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We study the dynamics of matter undergoing a first order phase transition in an expanding

universe.

We contemplate the scenario where the universe experiences significant supercooling,

leading to local instability known as spinodal instability. We use second-order hydrodynamics to
derive the equation that governs the behavior of the unstable modes that arise in this situation,

and numerically solve it.

The resulting solutions differ significantly from the ones found for a

flat universe. Specifically, we observe a damped behaviour and a notable time dependence in the
momentum range of the unstable modes, highlighting the richer dynamics at play. Finally, we
model this time dependence using an adiabatic approximation and show that it captures the main
momentum and expansion rate dependence of unstable modes growth.

I. INTRODUCTION

In the field of cosmology, one of the intriguing aspects
of the early universe is the occurrence of phase transi-
tions. These transitions involve changes in the funda-
mental properties of matter. While the standard model
does not posses a first-order phase transition, many of its
extensions show such behaviour. If that is the case, the
early universe can probe the dynamics of the transitions
as it cools and expands [1]. Such phase transitions in the
early universe are known to generate gravitational waves
that have the potential to be detected in forthcoming
experiments like the LISA mission.

A precise understanding of the dynamics involved in
the phase transition may be crucial in the discovery pro-
cess. Conventionally, the phase transition is believed to
occur through the nucleation of bubbles, where the stable
phase forms within the metastable phase that has been
supercooled. However, it has been observed [2, 3] that
under certain conditions the nucleation rate may be suf-
ficiently suppressed enabling the universe to continue to
supercool until reaching the end of the metastable branch
(for further details, refer to Sec. 3.1 in [2]). In such con-
ditions, the universe eventually enters the spinodal re-
gion (FIG. 1), and the transition progresses through the
exponential growth of unstable modes and subsequent
formation, merging, and relaxation of phase domains [3].

FIG. 1 shows the different phases the early universe
can undergo. States lying along the red dashed-dotted
curve are thermodynamically unstable due to their neg-
ative specific heat. In this situation, the primary pertur-
bations that arise are in the form of sound modes with
an imaginary speed of sound, while other perturbations,
such as those originating from diffusion, can be neglected.
Therefore, the dynamics of these states will be studied
by examining the behavior of their sound modes. The
spinodal instability is well known in the case of a static
universe [2-5]. The study considering an expanding uni-
verse has yet to be done. Within this context, the aim
of this work is to study the behaviour of states in the
spinodal region for a dynamical geometry.
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FIG. 1: Energy density as a function of temperature of a
typical first-order phase transition. The thermodynamically
stable states are represented by the solid, blue curves. The
metastable states are depicted by the dashed, brown curves.
The unstable states are indicated by the dashed-dotted, red
curve. A is the characteristic energy scale of the system. (Fig-
ure taken from [2]).

In Sec. II, we provide a derivation of the equation gov-
erning the sound modes using second-order hydrodynam-
ics. Subsequently, in Sec. III, we numerically solve these
equations using the RK4 method and analyze the results
in three distinct contexts. First, we assume the universe
to be flat and determine the analytical behaviour of the
unstable modes. Secondly, by setting a constant speed
of sound, |c,| = 1/v/30, we gain a comprehensive under-
standing of the equation and its deviations from the case
of a static universe. Finally, we explore a variable speed
of sound, which, as we will argue, better approximates
the dynamics of overcooled matter in the vicinity of the
spinodal transition.

II. DYNAMICS OF SOUND MODES IN
DE-SITTER

De-Sitter space (dS) is a theoretical framework that
effectively captures the expansion characteristic of the
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early universe. With our choice of coordinates, its line
element is

ds® = —dt* + 2"t dx;dx’. (1)

The curvature of dS is set by the parameter H, which is
its intrinsic Hubble constant.

Let us assume an expanding universe, modeled by d.S,
containing a viscous fluid. Its stress-tensor reads

T = eutu” + A*p + TIM, (2)

where A*p = g +u*u” serves as a projection operator
on the space orthogonal to the fluid velocity, and g*” is
the metric defined in eq.(1). The viscous stress tensor
II#” which plays a crucial role in characterizing the ef-
fects of viscosity, can be determined using second-order
hydrodynamics [5, 6].

The conservation of the stress tensor yields

De + (e +p) V,u*
(e+p)Du* +Vip+ AyV

— "'V, u,) =0

vV, I = 0. 3)
Here the (. .) denote symmetrization and we have
introduced the shorthand notations D = vV, and

¢ = AreV,, for the projection of derivatives parallel
and perpendicular to u* respectively.

Consider small perturbations of energy density and
fluid velocity in a system that is initially in equilibrium
and at rest. Due to the isotropy of the fluid, we can
choose both the momentum k and the velocity u to align
with the z-direction. As a result, the perturbation only
depends on a single spatial coordinate. In what follows,
we will work in the local rest frame, u* = (1,0) so we
can focus on the relevant dynamics and properties of the
states without considering the effects of fluid motion. We
can obtain the equations that describe the sound modes
by introducing this perturbations into eqs.(3),

0roe + (€ + p) O 0u” =0

(e +p) (Opou® + Hou®) + e 2119,5p + V611" = 0.
(4)
Considering a system without conserved charges, all mo-
mentum is due to the flow of energy density, i.e. u#TH” =
eu’ = u, /1" = 0. This condition implies §II% = 0.
Hence the only not-vanishing term of the viscous stress
tensor that contributes in eqs.(4) is 6II**, which can be
written in terms of second-order gradients and reads

OI* = "2 0u” + fre 925,

()

We can write the sound attenuation in de-Sitter space,
T'ys, and the longitudinal transport coefficient, fr, in
terms of the shear and bulk viscosity coefficients, 7
and (¢ respectively, and other second order transport
coefficients as

—(e+p)as(H)e
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Tus(H) = % U {1 + <T7T - g) H]

+
‘ Cp (6)
+€+p[1+ T — 277 H]
2 4
fL:*::p (3777n+CTH>~ (7)

The proof of eq.(5), as well as the derivation of both
coefficients, can be found in the Appendix.

We can solve eqs.(4) using a spatial Fourier ansatz:
Se = e*fei(t) and du' = e*®gul(t). In this rep-
resentation, x is a comoving coordinate. And, since
the physical wavelength of this modes grows in time as
k;hlys = ef*L~1 due to the universe expansion, k is not
the physical momentum but a mathematical parameter
that represents the initial momentum of the mode. In
terms of the Fourier components, eqgs.(4) become

Oydey, + ik(e + p)ouy =0 (8)
(e+p) [00uf + Houf] + ike 22 5¢y, (©)
+ k2 (e + p)e 2 ouf — ik3 fre=tse;, = 0,

where we have used the state equation to compute the
pressure gradient as 9,p = (dp/de)de = 2, e.

From the continuity equation in dS (first equation
in egs.(3)) one knows the behaviour of the background
energy. In the local rest frame D — 0, V,ut =
Quut + Th u? = Tju® = H and Vauy) = 0. Then
Oe = —H (e + p). Combining eq.(8) and (9) and using
this result, one finds that the energy density perturba-
tions for a viscous fluid in an expanding universe behave
following a differential equation that reads

(9,5256k + (k2 *ZHthS(H) + (2 + Cz) ) Oi0¢y,

k'2 —2Ht ( kQ —2Hth) 66[@ —0. (10)

In the limit of Minkowski space (H — 0), we recover the
sound mode equations for a static universe, which can
be found in the appendix section of [3]. However, in the
presence of a non-zero Hubble parameter, we need to pay
extra attention to the term (2 + ¢2)H, which acts like a
viscosity arising from the expansion of the universe. It is
important to note that this term only acts as a viscosity
when |c?| < 2, which is satisfied in our study cases as
discussed in Sec. IIIC. Based on this, we can already
deduce that the perturbations will exhibit a damped be-
havior compared to the Minkowski case.

III. SPINODAL INSTABILITY
A. Spinodal instability in flat space

In order to validate the numerical procedure, we will
also simulate the Minkowski case with a constant speed
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of sound, as it has an analytical solution. The speed of
sound is defined by ¢? = dP/de = s/c,, where s is the
entropy density, and ¢, is the specific heat. In the spin-
odal region ¢, is negative and, since the entropy density
is positive everywhere, ¢2 is also negative and hence, c;
imaginary. In order to study states that are located near
the spinodal point, we set the value of sound speed to be
small, |c,| = 1/4/30.

In this context, setting H = 0 in eq.(10) provides a
solution that is also documented in [2, 3]. This solution
yields the following growth rate, up to second order in
momentum, for the unstable modes,

k2
1K) = Hleo| = ST (1)

We observe that the perturbations will only grow for
momenta in the range 0 < k < k, = % ~ 1.38T.
The numerical values used for I' are discussed in Sec.
IIIB. The spinodal instability exhibits an infrared na-
ture, indicating that only modes with momentum be-
low a specific threshold are susceptible to instability.
The most unstable mode, corresponding to the mode
with the largest growth rate, has momentum given by

kmax = % ~ 0.697. We will use these results to verify
the accuracy of our numerical calculations. Furthermore,
since the unstable modes dominate the dynamics of the
system, and since their typical momentum is k S 7T, we

conclude that hydrodynamics is a valid approximation.

B. Spinodal instability in de-Sitter with fixed
sound speed

Before analyzing the real physical situation, let us be-
gin by considering a simpler case with constant sound
speed, in specific |c,| = 1/4/30. This choice will let us
compare the dynamics in dS and in Minkowski space.

Unlike the flat universe case, eq.(10) is not analyti-
cally solvable and numerical methods are required. The
computations were performed in Fortran using the RK4
method. In order to carry out these computations, we
treated the temperature as an independent parameter
and expressed all other variables in terms of it. The
choice of viscosity coefficients was based on existing lit-
erature, specifically references such as [2, 3, 7]. Briefly,
we set Tgs(t = t5) = = & and fp = —T%g/4 where
ts represents the time at which the perturbation forms
at the spinodal point. However, it is important to note
that in the de-Sitter space, these coefficients will have
a dependence on time, given by ~ ef(t=t) due to the
thermal variation induced by the universe expansion. In
addition, it is worth noting that the growth of unstable
modes will be more pronounced for smaller values of H,
as the expansion of the universe acts as a damping viscos-
ity on the perturbations. To ensure that our study differs
significantly from the case of a static universe while still
allowing for analysis of important unstable modes, we set
H = 0.01T. Other values of H will be explored in Sec.
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FIG. 2: Perturbations energy as a function of the mode’s
momentum for different times ( ¢7° = 50 indicated in black
and t7 = 100 indicated in red) and for both the Minkowski
(dashed curves) and de-Sitter (solid curves) cases.
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FIG. 3: Maximum mode (shown in black) and the threshold
mode (shown in red) as functions of the time for for both the
Minkowski (dashed curves) and de-Sitter (solid curves) cases.

IITC. Moreover, all the computations have been made
assuming an initial amplitude of 0.17".

FIG. 2 shows the behaviour of the perturbation for dif-
ferent modes in both the dS and Minkowski cases. The
numerical results in the Minkowski case align with the
anticipated values, providing confirmation of the validity
of the computations. Regarding the results in dS, we
observe that they exhibit a damped behavior compared
to the static universe case, as predicted earlier. Further-
more, both the most unstable mode and the threshold
shift to larger momenta as time progresses.

The complete time evolution of these modes is depicted
in FIG. 3, in which we recognize that the perturbations
become frozen after a certain amount of time has passed.
This freezing behavior can be deduced from eq.(13) in the
limit of large times by introducing the variable transfor-
mation 7 = e~ H*. One obtains a power series solution
in terms of 7, and in the limit of large times, only the
zeroth-order term remains. This term is a constant that
depends on k and H. This serves as a further test for our
numerical results.

It is important to note that, unlike the Minkowski case,
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FIG. 4: Perturbation’s behaviour for a mode with momentum
k > k.(0). The value d¢(0) has also been illustrated by a
dotted grey curve.

in the de Sitter universe the value of k, increases with
time. This means that an initially stable mode with k >
k.(0) may eventually enter the unstable range 0 < k <
k.. As aresult, the mode initially experiences a damping
effect, causing it to decrease in amplitude. However, as
time progresses the mode eventually surpasses its initial
value and becomes unstable. This behavior is illustrated
in FIG. 4 for a specific mode.

C. Spinodal instability in de-Sitter with variable
sound speed

In the real physical case, we start by examining a state
that is initially located at the spinodal point, where the
sound speed is zero. Subsequently, we observe its time
evolution and analyze the behavior of the sound modes
as they penetrate further into the spinodal branch, lead-
ing to increasingly imaginary sound speeds. As a result,
the state predominantly resides near the spinodal point
for most of its time within the spinodal region. Con-
sequently, the region around the spinodal point plays
a crucial role in the phase transition of the early uni-
verse. Therefore, our study will focus on small sound
velocities, where the growth of unstable modes accepts
a linear analysis. In this context, the thermal time-scale
is much shorter than the time-scale of variations in our
system, indicating that the gradients are small enough to
assume the viscosity coefficients to be constant. Close to
the spinodal point, the sound speed exhibits a parabolic
behavior with temperature (see FIG. 1),

T
2
= —oy/ = —1 12
s o ; , (12)

where « is a dimensionless parameter with origin in the
state equation and we have assumed it to be o = 1/3.
Considering that the expansion of the universe is isen-
tropic and using the sound speed definition, we have
1dI'  sdl'lds

—_— — - = 2
Tde Tdssdt SHC;. (13)
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FIG. 5: Perturbations energy as a function of the mode’s
momentum for different times.

Combining both equations, we find that the temperature
close to the spinodal point satisfies

1dT T

Around the spinodal point, ¢ — t5, we can write the
solution of this equation as a power series in time. Sub-
stituting this result into eq.(12), we find that close to the
spinodal point

= gHaz(ts —t). (15)

This assumption is only valid at regions near the spin-
odal point. Therefore, we will limit our calculations to
a specific time, denoted as tjj,, which is defined as the
time when d¢/€(tyim) = 1 for an arbitrary momentum. In
other words, it is the time at which the perturbation ex-
hibits a linear behavior. To facilitate our analysis, we will
work with dimensionless variables, specifically de/e. To
do so, we perform the following variable change, de = €ede,
while keeping in mind that the background energy time
dependence is 0, = —H (e +p) as stated previously. The
behavior of the perturbations for different modes in the
linear regime is shown in FIG. 5.

FIG. 5 clearly demonstrates that both k.. and k.
shift towards higher momenta as time elapses. We can
model their specific behavior by assuming an adiabatic
expansion. Indeed, in the linear regime, we can make the
assumption that Ht — 0. Consequently, eq.(10) becomes
the same as the one found in the case of a flat universe
but with a variable speed of sound. In this scenario,
we can consider the expansion of the unstable modes to
be adiabatic, meaning that de/e ~ ¢7%1) where 5(k,t)
represents the sum of all the Minkowski growth rates over
time. This is

Y(k,t) = /tt [kcs(t’)| - Ifr} dt'

/2 r
=/ 30 H(t - ts)3 %k — 5t —ts)k.
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FIG. 6: kmaz/k,“ndjg as a time function for different values of
the Hubble’s parameter in the linear regime.
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FIG. 7: k./k2%" as a time function for different values of the
Hubble’s parameter in the linear regime.

Hence the most unstable and threshold modes are

Eodit — \/202H (t —t,)/3T2 k2% = okadib — (17)

In FIG. 6 and 7 we have presented the results for dif-
ferent values of H. Eq.(17) tells that for larger values
of H, both k4. and k, move to larger momenta more
rapidly. To ensure that the behavior of the modes in the
linear regime is independent of the magnitude of the uni-
verse expansion, we have illustrated their quotient with

their adiabatic counterparts. It is interesting to observe
that the most unstable and threshold mode computed
stabilize at values ky,q, ~ 2.4k2%% and k, ~~ 2k2%.

It is important to mention that the adiabatic approx-
imation is only effective in describing the momentum of
the most unstable and threshold modes, but it does not

accurately describe the amplitude of the unstable modes.

IV. CONCLUSIONS

This study investigates the behavior of states in the
spinodal region within an expanding universe, with a par-
ticular focus on the dynamics of sound modes during the
phase transition of the early universe.

Considering small perturbations in energy density and
fluid velocity we have determined a differential equation
for energy fluctuations. By analyzing the system’s be-
havior as it progresses deeper into the spinodal branch,
we have gained valuable insights into the characteristics
of unstable modes. Specifically, we have determined that
the spinodal instability exhibits an infrared nature, with
only modes of lower momenta being susceptible to insta-
bility. Furthermore, we have obtained the time evolution
of both the most unstable mode and the threshold mode.
Notably, near the spinodal point, we can model both
kmaz and k, by assuming that the unstable modes exhibit
an adiabatic expansion, resulting in k., &~ 2.4k2%% and
k. ~ 2k2%® regardless of the value of H.

In summary, this research provides insights into the
dynamics of sound modes in the spinodal region of an
expanding universe. A further non-linear analysis of the
system using hydrodynamics beyond the linearized ap-
proximation should be performed to fully understand
how the early universe phase transition occurred.
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Appendix A: Viscous-stress tensor perturbations

In this section a detailed proof of eq.(5) is provided.
The viscous-stress tensor can be written as an expansion
of gradients using all the symmetric traceless tensors and
scalars that can be form independently. Up to second
order one has

I = gh¥ 4+ APV

«
T = —not + nr. Do <M= 4t Lgu ot

+ KRS 4 /@*2uauﬂR°‘<’“’>ﬁ
+ Aot 4 Ago QR
+ A5 + AV InsVY” Ins
I =—((Vau®) + (m(Vau®) + &10" oy
+ &(Vau®)? + &A™y,
+ §4Vj InsV/ Ins + &R + Euu’ Rup.

Let us introduce first the perturbation into the sym-
metric traceless part, 7%%:

(A1)

Vau®
o™ = —ndo®® + N 6(Do®®) + 71 ( 3u 0“)

+ KORS> 4 5*26 (uqug R*<**>F).  (A2)

The other terms vanish when introducing the perturba-
tions since they will always have spatial derivatives of
the velocity or energy density of the background and are,
hence, null. The terms in eq.(A2) are then computed
individually. The resulting expressions are

. 2
—ndo™ = —n QV(J_ ou®) — ggmvwéuz
4
_ _§n€_2Htaw5um

N7 0(Dc™) = n7:(6D)o™ + nrDdc™*

4
= +gTﬂne*2Ht8t8z5uI

nTrd (VC;)U am) =7y [6 (Voéu ) o™ + Loéu do™*

4  _omTE -
= 3ne 2Ht§H8x5u .
To compute the fourth one, we notice R, = 8>\F;‘$ —
9. T\ + ngri;\)\ - FS\)/\sz = 0oLy, — T30, = Hgeo-
Therefore R<**> ~ §g*® = 0. Finally the fifth term

reads
5(uauBRa<m:>ﬁ) — 5(uau,3)R°‘<m>ﬁ + UaU55Ra<m>ﬁ
=0.

In the expression above, the first part becomes zero be-
cause R% , = R%rzz = 0 and it only remains when ei-
ther @« = z and 8 = 0, or vice versa. Consequently,
Re<zz>B — (. The second part disappears because
it only persists when « = § = 0, and in that case,

R220 = —Hg,,. Hence, we have JR*<%*>8 ~ §¢** = (.
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When perturbing the trace part of the viscous tensor,
the following terms are the only ones that remain non-
Zero,

OIl = —(6(Vau®) + ¢rnd(DV u)
+ 60 (Vau®)? + &R + E60(uausR™?).  (A3)

Again, we compute 0IT term by term. The first three
read

—(Vaou® = =V o0u” = —(0,0u”
Cmo(DV qu®) = ¢ (0 DV qu®+ DV o, 6u®) = {0y 0 0u”

66 (Vau®)? = 26V qu®(Vadu®) = 2074 Hy6u®

where we have used that V du® = 9,6u’ and have defined
& = (q;. The fourth term is null since we suppose that
the perturbations don’t act in the metrics, hence neither
in the curvature. The fifth term can be expressed in two
parts: §(u“uP)Rap + u*uP6Rys. The first one is zero
because R0 = Ror, = 0 and the second one vanishes
since we suppose 6gng = 0.

Finally introducing the computed terms of eq.(A2) and
(A3) into eq.(Al), one finds that the perturbation of the
general stress-tensor reads

SII™* = om™* + e~ 21611

- _ En (1 - T3”H> +¢(1 - 2@1}1)} e 219, 5u”

+ <§7mr + §TH> e 2H Y 5,6u”.

(A4)

In the second part of the last equation, one can substitute
the time derivative of the velocity with a spatial deriva-
tive of the energy density. Indeed, differentiating the
relativistic Navier-Stokes equation for the perturbations
(bottom eqs.(4)) with respect to the spatial coordinate
x, one finds

2
Bp00u® = ——2 e "2H 25¢ — O, 5u" + O(8°...).

€E+p

Here the higher order in gradients terms come from the
viscous stress tensor part. With this, I1** can be written
as

4 *
ST =~ [1 + <T,r - Tg) H} e 2, Su”

+ ([1 + (7'1-[ — 275)H]672Ht8x5u‘r

- & é1]7' + ¢y | e 492 5e
e+p\3' "

This equation takes the same form as the one previ-
ously introduced (eq.(5)) if we define a sound attenuation
in de Sitter space and identify the longitudinal transport
coefficient as given by eq.(6) and (7).
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