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Abstract: β decay is a common process atomic nuclei go through to end up in a more stable
state. In this work I evaluate new nuclear matrix elements in order to obtain a correction to the
half-life of the 23Ne β decay. I use the shell model code Nathan to evaluate the wave functions of
23Ne and 23Na and the nuclear matrix elements. The new correction reduces the nuclear matrix
element of the decay of 23Ne by about 1%. This prediction can be compared with state-of-the-art
experiments that search for physics beyond the Standard Model in β decay measurements.

I. INTRODUCTION

The Standard Model is able to describe very accurately
a wide range of phenomena, from high-energy collisions
in the Large Hadron Collider to nuclear reactions in the
core of stars. Although this theory is fairly complete, it is
not able to describe some events, including dark matter
or the matter antimatter asymmetry of the universe.

Therefore it is important to reanalyze and improve this
model. This can be done by several experiments, but in
this work we focus on the β decay of 23Ne, which has been
recently measured with high precision [1]. This work con-
sists of adding some corrections to the theoretical predic-
tion of the half-life of the nucleus.

A. Beta decay

Beta decay is a radioactive decay that emits either an
electron or a positron, for β− or β+ decays, correspond-
ingly. In addition, electron capture (EC) is also possible.
These processes are summarized as

β− : AZX → A
Z+1Y + e− + νe, (1)

β+ : AZX → A
Z−1Y + e+ + νe, (2)

EC : AZX + e− → A
Z−1Y + νe, (3)

where A denotes the sum of protons and neutrons, Z is
the number of protons, X and Y are the initial and final
atomic nuclei correspondingly. In our case X and Y will
be 23Ne and 23Na.
β− decay is particularly interesting as in the vacuum it

releases energy, whereas in β+ decay and EC the energy
release is negative, so energy is needed for them to take
place, for instance if the final nucleus is more bound than
the initial one. Furthermore there are two types of β
decay, the Fermi β decay, in which the spin of the nucleus
stays the same, or Gamow-Teller β decay, in which the
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nucleus spin can change by one unit. Both processes are
included in the β decay half-life, which is given by [2]

T1/2 =
κ

f0(BF +BGT )
, (4)

where κ = 6147s, f0 is a phase integral that depends on
the type of β decay of interest and lastly BF and BGT

are the reduced transition probabilities for Fermi β decay
and Gamow-Teller β decay, respectively

BF = |(f ||ĈV
0 (q)||i)|2, (5)

BGT = |(f ||L̂A
1 (q)||i)|2, (6)

where |(f ||ĈV
0 (q)||i)| and |(f ||L̂A

1 (q)||i)| are the reduced

matrix elements of the operators ĈV
0 (q) and L̂A

1 (q), cor-
respondingly. The initial state |i⟩ is the 23Ne state and
the final state |f⟩ is the 23Na final state. These operators
are defined by [3]

ĈV
0 (q) ≃ gV

2
√
π

A∑
j=1

τ±j , (7)

L̂A
1 (q) ≃

igA

2
√
3π

A∑
j=1

σ⃗jτ
±
j , (8)

where gV = 1 is the vector coupling constant, gA = 1.27
is the axial vector coupling constant, σ⃗ is the spin oper-
ator and τ± is the spin. The summation is for all the
nucleons in the nucleus.

B. Shell model

The shell model describes the structure of atomic nu-
cleus thanks to Pauli’s exclusion principle. The atomic
nucleus is a system of neutrons and protons which in-
teract with each other following two-body interactions
described by the Schrödinger’s equation[∑

i

−ℏ2∇2
i

2mi
+

∑
i<j

V (r⃗i, r⃗j)

]
ψ(r⃗1, ..., r⃗A)

= Eψ(r⃗1, ..., r⃗A). (9)
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FIG. 1: Harmonic oscillator single-particle levels, extended
by the spin-orbit coupling. We distinguish between the core
used for the description of the 23Ne and 23Na, 16O, and the
configuration space where we will study the different transi-
tions, the sd shell. Adapted from [4].

The first term is the kinetic energy, the second one
describes the interaction between protons and neutrons
in positions r⃗i and r⃗j and E is the total energy for the
wave-function ψ. The Hamiltonian can be described in
terms of the mean field and a residual interaction between
nucleons as

H = T +
∑
i

v(r⃗i) + VRES . (10)

The first two terms can be represented as the harmonic
oscillator plus a spin-orbit interaction and compose the
mean field approximation, which helps us describe a
many-body interaction with a one-body potential. VRES

carries all interactions between nucleons. Only when the
spin-orbit term is added, one is able to theoretically ex-
plain numbers where nuclei becomes very stable. These
numbers are called magic numbers.

At first, we use many-body states, which are Slater
determinants describing neutrons and protons occupying
single-particle states. Figure 1 shows the single-particle
basis used to study 23Ne and 23Na. If we analyze more
massive nuclei we start having computational problems
in consequence of having to calculate an immense number
of Slater determinants. Slater determinants are given by

ϕ(x1, ..., xN ) =
1√
N !

∣∣∣∣∣∣∣∣∣
χ1(x1) χ2(x1) · · · χN (x1)
χ1(x2) χ2(x2) · · · χN (x2)

...
...

. . .
...

χ1(xN ) χ2(xN ) · · · χN (xN )

∣∣∣∣∣∣∣∣∣ .
(11)

In pursuance of calculating larger shells, shell model
code Nathan [5] takes the low energy nucleons as a core,
therefore this core will only need to be represented by a
single Slater determinant. The rest of nucleons will be
represented by a linear combination of Slater determi-
nants. This simplifies a lot our problem, now the equa-
tion to solve is [6]

Heff |ψ⟩ = E |ψ⟩ , (12)

with Heff being the effective Hamiltonian in the valance
space. In this work we assume a 16O core, which is
doubly-magic nucleus with 8 protons and 8 neutrons.

Therefore the valance space will be the sd shell, com-
prising the orbital with n = 0 and l = 2 and the orbital
n = 1 and l = 2, n being the principal quantum number
and l the orbital angular momentum quantum number.
Thus the single-particle orbitals for protons and neutrons
are d5/2, d3/2 and s1/2. In this work (12) is solved by us-
ing the shell-model code Nathan [5].

II. ANGULAR MOMENTA AND SPHERICAL
TENSORS

To go further in our research we need to define the
algebra which is very useful to study nuclear matrix el-
ements such as those of β decay. Starting with angular
momenta, for a system of two particles with well defined
angular momenta |j1,m1⟩ and |j2,m2⟩, we define the two-
body coupled state to angular momentum j as

|j1, j2; j,m⟩ =
∑

m1,m2

(j1,m1, j2,m2|j,m) |j1,m1, j2,m2⟩

=
∑

m1,m2

(−1)j1+j2+m

(
j1 j2 j
m1 m2 −m

)
|j1,m1, j2,m2⟩ ,

(13)

where |j1 − j2| < j < j1 + j2 is the coupled an-
gular momentum, and m = m1 + m2 is the projec-
tion of the coupled two-body angular momentum. Here
(j1,m1, j2,m2|j,m) are the Clebsch-Gordan coefficients
of this system, which can also be defined as 3j-symbols,
which are the symbols in braces in (13).
When coupling for three angular momenta, the change

of uncoupled basis to the coupled basis is given by the
6-j symbols which appear in braces, [2]

|j1, j2, j3(j23); j,m⟩ =∑
j12

(−1)j1+j2+j3+j ˆj12 ˆj23

{
j1 j2 j12
j3 j j23

}
|j1, j2, j3(j23); j,m⟩ .

(14)

Here ĵ =
√
2j + 1. Finally it’s also possible to couple

four angular momenta but 9-j symbols are needed, which
appear in brackets in (15).
In general, β decay operators can depend on radial and

also total angular momentum spaces. In virtue of having
each of them act in one space, the operator can be written
as the tensor product of two operators, TL = [TL1

, TL2
]

where TL1
and TL2

are two tensors with rank L1 and L2

that act on different spaces respectively. Therefore The-
orem I from [2] can be used to separate the calculation
in the two spaces:

(n′l′
1

2
j′||TL||nl

1

2
j) = ĵĵ′L̂

 l′ 1/2 j′

l 1/2 j
L1 L2 L


· (n′l′||TL1 ||nl)(

1

2
||TL2 ||

1

2
). (15)
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FIG. 2: Decay scheme of 23Ne to 23Na experimental results
[8] compared to the ones obtained by using the USDB nuclear
Hamiltonian. The experimental and calculated energies show
the different states which 23Ne can populate after its β decay.

III. EVALUATION OF NUCLEAR MATRIX
ELEMENTS FOR β DECAY

In this work I have implemented a new correction to
the β decay, using the shell model code Nathan. The β
decay that I evaluate is

23
10Ne→ 23

11Na+ e− + νe, (16)

where 23
10Ne has total angular momentum and parity

JP = 5/2+. After the decay, 23
11Na has a ground state

with J = 3/2+ and three other excited states with
JP = 3/2+, 5/2+ and 7/2+.

To evaluate the β decay operators I calculate the initial
and final states for neon and the sodium. To compute
this initial and final states I use the Hamiltonian for the
USDB interaction [7], which is really accurate for nuclei
in the sd shell.

There is an experimental energy measured for every
transition stated, but I numerically calculate all of them
to test the reliability of the calculations. Figure 2 shows
the experimental values and the ones calculated using
the USDB nuclear Hamiltonian with the shell model
code Nathan. The transitions to the lowest-energy states
(( 32 )

+
GS and (52 )

+
1 ) have a low discrepancy whereas in tran-

sitions to the higher-energy states ((72 )
+
1 and (32 )

+
2 ) there

is a larger discrepancy of about 200 keV. Finally these
energies can be used to compute the different Qβ for each
transition.

Recently, Ref.[3] derived an improved expression for
the β decay due to Gamow-Teller transitions such as for
23Na:

T−1
1/2 =

f0
κ
BGT (1 + δGT ), (17)

where δGT is the correction for the nuclear shape, which
should give us a more precise value for the half-life. This
shape correction is [3]

δGT ≈ 2

3

Qβ

q

[√
2
|(f ||M̂V

1 /q||i)|
|(f ||L̂A

1 ||i)|
− |(f ||ĈA

1 /q||i)|
|(f ||L̂A

1 ||i)|

]
, (18)

with β decay operators [3]:

L̂A
1 =

igA

2
√
3π

∑
j

σ⃗jτ
±
j , (19)

M̂V
1 =

iq

2
√
6πmN

∑
j

[gV L⃗j + µσ⃗j ]τ
±
j , (20)

ĈA
1 =

igAq

2
√
3πmN

∑
j

[r(σ⃗∇⃗) +
1

2
σ⃗]τ±j . (21)

Here mN = 939.565 MeV is the neutron mass, µ = 4.7
is the isovector magnetic moment of the nucleon and q

is the transferred linear momentum. L⃗ is the operator

for the orbital angular momentum, and r⃗ and ∇⃗ are the
radial and nabla operators. We identify q ≈ Qβ where

Qβ(f) =M(2310Ne)−M(2311Na)−M(e−) =

= mn −mp +B(2310Ne)−B(2311Na)−me − Eexc(f),
(22)

where B(2310Ne) and B(2311Na) are the binding energies
of Na and Ne nuclei and Eexc is the excitation en-
ergy of the final states shown in Fig. 2. From [9],
B(2310Ne) = 186.564 MeV and B(2311Na) = 182.979 MeV.

Therefore, Qβ(
3
2

+

GS
) = 4.369 MeV, Qβ(

5
2

+

1
) = 3.971

MeV, Qβ(
7
2

+

1
) = 2.200 MeV and Qβ(

3
2

+

2
) = 1.651 MeV.

The Fermi and Gamow-Teller operators are [2]

(l1,
1

2
, j1||σ||l2,

1

2
, j2) =

=
√
6δl1,l2 ĵ1ĵ2(−1)3/2+j1+l2

{
1/2 1/2 1
j2 j1 l1

}
. (23)

Other operators are needed to evaluate the operators
listed in Eqs.(20) and (21). First, we have the angular

momentum operator L⃗, which does not affect the radial
part and describes how the angular momentum affects
the transition probability. Using (14) we find

(l1,
1

2
, j1||L||l2,

1

2
, j2) = δl1,l2 ĵ1ĵ2

·
√
l1(l1 + 1)(2l1 + 1)(−1)3/2+j2+l2

{
l1 l2 1
j2 j1 1/2

}
.

(24)

Secondly, we need to evaluate the r(σ⃗∇⃗) operator, which
operates on the radial part and describes the recoil that
the nucleus suffers due to momentum conservation. We
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take the results obtained in [8]:

(n′l′
1

2
j′||r⃗(σ⃗∇⃗)||nl1

2
j)|j=l+ 1

2
=

√
2
√
2j′ + 1×[

δll′(l + 1)

{
l j′ 1

2
l + 1

2 l + 1 1

}(
⟨n′l|r ∂

∂r
|nl⟩ − lδnn′

)
−δl+2,l′

√
(l + 1)(l + 2)

{
l + 2 j′ 1

2
l + 1

2 l + 1 1

}
×(

⟨n′l + 2|r ∂
∂r

|nl⟩ − −l ⟨n′l + 2|nl⟩
)]
, (25)

(n′l′
1

2
j′||r⃗(σ⃗∇⃗)||nl1

2
j)|j=l− 1

2
=

√
2
√
2j′ + 1×[

δll′ l

{
l j′ 1

2
l − 1

2 l − 1 1

}(
⟨n′l|r ∂

∂r
|nl⟩+ (l + 1)δnn′

)
−δl+2,l′ ·

√
l(l − 1)

{
l − 2 j′ 1

2
l − 1

2 l − 1 1

}
×(

⟨n′l + 2|r ∂
∂r

|nl⟩ − −l ⟨n′l + 2|nl⟩
)]
, (26)

for two different cases, j = l − 1
2 and j = l + 1

2 .

Now, I also evaluate the single-particle matrix elements
between the basis states in the sd shell with their cor-
responding relative factors in Tables I, II, III, IV and
V. I use the code Nathan writing a new subroutine for
each operator. I did two independent test for Tables II
and III, one by directly computing the matrix elements

for [r(σ⃗∇⃗) + 1
2 σ⃗] in the shell code model Nathan and

secondly computing the matrix elements separately and
then adding them up, obtaining the same values.

The first thing to notice is that for the Gamow-Teller
and angular momentum operators there are some zeros
due to the deltas appearing in Eqs.(23) and (24). In par-

ticular for L⃗ there are zeros alongside the 1s1/2 column
and row as l = 0 for the s shell. Also, in both operators
the non-diagonal elements are antisymmetric.

σ⃗ 0d5/2 1s1/2 0d3/2

0d5/2 2.89828 0 -3.09839

1s1/2 0 2.44949 0

0d3/2 3.09839 0 -1.54919

TABLE I: Gamow-Teller operator single-particle matrix
elements for the single-particle orbitals of the sd shell.

L⃗ 0d5/2 1s1/2 0d3/2

0d5/2 5.7966 0 1.5492

1s1/2 0 0 0

0d3/2 -1.5492 0 4.6476

TABLE II: Same as Table I for the orbital angular mo-
mentum operator.

r⃗(σ⃗∇⃗) 0d5/2 1s1/2 0d3/2

0d5/2 -1.4491 0 -2.3238

1s1/2 0 -1,2247 0

0d3/2 -5.4222 0 0.7745

TABLE III: Same as Table I for the radial correction to
the Gamow-Teller operator.

gV L⃗+ µσ⃗ 0d5/2 1s1/2 0d3/2

0d5/2 19.418 0 -13.013

1s1/2 0 11.513 0

0d3/2 13.013 0 -2.634

TABLE IV: Same as Table I for the reduced matrix ele-
ments relevant for the M̂V

1 operator.

gA[r(σ⃗∇⃗) + 1
2
σ⃗] 0d5/2 1s1/2 0d3/2

0d5/2 0 0 -4.91

1s1/2 0 0 0

0d3/2 -4.91 0 0

TABLE V: Same as Table I for the reduced matrix ele-
ments relevant for the ĈA

1 operator.

Comparing the single-particle matrix elements in Ta-
bles IV and V we can expect that the M̂V

1 correction is

going to be larger than the ĈA
1 correction. Nonetheless

we have to calculate the many-body nuclear matrix ele-
ments between the initial and final states of the β decay
to conclude if it affects the results by much:

(f ||gAσ⃗||i), (27)

(f ||gV L⃗+ µσ⃗||i), (28)

(f ||r(σ⃗∇⃗) +
1

2
σ⃗||i). (29)

Transition (f ||σ⃗||i) (f ||L||i) (f ||r(σ⃗∇⃗)||i)
( 5
2
)+GS → ( 3

2
)+GS 0.281 2.54 1.02

( 5
2
)+GS → ( 5

2
)+1 0.295 1.93 1.03

( 5
2
)+GS → ( 7

2
)+1 0.0922 1.12 0.274

( 5
2
)+GS → ( 3

2
)+∗
GS 0.219 0.320 0.0995

(f ||L̂A
1 ||i) (f || M̂

V
1

L̂A
1

||i) (f || Ĉ
A
1

L̂A
1

||i)

( 5
2
)+GS → ( 3

2
)+GS 0.0581 0.0356 0.0192

( 5
2
)+GS → ( 5

2
)+1 0.0610 0.0265 0.0169

( 5
2
)+GS → ( 7

2
)+1 0.0191 0.0220 0.00814

( 5
2
)+GS → ( 3

2
)+∗
2 0.0453 0.00603 0.00168

TABLE VI: Value of the many-body nuclear matrix
elements for the operators contributing to the 23Ne β
decay (results shown with three significant digits).
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+
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→ 3

2

+

2

1
+

δ G
T

FIG. 3: Modification of the reduced transition probability for
the four possible decays of the 23Ne into 23Na. The leading
Gamow-Teller result (black) is modified by the correction due

to the M̂V
1 (blue) and ĈA

1 operators, which combine to the
final result (red).

We now calculate these many-body nuclear matrix ele-
ments and we obtain the values shown in Table VI. These
results have been tested by exchanging bras and kets, ob-
taining the same values.

The first term of the correction δGT in Eq. (18) has
been already calculated in Ref.[10]. Table VI collects the
results for the many-body nuclear matrix elements en-
tering this correction, proportional to the operator M̂V

1 .
They reproduce the results found in Ref.[10]. In addition,
Table VI also lists the nuclear matrix elements of the sec-
ond correction of δGT , corresponding to the operator ĈA

1 .
These results have been obtained for the first time in this
work. Table VI indicates that for the four possible beta
decays the contribution from the MV

1 operator is larger

than the one from the ĈA
1 operator, typically by a factor

2 or so.
Figure 3 compares the original Gamow-Teller contri-

bution to the decay of 23Ne with the corrections due to
δGT . Firstly, in black we see the result of the leading
Gamow-Teller result. Secondly, in blue we see the result
if we do not add the correction due to the ĈA

1 opera-
tor evaluated in this work. In this case δGT varies as

much as the 2% over the transitions, we obtain 1.033
for the ( 52 )

+
GS → ( 32 )

+
GS transition and 1.005 for the

( 52 )
+
GS → ( 32 )

+∗
2 transition.

Finally, if we add the last term, red lines in Fig. 3,
the values for all transitions become closer to 1. This
is because the correction from ĈA

1 term enters δGT with
a negative sign, see Eq. (18). In this case the value of
δGT for the ( 52 )

+
GS → ( 52 )

+
1 transition is smaller than the

one for the ( 52 )
+
GS → ( 72 )

+
1 one. The difference between

adding the last correction and not doing it is of the order
of 1%, with a maximum of 1.28% for the ( 52 )

+
GS → ( 32 )

+
GS

transition and a minimum of 0.30% for the ( 52 )
+
GS →

( 32 )
+
2 one.

IV. CONCLUSIONS

To summarise my work I have calculated new matrix
elements that are involved in the half-life of the 23Ne β
decay. We can see in Eq. (18) two terms, the first one
was calculated in Ref.[10] whereas the second term has
been calculated for the first time in this work. Reference
[10] assumed that the contribution from the ĈA

1 operator,
calculated for the first time in this work, was smaller than
the M̂V

1 contribution. However, this work shows that the

ĈA
1 contribution is roughly a factor two smaller than the

M̂V
1 correction.

Taking into account the ĈA
1 operator the decay half-

life becomes smaller by 1%. If future experimental mea-
surements of the 23Ne half-life have a 1% precision, my
results should be taken into account in the comparison
of experimental data with theoretical calculations.
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