fubini’s
theorem, and the same test functions as before, we obtain

LLL

where r; are the Rademacher functions. Proceeding with Kahane’s inequality with X =
Xe=L*T(¢),dvi—y) (note that X changes with ¢, but the implicit constants do not), we

LA,

Next, Fubini’s theorem together with Khinchine’s inequality leads to

q/2

2
ka HQufk)(2)] dvin(z) | dtdo(¢) < ClQulI*IINI,,

q/2

2
ka HQufk)(2)] dvin(2)dt | do(¢) < CllQulI

q/2
/(/ Zm|R“<@#fk><z>|2dvl_n<z>> 4o(¢) < QAL

IN(9 I
Now, applying Lemma D, this gives for 5 > 2n/q:

q/2

— 2|2 B
/ lzw | (=55) |R—171<@ka><z>|2dv1_n<z>] Ao (¢) < ClQul"Alf.
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which implies
q/2

— |ag|? ’ 1,1 2
/ [Zw (i) [ i@k )| doo) < Claialy,

where Dy, denotes the Bergman metric ball D(ax, ). Now, because |1 — (ag, ()| < 1 — |ax]
for a; € T'(¢), summing only over indices k so that a, € I'((), we arrive at

/2
S e [ irQuiePdne) | doo < claealy.
" \ax€T(C) Dr
By subharmonicity, we get
q/2
(4.6) / Y MR Quf (@) P (1= |arl)? | do(Q) < ClQuII7AIZ,.
™ \ar€el(¢)
Let us now denote v = (1), where v, = u(Q(ag))(1 — |ag|*)™ and set
L poa
q9(p—2)

By our choices p > 2 > ¢, it follows that 2s > ¢s > 1. Using (2.1) and two Holders (first
with 2s and (2s)’, and then with ¢s and (gs)’), we obtain

SR =l = [ S | doto)
k n | arer(o)
r (2s—1)/2s 1/2s
< / S P S 2| do(o)
Sn | arer(c) ar€er(¢)
q/g 1/qs
91
< S [ | | e
™ | ar€el(C)
Here we have used that
(2s—1) gs p

2s  (gs—1) 2

Since, by (4.3), we have v, < |[R™VNQ,ufx)(ax)| (1 — |ak]), we can combine this estimate
with (4.6), and arrive at

1/s n s
S (1 )" < CIQUIM 1N e
k
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So, by the duality of tent spaces, we obtain HVI/SHTP/(IJ,Q) < C||Qu|I'*. Note that
(1/s)p/(p —2) =r, so we get
[Vllzg, < CllQull-

An application of Lemma 4 finally shows that iz € L"(S,) with ||zz||.- < ||Q,| as claimed.

5. COMPACTNESS
For 1 < p,q < oo, a linear operator T': H? — H? is compact if || T f,| g« — 0 whenever

{fn} is a bounded sequence in H? converging to zero uniformly on compact subsets of B,,.

Recall also that a finite Borel measure on B,, is called a vanishing s-Carleson measure if
for every ( € S,

1(Bs(€))5™" — 0
as 0 — 0. Equivalently, one may require that for each (some) ¢ > 0 one has

— lal*)*

(5.1) lim

la|]—1- |1 — (a,w)|s+t

du(w) = 0.

Now we are ready for the description of the compactness of the Toeplitz type operator @,
acting between Hardy spaces.

Theorem 7. Let 1 < p < q < o0 and p be a positive Borel measure on B,. Then
Qu : H? — HY is compact if and only if p is a vanishing (1 + %D — %)—C’arleson measure.

Proof. Assume first that @), is compact. In the proof of the boundedness, we have seen

that )
1 — |22y d
[ g = 10 < 0 P Qg

where h, are the normalized reproducing kernels in H?. Assuming that (), compact, we
know that ||Q,h.|ms — 0 as |z2| — 17, and the result follows by (5.1).

Conversely, suppose that p is a vanishing s-Carleson measure with s =1+ 1/p — 1/q.
To prove the compactness of (), we must show that ||Q,fn|me — 0 if {f,} is a bounded
sequence in H? that converges to zero uniformly on compact subsets of B,,. As pu is an s-
Carleson measure, by Theorem 1, the Toeplitz operator @), : H? — H? is bounded. Hence,
by duality, Lemma 6 and Carleson-Duren’s theorem (argue as in the proof of Theorem 1),
we get

1Qufnllze = sup [(Qpufn,9)] < sup [fn(2)g(2) dp(z) S (1l o

r=1JB,

lgll g =1 lgll g

Since g is a vanishing s-Carleson measure, then the embedding i, : HP — LP*(u) is
compact, and therefore || f,||zrs(,y — 0 which proves that ||Q,fn|z« — 0 finishing the
proof. O

We also present the following, seemingly stronger version of Theorem 2.
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Theorem 8. Let 1 < g < p < o0 and pu be a positive Borel measure on B,. Then
Qu : H? — HY is compact if and only if it is bounded, if and only if p € L'(S,), where
r=pq/(p—q).

Proof. In view of Theorem 2, it suffices to show that the condition g € L"(S,) implies the
compactness of @),.

For any compact K C B,,, we set g = uxx. Suppose that {f,,} is a bounded sequence in
HP? converging to zero uniformly on compact subsets of B,,. If g is an arbitrary unit vector
in HY, then by the standard pointwise estimate we have |g(z)| < Cx on K (uniformly on
g). Hence, by duality and Lemma 6,

Qs fll = o (Quifussh] < st / Fu(2)9(2)ldn(2)

9l o’
C w(2)du(z
< K/K|f<>|u<>w

So Q,, is compact. Next, define p, = X Dos) SO that @), is compact as just shown.

Now,
o Cp——
il = [ | | 0
Write
Il b))
2= o TP

where ¢,(2) = (1 — xpp)(2). Because p € L'(S,), the function @ is defined almost
everywhere. Therefore, for almost every ( € S,,, the function

¢s(2)dp(z)

(1 —[z?)"
has an integrable majorant. Therefore, ®,({) — 0 as s — 1 for almost every ¢ € S,,
by the Lebesgue dominated convergence theorem. Remembering that g € L7 (S,,), we see

that ®, has also an integrable majorant, namely ®q. Thus gy — 1 in L"(S,,), by another
application of the dominated convergence theorem. By the norm estimate for (), we have

HQM - Qus 5 Hﬁ - ,Js
as s — 1, proving that @), is compact. O

0

6. SCHATTEN CLASS MEMBERSHIP

In this section we are going to describe the membership of @), in the Schatten ideals
S,(H?). For t > 0 define

St,u(w) = (1 - |w’2)n+t/E |1 . ?g(jji‘znﬂ
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We will denote by dA,(z) := dv_1_,(z) the invariant measure. For technical reasons, it
will be convenient to denote

t, = max(n/p —n,0).

Proposition 9. Let i be a positive Borel measure onB,,, and let 0 < p < co. The following
conditions are equivalent:

(a) Sip € LP(B,,,d)\,) for all (some) t > t,.

(b) The sequence {%} is in P, for any r-lattice {ay}.

Proof. Denote by Dy = D(ay, ). By the properties of the lattice we have

IS0,y = [ (0=t [ ) )
23 [, (0-r
e

-
e )
|

g( 1 — |ag[?)" )p7

because |1 — (z,w)| < (1 — |2]?) < (1 — |ax|?) for z,w € Dy, (see [29, Lemma 2.20]). Thus
(a) implies (b) when ¢ > 0.

Assume that (b) holds. As the sets Dy cover B, and |1 — (z,w)| < |1 — (ag,w)| for
z € Dy (by the estimate (2.20) in p.63 of [29]), we have

w(Dy)
n+t n+t
Supu(w) < (1= ) Z/ 11— { zw|2”+tr\“<1_|w| Z|1— (ay, w)|?r+t

This gives

(6.1) Su(w)? S (1 = |w?)P*e (Z 11— (ag, w) |2n+t> :

For p > 1, we take 0 < & < nmin(
get

/ p/p/
n+t w(Dy)? (1 — |ag|*)~ n(p—1)—ep (1 = |ag|?)+er
St/j'('w) ( |w| (Z |1 _ a/k: w>’2n+tp zk: |1 — <G/k,w>’2n

2\ep+tp+n /uDk) (1_|a’k| ) n(p—1)-ep
S (1= [w[H)*T (Z 11— (ag, w)|>+tp '
k Y

]lg 1%), and use Holder’s inequality and Lemma H to
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Therefore, by the integral type estimate in Lemma G,

P — wl2Y P gy (w0
/ stmw)pcmn(w)sZ(%) (= oy [ B )

n k

NZ( 1—|ak| )p’

and we get the result in this case.

If 0 < p <1, starting from (6.1) we get

St:u( ) ( |’LU| np+tpz |1 _ ak w |2np+tp

Then
(1= fufyreer
S, P dh,(w) S Dy,) dM,,
/n t/’L( ZILL k‘ /Bn |1 _ <w’ ak>|2np+tp (’LU)
and the result follows from Lemma G because ¢ > t,. O

Now we state the main result of this section, that characterizes the membership in
S,(H?) of the Toeplitz type operator Q,,.

Theorem 10. Let 0 < p < 0o and u be a positive Borel measure on B,,. The following are
equivalent:

(a) Q, belongs to S,(H?);
(b) Sip € LP(By,, dN,) for all (some) t > t,;
(c) for any r-lattice {ay}, we have

> (G e) <=

From Proposition 9 we already know that (b) and (c) are equivalent. In order to obtain
the equivalence with condition (a) we need to introduce some concepts and notation.

Recall that H? is a reproducing kernel Hilbert space with the reproducing kernel function
given by

1
Kz(w) = Y Z, W € Bn
(1 o <w7z>)n
with norm ||K.||g> = /K.(2) = (1 — |2[)™/2. The normalized kernel functions are

denoted by k, = K. /|| K.||g2. We also need to introduce some “derivatives” of the kernel
functions. For z,w € B,, and ¢ > 0, define

1
(1= (w, z))m+

K (w) = R7VE,(2) =
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and let k! denote its normalization, that is, k. = K!/||K!|| 2. In particular, since f(z) =
(f, K.)y2 whenever f € H? one has

(6.2) R Yf(2) = {f, K g, f € H*B,).
For a > —1, the Bergman space A2 consists of those holomorphic functions f in B,, with

1f%2 =[5, [f(2)]Pdva(z) < oco. Tt is well known that, for f € H? with f(0) = 0 and
s > —1, one has

£l = 1R g = 1B flag-

We need first the following lemma that can be found in [20].

Lemma 11. Let T : H*(B,) — H*(B,,) be a positive operator. Fort > 0 set
THz) = (TK!, k') o, 2 € B,

2z

(a) Let 0 < p < 1. If T* € LP(B,,d),) then T is in S,(H?).
(b) Let p > 1. If T is in S,(H?) then Tt € L(B,,d\,).

Lemma 12. Let 0 < p < 00, p be a positive Borel measure on B,, and suppose that
Sy € LP(B,,,d\,) fort >t,. Then Q, is bounded on H?.

Proof. By Theorem 1 it is enough to show that p is a Carleson measure. Let {ax} be an
r-lattice on B,, and set Dy = D(ay,r). By (1.1) we need to prove that sup,cp 1,(a) < oo,

where . /B ( % )ndu(z).

Since |1 — (a, 2)| < |1 — (a, ay)| for z € Dk, we get

<(1- (1-
I(a) < (1 - [af? Z/Dkll ) S (= ) Zu_akal%

If 0 < p < 1, taking into account Proposition 9, the result follows directly from our
assumption and the fact that |1 — {(ag,a)|* > (1 — |ag|)(1 — |a|). If p > 1, we use Holder’s
inequality to get

/v 1/p
(1 — Jax>)" p(Di)  \P
[M( ) S; 1 - ’G| (Z |1 CL a ‘an ) (; <(1 . |ak]2)”) ) )

and now the result is a consequence of the assumption, Proposition 9 and Lemma H. [

As a consequence of the previous lemmas, we get the following.
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Proposition 13. Let 0 < p < oo, t > t,, and p be a positive Borel measure on B,,. If
0 <p<1and Sy is in LP(B,,d\,), then Q, belongs to S,(H?). Conversely, if p > 1 and
Q, is in Sp(H?), then Sy € LP(B,,, d),).

Proof. By Lemma 12, the condition Sy € LP(B,,, d),) implies the boundedness of @), on
H?. Hence, in both cases, we have

QUKL K2y = / K2 () ? dpa(aw).

B
As
1Y 5 = (1= |27,
we obtain
(Quk2, K%)= Sun().
Therefore, the result is a direct consequence of Lemma 11. [l

The next result, together with Proposition 13, gives that condition (b) implies (a) in
Theorem 10.

Proposition 14. Let p > 1, p be a positive Borel measure on B,, and suppose that
Sy € LP(B,,,d\,) fort >t,. Then Q, belongs to S,(H?).

Proof. 1t is easy to modify the proof of Lemma 12 in order to see that the condition implies
that p is a vanishing Carleson measure. Hence, by Theorem 7, the operator (), is compact.
Thus, in view of [30, Theorem 1.27], it is enough to show that

ST [(Quer en)l? < € < o0
k

for all orthonormal sets {e,} of H2. In order to prove that, we follow closely the argument
used in [21]. By Lemma 6 we have

Qe = ( [ @R

By perturbing @), by a rank-one operator, we may assume that e;(0) = 0 for all k. Since
ez e H' ¢ A2 | C Al |, we have (see [29, page 51])

n—1»

lex(2)]? S/B [R(eg)(w) dvp ¢ (w) S/B lex(w)] [ Rex(w)] dvp ().

o 1=z w) Pt o 1= (2 w) et

Bn

This gives
(6.3) [(Qper, ex)l S,/ |ex(w)| | Rex(w)] Syu(w) do(w).

n

If 1 < p <2, we use Holder’s inequality in (6.3) and the fact that

[ Rexllaz = [lexll 2 =1
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to get
(Quers el / ea(w) [P | Reg(w) 27 Sypu(w)? duy ().
Since
" len(w)l [Ben(w) P < (Y lentw)?)” (3 IRestu)?) "
3 A B
< || Kl - | REW |55
< (1= wf?) ™™/ (1 = |w|?) " F2EP/2 = (1 — g [2)p~(7+2)
we get

> HQuer,en)l” S / <Z|€k )7 [ Rex( )|2_p> Sepp(w)? dvy—p(w)

k

S [ Sutwy daw)

n

This finishes the proof of the case 1 < p < 2.

If p > 2, we use Cauchy-Schwarz inequality in (6.3) to obtain

{Quen, ex)[? 5/ e (w)]* Spu(w)? (1 = Jw]*)" dAn(w).

By

By the reproducing formula for Bergman spaces, for any £ > 0, we have

RP11e, (C) dus(C)
B er(w) = / - <u’f, <>>n+ﬁl+ﬁ ‘

Hence,

en(w) = B=11, (1) — R Hley(C) dug(Q)
) = Ry B ey (u) = [ TS

Now, fix # > n and take € > 0 with £ < min (ﬁ, ]ﬁ) By Cauchy-Schwarz and standard
integral estimates we have

i s ([ Moy

’RB_LI€I€<C)|2 dU1+5+€ (1 _ ’ |2)—a
1= (w, Q)"+ v
This gives

Querell 5 [ 1o ([ ST e o o)

N
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Because ||R5*1’1ek||14% = |lex||zzz = 1, using Hoélder’s inequality with exponent p/2 > 1 we
obtain

!<Quek,ek)lp5/B [R7Her(Q)? CulQ)? dvrg(gepp/2(C),

with g ( )2d ( )
L ti W V_1—e(W
Cule) = / T,
As
S IR e SRV S (=117,
k
we get

S HQueral S [ Cuer (=GP dr(c).
3 B

n

Finally, by Holder’s inequality and the typical integral estimate,

cuers (| i) ([ i)

Sipu(w)” ) 2\(e—B)(Z-1)
< - 2
N(/ TG, g o) J (2 KE) |

Inserting this into the previous estimate, using Fubini’s theorem and Lemma G we conclude
that

(1= [¢)7retrt

Sl@uenel s [ satwr ([ G an©) diguew

S [ Sutwp dw)

n

This finishes the proof. U

Proposition 15. Let 0 < p < 1, pu be a positive Borel measure on B, and suppose that
Qu € S,(H?). Then, for any r-lattice {ax} on B, we have

> (6 25r) <

Proof. Fix R > 0 big enough to be chosen later, and partition the lattice {a;} into M
subsequences such that any two distinct points b; and b, in the same subsequence satisfy
B(b;, b)) > R. Let {b;} be such a subsequence and consider the measure

V= ZMXj)
J
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where x; denotes the characteristic function of the Bergman metric ball D; := D(b;,r).
Fix an orthonormal basis {e;} of H?, and consider the linear operator A : H* — H? defined
by Ae; = h; for a sufficiently large t, where

1— b (n+2t)/
ey = (L)
( <Za b]))
For a large t, the operator A is bounded on H?. Then the operator S = A*Q,A is in

Sp(H?) with ||S]|s, < [|Qulls,- Split the operator as S = D + E, where D is a diagonal
operator. We have

p p p
151s, = [I1Plls, = 1 £lls, -

We can estimate the diagonal term as follows.

DI =" [(Dej,e))]” Z} (Quht, R
J

- ([ meran) =% ( A |h§<z>|2du<z>)p

>CZ<1—|6| )

For the non-diagonal term, we can proceed almost exactly as in the proof of Lemma 12 in
[31]. We only sketch some details. First, one has the estimate

IEIZ < C> (D)
i=1

where
[(1— [B5*) (1 — [bun )P
L=y B0, (b)) = ’ g
2 2 U= (o b = (b7
Denote
Gr={(z,w) € B, xB, : f(z,w) > R—2r}.
Then,

(Z bi) [T = {w, bi) |JP*
Since (1 — |2]?)(1 — |w]?) < 4|1 — {2, b;)]|1 — <w b;)|, we obtain

do(=)dv(w)
L= CO=1hl)” //G (o b I — (w, b [/

1 — 2\ pt+pn/2—n—1
L <O — |bif?) // |Z! — |w]?)] dv(z)do(w)
Gr
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Now, choose z € (1,00) so that
A=z(n+1—-pn/2) <n+1.

It follows that
I < C(1 = [b*)"0*(Gr)"™

(G = [ /G dv(z) ()

tends to zero as R — oo. Therefore, there exists a constant C” so that

I8l 2 (€ - G S (2 )

=1

where

Recall that the original lattice was partitioned into M subsequences that all satisfy this
bound. Therefore the claim follows. O

6.1. Proof of Theorem 10. The equivalence between (b) and (c) is Proposition 9. The
implication (b) implies (a) is proved in Proposition 13 (case 0 < p < 1) and Proposition
14 (case p > 1). Finally, Proposition 13 gives the implication (a) implies (b) for p > 1,
and the implication (a) implies (c) for 0 < p <1 is Proposition 15.

7. APPLICATIONS TO WEIGHTED COMPOSITION OPERATORS, VOLTERRA TYPE
INTEGRATION OPERATORS AND CARLESON EMBEDDINGS

In this section we provide applications of our results on the Toeplitz type operator
@, in order to study the membership in the Schatten ideal .S, of weighted composition
and Volterra type integral operators acting on H2. We also obtain a description of when
the Carleson embedding R, (f) = f isin S,(H?, L*(u1)) for positive Borel measures p in B,,.

For a holomorphic function ¢ : B, — B,, the composition operator C, is given by
Cof = foypfor f € H(B,). Observe that, as ¢ is a bounded holomorphic function
on B,, it has radial limits ¢* almost everywhere. Given a function v € H(B,), the
weighted composition operator W, is given by W, . f = uC, f for f € H(B,,). We refer
to [6, 7, 26, 27| for studies of weighted composition operators acting on Hardy spaces. If
W, is acting on H?, then clearly u € H? and therefore it has radial limits u* almost
everywhere. Also it is well known and easy to see that (W, ,)*W,., = Qy, ., where fi, , is
the measure defined on Borel sets £ C B,, by

melB) = [ QP o)
e~ (E)NSn
Since W, , belongs to S,(H?) if and only if Q,,, , € S,/2(H?), and
[ deld [P
B S

=G w) Pt s, 1= {er(Q), w) Pt
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in view of Theorem 10, we obtain the following description of when the weighted compo-
sition operator W, , belongs to the Schatten ideal S,(H?).

Theorem 16. Let 0 < p < o0, u € H(B,) and ¢ : B, — B,, be holomorphic. Then
Wae € Sp(H?) if and only if, for t > t,/2 one has

eyt [ QP NP
(*-1) [ (a-were [ ) o <oo

As a consequence we can recover the result of Luecking and Zhu [18] on the membership
in the Schatten classes of composition operators acting on the Hardy space of the unit disk
D. We use the Nevanlinna counting function N defined as

Ny()= Y (1—|wf), =zeD\{p(0)},

w:p(w)=z

where the last sum is interpreted as being zero if z ¢ (D).
Corollary 17. Let ¢ : D — D analytic and 0 < p < co. Then C, € S,(H?) if and only if
Ny (2)
(1—1z])

Proof. For w € D and t > t,,/, consider the function f,(z) = (1 — 2w)~'~"/2, and observe

€ LP2(D, d)\,).

that do(0)
g _ 2~ 2 N2,
) |1 _ ¢*(C)m|2+t ||O<wa||H |C<wa(0)| + ||(C<wa) ||A1
By the change of variables formula (see [8]),
I(Co fu) I3 22/ (@@ ¢/ (2)]* (1= [2]*) dA(2) IQ/DIJ";(C)FN;(C)CJA(C),

where dA is the normalized area measure on D. In view of Theorem 16, we have C, €
S,(H?) if and only if

(72) mm:A(OwMW“A%¥%%QYQMMM<m

From here, the necessity follows from the fact that N7 satisfies the inequality (a consequence
of [8, Lemma 3.18])

(1 _ |w| 2+t N/ |1 _ Zw‘4+t ’
When p > 2, from (7.2) we obtain the sufficiency after an application of Holder’s inequality
with exponent p/2, and the typical integral estimate in Lemma G. The case 0 < p < 2
requires more work. Take an r-lattice {ay}, and let Dy = D(ay,r). Then

N*( )dA(
—_ N* )dA(z
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By [30, Proposition 11.4], for z € Dj, we have

1
Nz S e NZ(OPPAAE) S | Ni(€)P2a
(P S o L M@ S [ NerRane)

with Dy = D(ag,2r). This gives

N (2 (1 — Jaxl?) “(e\p/2 o
(RO e ([ werran)

k

NAD AN _ (1= faul
A i} p/2
</]D> |1 - Zm‘4+t ) Z |1 _ akU)’ (4+t)p/2 / N d)\l 5)
Inserting this into (7.2) and applying the typical integral estimate, we obtain
(1 = [w[*) P24\, (w)
)5 *(&\P/2
Sy ([ ) [, N
S>.0- \“kVQ)p/z/ﬁ NZ(E)dN (€).
k k

As (1—Jag]) = (1= [€]) for € € Dy, and because any point & € D belongs to at most N of
the sets Dy, we finally get

[<9">5;/ﬁk (iv_;(%)mdk(f)S/D(ivf—%)p/2dAl(g).

This finishes the proof. U

For a function g € H(B,,), the Volterra type integration operator .J, is defined as

! dt
z) = /0 f(tz)Rg(tz)7, z e B,

for f holomorphic in B,. An easy calculation provides the basic formula R(J,f) = fRg
involving the radial derivative R and the operator J,. If J, : H* — H? then it is well
known (and easy to see) that J;J, = Q,, with du, = |Rg| dvl, where now J denotes the
Hilbert adjoint respect to the inner product (f, g). = f(0)g(0) + an Rf Rg dvl. Therefore,
Jy is in S,(H?) if and only if Q,, belongs to S,/2(H?). By Theorem 10, this is equivalent
to

(7.3) /n ((1 — [w*)"* /Bn {fi@'ﬁjféiﬂ)pm dAn(w) < o0,
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for t > t,/. From this condition, it is easy to see that J, € S,(H?) if and only if g belongs
to the analytic Besov space B, when p > n, and g being constant when 0 < p < n. This
recovers the results from [2] and [20]. Indeed, if (7.3) holds, by “subharmonicity” we get

| (1ol [Rw))” dn,w) < .

Hence (7.3) implies that g € B, for p > n and g constant when 0 < p < n. Finally, if
p > n and g € B, we see that condition (7.3) is satisfied when p > 2 after an application
of Holder’s inequality and the typical integral estimate. Whenn =1 and 1 < p < 2, we
apply the inequality

Rg(:)P < ﬁ /D NLGIREC

and argue in a similar manner as in the case of composition operators.
The result obtained for the integration operator J, can be generalized. By the Littlewood-
Paley inequalities we have

16 f 2 =< IR(Jg )% = / ()] dpag(2)-
Hence we can view the operator J, on H? as the Carleson embedding from H? to L*(B,,, du,).
Next, we are going to characterize, for a positive Borel measure y, when the Carleson em-
bedding R, : H> = L*(u) := L?*(By,, du) is in S,. An easy computation yields R} R, = Q,,,
and from Theorem 10 we obtain the following description.

Theorem 18. Let i be a positive Borel measure on B, and 0 < p < oco. Then the Carleson
embedding Ry, is in S,(H?, L?(1)) if and only if Sy € LP*(B,,, d),) for t > t,s.

This characterization can be compared with the result obtained by Smith [25] in the case
of the unit disk. Also, it is easy to see that the Carleson embedding R,, is Hilbert-Schmidt

if and only if
d
/ M(Z)2 <o
B, (1—12%)

This is a consequence of the previous result with p = 2 after an application of Fubini’s
theorem and the Forelli-Rudin integral estimates.
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