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Abstract

The field of transformation groups studies continuous actions of groups on topological
spaces, in particular on CW-complexes. One of the fundamental questions that arises in
this context is to determine those finite groups that can act effectively on a given topological
space. A large amount of results are known about this issue, but it is not completely
answered yet. Even in the case of abelian groups actions or elementary groups actions the
question is highly nontrivial.

This project is devoted to a remarkable result regarding the description of those finite
abelian groups that act freely on a CW-complex. The result states that if X is a finite CW-
complex and (Z/p)" acts freely on X, with p prime, then the sum of the lengths of the
homology groups of X with coefficients in Z/p is bounded below by n + 1. Our study
has been restricted to the case p = 2, that was proved by Carlsson in 1983, with a modern
approach based on cohomological methods.



Introduction

Along this work we will denote the p-tori by
Z,:=2Z/(p).
for each p € Z prime.

The theory of transformation group in as extensive field in mathematics that studies
topological spaces endowed with a continuous action of a group. In this context there is a
natural interest in necessary conditions for a topological space to admit a free action. This
question has obtained different answers while the study of transformation groups has been
developed.

This field was first introduced in the 1930’s and the 1940’s by P.A. Smith study of finite
groups actions. His work stated several remarkable results on the fixed points set X¢ of
the group action. Regarding our question on free spaces, an important result due to Smith
on free actions of p-tori is the following (see [Smi44]).

Theorem 0.1 (Smith). Let G = (Z,)" with p prime. Assume that G acts freely on the m-
dimensional sphere X = S™. Then n = 1.

Substantial progress was achieved after the development of a modern approach based
on cohomological methods, which was introduced in A. Borel seminar in Princeton Univer-
sity (see [Bor+60]). In particular, an important tool was described, the Borel construction.

The use of these reformulation implied an improvement and better understatement
of P.A. Smith original results. Specifically, the study of free p-tori actions on finite CW-
complexes lead to the following result, that was proved by Carlsson ([Car83]) for p = 2
and by Baumgartner ([Bau93]|)) for p odd.

Theorem 0.2 (Carlsson - Baumgartner). Let G = (Z,)" with p prime and let X be a finite
CW-complex. Assume that G acts freely and cellularly on X. Then

Y A(HA(X:Z2)) > 1+ 1.

n=—oo

In the above statement one considers that for X a G-space, the G-action extends to the
cohomology H*(X;k), with k a fields, hence H*(X;k) is a k[G]-modules. If | denotes the
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augmentation ideal of k[G], for M a k[G]-module the length A(M) is defined as

A(M) = max{A : J*"IM #0}.

The aim of this project is to give a full description of the above result for the case
p = 2 following [Car83]]. For that we have structured the project in two sections and two
additional appendices.

In the first chapter [I| we give an introduction to the basic concepts in the theory of
transformation groups and we prove some basic results. In this sense, we start in the first
section [1.1| by defining topological groups, G-spaces and G-CW-complexes, which are the
main objects of study of this field. In the second section [1.2| we establish the definition of
an equivariant cohomology theory over a category of G-spaces, and a comparison theorem
of cohomology theories is proved. In the following section |1.3| we describe one of the most
important tools in the study of transformation groups, which is the Borel construction, and
we give both a topological and an algebraic approach to these method, which we prove to
be equivalent. Finally, with a view towards studying (Z)"-complexes, in the last section
we give an explicit description of the algebraic version of the Borel construction for the
case G = (Z,)".

The second chapter 2| is devoted to explain the proof of Theorem following the
procedure used by Carlsson in [Car83], which uses a purely algebraic approach. In the
tirst section [2.1] we introduce some results on differential graded modules which lead up
to the proof of Theorem that is essential for the final prove. In the following section
we define the B functor, which latter on is observed to be analogous to the algebraic
version of the Borel construction, and we state several results on its homology to finally
prove Theorem from which it is directly deduced the desired result. Finally, in 2.3 we
give a geometric interpretation of the statements in the previous section considered over a
finite CW-complex and we prove Theorem [2.23|

At the end of this project we have included two additional appendix chapters. In the first
appendix |A| we prove some results on homotopy theory that are needed along the work,
mainly the mapping cone construction and its main properties. In the second appendix
we give an introduction to principal G-bundles, which are essential in the definition of
the Borel construction. After giving a proper description of these objects, we proceed in
section by proving an important equivalence between equivariant maps and sections
of bundles. Finally, in section [B.2) we define universal principal G-bundles and classifying
spaces, we prove one of the main theorems on principal G-bundles, and we conclude with
the computation of some examples of universal principal G-bundles, which are used in the
discussion of the Borel construction.



Chapter 1

Equivariant cohomology of
G-CW-complexes and the Borel
construction

In this chapter we give an introduction to the theory of transformation groups and we
describe the category of G-spaces and G-CW-complexes. Moreover, we describe the Borel
construction, which is an important tool in the study of transformation groups that allow
us to define an equivariant cohomology theory H( (X) of a G-space X. In the last section
we discuss the case of interest G = (Z;)". The chapter has been based on [AP93] and
[Bre72].

1.1 Topological groups, G-spaces and G-CW-complexes

We start by introducing the object of study in the theory of transformation groups. In the
most general setup we will consider an action of a topological group G on a topological
space X.

By a topological group G we mean a Hausdorff topological space together with a con-
tinuous map G x G — G which defines on G a group structure in such a way that the
inverse map x — x~! is also continuous. The identity element of G is denoted by e.

Definition 1.1. Let G a topological group. A G-space is a Hausdorff topological space X with a
left action of G, that is a map G x X — X which satisfies that

a) (8¢")x = g(g'x) forall x € Xand g,¢' € G;

b) ex = x for all x € X, where e denotes the identity element in G.
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The action of G on X is free if for each x € X the only element g € G that leaves x fixed, gx = x,
is the identity ¢ = e.

Definition 1.2. Let X, Y be G-spaces. A G-equivariant map, or a G-map, is a continuous map
f + X — Y which commutes with the group action, that is

f(gx) =gf(x) forallge Gandx € X.
Moreover, we say that two G-maps ho, hy : X — Y are G-homotopic if there exists a G-map
H:XxI—=Y
where I = [0, 1] with a trivial G-action, and such that H\x . (oy = ho and H|x, 1y = h1.
From the above definitions it follows that for a fixed topological group G the set of
G-spaces and G-equivariant maps define the category of G-spaces GTop.

In a similar way as one proceeds in non-equivariant topology it is convenient to restrict
our study to the case of G-spaces that are G-homotopic to G-CW-complexes. The proper
definition of G-CW-complexes will be the following step.

Definition 1.3. An n-dimensional G-cell of type G/K is a G-space
G x D"
with the G-action given by
G x (G/K X D”) — G/K x D"
(& ([&1x) = (ggl%),
where D" denotes the n-dimensional ball and K C G is a subgroup. We say that G/K x S"~1 is
the G-boundary of the G-cell G/K x D".

In the construction of G-CW-complexes we say that the G-space X is obtained by attach-
ing a disjoint union of n-dimensional G-cells to a G-space Y

|_| (G/Ki X D”) with K; C G subgroup for each i € I,
i€l
along the G-maps
()bl‘:G/KiXSnil —>Y

if
X=YU (I—liEIG/KZ- X Dn) / ~y
where for all ([g];,s) € G/Kl- x §n-1
¢i([8irs) ~ ([glirs)-

Notice that this procedure is completely analog to non-equivariant attaching maps in CW-
complexes. Then we define G-CW-complexes as the following.
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Definition 1.4. A G-CW-complex is the colimit in the category of G-space GTop of a sequence of
G-equivariant inclusions

XNecxlcxX?c...cx"tcXx"c---,

with X° a disjoint union of O-dimensional G-cells and X" obtained by attaching a disjoint union of
n-dimensional G-cells to X"~ 1.

We say that a G-CW-complex is finite if it is built from finitely many G-cells and that it
is finite-dimensional if all its G-cells are of bounded dimension. For X a G-CW-complex
we call X/G the orbit space, which naturally inherits a structure of CW-complex. Notice
that the non-equivariant cells of X/G correspond to the orbit spaces of the G-cells of X
and the attaching maps in X/G are induced by the corresponding maps in X modulo the
G-action.

Since the construction of G-CW-complexes follows the same structure used in the defini-
tion of usual CW-complex, it can be proved that the standard topological and homological
properties of CW-complexes have they analogous counterpart on the equivariant setting,
which justifies the interest in focusing our study to G-spaces that are G-homotopic to G-
CW-complexes.

Let us consider some examples of G-CW-complexes.

Example 1.5. Let G = Z; = {+1} and consider the unit sphere S"~! = {x € R" : |x| = 1}
with the scalar multiplication G-action

GxSsmt — gl
(gx) — gx
Notice S""! is a free G-space with the following decomposition as a G-CW-complex

X0=G=s0
X" = X"y, (Gx D™) foreach1 <m <n
where
Gm: Gx ™1 xmol—gm-l
(g, x) — Qx.

The orbit space X/G corresponds to the real projective space RP"~! with the standard
cellular decomposition induced by the G-CW-complex structure of S 1.

Example 1.6. Let G = S! the unit sphere and consider $?*~! = {x € C" : ||x|| = 1} with
the G-action given in this case by complex multiplication
G x §n=1 _y g2n-1
(gx) +— gx.
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Again S""! is a free G-space with an analogous G-CW-complex decomposition

X0=G=s!
x1 = X0
XZm — Xmel U‘P

2m

(G x D?™) foreach1 < m < n

where

Pom : G x SZm—l - XZm—l — X2m—2 — SZm—l
(g, x) — gx.

Now the orbit space X/G is the complex projective space CP"~! again with the standard
cellular decomposition induced by the G-CW-complex structure of $>"~1.

In the following sections we will thoroughly use the universal free G-space EG, that is
the total space of the universal principal G-bundle

EG — BG

and which can be endowed with a G-CW-complex structure. See Appendix [B| for an intro-
duction to principal G-bundles.

1.2 Equivariant cohomology theories of G-CW-complexes

The contemporary approach in the study of transformation groups emphasizes the im-
portance of cohomological methods. In this section our objective is to provide a general
description of the fundamental properties that a cohomological theory needs to satisfy
within the equivariant context.

Several equivariant cohomology theories may be defined over distinct categories of G-
spaces and the axioms that have to be fulfilled may depend on the context. Our focus
will be on equivariant cohomology theories defined over the category of finite G-CW-
complexes. We demand the following properties.

Definition 1.7. An equivariant cohomology theory hl, = {h. },cz on finite G-CW-complex
is a family of contravariant functors from the category of finite G-CW-complex to the category of
R-modules over R, with R a commutative ring, which fulfils

Al) hg is G-homotopy invariant, that is that hg,(fo) = hg, (f1) if fo, f1 : X — Y are G-homotopic;

A2) if X1, Xy are G-CW-complexes and Xo C Xp is a subcomplex, then if X is obtained by
attaching X, to Xy along the G-map ¢ : Xo — X; there exists a long exact Mayer-Vietoris
sequence given by

o L (Xo) = BET(X) = hETN(X) x KETH (X)) — BT (Xo) — -
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An analog definition for an equivariant homology theory naturally arises. However,
our interest lies in using a cohomology theory because its multiplicative structure will be
essential in the study.

To conclude this section we will prove a comparison theorem between equivalent co-
homology theories, which is a result that also has an analogous counterpart in the non-
equivariant setting.

Theorem 1.8. Let T : hy — kg be a natural transformation between equivariant cohomology
theories in the sense of Definition If 1(G/K) is an isomorphism for each K C G subgroup, then
for each finite G-CW-complex T is an isomorphism .

Proof. Let K C G subgroup and consider the G-CW-complex
X=G/KxS"1=X1Up X,
where X; = G/Kx DY, X, = G/K x D" ! and
¢:Xo=G/KxS8"? =X
is given by collapsing S"~2 to one point. We proceed by induction on n to prove that
7(G/K x §"71) is an isomorphism. If n = 1 we have that Xp = @, X; = G/K x D’ ~ G/K
and X, = G/K x D° ~ G/K, hence by property A2 we have a commutative diagram
0 —— hL(X) —— hL(Xy) x hl(X2) —— 0
lT(X) iT(Xl)XT(Xz)
0 —— kL(X) —— kL(Xq) x kL(X) —— 0

and by property Al we obtain 7(X;) and 7(X3) are isomorphisms, hence 7(X) is also an
isomorphism. For n > 1 by property A2 we also have a commutative diagram

(X) —— hL(X1) x hl(X2) —— HL(Xo)
r(X) lmxoxrm) }(xw

WEH(X0) x B (X)) —— KL (X)) —— KL(X) —— KL(Xy) x KL (X2) —— kL(Xo)

WEH(X0) x B (X)) —— BN (Xo) —— KL
Jreaxex) “(X0)

q

G

Then, by inductive hypothesis 7(Xp) is an isomorphism and by the same argument as
before the same happens for 7(X;) and 7(X3), thus by the Five Lemma we obtain that
7(X) is an isomorphism, which concludes the inductive step.

To show that 7(X) is an isomorphism for each finite G-CW-complex we use induction on
the skeleton of X. We can assume that the 0-skeleton X, that is a disjoint finite union of
0-dimensional G-cells, is constructed by attaching to an initial 0-cell the other 0-cells one
after each other along empty maps. Then the result for the base case follows similarly

8
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as the base case of the previous inductive process. Notice that this can be done because
we have a finite number of 0-cells. For n > 0 we have that the n-skeleton X" is obtained
by attaching a disjoint finite union of n-dimensional G-cells to the (n — 1)-skeleton X" 1.
Again we can split this process in a finite number of steps. At each step we construct

Y=Y, UpYs

where Y; is assumed to satisfy that 7(Y7) is an isomorphism, Y, is an n-dimensional G-cell
Y, = G/K x D" and
¢:Yo=G/KxS" 1 =Y.

From property A2 we have a commutative diagram

W ) x WL (%) —— L (Yo) —— BL(Y) —— KL(Y) x KL (Ya) —— KL (Y)
[0 |0 l lrm)xrm) (%)

W) x RS (X)) —— KLH(Y) —— KL(Y) —— kL) x kL(Ya) —— KL(Yo)

Therefore, by property Al we have that 7(Y>) is an isomorphism and by the case proved

before the same happens for 7(Yp), hence by the Five Lemma we obtain 7(Y) is an isomor-
phism, which concludes the proof. O

In the following section we are going to introduce an important case of an equivariant
cohomology theory that is obtained using the Borel construction.

1.3 The Borel construction

In 1960 Armand Borel introduced a method to study the cohomology of G-spaces concern-
ing the information associated to the G-action, the Borel construction. This has become a
basic tool in the theory of transformation groups. Let us describe this construction.

We assume that G is a compact Lie group. Let X be a G-space and consider EG the
total space of the universal principal G-bundle EG — BG. For an introduction to universal
principal G-bundles see Appendix Bl The topological product EG x X can be endowed
with a G-action given by

GX(EGxX) — EGxX
(& (px) = (pg™'8%).

Then we define the Borel construction on X as
Xg:=EGXcX=EGXx X/ ~,

where (p,x) ~ (pg~!, gx) for each g € G. Notice that X; is the orbit space of the G-action
on the product EG x X.
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In regard to Appendix[B.1we have that X is the fiber bundle associated to the universal
principal G-bundle (EG, ) by X, hence X corresponds to the total space of the bundle

eg - Xg — BG

with fiber X.

The Borel construction is significantly relevant because it provides the framework for
defining an equivariant cohomology theory in the sense of Definition

Definition 1.9. Let X be a G-space. We define the equivariant cohomology of X as

H*(Xg) = H*(EG x¢ X).

We can notice that the equivariant cohomology H*®(Xg) has a structure of H*(BG)-
module. Indeed, if * denotes the singleton with a trivial G-action, we have that

H.(*G) = H.(EG XG *) = H.(BG)

Therefore, the projection X = EG xg X — EG X * = BG induces a map

H*(BG) — H*(Xg)
that endows H*®(X) with a H*(BG)-module structure.

Moreover, if G is a compact Lie group and acts freely on X we have a principal G-
bundles given by the projection onto the orbit space
m: X —= X/G.

Therefore, by considering the associated bundle by EG we obtain

NEGIEGXGX—}X/G

with fiber EG, that is contractible. It follows from the long exact sequence of homotopy
groups (see [Hat02]) associated to the above fiber bundle that

H*(Xg) = H*(X/G).

This result will appear again in the context of the proof of the main theorem in Section

With the above discussion we have defined the Borel construction and the equivariant
cohomology of a G-space X merely using topological tools, since the equivariant cohomol-
ogy of X has been defined as the usual topological cohomology of its Borel construction.
However, there exists an equivalent procedure that allows us to describe an algebraic ver-
sion of the Borel construction. The algebraic setting is particularly interesting because it
provides the algebraic machinery needed to prove important results on the G-space X. We
start with some definitions.

10
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From now on we assume that G is a finite group.

Let EG the total space of the universal principal G-bundle, that is a free G-CW-complex
and consider €,(G) := W, (EG;k) the cellular chain complex with coefficients in a field k.
Since €,(G) inherits a G-action from the G-space structure of EG we may consider €,(G)
as a chain complex over the group ring k[G].

Definition 1.10. Let C, (resp. C*®) be a chain complex (resp. a cochain complex) over k[G]. We
define
B3 (Co) = €4(G) @) Co,

where B (Co) = @i(€i(G) ®y(g) Cu—i), and
Bs(C*) = Homygj(e4(G), C),
where BE(Co) = [T Homyg (€;(G), C" 7).
In the above definition we assume that C, is a left k[G]-module and C* is a right k[G]-

module, and by defining
eg:=g 'e forec EG,g€QG,

we convert the left G-action on EG to a right G-action that induces a right k[G]-module
structure on €,(G).

Notice that if C* = Homy(C,, k) by the tensor-hom adjunction we obtain that

BE(C*) = Homy(g| (€4 (G), Homy(C,, k)) = Homy(€4(G) ®yc) Co, k) = Homy(BS (Co), k).

The above definitions allow us to define two homology and cohomology theories.

Definition 1.11. Let C, (resp. C*®) be a chain complex (resp. a cochain complex) over k[G]. We
define the homology of G with coefficients in C, as

HZ (C.) = H(BY(Ca))
and we define the cohomology of G with coefficients in C* as

HE(C*) = H(BE(C*))-

It can be seen that if C, is a k[G]-module concentrated at zero degree we obtain the usual
homology and cohomology of the group G with coefficients in C, and C*, respectively (see
[Bro&2]).

Let us assume that C® is bounded below, which means that for some 1y we have that
C" = 0 for each n < ngy. The following Proposition gives us an alternative description of
BE(C*). Let us denote

€*(G) = Homyg(€+(G), k[G])

11
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the dual k[G]-module of €,(G). If €,(G) is assumed to be a right k[G]-module, then €*(G)
can be considered with a structure of left k[G]-module given by

(89)(e) = ¢(eg)
foreach g € G, ¢ € €*(G) and e € €,(G).

Proposition 1.12. Let C* be a bounded below cochain complex over k|G]. We have a natural
isomorphism of cochain complexes over k

d: C* ®k[G] G.(G) — Homk[G] (€.(G), C.)
cR¢ — Doy €(G) — C°
e = cp(e)

where c € C*, ¢ € €*(G) and e € €,(G).

Proof. We can see that the map is well-defined since it is compatible with the coboundaries.
Indeed, for c € C", ¢ € €'(G) and e € €;(G) we have that

P(A(c@¢))(e) = Pldce(c) @ P+ (=1)"c Qdes () (¢)) () =
= Pyeu (@) + (=1)" g g (p)(€) = de-(c ) (€) + (=1)"cdee () (p(e)) =
= dc-(cg(e)) — (—1)""cd(des ) () = dc 0 Pegg(e) — (—1)" ' Pegg 0 den(cy (€) =
I(P(c@¢))(e).
Moreover, we have that €*(G) is a free k|G]-module, and C*® and €,(G) are bounded below.

Therefore, it is sufficient to prove the result with €*(G) and €,(G) being k[G]|. Then we
have

d: C* ®k[G] k[G] = C* - Homk[G] (k[G], C.)
cRP “ o P(c®¢): k[G] — C*
e +— cple)

which is clearly a natural isomorphism. ]

From the above definitions we conclude that we have two additive functors

BS : 9gk[G]-Mod — ogk-Mod
BE : dgk|G]-Mod — dgk-Mod

from the category of chain complexes (resp. cochain complexes) over k[G] to the category
of chain complexes (resp. cochain complexes) over k. With the following Proposition we
describe some properties of these functors.

Proposition 1.13. The functor BS satisfies the following properties:

12
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a) BS preserves homotopies, hence if fo, f1 : Co — C, are homotopic chain maps over k[G)] then
BS (fo) and BS (f1) are homotopic chain maps over k;

b) BS is exact, hence if Co — C, — CJ is an exact sequence of chain complexes over k[G] then
B(Ca) = BE(CL) = BU(CY)
is an exact sequence of chain complexes over k;

c) if f: Co — C, is a map of chain complexes over k|G| which is a chain equivalence over k,
then BS (f) : BS (Ce) — BS (CL) is a chain equivalence of chain complexes over k[G].

Proof. To prove (a) consider s : C, — C, a chain homotopy between fj and f; in dgk[G|-Mod,
hence s is a morphism of k[G]-modules such that

f()—f1 = ds + s0.

Then we obtain that id,, ) ®k[g) § = BS (s) is the desired chain homotopy in dgk-Mod since

BS(fo) = BS(f1) = B3 (fo = fr) = B3 (9s +59) = BPJ(s) + B (5)9.

Property (b) follows from the fact that €,(G) is a free k|G]-module, hence €,(G) is k[G]-flat
and BS = €.(G) ®y(c) — 1s exact.
To prove (c) we will use the mapping cone. Consider cone(f) and notice that

cone(BY(f)) = B (cone(f)),

hence by Proposition it is enough to see that if N is contractible, then S (N) is also
contractible. For that consider a filtration of €,(G) by the degree

Fiee(G) = é €i(G)
i=0

which induces a filtration of €4(G) ®y(g) N given by
0= F1(ex(G) @41 N) C -+ C Fa(ea(G) @yiq) N) € Fura(ea(G) @y N) C -+

such that
lian (G.(G) ®k[G] N) = eo(G) ®k[G] N

and for eachn >0
Fui1(€¢(G) @y N)

F(€e(G) @) N)
which is contractible, because it is the direct sum of finitely many copies of N. Then, we

obtain that €.(G) ®j() N is contractible (see Corollary B.1.18 in [AP93]), which concludes
the proof. O

= €,(G) ®Qxic) N,

13
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Notice that the above Proposition is based on standard properties of the tensor prod-
uct functor. Analogous statements for the functor B : dgk[G]-Mod — dgk-Mod can be
obtained using the corresponding properties for the Hom functor.

We also have that property (c) can be refined if C, and C, are assumed to be free as k-
modules. Indeed, since then the conditions of being acyclic and contractible are equivalent
(see Proposition B.1.11 in [AP93]), then it suffices to assume that H(f) is an isomorphism.

Once we have introduced the functors S and B we already have all the necessary
information to describe the algebraic version of the Borel construction. Let X be a G-space.
We can apply the above functors to the singular chain complex S.(X; k) and to the singular
cochain complex S°*(X; k), considered as k[G]-modules. We denote

BS(X;k) = BS(Se(X;K)) BG(X:k) == B&(S*(X;k))

and
HY(X;k) := Ha(BS (X k) HE (X k) := H* (BG(X; k).

It can be seen that the above definitions correspond to equivariant homology and cohomol-
ogy theories, respectively.

Theorem 1.14. The functor HS (—; k) (resp. Ha(—;k)) is an equivariant homology theory (resp.
equivariant cohomology theory) in the sense of Definition

Proof. See Theorem 1.2.6 in [AP93] for a proof of the equivariant cohomology case. O

It is important to notice that if X is a G-CW-complex we can equivalently use the cellular
chain complex W, (X;k) instead of the singular chain complex S (X;k) to define HS (X; k)
and Hg (X, k). We can state this result as a Proposition.

Proposition 1.15. Let X be a G-CW-complex. We have natural isomorphisms
Hao(B2(Se(X3K))) = Ho(BS(Wa(X;K)))  and  H*(BE(S*(X;k))) = H*(BL(W*(X;K)))-
Proof. Let
XcxX'cxXPc.-cX"'cX"C---
be the structural skeletal filtration of X. We define the subcomplex
Cu(X;k) ={c € Sy(X;k):9c € S,,_1(X;k)} C Su(X;k),

where 0 is the coboundary on the singular chain complex S(X; k). We have that Ce(X; k)
is a k[G]-subcomplex of S.(X; k) and we can consider a chain map over k[G]|

p:Ce(X;k) = We(X;k)

that sends ¢ € C,(X;k) to its class in W, (X;k) = H, (X", X" 1;k). We want to prove that
the maps
i:Ce(X;k) — Se(X;k) and p:We(X;k) = Se(X;k)

14
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are homotopy equivalences over k. Therefore, since i and p are chain maps in dgk[G]-Mod
we obtain from Proposition [1.13|c) the desired result. Moreover, by the subsequent discus-
sion it suffices to see that H,(i) and H.(p) are isomorphisms since Co(X;k), So(X;k) and
W.(X; k) are free as k-modules.

We start proving that H, (i) is an isomorphism. We have that H,(i) is surjective because any
homology class in H,(S.(X;k)) is represented by a cycle in S, (X"; k), thus also in C,(X; k).
On the other hand, let us consider a cycle ¢ € C,(X;k) such that there exists another cycle
b € S,+1(X; k) with ob = ¢, that is that He(i)([c]) = 0 in H,(S¢(X;k)). Then we can take
b’ € S, 1(X"; k) such that 9’ = 9b = ¢ and by definition we obtain that ' € C,11(X;k),
hence [c] = 0in H,(Ce(X;k)) and H,(i) is injective.

It remains to prove that He(p) is an isomorphism. Consider a cochain ¢ € S,(X", k) that
represents a cycle in

n.
Wi (X;k) = Hy(X", X"~ k) = H, <SS(§;§1kI)()> :
Then we have that oc € S, 1(X" % k) + 9(S,,(X""1;k)), so we can write dc = a’ + 9b”
with @’ € S, 1(X""%k) and b" € S,,(X""1;k). It is clear that H, 1(Se(X""2;k)) = 0 and
we notice that da’ = 0. Therefore there exists b’ € S,(X"~2;k) such that 9b' = a’. If we
consider the element
d=c—b —-b" €S, (X", k)

we observe that it represents a cycle in C,(X";k) since ¢’ = dc —a’ —9b” = 0 and it is
mapped by H.(p) to the homology class represented by ¢, hence H,(p) is surjective. On
the other hand, let c € C,(X";k) a cycle in Co(X; k) such that He(p)([c]) = O, that is that
there exist elements b’ € S,.1(X"*1;k) and a” € S,(X""1;k) such that 9b' = c +a”, and
we also have that dc = 0, hence da” = 0. However, since H,(S.(X"1;k)) = 0 there exists
b" € S, 1(X""1;k) with 9b” = a”. Thus we obtain that (b’ — b") = c+a” —a” = c and
since b’ — V" € Cy41(X;k) we conclude that [c] = 0 in H,(Cs(X;k)), so He(p) is injective.
This concludes the proof. H

Finally, we will give an explicit description of the multiplicative structure of this alge-
braic equivariant cohomology theory that we are considering. The cellular chain complex
€+(G) has a diagonal

A €e(G) = €(G) ®€e(G)

that is a map of chain complexes over k[G]. This diagonal map can be thought as being
induced by the topological diagonal

EG — EG X EG
to €4(G) = WL (EG; k) or as a lifting of the isomorphism
k—kxk

15
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to the free resolutions €,(G) — kand €,(G) ® €4(G) — k®k, which is uniquely determined
up to homotopy of chain complexes over k[G].

If C* is a cochain complex over k[G], then the above diagonal map induces a product
B&(C*) ® Bg (k) = Homy(g)(€s(G), C*) © Homygy (k, C*) — Homyg|(€+(G), C*) = B5(C*)
givenby ¢ @ p — ¢ U 9, for ¢ € B%(C*), ¢ € BL (k) and ¢ U given by
(@Up)e) =n((p@y)(Ae))

with e € €,(G), that is the composition
€e(G) D ea(G) @ en(G) Y% cr ok L o,

where 77 : C* ® k — C* is the k-module structure natural map. This product induces a map
in cohomology
HE(C*) @ Hg (k) — Hg(C*),

hence we have a H¢ (k)-module structure on HZ(C*®). More precisely, this induces a right
H¢ (k)-module structure, and we can define an analog left structure. Since A is commutative
up to homotopy, the left and right structure coincide on cohomology level HZ(C*), and they
are equivalent on cochain level only up to homotopy. Notice that if C* = k, we obtain the
usual cup product on Hg (k).

Furthermore, if C* has a product, that is a morphism
p:C*®C* —=C*
in dgk[G]-Mod such that C* ® C*® has a diagonal map, then with a similar argument we
have an induced product

ps(C*) @ B5(C*) — B5(C*)
given by ¢1 ® ¢ — ¢1 U ¢, for ¢1, ¢ € B&(C*) and ¢ U ¢, given by
(91U ¢2)(e) = p((d1 @ ¢2)(Ae))

with e € €,(G), that is the composition

€e(G) D e(G) @ eu(G) 120 cr g0t s 0.

Finally, we can apply the above discussion to our case of interest. Let X be a G-space
and take C* = 5°*(X; k) the singular cochain complex, which has a product
w:S* (X k)®S*(X;k) — S*(X; k)

induced by the diagonal map X — X x X. This induces a multiplicative structure on
cohomology
H*(X;k) = H*(B5(S*(X;K)))-

To conclude our introduction to the Borel construction we will see that both equivariant
cohomology theories defined above indeed coincide.

16
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Theorem 1.16. Let G be a finite group. The homology (resp. cohomology) theories HS (—; k) and
HJ(EG x¢ —; k) (resp. H%(—; k) and H*(EG x ¢ —; k)) are naturally isomorphic over the category
of G-spaces.

Proof. We start proving the statement for the homology theories. Let X a G-space. Recall
that

HE(X; k) = Ho(BS (X; k),
with BS(X;k) = €.(G) @[] Se(X;k) and €4(G) = Wo(EG; k). We can observe that we
can replace the cellular chain complex W, (EG;k) by the singular chain complex S.(X;k)

since both are free resolutions of k over k[G], hence are chain homotopic over k[G]. By
Eilenberg-Zilberg Theorem we can consider two chain maps ® and ¥

So(EG; k) ® Se(X;k) = So(EG x X;k)

< T e

such that ®Y and Y® are naturally chain equivalent to the corresponding identity maps.
Moreover, since the G-action is given by a continuous action we have that naturality as-
sures us that ® and ¥ are compatible with the diagonal G-action, hence they induce chain
homotopy equivalences over k given by

[
S.(EG;k) ®k[G] S.(X,k) g’ k®k[G] S.(EG x X; k)
Y

We also have that 7w : EG x X — EG X X is a covering map with deck transformation
group G, that is that

G={f e Aut(EG x X) : nf = m} C Aut(EG x X).
Therefore we obtain that the map
O : k ®yg) Se(E X X;k) = So(EG x¢ X;k)

is an isomorphism. Indeed, © is injective because if two singular simplices 0’;,0’5 P A —
EG x X coincide when they are composed with 77, then there exists ¢ € G such that
! 2, hence they represent the same class in k @[] Se(E X X;k). On the other hand,

gy = 0;
O is surjective since any singular simplex 0, : A; — EG X X can be lifted to a simplex

on EG x X because A; is contractible. Thus, the composition ©® induces the desired
isomorphism on homology

HS(X;k) = Ho(EG x¢ X;k).

With a similar argument we can obtain the isomorphism for cohomology, but we have to
additionally check the compatibility with the ring structure. Recall that

HE(X;K) = H*(B5(X:k)),

17
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with Bg(X;k) = Homyg (€e(G),S*(X;k)). As before we replace the cellular chain com-
plex Wo(EG;K) by the singular chain complex S.(EG;k), and we consider the diagonal
on S.(EG;k) given by the composition of the map induced by the topological diagonal
EG — EG x EG and an Eilenberg-Zilberg map

Se(EG;k) — So(EG x EG;k) — Se(EG; k) ® Se(EG; k).
We can observe that by the tensor-hom adjunction we have natural isomorphisms
B&(S*(X;k)) = Homyc) (S« (EG; k), S*(X;k)) =
= Homk[G](S.(EG; k),Homk(S.(X; k),k)) = I—Iomk(S.(EG; k) ®k[G] S.(X,‘ k),k),
hence we obtain the desired isomorphism in cohomology. Regarding the multiplicative
structure we have that the product in Hg(X;k) = H*(BL(S*(X;k))) is induced by the
composition

Se(EG; k) ® So(X; k) 2285, (S, (EG;k) @ So(EG;K)) @ (Se(X;k) @ Sa(X;K)) >

Ty (Se(EG; k) ® Su(X;k)) @ (Se(EG; k) @ So(X;K)) 2% ko k = k

where ¢1, ¢2 € Homy (Se(EG; k) @) Se(X; k), k), Apc and Ax are the corresponding diago-
nals and 7 denotes the twist of the middle terms in the tensor product. On the other hand,
the product in H*(EG X X; k) is induced by the diagonal on S¢(EG X X; k)

Se(EG x X;k) 2% 6, (EG x X;k) © Se(EG x X;k) 12 ko k= &

for i1, P» € S*(EG x X;k). It is clear that the following diagram

S.(EG; k) ® So(X;k) e S.(EG x X;k)
J/AEGQ@AX
(Se(EG; k) @ So(EG;k)) ® (Se(X;k) ® Se(X;k)) ApGxx

|7

(Se(EG; k) @ Su(X;K)) @ (Su(EG; k) ® S (X3 K)) 222,

S.(EG x X;k) ® S+(EG x X;k)

is commutative up to homotopy. Therefore, it follows from the above discussion that we
have a commutative diagram up to homotopy given by

S.(EG; k) Qk[c] Se (X; k) e (S.(EG; k) Xk[G) S.(X; k)) ® (S.(EG; k) ®k[a) S.(X; k))

l@ l(@?)@(@ié)
ApGx
So(EG x¢ X;k) foret So(EG % X;k) ® S+(EG x¢ X; k)

where the horizontal maps induce the products in cohomology. Finally, since the isomor-
phism H (X;k) = H*(EG x¢ X;k) is given by the dual complexes map of ©® we deduce
that this isomorphism is compatible with the multiplicative structure, as we wanted to
obtain. O
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1.4 The Borel construction for 2-tori

In this last section we will provide an explicit description of the algebraic version of the
Borel construction for the group G = (Z;)". This detailed exposition will be indispensable
to understand the forthcoming chapter’s proof of the main theorem.

In the first place we consider the case n = 1, that is G = Z,. From the discussion in
Appendix B.2) we know that the total space of the universal principal G-bundle is given by

EG =lim§" = 5%
Ei

Considering a natural decomposition of EG as a G-CW-complex we obtain that the cellular
chain complex €,(G) = W,(EG) is given by a free chain complex over Z[G] with one
generator in each non-negative dimension, hence we have that

SO(G) =W, ®Z[G]/

where W, is a free abelian group generated by {wo, w1, w>, ...}, with deg(w;) = i for each
i > 0. The boundary on €,(G) is given by

ow. — (14 g)wy—1 if nis even,
"] 1-9w, ifnisodd ’

where 1 denotes the unit element and g the generator of G. The following result gives us
the homology of the classifying space BG.

Proposition 1.17. Let k be a field of characteristic 2 and let G = Z,. For each n > 0 we have

Z ifn=0,
Hy(BG;Z) = Hy(€e(G) @) Se(;k)) = ¢ Zy if nis odd,
0  otherwise

and
Hn(BG,' k) = Hn(e.(G) ®k[G] k) =~ k.

Proof. The first isomorphisms follow from Theorem since
HH(BG;k) = Hn(EG XaG *,k) = HS(*,k) = Hn(e.(G) ®k[G] S.(*,k)) = Hn(e.(G) ®k[G] k)

where * denotes the singleton with the trivial G-action. The same argument holds for
H,(BG;Z). We can observe that the boundary on €.(G) ®zg) Z is given by

= (1+Qwp—1)®1=w,_1®2 ifniseven,
Jd n 1) = ’
(wn 1) { (1-Qwy,—1)®1=0 if n is odd

hence the result follows immediately. Finally, since k is of characteristic 2 we deduce that
the boundary is trivial on €4(G) ®y(g) k, thus we also obtain the result for H,(BG;k). U
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We can compute the cohomology of the classifying space BG by taking the dual com-
plexes, or by using the Universal Coefficient Theorem. Nevertheless, to obtain the multi-
plicative structure on H*(BG; k) we need to consider a diagonal map

A:€e(G) = €e(G) ®€q(G).

Let us consider the diagonal given by

A(wy) = Z ANpg,
pt+g=n
where
Wy @ W, if p is even,
Apqg =1 wp®gw,; if pisodd and g is even,

—wy ® gw, if p and q are odd
Since the desired map is a lifting of the natural isomorphism k — k ® k to the free resolu-
tions k[G] — k and k[G] ® k[G] — k ® k, which is uniquely determined up to homotopy,
it suffices to prove that the above definition of A is a well-defined morphism of chain
complexes over k|G|, that is that commutes with the boundary. We can write

n-1
A(wn) _ Zmzzo Wom & z;711172m + Wom+1 & §Wn—2m—1 if n is odd, ,
Wn @ Wo + Lo Wam @ Wn—2m + Wom+1 @ Wy—om—1 if n is even.

Then denote by dg to the boundary on €,(G) ® €4(G) and notice that for n odd we have
that

=
|
—_

2
do(A(wn)) = Y (1+ g)wam—1 @ Wy—2m + Wom ® (1 — §)Wy—om—1+
m=0
+ (1 = Q)wam ® §Wy—2m—1 — Woms1 @ (14 §)Wp—2m—2 =
=wy—1®(1—9Q)wo+ (1—g)w,—1 ® gwo+

=

n—

-1
+ Y (1= ) wom ® §Wy—am—1 + o ® (1 — §)Wy—o2m—1+

N‘

m=0
+ (14 Q) wams1 @ Wy—2m—2 — Woms1 @ (1 + §)Wy—2m—2 =
nl_q
2

= (1 - g)wn—l @ wo + (1 - g) Z Wom @ Wy—2m—1 — Wom+1 & 8Wn—2m—2 =

m=0

= (1= 8)A(wn-1) = A((1 = g)wn-1) = A((wn)).
With a similar procedure we may obtain the same result for n even.
Proposition 1.18. Let k be a field of characteristic 2 and let G = Z,. We have

V4
H*(BG;Z) = H*(Homyg|(€4(G),Z)) = (2[:)], with deg(t) =2

and

H*(BG; k) = H*(Homyg(€s(G), k)) = k[t],  with deg(t) = 1.
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Proof. The initial isomorphisms again follow from Theorem [1.16]
H*®*(BG;k) = H*(EG xg *;k) = Hg(%;k) =
= H*(Homyg)(€4(G), 5% (x;k))) = H* (Homy(g)(€4(G), $*(x;k)))

where * again denotes the singleton with the trivial G-action and the same can be argued
for H,(BG;Z). Consider the element @" € Homyc(€4(G), Z) defined over W, by

1 ifn=m

—n 4

@ (wm){ 0 ifn#m }'
which extends to €,(G) as a Z[G]-module morphism. Since 6@0" (w,+1) = @W" (dw,+1) we
deduce that

S — (1—g)@w"™ if nis even,
] A+9w"! ifnisodd |-

For w? and @ we can also consider the cup product, that is given by the composition

wP Qw1

€(G) D e(C)Ren(G) T ZRZ —» Z

and we can observe that satisfies

. P 1 ifp+g=m,

w? U (wy,) = (0 @ @) (Awy,) = { 0 ifﬁ—i—g £m }
Indeed, this result is immediate for p even, and for p odd and g even. If p and g are odd
we have to take into account the sign convention to obtain that

(@ W) (—w, @ gwy) = —(—1)P1wP (w,) @ W (gw,) = 1.

Therefore, w? U@’ = w? 1. With this discussion we can compute the cohomology rings.
For n even the element w" is a representative of the generator of H"(BG;Z) and since
2w" ~ 0 we obtain that H"(BG;Z) is zero for n odd. Given the multiplicative structure
induced by the cup product we obtain the desired result. On the other hand, since k is of
characteristic two we have that the coboundary is trivial, and again considering the cup
product we conclude the proof. O

Notice that we have observed that the cochain complex B¢ (k) = Homy(c(ee(G), k),
together with the multiplicative structure induced by the cup product induced by the di-
agonal map defined above, is isomorphic to the polynomial algebra k[t] with deg(t) =1

BG (k) = K[t]

not only on cohomology, but also on cochain level given by w" — t". Moreover, we have
seen that the coboundary on k[t] is given by the derivation

5(t) = 2f2,
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which holds for any coefficient ring k, and if k is a field of characteristic 2 we have that this
coboundary is trivial.

Let C* be a bounded below cochain complex over k[G], that is an object in dgk[G]-Mod.
By Proposition we have a natural isomorphism

BG(C*) = C* ®xg €°(G)

with the usual coboundary considered in the tensor product of cochain complexes. We can
observe that we have a natural isomorphism of k[G]|-modules

€*(G) = Homyg)(€+(G), k[G]) = Homy ) (We @ k[G], k[G]) = k[G] @ Homy (W, k) = k[G] @ W*,

where we denote W* = Homy(W.,, k). Therefore, it induces an isomorphism of k-modules
Be(C*) =C* ®k[q] €e*(G)=cC* ®k(q] k[G]@ W® =2 C* @ W*.

Under these isomorphisms the coboundary, which we will denote by 6, is given by

S(cxw") = 5c®w”+(_1)\clc(1_g)®wn+1 if n is even,
T de@w + (~1)le(14+g) @w! ifnisodd [

where w" is the dual element to w,, ¢ is the coboundary in C*® and |c| denotes the degree
of the element c € C*. The above formula follows from the fact that the coboundary of
€*(G) = k|G] ® W* is given by

(1+¢)@w"! if nis odd

— n+1 :
5<1®wn):{ 1-g9)®w 1fnlseven,}’

that the cochain complex C* ®(¢) €*(G) has the usual tensor product coboundary and that
g®(1lew)=ce (@)

in the isomorphism C* ®(c) €*(G) = C* ®y(¢) (k[G] ® W*). To avoid confusions with the
standard tensor product cochain complex, we denote C*®W* = (C* @ W*,6).

Proposition 1.19. Let C* be a bounded below cochain complex over k[G]. Then Bg(C®) = C*@W*
is naturally isomorphic to C* ® k[t] as a right module over B (k) = k(t].

Proof. We have to see that the structure of B, (k)-module of B (C*) = C*®W?* is equivalent
to C* ® k[t]. For that we take c ® w? € B%(C*) = C*®@W* and w' € B (k) and we compute
the product (¢ ® w?) Uw’ given by the composition

PNy RN

€e(G) 2 €4(G) — €u(G

where 77 : C* ® k — C* is the k-module structure map of C*. If follows from definition that

(cow)ummn) = r(iesw) omao) = { & {PTIZN L
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hence we obtain that (¢ ® wP)w! = ¢ @ wP™1 in C*®@W?*. Therefore we deduce that

d: COW* — C*®Kk[t]
cRW" = et

is the desired isomorphism of k[t]-modules. O

We also denote C*®k|t] to the complex with underlying module C* ® k[t] and cobound-
ary induced by the isomorphism from C*®W*. Then C*®k]t] is a differential graded mod-
ule over k[t]. In particular, the product

pe(C*) @ Bg (k) — B&(C7)

is already associative on the cochain level, while the analogous left product in only asso-
ciative up to homotopy.

Once we have properly discusses the base case we can extend the above results to the
description of the algebraic Borel construction for the case G = (Z,)" with n > 1. The
corresponding total space of the universal principal G-bundle EG — BG can be given by
the n-fold product of the Z,-CW-complexes EZ,

EG:EZZX"-XEZZ.

Therefore, the cellular chain complex €,(G) = W, (EG; k) corresponds to the n-fold tensor
product of €4(Z;) = We(EZy; k)

€e(G) = €u(Z2) @ -+ ® €4(Z2)

considered as a complex over k[G] = k[Z;] ® - - - ® k[Z;] with the componentwise action.
Given these considerations we can easily extend the calculation for G = Z.

Proposition 1.20. Let k a field of characteristic 2 and let G = (Z,)". We have
H*(BG;k) = HE(*;k) = k[t -+ , ta]

with deg(t;) =1 foreach 1 <i < n.

Proof. From the above discussion we deduce that
BG:EG/G:BZZX XBZZ.

Therefore, since by Proposition we know that H*(BZy; k) = k[t], using Kiinneth Theo-
rem we can obtain the desired result

H*(BG;k) = H*(BZ3 X - - - X BZy;k) =2 H*(BZy; k) ® - - - @ H*(BZs; k) =
Xk[t| @ @k[t] Zk[ty, -, t],

where we have used that k is a field. O
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Finally, we can extend the latter result in Proposition to G = (Zy)".

Proposition 1.21. Let C* be a bounded below cochain complex over k|G|. Then B (C*®) is naturally
isomorphic to C* @ k[t1, ..., t,) as a right k[ty, . .., t,|-module.

Proof. By Proposition we have an isomorphism of k-modules

B&(C*) = C* ®y(g €°(G) = C* @) Homyg)(€4(G), k[G]) =

= C* @) Homyg) (We ® k[Z2]) @ - - - @ (We ® k[Z2]), k[G]) =
= C* @) Homyg) (We @ - - - @ W, ) @ k[G
= C* ®yg) k[G] @ Homy(We @ - - - @ W, k) =
C*@Hom(We® - @Wo k) ZC*QW*®--- @ W*

=
Q9
I

and from Proposition it follows the desired isomorphism. O

As before we denote by C*®k(ty, ..., t,] to the complex B&(C*®) with the twisted differ-
ential of C*®k[ty, ..., b,
And with this final result we bring our general introduction to the theory of transfor-

mation groups to a close.
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Chapter 2

The homology of finite free
(Z5)"-Complexes

This chapter is dedicated to the proof of the main theorem based on Carlsson method
[Car83], which is strongly based on commutative algebra. In the first place Carlsson de-
votes a section to the study of differential graded modules and proves two key results, that
are Theorems and In a second part the author defines the functor g and proves
a general version of the main theorem for any free bounded above chain complex C, over
k[G], which is Theorem Finally, this result is used to obtain the main theorem.

2.1 Differential graded modules

Let k a field of characteristic 2 and let A = k[xy, ..., x,] be the polynomial ring in n vari-
ables, which we grade by considering deg(x;) = —1forall1 <i < n.

Along this chapter we will assume that any graded A-module M is bounded above,
that is that M,, = 0 for some n sufficiently large, and locally finite, that is that dimy (M)
is finite for each n € Z.

To start with, we consider a standard result on free graded A-modules.

Proposition 2.1. Let M, N be free graded A-modules and let f : M — N be a morphism of
A-modules of degree 0 such that f ® id : M ®ak — N ®4 k is an isomorphism. Then f is an
isomorphism. Moreover, if f ® id is injective, then f is injective onto a direct summand.

Proof. Since M is free and bounded above we can assume that
M= Ami D Am, ® Amz P - - - :@Ami,
iel
where we order the elements by degree, deg(m;) > deg(m;.1) for each i € I. Moreover,
since f is a morphism of A-modules of degree 0, the same happens for f ® id and we have
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that for eachi € I
(f@id)(m;®1) = Zn K,

where k; € k and n§ € N with deg(n].) = deg(mi). Notice that the above sum is finite
because N is assumed to be locally finite. Therefore, since f ® id is an isomorphism we
deduce that
N =Am & Any ® Anz & - - - = P An;,
i€l

with n; = 2] 1 k;n i Let us define a morphism of A-modules given by

g: N - M

n; +— m;

We can observe that the composition of f and g is given by

(gof)(m;) =m;+ lelm] idp(m;) + h(m;)
j=it

with pf € A and then we have that the inverse of f is given by f~! = Id + Y5, (—1)"h",

hence we deduce f is an isomorphism. If f ® id is injective, the same argument considered
over f ®id: M ®k — im(f ® id) implies the desired result. O

Definition 2.2. A differential graded (DG) A-module M is a graded A-module with a morphism
of A-modules
d:M—-M

such that deg(d) = —1 and d*> = 0. We say that M is a free (resp. finitely generated) DG
A-module if M is free (resp. finitely generated) as an A-module.

Definition 2.3. Let M be a DG A-module and let N be a graded A-module. We define Hy (M, N)
as the homology of the DG A-module M ® 4 N with the differential d ® id.
The homology He(M ® 4 N) is defined as usual

He(M N) = - .
( ©4 ) m(dn+1®ld:Mn+1 ®Xa N — M, ®AN)

Let I C A be the maximal ideal I = (x1,...,x,). If M is free DG A-module, we can
consider the filtration given by the powers IFM

s MM S M S T M — - M — ML

Moreover, notice that the morphism of A-modules I*®s M — I*M induces an isomor-
phism
M I M
M - CAT
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Since M is locally finite and bounded above, then the filtration {I*M}; is finite in each
dimension, that is that for all n € Z there exists some k > 0 such that (I*M), = 0. Finally,
for each k > 0 we have that I¥ /I is a direct sum of copies of the field k. We denote

Ik

k>0

Lemma 2.4. VLet M be a free DG A-module. There exists an spectral sequence with

v
El, = ®aHy(M,k) and d":E,, —E,

—rq Ip+1 p—r,g+r—1

that converges to He(M). Moreover, {E}, ;,d"}, is a spectral sequence of modules over gr (A) and

o]
Egy

= im(Hy(M) — Hy(M,k)).
Proof. We have a filtration of DG A-modules
s MM IIM ST M— - 5 IM - M

that determines a spectral sequence {E! ,d"},~1 with d" of bidegree (—r,r — 1) and such

that

P’

"M Ik M v M
1 ~ ~ ~ ~
Ep,q = Hp+q (IP_HM) - Hp+q <Ik+1 ®A IM) = IF"H ®A Hq (UVI) =

L M\ . I I
Ip+1 ®A W Ip+1 ®A H (M ®A k) Ip+1 ®A H (M k)

where we have used that the differential is trivial on the quotient I*/I**! and that
M/IMEM®@sA/I=M®@yk.

Since the filtration is finite in each dimension it is bounded, hence the spectral sequence
converges to He(M). It is clear that {E} ;,d"},>1 is a spectral sequence of gr;(A)-modules
since d is a morphism of A-modules. Finally, we have that

{xeM;yd(x) e I'My1}

{xe My :d(x) e 'M; 1}
= IMy +d(Mgy1) ’

E;
0 d<Mq+1)

~ k@4

Therefore, any element in £, C E(l)lq admits a representative cycle that has a lifting { € M,
such that d({) € I"M,_; for all ¥ > 1. Since the filtration is finite in each dimension, for r
sufficiently large we have that (I"M),_; = 0, hence the element belongs to H,(M). Notice
that the spectral sequence in the statement is obtained by considering p := —p. O

Let us define the operator
0 : Ho(M, k) — Ho(M, k)
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given by

d': By, = Hy (M) — EL = (I/1%) @4 Hy(M,k)
1®¢ = Yii1 % ®0;(0)

where X; denotes the image of x; in I/ I. Since {X;}; is a basis of I/I? over k, we have that
the images 6;({) are uniquely determined.

Proposition 2.5. For each 1 <i,j < n we have that 91.2 = 0 and 6,0; = 0;0;.

Proof. Since (d')? = 0 and d' is a morphism of A-modules we obtain

xd' (126;(7)) =

n

i i=1

0=(d")Y(1w7) =d < ) x@@(@)) =
=1

M-

Il
—

Xi) G @06:(0) =) ) WX ©6;6i(0)
j=1 '

Therefore, as {X;X; }1<;ij<n is a basis of I?/I° over k we obtain the desired result. O

Lemma 2.6. Let N be the largest integer such that Hy(M, k) # 0. Let { € Hyn(M, k) with
0;(f) =0forall1 <i<mn. Then { € im(Hx(M) — Hx(M,k)).

Proof. Since 0;({) = 0 for all 1 < i < n we obtain d'({) = 0. Then for any r > 1 we have

r

I
d'(§) € By Nor1 CEL nyyq = 771 94 Hyyr-1 (M, k) =0
because N < N + r — 1. Therefore, d"({) = 0 for all r > 1, and by Lemma 2.4 we conclude
{ € Egn = im(Hy(M) — Hn(M,k)).

O

We say that a map between DG A-modules is a chain map and the usual notions of
chain homotopy and chain equivalence are considered.

Lemma 2.7. Let M be a free DG A-module such that He(M, k) = 0. Then M is contractible.

Proof. Since Ho(M, k) = 0 we can assume M ® 4 k has a basis over k given by {e., fu }xca for
some indexing set A. Let us consider the free graded A-module F generated by {e},, fi }sca,
where deg(e),) = deg(e,) and deg(f;) = deg(f,) with the differential d’ given by d’(e},) =
fiand d'(f) = 0 for each & € A. It is clear that F is a free DG A-module. Let us define a
morphism of A-modules

¢: F —- M
e, — ey
fo = d(ew)
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where ¢, is a lifting of e, € M ®4 k to e, € M. We have an induced isomorphism

4)®Zd P®Ak — M®Ak
1 — ¢e,)®1=e¢,
fa®l = 9(f)@1=d(ep) ®1=fu,

that is indeed a chain map. Since M and F are free graded A-modules, by Proposition
we have ¢ is also an isomorphism. Finally, we have that F is chain equivalent to 0.
Consider « : F — 0, B: 0 — F and notice foa = idy and ¢ : F — F given by ¢(e),) = 0 and
¢(f1) = el is a chain equivalence between idr and « o B because

(pod+dog)(e,) = g(fy) = e, = (idr — a0 B)(ey),
(pod+dog)(fy) =d(ey) = fr = (idr — a0 B)(fy)-
Therefore, M is contractible. O

Corollary 2.8. Let M, N be free DG A-modules and let f : M — N be a chain map. If Hq(f, k) is
an isomorphism, then f is a chain equivalence.

Proof. Since f ® k is a quasi-isomorphism, by Corollary we have that cone(f ® k) is
acyclic. We notice that

cone(f®@k) = (M®ak)[-1]® (N®ak) = (M[-1]® N) @4 k = cone(f) @k,
and
—dpy ®id 0 —dy 0 ) )
cone(f®k) ( —f®id dN®id> ( _f dN) ®id cone(f) ® id

Therefore, cone(f) ®4 k is acyclic and by Lemma cone(f) is contractible. Finally, by
Proposition we conclude that f is a chain equivalence. O

Definition 2.9. Let M be a DG A-module. A composition series for M is a sequence
0=MyCMC---CM=M

of DG A-modules such that for each 1 < j < g the quotient M;/M;_1 is a free DG A-module with
zero differential. We say M is solvable if there exists a free finitely generated DG A-module M
that admits a composition series and a chain equivalence

f:M— M,

We define the length [ (M) of M as the length of the shortest composition series that admits any free
finitely generated DG A-module M which is chain equivalent to M.
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Lemma 2.10. Let My, My, M3 be free finitely generated DG A-modules such that the differential
on My is trivial and assume we have a short exact sequence

0=M LML M —0

If 1(M3) = I, then there exists a free finitely generated DG A-module M, admitting a composition
series of length | + 1 and a chain equivalence between My and Mj.

Proof. Since [(M3) = | we know there exist a free finitely generated DG A-module M; that
admits a composition series of length [ and a chain equivalence f : Ms; — M;j. Let us
consider the pullback

M, = {(m,7) € Mo ® Mz : p(m) = f(m)}

and the natural map

We have a commutative diagram

0 —— M M, Ms 0
I
0 —— M; i M, ! M3 0
where the rows are exact and the top row maps are given by ¢'(m’) = (g(m’),0) and

p'(m,m) = m. Then, we have a morphism between the induced long exact sequences in
homology, so for each k € Z we have a commutative diagram

Hi1(M3) —— Hy(My) —— Hi(My) —— Hi(M3) —— Hi_1(My)

lHkJrl (f) H lHk(‘P) lHk (f) H
Hy1(M3) —— Hi(M;) —— Hy(M) —— Hi(M3) —— Hy_1(My)

Since by hypothesis Hy1(f) and Hi(f) are isomorphisms, by the Five Lemma we obtain
that Hy(¢) is also an isomorphism, hence ¢ is a chain equivalence by Corollary More-
over, we have that M, is free and finitely generated. Finally, the exact sequence

00— M; — M, - M; =0

splits because Mj is free, hence projective. Therefore, we have that M, & M & M3 and we
have that
M,/ M;s = M,
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is a free DG A-module with zero differential. Thus,
0=MyCM C- CM=MCcM
is a composition series of length [ 4-1 for M, which concludes the proof. ]

Proposition 2.11. Let M be a free finitely generated DG A-module. Then M is solvable.

Proof. We proceed by induction on the rank of M, which is defined as
rank(M) = dimy (M ®4 k).
If rank(M) = 1, then M = A. Since A is an integral domain, for any x € A we have
d(x)d(x) = d(xd(x)) = xd*(x) =0,

hence d = 0in M and 0 C M is a composition series for M, thus M is solvable.
Assume that the result is satisfied for all M’ with rank(M’) < rank(M). If He(M, k) = 0,
by Lemma we have M is solvable. If not, take N to be the largest integer such that
Hyn(M, k) # 0. By Proposition we have that He(M, k) is an A(6y,---,0,)-module,
where A(6y,---,0,) is the exterior algebra generated by the operators 6;. Consider the
ideal J = (64,---,6,) C A(6y,---,0,) and let | be the largest integer such that

J'Hn(M, k) # 0.

Notice that this is well-defined because J"*'Hy(M, k) = 0. For { € J'Hy(M, k) we have
that j¢ = 0 for any j € ], and in particular 6;({) = 0 for all 1 < i < n. Then, by Lemma
we have that

s im(HN(M) — HN(M,k)),

so there exists { € My with d{ = 0 that projects to a cycle that represents { in M ®4 k.
Since { projects to a nonzero element in M ®4 k, by Proposition it generated a free
summand of M. Consider Aey a free graded A-module generated by an element of degree
N and with trivial differential. We can consider the map
i: Aey — M
eN ¢
that is trivially a chain map and induces an inclusion into a direct summand of M. Hence,

we have that rank(coker(i)) = rank(M) — 1. Therefore, by the inductive hypothesis and
Lemma considered over the short exact sequence

0— Aey - M — coker(i) — 0
we obtain that M is solvable, which concludes the proof. O
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Definition 2.12. Let M be a DG A-module. We say that M is totally finite if He(M) is a a
k-vector space of finite dimension.

Let M; be a graded k[x;]-module for each 1 < i < n. Then we have that
M ®; My Q. - - - Qr M,

is a graded module over k[x1] @ - - - ® k[x,] = k[x1,...,x4] = A by considering the com-
ponentwise action. For each 1 < i < n let us consider the k[x;]-modules

Ai = k[xi] Bi = k[xi,xl._l] Ci —
Then, for 0 < j < n we define the A-modules

P = A1 ®k Ay Q-+ - @a Aj ® Cjq Q-+ ®y Cy
Qj = A1 ® A2 Q-+ - ®a Aj R Bjp1 @k Cjya @ - - - @k Gy

Notice that for each 1 < i < n we have a short exact sequence of k[x;]-modules
0—+A; =B —C —0.

Then, by successively applying the functors — ®; Ax for 1 < k <i—1and — ®j Cy for
i+1 < k' < n, which are exact, we conclude that for each 0 < j < n — 1 there is a short
exact sequence of A-modules

0— Py —Qj — P —0.

Lemma 2.13. Let M be a free finitely generated totally finite DG A-module. Then He(M, Q;) = 0
forall0 <j<n-—1

Proof. Let Sj ;1 be the multiplicative system of power of x;, 1. It follows from the definitions
that Q; = (Pj11) s;.,- Moreover, since localization commutes with tensor products and it is
exact, which implies that it preserves homology, we deduce that foreach 0 <j <n —1

I

H.(M/ Pj—‘—l)SHl = H, (M XA P]‘—i—l)SH] = Ho((M XA Pj+1)5]'+1)
= Ho(M®4 (Pi11)s;,,) = Ho(M ®4 Qj) = He(M, Q)).

We proceed by induction downward on the index j. If j = n — 1 with the same argument
as before we have

Ho(M,Q)) = Ho(M, A)s, = Ho(M, A) ® 4 Alx,, .

Since He(M, A) = Ho(M) is a finite dimensional k-vector space, it follows that some power
of x, needs to annihilate H, (M), hence H,(M)g, = 0 and we are done.
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Assume that the result holds for j > m, with0 <m <n —1. Foreach1 <k <n—-1—jwe
have a short exact sequence of A-modules

0= Pirgr1 — Qjrk = Pipk — 0.

We apply the covariant functor M ® 4 —, which is exact, and we consider the connecting
morphism of the associated long exact sequence on homology

sk : Ho(M, Piik) = He(M, Piyys1).

By inductive hypothesis we obtain that d; is an isomorphism for all k > 1, because
H.(M, Qj+k) = 0. Therefore, the composition

0p-10---00j4200j41: He(M, Pi11) — He(M, P,)
is also an isomorphism, hence

Ho(M,Piy1) = Ho(M, P,) = Ho(M, A) = Ho(M),
and by the same argument for the base case we obtain that

He(M, Q) = He(M, Pj11)

Sj+1

which concludes the proof for the inductive step. O

Corollary 2.14. Let M be a free finitely generated totally finite DG A-module. Then the connecting
morphisms

E)] : H.(M, P]) — H.(M, Pj+1)
of the long exact sequence in homology induced by the short exact sequence
0—>P]‘+1—>Q]‘—>P]‘—>O
are isomorphisms.

Lemma 2.15. Let 0 — N; — Ny — N3 — 0 be a short exact sequence of graded A-modules and
let

0= M LM 5 My =0

be a short exact sequence of free DG A-modules such that Mz has trivial differential. Then the
connecting morphism ¢ of the long exact sequence in homology induced by the sequence of graded
A-modules satisfy that

11‘1‘1((5 : H.(Mz, N3) — H.(Mz, Nl)) C im(H.(Ml, Nl) — H.(Mz, Nl))
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Proof. Let { € Ho(Mp,N3) and z = Y ;c;m; ® n; € My ®4 N3 a representative cycle, hence
Yicrd(m;) ® n; = 0. We want to compute 6¢. For that, we consider a lifting 77; € N, of each
n; with i € I and we compute

(d@id) (Zmi ®”i> = Zd(mi) ®n; € My ®4 Nj.

iel iel
On the other hand, since the differential on M3 is trivial we have
d(ml) S kel‘(M2 — M3) = My,

where we identify M; with im(M; — M3), which is a direct summand of M, since the
A-modules are free. From the above statements one concludes that

Y d(m;) @7 € (M ®4 Ni) N (M1 @ Ny),
i€l
but again since the A-modules are free we have that

(Mz Ra Nl) N (Ml ®N2) = M; ®4 Nj.

Therefore, we deduce that Y ;c;d(m;) ® 71; is a cycle contained in M; ®4 N1 C My ® Ny,
which is what we wanted to prove. O

Theorem 2.16. Let M be a free finitely generated totally finite DG A-module with He(M) # 0.
Then I(M) > n+1.

Proof. We can assume that M admits a composition series of length | = I(M). If that is
not the case, we can replace M by a chain equivalent free finitely generated DG A-module
admitting such composition series. Let

O0=MyCMC---CM=M

be this composition series. In the first place we will prove that for each 0 < j < I the
morphism

H.(ij, P]) : H, (lej/ P]) — H.(M, P]>
is surjective, where

Z] : Ml—j — M

is the inclusion associated to the composition series. We proceed by induction on j. If j = 0
the result is immediate. For j > 0 assume that i; is surjective and consider the commutative
diagram

H.(i;,P;
Ho(M_;,P) U 1, p)

[ Ik
Ho(M;_j, Piyq )Hml )H. (M, Piyq)
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where the vertical maps are induced by the connecting homomorphism associated to the
short exact sequence
0—=Py1 —Q =P —0

as it was done in Lemma By Corollary the right vertical map is an isomorphism.
Let € Ho(M, Pj,1) and take (' € He(M, P;) such that 9’ = {. By inductive hypothesis
we have that there exists some " € Ho(M;_;, P;) such that {’ = He(ij, P;)({"). Then, by the
commutative diagram above we obtain

H.,(ij, Pj41)(9") = ¢.
If we apply Lemma to the short exact sequences of A-modules

M

i BN
M_j 4

0—=>P1—Q —P—0 O—=>M_j1—>M_;—

we obtain that
1m(5 : H.(Ml,]', P]) — H.(Ml,]‘, Pj+1)) C im(H.(Ml,]-,l,PjH) — H.(Ml,j, Pj+1)),

hence there exists some " € He¢(M;_j_1, Pj11) such that its image in He(M;_j, Pjy1) is
9(¢"). Therefore, He (ij41, Piy1)(C") = ¢, 50 He(ij31, Pi31) is surjective as we wanted to see.
Finally, assume that / < n. Then the map

H.(il,Pl) : H.(M(),Pl) — H.(M,Pl)
is surjective. However, My = 0 and by Corollary we have that
Ho(M,P) = Ho(M, P,) = Ho (M, A) = H,(M),

so He(M) = 0, which is a contradiction. Hence, I > n + 1. O

Recall that for each 1 < i < n we have an operator 6; on H.(M, k) and by Proposition
we have that if M is a free DG A-module, then Ho(M, k) is an A(6y,-- - ,0,)-module.
We denote E = A(60y,---,0p).

Let us consider the ideal | = (04, ...,0n). For F an E-module we define the length A(E)
as the largest A such that J*~1F #0

A(F) = max{A : J*1F #0}.

For M a free finitely generated DG A-module we define the homological length £(M) as

LMY= Y A(HN(M,K)).

n=—0oo

Notice that the sum is finite because M is finitely generated.
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Theorem 2.17. Let M be a free finitely generated DG A-module. Then L(M) > 1(M).

Proof. We want to see that there exists a free finitely generated DG A-module admitting
a composition series of length £(M) which is chain equivalent to M. We proceed by
induction on the homological length £(M).

Assume that £(M) = 1. Then there exists N € Z such that Hy(M, k) is the only non-
vanishing homology group, hence H, (M, k) = 0 for all n # N. Since ] annihilates Hy (M, k)
it follows from Lemma 2.6 that the map

HN(M) — HN(M, k)

is surjective. We can consider a basis of Hy(M, k) given by (j, ..., (s and take cycles in M
1, ..., (s that are projected to representative cycles of {1, ..., ;. Construct a A; = @5_; Ap;
generated by p1, ..., ps with deg(p;) = N for all 1 < i < s and with trivial differential. We
can consider the map

f: As — M
pi = G

which is trivially a chain map and induces an isomorphism
Ho(f,k) : Ho(As, k) — Ho(M, k).

Therefore, by Corollary 2.8 we obtain that f is a chain equivalence. It is clear that A; admits
a composition series of length 1, hence /(M) = 1 and we conclude the proof for the base
case.

For the inductive step assume that the result hold for £(M) < j and let M be a free
finitely generated DG A-module with /(M) = j + 1. Let N be the largest integer such that
Hn(M, k) # 0 and take the length A = A(Hy (M, k)). Notice that

JUJM "Hy(M, k) = J*Hn(M, k) = 0,

hence by Lemma [2.6) we obtain that [*"'Hy (M, k) C im(Hy(M) — Hy(M,k)). Similarly
as before, choose a basis of ]AleN(M, k) given by {1, ...,{s and take cycles in M T, Cs
that are projected to representative cycles of (y,...,{s. Let A; = ®3_; Ap; be as before and
consider the map

f: As — M
pi = G,

which is again a chain map. After applying the functor — ® 4 k we obtain the map

foid: A;@ak — Moak

pi = i
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where (! is a cycle in M ®4 k representing {;, hence f ® id is injective. Therefore, by
Proposition we deduce that f is an inclusion to a direct summand of M, which allows
us to consider the free DG A-module

M
f(As)

that is also finitely generated. From the short exact sequence of A-modules

M=

0= A LMo M—0

and after applying the functor — ® 4 k we obtain a long exact sequence given by

e —)HN+1(M, k) — HN(f(AS),k) — HN(M, k) — HN(M,k) — HNfl(f(As),k) —
o+ = Hy(f(As), k) = Hy(M, k) = Hy(M, k) = Hy—1(f(As), k) — - -

because the A-modules are free. Moreover, since H,(M, k) = Hy+1(M,k) = 0 forn > N
and H,(f(As), k) =0 for n # N we deduce that
— H, (M, k) if j <N,
H, (M, k) = ! :
n(M.K) { Hn(M,k)/(J* 'Hn(M, k) if j=N }

Therefore, L(M) = L(M) — 1. From the inductive hypothesis it follows that M is chain
equivalent to a free finitely generated DG A-module M that admits a composition series
of length £(M) — 1. Finally, by Lemma applied to the above short exact sequence we
obtain that there exists a free finitely generated DG A-module chain equivalent to M with
a composition series of length £(M), which concludes the proof. O

Remark 2.18. In the original version of Carlsson’s paper [Car83] Theorem states
that I(M) > n. Nevertheless, we have observed that the argument can be extended to
I(M) > n+ 1 without any additional difficulty. We want to emphasize this fact because
this extended version is essential to obtain the main theorem in the most general terms
(see Theorem 1.4.14 in [AP93]), and even though all the bibliography attributes the proof
of the main theorem to Carlsson, inexplicably the author does not state the result with the
standard lower bound.

2.2 The B functor

Let G = (Z;)" and consider the group ring E = k[G]. Notice that as a k-algebra we have
an isomorphism between E and the exterior algebra A(y,...,y,) given by

Ay, yn) —  k[G]
Yi — 1+Ti/
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where Tj,...,T, is a system of generators of G. We assume E is concentrated at zero
degree.

We say that a cochain complex over E is a bounded above and locally finite free graded
E-module C, such that deg(d) = —1, where J denotes the differential §. For C, a cochain
complex over E we define a DG A-module BC, with underlying module

A ®p C,.

and differential given by

d=id®6+) %y,
i=1

where x; and y; denote the multiplication by x; and y;, for each 1 < i < n. Notice that
defines a functor
B : E-CoCh — k-CoCh

from the category of cochain complexes over E to the category of cochain complexes over
k. With the following result we will compare the structures of the E-module H,(C,) and
H.(BC,, k) as a A(6y,...,60,)-module.

Proposition 2.19. Let C, be a cochain complex over E. There is a natural isomorphism
b: H.(C.) — Ho (‘BCO/ k)

compatible with the multiplicative structures, that is that the following diagram commutes

H.(C.) —2— H,(BC., k)

bk

Ho(Ca) —2— Ho(BC, k)

Proof. Let us consider the chain map

b: Co — k®aPCe Z k@, (ARC)
c —~ 1®1®c¢c,

that is well-defined because

(1®d)(b(c)=12d)(1x1x®c) :1®1®5(c)+f1®xi®y,~c:
i=1

=1®1®d(c) =b(6(c)),

where we have used that 1 ® x; ® yic = X%, ® 1 ® y;c = 0 for each 1 < i < n. It follows from
definition that b is an isomorphism, hence b = H,(b) is also an isomorphism. To prove
that the diagram commutes consider z a cycle in C,, hence satisfies §(z) = 0. Notice that a
lifting of b(z) = 1®1®z from k ®4 BCe to A ®4 BCe may be givenby { = 1®@1®z. Ifz
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is the homology class represented by the cycle z, we know that to compute 6;(b(z)) we can

use d'(b(z)) = d(b(z)). We have

) =10106(z)+) 10x5Qyz=) 10x0yz=) x21Qyz

n
i=1 i=1 i=1

hence reducing d({) modulo I> we conclude that
n
d'(b(z)) = )% @yiz.
i=1

Therefore, recalling the definition of the operators 6; for 1 <i < n we obtain the commuta-
tivity of the diagram. l

Let M be an E-module. We define
ME={meM:ym=0foralll <i<n},
which also determines a functor
—F . E-CoCh — k-CoCh

from the category of cochain complexes over E to the category of cochain complexes over

k.

Proposition 2.20. Let C, be a cochain complex over E. There is a natural isomorphism of k-vector

spaces
s: Ho(CE) — H.(BC.).

Proof. We consider the map

5: CE — BG,
z = 1®z
Notice that for any z € CE we have that
n
d5(z) =d(1®z) =1®6(z) + )_xi @yiz =1®(z) =5(5(z))
i=1

because y;z for all 1 <i < n, hence 5 is a chain map.
We can observe that the cochain complex C, can be filtered with the cochain subcomplexes

F.Co = PG

j>n

and this filtration satisfies that the successive quotients F,C,/F,1Ce. are finitely generated
free E-modules with trivial differential. We also have that the filtration {F,C,}, is finite
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in each dimension, that is that for all k € Z we have that (F,C,); = 0 for k sufficiently
large, because C, is bounded above and locally finite. Moreover, we also have that C, is
bounded above. Notice that if we prove the statement for the cochain complexes F,C, for
each n € Z we are done. Furthermore, we claim that it suffices to prove the statement
for the quotients F,C,/F,;1C, for each n € Z. Indeed, assume that the result holds for
the quotients and proceed by induction downwards on the filtration degree n. Since C, is
bounded above, for 1 sufficiently large we have that C,, = 0 for all n > ng, hence F,Co =0
for all n > ng and the proof for base case follows immediately. For the inductive step
consider the short exact sequence of E-modules

FnC.

0 F C. F C.
= FuaCe = FiCo = 28

Since A is k-flat we obtain that the functor B is exact. On the other hand, we have that
F.Co/F,11C, is a free E-module, in particular a projective E-module. Therefore the sur-
jective projection F,Co — F,Co/F,1Ce has a section which allows us to assure that —F
preserves the exactness of the above short exact sequence. Then after applying these two
functors to the aforementioned sequence and by considering the chain map 5 we obtain the
following commutative diagram

0 — (Fus1Co)E —— (F,Co)E (Fffé_)E 0
| | E
0 —— B(EvnCa) — B(ECS) — B(#% ) — 0

Therefore, we have a map between the long exact sequences associated to the horizontal
short exact sequences of the above diagram given by

E E
Hoor ((#5%)") —— HulBre) — Hu(E) — He (%)) — Hia(Ern)

| . ! |

Hi1 (ﬁ (%)) — Hi(Bny1) — Hi(Bn) —— Hy (ﬁ (%)) — Hia(But)

where we denote 8, = B(F,C,) and E,, = (F,C,)E to simplify the notation. By the inductive
hypothesis and the assumption on the quotients F,C,/F,,1C, we obtain that the first and
the last two vertical maps are isomorphisms, and by the Five Lemma we conclude the proof
for the inductive step of the claim.

Finally, since each of the quotients F,C,/F,1C, is a direct sum of free E-modules modules
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with trivial differentials, it is enough to consider the cochain complex D, given by

E ifn=0
D, = ’
! { 0 ifn#0 }
as the functors f and —f commute with direct sums. Now, on the one hand with a carefully

observation of BD, we can notice that it corresponds to the Koszul resolution of k over
A. Therefore, since the Koszul resolution is acyclic (see Proposition 4.2.2 in [Ser75]) we

k ifn=0
H,(BD,) = "o
w(BD.) {0 ifn#0 }
On the other hand, it is clear that we also have that
k ifn=0
H,(D}) = e
#(Ds) {o ifn#0 }

Hence, since the map s matches the generators of H.(D}) and H,(BD.) we finish the proof.
O]

conclude

Corollary 2.21. Let C, be a cochain complex over E finitely generated as an E-module. Then BC,
is totally finite.

Proof. We have that Ct is a finite-dimensional k-vector space because C, is finitely gener-
ated, hence the same happens to H.(CF). Therefore, it follows from Proposition m that
H.(BC,) is also a finite-dimensional k-vector space, which means that SC, is totally finite.
O

Let us consider the ideal | = (y1,...,yn) C E. Recall that if M is a E-module, we define
the length A(M) as the largest integer A such that J[*~1M # 0.

Theorem 2.22. Let C, be a cochain complex over E finitely generated as an E-module. Then

Y A(Hu(C.)) = .

n=—oo

Proof. It follows from Proposition that

Y A(HA(C)) = Y MHu(BCo k) = L(BC.).
n=-—oo n=-—oo
By Corollary we have that BC, is totally finite, and it is clear that BC, is also locally
finite and bounded above. Therefore, by Theorem we deduce that C, admits a com-
position series of length n, that is [(8C,) > n. Finally, from Theorem [2.17/we conclude that
L(BCq) > 1(BCs) > n, which finishes the proof. O
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2.3 The proof of the main theorem

We have already introduced all the necessity algebraic results needed to properly prove the
main theorem. Before concluding this chapter we will provide a geometric interpretation
to the these statements in order to obtain a more illustrative characterisation of the main
theorem.

Let G = (Z,)" and k = Z,. Let X be a free finite G-CW-complex and consider Co =
W*(X;k) the cellular cochain complex negatively graded, where we also assume that the
differential ¢ is of degree —1.

We can observe that C, is indeed a free graded E-module, since the G-action is free.
Moreover, C, is locally finite, because X is finite, and bounded above. Then we can consider
the construction BC, that we defined in the previous section From the discussion
in section we can notice that BC, corresponds to the DG A-module C* ® k[t1, ..., t,]
negatively graded with the twisted differential, and by Proposition we obtain that the
construction BC, is naturally isomorphic to B (X;k), again negatively graded. Therefore
we can conclude that by defining the construction fC, we are obtaining an algebraic model
whose homology corresponds to the equivariant cohomology of the G-CW-complex X

Ho(BC.) = HE(X; ).

We can understand as the fact that by considering the tensor product with the field
k on cochain level we recover the usual cohomology of the G-CW-complex X

Ha(BCa, k) 2 Ha(Ca) = H*(X;k).

Furthermore, we can observe that Proposition is an equivalent result to the fact that if
X is a free G-space, we have that

H(X;k) = H*(X/G;k).

Indeed, we already know that the equivariant cohomology of X can be obtained by the
homology of the construction BC,. On the other hand, we can prove that CE = W*(X/G;k).
Let ¢ € CE be a cochain and notice that for each 1 < i < we have

yic=0=(1+T))c <= Tic=c,
that corresponds to say ¢ € W*(X/G;k). Therefore we obtain
H.(BC,) = HE(X) = H*(X/G;k) = Ho(CY)

which is equivalent to Proposition [2.20}

Finally, by Theorem applied to Co = W*(X; k) we can prove the main theorem of
this project.
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Theorem 2.23. Let X be a finite CW-complex such that (Zy)" acts freely and celluarly on X. Then

i MHu(X;Z2)) > n.

n=—oo

Proof. Let Co = W*(X;k) be cellular cochain complex negatively graded, which by the
previous discussion is a cochain complex over E and it is finitely generated as an E-module.
If follows from that

[ee] o]

Y. AMH'(X:k) = ). A(Hu(Ca)) >n.
n=—oo n=-—oo
Finally, by the Universal Coefficients Theorem we deduce that H" (X; k) = Homy (H,(X; k), k)
as k[G]-modules. Then it is immediate to check that A(H,(X;k)) = A(Homy(H,(X;k),k))
for each n € Z, which is reasonable because they are dual representations. And we con-
clude the proof. O
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Appendix A

Basic notions on homotopy theory

A.1 The mapping cone
Throughout this section we assume that all the objects are considered in an abelian cate-
gory. We have based the result on [Wei%4].

Definition A.1. Let A., Be be chain complexes and let f : Ae — Ba be a morphism of chain
complexes. The mapping cone of f is the chain complex given by

cone(f) = A.[—1] & B,
with the differential
D(a,b) = (—da(a),ds(b) — f(a))-
It is standard to see that cone(f) is a well-defined chain complex.

Lemma A.2. Let f : Aqe — B be a morphism of chain complexes. There is an exact sequence of
chain complexes

0— B 5 cone(f) IR Al[—1] =0,
where i(c) = (0,c) and j(a,c) = —a. Moreover, the connecting morphism in the associated long

exact sequence is Hq(f).

Proof. 1t is straightforward to check the exactness of the sequence of chain complexes. To
compute the connecting morphism in the associated long exact sequence consider a &
An[—1] = A1 with d4(a) = 0, take the element (a,0) € cone(f), and notice that

D(a,0) = (—da(a), f(a)) = (0, f(a)),

so the element of B,,_1 having (0, f(a)) as image is f(a), hence the connecting morphism
corresponds to H,_1(f). O
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Corollary A.3. Let f : Ae — Be be a morphism of chain complexes. Then f is a quasi-isomorphism
if and only if cone(f) is acyclic.

Proof. From the long exact sequence associated to the short exact sequence in Lemma

-+ — Hyy1(cone(f)) — Hyy1(Ae[—1]) = Hy(As) ),

H,(Bs) — Hy(cone(f)) — ---
the result follows immediately. 0

Proposition A.4. Let f : Ae — Be be a morphism of chain complexes. If cone(f) is contractible,
then f is a chain equivalence.

Proof. Since cone(f) is contractible, it is chain equivalent to the zero module, so there exists
amap ¢ : cone(f) — cone(f) such that ¢D + D = idcqne(s). Assume that ¢ is given by

the matrix
a b

From the equality ¢D + D¢ = id qne(r) We obtain that

—adA—bf—dAa de—dAb . 10
—cdp —df — fa+dge ddp— fb+dgd) \0 1)°
Then since bdp — dab = 0 we deduce that —b : B, — A, is a chain map. And it follows

from

—adpy —bf —dpa=1 = 1—(=b)f = (—a)ds +das(—a)
dds — fo+dgd =1 = 1— f(—b) = ddy + dgd

that —b is indeed the chain homotopy inverse of f that satisfies (—b)f ~_, ids and
f(=b) ~4 idp, hence f is a chain equivalence. O
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Appendix B

Principal G-bundles

In this appendix we give an introduction to principal G-bundles. We have followed [Nab18]
and [MitOla]. We start by defining this object.

Definition B.1. Let G be a topological group. Let E and B be right G-spaces such that the action
of G on B is trivial and consider a G-map

mw:E— B

We say that (E, 7t) is a principal G-bundle over B if there exists an open cover {U; }ic of B such
that for each i € I there exists a G-map ¢; : 71 (U;) — U; x G which is an homeomorphism and
makes the following diagram commutative

71(u1‘) i U; x G
K %
U;

where py denotes the projection onto the first component. The space E is called the total space of
the principal G-bundle (E, 7).

7T

Notice that since G acts trivially on B we have that 7 factors through the orbit space
E/G. Moreover, we also have that U; x G has a right G-action given by
(UixG)xG — UxG
((vh),g) = (xhg),

hence we obtain that G acts freely on E. Therefore 7 factors through E/G with an homeo-
morphism 77 : E/G — B

E L B

N4

E/B
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In conclusion, we can understand a principal G-bundle over B as a locally trivial free G-
space with orbit space B.

Definition B.2. Let (E, 7t) be a principal G-bundles over B and let (E', 7t') be principal G-bundles
over B'. A morphism of principal G-bundles is a G-map 0 : E — E'.

Notice that for ¢ : E — E’ a morphism of principal G-bundles we have an associated
map 0 : B — B’ which makes the following diagram commutative

defined by o(b) = 7/(c(e)), where m(e) = b. We have that ¢ is well-defined because if
e1,e2 € w1 (b) we have that e; = epg for some ¢ € G and then

' (o(er)) = 7' (0(e28)) = 7' (0(e2)g) = 7' (0 (e2)).

We also have that ¢ is continuous because for each b € B there exists some open set U; C B
such that b € U; and there exists a local section s : U; — 7~ }(U;) = U; x G. Then we have
that

T, = mocos,

hence 7 is continuous on U;, and since B = |J;c; U; we deduce 7 is continuous on B.

With the following result we can observe that morphisms of principal G-bundles are
very rigid structures.

Proposition B.3. Let 0 : E — E’ be a morphism of principal G-bundles such that o : B — B’ is
the identity. Then o is an isomorphism.

Proof. To see ¢ is injective consider e1,e; € E such that o(e;) = o(e2). From the commuta-
tive diagram

/

m

7T i

o3 <—

_o
Id
—_—

o — ™

it follows that 71’ o ¢ = 7, hence we obtain 7t(e;) = 7(e2), which implies that e; = epg for
some g € G. Therefore we have that

o(er) = o(eag) = o(e2)g = o(e2)

47



Master’s Final Project Jordi Garriga Puig

and since the action of G on E’ is free we deduce that ¢ = e, thus ey = e;. To prove
subjectivity let e; € E’ and consider b = 7t’(e;). We can take e € 77~ !(b) and again from the
above commutative diagram it follows that

'(o(e)) = m(e) = b= 7'(er),

thus o(e) = eyg for some ¢ € G. Then if we define e; = eg~! we can observe that

1

oler) =0(eg ) =0o(e)g ' =egg ' = e,

thus ¢ is surjective. It remains to see that ¢! is continuous. For b € B we choose U; C B
with b € U; and such that the bundles are trivial over U;, hence there exist G-equivariant
homeomorphisms

gb U; x G — ﬂ_l(ui) ¢/ U x G — (7'(’)_1(1,11-).

Since ¢ is surjective we have that ¢(t~(U;)) = (') ~1(U;), and we have a well-defined
morphism of principal G-bundles

UuxG— U xG

l l

u —— u;

that is necessarily of the form
91 opopi(x,8) = (¢ oPodi(x,e))g = (v, T(xe))g = (v, T(x,e)g3),
with 7: U — G a continuous map. We can observe that the inverse map is given by

prlop loga(x,g) = (x,T(x,e)'g),

which is also continuous, and then we obtain that ¢ is continuous on ¢, ' (U). Finally, since
B = U;¢; U; we are done. O

B.1 Equivariant maps and sections of bundles

If (E, 7t) is a principal G-bundle over B and X is a left G-space, we can define the associated
fiber bundle to (E, ) by X as
nx: ExgX — B

p,x]  — m(p)

where E X X corresponds to the space E x X modulo the equivalence relation (p, x) ~
(pg, g 'x) for each g € G. In this section we will see that we have a bijective correspondence
between sections of the above fiber bundle and G-equivariant maps E — X.
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Theorem B.4. Let (E, 7t) be a principal G-bundle over B, let X be a G-space and consider E X ¢ X
the associated bundle. For any open set U C B we have a bijective correspondence

T(U,E x¢ X) +— Hom(rr~}(U), X)C,

where T(U, E x g X) denotes the set of sections from U to E x g X and Hom(r~1(U), X)© is the
set of G-equivariant maps 7~ (U) — X.

Proof. Let U C B be an open subset. Consider ¢ : 7~!(U) — E x5 X a G-map and define
the section

S¢ - U — ExgX
b= [po(p)]

The section s is well-defined because for p,q € ! (b) we have that p = qg for some g € G
and then

[p.0(p)] = [ag,9(48)] = [98,8 ' 0(@)] = [q.9(q)].

Moreover, it is clear that 7tx o Sp = Idy. It remains to prove that S¢ is continuous. Take
an open set V; = U; NU C U such that the bundle is trivial over V; and consider a local
section sy, : V; — E. For each v € V; we have that

sp(b) = [sv;(b), ¢ o sv; (D)),

hence we have that Sp|v, is continuous. Finally, since J;c; U; N U = U we obtain that sy is
continuous on U. Therefore we conclude that we have defined a map

Hom (7t~ 1(U), X)¢ — T(U,E x¢ X).

To show that this map is bijective we will construct its inverse. Consider a section s €
I'(U,E x¢ X) and define the map given by

¢s: ml(U) — ExgX
poo= f
where s(7(p)) = [p, f]- Notice that this map is well-defined because if s(7(p)) = [p, f1] =
[p, f2], then we have that (p, 1) = (pg, ¢~ f2) for some ¢ € G, and since the action is free

we deduce ¢ = e, hence f; = f,. Observe then that s(7t(p)) = [p, ¢s(p)]- To see that ¢; is
G-equivariant take ¢ € G and notice that for any p € 7~ (U) we have that

[P, ¢s(p)] = s(r(p)) = s(m(sg)) = [pg, ¢s(pg)],

where we have used that 71(pg) = 7(g). Thus there exists h € G such that (pg, ¢s(pg)) =
(ph,h=1¢(p)). We have that pg = ph and again since the action is free we deduce ¢ = I,
hence we obtain ¢s(pg) = ¢ '¢(p) as we desired. Finally, to prove that ¢s is continuous
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we consider an open subset V; = U; UU C U such that the bundle is trivial over V;, hence
we have an G-equivariant homeomorphism

¢:Vix G- Y(V).
This induce a local trivialization on the associated bundle given by

(Pxi ViXX — (EXGX)Wi
(b,x) = [¢p(be),A]

If we consider ¢5'(7) = (7x(q),7x(q)), where tx : (E x¢ X)y, — X is a G-equivariant
map, we obtain that

(b,x) = ¢ ' ([9(b,e), x]) = (mx 0 p(b,e), Tx([p(b,e), x])) = (b, x([p(b, €), x])),
so we have that x = tx([¢(b,e), x]) for all x € X. Moreover, we also have that
Tx © s(b) = Tx 080 7T1(b,€) =Tx0SO0O 4)(b,€) = TX([cp(b,e),(f)s(cp(b,e))]) =¢so0 4)(b,€).

Therefore ¢s o ¢ is continuous, so ¢s is continuous on ¢~ (V;). Finally, since U;c; U;NU = U
we conclude that ¢ is continuous on 7T_1(U), as we desired. Thus we conclude that we
have constructed a map

I'(U,E xg X) — Hom(m}(U), X)®

and it is immediate to check it is an inverse to the previous map, which finishes the proof.
O

If particular, for U = X we obtain the bijective correspondence

I'(B,E x¢g X) <— Hom(E, X)°.

As a consequence of the previous result we can state the following Corollary.

Corollary B.5. Let (E, it) be a principal G-bundles over B and let (E', 7t") be principal G-bundles
over B. There is a bijective correspondence

I'(B,E xg E') «— Homg(E, E),

where Homg (E, E") denotes the set of morphisms of principal G-bundles.

Proof. By Definition [B.2| we have that Homg (E, E’) corresponds to Hom(E, E')®, hence the
result follows from Theorem ]
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B.2 Universal principal G-bundles and classifying spaces

Let (E, 7r) be a principal G-bundle and let f : B — B be a continuous map, with B’ another
trivial G-space. We can consider the pullback bundle E' = f*E = B’ xg E

f*E —— E

ni Jn
B T B

and we can observe that (f*(E), 71) has a natural structure of principal G-bundle over B'.
It is clear that 7w : f*E — B’ is a G-map. Moreover, if {U;};c; is a open cover of B with

{¢; : m1(U;) — U; x G}eg local trivializations, then we consider {f~!(U;)}ic; as an open
cover of B’ and it follows from the definitions that the following diagram commutes

with ¢; = 712 o ¢, where 71, denotes the projection onto the second component.

With the following result we can observe that pullback bundles preserve homotopies.

Proposition B.6. Let X be a topological space, let (E, 7t) be a principal G-bundle over X and let
B be a CW-complex. If f,g : B — X are homotopic maps, then f*E and g*E are isomorphic as
principal G-bundles.

Proof. Consider H : B x I — X a homotopy between f and g and let H*E be the pullback
bundle

F*E —— E

I

BXIT>X

Then the result is deduced from the following Lemma O

Lemma B.7. Let 71 : Q — B x I be a principal G-bundle and consider Qy its restriction to B x {0}.
Then Q is isomorphic to Qo X I. In particular, Qo is isomorphic to Q.

Proof. To say that Qo is the restriction of Q to B x {0} means that Qy is the pullback bundle
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Q ——Q

| I

Bx {0} —— BxI
0

where iy denotes the natural inclusion. By Proposition [B.3|it suffices to find an equivariant
map Q — Qo x I of principal G-bundles over (B x {0}) x I. Moreover, by Theorem
this is equivalent to find a section of the associated bundle

QXG(Q()XI)—)BXI.

However, again by Theorem we can assure that we have a section sp : B x {0} —
Q x¢ (Qo x I) associated to the equivariant map Q — Qp x I that makes the following
diagram commutative

Q— QyxI —Q

| ! g

BX{O}TBX{O}TBXI

Finally, by a general property of Serre fibrations (see Corollary 5.3 in [Mit01b]]) we can
extend sy to a global section over B x I as we desired. Therefore we obtain that Qp x I is
isomorphic to Q; x I, which implies the last statement. O

If we denote by [X, B] the set of homotopic classes of maps X — B, from Proposition
if follows that we have a well-defined map given by

[X,B] — Ps(X)
f= fE

where P (X) denotes the set of isomorphism classes of morphisms of principal G-bundles
over X. From this observation it arises the natural question of which conditions are needed
so as the above map is a bijection, from which arises the definition of universal principal G-
bundles. Recall that we say that a topological space X is weakly contractible if 7;(X) = 0
for each i > 0.

Definition B.8. A principal G-bundle 7t : EG — BG is universal if the total space EG is weakly
contractible.

We will prove that when 7w : EG — BG is a universal principal G-bundle and X is a
CW-complex, then the map [X, B] — Pg(X) is a bijection. We start with a Lemma.

Lemma B.9. Let (B, A) a CW-complex pair and let 7t : E — B be a fiber bundle with fiber F.
Assume that 11(F) = 0 whenever B\ A contains a (k + 1)-dimensional cell. Then any section
s € T'(A,E) can be extended to a global section s € T(B,E). In particular, the fiber bundle
7t : E — B admits a global section if A = & and F is weakly contractible.
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Proof. We will proceed by induction on the skeleton of the CW-complex pair (B,A), so we
will see that any section s : AF — E can be extended to a global section s; : B¥ — L.
If k = 0 the result is immediate because any extension of s 4 is continuous because BY is
a discrete space. Assume that s AF — [ extends to a global section s; : B¥ — E. We
denote by ¢k an arbitrary k-dimensional cell in B and we define

CAHl = {a: it C A} CEtl = {a: ekt c B\ A}

We distinguish the following two cases.
a) If Cs™1 = @, then there are no (k + 1)-dimensional cells in B\ A. We define ;7 :

(Uy DM Y LB — E by
s ) sk on B,
T sogktl on DEFL (7

where ¢¥+1 : DX+ — B is the characteristic map of the cell k1, that satisfies ¢5+1(Dk*1)
A. Tt is clear that 5,7 is continuous so it only remains to prove that 5,7 induces a contin-
uous map on B¥*1. We consider the attaching maps ¢k*! : 9DX*! — BF given by ¢f+! Dk

Since for each x € dDX*! we clearly have that

S (%) = S (9it)

we obtain a continuous map sy : Bl — E. It is immediate to check that 7t o Sk+1 = ldgen
and Sk+1|aks1 = S|ak+1, SO We conclude that s;,q : B*1 — E is a section that extends

Sk+1) Ak+1-
b) If C5*1 5 @, let e5*1 be a (k + 1)-dimensional cell in B\ A and let ¢%*! : DX*1 — B be
its characteristic map. We have that ¢f*1(aD*1) C Bk, so the composition map

K =50t oD S E

is well-defined and one may notice that 77 o sk = ¢§+1| api+1- Therefore, 5k defines a section
of the pullback bundle ( §+1| apr1)*(E) over oDk+1

(@51 i) (E) —— E

—k -
-
E
B
.
-
-
-
.
-

oD ———— B

3 ‘3D§+1

Since DX*1 is contractible, it follows from Proposition [B.6|that the pullback bundle (¢5+!)* (E)
over Df*1

(i) (E) — E

| |

k+1
DD( T B
(3
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is trivial, that is that (¢ +1)*(E) = D! x F. Therefore, we also have that the bundle
( §+1| api+1) " (E) is also trivial, as we can observe in the following diagram

D' xF —— DMl xF —— E

l s l J

-

oDkl  , pkl . B
[ i 3 ¢k+1
[

We can consider 5% as a map 5 = (x,7%(x)), where T% : 9D*! — F. By hypothesis we

have that 71, (F) = 0, so we can extend T to a continuous map 75! : DE*! — F. Therefore

we can extend 5% to a continuous section st1 : DT (pk+1)*(E). Finally, we define
5i11 ¢ (U MY LU BF — E by
Sk on B,
Skr1 =4 skl on DX if o € C§+1,

sott! on DEifa € CH1

It is clear that 5,17 is continuous and as before we can check that for attaching maps
@kl : 9D — BF given by (Pgﬂ\aDﬁ“ we have that 551 (x) = 51 (¢k*!) for all x € 9Dk,
Therefore 57 induces a continuous map sy, : B¥*! — E and as before it is immediate to
see that 7t 0 sp 1 = Idp and Sk-+1|Ak+1 = S| AR+, hence sy, is the desired section. O

Finally, we will prove the main theorem of this section.

Theorem B.10. Let T : EG — BG be a universal principal G-bundle and let X be a CW-complex.
Then we have a bijective correspondence

[X,BG] — Ps(X)
f = fH(EG).

Proof. To prove subjectivity we consider a principal G-bundle (E, 7t) over X and we want
to prove that there exists a map f : X — BG such that f*(EG) is isomorphic to E. By
Proposition [B.3] this it suffices to find a morphism of G-bundles ¢ : P — f*(EG) such that
0 : X — X is the identity

E —— f*(EG)

o,
X — X

Moreover, since pullback objects are unique up to isomorphism the above is again equiv-
alent to obtaining a G-equivariant map ¢ : P — EG which makes the following diagram
commutative
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E-—?.EG

1]

XL>BG

By Corollary we know that this is equivalent to find a section of the associated bundle
E xg EG — X, which can be obtained using Theorem since the fiber EG is weakly
contractible. Therefore the map is surjective. On the other hand, let us consider fy, f1 : X —
BG two maps which satisfy that the pullback bundles are isomorphic fj(EG) = f;'(EG).
We want to see that fy and f; are homotopic maps. We have an induced morphism of
principal G-bundlesfy : X — BG

FH(EG) —" EG

| |
x —" . BG

Moreover, the isomorphism of principal G-bundles f;(EG) = f{(EG) is equivalent to the
existence of a morphism of principal G-bundles ¢, : f;(EG) — EG that makes the follow-
ing diagram commutative

fH(EG) s EG

| ln

x " BG

From the above two commutative diagrams and by Proposition |B.4| we obtain two sections
50,51 : X — f§(EG) x¢ EG defined by

so(70(x)) =[x, ()] s1(7m0(x)) = [x, P1(x)]

for x € X. We denote P = f;(EG) x I and X; = X x {t}. If we see s; as a section
in T(X;, P xg EG) for i = 0,1, we can consider sy Lls; € I'(XoU X3, P xg EG) given by
(soUs1)|x, = si for i = 0,1. Since (X x I, Xo U Xj) is a CW-complex pair and EG is weakly
contractible, it follows from Lemma that there exists a section s € T'(X x I, P xg EG)
that extends so Lis;. Let ¢ : P — EG be the associated morphism, which satisfies that
s(¢p(z),t) = [(z,t),¢(z, t)], and which induces a commutative diagram

p—" ,EG

(HU'M)l ln

XxI -5 BG
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If follows from the definition that s(71p(z),0) = so(7o(z)) and s(71(z),1) = s1(mo(z)), we
deduce that

¢(z,0) =o(z)  ¢(z1) = ¢i(2).
Therefore, for all x € X we have that F(x,0) = fo(x) and F(x,1) = fi1(x), that provides us
with the desired homotopy between fy and f;. This concludes the proof. O

We say that the space BG is the classifying space of the group G in view of the fact
given X a CW-complex the space BG classifies isomorphism classes of principal G-bundles
over X. Moreover, we have uniqueness of universal principal G-bundles up to G-homotopy
equivalence. To prove this we would first need to show that the classifying space BG admits
a structure of CW-complex. For a proof see [Nab18]

Lemma B.11. The classifying space BG admits a structure of CW-complex

Theorem B.12. Let EG — BG and E'G — B’G be two universal principal G-bundles. Then there
exists an homotopy equivalence B'G — BG and a G-equivariant homotopy equivalence E'G — EG
which makes the following diagram commutative

E'G —— EG

|

B'G —— BG

Proof. We consider maps f : BG — BG and g : BG — B'G such that E'G = f*(EG) and
EG = ¢*(E'G). Then the composition map f o g : BG — BG satisfies that

(fo8)"(EG) = g"(f"(EG)) = g"(E'G) = EG.
Therefore, by Lemma we have a bijective correspondence
[BG, BG] «» P (BG)

and we obtain that the map f o g is homotopic to the identity Idps. With a similar argument
we obtain that g o f is homotopic to the identity Idp. Therefore we conclude that f :
B'G — BG is a homotopy equivalence, as we wanted to see. ]

It can also be proved that the total space of the universal principal G-bundle has a
structure of a G-CW-complex in the sense of Definition For an explicit construction see

[AP93](1.1.2). To finish this section we will consider two examples of universal principal
G-bundles.

One of the most simple examples arises from G = Z. We can consider the usual covering
map of the unit sphere
R — S,
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which is clearly a universal principal Z-bundle, since R is clearly contractible.

In the discussion of the Borel construction for G = (Z;)" in Sections and we
strongly use the case G = Z,. For this discussion we need to define the infinite unit sphere

by
$® — lim S".
o

Lemma B.13. The infinite unit sphere S* is contractible.

Proof. To prove that S is contractible we will construct an homotopy between the identity
on S* and the constant map
f:8% — 8%

given by f(xq,x2,x3,...) = (1,0,0,...). Consider the linear transformation map g : S® —
S® given by a shift of coordinates g(x1,x2,x3,...) = (0,x1,x2,...), which is continuous
because ||g(x)|| = ||x||. Then we can define an homotopy between g and the identity given

by

H: S*xI — Shae
tg(x)+(1-t)
(1) = gl
Since f(x) and x are linearly independent for all x € S* we have that H is well-defined, and
it is clearly continuous. Moreover we have that H(x,0) = x and H(x,1) = g(x), thus g is
homotopic to the identity. On the other hand we can consider another homotopy between
g and f given by

H: S°xI — S
tf(x)+(1-t)g(x)
(58 = BT

which follows similarly. O

We can consider a structure of G-space on S given by

Zy x 8§ — 8%

(8x) = gx
which is clearly continuous because the restriction of the action on S" is continuous. In
particular, this action is free. Therefore, the orbit map on S induces a principal Z,-
bundle S* — 5*/Z, with contractible total space, hence we obtain a universal principal

Zo-bundle
EZ, = S® — 500/22 = BZ>.

With this computation we finish our this introduction to universal principal G-bundles.
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