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Chapter 1

Introduction

Fermat’s Last Theorem states the equation

an + bn + cn = 0

has only trivial solutions, i.e abc = 0, for n > 2 and a, b, c integers. The
idea of the proof is to attach the Frey Curve

Eap,bp,cp : y
2 = x(x− ap)(x+ bp),

of course we assume a, b, c are coprime integers with a ≡ −1 mod 4 and
2|b. The conductor of this curve is

Nap,bp,cp =
∏

ℓ|abc, ℓ prime

ℓ.

The curve is semistable and so modular by Wile’s Theorem, since the
conductor is of the form 2N for some odd integer N , we can apply Ribet’s
Theorem to show there is a weight 2 newform g of level 2 such that ρ̄g ∼=
ρ̄Eap,bp,cp

. This arises a contradiction, because there are no weight 2 neforms
of level 2.

The first section is devoted to introduce the concepts needed to under-
stand in more extense this proof. So, Galois representations, modular forms
and Elliptics are introduced and some results stated. At the end, a more
detailed proof is given.

In the second section we consider solutions over some real quadratic feilds
K. We show a non-trivial solution in K gives rise to a non-trivial solution
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in the ring of integers OK . We consider the same Frey curve in hope to get
a contradiction. The conductor is given by

N = msm ·
∏
P∈S

Pr
P ·

∏
q|abc,q /∈S∪{m}

where m is an ideal that arises due to K not having class number one
(so we cant consider a, b, c, coprime) and S is the set of primes above 2.
The curve is semistable outside S ∪ {m}. Applying a version of the Level
Lowering to the representation ρ̄E,p we conclude there exists a parallel weight
2 Hillbert newfor f and level divisble only by the primes S ∪ {m}. At this
point we dont get a contradiction, so we will have to deviate a little from the
Fermat’s Last Theorem.

A simple analogy of our strategy at this point is shown when one tries to
solve the Serre-Mazur-Kraus equation (that is explained in Appendix A)

xp + Lryp + zp = 0

where one gets another elliptic curve E ′ with 2-full torsion and poten-
tially. Studying the images of inertia one concludes E ′ has potentially good
reduction outside S.

There are curves with such properties and we still don’t get a contradic-
tion. But to this elliptic curve E ′ with full 2-torsion we can prove this comes
from an OS-point. And studying the S-unit equation on our field K gives us
a contradiction.
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Chapter 2

Fermat’s Last Theorem

Theorem 1 (Fermat’s Last Theorem). For an integer n > 2 the equation

an + bn = cn a, b, c ∈ Q (2.1)

has only trivial solutions, i.e. abc = 0.

It was stated by Pierre de Fermat in 1637 and a complete proof was pub-
lished in 1995 by Andrew Wiles. The proof was a work of innumberable
mathematicians and needed new tools. In this chapter we introduce these
objects: elliptic curves, modular forms and Galois representaion; we will men-
tion the most notorious results, amongst others the remarkable modularity
theorem. At the end of the section an idea of a proof will be presented.

2.1 Galois Representations

2.1.1 The Krull topology

Consider the rationals Q and an algebraic cloussure Q; our first step towards
the definition of a Galois representation will be to endow the Galois Group
GQ := Gal(Q/Q) with the Krull topology.

We consider a general Galois extensionM/L and its Galois group Gal(M/L).
We define an inverse system, the objects are the Galois groups Gal(Ki/L)
where Ki/L is a finite Galois extension such that Ki ⊂ M . The order is
defined Gal(Ki/L) ≤ Gal(Kj/L) iff Ki ⊂ Kj. Finally, the maps
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φij : Gal(Kj/L) −→ Gal(Ki/L)

σ 7→ σ|Ki
.

These maps are well defined because for any element σ ∈ Gal(Kj/L) and
Galois subextension Ki/L we have σ(Ki) ⊂ Ki.

Let’s check in fact this is an inverse system, the condition φii = Id is
trivial, and if φjk ◦ φij = φik for Ki ⊂ Kj ⊂ Kk is also satisfied because φij

and φjk are the restriction maps.

Theorem 2. Let M/L be a Galois extension with Galois group Gal(M/L).
Consider the inverse system defined above, then there is a group isomorphism

Ψ : Gal(M/L)
∼−→ lim←−

K

Gal(K/L)

σ 7→ (σ|K).

Proof. First of all, the map Ψ is well defined since (σ|K) ∈
∏

K Gal(K/L)
and φij(σ|Kj

) = σ|Ki
for Ki ⊂ Kj. It is a group homomorphism because

(σ ◦ τ)|K = σ|K ◦ τ|K (because we are dealing with Galois extensions τ(K) ⊂
K). It remains to show its bijective.

Injective: If σ ̸= Id then for some x ∈ M , σ(x) ̸= x. Hence there is a
finite Galois extension K/L and x ∈ K so σ|K ̸= Id.

Surjective: Consider any (σK) ∈ lim←−
K

Gal(K/L). If x ∈ Ki ∩ Kj then

σKi
(x) = σKj

(x) since Ki ∩Kj/L is a finite Galois extension so

σKi
(x) = σKi∩Kj

(x) = σKj
(x).

Hence define σ : M →M by σ(x) := σK(x) for some finite Galois exten-
sion K containing x. The map is well defined, since any element of M lives
in some finite extension of L and similar arguments as before show this map
is a field autormorphism and leaves K fixed.

We endow Gal(K/L) with the discrete topology, the product topology on∏
K Gal(K/L), and lim←−

K

Gal(K/L) with the subspace topology; then Gal(M/L)

inherits a topology via the map Ψ called the Krull topology.
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Althoug the groups Gal(K/L) have the discrete topology but the product∏
K Gal(K/L) does not have the discrete topology when the extension M/L

is infinite. Certainly, a basis for the product topology is given by

B′ =

{∏
K

UK : UK ⊂ Gal(K/L) and UK ̸= Gal(K/L) for finitely many K

}
.

From theese expressions it follows a basis of the neighbourhoods of the
identity Id ∈

∏
K Gal(K/L) is given by

B′
Id =

{∏
K

UK : UK = Gal(L/K) or, for finitely many K, UK = {Id}
}
.

And from the last expression, a basis of neighbourhoods for the identity
Id ∈ Gal(M/L) (the identity of the galois group) is given by

BId =

{
Gal(M/K) : finite Galois extension K/L

}
. (2.2)

Similar reasonings prove that for σ ∈ Gal(M/L) a basis of neighbour-
hoods is given by

Bσ = σ · BId.

The last observations proves that the map τ 7→ στ is also an homeomor-
phism (it is compatible with the group structure and also with the topology).
This is not a mere coincidence, because Gal(M/L) is a topological group,
meaning:

• The multiplication map · : Gal(M/L)×Gal(M/L)→ Gal(M/L) given
by (σ, τ) 7→ στ is continuous.

• The inverse map Gal(M/L)→ Gal(M/L) given by τ 7→ τ−1 is contin-
uous.

In literature Gal(M/K) is also called a profinite group (since it arises
from finite groups). There are innumberable properties that we can list: it
is a compact group, every open subgroup is also closed, the group is totally
disconnected, etc.

5



2.1.2 Galois representations

Just like we have a notion of a topological group, we say a ring A is topological
if:

• The multiplication map · : A × A → A and addition + : A × A → A
are continuous.

• The multiplication map Gal(M/L)×Gal(M/L)→ Gal(M/L) given by
(σ, τ) 7→ στ is continuous.

• The inverse map A∗ → A∗ is continuous.

We can identify the general lineal group GLn(A) with a subset of n × n
matrices with coefficients in A. Hence GLn(A) inherits a topology from An2

.

Definition 1. A galois representation of dimension n is a map

ρ : Gal(M/K)→ GLn(A),

where A is a topological ring and ρ is a group morphism and continuous.

Although the definition is quite general, we will be interested in a partic-
ular type of rings.

Definition 2. A coefficient ring A is complete noetherian local ring, with
finite residue field kA := A/mA, here mA is the maximal ideal of A. And the
topology is the p-adic.

Definition 3. Consider A a coefficient ring and ρ : Gal(M/K) → GLn(A)
a galois representation. The residual representation of ρ is

ρ : Gal(M/K)→ GLn(kA),

the composition of ρ with the reduction map GLn(A)→ GLn(kA).
If k denotes a finite field and ρ0 : Gal(M/K) → GLn(k) a galois repre-

sentation, then ρ lifts to A if k = kA and ρ = ρ0.
Two liftings ρ, ρ′ of ρ0 are equivalent if ρ can be conjugated by a matrix

of GLn(A) to obtain ρ′.
A deformation of ρ0 to A is an equivalence class of liftings of ρ0 to A.
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Example 1. Fix a prime number p ∈ N and let ordp the valuation at p, i.e.
and ordp(a) = m if a = bpm for some p ̸ |b and we set ordp(0) =∞. We have
an absolute value | · |p := e−ordp(·) on Z, consequenlty a metric.

The completion of Z with respect of this metric is called the p-adic num-
bers Zp. By construction they are complete, moreover it is a valuation ring,
hence it is local and PID and therefore noetherian. We conclude they are a
coefficient ring.

Another way of ”obtaining” the ring Zp is using an inverse system: the
sets are Z/pnZ the maps φij : Z/piZ → Z/pjZ for j ≤ i is simply the
restriction. Then

lim←−
n

Z/pnZ ∼= Zp.

These new perspective allows us to define a Galois representation. Again,
for a fixed prime p ∈ N, consider the roots of the unity µn = {ξ ∈ C : ξp

n
=

1} which give rise to finite Galois extensions Q(µn)/Q, the Galois group is
isomorphic (not canonically) to

Gal(Q(µn)/Q) ∼=
(
Z/pnZ

)×
.

Moreover they form an inverse system with the maps φij : µi → µj given

by ξ 7→ ξp
i−j

for j ≤ i. To sum up, we have the commutative diagram(
Z/piZ

)× (
Z/pjZ

)×
Gal(Q(µi)/Q) Gal(Q(µj)/Q)

∼ ∼

Denote by µ∞ =
⋃

n≥1 µn, applying Theorem (2)

Gal(Q(µ∞)/Q) ∼= lim←−
n

Gal(Q(µn)/Q) ∼= lim←−
n

(
Z/pnZ

)× ∼= Z×
p

The last isomorphism is because lim←−
n

(Z/pnZ)× ⊂ lim←−
n

Z/pnZ ∼= Zp, now an

element of lim←−
n

Z/pnZ is invertible iff every coordinate is invertible.

Finally, we get the the Galois representation

Gal(Q(µ∞)/Q)
∼−→ Z×

p
∼= GL1(Zp)
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This map is clearly a group morphism and continuous. We can extend
this representation

Gal(Q/Q) ↠ Gal(Q(µ∞)/Q)→ Zp

where the first arrow corresponds to the restriction. This is called the
p-adic representation.

2.1.3 Ramifications

Fix a prime p ∈ N, denote by Qp an algebraic clousre of Qp; it is known that

the norm | · |p on Qp extends uniquely to every α ∈ Qp by

|α|p = |NQp(α)/Qp(α)|1/[Qp(α):Qp]. (2.3)

Denote the valuation rings OQp
, OQp , the maximal ideals mQp

, mQp and

the residue fields kQp
= OQp

/mQp
, kQp = OQp/mQp of Qp and Qp respectively.

First note that kQp = Fp, the finite field of p elements, since OQp = Zp

and mQp = pZp. Also, kQp ↪→ kQp
given mQp ⊂ mQp

and if 0 ̸= x ∈ kQp then

also 0 ̸= x ∈ kQp
. Moreover using the fact kQp

/kQp is an algebraic extension,

and kQp
is algebraically closed we conlude kQp

= Fp.

By equation (2.3) we conclude |σ(α)|p = |α|p for any σ ∈ Gal(Qp/Qp)

hence σ(OQp
) ⊂ OQp

. Hence there is a continuous map Gal(Qp/Qp) →
Gal(Fp/F), which turns out to be surjective.

On the other side, the identification

Q ↪→ Qp ↪→ Qp.

extends, not uniquely, to an embedding Q ↪→ Qp; all other embeedings

are obtained by conjugatin with an element of Gal(Q/Q). Since for any
σ ∈ Gal(Qp/Qp) the field Q is fixed and σ(Q) ⊂ Q we then have a map

Gal(Qp/Qp) ↪→ Gal(Q/Q),

which is continuous and is injective. To see it is continuous: it will be
enough to check the preimage of neighbourhood of the identity (2.2) is open,
consider Gal(Q/K) for some finite Galois extension K/Q, the preimage is
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Gal(Qp/KQp) which is open, given KQp/Qp is a finite Galois extension.

Injectivity needs more work, the idea is to use Krasner’s lemma to prove Q
is dense inside Qp.

The image Dp ⊂ Gal(Q/Q) of the last identification is the decomposi-
tion group, defined up to conjugancy. The inertia group Ip ⊂ Dp fits in the
exact sequence

Id→ Ip → Dp → Gal(Fp/Fp)→ Id

Definition 4. A Galois representation ρ : Gal(Q/Q)→ GLn(A) is unram-
ified at p if Ip ⊂ ker ρ.

2.2 Modular forms

2.2.1 First definitions

Definition 5. The upper half plane is

H = {a+ bi ∈ C : b > 0}

The group of automorphisms of H is the group

SL2(R) =
{[

a b
c d

]
: a, b, c, d ∈ R and ad− bc = 1

}
,

and acts on H via [
a b
c d

]
· τ =

aτ + bc

cτ + d

We are interested in a particular subgroup of SL2(R).

Definition 6. The modular group is

SL2(Z) =
{[

a b
c d

]
: a, b, c, d ∈ Z and ad− bc = 1

}
.

The principal congruence subgroup of level N is

Γ(N) =

{[
a b
c d

]
∈ SL2(Z) :

[
a b
c d

]
≡

[
1 0
0 1

]
(mod N)

}
A subgroup Γ ⊂ SL2(Z) is a congruence subgroup of level N if

Γ(N) ⊂ Γ.
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Definition 7. For any γ =

[
a b
c d

]
∈ SL2(Z) the weight k operator maps

a function f : H → C to the function

(f [γ]k)(τ) = (cτ + d)−kf(γ(τ))

If f is meromorphic and satisfies f [γ]k = f for every γ ∈ Γ ⊂ SL2(Z), then
f is weakly modular of weight k with respect the modular subgroup
Γ.

Remark 1. Every Γ ⊂ SL2(Z) congruence subgroup of level N contains a
matrix that acts on H via [

1 h
0 1

]
· τ = τ + h.

This means, every weakly modular function f : H → C satisfies (f [γ]k)(τ) =
f(τ + h), i.e. it is hZ periodic.

Denote by D′ = {z ∈ C : 0 < |z| < 1} the punctured disk, and note the

map τ 7→ e
2πτ
h transforms H into D′. So consider

g : D′ −→ C

q 7−→ f

(
h
log(q)

2πi

)
though log(q) is determined up to 2πiZ, the function g is well defined

because it is hZ periodic, clearly f(τ) = g(qh) for qh = e
2πi
τ .

If f is holomorphic, so it is g and we can consider the power series

f(τ) =
∞∑
i=0

aiq
i
h

.
We say f is holomorphic at ∞ if g extends holomorphically at D.

Definition 8. Let Γ ⊂ SL2(Z) be a congruence subgroup and let k be an
integer, we say f : H → C is a modular form of weight k with respect
Γ if:

1. f is holomorphic

2. f is weight-k invariant under Γ

10



3. f [α]k is holomorphic at ∞ for each α ∈ SL2(Z)

If the Fourier coefficient a0 = 0 of f [α]k for all α ∈ SL2(Z) then f is
cusp form of weight-k with respect to Γ.

The space of modular functions of weight-k with respect a congruence
subgroup Γ is denoted byMk(Γ), and the subspace of cusp form by Sk(Γ).

2.2.2 Hecke operators

The double coset operator

The group of 2-by-2 matrices with rational entries and positive determinant
is denoted by GL+

2 (Q), hence SL2(Z) is a subgroup. Given two modular
subgroups Γ1,Γ2 and α ∈ GL2(Q) the double coset is

Γ1αΓ2 = {γ1αγ2 : γ1 ∈ Γ1, γ2 ∈ Γ2}.

Lemma 1. Let Γ be a congruence subgroup of SL2(Z) and let α be an element
of GL+

2 (Q). Then α−1Γα∩SL2(Z) is again a congruence subgroup of SL2(Z).

Lemma 2. Let Γ1 and Γ2 be congruence subgroups of SL2(Z), and let α be
an element of GL+

2 (Q). Then Γ3 = α−1Γ1α ∩ Γ2 is a subgroup of Γ2 and the
action by left multiplication by α,

Γ2 −→ Γ1αΓ2 given by γ2 7→ αγ2,

induces a natural bijection from the coses space Γ2/Γ3 to the orbit space
Γ1/Γ1αΓ2. In words: the set {γ2,j}j is a set of coset representatives of Γ2/Γ3

iff {βj} = {αγ2,j} is a set of orbit representatives of Γ1/Γ1αΓ2.

We extend the definition of the weight-k operator, given β ∈ GL+
2 (Q)

and a function f : H → C then:

(f [β]k)(τ) = det(β)k−1(cτ + d)−kf(β(τ)), τ ∈ H
Definition 9. For Γ1 and Γ2, congruence subgroups, and α ∈ GL+

2 (Q), the
weight-k Γ1αΓ2 operator takes functions f ∈Mk(Γ1) to

f [Γ1αΓ2]k =
∑
j

f [βj]k

where {βj} are orbit representatives, i.e. Γ1αΓ2 = ∪Γ1βj is a disjoint
union.
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To see this definition is well defined we refere to [2, Section 5.1 ]. We list
some special cases of the double coset operator:

• If Γ2 ⊂ Γ1 and α = Id, the double coset is the naturial inclusion of the
subspaceMk(Γ1) inMk(Γ2).

• If α−1Γ1α = Γ2, the double coset operator is the natural translation,
by α, fromMk(Γ1) toMk(Γ2).

• If Γ1 ⊂ Γ2 and α = Id, the double coset operator is the natural trace
mpa that projectMk(Γ1) onto its subspaceMk(Γ2).

The ⟨d⟩ and Tp operators

Consider the congruence subgroups

Γ0(N) =

{[
a b
c d

]
∈ SL2(Z) :

[
a b
c d

]
≡

[
∗ ∗
0 ∗

]
(mod N)

}
and

Γ1(N) =

{[
a b
c d

]
∈ SL2(Z) :

[
a b
c d

]
≡

[
1 ∗
0 1

]
(mod N)

}
the kernel of the map Γ0(N)→ (Z/NZ)∗ sending[

a b
c d

]
7→ d

is Γ1(N), i.e. Γ1(N) is a normal subgroup of Γ0(N). Hence any α ∈ Γ0(N)
acts on f ∈Mk(Γ1(N)) via the double coset operator:

f [Γ1(N)αΓ1(N)]k = f [α]k,

and since f [α]k = f for every α ∈ Γ1(N), so in fact Γ0(N)/Γ1(N) ∼=
(Z/NZ)∗ acts onMk(Γ1(N)).

Definition 10 (Diamond operator). The action of

[
a b
c d

]
, determined by d

modulo N is denoted by ⟨d⟩, i.e.

⟨d⟩ :Mk(Γ1(N))→Mk(Γ1(N))

12



given by

⟨d⟩f = f [α]k, for any α =

[
a b
c δ

]
∈ Γ0(N) with d ≡ δ mod N

.

Definition 11. For p a prime, we define the operator

Tp :M(Γ1(N))→M(Γ1(N))

given by f 7→ f [Γ1(N)αΓ1(N)]k for α =

[
1 0
0 p

]
We generalize the last two definition multiplicatively, i.e. we desire ⟨nm⟩ =

⟨n⟩⟨m⟩ and Tnm = TnTm if n,m are two coprime integers.
There is a case the diamond operator is not defined, precisely when (n,N),

we let ⟨n⟩ be the zero operator.
For the other operator, for a prime power pr we define inductively

Tpr = TpTpr−1 − pk−1⟨p⟩Tpr−2 , for r ≥ 2

,
and for n ≥ 0 we let

Tn :=
∏

Tp
ri
i

where n =
∏

prii .

2.2.3 Newforms and oldforms

Definition 12. Let Γ ⊂ SL2(Z) be a congruence subgroup. The Petersson
inner product,

⟨⟩Γ : Sk(Γ)× Sk(Γ)→ C

is given by

⟨f, g⟩Γ =
1

VΓ

∫
X(Γ)

f(τ)g(τ)(Im(τ))kdµ(τ)

Consider M,N to integers, if M |N then Sk(Γ1(M)) ⊂ Sk(Γ1(N)), but
there is another way to embed Sk(Γ1(M)) into Sk(Γ1(N)): consider d any
factor of N/M and let

αd =

[
d 0
0 1

]
13



so that (f [αd]k)(τ) = dk−1f(dτ) for f : H → C. This is an injective linear
map that takes Sk(Γ1(M)) to Sk(Γ1(N)).

This observation alongside Peterson’s inner product allows us to define
oldforms and newforms of level N . For a divisor d of N consider the map

id : (Sk(Γ1(Nd−1)))2 → Sk(Γ1(N))

given by (f, g) 7→ f + g[αd]k.

Definition 13. The subspace of oldforms at level N is

Sk(Γ1(N))old =
∑

p|n,p prime

ip((Sk(Γ1(Np−1)))2).

The subspace of newforms at level N is

Sk(Γ1(N))new = (Sk(Γ1(N)))old)⊥

Definition 14 (Hecke algebras). For N > 0 an integer and S2(N) the space
of weight 2 cusp forms for Γ1(N) we let

T ′(N) := Z[Tℓ, ⟨d⟩End(S2(N))

2.2.4 Galois representations and newforms

Choose a prime p ∈ Z and p a prime of Q lying over p. For f =
∑

n≥1 anq
n

a weight two normalized newform of conductor N and character ϵ denote by
Kf the completion at p of the numberfield generated by the values of ϵ and
the fourier coefficients an, let Of be the ring of integers in Kf .

We associate to f an odd two dimensional galois representaion ρf : GQ →
GL2(Of ) that satisfies: for all large enough prime ℓ, the representation ρf is
unramified at ℓ and

Trace(ρf (Frobℓ)) = aℓ and det(ρf (Frobℓ)) = ϵ(ℓ)ℓ.

Motivated by this correspondance we have the definition

Definition 15 (Modularity of Galois representations). A Galois representa-
tion

ρ : GQ → GL2(A)

14



over a coefficient ring A is modular of there exists an integer N > 0 and
a homomorphism π : T ′(N) → A such that ρ is unramified outside Np and
for every prime ℓ ̸ |pN we have

Trace(ρ(Frobℓ)) = π(Tℓ) and det(ρ(Frobℓ)) = π(⟨ℓ⟩)ℓ.

Theorem 3 (Ribet’s Theorem). Let f be a weight two newform of conductor
Nℓ where ℓ ̸ |N is aprime. Suppose ρ̄f is absolutely irreducible and that one
of the following is true:

• either ρ̄f is unramified at ℓ

• or ℓ = p and ρ̄f is flat at p.

Then there is a weight to newform g of conductor N such that ρ̄f ∼= ρ̄g

2.3 Elliptic curves

2.3.1 Basic notions

An elliptic curve defined over a field K is a pair (E,O), where E is a smooth
projective curve of genus one and O is a point of E which is algo an algebraic
variety. All elliptic curves can be embedded as a smooth cubic curve in P2

K

given by an equation of the form

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6, (2.4)

moreover if the characteristic of K is different from 2 or 3, the last equa-
tion can be simplified in what is called Weiestrass form

E : y2 = x3 + Ax+B. (2.5)

There are two important quantities, the discriminant and the j-invariant,
they are, respectively,

∆ = −16(4A3 + 27B2) j(E) = −172864A
3

∆
= 1728

4A3

4A3 + 27B2
.

The condition of non-singularity is equivalent to ∆ ̸= 0. The importance
of the j-invariant is given by the theorem
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Theorem 4. Let E and E ′ e elliptic curves defined over an algebraically
closed field K. Then E is K-isomorphic to E ′ if and only if j(E) = j(E ′).

Their group structure, also called Group Law, can be described explicitly:
if we emmbed E into P2

K and fix O := [0, 1, 0] (the point at infinity), then
for two pints P = (x, y) and P ′ = (x′, y′) of E

x(P+P ′) =

(
y′ − y

x′ − x

)2

−x−x′ and x(2P ) =
x4 − 2Ax2 − 8Bx+ A2

4x3 + 4Ax+ 4B
.

the additive inverse of P = (x, y) is −P = (x,−y).
Repeated addition of a point P gives multiplication maps,

[m] : E → E, [m]P =


[m]P = P + ...+ P if m > 0

[m]P = O if m = 0

[m]P = −P − ...− P if m < 0

the kernel of these maps are the m-torsion points of E

E[m] = {P ∈ E : [m]P = O},
the union of all m-torsion point is called the torsion subgroup

Etors =
⋃
m≥1

E[m] = {P ∈ E : [m]P = O for some m ≥ 1}

Theorem 5. Let E/K be an elliptic curve.

a) If char(K) ̸= 0 or if char(K) = p with p ∤ m, then

E[m] ∼= Z/mZ× Z/mZ

b) If char(K) = p > 0, then

E[pn] ∼= Z/pnZ or 0.

Remark 2. Fix a prime ℓ, the multiplication maps [ℓ] : E[ℓn+1] → E[ℓn],
P 7→ [ℓ]P , are clearly well defined and they form an inverse system. The
inverse limit is called the Tate module and denoted by

Tℓ(E) = lim←−
n

E[ℓn].
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If char(K) ̸= ℓ, then applying the previous proposition we get

Tℓ(E) ∼= Zℓ × Zℓ.

Definition 16 (Galois representations attached to elliptic curves). Let E be
an elliptic curve defined over Q. Since the Galois group commutes with the
ℓ-multiplication map then it also naturally on the tate module Tℓ(E), so we
obtain a representation attached to E and the prime ℓ

ρE,ℓ : GQ −→ GL2(Zℓ).

And the residual representation is denoted by ρE,ℓ : GQ −→ GL2(Fℓ).

2.3.2 Elliptic curves over finite fields

Theorem 6 (Hasse). Let E/Fq be an aaliptic curve define over the finite
field of q elements. Then

|q + 1−#E(Fq)| ≤ 2
√
q

.

Definition 17. The zeta function of an elliptic curve E/Fq is the
formal series

Z(E/Fq, T ) = exp

( ∞∑
n=1

#E(Fqn) ·
T n

n

)
Theorem 7. The zeta function of E is a rational function of the form

Z(E/Fq, T ) =
1− aT + qT 2

(1− T )(1− qT )

where a is the trace of the Frobenius map E → E given by (x, y) 7→ (xq, yq)

Theorem 8. Two elliptic curves E/Fq and E ′/Fq are isogenous over Fq if
and only if

Z(E/Fq, T ) = Z(E ′/Fq, T )

17



2.3.3 Local fields

We will make some assumptions over the field K:

• K is a complete local field, and v : K× → Z a normalized valuation.

• R the ring of integers, i.e. x ∈ R iff x = 0 or v(x) ≥ 0.

• The maximal ideal of R is p, so x ∈ p iff x = 0 or v(x) > 0.

• The residue field k = R/p.

A minimal Weierstrass equation for an ellitpic curve E/K is a Weierstrass
equation (2.4)

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

with ai ∈ R and v(∆) minimized. If char(K) ̸= 2, 3 then E always has
an equation of the type

y2 = x3 + Ax+B

with A,B ∈ R.
We denote by Ẽ the reduction of E modulo p, i.e. the curve defined over

k by the equation

Ẽ : y2 + ã1xy + ã3y = x3 + ã2x
2 + ã4x+ ã6,

again the tilde on the ai’s denotes the reduction modulo p. Regarding
the singularity of E we say:

• E has good (or stable) reduction if Ẽ is non-singular.

• E has multiplicative (or semistable) reduction of Ẽ has a node, if the
tangent directions are defined over k we say it is a split, otherwise
non-split.

• E has additive (or unstable) reduction if Ẽ has a cusp.

The term semistable is also used to say the reduction is good or mullti-
plicative.
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2.3.4 Number fields

Let K be a number field and E/K an elliptic curve. For each prime p of K
denote by Kp the completion at p and consider the elliptic curve E in the
local feild Kp; consider a minimal Weiestrass form in the local fields Kp and
the discriminant of this minimal equation ∆p. The minimal discriminant
of E/K is the integral ideal

DE/K =
∏
p

pvp(∆p)

Remark 3. If the class nomber of K is one, like the case K = Q, there
exisits a Weiestrass equation which is simultaneously minimal at all primes
of K, and also the discriminant DE/K of this equation equals the discrimiant
∆ (as ideals).

Also, define the conductor of E/L as the ideal

NE/K =
∏
p

pfp(E/K),

where the exponents fp(E/K) are given by

fp(E/K) =


0 if E has good reduction at p,

1 if E has multiplicative reduction at p,

2 if E has good reduction at p and p ∤ 6,

For each prime p of K, let qp be the norm of p. If E has good reduction
at
mathfrakp, we let

ap = qp + 1−#Ẽ(kp).

The local factor of the L-series of E at p is the polynomial

Lp(T ) =


1− apT + qpT

2 if E has good reduction at p,

1− T if E has split multplicative reduction at p,

1 + T if E has non-split multiplicative reduction at p,

1 if E has additive reduction at p
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The L-series of E/K is then defined by the Euler product

L(E/K, s) =
∏
p

Lp(q
−s
p )−1

Theorem 9. Two elliptic curves E/K and E ′/K are isogenous over K if
and only if ap(E) = ap(E

′) almost for every p, i.e. excluding a set of density
zero, primes of K.

Definition 18 (Modularity). An elliptic curve E/K is modular if there is a
weight two newform of conductor NE and trivial character for which

L(f, s) = L(E/Q, s)

Theorem 10 (Wile’s theorem). Every semistable elliptic curve over Q is
modular.

2.3.5 The proof od Fermat’s Last Theorem

We will give a sketch of Fermat’s Last Theorem, in particular

Theorem 11. If p ≥ 5 is prime, and a, b, c ∈ Z, then ap+bp+cp = 0 implies
abc = 0.

Since the theorem is known to be true when the exponent is 3, 4 and all
the other cases can be reduced to a prime exponent bigger than 3.

We will asuume a, b, c are comprime, using elemntary arithmetic proper-
ties without loss of generality we also can assume a ≡ −1 mod 4 and 2|b.
Let ap, bp, cp be a non-trivial solution, i.e. abc ̸= 0, define the elliptic curve

Eap,bp,cp : y
2 = x(x− ap)(x+ bp).

The idea is to use all the tools introduced before to show such elliptic
curve cannot exist. First we list some properties about Eap,bp,cp : it is a
semistable elliptic curve with minimal discriminant

∆ap,bp,cp = 2−8(abc)2p

and conductor
Nap,bp,cp =

∏
ℓ|abc
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where ℓ runs over the prime numbers divding abc.
We will denote by ρap,bp,cp the Galois representation ρE,p attached to E,

the following theorem crucial theorem gives ifnormation about this represen-
tation.

Theorem 12. Let p ≥ 5 be a prime, a, b, c ∈ Z satisfying ap+bp+cp = 0 and
abc ̸= 0. Assume also a ≡ −1 mod 4 and 2|b. Denote by ρ̄ap,bp,cp = ρ̄E,p;
then

a) ρap,bp,cp is absolutely irreducible;

b) ρap,bp,cp is odd;

c) ρap,bp,cp is unramified outside 2p, flat at p, and semistable at 2.

The last big ingredient is the Ribet’s Theorem.

Theorem 13 (Ribet’s Theorem). Let f be a weight two newform of conduc-
tor Nℓ where ℓ ∤ N is a prime. Suppose ρ̄f is absolutely irreducible and that
one of the following is true:

• ρ̄f is unramified at ℓ; or

• ℓ = p and p̄f is flat at p.

Then there is a weight two newform g of conductor N such that ρ̄f ∼= ρ̄g.

By Wile’s Theorem the elliptic curve Eap,bp,cp is modular, so there is a
weight two newform fap,bp,cp of conductor Nap,bp,cp associated to Eap,bp,cp . In
particular, we have ρap,bp,cp ∼= ρfap,bp,cp .

Theorem (12) allows us to apply Ribet’s Theorem, since the conductor of
Eap,bp,cp is of the form 2N (because 2|b and we chose a, b, c to be comprime),
then Ribet’s theorem guarantees a weight two newform g of conductor 2 such
that ρ̄g ∼= ρ̄ap,bp,cp . Since the dimension of S2(Γ0(2)) is equal to the genus
of X0(2), which is known to be zero, we arrive to a contradiction and prove
Fermat’s Last Theorem.
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Chapter 3

Fermat’s Last Theorem over
totally real fields

3.1 Hillbert forms

LetK be a totally real number field of degreem over the rational field. There
are exactly m embedding of K into the real line R, this allows us to emmbed
the general linear group GL2(K) into GL2(R)m. We say γ ∈ GL+

2 (OK) if
the corresponding element is in GL+

2 (R)m.

The group GL+
2 (OF ) is called the full Hillbert modular group. And for

every z = (z1, . . . , zm) ∈ Hm there is a group action of GL+
2 (OF ) give by

γ · z = (σ1(γ)z1, . . . , σm(γ)zm).

And for a matrix α :=

[
a b
c d

]
∈ GL2(R) define

j(g, z) :=
cz + d

det g1/2
.

A Hillbert modular form of weight (k1, . . . , km) is an analytic functio on
Hm such that for every γ ∈ GL+

2 (OF )

f(γz) =
m∏
j=1

j(σi(γ), zi)
kif(z).

Note, we dont need any additional assumption about the function on the
cuspids. Due to Koecher’s principle.

22



Just like with modular forms, we can now define what a congruence mod-
ular group of level N is. We can also define what it means to be a cusp form.
Introduce analogue operator of Hecker operators, the Petersson inner prod-
uct. And we can also talk about newforms and oldforms. For more details
see [4].

3.2 Fermat’s Last Theorem over totally real

fields

3.2.1 Statement of the theorems

LetK denote a totally real field, we are interested in solutions of the equation,
with p ∈ N a prime,

xp + yp + zp = 0 x, y, z ∈ K, (3.1)

By asymptotic Fermat’s Last Theorem we mean that there exists a
constant BK , depending only on K, such that the equation (3.1) has only
trivial solution, i.e. xyz = 0 for all primes p ≥ BK ; moreover, if the constant
BK is effectively computable we will say effective asymptotic Fermat’s
Last Theorem

The main theorem we will prove in this section needs some assumptions
over the field K: consider the sets

S = {P : P is a prime of K above 2},
T = {P ∈ S : f(P/2) = 1}, U = {P ∈ S : 3 ∤ vP(2)}.

(3.2)

By f(P/2) we mean the residual degree of P. We will denote by (ES)
the assumptions made over K

(ES)


either [K : Q] is odd;

or T ̸= ∅;
or Conjecture 1 holds for K.

Conjecture 1. Let K be a totally real field. Let f be a Hillbert newform
of level N and parallel weight 2 and rational eigenvalues. Then there is an
elliptic curve Ef/K with conductor N having the same L-function as f.

The main theorem we will prove is the following:
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Theorem 14. Let K ba a totally real field satisfying (ES). Let S, T, U be
as in (3.2). Write O∗

S for the group of S-units of K. Suppose that for every
solution (λ, µ) to the S-unit equation

λ+ µ = 1, λ, µ ∈ O∗
S. (3.3)

there is

(A) either some P ∈ T that satisfied max |vP(λ)|, |vP(µ)| ≤ 4vP(2)

(B) or some P ∈ U that satisfies both max |vP(λ)|, |vP(µ)| ≤ 4vP(2), and
vP(λµ) ≡ vP(2) mod 3.

Remark 4. Solutions of equation (3.3) satisfying λ, µ ∈ Q have the form λ =
±2r1 and µ = ±2r2, in particular, all such solutions are (2,−1), (−1, 2), (1/2, 1/2),
these will be called the irrelevant solutions.

The second main theorem to be proven is when K is a real quadratic
field, we will show the effective asymptotic Fermat’s Last Theorem for 5/6
of real quadratic fields holds.

More formally, the set of square free integers Nsf = {d ≥ 2 : d is square free }
is in bijection with quadratic real feidls via d 7→ K = Q(

√
d), so for a subset

U ⊂ Nsf define the relative density of U in Nsf as

δrel(U) = lim
X→∞

#{d ∈ U : d ≤ X}
#{d ∈ Nsf : d ≤ X}

,

if the limit exists. Let

C = {d ∈ Nsf : the S − unit has no relevant solution in Q(
√
d)}

D = {d ∈ C : d ̸≡ 5 mod 8}
(3.4)

And we will give also a proof of the Theorem.

Theorem 15. Let C and D be as above. Then

δrel(C) = 1, δrel(D) = 5/6. (3.5)

If d ∈ D then the effective asymptotic Fermat’s Last Theorem holds for
K = Q(

√
d). Same conclusion holds for d ∈ C if we assume Conjecture 1.

We are following the paper [7] where these theorems and others are stated
and proven.
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3.2.2 The main theorem

Idea of the proof

For the proof of Theorem (14) we will deviate from proof given for the classic
Fermat’s Last Theorem. A quick summary, for p ≥ 5 and for a solution
ap + bp + cp = 0 with a, b, c ∈ Q, after clearing out denominators we can
assume a, b, c ∈ Z, if moreover we elimate all common factors we can aslo
assume a, b, c are coprime with a ≡ −1 mod 4 and 2|b. To this solution we
attached Frey’s curve given by

Eap,bp,cp : Y
2 = X(X − ap)(X + bp)

The mod p representation ρ̄E,p is absolutely irreducible, by Wile’s is mod-
ular, i.e. it arises from a weight 2 neform of level 2, and using Ribet’s Theo-
rem we concluded no such newforms exist, giving a contradiction.

Our approach for Theorem (14): first show that a solution with a, b, c,∈ K
implies another solution living in OK , coprimality cannot be assumed if the
class number CL(K) > 1. However, if we fix some finite set H of primes of
K we can ensure the solution a, b, c ∈ OK are coprime away from H. We will
consider the same Frey curve, which will be semistable outside S ∪ H. We
will apply a theorem like Ribet’s Theorem, that will play the role as a level
lowering (so a theorem for modularity will also be required), to ρ̄E,p which
will yield a Hilbert newform f of parallel weight 2 and level disible only by the
primes in S ∪H. But such newforms may exists unlike the proof of Fermat’s
Last Theorem, where no newform of weight 2 and level 2 exists.

But considereing p sufficiently large we then find an elliptic curve E ′ with
full 2-torsion and good reduction outside S∪H and ρ̄E,p

∼= ρ̄E′,p, assumptions
(ES) will be crucial in this part. We will need to study the action of Inertia
groups Iq for q /∈ S of the Frey curve E and finally conclude that E ′ has
potentially good reduction away from S (we somehow eliminate the primes
coming from the class group). We will relate the elliptic curve E ′ with the
S-unit equation to prove Theorem (14)

Notation and conventions

We reserve p for exponent of the Fermat Equation, and will always denote
a rational prime. Let K denote a totally real field and its integral ring by
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OK . The class ideal a of OK will be denoted by [a], and for three elements
a, b, c ∈ K we denote by

Ga,b,c := aOK + bOK + cOK .

And by [a, b, c] the class of Ga,b,c in the class of K.
Since every ideal class contains infinitely many prime ideal, then for ideal

class c1, . . . , ch we can select representations ⇕i such that mi ∤ 2. We denote
by H the set of our election of representatives.

Modularity

Just as we expressed before we need some results to prove the Frey curve is
modular for p large enough. The following theorem from [8] lets us prove the
claim.

Theorem 16. Let K be a totally real field. Up to isomprhism over K, there
are at most finitely many non-modular elliptic curves E over K. Moreover,
if K is real quadratic, then all elliptic curves over K are modular.

Corollary 1. Let K be a totally real field. There is some constant AK

depending only on K, such that for any non-trivial solution (a, b, c) of the
Fermat equation with prime exponent p > AK, the Frey curve Eap,bp,cp given
by

Eap,bp,cp : Y
2 = X(X − ap)(X + bp)

is modular.

Proof. The j-invariant of Eap,bp,cp is

j(λ) = 28 · (λ2 − λ+ 1)3 · λ−2 · (λ− 1)−2

where λ := − bp

ap
. By Theorem (16) there are finitely many non-modular

elliptic curves, up to isomorphism over K, so denote by j1, . . . , jn ∈ K the
different j-invariants of the classes of these non-modular elliptic curves.

Hence there are λ1, . . . , λm ∈ K, with m ≤ 6n, such that λ ̸= λk for all
1 ≤ k ≤ m that implies Eap,bp,cp is modular. In the case λ = λk for some k,
then

λk = −(b/a)p 1− λk = −(c/a)p. (3.6)

For the sake of contradiction assume there is no such constant, hence
there are infinite primes such that equation (3.6) holds for some k. Since
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k is bounded by m, there must some k for which (3.6) is true for infinite
primes. If λ is not a root of unit, then K infinately many roots of λk hence
it is not finite; on the other hand, since λk cannont be a root of unity since
K is real.

Irreducibility of mod p representations of elliptic curves

The following Theorem from [9] will be used to prove that ρ̄E,p is irreducible,
where E denotes the Frey Curve for a solution to Fermat’s equation.

Theorem 17. Let K be a Galois totally real field. There is an effective
constant CK, depending only on K, such that the following holds. If p > CK

is prime, and E/K is an elliptic curve which is semistable at all q|p, then
ρ̄E,p is irreducible.

Level Lowering

The following theorem is used as the Ribet step, for a proof see [7, Theorem
7].

Theorem 18 (Level Lowering). Let K be a totally real field, and E/K and
elliptic curve of conductor N . Let p be a rational prime. For a prime ideal
q of K denote by ∆q the discriminant of a local minimal model for E at q.
Let

Mp :=
∏

q∥N ,p|vq(∆q)

q Np :=
N
Mp

(3.7)

Suppose the following

(i) p ≥ 5, the ramification index e(q/p) < p− 1 for all q|p, and Q(ξp)
+ ̸⊂

K.

(ii) E is modular

(iii) ¯rhoE,p is irreducible,

(iv) E is semistable at all q|p

(v) p|vq(∆q) for all q|p

Then, there is a Hillbert eigenform f of parallel weight 2 that is new at level
Np and some prime ω̄ of Qf such that ω̄|p and ρ̄E,p ≡ ρ̄f,ω̄.
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Eichler-Shimura

The following theorem gives a partial answer to Conjecture (1)

Theorem 19 (Blasisu, Hida). Let K be a totally real field and let f be a
Hillbert newform of level N and parallel weight 2, such that Qf = Q. Suppose
that

(a) either [K : Q] is odd,

(b) or there is a finite prime q such that πq belongs to the discrete se-
ries, where π is the cuspidal automorphic representation of GL2(AK)
attached to f.

Then there is an elliptic curve Ef/K of conductor N with the same L-function
as f

And from this theorem we can prove the following corollary, for a proof
see [7, Corollary 2.2, page 8]

Corollary 2. Let E be an elliptic curve over a totally real field K and p
and odd prime. Suppose ρ̄E,p is irreducible, and ρ̄E,p ≡ ρ̄f,p for some Hilbert
newform f over K of parallel weight 2 with Qf = Q. Let q ∤ p be a prime of
K such that

(a) E has potentially multiplicative reduction at q

(b) p|#ρ̄E,p(Iq);

(c) p ∤ (NormK/Q)(q± 1).

Then there is an elliptic curve Ef/K of conductor N with the same L-
function as f.

Frey curve

For u, v, w ∈ OK such that uvw ̸= 0 and u+ v + w = 0, let

E : y2 = x(x− u)(x+ v).

The invariants c4, c6,∆, j are given by

c4 = 16(u2 − vw) = 16(v2 − wu) = 16(w2 − uv), (3.8)

c6 = −32(u− v)(v − w)(w − u), ∆ = 16u2v2w2, j = c34/∆ (3.9)
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Lemma 3. With the above notation, let q ∤ 2 be a prime and let

s = min{vq(u), vq(v), vq(w)},

Write Emin for a local minimal model at q.
(i) Emin has good reduction at q if and only if s is even and

vq(u) = vq(u) = vq(w) (3.10)

(ii) Emin has multiplicative reduction at q if and only if s is even and the
above condition (3.10) fails. In this case the minimal discriminant ∆q

at q satisfies

vq(∆q) = 2vq(u) + 2vq(v) + 2vq(w)− 6s

(iii) Emin has additive reduction if and only if s is odd.

Lemma 4. Let (a, b, c) be a non-trivial solution to Fermat’s Equation (3.1).
There is a non-trivial integral solution (a′, b′, c′) such that the following holds

(i) For some ξ ∈ K∗, we have a′ = ξa, b′ = ξb, c′ = ξc.

(ii) Ga′,b′,c′ = m for some m ∈ H.

(iii) [a′, b′, c′] = [a, b, c].

Proof. Let m ∈ H satisfy [Ga,b,c] = [m], so [m] = (ξ) · Ga,b,c for some ξ ∈ K∗.
Define a′, b′, c′ as in (i). By definition (a′) = (ξ) · (a) = m · (Ga,b,c(a)) which
is an integral ideal (since Ga,b,c devides (a)). Thus a′ is in OK , applying the
same reasoning to b and c we get a′, b′, c′ ∈ OK .

Since

Ga′,b′,c′ = a′OK + b′OK + b′OK = (ξ) · (aOK + bOK + cOK) = (ξ) · Ga,b,c = m

This proves (ii) and (iii).

Lemma 5. Let (a, b, c) be a non-trivial solution to the Fermat equation (1)
with prime exponent p satisfying Ga,b,c = m, where m ∈ H. Write E for the
Frey cure associated to the solution, and let ∆ be its discriminant. Then at
all q /∈ S ∪m, the model E is minimal, semistable and satisfies p|vq(∆). Let
N be the conductor of E, and let Np be defined as before. Then

N = msm
∏
P∈S

PrP ·
∏

q|abc,q/∈S∪{m}

q, Np = ms′m ·
∏
P∈S

Pr′P , (3.11)

where 0 ≤ r′P ≤ rP ≤ 2 + 6vP(2) and 0 ≤ s′m ≤ sm ≤ 2.
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For the proof of this Lemma we are going to need two facts about the
conductor of elliptic curves from the book Advanced Topics in the Arithmetic
of Elliptic Curves. From [6, Theorem 10.4].

Theorem 20 (Lockhart-Rosen-Silverman, Brumer-Kramer). Ler K/QP be
a local field with normalized valuation vK, and let E/K be an elliptic curve.
Then the expoenent of the counductor of E/K is bounded by

f(E/K) ≤ 2 + 3vK(3) + 6vK(2)

From [6, Theorem IV.10.2] if characteristic of the residue field of K is
bigger than 3 then the exponent of the wild part is zero.

Proof. Let q denote a prime of K not in S and different from m. If q|abc
then q devides only on of a, b, c, and by the expression of the invariant c4 we
see q ∤ c4, i.e. the model

Eap,bp,cp : y
2 = x(x− ap)(x+ bp)

is minimal and has multiplicative reduction at q, and p|vq(∆). And so q ∤ Np.
For P ∈ S we have the bound rP = 2+ 6vP(2). So r′P = rP unless E has

good reduction at P and p|vP(∆P) but in thise case rP = 1 and r′P = 0.
Since we choose m so m ∤ 2 and E has full 2-torsion over K we see

m vanishes from the conductor. End sm = s′m unless E has multplicative
reduction at m and p|vm(∆m) in which case sm = 0 and so s′m = 0.

Images of inertia

Lemma 6. Let E be an elliptic curve over K with j-invariant j. Let p ≥ 5
and q ∤ p be a prime of K. Then p|#ρ̄E,p(Iq) if and only if E has potentially
multiplicative reduction at q ( i.e. vq(j) < 0 and p ∤ vq(j)).

Idea of the proof. Due to Krauss [11, Introduction] we know that if E has
good reduction at q then #ρ̄E,p|24. For E with potentially multiplicative
reduction the result if a consequence of the Tate curve theory [6, Proposition
V.6.1].

Lemma 7. Let q /∈ S. Let (a, b, c, ) be a solution to the Fermat equation
with prime exponent p ≥ 5 such that q ∤ p. Let E = Ea,b,c be the Frey curve.
Then p ∤ #ρ̄E,p(Iq).
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Proof. The proof uses the above lemma, also recall

c4 = 16(u2 − vw) = 16(v2 − wu) = 16(w2 − uv),

c6 = −32(u− v)(v − w)(w − u), ∆ = 16u2v2w2, j = c34/∆.

If vp(a) = vp(b) = vp(c) then vp(j) < 0 and clearly p|vq(j), so result
follows from Lemma (7).

In the othcer case, the valuations at q ae not equal then vq(j) ≥ 0 and
Lemma (7) still applies.

Lemma 8. Let E be an elliptic curve over K, and let p ≥ 3. Let P ∈ S and
suppose E has potentially good reduction at P. Let ∆ be the discriminant of
E (not necessarily minimal at P). Then 3|ρE,p(IP) if and only if 3 ∤ vP(∆).

For the proof we will be using Proposition [?, Proposition IV.10.3],specifically
we will be using the fact that for a local field K of residue field p and en
elliptic curve E/K with integral j-invariant and for an integer m relatively
prime to p, the elliptic curve E has good reduction over K(E[m]). Also we
will use a result from Kraus [11, Théorème 3]

Proof. First assume 3 ∤ vP(∆), and let L be the maximal unramiefied es-
tension of KP. By the stated proposition we know E has good reduction
over L(E[p]), it follows the valuation is of ∆ in L(E[p]) is divisble by 12,
so 3|[L(E[p]) : L], and since the Galois group of L(E[p])/L is isomorphic to
ρ̄E,ρ(IP) and we conclude 3|#ρ̄E,p(IP).

The other implication follows from Kraus, where he en lists all possibilities
for the Galois group of L(E[p])/L. In the case 3|vP(∆) its order is 1, 2, 4 or
8.

Lemma 9. Let P ∈ S. Let (a, b, c) be a solution to the Fermat equation with
prime exponent p ≥ 4vP(2). Let E = Eap,bp,cp be the Frey curve, if:

(i) If P ∈ T then E has potentially multiplicative reduction at P, and
p|#ρ̄E,p(IP).

(ii) If P ∈ U then either E has potentially multiplicative reduction at P and
p|#ρ̄E,‘p(IP), or E has potentially good reduction at P and 3|#ρ̄E,p(IP).
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Proof. Let π denota a uniformizer for KP, and set

α = π−ta, π−tb, γ = π−tc

where t = min{vP(a), vP(b), vP(c)}. Clearly α, β, γ ∈ Oπ.
If the prime P ∈ T , then it’s residue field is F2. From the equality

ap + bp + cp = 0 it follows αp + βp + γp = 0, so there is only one of α, β, γ
who is divisible by π, in other word two out of a, b, c have valuation t and
the other t+ k with k ≥ 1. From (3.8) we know

vP(j) = 8vP(2)− 2kp.

By hypothesies p > 4vP(2), so we conclude vP(j) < 0 and p ∤ vP(j). Now
(ii) follows from Lemma (6).

In the case P ∈ U . If the valuations vP(a), vP(b),P(c) are not equal we
apply the same reasoning as before. So assume all the valuations are equal,
again using (3.8) we conclude

vP(j) ≥ 8vP(2) > 0 and vP(∆) = 4vP(2) + 6tp.

Hence E has potentially good reducton. Since P ∈ U we know 3 | vP(2),
and (ii) follows from Lemma (8).

Level Lowering and Eichler-Shimura

Theorem 21. Let K be a totally real field satisfying (ES). There is a con-
stant BK depending only on K such that the following hold. Let (a, b, c) be a
non-trivial to the Fermat equation with prime exponent p ≥ BK, and rescale
(a, b, c, ) so that it remains integral and satisfies Ga,b,c = m for some m ∈ H.
Write E for the Frey curve. Then there is an Elliptic curve E ′ over K such
that

(ii) the conductor of E ′ is divisble only by primes in S ∪ {m};

(ii) #E ′(K)[2] = 4;

(iii) ρ̄E,p
∼= ρ̄E′,p

Write j′ for the j-invariant of E ′. Then,

(a) for P ∈ T , we have vP(j
′) < 0.
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(b) for P ∈ U , we have either vP(j
′) < 0 or 3 ∤ vP(j′);

(c) for q /∈ S, we have vq(j
′) ≥ 0.

In particular, E ′ has potentially good reduction away from S.

Proof. By observing the conductor of E which we computed in Lemma (5)
we conclude the elliptic curve E is semistable outside S ∪ {m}. By using
Corollary (1) we know that if BK is large enough then E is modular. And
by Theorem (17) the residual representation ρ̄E,p is irreducible. Applying
Level Lowering ( Theorem (18)) and Lemma (5) we conclude ρ̄E,p ∼ ρ̄f,ω̄ for
a Hilbert newform f of level Np and some prime ω̄|p of Qf (the field generated
by the Hecke eigenvalues of f).

Next we reduce to the case where Qf = Q by using Proposition (2)(1) but
for Hillbert modular forms. If f is not rational than there are infinitely many
ℓ for which Bℓ(f) ̸= 0 and so p|Bℓ(f), hence we way enlarge BK to assume f
is rational.

To show there is an elliptic curve E ′/K having the same L-functions as
f and conductor Np we make use of the assumption (ES). If Conjecture 1
holds, it is trivial. And if [K : Q] is odd it follows from Theorem (19). And
if T ̸= ∅, then let P ∈ T and apply Lemma (9) to conclude E has potentially
multiplicative reduction at P and p|#ρ̄E,p(IP), in this case the existence of
E ′ is guaranteed by Corollary (2) after enlarging BK .

If f is rational but not isogenous to any another curve which corresponds
to f with full 2-torsion then by Proposition (2) there are infinitely many
ℓ such that Bℓ ̸= 0. So again, we may enlarge BK to assume the form f
corresponds to a rational elliptic curve E ′ with full 2-torsion.

Since there are finitely many elliptic curves E ′ with full 2-torsion and
good reduction outside S ∪ {m}, we can enlarge BK so that for all primes q,
if vq(j

′) < 0 then p ∤ #ρ̄(E ′, p)(Iq) and after applying Lemma (6) we conclude
vq(j

′) ≥ 0, procing (c).
To prove (a), for P ∈ U applyin Lemma (9) we have p|#ρ̄E,p(IP) and so

p#ρ̄E′,p(IP). And by Lemma (6) we have vP(j
′) < 0.

For (b) let P ∈ U . If p|#ρ̄E,p then again vPj
′) < 0. So suppose p ∤

ρ̄E′,p(IP) and 3|ρ̄E′,p(IP). Using Lemma (6) we have vq(j
′) ≥ 0. And by

Lemma (8) we have 3 ∤ vP(∆′), so j′ = (c′4)
3/∆′ and 3 ∤ vP(j′).1
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Proof of the main Theorem

Proof. Let K be a totally real field satisfying (ES). Let BK the constant
given by theorem (21). For a prime p > BK consider the Fermat equation

xp + yp = zp.

If a, b, c ∈ K is a non-trivial solution, i.e. abc ̸= 0, we can rescale in
such a way a, b, c ∈ OK are integral integers and Ga,b,c = m ∈ H. As always,
denote by E := Eap,bp,cp the Frey Curve, after applying theorem (21) we
obtain another elliptic curve E ′/K with potentially good reduction outside
S with full 2-torsion over K, so it has a model

E ′ : y2 = (x− e1)(x− e2)(x− e3), ei ̸= ej for 1 ≤ i < j ≤ 3 (3.12)

Denote the cross ratio by λ := e3−e1
e2−e1

and S3 the symmetric group of a

set of three elements. The action of S3 on {e1, e2, e3} extends to P1
K via the

action on the cross ratio λ; this action can be identify with the subset of
PGL2(K) {

z,
1

z
, 1− z,

1

1− z
,

z

z − 1
,
z − 1

z

}
.

The λ-invariants of E ′ are S3-orbit of λ, they relate to the j′-invariant by

j′ = 28 · (λ2 − λ+ 1)3 · λ−2(λ− 1)2. (3.13)

Also, by Theorem (21) we know the j-invariant of E ′ satisfies

a) for all P ∈ T : vP(j
′) < 0;

b) for all P ∈ U : vP(j
′) < 0 or 3 ∤ vP(j′).

Note j′ ∈ OS, since E ′ has potentially good reduction outside S. So by
equation (3.13) we conclude λ ∈ OS because it satisfies a polynomy of degree
6 with coefficients in OS. However µ := 1 − λ is also a solution to (3.13),
and by the same reasoning mu ∈ OS and so (λ, µ) is a solution to the S-unit
equation. By our hypothesis on the field, it must satisfy

(A) either some P ∈ T that satisfied max{|vP(λ)|, |vP(µ)|} ≤ 4vP(2)

(B) or some P ∈ U that satisfies both max{|vP(λ)|, |vP(µ)|} ≤ 4vP(2), and
vP(λµ) ≡ vP(2) mod 3.
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Rewrite (3.13) as
j′ = 28 · (1− λµ)3(λµ)−2. (3.14)

and let t := max{|vP(λ)|, |vP(µ)|}, and we resign by contradiction.
If it satisfies (A): For some P ∈ T such that t ≤ 4vP(2), if t = 0 then

vP(j
′) ≥ 8vP(2) > 0 which contradicts a). In the case t > 0, the relation

λ + µ = 1 forces three conditions, either vP(λ) = vP(µ) = −t or vP(λ) = 0
and vP(µ) = t or vP(λ) = t and vP(µ) = 0. Thus vP(λµ) = −2t ≤ 0 or
vP(λµ) = t > 0. We compute

vP(j
′) = 8vP(2) + 3vP(1− λµ)− 2t ≤ 8vP(2)2− 2t

hence vP(j
′) ≥ 0 which contradicts (a).

If it satisfies (B): There is some P ∈ U s.t. t ≤ vP(2) and vP(λµ) ≡
vP(2) mod 3. By the same reasoning as in case (A) we conclude vP(j

′) ≥ 0,
and a computation

vj′ = 8vP(2) + 3vP(1− λµ)− 2vP(λµ),

since 8 ≡ 2 mod 3 using the last condition gives 3|vP(j′)

3.2.3 Fermat’s Last Theorem for fice sixths of Real
Quadratic Fields

Recall the set of square free integers Nsf = {d ≥ 2 : d is square free } is

in bijection with quadratic real feidls via d 7→ K = Q(
√
d), so for a subset

U ⊂ Nsf define the relative density of U in Nsf as

δrel(U) = lim
X→∞

#{d ∈ U : d ≤ X}
#{d ∈ Nsf : d ≤ X}

,

if the limit exists. And the absolute density

δ(U) = lim
X→∞

#U(X)

X

Let

C = {d ∈ Nsf : the S − unit has no relevant solution in Q(
√
d)}

D = {d ∈ C : d ̸≡ 5 mod 8}
(3.15)

Our goal is to prove:
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Theorem 22. Let C and D be as above. Then

δrel(C) = 1, δrel(D) = 5/6. (3.16)

If d ∈ D then the effective asymptotic Fermat’s Last Theorem holds for
K = Q(

√
d). Same conclusion holds for d ∈ C if we assume Conjecture 1.

We will be using some theorem.

Theorem 23. (see [12, page 636]) For integers r,N with N positive, let

Nsf
r,N = {d ∈ Nsf : d ≡ r mod N}.

Let s = gcd(r,N) and suppose that s is a squarefree. Then

#Nsf
r,N(X) ∼ φ(N)

sφ(N/s)
∏

q|N(1− q−2)
· 6
π2

X.

Lemma 10. (see [7, Lemma 7.1, page 17]) Let C ′ = Nsf \C. Then δ(C ′) = 0.

Proof of Theorem 22. We first show that the relative density of C is 1. The-
orem (23) applied to Ns,f

0,1 = Nsf gives

#Nsf ∼ 6

π2
X,

so the relative and absolute quantity are related by

δrel(U) =
π2

6
δ(U).

Applying Lemma (10) gives δrel(C ′) = 0 hence δrel(C) = 1.
Since any real quadratic field Q(

√
d), for d ∈ D, satisfies T ̸= 0, i.e.

assumptuon (ES) we need to prove only δD = 5/6. We apply Theorem (23)
to obtain to Nsf \ D = Nsf

5,8

δ(Nsf
5,8) =

1

8(1− 2−2)

6

π2
=

1

π2

so δrel(D) = 5
6
.
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Appendix A

Serre-Mazur-Kraus equation

We consider the Diophantine equation, we will call it the Serre-Mazur-Kraus
equation or SMK for short,

xp + Lryp + zp = 0 (A.1)

for a fixed odd prime number L and p ≥ 5 a prime number. Notice, we
can assume r < p.

Let A,B,C be a permutation of xp, Lryp and zp such that B ≡ 0 mod 2
and A ≡ −1 mod 4, and consider the Frey curve

E : Y 2 = X(X − A)(X +B). (A.2)

We want to prove the following theorem

Theorem 24. Let L be an odd prime that is neither a Mersenne nor a Fer-
mat prime. There exists a constant CL such that for any nontrivial solution
(x, y, z, p) to the SMK equation we have p ≤ CL.

We will attack to a solution an Elliptic curve, study it’s conductor. We
will use modularity and and Ribet’s theorem in hope to get some contradic-
tion. But instead of newforms of level 2 we will end up with newforms of
level 2L, we wil still be able to get a contradiction using some new tools if L
is not a Mersenne or Fermat equation and p is large enough.

The minimal discriminant is given by

∆min = 2−8L2r(xyz)2p
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and the conductor is

N =
∏

q|Lxyz, q prime

q.

Also, since L is an odd prime we see vL(∆min) ≡ 2r ̸≡ mod p given
0 < r < p, and v2(∆min) ≡ −8 ̸≡ 0 mod p. Those mod p, we have Lp = 2L.
Applying Ribet’s Theorem we deduce E arises modulo p frpm some newform
f of level 2L.

Lemma 11. Assume F that F is an Elliptic curve defined over Q with
conductor 2L, and assume that F full 2-torsion. Then L is either a Mersenne
or a Fermat prime.

For the proof of Theorem (24) we need the following results

Propositon 1. Let E/Q be an elliptic curve of conductor N , and let t be
an integer such that t||Et(Q)| (the torsion subgroup of E(Q)). Let f be
a newform of level N ′ with fourier coefficients cn, let K be the totally real
number field that they generate, and let ℓ be a prime number such that ℓ2 ∤ N2

and ℓ ∤ N ′. Finally define

Sℓ =

{
a ∈ Z : −2ℓ1/2 ≤ a ≤ 2ℓ1/2 and a ≡ ℓ+ 1 mod t

}
,

B′
ℓ(f) = NK/Q((ℓ+ 1)2 − c2ℓ)

∏
a∈Sℓ

NK/Q(a− cℓ),

Bℓ =

{
ℓB′

ℓ(f) if f is not rational,

B′
ℓ if f is rational

Propositon 2. In each of the following cases there are infinitely many ℓ for
which Bℓ(f) ̸= 0:

(1) When f is irrational

(2) When f is rational, t is either a prime number or is equal to 4, and
for every elliptic curve isonenous to the elliptic curve corresponding to
f we have t ∤ |Ft(Q)|.

(3) If f is rational and t = 4 and if for every elliptic curve F isogenous
to the elliptic curve corresponding to f then F (Q) does not have full
2-torsion.
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Proof of Theorem (24). Using Ribet’s theorem we found E ∼p f for a new-
form at level Np = 2L.

If f is irrational then by Proposition (2) (1) there are infinitely many ℓ
for which Bℓ(f) ̸= 0. And by Proposition p|Bℓ(f).

If f rational, because L is not either a Fermat or Mersenne prime we
deduce f cannot be isogenous to form with full 2-torsion that corresponds to
the elliptic curve E. And by Proposition (2) (3) there are infinitely many ℓ
s.t. Bℓ ̸= 0.

Choosing a suitable ℓ gives a bound CL for the prime p.
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