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SUMMARY

The objective of this project is to present the base of Optimal Transport Theory and some of
its applications. The Optimal Transport Problem was first studied by Monge in the 18th century,
and later reformulated by Kantorovich during the 20th century, being this second version the
main object of study. One of the key results relating Monge’s formulation is Brenier’s theorem,
which we will prove and apply to prove the Isoperimetric inequality and the Sobolev inequality.
By employing a different method we will prove another classical result, the Brunn-Minkowski
inequality. This essay concludes with some conditions for the two problems to have the same
optimal value. The other main topic studied during this work are the Wasserstein spaces. They
are a family of probability measures spaces where we use Optimal transport to construct a
metric, the Wasserstein distance. A key result is that it metrizes the weak topology of these
spaces.
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INTRODUCTION

The study of the Optimal Transport Problem is a topic in Analysis that recently is earning the
interest of more mathematicians. This is partly due to the deep connections that are being
found between this theory and topics like Partial Differential Equations and the Ricci flow in
Differential Geometry. It is also starting to be applied to problems like machine learning or
image interpolating.

In this work I will present the basics of the Optimal Transport theory, how it can be applied
to easily prove some classical theorems, and the concept of Wasserstein distance. The main
references have been [1], [~4] and [11]. The structure is as follows:

Chapters 1 and 2 provide the theoretical backbone of this essay. In the first chapter | introduce
the Optimal Transport Problem and its different formulations, including its duality. The main
theorems will be about characterizing the solutions of the problem. In Chapter 2 it is developed
the Wasserstein distance, how it is a metric in space of probability distributions, and that it
metrizes the weak topology.

Regarding the applications, | have included three distinct flavors. In Chapter 3 it is used
the theory of the first chapter, with a notable mention to Brenier's theorem, to prove the
Isoperimetric inequality and the Sobolev inequality. In Chapter 4 it is proved the Brunn-
Minkowski inequality, for which is needed a brief introduction to the study of convex functionals
over the Wasserstein space Ws.

Chapter 5 is devoted to more recent applications of the Wasserstein to Kronecker sequences,
for which | have followed the paper of [12].

Finally, Chapter 6 proves how Kantorovich’s formulation of the Optimal Transport problem is a
relaxation of Monge's in compact subsets of R<.



CHAPTER 1
THE OPTIMAL TRANSPORT PROBLEM

We start by considering (X, d) a Polish space, this is, a metric space that is both complete and
separable. The used notation is as follows:

« P(X) is the set of Borel probability measures on X.
« For u € P(X), its support supp p is the set of all points z € X such that for any open
neighborhood N, we have that u(V,) > 0.

During this whole essay X, Y will be two Polish spaces. For a Borelmap 7' : X — Y, we define
the push forward of ;1 € P(X) as T, € P(Y) given by T, (E) = u(T~(E)) for each Borel set
E C Y. This is characterized by

/f ATy, = /f oT du, forall f: Y — RU{+oo} measurable Borel.

Monge published “Mémoire sur la théorie des déblais et des remblais” in 1781, where he first
proposed a problem that has led to the field of Optimal Transport Theory. He was interested
in minimizing the effort of moving some resources that has te be extracted in some places and
transported to some destinations. We will consider a more general version here.

Problem 14 Monge's Optimal Transport Problem

Given a cost function ¢ : X x Y — R U {+o0c} measurable Borel, and measures u € P(X),
v € P(Y), we want to minimize

Tn—>/Xc(a:,T(x)) du

for all T transport maps, this is 7 : X — Y with T, = v.

It is worth commenting that most of the time we are not only interested on the minimal value,
but also on the map that optimizes it (if it exists) and its properties.

This problem has some phenomenons that are not desirable for its study. For example, there
may not exist any transport map 7. To illustrate this it is enough to consider ;. = §,, some Dirac



delta and v not being one. Then we have that

1 ifzeT YB)

0 ifz¢TY(B) } = orw)(B) # v

Ty, (B) = 5, (I7'(B)) = {

Another issue is that the constraint Ty, = v is not closed with respect to any reasonable
topology. Take for example f : R — R one periodic, with f\[o 12y = 1and f’u/z y = L
We define then

01+0-1
V= —">

'u:‘Cl[O,l]’ 9 ) fa(z) = f(nz).

It immediately follows that (f,,)4, = v. We are going to prove that f,, — 0 weakly, which, as
04, = 0o # v finishes the example.

Consider first any function g € C.(R), we want to prove that [ f,g — 0. As the support is
compact, we have supp g C [—M, M]. Note that we can write

1 on [k H%)

n’ n

-1 on [ﬁ @)

n > n

fall=aran = k=-Mn,—Mn+1,...,—-1,0,1,...,Mn — 1.

As the function g is continous and with compact support, it is uniformly continous, so there is
some ¢ > 0 such that [z — y| < § = |g(x) — g(y)| < 7. Then we can find a N such that for any
n > N, 5= < § and therefore

Lo

Kantorovich was a 2oth century mathematician who contributed to many different research
topics. He is most known as being one of the founder of the modern linear optimization field
and being one of the Nobel Economy Prize winner of 1975. In the field of Optimal Transport, he
proposed a relaxation of the problem that avoids the complications previous discussed.

Mn—1 ﬁ
1 ¢

; 1
< - Y <omn— S =
_k__ZMn - 'g(w) 9w+ 5-) Y

g.




4 1. THE OPTIMAL TRANSPORT PROBLEM

Problem 1.2 Kantorovich’s Optimal Transport Problem
Forc: X xY — RU {400}, and measures p € P(X), v € P(Y), we want to minimize

Y — c(z,y) dvy
X XY

for v a transport plan in

Y(AXxY)=u(A) YA C X Borel
Ad = XxY): .
m(p, v) {7€m XY): (X x B) = u(B) ¥B C Y Borel

Note that the conditions for v € Adm(u,v) are equivalent to the first marginal being Wﬁw =u
and the second ), = v.

Transport plans are a generalization of transport maps, in the sense that if we have T: X — Y
a transport map from y to v, then

(Id,T): X — X XY
z— (2, T(z))
induces the transport plan v = v := (Id, T) 4,

« For AC X Borel, (Id,T) " "(AxY)=A,50v(AxY) = [, ydy=[,du=p(A).
« For B C Y Borel, T-Y(B) = (Id,T)"}(X x B), so using that T, = v

')/(XXB):/ dfy:/ du:/dU:V(B).
XxB T-1(B) B

During this section we are going to see that Kantorovich’'s formulation has several advantages
over Monge’s that makes its study more suitable. Notably:

« There is always at least one transport map, as p x v € Adm(u, v).

+ The set Adm(u,v) is convex and compact with respect to the narrow topology, defined in
the following section.

« Under some mild regularity hypothesis over the cost function, there are minimizers and
they are nicely characterized.

« When the cost function is continuous and the first measure p is atomless, inf(Monge) =
min(Kantorovich)?, so it makes sense to study this nicer problem.

"This theorem can be consulted on [10].
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11 Conditions For Optimality

Definition 1 Narrow Topology
We say a sequence of measures (u,,) € P(X) narrowly converges to i € P(X) when

/ga dpr, — /<p dpu Vo continuous and bounded.

This is sometimes written as p, — 4.
Aset A C P(X) is called tight when for each € > 0 exists some compact set K. C X such
that u(X\K;) <eforall u € A

It can be shown that this topology is metrizable. Moreover, the following two results are well
known in the study of Polish spaces. Let X be a complete separable metric space (this is, a
Polish space), then:

« (Prokhorov’s theorem) A family K C P(X) is relatively compact w.r.t. the narrow topology
if and only if K is tight.

« (Ulam’s tightness theorem) A finite Borel measure p on X is tight, in the sense that {u} is
a tight set. This means that

Ve > 0 3K compact set such that u(X\K) < e.

More details about this results are available at [13], theorems 5.2 and 2.6.

Remark 1.3. Because any v € Adm(u, v) satisfies the inequality
V(X X Y\K1 X Ka) < ((X\K1) xY) +7(X x (Y\K2)) = p(X\K1) + v(Y\K2)
we Rnow that, if K1 C P(X) and Ky C P(Y) are tight, then so is the set
{yeP(X xY) : Wﬁ,\/E’Cl, 71';7:1/}.
Remark 1.4. We are going to use extensively the properties of lower and upper semicontinous

functions, so it will be useful for the reader to recall the following basic properties of them.

Given M a metric space and a function f : X — R we say that f is lower semicontinous (l.s.c.)
at the point 2y € X if for every y € R with y < f(z) exists U = U(y) a neighborhood of z, such
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that f(z) > y Vo € U. The function f is Ls.c. if it is Ls.c. at every point.

The concept of upper semicontinous (u.s.c.) is defined in a complete symmetric way and is
characterized by f is u.s.c. if and only if —f is L.s.c.

« If the functions (f;);cs are all Ls.c. then the pointwise supremum sup,¢; f; is L.s.C.

+ Notably, for a monotone increasing sequence f, : X — R of continuous functions then
lim,, f, = sup,, fn is L.s.C.

* (Theorem of Baire) If f : X — R is L.s.c. then exists a monotone increasing sequence
fn : X — R of continuous functions with f,, — f. If f: X - RU {400} then f,, : X — R.

Theorem 1.5 Existence of minimizers for the Kantorovich’s formulation

If ¢ is lower semicontinous and bounded from below, then there is a minimizer for the
Kantorovich’s Problem 1.2.

Proof. First, by Ulam’s Theorem we know that the sets {u:} and {v} are tight, so the previous
remark tell us that Adm(y,v) is tight. Using Prokhorov’'s theorem, Adm(u,v) is relatively
compact (in the narrow topology). We claim that it is in fact compact. Let (v,) € Adm(u,v)
and v, — v narrowly, we want to prove that v € Adm(u,v). For any ¢ € C(X) bounded, we
know that (z,y) — ¢(z) is a continuous and bounded function on X x Y — R, so using the
narrow convergence

As ¢ was arbitrary, we get that ”ﬁv = u. The same idea works for v, so v € Adm(u, v).

Now, we want to prove that the functional v — [ ¢ dv is lower semicontinous in the narrow
topology. We know there is an increasing sequence of continuous functions ¢,, with ¢ = sup,, ¢;.
Because there is a lower bound ¢ > L > —oo we can assume that ¢,, > L for all n too. We can
also assume that every ¢, is bounded, as long as we don’t require the upper bound to be the
same for each c,.

Using the monotone convergence theorem, we get [ ¢ — L dy = sup,, [ ¢, — L dv. But because
7 is a probability, [ L dy = L and we get

/cdyzsup/cndv.

Note that because each ¢, is bounded, then v — [ ¢, dv is narrowly continuous. This makes
then v — [ ¢ dv a supremum of continuous functions, so it is L.s.c.

Finally, as Adm(y, v) is compact and v — [ cdy is Ls.c. it attains a minimum. O
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Definition 2 Optimal plans

The set Opt(u,v) denotes set of all optimal plans from y to v, this is, the set of plans that
minimize the Kantorovich Problem. We will also say that a plan is optimal if it is optimal with
respect to its marginals.

Note that this notation does not specify which is the cost function. This choice of c will be clear
from the context, as this function is usually fixed.

To tackle the problem of when a plan is optimal, we need first to introduce some notions.

Definition 3 c-transforms, c-concavity and c-convexity
For¢ : Y — RU {+oco} we define its ¢+ transform as

Yt X - RU{~o0} Pt (z) = inf c(z,y) — ¥ (y).
yey

Analogously, for ¢ : X — R — U{+£oo} we define

¢t:Y 5 RU{-o0} ot (y) = mlél)f( o(z,y) — ().

The c— transforms are given by

P X 5> RU{—o0} Y (z) = S5 —c(z,y) — ¥(y) = —infe(z,y) + ¥(y)
¢ :Y - RU{—o0} e (y) = g —c(z,y) — ¢(z) = —infe(z, y) + ¢(2)

« ¢: X - RU{—o0} is c-concave if there is some ¢ : Y — R U {—oo} with ¢ = ¢+,
« 1:Y - RU{—occ} is c-concave if there is some p : X — RU {—oo} with ¢ = p°*.
* ¢: X = RU{+oo} is c-convex if there issome ¢ : Y — RU {400} with ¢ = ¢
*:Y = RU{+o0} is c-convex if there is some ¢ : X — RU {+o0} with ¢ = .

For ¢ : X — RU{—o0} c-concave, we define its c-superdifferential as

OTo={(z,y) e X xY : o(z)+ ¢t (y) =c(z,9)}.

For z € X, we also denote 0T p(z) = {y € Y : (x,y) € 9T p}.
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Given ¢ : X — RU {+0c0} c-convex, we define its c-subdifferential as

" o={(z,y) e X xY : p(x)+ ¢ (y) = —clz,y)} .

In the case of c-convex and c-concave functions on Y we use the natural symmetric
definitions.

| want first to highlight that there are some trivial connections between these concepts, like
that a function ¢ is c-convex if and only if —¢ is c-concave or that —p°" = (—p)°". This means
that most statements regarding one concept have an analogous one for the other. To get rid off
this redundancy, in this work | will focus mainly on the c-concave results.

One interesting property is that for ¢ : Y — R U {400} we have that ¢*" = ¢+t Indeed,

YEFTH () = inf sup inf {e(w, ) — (@ 3) + (F,) = b(w)}

so taking z = = we get Tt > 9T, and taking y = 7 gives the other inequality.

From this follows that ¢ : X — R U {—o0} is c-concave if and only if o“¢* = . Naturally, this
also works for functions ¢ on Y.

This has a nice implication. Consider a c-concave function ¢ : X — R, then

ct+ct (x) = inf C($7 y) - SOCJ’_ (y)

o(r) =¢ [nf

means that p(z) + ¢“*(y) < c(z,y) forallz € X,y €Y.

If we apply this to the c-supperdiferential, then

) o(2) 4ot (y)<clz,y)

o(x) + ¢t (y) = c(z,y p(2) = c(z,y) < p(x) — c(z,y) Vze X,

The following proposition collects all these basic properties.

Proposition 1.6.
1. A function is c-concave iff and only if ¢ = p°T¢T,

2. For a c-concave function,

o(x) + ¢ (y) < ez, y) Vre X, VyeY.

3. For a c-concave function,

(z,y) €07y = ¢(2) —c(z,y) < p(a) —cz,y)  VzEX.
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Example 1.7. If we consider X =Y = R?% and c(x,y) = —(x,y), we get that this notions are the
standard ones in convex analysis:

- A function is c-convex (or c-concave) when it is convex (resp. concave).

« The c-superdifferential and c-subdifferential are the classical superdifferential and subdif-
ferential.

« The c— transform is the Legendre transform.

Indeed, for the first part we need to recall the following not so well-known theorem:
Theorem 1.8. A function f : A C R" — R U {+oo} is convex and Ls.c. if and only if
f = sup, fa for a family f, of affine functions.

If p is c-convex then exists a function with ¢(z) = ¢~ (z) = sup, (z,y) — ¥ (y). But for any fixed
y the function (z,y) — ¢ (y) is affine, so ¢ is convex.

For the other implication, a convex function is continuous in the interior of its domain, so
if p(z) = sup, fa(x) for f, affine functions we want to see that it is c-convex. Because the
functions are affine, we can write them as f,(z) = (z,y.) + Ko With y., K, € R% Note that it
can happen that y, = ys but K, # K5. In this case we also have the inequality for sup{K,, K5}
where the suppremum is taken coordinate by coordinate. We can define

—h(y) = sup{K, : yo =y} ifexistsawithy, =«
v= —00 if Aawithy, =1y

Then it is clear that o (x) = sup, (z,y) — ¥ (y) = ¥ (x) is c-convex.

For the last part, the Legendre transform is the c— transform in the region where it is finite.

Example 1.9 (Discrete measures). Let's consider X = Y = R¢ and ¢(z,y) = |z — y|?/2 the cost
function. Let’s also assume that p, v € P(R?) are discrete measures of the form

M N
= g m;idg,, V= E nj(Syj.
i1 j=1

As any measure in v € Adm(u,v) is concentrated on the product of the supports, we can
represent the admisible set as

i=M

j=N M N
Adm(u,l/) = E aiJ(S(x“yj) . am Z 0, E am = nj, E am- = m;
i,j=1 i=1 Jj=1
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Let's consider now a plan v € Opt(u, v). Let's consider K points in supp~y and a permutation o
of {1,..., N}. Then we have that

5 o — 2 |2k — Yoy
> — < > — (1)
k=1 k=1

Indeed, if this is not true we can consider for ¢ > 0 small enough

Y= EZ ( (Th Yo (k)) (%4/1«))

would have a strictly smaller cost, contradicting the optimality of .

In fact, if fory € Adm(u, v) this condition holds true forany NV € N, any points in the supportand
any permutation, it can be proved that v is optimal. This result will also be true as a consequence
of Theorem 1.10.

Note that if in (1.1) we expand the squares we get > (zx,yr) > > (2, Yo())- This means that
v € Adm(u,v) is optimal when its support is a ciclically monotone set. This motivates us the
generalize the concept using this equation.

Definition 4 c~ciclically monotone

AsetT' C X x Y is c-ciclically monotone if for any N € N points (z;,y;) € supp(y) and any
permutationo: {1,...,N} — {1,..., N} we have

N N
Zc(xiayl ZC 517273/0()
n=1 n=1

The previous example showed a situation where being an optimal plan was characterized by its
support being c-ciclically monotone. This was not a special case, but is true in general, under
some assumptions on the cost function.
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Theorem 1.10 Fundamental Theorem of Optimal Transport

Let's assume the cost function c is continuous and bounded from below and with the upper
bound

c(z,y) < a(z) + b(y)

for some functions a € L*(X, 1), b € L'(Y,v). Forany v € Adm(u, v) the following statements
are equivalent:

1. v is an optimal plan.
2. supp~ is c-cyclically monotone.
3. there exists ¢ : X — R, c-concave, with ¢ € L*(X, u) and supp~y C 9t .

4. there exists ¢ : X — R, c-concave, with max{p, 0} € L*(X, u) and suppy C 9t .

Proof. Because of the inequality
et ar< [atw) b dy = [aw)du+ [o0) v < oo

we know that ¢ € L!(y) for any v € Adm(u, v). Moreover, max{0,c} € L!(v) too.

1=2 Let's argue by contradiction. For v a optimal plan, if supp~ is not c-ciclically monotone
there are N points (z;,y;) € supp~y and a permutation o of them with

N
Z (i, yi) > Z (Zis Yo (i))-
i—1 i=1

Because the function c is continuous, we can actually find disjoint neighborhoods with
x; € U;, y; € U; that keep the inequality true:

N
ZC(Ui,UU(z‘)) — c(ug,v;) <0, Yu; € U, v; € V.
i=1
Note that as each (x;, y;) € supp~, we can assume this sets to have non-zero v measure.

We now want to construct a measure 4 = v+ n so that the optimality of y is contradictory.
For this, we want n to be a signed measure satisfying:

- n~ < ~,s07 is a (positive) measure.
- null marginals and n(X x Y) =0, so we have ¥ € Adm(u, v).

- [¢dn < 0, making v not optimal.
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To construct this measure, let's denote by Q = [T, Ui x V; c (X xY)" and the probability
measure P € P(Q2) given by the product of -+, where »; = ~|,, . and m; = v(U; x Vj).
With these notations, we consider

. N
n = min m; Z (FUi,WVU(i))#P _ (TI'Ui, 7TV¢)

N #P
=1

Note that foraset A x B C X x Y we can give a more explicit expression,

MA X B) = RIS (U5 1 A) X V) o) (Ungy X (Vo) 1 B)) =~ (U1 4) x (Vi B))

= Mimo (i) m

With both of these expression it is trivial to check that ) satisfies all the wanted conditions.

4=1 Because suppy C 9°tp we have p(z) + ¢“*(y) = c(x,y) for (z,y) € suppy. Recall that
because ¢ is c-convex,

o(x) + ¢ (y) < c(z,y), reX,yeY.

For another admisible plan 4 € Adm(u, ) we want to see that [ ¢ dy < [ ¢ d3. But this
follows from the previous relationships:

/cdvz/w(w)+<pc+(y) dvz/wdwr/wc* dv:/w($)+<pc+(y) dy < /C(w,y) dy.

3=4 This implication is clear.

2=-3 Assuming that I' = supp~ is c-ciclically monotone, a function ¢ with the conditions of
3 would have to satisfy the following: fix a point (z,7) € T, and consider any N points
(zi,y;) € T, then

c+(

5
&
IA
o)

(w,y1) — " (y1) = c(z, 1) — (@1, 91) + @(21)
<c(z,y1) — (@1, y1) + (w1, y2) — c(z2,92) + (22)

o(z) < clz,y1) — c(z1,y2) + - + c(zN,7) — (T, 7) + ©(T).

If ¢ satisfy the wanted conditions, ¢ +k does too, so we can assume ¢(Z) = 0, by replacing
the function ¢ if necessary. This motivates us to define the function the following way:

o(x) :==inf{c(z,y1) — c(z1,y2) - - - + c(zn,Y) — c(T,y) : N € Zy, (zjyy;) €T i=1,...,N}



1.1. CONDITIONS FOR OPTIMALITY 13

Thisisa L' (u) function because of the upper bound from taking N = 1and (x1,%1) = (Z,7):
p(x) < c2,7) = (@, 9) +¢(7,7) = «(T,7) < al@) +b(7) — c(@.7) € L' ().

The c-concavity is easy to see, as we can write p(z) = ¢°"(y) = inf ey c¢(z,y) — ¥(y) for
the function given by

_w(y) = inf{—c(asl,yg) e +C(xN7?) - C(fuy) : N e Z-i-v (xlay) € F7 (fUuZ/z) eli= 2a s aN}

Given (z,y) € T, consider N > 2 and make (z1,y1) = (z,y):

p(2) < c(z,y) — clz,y) + inf{e(z, y2) — c(z2,82) -+ } = c(z,9) — ez, ) + p(2),

which is equivalent to (z,y) € 9. ]

Note that in the implication 1=-2 we have no used the upper bound on ¢, so we have this nice
corollary.

Corollary 111. Given a continuous cost function bounded from below, if a plan is optimal then it
has a c-cyclically monotone support.

As a consequence of the Fundamental theorem we have the following result, that gives sufficient
conditions for the stability of maps when we change the probabilities ., » and the cost c.

Theorem 142 (Stability of optimal plans). Consider the following hypothesis:
« A cost function ¢ : X x Y — R continuous and bounded from below.
« A sequence (c) of continuous cost functions with ¢, — c uniformly.
» The measures (u;,) € P(X) with py = p.
.« () € P(Y) with v, =5 v,
» The optimal plans ~;, € Opt(pk, vi) such that [ ¢ dy, < .

Then exists a subsequence v, —— v € Adm(yu, v) with c-cyclically monotone support.

Moreover, if c(x,y) < a(x) + b(y) with a € L' (X, 1) and b € LY(Y,v), then v € Opt(u,v).

Remark1.13. We have not used it until now, but it is useful to note that a probability y € P(X xY)
has c-ciclically monotone support if and only if

N
(supp7) > C {<<x1,yl>, (@2.10),-- (@) € (XX Y)Y & 3 elays) < Zc<xi,yo<i>>}

=1 =1
forany N > 1and any permutationo: {1,--- ,N} — {1,--- ,N}.

We are using the notation (supp~)®" = suppy x - -- x supp~.

N times
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Proof. Because the sequences {ux} and {v} are convergent, they are relatively compact sets,
and using Prokhorov theorem they are tight sets. Then, thanks to Remark 1.3, the sequence {+;}
is tight too and has a convergent subsequence v, — ~ € Adm(u, ).

Using the Corollary 111 we know that supp~ is c-ciclically monotone. For a fix N and
permutation o we have

N
(supp )N C € = {((931»3/1), (x2,92), -+, (TN, YN)) ch T Yi) < Z (wiaya(i))} :

For k big enough, the uniform convergence gives the inequalities ¢ — 55 < ¢ < ¢ + 55, SO we
have the inclusions:

N N
Crp CCe:= {(($1,y1), (@2, 42),» (@nnun)) = Y e(@i i) < el@i, Yogi)) +€} :
im1 i=1

As c is continuous, C. is a closed set, so (supp)®" C C.. This is true for any € > 0, so it is also
true that (suppv)®" C Co, which proves that v is c-cyclically monotone.

The final part is a direct consequence of the Fundamental Theorem 1.10. O
1.2 Duality

In the Kantorovich problem, we look to minimize v — [ ¢ dywhen~y € Adm(u,v). In some sense,
this can be seen as minimizing a linear functional with the constraints ﬂﬁv = pand ”iv = v. This
kind of optimization problems admit a natural dual problem, whose optimal solution relates to
the optimal solution of the original one.

Consider the following problem, which we will prove that is the dual of the Optimal transport
problem.

Problem 114 Dual Problem
Given p € P(X), v € P(Y) and a cost function ¢: X x Y — R, we want to maximize

(%¢%—+/wdu+/wdv
for p € L' (), v € L*(v) subject to

V(z,y) € X X Y, o(x) +¥(y) < c(z,y)-



1.2. DUALITY 15

Theorem 145 (Duality theorem). Assuming that the cost function c is continuous, bounded from
below and satisfying

e(2,y) < ax) + b(y), aeL'(p), be L' W),

Then,

 The supremum of the Dual problem has the same value as the minimum of the Kantorovich
Problem 1.2.

« The supremum of the Dual problem is attained by a pair of the form (¢, ") for some
¢ € L'(u) c-concave.

Proof. First, for any plan v € Adm(u,v) and any (¢, ) solution (not necessarily optimal) of the
dual problem,

/cd72/go(a:)+1/1(y)d7:/g0du+/zpdu. (1.2)

Consider now an optimal plan v € Opt(u, v). By the fundamental theorem 1.10 we know there is
some c-concave function ¢ : X — R with suppy C 9“T¢. Then, we get

c(z,y) = p(x) + ¢ (y), V(x,y) € supp 7.

Taking ) = ¢°*, this makes the inequality of (1.2) an equality, so the proof is completed. O

Definition 5 Kantorovich potential

A Kantorovich potential is a c-concave function ¢ such that (¢, ¢“") is a optimal solution of
the Dual Problem 1.14.

Proposition 1.16. Under the assumptions of Theorem 1.15, consider any Kantorovich potential
and any optimal plan ~, then we have the inclusion supp~y C 0" .

Proof. For any plan v € Opt(u,v), because of the Fundamental Theorem 110 and the proof of
theorem 1.15, we know there is a Kantorovich potencial ¢ with suppy C 9T .

For any other 7/ € Opt(u, ) we have that

/cpdu+/<pc+d1/=/<ﬁ(x)+soc+(y)dv’S/cdv’:/cd7=/<pdu+/soc+dV-
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To make the inequality an equality, it must be that v’-a.e. (z,y) € 9°Tp. Using that c is
continuous we get suppy’ C 0t .

On the other hand, if we consider another Kantorovich potential (¢, ©’“*) we get

/@d,u+/ CJralu—/cah>/ z) + T )d’y:/goldu+/cplc+dy

As both sides are the same value (because they are optimal solutions of the dual problem), the
inequality is an equality and, just like before, this implies suppy C 9T ¢'. O

1.3 Optimal plans induced by maps

Lemma 147 (Characterization of optimal maps). Let v € Adm(u,v). The following are equivalent,
i. ~visinduced by a map.

ii. There is a yv-measurable set ' C X x Y where ~ is concentrated and such that for u-a.e.
x € X thereis only a pointy =: T(x) € Y such that (z,T(z)) € I.

If this happens, v is induced by the transport map T.

Proof.

i=ii Let's assume that exists 7 : X — Y with v = (Id, T4, (this is, v is induced by T). Define
I'={(z,T(x)) : = € X}. We get that

V(F):/Fldvz/xld,uzl

because I is the image of X by the map (Id,T): X — X x Y.

ii=i The conditions of I" allows us to consider T': X — Y, a priori well defined only in a set of
pu-measure 1 but that we can extend with any value in the problematic set of null measure.

Forany f: X x Y — R continuous with compact support

[ ) dn - /F fa,y) dy = /F fla 7)) dy = [ @ T(a) dy = /X f(@.T(x)) dy

- / f(x.y) d(1d, T) 4,

so indeed v = (1d,T) 4,
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To see the final part that 7" is a transport plan we have to see that T, = v. For this,
consider any Borel set B C Y,

Tyu(B) = (T (B) = [ Xms)(@) di = [ X)) = [ Xplo) by = v(B).
O

Proposition 118. Consider the cost function c(z,y) = |z — y|?> and ¢ : R? — RU {—oc}. p(z) is
c-concave if and only if the function B(z) := |z|?/2 — ¢(x) is convex and lower semicontinous.
Moreover, y € 9t p(z) if and only if y € 0~ p(x).

Proof. We know ¢ is c-concave if and only if 3y with ¢(z) = inf, {% - w(y)}, but expanding
the norm we get

S B0 S T 2yl
o) =int{ 5+ 2w vt} = ot - =i {8 - e - v}
—o(x)

2 2 -
So B(z) = sup {(x,y> — <y2| - Tb(y)) } = (|y2’ - w(y)> , S0 7 is convex for the cost function
Yy

(z,7), but because of the Remark 1.7 this means that it is convex (in the standard sense).

For the second part, we apply Proposition 1.6 and by expanding again the norm we get a c-
superdifferential for ¢(z,y) = (z,y):

2 12
yeoto) = o) - EoM <o) - PO vaex

< 9 ~
|2|? ER

= o(z) - -t (z,y) < p(x) — -t (z,y) VzeX

<

<

?(2) + (z,y) <p(x) + (z,y) VzeX
y € 0p().
]

Definition 6 Regular Measures

A measure on R? is said to be regular if it gives 0 mass to any c-c hypersurface, with the
meaning that £ C R¢ is a c-c hypersurface (convex minus convex hypersurface) if, in some
system of coordinates, we can write the set as the graph

E= {(y,t) cy Rt e Rt =g(y) — f(y)}

with f, g : R%! — R convex functions.
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A clear example of regular measures are absolutely continuous ones. This is because they give
no mass to Lipschitz hypersurfaces, and a c-c hypersurface is locally Lipschitz.

The differentiability of convex functions has a connection with c-c hypersurfaces, as the theorem
below shows. The proof can be consulted on [14, Thereom 2].

Theorem 119. A C R? can be covered by countable many c-c hypersurfaces if and only if there
is some convex function f : R¢ — R such that the non-differenciable points of f cover A.

Theorem 1.20 Brenier's theorem

Let 1 € P(R?) be a measure with finite second moment and the cost function c(z, y) = |z—y|%,
then the following are equivalent:

1. For each v € P(R?) with finite second moment, there exists only one optimal transport
plan from p to v, and it is induced by a map 7.

2. uis a regular measure.

If any of these cases happens, then the optimal map T is the gradient of some convex
function.

Remark 1.21. Before the proof, it will be useful to recall some basic properties of the
subdifferential. Given f : R" — R defined in dom(f) we say that v € R™ is a subgradient of
fatz e dom(f)if

fe)>fle)+v-(z—x) Vz € dom(f).

The subdifferential at z is 9~ f(z) the set of al subgradients at z.

« Itis a closed convex set.
« If fis convex and = € int dom(f) then 0~ f(x) is non-empty and bounded.
« If f is convex and differentiable at x then 0~ f(z) = {Vf(2)}.

Proof.

1=-2: In order to find a contradiction, we assume that exists a c-c hypersurface £’ with positive
measure. Then by Theorem 1.19 exists f : R¢ — R such that the set E of non-differenciable
points covers E’ and therefore u(F) > 0.

By possibly modifying f outside of a compact set, we can also assume it has linear growth
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at infinity. We consider the maps

T(xz) = the element of smallest norm in 9~ f
S(z) = the element of biggest norm in 9~ f

Because 0~ f(xz) is a closed convex bounded set it makes sense to consider the element
of smallest norm and T is well defined. For the element of biggest norm, it may happen
that there are several of them. In this case pick one following some criteria (the closest
to (1,0) for example)

Note that because of the definition of F, we have that 7' # S inside E and T' = S outside.
Consider the measure

Y= ((Idv T)#M + (Id7 S)#M) € P(RQd)

DO | —

The linear growth means that exists & > 0 such that f(z) = k|z|+O(|z|). For a fixed z € RY,
consider any v € 9~ f(z), v # 0. This satisfies

f(z) > flx)+v-(z—2)=f(z)—v-z+0v-z, Vz € R%

Then f(z) = k|z| + O(|z]) > f(x) —v -2z + v -2z We can choose z parallel to v so that
v-z=|v|-|z|. Then

Kzl +O(z]) = f(z) —v-z 4ol - |z = (k=[v])|z]+O(2]) = f(z) —v-2

As the right hand size is fixed, by making |z| — oo we get that |v| < k.

This means that all the subgradients are bounded by k, so notably 7(R%) C [0,%] and
S(R?) C [0, k]. This implies that v = 7}, is concentrated on {z € R : |z| < k}. Because
of the compact support [ |z|? dv < oco.

To see that + is optimal, we want to check that suppy C 9t for some c-concave function.
ep . .. 2 .

Note that if in Proposition 1.18 we take f = @ and ¢(z) = % — f(x) then ¢ is c-concave.

Moreover, as [ |z|?du < oo, we can use the linear growth and continuity of f to get that

¢ € LY(R? u). To conclude that v is then optimal we need only to check that suppy C

9Ty = 0~ f. But because

(Id,T)p(Ux V) =p({z €U : T(x) €V}, (Id.S)uu(UxV)=p{zelU : S(x)eV}),

if (z,y) ¢ {(z,S(z))} € 0~ f we can find a ball around it outside of 9°*¢ = 9~ f and
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2=1:

therefore with y-measure zero. Note that this ball exists because the set

is closed as the functions ¢, o™ are continuous.

We can apply the hypothesis and v is induced by a map, but this is a contradiction because
T # S on E with u(E) > 0.

As both 1 and v have finite second moment we get that the bound
=yl < 2[a]? + 2Jy|?

works for the Fundamental Theorem of OT 1.10 and the duality Theorem 1.15.

Moreover, by the Proposition 116 we know that for any c-concave Kantorovich potential ¢
and any v € Opt(u, v) we have the inclusion suppy C 9°t¢. But the cost function |z — y|?
implies that p(z) = @ — ¢(x) is convex and 9°tp = 0~ . Because y is a regular measure,
the set of non-differentiability of » has measure 0. This means that the V is well defined
pu-almost everywhere, and because suppy C 9~ ¢ the plans are concentrated on the graph
of Vg and therefore induced by it. This also proves that there is only one optimal plan,
the one induced by the map Vi = T.

O]

Many of the use of Brenier's theorem comes from the following corollary, which follows mostly
from applying Brenier’s theorem to both measures and the lemma 1.17.

Corollary 1.22

If 1, v € P(R?) are regular measures with finite second moment, then the optimal transport
plan from y to v is induced by a map T, which is the gradient of a convex function and is a
bijection T : A — B for A, B C R? with u(A) = v(B) = 1.

Indeed, if T, S are the optimal maps given by the Brenier’s theorem with T, = v and Sy, = 11
then for any measurable function F : R - R

/FdV:/Fonu:/FoToSdu

SoT oS = Ida.e. inv. The same reasoning shows that S o T = Id a.e. in u, which gives that T’
is a bijection in the sense explained in the statement.
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Remark 1.23. We will usually use the map 7' : A — B as change of variables, as in this situation
is a bijection. This map was the derivative of a convex function, so we can consider the gradient
of T' because the second derivative of a convex function is well-defined almost everywhere,
thanks to Aleksandrov’s Theorem (check [6, Theorem A.2] for the proof).

Remark 1.24. Note that when f, g are the probability densities of y, v the condition Ty, = v is
equivalent that for any F : R? — R measurable

/ F(T(2)) f(x) dx = / F(x)g(x) do = / F(T(2))g(T (x)) det(VT(x)) dx

So by taking a sequence approximating a Dirac delta we get that

9(T(2)) det(VT(z)) = f(z) = 9(Vu(z)) det(D?u()) = f(x).

And this is a particular case of the Monge-Ampére equation, a highly non-linear elliptic PDE.
Brenier's theorem proves then the existence of a solution when f, g satisfy some conditions.



CHAPTER 2
WASSERSTEIN DISTANCE

Until now, when we have studied the Optimal Transport problem we have been interested on
the optimal plans and their properties. In this section the focus is going to shift to the optimal
value of the problem, and how this allows to define a distance between measures.

As in the previous section, we will assume X to be a Polish space with metric d.

21 Definition and Wasserstein spaces

Definition 7 Wasserstein distance

For any p € [1,4+00) and p, v € P(X), consider the cost function ¢(z,y) = d(x,y)P. Then the
Wasserstein distance is

W) = (e [ d(x,wpdv);’:( / d(x,wpdfy)‘l’ = € Ot o)

yEAdm(p,v)

A first easy example is that for any z,y € X then W,(d,,d,) = d(x,y). This is due to the fact
that any plan v € Adm(d, é,) must be concentrated on (z,y), so the only admisible plan is the
optimal.

Although in this case the distance is the same for any value of p, in general it depends on p.

Proposition 2. W, is an extended distance on P(X ), meaning that

1. Wy, : P(X) x P(X) — [0, +00].

2. It is symmetric.

3. If Wy(p,v) =0then p=v.

4. It satisfies the triangular inequality: Wy,(p, v) < Wy(p, A) + Wr(\, v).
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Proof. The firsttwo pointsare clearly true. For the third, if W,(u, v) = Othen exists y € Adm(p, v)
with
/d(:c, y)Pdy = 0.

This means that v is concentrated on the diagonal {z = y}, being induced by the map Id : X —
X, which makes p = v. O

For the last part we need the following lemma.

Lemma 2.2 (Gluing or composition lemma). Let X, Y, Z be three polish spaces and v, € P(X xY),

v2 € P(Y x Z) with wgm = W;;w. Then exists v € P(X x Y x Z) with such that W;;Y = and

7
#y = 2

Proof. Let's call y := wgm = w#’;w. We can use the disintegration lemma to write dvi(x,y) =
du(y)dyr,(z) with the meaning that

[ e inea=[ ( / f(a:,y)dfyl,y(x)> )

Note that this is just the conditional probability for discrete and absolutely continuous, while
for singular measures the disintegration theorem'gives the theoretical support.

We do the same for dvy,(y, z) = pu(y)dy24(2). Then
dy(z,y, 2) = du(y)dyry () dyz,y(2)

satisfies the wanted properties. O

Continuation of 2.1 proof: If we consider v; € Opt(u, A) and 2 € Opt(A,v) then we can apply
the Gluing lemma to get y € P(X?®) with marginals p, A, v. As 72> € Adm(p, v),

1

Walu,v) < </ dr dﬂ#i) = (/ d(x1,$3)pd7(x1,m2,x3)>;

< (/ d(xl,xg)pd'y(xl,xg,xg)); + </ d(l’Q,iL’g)pd’y(.’L'l,xg,.’L'g)) = Wp(u, A) + Wy(\,v).

"The proof can be checked on [5], [3] or [9].
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Corollary 2.3 Wasserstein’s spaces
W, is a distance on the set of Borel probabilities

Pp(X) = {u eP(X) : /d(xg,x)pdu(x) < oo for some g € X}.

It is @ common convention to abbreviate a metric space (X,d) to just X, as the metric can
usually be inferred by the context. In this case, as the novelty is not on the space P, but on the
distance, it is frequent to just write W,(X). Naturally, the base space X may be omitted if it
does not cause confusion and use instead W), or P,,.

Proof. First note that if [ d(z¢,z)du(x) is finite for some z, then it is finite for any z, € X:

/d(io,x)pdu(z) <ort /d(io,xo)p + d(xo, z)Pdu(x) < oo.

So forany p,v € P, and v € Adm(p,v)

Wyt < [deppirte.n) <27 ([ desoriua) + [ dian,ppiv) <o

Proposition 2.4. If 1 < p < g then W, < W,,.

Proof. This is a consequence that when X is a finite measure [|-|[1(5) < [|[|za(x) forany a > 1.
1
Taking an optimal plan W, (y, v) = ([ d? dv)® then

i
W (p, v)P < /dpd’Y < (/ dqd')’) = Wy(p,v)P = Wy < Wy

O
This tells us that the distance W is dominated by any other. This case p = 1 is specially frequent,
and is also known as the Kantorovich-Rubinstein distance.

Proposition 2.5 Kantorovich-Rubinstein duality

Wi (p,v) = sup {/god,u — /gpdl/ lellnip < 1} where ||¢| iy is the Lipschitz seminorm.
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The proof is a direct consequence of duality combined with the following lemma. Indeed,

Wi(p,v) zsup{/godu+/goc+d1/ : gpc—concave} :sup{/godu—/gody s lellip < 1}.

Lemma 2.6. If the cost function is a distance c(z,y) = d(x,y) (not necessarily the one of the
metric space X), then ¢ : X — R is c-concave if and only if it is 1-Lipschitz (for the distance d).
In this case ¢“* = —o.

Proof. If ¢ is c-concave, then

o(z) = T (2) = inf sup d(z,y) — d(z,y) + ©(2).
YeX zeX

This implies ¢(z) — p(z) > inf, d(z,y) — d(z,y), SO

p(z) —p(x) < Sup d(z,y) —d(z,y) < d(z,x).

As the role of x and z is symmetric, this proves that ¢ is 1-Lipschitz.

If instead we assume that ¢ is 1-Lipschitz, this is,

[p(x) = o(y)| < d(z,y) Va,y € X.
Then —p(y) < d(z,y) —p(z) S0 p°t(y) = inf, d(z,y) —p(x) = —p(y) and, as —¢ is still 1-Lipschitz,
et = (—p)°t = p and it is c-concave. O
Definition 8 Weak topology on P,

Given (u) a sequence measures in P, and p € Pp, we say that p, — p weakly on P, if pu, —
narrowly and for some zy € X

/d(a:o,a:)pduk(x) — /d(:co,a:)pdu(x).

Remark 2.7. This condition is equivalent to the any of the following ones:

1. p — pnarrow and lim sup/d(a:o,a:)pduk(x) — /d(:cg,a:)pdu(:n).
k

2. pp — phnarrow and lim limsup/ d(xg, z)Pdug(x) = 0.
R—+o00 d(zo,2)>R

3. For all continuous functions f : X — R with |f(z)| < C (1 + d(xo, z)?) we have that

[t [ sau
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Proof. Let's denote by (0) the condition of the definition. Then, there are some trivial
implications: (3)=(0)=(1). So we have to check two more implications.

(1)=(2): For any R > 0, we can split the limit in
/d(mo, x)Pdp = lim sup / d(xo, x)Pdug
k
= Iimksup/d(xo,x)pX{d(Io?x)SR}duk + limksup/d(mo,x)px{d(m’x)zR}duk

The function of the first limit is bounded, and as y;, — p narrowly we get

. R—o00
hmksul)/d(x07x)pX{d(xo,x)gR}d:“k = /d(xo’qj)pX{d(aco,x)gR}dM =22 [ d(zo, x)Pdp

where the last limit is a consequence of i € P,. This proves the hypothesis of (2).

(2)=(3): Given f : X — R continuous with |f(z)] < C(1 + d(z,z0)?), for any R > 0 we can
consider the bounded continuous function f(z) = max{—R, min{R, f(z)}}. Then

li]gl/fduk=li]£n</fduk+/f—fduk>z/fdu+li’1;rl/f—fduk-

It is clear that limg_ o, [ f du = [ f du, SO we want to check that the limit as R — oo of the
second part is 0. For this we can reason as follows:

\ / S Fdm| < / 7 ] s = /f(Mﬂx)r—Rduks /|f(x)|>R|f(95)|dﬂk-

Butif R < |f(z)| < C(1+ d(z,z0)?) we get £ — 1 < d(x, z9)” and we can take an R big enough
so that d(z,z9) > R’ with R" — oo when R — oo, and when R’ > 1 we get |f(z)| < 2Cd(z, xo)P.
Using the hypothesis we finish the proof:

/f—fd,uk

lim limsup
R—o0 k

< lim limsup/ 2Cd(x,x0)? duy, = 0.
R—oo d(z,z0)>R’

This topology is not only metrizable, but is generated by the Wasserstein distance, as the
following theorem shows.

Theorem 2.8
pie — w1 in Py if and only if they converge in the W, this is, W, (u, ) — 0.
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First, we are going to require the following lemma, that has interest on its own.

Lemma 2.9. If (111) is a Cauchy sequence in W, then {y} is tight.

Proof. Recall that to prove a sequence is tight we need to find for every ¢ > 0 a compact set
K. = K with u,(X\K) <eforalln e N.

That (p) is Cauchy means that W, (u, 1) LilmascNy} Notably, this plus the triangular inequality

imply that W, (1, i) is bounded. From this we get

W (B 1) = / (0, 2)Pdaa () < (Wip(G, 1) + W (jar, )P

is bounded too.

Because W, > W, we get that (x;) € P, C P; are Cauchy for W; too. This means that for any
given ¢ > 0 exists N with
k>N = Wi(un, ) < &2

Note that for any k € N exists j = j(k) € {1,..., N} with Wy (u;, pg) <

« If k > N, j(k) = N works by the previous inequality.
« If £ < N, we can take j(k) = k.

Recall that any Borel measure is tight, and as the finite union of tight sets is tight, the set

{/Ll, . ,,uN} is tight:

Exists K compact with p;(X\K) <efor1 <j < N.

We can cover it with a finite number of balls like K C U | B(z;,e) =: U. We are going to define

1 ifeeU
V={reX :dzU)<e} go(a:)—(l—M> = 0 ifx ¢V
S | Le—d@ ) fzev\U

U CV CUB(z;,2¢) and X, < ¢ < Xy Itis also not difficult to check that ¢ is a (1)-Lipschitz
function. This means that ||sp||.;, = 1, and using the Kantorovich-Rubinstein duality (2.5) we
get

1 1
/Wdﬂk —dpy = - /5‘Pdﬂk —dpj < -Wilpe, py) < ¢
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where j = j(k) is described as before. This gives the estimate
(V) = /deﬂk > /<Pduk = /soduj + </90de - dﬂj) > pj(U) —e>1-2e.

What we have proven is that for any € > 0 exists a finite number of points z1,...,z,, € X with
We = U™, B(wy, 2¢), up(X\We) <2 VkeN.

We would like for TV, to be compact, but in general it might not be. This has a classical solution:
replacing ¢ by 557 and consider the union.

For each [ € N exists m(l) and z1, ..., z,, € X with (X\ U Ba, 2—15)) < 27!e. We define

K =02, UM Bag, 27%).

Then ui(X\K) < ¢, itis a closed set, and because X is complete then K is too. Also, it is totally
bounded, this meaning that for any arbitrarily small ¢ > 0 it can be covered by finitely many
balls of radius . But a complete totally bounded set is compact, so K is compact. O

Theorem 2.8 proof: Let's assume that (u), u € P, and Wy(ug, 1) — 0. We want to show that
pi — pin P,. By the previous lemma, {s;} is a tight set. This means that it is relatively compact,
so it has a subsequence py, — @ narrowly.

We want to check that = f. For this recall that v — [d(z,y)Pdy is Ls.c. If we pick v, €
Opt(y, ju, ) then {7, } is a tight set, and then it has another subsequence ~,, with 7, —— ~. As
~v € Adm(pu, 1) we can use the L.s.c. to get

Wi, )P < /d(fv,y)pd’v < liminf W (s, p1n)* = 0.

So indeed 1 = fi. As this works for any converging subsequence of s, we get ju, o .

Recall the following real analysis fact: for e > 0 exists C. such that (a + b)? < (1 +¢)a? + C.bP
for any a,b € R. So for any three points d(xg, z)? < (1 + ¢)d(xg,y)? + Ced(z,y)P. If we consider
T € Opt(pg, p1):

/ﬂmmvwawz/ﬁmmwmuamsu+@/amvaMnm+@/ﬁmwwm@y>

=0+@/ﬂ%wmww+ﬁﬂﬂwwﬂ
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So by taking lim sup,, first and then ¢ — 0 we get that
lim sup / d(xo, x)Pdug(x) < lim sup/d(zrg, x)Pdu(x)
k k

and uy — pin P
For the other implication, if y;, — 1 in P, we want to check that W), (u, 1) — 0.

Note that u;, — 1 too, and this implies that {,;,} is relatively closed, and by Prokhorov theorem
it is tight. Pick 7, € Opt(u, ux), then {m;} is a tight set too. This means that there exists a
subsequence 7 —% . As

/d(xay)pdﬂ'k < 2pl/d(ﬂ%ﬂ?o)pdﬁwr?p1/d($07y)pd77k =2p1/d($,$o)pdﬂk+2pl/d(xoay)pdu,

when we take liminfy, it is bounded, and by Theorem 112 7y —=% 7 € Opt(u, u). But then
7 = (Id, Id)4,. As this works for any converging subsequence, 7, = .

Fix o € X. Forany R > 0, if d(x,y) > R the chain of inequalities
2max{d(z, zo),d(zo,y)} > d(x,20) + d(20,y) > d(z,y) > R

gives max{d(x, x¢),d(zo,y)} > d(z,y) and max{d(z,z¢),d(z0,y)} > R. More formally, this shows
that

Xa@y>ry = Xidwao)2 8, de.202 2521 + Xdtwoy)2 4, ooz 252y

Az 9 X aamyzry < W& 9 X (a(0,00)2 2, dleseo)2 220y T WSV Xaae )22, d(eo )2 252y

— 32

< 2d(@, 20) X {4(ao.0)> 2y + 2420, Y)X {a(w0,)> 2}

Consider
W (poge, )P = /d(x,y)pdwk(m,y) = /min{d(x,y)p,Rp}dﬂk—i—/<d(x,y)p —Rp>+d7rk(x,y).

The first integral goes to 0 when k — oo, as it is a continuous bounded function and 7, — =
with 7 concentrated on {x = y}. For the second integral we can use the previous bounds:

/ (d(ﬂf, y)p - Rp>+d7'('k(.%', y) < /d(.ﬁU, y)pX{d(:L‘,y)ZR}dﬂ-k(x7 y)

<o [ deapine) 2 [ dga)Pdn)
d(xo,)> %2 d(xo,y)> %

é?/ dmmmwww+?/ d(y, z0)"duly)
d(xo,7)>% d(x0,y)>%
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Therefor limsupy, Wy (pe, p)? < limpiso limsupkfd(x,y)px{dmy)ZR}dﬂk(az,y) < 0 by the
definition of weak convergence in P,. This proves that W, (u, i) — 0. O

Theorem 2.10

The space (P,, W,) is a Polish space, this is, as a metric space it is complete and separable.

Proof. As we already know that it is a metric space, we only need to check that it is complete
and separable.

Separability: As X is a separable space, let's take D a dense subsequence of X and consider
N
F = Zajéxj :1<N<oo, a; €Q, aj >0, Zajzl, xzj €D p CPy(X)
j=1

This set is numerable, so we would like to check that it is dense. Given p € P, exists a compact
set K C X such that

/ d(zg, z)Pdu(x) < eP.
X\K

Note that B(z;,¢) forz; € DN K is an open cover of K, so we can cover K with a finite number
of balls B(z;,¢) withz; € D, 1 < j < N. Define

By, = B(ak,€)\ Uj<k B(zj,¢)
so that the Bj are disjoint. We consider then f : X — X given by

) ome freX\K
f(x)_{:xk ifze B . NK

This satisfies d(z, f(z)) < e forany x € K, so

[ dte f@ypdn = [ dw s@pdus [ dwao) dute) < 220

X K X\K

As (Id, f)g, € Adm(u, f4,), we have computed that W} (u, f4,) < 2eP. It is easy to check that
fan = Z;V:l a;6z, for 0 < a; € R (and the z; € D). We want then to approximate this probability
with another with rational coefficients.

We are going to consider b; € Q with these conditions:

. OgbjgajfoerQand |6Lj—bj| SE,‘/.
* Aswe wantto have  b; = 1 = > ay, pick by givenby by =137, bj = a1+ > ;59 aj — bj.
So0<a; <b.
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N
This makes ijéw]. a probability measure on F.
7j=1

N
We can define y = Z Ci,jO(zs2;) € Adm(z j0z;, ij5wj) as

3,j=1

C1,1 = ay, Cjj = bj 7> 2, Ci1 = a; — b;i> 2, Cij = 0 otherwise.

And by taking ¢’ small enough we get

N N
WP " aj6e,, Y bjde;) < (ai — b)d(zy,2;) <& d(wy, ;)P < eP.
=2 =2

Completness: Given a Cauchy sequence (u) C Pp, by Lemma 2.9 it is a tight set. It admits then
a subsequence j, — 1. Using the Ls.c.

/d(azo,x)pdu(:c) < lim inf/d(a:o,a:)pdun(:r) < lim inf (W (0, p11) + Wy (1, pn)]? < +o0.
This is, i € P,. Using again the L.s.c. and that the sequence is Cauchy we get that

lim sup W (14, porm) < limsup lim inf W, (per,, pt) < limsup Wy (pin, fm) = 0.
m m n m,n

This proves that 1, — p in the W, topology. A classical argument shows that when a Cauchy
sequence has a convergent subsequence the whole sequence is convergent to the same point,
so the proof is finished. O
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2.2 W, distance

Note that we can write Woo(p,v) = inf{[|d(z,y)|1r(y) : 7 € Adm(p,v)}. This justifies the
following definition.

Definition 9
For yu,v € P(X) two probabilities Wi (1, v) = inf {||d(z, y)|| po(y) : 7 € Adm(p,v)}.

Note that this is not a Kantorovich’s optimal transport problem. This, combined with the fact
that it will not share some of the key properties of W, spaces, motivates to just briefly study
this concept.

We also define

Poo(X) ={p € P(X) : suppu is bounded} .

Proposition 2:11. For i, v € Poo(X)
Woo(pyv) = plggo Wy (p, v).

Proof. Consider 4y, € Adm(y,v) such that [|d(z,y)l| k() = Wk(p,v). As {7} C Adm(y, v) the set

{~&} is tight, and then in has a convergent subsequence: v, —= ~ € Adm(y, v).

Because p, v are bounded supported, 7 is too, and the function d(z,y) is bounded for z,y €
supp 7. Then, the narrow convergence implies

/d(fv,y)pd% %/d(x,y)pdv
This means that
k—o0 o)
(@, )| o)~ (@, y) | oy s (A, y) || poo ()

And therefore lim W, (u, v) > W (1, v). The other inequality is because for any v € Adm(y, v)
p

1d(@, y)ll oo () = ld(@, y)l Ley) = Wip(p, v).
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Corollary 2:12. (P, W) is a metric space.

This is a consequence of the previous proposition, as the only non-trivial property to check is
the triangular inequality, and now it can be proved by taking limits in W,

Remark 243. P, C N,>1P,. Indeed, it is easy to give an example of a probability in P, for any p

=

but not in P,. Consider X = R and

o0
1
n= 227 Supp,u:{l,2,3,...}.

n=1
Remark 244. If 1 € P, forall p > 1 and W (p,v) < oo for all v € Py then p1 € Po.

We know that W (p, 8z,) < oo, but as Adm(u, d,,) = {7} with v induced by the map 7" : X — X,
T(x) = xo, then

Woo(pt; 0z9) = lld(2, y)ll oo (1) = lld(2; z0) || oo ()

and supp u is bounded.
Proposition 2.15. 1/, does not metrize the weak topology on P..

In X =R consider p, = =15y + 16, and v = 6. Then p,, — v but W (i, v) = 1.



CHAPTER 3
CLASSICAL GEOMETRICAL INEQUALITIES

3.1 Isoperimetric Inequality

Theorem 31 Isoperimetric inequality

For any open set £ C R, let's denote by P(E) its perimeter and B C R? the unit ball. Then
we have that

Proof. We can restrict to ourselves to the case when E has finite measure, as when it is infinite
both sides are +oo. We can define the following probabilities then:

1
£ e PR, v=——L ePRY).
E B

1
H=raE) £4(B)

Both measures are absolutely continuous, so we can apply Brenier's theorem 1.22. This means
that, for the cost ¢(x,y) = |z — y|?, there is only one admisible plan, that it is also induced by an
optimal plan T : E — B. Moreover, T is the gradient of a convex function and a bijection, after
possibly ignoring a set of zero measure. Now, using the change of variable T'(z) on T, = v, we
get that for any Borel function F : B — R,

1 1 1
£1(B) /BF = 2i(B) /E(F °T) = /BFﬁ(E) det(VT(T Tg))

Taking now a sequence of functions that approximate a Dirac delta we get the following
pointwise inequality:

Ve € E.
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On the other hand, as VT'(z) is the Hessian of a convex function, it is a symmetric matrix with
eigenvalues \;(z) = \; > 0, so we have the inequality

M-t da  Tr(VT(z)) _ V-T(x) (31)

IN

(det VT'(2))2 = (A1 ... Aa)1

d d d
Combaining both facts 1 < V- T(z) Now, integrating over E and using the divergence
g ' rapyt = dLi(B) ) g g g g
theorem
1 V- -T(x

T - [ (@), R@)asw)
d
Because T'(z) € B, |T(z)|| < 1and therefore |(T'(z), 7 (x))| < 1, so we get the wanted result. [

Remark 3.2. In (3.1) we have used the inequality between the arithmetic and geometric means.
We know that for this to be an equality it would have to be that \; = \o = --- = \4. But if all
the eigenvalues are the same, then the map T : E — B is just a homothety and E is a ball (of
radius possibly not 1). Also, in this case the only other inequality transforms into a equality too.

This shows both that the inequality is sharp, and that is only attained when E is a ball.

3.2 Sobolev Inequality

Theorem 3.3 Sobolev Inequality
For all functions f € W'?(R?) exists a constant C' = C(p,d) such thatfor 1 <p < d

(/ |frp*>’"1* <c(f er|1’>;

where p* = - (or equivalently ;- + & = 1).

Proof. By normalization we can assume [ |f|”* = 1. Also, we can assume f > 0 without loss of
generality. Because the functions with compact support are dense we can assume that f has it.
With this hypothesis, what we want to prove is that

(/!W\”)é > C.
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Let's fix a smooth function g : R — R with g > 0 and [ g = 1. With this we can consider the
following probabilities on R¢%:

M:fp*cd, l/:gﬁd.

We are again in a situation where we can apply Brenier's Theorem to get the optimal transport
map T : R? — R?. Using the change of variable T'(z) on Ty, = v and taking aproximations we
get the equality

S ()

—_— R,
det VT'(x) e

9(T(x)) =

Note that Ty, = v means that for every F : R? — R Borel [ Fg = [(F oT)fP*. From this we can
deduce that

/913 :/ging(goT);fp*:/det(VT); () /V p—

where we have used that VT satisfies again (3.1). Using now a change of variables and that f
has compact support, we get

O TR A

At last, using the Holder inequality we get the wanted bound:

(for)} 2 (- s ()

O]

fo (=3) (frm)



CHAPTER 4
BRUNN-MINKOWSKI INEQUALITY

Before presenting a proof of the Brunn-Minkowski inequality we need some preliminary results.
Mainly, we are going to see first that T, (R?) is a geodesic space and then define a convex
functional on it.

41 Geodesic space

Remark 4. It will useful to remember the following concepts. In a metric space (X,d) we say
that a curve or path is a continuous application w : [0,1] — X. Its length is

n—1
Len(w) = sup {Z dlw(ty),w(tps1)) :n>1, 0=ty <t <ty < -+ <tp,= 1} .
k=0

We will consider only curves with finite length Len(w) < +oc.

We define the (metric) derivative of a curve as

t €0,1].
A curve is absolutely continuous w € AC(X) when exists g € L([0, 1]) such that

d(w(t), w(s)) < / g

forall0<t<s<1.

We can reparametrize an absolutely continuous so that it is Lipschitz. Also, for w € AC(X)
Len(w) = [ [w'|(t) dt.

A curve is a geodesic between xy and z; if it minimizes the length among all absolutely
continuous curves with w(0) = zo and w(1) = z;.
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We say that X is a geodesic space if for every pair of points
d(z,y) = min {Len(w) : w € AC(X), w(0) =z, w(l) =y}.
A curve it is said to be a constant speed geodesic if
d(w(t),w(s)) = |t — s|d(w(0), w(1)).
It is easy to check that this curve is indeed a geodesic.

Theorem 4.2. For X C R? convex and the cost function c(z,y) = |x—y|P, p > 1, given p,v € P,(X)
and ~ € Opt(u,v) we define

i X x X — X, pot = (T¢) 4y -
(@,y) — (1 =)z + ty

Then for t € [0, 1] the curve . is a constant speed geodesic between ;. and v on W,(X).

If v = (Id,T)4, then p; = (1 — t)Id + tT)4,.

Proof. We make the claim W, (u, ps) < |t —s|- W (i, v). Applying it several times proves indeed
the result: fort < s

Wb, v) < Wyljas i) + Wy, 1) + Wylpassv) < Wyl v) (6 + (s — ) + (1 = 8)) = Wiy (11, )

where we have used the claim with x4 = ¢ and iy = v. But this forces all the inequalities to be
equalities, so W, (e, ps) = (s — t)Wp(p, v).

To prove the claim note that the following plan is admisible
Vst = (71’,5,71'5)#7 € Adm(us, ps).

This is because w;#m = (m¢)# = . We have then the inequalities:

Wolhspe) < </ [z =y’ d%vt>; = </ |me(z,y) — 7['5(1}72/)‘17(17);

—([1a=te st -se—spar) == ( [lo-yrar)" = 0= )
Finally, when the planisinduced byamap v = (Id, T)4,, forany measurable function F : X — R
[ Fdu= [ Fdmp = [P -0+ t0) drwy) = [ (1= 0+ ¢T() du(o)

S0 1y = (1 — t)Id + tT) 4. 0
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This theorem has as a direct consequence the following corollary.

Corollary 4.3
For p > 1 and X C RY convex W,(X) is a geodesic space.

4.2 A Convex Functional over 17,

Definition 10 Internal energy functional
Given u : [0, +00) = R U {400} convex with u(0) = 0 we define the funcional

&) = [ ulp(e))ds

for absolutely continuous probabilities y = pu(z)dz in R4

Remark 4.4. Although the integral domain is R?, we can restrict it to the support of ;. thanks to
the condition u(0) = 0. Moreover, we can get rid off this condition by considering

E() = / ) o

Remark 4.5. We have not checked that £(u) is well defined, this is, that the integral makes sense,
as it could happen that both the positive and negative parts of u(u(z)) were not integrable.
Indeed, in general it will not be, so we usually need to assume some additional assumptions
either on w or on p.

A quite general and useful condition that guarantees this is when u is bounded from below and
satisfies that
d
lim infM > —00 forsome a > ——,
z—0+ x¢ d+2
Then the negative part satisfies v~ (z) < az 4+ bz®. We can assume that « < 1, and then we get
that

d 2
a>—— <= ad+2a>d <= 2a>d(l—a) <= T sd

d—+ 2 1l -«
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and then the following integral is finite

[t o= [ utae) 1+ a1+ fal) > da

< </u(x)(1 + |J:])2d:c>a (/(1 + |x)f—2?'£dx>1_a < 400

This makes the integral of £(u) well defined, perhaps being £(u) = +oc.

Definition 11 Interpolating curves

Given yu, v, v1 € P2(R?%) with p a regular measure, consider Ty and 7y the optimal maps from
o vg and v for the cost c(x,y) = |x — y|>. Then the interpolating curve from v to v; with
base u is

Vv = ((1—t)T0+tT1)#H, t e [0, 1]

A special case is when p = 1, as we then the curve is just the geodesic from pq to p1. This also
justifies the name of generalized geodesic to the curve ;, although I will favor the previous one,
as this is not (in general) a geodesic.

Theorem 4.6

Given u, consider its functional £&. Assume the map z — z%(2~?) is convex and non-
increasing on (0, +-c0), then the functional £ is convex, meaning that for any p, vy, 1 € P(R9)
absolutely continuous and any ¢ € (0,1)

E(ry) < (1 —t)E(wy) +tE(1y).

Notably, this theorem affirms that v; is absolutely continuous when the original measures are.
As a corollary, when = 1y we get that £ is geodesically convex.

On the other hand, it does not affirm that £ is well defined over the interpolating curve, and we
will need some additional assumption like the one of Remark 4.5 for this.

Proof. Thanks to Brenier's theorem, we know that the optimal maps 7, and 7 are gradients
of convex functions and that they are injective in a set A C R? with u(A) = 1. They are a
bijection with the images, which has also mass 1: vy(Ty(A4)) = 1 v1(T1(A)) = 1. Also, the maps
are differentiable in A, and their gradient is the Hessian matrix of a convex function, therefore
with positive determinant and positive semi-definite.
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Let's call T; = (1 — )Ty + tT1. Note that as the gradient is linear, VT; = (1 — t)VTy + tVT)
is the convex combination of V1 and VT;. Also, these 3 matrices are the Hessians of convex
functions, so they are symmetric positive semi-definite (a.e. in z € R?). Because the functional
A > det(A)? is concave (Lemma 4.7) and det(VTp),det(VTy) > 0, we get that det(VT}) > 0 a.e.
in .

For any measurable function F we can do a change of variables to get that

-1
/F dvy = /F(Tt(x))u(w) dv = /F(y)detlé%(zg?ﬁ)(y))dy

So the measure v, is absolutely continuous with density is given by

w1 () e
W) = 3T, @)

) = VT ()

Then the functional £ is well defined along the curve v;:

E(v) = /Rd u(nly)) dy = /Rd u (%) det VTi() dz.

Then, it is clear that if we prove that A — (d’;t(a)) det(A) is a convex function for A € M, (R)

symmetric positive semi-definite then the functional £ is convex.
Recall thatif g : D € R™ — R is concave and ~» : R — R is convex and non-increasing, then
f = hogisconvex. In our case,

Hz)

rd

'xr—>wdu<

) is convex and non-increasing (a.e. in , as we have to impose u(x) > 0).
« A (det A)i is concave (see Lemma 4.7 for the details).

Then the map is convex a.e.

O]

Lemma 4.7 (Minkowski determinant inequality). The map A — (det A)% for A n x n symmetric
positive semidefinite matrices is concave.

Proof. Given two matrices of the form A and A + B, we want to check that

F:[0,1]] —R
t— F(t) == det(A + tB)n
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is concave. Recall that a positive semidefinite symmetric matrix has a “square root”, this is,
exists A3 positive semidefinite with A3 A3 = A. Then, we can write

1

= det(A)x det (Id + tA%BA—%> "

3=

1
det(A—l—tB)% = det <A; (Id—ktA%BA‘%) é )

So we can assume without loss of generality that A = Id. To compute the derivatives of F(t) =
det(Id + tB)% we will use Jacobi’s formula:

d dX ()

25 (0) = (det X (1)) - tr <X<t)_1dt>

. . d
With this p det(Id + tB) = det(Id + tB) tr ((Id + tB)~'B) and

1
F/(t) = ~det(Id + tB)7 tr ((Id+tB)~'C)

F/(t) = L det(Id + tB)% [1(tr 02— tr(C’z)] , C=(Id+tB)"'B
n n

Finally, we have that F”(t) < 0 because (trC)? < ntr(C?). Consider the eigenvalues of C:

A, A2, ..y Ane Then tr C = 37 \; and tr(C?) = 3 A? so using the Cauchy-Schwartz inequality

n 2 n
(trC)* = (ZA1> gnZ)\?:ntr(CQ).
i=1

=1

O]

As we are imposing quite a few conditions on « for the functional £ to be convex, a natural
question is whether we can find functions satisfying all of them. The following proposition
gives some families of these types of functions.

Proposition 4.8. We can apply the previous theorem for the functions

1. u(z) = xlog(x).

a _
2. u(z) = x@_ffora# 1, « > 1 — % and dimension d > 2.

3. u(x) = 2P forp > 1.
4 u(z)=—-z"forl—L<a<l
Note that although in the theory we have not asked for any smoothness in the function u, in

practice this functions are at least C?, so that we can check the convexity and non-increasing
conditions easily.
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Proof. Asthe previous comment says, many of the work is just computing the second derivative
of wand x — z%u(z~%). Then the only condition worth commenting is that € is well defined. For
the first two cases, we can easily fullfil the condition described in Remark 4.5. For the third case,
u™ (z) = 0, while for the last u™ (z) = 0. O

4.3 Brunn-Minkowski inequality proof

Finally, we are prepared to prove this classical result. The main idea of the proof is that we if
we choose an adequate function « the functional £ over uniform probabilities on a set is going
to be an expression related to its measure, and using the convexity of the functional we can get
the result.

Theorem 4.9 Brunn-Minkowski inequality
For any compact sets A, B C R?

r (A—;B)i > L(A)d J;L(B)i

Proof. If L(A) = 0, then £L(258) > £(§) = 5 L(B), so we have to focus on the case with

L(A), L(B) > 0.

oty

Consider the probabilities s, 1 € Po(RY) given by the densities
(1) = X a(@) (1) = X (@)
Consider y; the geodesic (in Wy (R?)) from 1 to u;. Then the functional
&) = [ ulp(w) da. u(@) = 2t H
Rd

is convex and therefore: £(u W

inequality:

) < . We can easily compute the right side of the

(S

1

E(po) = / —po(x) 7 dr = —L(A)i ! / X alx) "ade = —L(A)i.

'For dimension d = 1 perhaps would be more precise to say «(0) = 0 and u(z) = —1 for z > 0.
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By the same reasoning we compute (1) and get that

£(uy) < — (£(A)1 +£(B)1)

As u is a convex function, we can apply Jensen’s inequality to de measure ﬁd(%{%}g) to get

/uwg@)gJﬁ?)ZU</ug@£Nﬁ%U>ZU<ﬁ(A;B>1)

With this we can bound

that implies the wanted result. O



CHAPTER 5
APPLICATION TO KRONECKER SEQUENCES

5.1 Bounds using Fourier coefficients

For f(x)dx an absolutely continuous probability on [0, 1] it is clear that we can define its Fourier

~

series as just taking f(k). This generalizes nicely to general probabilities as

fith) = [ ey we (0, 1).
Proposition 5.1. Given a probability . € P([0,1]) we have that for each n € N

1 < |ack)
Wi(p, dz) < n;k

Proof. Note that u € W1([0,1]), so it can be approximated by vy = & S, 8,,, 2 € [0, 1], when
N — oo, as this kind of measures are dense. Applying this to the Wasserstein distance:

Wi(p, dz) < Wip,vn) + Wi, dz) = Wi(p, dz) < limsup Wi (v, dz).
N—o0
N 1
Using the duality, Wi (vy,dz) = sup {Z flzg) — / f@)dz = || fllLip < 1}.
k=1 0

Using the Koksma-Hlawka" inequality we get that

1 & !
v 2o - [ s

Where the supremum is taken over all intervals J C [0, 1]. But the total variation of a 1-Lipschitz

<wvar(f)- 4 v (J) = L(J)].-

"Check Appendix A for the details of the Koksma-Hlawka and the Erdds-Turan inequalities.
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function is bounded by 1:
N-1
Ua?”(f)zsup{z’f($i+1)—f($i)| : 0§$1<$2<"'<$N§1}
i=1
N-1
gsup{Z]xi+1—xi| : 0§a:1<x2<---<a:N§1}:1.

i=1

The final step of the proof is applying the Erdés-Turan inequality:

1 < [ow (k)]
sup |vn(J)—L(J)| S —+ )
JC[o,1] " ; K
Taking N — oo, this is, making vy — u, we get the inequality of the statement. O

We now consider the Sobolev space of functions with zero average g : @ C R¢ — R equipped

with the norm
%
oo = ( [ 199l az)"
Q

This defines the dual space H~:
£l =sup{ [ 7-ads : gl <1}

With a little more generality, for 2 measures on Q2 we have that

IIM—V\|H1=SHP{/di(u—V) Nl g1}.

Note that because i — v has average 0 we can ignore the condition for g to have 0 average, this
is, replacing || g|| ;1 < 1 by ||[Vgllr2 < 1.

Consider now the Neumann Problem

{ —Au=p—v inQ

where the first condition is understood in the weak sense: for all f € C>°(92)

/fd(u—z/):/Vf-Vudm.

If u is a solution of this problem, we claim that || — v| ;-1 = [[Vul|2. Indeed, it is enough to
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prove it in a dense set, and using the first condition of the problem
[diu=v)= [Vi-Vudo < |Vl [9ule < [Vale,

Taking f = W gives the equality.

Proposition 5.2. Given an absolutely continuous probability f(x)dx on [0,1]

Wo(f(z)dz,dz) = ||1 = f|l -1 = 1 (Z f(k )

s
k=1

Proof. Because g(z)dxr and dz are absolutely continuous probabilities we know thanks to
Brenier’'s theorem that the W5 distance is given by an optimal transport map (the cost |z — y|?
plays the same role than %).

Then exists ¢ : [0,1] — [0, 1] convex function with ¢ : [0,1] — [0, 1] satisfying

- Wafa)de, d) = ( [ - )P dsc)é — e — & (@) 2

0
* (¢')4dz = f(x)dz, meaning that for any measurable function F: [0,1] - R

1 1
| Pai@ e = [ P& an

« Up to a set of measure 0, ¢’ is injective.

The norm ||1 — f|| ;. is determined by a Neumann problem, that as we are in dimension 1 can

be written as ., o)
—U :].—f In 0’1 /

= 1= fll, , = '

{u’(ao:o forx:0,1} = Fllgr = llllz2

For any F € C*([0,1]) we want to have [ F(z)(1 — g(x = [ F'(z)u/(z) dz. But using
integration by parts

1 1 T
| @0 s@yde == [ Flapa). @)= [0 r@yan o0 =v0) =0

So we can take v/ (z) = —w(z) dt as a solution. Now, we can use that ¢ is monotone
nondecreasing and (up to a null set) injective to get that a.e. in =

/f dt—x_/x[m] )dt —x = ¢/(z) — @

SO (|1 = fllg— = W'llg2 = [|¢/(2) — ]l L2 = Wa(f(z)dx, dz).
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For the second part, because f is a probability on [0,1] 1 — f is a function with 0 average.
Moreover its Fourier coefficients are (1 — £)(0) = 0 and (1 — f)(k) = —f(k) otherwise. By using
Plancherel identity in the norms we get:

11l 1 (e (Z!Vm >

kEZ

(NI

As we are working on [0, 1], Vz(k) = #'(k) = 2rikz (k). We can then bound ||1 — gll -1 by:

N|—=

1 P Y % P
[ a=ne =X @ pwae - 5 ¥ FEGem < - (Z 1 ) (wa)
k40

kez k0 k£0

WESHORE
Sﬂ( \f%;\)

k=1

When taking the supremum subject to |z ;. < 1 we actually get the equality, as the only
inequality used has been Cauchy-Schwarz. O

5.2 Kronecker sequences

A badly approximable number is a number o € R such that 3¢ > 0 with

ap‘z

c p
q 2

V=€ Q.
q q

Note that the inequality is equivalent to |ga — p| > g. Some examples of badly approximable
numbers are v/'2,1/3, e, . ..

We can get the following result

Theorem 5.3

For o badly approximable number we can define the probability uy = %Z {na}- Then,
n=1

log N
N

Wo (MN7 d.fC) ga
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Proof. We start by defining the distance to nearest integer as

[#]] = min{z — |z], [2] — 2} = min{{z},1—{z}}.
Note that it satisfies these two properties:
> “16‘ for o badly approximable.

6271'1‘:1: o 1| ~ HxH

With this we can easily bound the Fourier Coefficients of py:

N
i Z eQﬂikna —
N

n=1

Let's consider the sets 4; = {||ka|| : 2! <k < 21}, They satisfy the following

2mik N
e2mi 04—12m,m<1 2 1

Nl = “oomika — 1 N Je2mika — 1] 7 N |ka|

1
N

« The set is ~ 27/ separated, this is because for a # b in the range [2!, 2/*1] the difference is
of the form

I B
|ta+b| — 22 2l

|lact]| — ||ba||| = |£ao £ ba + M| = |a(£a £ b) + M| 2

1
From this we can deduce that Z Z 2
Z‘EAI

apg < ay < ag < -+ < ay_; their dlstances are distributed as below:

Indeed, ordering the elements of A, like

Using Proposition 5.2 and that |y (k)| < ||pllz, = 1 we get

N

Wi, dz) ~ (Z\uw ) Z\MN Z

k= N2+1
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. . . 1
The tail of the series can be easily bounded by < Ne For the first terms,

N2 I 1 N2 1 1 [logy N?| ot+1 [logy N?] 2l
1
i I
kZ ML SN & 2 FlRal? = ¥ 2 o kZ al?
|_10g2NJ 221 1 [logy NV J 00 1 1 \_1052 N2J
~N2 Z szmﬁm > 2aSyE !
=0 m=1 =0

LlogQNQJ < log N
TNz SN

So we get that

logN 1 )é <~ ViogN

L]
This upper bound is relatively sharp, as the following classical result gives a close lower bound.

Proposition 5.4. If we have a sequence (z,,) C [0,1] and define uy = % SV, 4,, then

1
Wa(pn, dz) 2 Wilun, dz) 2 .
Proof. By the Kantorovich-Rubinstein duality,
1
Wity ) =sup {| [ oy~ < 1120 <1}
0
For a fix IV, assume the points are ordered like 0 < z; < 29 < --- < zy < 1, and define

f(x) =d(z,{z1,...,2n}) = min{d(x, x;),d(x, 21 + 1),d(z, zy — 1)}, this is, the natural distance
when we see the interval [0, 1] as the torus. We have then
1
= / fdx.
0

Finding the minimum of this integral can be see as a easy optimization problem if we consider
the new variables:

1

Wi (un,dz) > fduy —dx
0

) Ti+1 1 . 1
7':1727"'7N_17 Yi = Ti+1 — Ty, /xZ fdx:§yl%:1yz2
2! 1 1
yn =21 +1—xpN, / fd:L‘+/ fd:v:fy%\,.
0 TN 4

where the integrals are computed as the area of a triangle with base y; and width y; /2.
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/\\/\/\/\\

T ! ! ! T
z3—1 T To xs T+ 1

Figure 5.1: In blue, graph of f(z) for 3 points.
So we are interested in the optimization problem

N N
L 1 .
Minimize: F = E ny subject to: E yi=1, y;>0.
=1 i

By using the multipliers of Lagrange, we get that the minimum is attained when exists \ such
that 3 5Yi — A =0, so0 all the y; are equal and y; = . This gives us

N
N 2 1

O
Remark 5.5. We can use the technics used to bound W5 to try bound W1, using now Proposition

5.1to get the Fourier coefficients. In this case this is not very successful, as we would get

(log N)?

log N

which is bigger than if we use the other bound: W1 (uy,dx) < Wo(un,dx) < e




CHAPTER 6
KANTOROVICH'S FORMULATION AS A
RELAXATION

The Kantorovich problem is to look for the minimum of the functional
K : Adm(u,v) — RU {400}

¥ /cdv =: K(v).

On the other hand, for the Monge’s problem, we consider a map 7' : X — Y and consider the
induced plan vy = (Id,T)4, € Adm(y,v) and try to minimize K(y7). We can extend this to a
functional defined over the whole set of admisible plans as

K(v)=[cdy ify=nr
M(~) =
) { 400 otherwise

It is clear that the infimum of Monge's formulation is the infimum of M. Now that both
formulations are expressed as minimizing a functional over the same set of measures, we can
check that K is the relaxation of M.

Definition 12 Relaxation as an optimization concept

Given €2 a metric space and F : Q — U{+oo} a functional bounded from below we define its
relaxation F : Q — RU {+o0} as

F=sup{G:Q—>RU{+x} : G< Fanditisls.c.}

Remark 6. It is immediate to check that inf F = inf F. Indeed, F > F implies inf F' > inf F. The
other implication is because the constant function f = inf F is l.s.c. and f < F,so F > f and
inf F > inf f = inf F.

So we can try to minimize F by minimizing F. This is useful as the relaxation usually has nicer
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properties than the original one.

Remark 6.2. Note that F is l.s.c. because it is the supremum of a family of Ls.c. functions.
Moreover, we can write it as

F(z) = inf{limian(mn) DXy — x} .

Proof. Let us denote T to the original definition and F' to the new expression.
« As F' < Fanditis Ls.c. we have that F < F.
. Forany z, — z, F(z,) < F(z,) $0 F(z) = liminf F(z,) < liminf F(z,) < F(z).
O
As the chapter’s tittle suggests, the idea to prove that both formulation of the problem have
the same infimum is to check that K is the relaxation of M. We will prove it for measures

pw € P(RY), v € P(RM) with compact supports and a lower semicontinous cost function. We
will also assume that p is atomless, this is,

p({z}) =0 Vz € supp(p).

This last assumption is reasonable, as we know that if ;. is Dirac delta it may happen that there
is no transport map, which we will see that does not happen in this case.

The idea of the proof is that, in this context, the plans induced by transport plans are going to
be dense in Adm(u,v), and precisely for this kind of plans both functionals coincide. To get to
this result we will require several lemmas.

Lemma 6.3. If 4, v € P(R) have compact support and p. atomless then exists a transport map
with T## = .

Proof. In dimension 1, the set of no differentiability of a convex function is at most countable,

so it has Lebesgue measure 0. This makes that an atomless measure is regular, and we can apply
Brenier’s Theorem to x and get a transport map with T, = v. O

Lemma 6.4. There exists o, : R? — R measurable Borel, injective, whose image is a Borel set
and with its inverse ;' being Borel measurable too.

Proof. If we prove it for the case d = 2 then we can define by induction

oa(T1,22,...,2q) =: 02 (z1,04-1(x2,...,24)).
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For this case, as
R? — (0,1)?

1 1 1 1
(x,y) — | = + —arctanz, - + —arctany
2 7 2 0w

is a continuous bijection, it is enough to define o : (0,1)> — R satisfying all the wanted
properties for os.

Given x,y € (0,1) we can consider its decimal expansion, without numbers ending in 9 periodic,
z=0miwowy--- =y w107, y=0.41y203--- = yil0'.
=1 =1

We define then o(z,y) := 0.z1y172y2 - --. Note that numbers like 0.393939--- are not in the
image set S := ¢((0,1)?) C (0, 1).

To prove that o is measurable it is enough to note that for [a,b] C (0, 1) with rational endpoints
of the form

a = O.a1a2 c 2 A2n, b= 0.b1b2 s bgn
the preimage is a rectangle and therefore Borel measurable:
0'_1([0,, b]) = [0.@1@3 crA2n—1, O.blbg s bgn_l] X [0.@2@4 c 2 A2n, 0.b2b4 cee bgn}.

The injectivity of o is clear due to only allowing 1 periodic expansion for any number. For the
measurability of the inverse function, a similar reasoning allows to prove that

(05 1) " ([a,0] x [e,d]) = SN [4, B]
So it is only left to prove that S is measurable.

S = {O.xlxg - €(0,1) : Vn3Im,m >n, modd, m evenx,, #9, x,, # O}
(0, )\S = {0.z1x2--- € (0,1) IN such thatVn > N x9, =9 0Or x9,4+1 = 9}

Naturally, this last set we can split it in two sets depending wether the periodic 9 is in the even
positions or in the odd ones: (0,1)\S = Aygq U Aeyen- But then

Acven = U?Vozl {0.1‘11‘2 o XoN—19ToN+19ToN 13 - € (0, 1)} = U%ZlBN

As for any N, there are countably many point in By, this is a Borel set, which in turns implies
that A.,., is Borel. The same reasoning works for A,44, and then we can get that S is Borel. [
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Corollary 6.5. Given p € P(RY), v € P(RM) both with compact support and 1 atomless there
exists a Transport map Ty, = v.

Proof. As (on)xpu, (oam)#r € P(R) have both compact support and the first one is atomless we
can apply Lemma 6.3 and the exists Spon)u, = (Or)g. Then T = a;j oS ooy is the wanted
map:

Tyu(A) = p(T7(A)) = (o5 0 5" 0 our(A)) = (on) o (S 0 oar(A))
= Sty (031(A)) = (021) g0 (01(A)) = v(03 0 oas(A)) = v(A).

O]

Lemma 6.6. Let X be a compact metric space, p € P(X) and G,, a sequence of partitions: C;
disjoint with Uie;, Ci, = X. Call a,, = sup;c; diam(C;,) and assume that a,, — 0.

If we have a sequence of probability measures p,, € P(X) with p,(C; ) = p(Cin) foralli € I,,
n > 1, then p, — p narrowly.

Proof. Given ¢ : X — R continuous, as X is compact, ¢ is then bounded and absolutely

/wdpn—/wdp SZ‘/C sodpn—/c pdp

i€ly,
Using the absolute continuity we have that for every ¢ > 0 exists n such that if z,y € C;,, then
lo(x) — ¢(y)] < 5. Picka point in each set z; € C;,,, S0 we have p(z;) — 5§ < ¢(z) < ¢(x;) + § for
z € Cipn. As p(Cin) = pn(Cip) we get the inequality

/ ¢ dpn — / @ dp
Ci,n C’L,n

This proves that [ @dp, — [ ¢ dp, so we have p, = p. O

continuous. We have the bound

<ep(Cin) = ’/tpdpn - /@dp’ <> ep(Cin) =<

i€ln

Theorem 6.7

Given X C RY, Y C RM compact subsets and probabilities ; € P(X), v € P(Y) then the
set of transport plans induced by a map is dense in Adm(u, v).

Proof. For any n € N consider (K ,);cr, a partition by cubes of X with diam(K;,) < 5, and
one K;,, of Y. Then C; ,, = K;, x Kj, is a partition of X x Y with diam(C; ;) < .

Given v € Adm(u,v), consider Col; , := K;, x Y and ~; ,, the restriction to Col;,, of ~. This
measure has marginals y; ,, and v; ,, with compact support and y; , being atomless, so it exists
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(Tin)#us., = Vin- Because the Col;,, form a partition we can define
Sn(z) =Ty if x € Col .

Which is clear that sends y to vz (Sy,)4, = v.

If we apply vs,(Cijn) = 7(Ci;n) then we can apply Lemma 6.6 to get that 75, —— ~ and
complete the proof. But this inequality is a result precisely of how we have defined T;

V80 (Ciin) = 1, ,, (Kijn X f(j,n) = Ni,n(Tz'Tnl(Kj,n)) = Vi,n(f(j,n) = 7(Kin x f(j,n)-

Corollary 6.8

When p € P(RY), v € P(RM) have compact support and the cost function is L.s.c. then K is
the relaxation of M. Notably, inf M = min K.

Proof. Because of Theorem 1.5 we know that K is L.s.c. We also have that K < M so K < M. For
the other implication, given any v € Adm(u, v) exists vz, — v narrowly so

J(v) <liminfM(yp,) < liminfK(yp,) = K(v).



APPENDIX A
ANALYSIS INEQUALITIES

The Koksma-Hlawka inequality gives an upper bound to the difference between a Riemann sum
and the actual integral. For this it defines the following concept, the discrepancy. This appendix
will give a brief summary of this result, for a more complete text one can read [3, Chapter 2],
sections 1 and 5. The paper [2] also gives a nice summary.

0t <L 1} .

Note that that if we call v = Y1, 4., we are just taking the supremum of ([0, ¢]) — £([0,]).

Given N points 0 <zy <ap <---<zy <1

1N
D*((xy)) = sup { N ZX[O,t](xj) —t
k=1

We also consider

N
D((r)) = sup {l}v S X @) — £01)
k=1

: I CJ0,1] interval}.

It is clear that D* < D, but we also have that D < 2D* (check [8, Chapter 2, Theorem 1.3]).

Theorem A1 Koksma-Hlawka inequality

If f has bounded variation then

1 Y 1
N Y f@n) = [ Fa)da| < var(s) - D* (@) < var(f) - D(@)).
k=1 0

The proof can be consulted on [8, Chapter 2, Theorem 54].
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The variation of a function is defined as
N-1
var(f) zsup{z |f(zig1) — f(x)] : 0<z1 <m2 <--- <2y < 1}
i=1
The Erd6s-Turan inequality is another classical result, that bounds the discrepancy.

Theorem A.2 Erdés-Turan inequality
Given N points0 <z <z <---<zy <l1lletv= Zszl dz,- Thenforanyn e N

"ok
+Z!(k)l
k=1

D((zx)) S

S|

The proof can be consulted on [8, Chapter 2, Theorem 2.5 and comment at the end of page 114]
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