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ABSTRACT

The main goal of this Master Thesis is to study the stability manifold on complex projective sur-
faces. In this case, the stability manifold is the complex manifold that parametrizes Bridgeland
stability conditions on the derived category of coherent sheaves on the surface.

First of all, we present the classical study of stable sheaves on curves as the elementary model
of Bridgeland stability to provide some intuition. Then we explain some basic definitions and
results on triangulated categories and we construct the derived category of an abelian category.

Next, we introduce the concept of Bridgeland stability conditions and prove their existence on

surfaces. The key result to prove the existence is the Bogomolov-Gieseker inequality.

The last part of this memoir explains the method that Feyzbakhsh, Li and Liu have developed
to improve the Bogomolov-Gieseker inequality to enlarge the known region of the stability
manifold for some specific surfaces. We have explored the possibility to apply this method to
other surfaces.

INTRODUCTION

The Deligne-Mumford compactification of the moduli spaces of curves of a given genus gave
rise to a big change in the way that classification or moduli problems where treated. In their
original paper [DM69], Deligne and Mumford achieved the compactification on the moduli space
of curves of a given genus g as the moduli space of stable curves of a given genus with marked
points. A key point of this result is that this compactification had a structure of algebraic stack

3

which allowed to treat it as an algebraic object. They achieved this “well-behaved” moduli
space by imposing that the curves considered in this classification should be stable, ruling out
all unstable curves from its construction. After imposing this condition, the moduli space was

constructed via Geometric Invariant Theory.

Later on, the concept of stability was extended to other algebraic and geometric obtject. Stable
sheaves were introduced by Mumford, and built upon by Gieseker, Maruyama and many others.
The construction of moduli spaces of coherent sheaves on a fixed variety is a powerful method
to construct new varieties with rich geometric properties. In particular, it has been the way to
construct new hyperkéhler manifolds.

In the mid 2000’s, Bridgeland has extended the concept of stability to the derived category of
coherent sheaves, and more generally to any triangulated category. To understand the signifi-
cance of this extension is convenient to recall that the category of coherent sheaves preserves all
the geometric information of a variety, while its derived category is a much subtle invariant as
Mukai showed by proving that the derived category of an abelian variety is equivalent to that
of its dual (although they are not in general isomorphic). The study of the derived category
has a lot of interest in many areas such as representation theory, motivic theory and of course
algebraic geometry among others.

Besides dealing with a very interesting object as the derived category is, stability for objects in
the derived category is also very useful to study the classical moduli spaces of sheaves. Indeed,
Bridgeland stability is much more flexible in the sense that the space of stability conditions forms
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a complex manifold which means that we can deform the stability condition in a controlled way.
Moreover, although Geometric Invariant Theory is no longer available, it is still possible to
obtain moduli spaces of stable objects in the derived category. For years the study of stability
was reduced into finding a nice stability condition to produce a good moduli space by tuning
a small number of “discrete” parameters. The perspective of Bridgeland is much more general,
since we can vary the parameters continuously and control how the moduli space changes in the

process.

However, Bridgeland stability conditions have a drawback. It is very difficult to prove that they
exist on higher dimensional varieties. The existence of Bridgeland stability conditions is known
for curves, surfaces, and some threefolds, and some very specific higher dimensional varieties (for
example, the recent construction on very general abelian varieties by C. Li, E. Macri, P. Stellari,
and X. Zhao). Moreover, even if they are known to exist, studying the stability manifold is very
hard and we only have a good description in few particular cases (e.g. curves, abelian surfaces,
K3 surfaces of Picard rank one or varieties with finite Albanese morphism).

In this work, we start introducing the stability conditions on curves, where classical and Bridge-
land stability basically coincide. Then, after introducing the derived categories and some for-
malism on triangulated categories, we prove that stability conditions exist for smooth projective
surfaces. In the process of proving on dimension 2, we will identify the main difficulty: the (gen-
eralized) Bogomolov-Gieseker type inequalities. One of those inequalities allows to prove the
support property of the stability condition (and the previous ones) and is the major struggle to
prove existence. In this setting, it is possible to prove this equality and define the (a, 3)-plane
of stability conditions, which is a slice of the space of stability conditions Stab(X). Even in this
simplified setting we won’t have a precise description of the limits in the («a, #)-plane and we
don’t know whether it is possible to enlarge it.

There are conjectures about the hypothetical inequalities that may work in higher dimensional
varieties but in general it remains an open problem. It has been seen that for threefolds, in some
cases like specific complete intersections which are Calabi-Yau, this Bogomolov-type inequality
can be reduced to the problem of improving a Bogomolov type inequality on a surface inside the
threefold. This has been the main motivation to improve the known Boogomolov inequalities
on surfaces. The last part of this Master thesis explains the main known method developed by
Feyzbakhsh, Li and Liu to get better inequalities in the case of surfaces and we have explored if
it may be applied to other surfaces. The main ingredient of this approach is to restrict further
to curves and use generalized Clifford inequalities.

1. STABILITY ON SMOOTH CURVES

1.1. Classification of vector bundles over P!.

Along this work every variety of any dimension will be considered over a field k of characteristic
zero. As the beginning point for the case of curves we first see how is the situation on a very
simple smooth curve: the projective line. In this case we have a complete classification of vector
bundles stated in the following theorem:
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Theorem 1.1. (Classification of vector bundles over IPIE;) Let V be a vector bundle over P of

rank r. Then there exist integers ki, r; > 1 such that
V= (’)(/’{:QGBT1 O D (’)(kzq)@"q
with k1 > --- > k.

Before proceeding to the proof we need to state (without proof) three lemmas.

Lemma 1.2. Let ¢ : W — V an injective map of vector bundles over Pk. Then there exists
an extension W — W' C V. such that V/W' is a vector bundle. Moreover the rank of W' and
the generic rank of V/W' coincides with the rank of W and the generic rank of V/W.

Lemma 1.3. Let V' be vector bundle over ]P’,}/,. Then we have an isomorphism of functors
Ext!(V,—) = H(V* ® —) : Coh(PL) — Vecty,
for all i > 0.

Lemma 1.4. Let F' be an OPi -module. Then either F' has torsion or is locally free. Moreover
F fits in a short exact sequence:

0—Fpr—F—F —0
where Fr is the torsion submodule and F' is a locally free sheaf.

Now we have everything ready for proving Theorem 1.1.

Proof. (Theorem 1.1) Since we want to see that V' is a direct sum of Serre twisting sheaves and
the tensor product is distributive respect direct sums the idea is twisting V' until we reach the
maximal point where we kill all nontrivial global sections (the degree of this twisted sheaf will
be —k; as in the statement). From that point our goal is to isolate this larger component and
work via induction on the rank (i.e. V = O(n;)™ @ W with W vector bundle over P!). The
last step is showing that this decomposition is in fact unique.

Let V' be a nontrivial (otherwise V' = Ogi and we are done) vector bundle over Pi. Step 1:
Finding k1. If V has no global sections we can twist by O(1) until V' becomes globally generated
(this is possible because O(1) is ample). So we can find an m such that V(m) := V ® O(m)
has global section but V' (m — 1) does not. On the other hand if V' has global sections then by
Serre duality:

HO(By, V(=m)) = H'(Py, V*(m) @ wp1) = H' (B}, V*(m — 2))

By Serre’s vanishing theorem there exists an integer mg such that HY(PL, V*(mg — 2)) # 0 but
HY(PL,V*(mo +1—2)) =0 for every [ > 1. This means that V(—mg) has global sections and
is maximal respect to this property.

Step 2: Isolating O(k1)™. We have seen that, independently of the existence of global sections
of V, there is an integer m such that V(—m) has nontrivial global sections but V(—m —1[) does
not for every [ > 1. Recall that HO(Pj, OP}C) =k so HY(P},V(—m)) is a k-vector space and
then H(P},V(—m)) = k™ for some positive integer n. This implies that there is a basis of
global sections ey, ..., e, that generates V(—m) locally. We pick a global section, for example,
e1. Now we define a map Opi — V(—m) given by 1 — e;. This is clearly locally injective
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since V(—m) is globally generated so it’s also injective as a morphism of sheaves. Now, since
we aim to decompose V in two direct summands, we wish that O was a sub-vector bundle.
If this is the case we are in the right path. If not, since the map we’ve built is injective and
V(—m) and Op: are vector bundles there is an extension O’ of Op1 of rank 1 such that O is a
sub-vector bundle of V(—m). Since O is a proper line bundle with global sections must be of
the form Opt (1) for some [ > 1. But, after one negative twist, O(—1) < V(—m — 1). Recall
that V' (—m — 1) has no global sections and so does O(—1) but since O(—1) = Op1 (I —1) with
[ —1 > 0 this contradicts the fact that Opi (I —1) has global sections. Then OP}C is a sub-vector
bundle of V(—m). Therefore we have a short exact sequence:

0— Opr — V(-m) — V(_m)/OPi —0

If we apply the cohomology functor we get a long exact sequence

0 — HO(Ph, Os1) —> H(BL,V(~m)) — HO(B',V(~m)/Og;) — H"(B}, Op1) — ---

Since OP}C has no higher order cohomology H'! (P,lg, OP;IC ) = 0 and this implies that

0 — H"(P}, Op1) — H(Py, V(=m)) — H(P',V(=m)/Op1) — 0.

Now we have that HO(]P’}C,V(—m)/(’)Pi) = HO(IP)}C,V(—m))/HO(IP)}C,OPi) =~ gk = k"l Ob-
serve that, since V(—m — l)/O]P;IlC — V(—m — 1) and V(—m —[) does not have global sections
forevery I > 1, V(—m—1)/ Op1 can’t have global sections as well. So m is also maximal for the
same property for V' and for V/ (’)Pi. Now we have everything set to start with induction on n.
If n =1 then the second lemma gives us that Extl(V(—m)/Op}c, OP}C) = H'(P}, (V(m)/(’)P}c)*)
and by Serre duality H!(P}, (V(m)/Op}C)*) = HY(PL, V(-m — 2)/(’)%) = 0 by the previous
observation. Then we have one unique Yoneda class for the exact sequence of vector bundles so
V(-m) = OP;GB(V(—m)/OP;)- Tensoring by Op: (m) we get that V' = Op1 (m)EB(V/OP}c). Since
n=1, V(—m)/OP}C does not have global sections. If n > 1 since H°(P}, V(—m)/(’)]pi) >~ fn-t
by induction V(—m)/OP}C = (’)ﬁj}l:l & W (—m) where W(—m) is a vector bundle with no global
sections (and neither does W(—m —[) for every [ > 0). The same argument that we used for
V(—m)/(’)]}n}C shows that Ext! (W (—m), Opi) = 0. Since Ext! is linear for direct sums

Ext!(V(=m)/Op1, Op1) = Ext!(Opy, Op1 )"~ @ Ext!(W(=m), Op1)

and by lemma 1.2. and Serre duality

EXH(OPi’ Op1) = H'(Py, Op1) = HO(Py, Op1 (=2)) = 0.
It follows that Extl(V(—m)/(’)P}c, Opi) = 0 also. Then V(—m) & Op & ((’)gfl ® W(—m)) and
k
tensing by Op: (m) gives V = Op: (m)" @& W. We set k; = m and r1 = n. Repeating the same
procedure for W gives a new decomposition and ne and ry. Since the rank pf V is finite this
process is indeed finite so it only takes a finite amount of steps to lead to the decomposition.
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The fact that this decomposition is unique follows from the fact that V(—n;) has 0-th coho-
mology k™ and by the maximality of n; respect to the existence of global sections. U

we use this result in the following section to see which are some of the slope (semis)stable
bundles over ]P’,lc. Also this sets the path we should follow. Despite in a general projective
smooth curve this fails we can modify the statement to make a work around. Our free sumands
will be replaced by semistable sheaves, the direct sum decomposition will be replaced by a
filtration by semistable sheaves and the chain on decreasing integers by a chain of decreasing

slopes.

1.2. Classical slope stability.

Now, before introducing the classical slope stability we need a couple definitions. From now on
until the next chapter C' will denote a smooth projective curve over a field k.

Lemma 1.5. If E is a coherent sheaf over C then there exist Tr a torsion sheaf and Fr a

vector bundle such that the sequence
0—T1Tg —F— Fg—0

18 exact.

Proof. Tg can be obtained as the kernel of the canonical map £ — E ®o, K¢ where K¢ is the
sheaf of total quotients ring. Since F and F ® K¢ have the same stalk at the generic point 7 and
they are O ,-vector spaces of finite dimension then (Tg)c,, = ker(E — E ® K¢ )¢,y = 0 which
implies T is torsion. Then we set Fgp = E/Tg that locally is a linear subspace of E(U)® Kx (U)
which is torsion-free. Since we’re on a curve, the stalks of the structural sheaf at a point are
PID’s. This implies that the stalks of Fg are in fact free and then Fg is locally free. O

Definition 1.6. Given a line bundle L over C' we define its degree d(L) as the degree of the
associated divisor (i.e. if L = O(D) and D = > n;P; then d(L) = > n;). If F is a vector bundle
over C we define its degree d(F') as the degree of the line bundle A™ ¥ F. If T is a torsion sheaf

over C' we define its degree d(T') as Z length T},. Previous lemma also allows us to the define

peC
the degree of any coherent sheaf over C' as d(F) := d(Tg) + d(FEg).

Definition 1.7. Given E € Coh(C) we define the slope of E as

If rk E =0 we set u(F) = +o00. Here rk E :=rk Fg.

The slope is the key for talking about stability and is one of the elements we aim to generalize.
Once we have the slope we can talk about stability:

Definition 1.8. A coherent sheaf E over C is called semistable if for any proper sub-sheaf
F C E then pu(F) < p(E). Moreover if the inequality is always strict we say that E is stable.

Example 1.9. Notice that in the case of P! every coherent sheaf is free and the degree is
given by the degree of the twisted sheaves of Serre. This means that for example the if V is a
(semi)stable sheaf of rank 1 then V' can’t have torsion because the torsion would be supported
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in dimension 0 and therefore it would have infinite slope contradicting the stability of V. Thus
V must be locally free and by the classification theorem free of the form V = O(a) for some a.
Notice that then p(V) = a.

Another important property that one would like to have in a possible generalization is the
existence of a filtration by semistable sheaves:

Theorem 1.10. Let E € Coh(C) non zero. Then there exists a unique filtration
O=FEyCFEiC---CFE, 1CE,=F

such that E;/E;_y is semistable and pw(E1/Eo) > -+ > u(En_1/Ey). This filtration is called the
Harder-Narasimhan filtration and it can be proven that is in fact unique.

Will prove this in more generality in the case of stability functions over abelian categories.

Example 1.11. We continue in the case of P}, let E € Coh(IF’}C) of rank 2. If Ty # 0 the
filtration will look 0 C Ty C --- C E and we can quotient everything by Tr and our conclusions
will be the same but with one factor less in the filtration so there is no problem assuming F is
locally free (and by the classification theorem free) of rank 2. This implies that £ = O(a)®O(b).
The first factor has to be a semistable sheaf inside V. If a > b we can take V) = O(a) (that
clearly destabilizes V' because a > aTer) and Vo = V because O(a) ® O(b)/O(a) = O(b) and
(Vi) =a>b=pu(Va/Vi). If a = b then we want to see that V' is already semistable. In this
case, since V' has no torsion the only possible destabilizing object has to be O(c) C V. Since it
destabilizes V' then ¢ > a. This gives a short exact sequence

0— O(c) — O(a) 8 O(b) — Q — 0.
Twisting by —c we have
0—0—0(a—c)®d0b—-c) — Q(—c) — 0.

Applying H(P}, —) we have that H*(P}, O(a—c)® O(b—c)) = 0 which implies H°(P}, O) = 0
that is a contradiction. This shows that V is semistable if @ = b. From this example one may
be convinced that this is the right way to go in order to generalize theorem 1.1.

1.3. A way to generalize stability. This more classical stability can be generalized to higher
dimension as follows. The first key fact is that for a coherent sheaf E over C, cho(E) = rk E
and ch; (E) = d(F). So one would think that the Chern character is a good point to start in the
path of generalizing slope stability. Since we want a number the idea is basically to multiply
our rank and our degree with a divisor so we end up in the top cohomology class which ends
up being Z because X is a smooth projective surface and hence connected.

Definition 1.12. In the case of surfaces we take two divisors w, B € N!(X) := NS(X) ®z R
(where NS(X) is the Néron-Severi group of Cartier divisors up to numerical equivalence) with
w being ample. Then we set

(E) = w-chP(E) _ w-cdy(E) w-B
Hw, B = o2 - ch{?(E) T 2. Cho(E) w2

where ch? (E) := ch;(E)e™ 5 is the twisted Chern character.
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Notice that this is an integer because all quantities are in the top class of the Chow ring an
therefore we can take its degree. So this is in fact, as in the case of curves, a rational number.
Stability now is not exactly defined in the same way as before but in a weaker form and we
refer to this stability in particular as slope stability. In this case we say that E € Coh(X) is
slope semistable if for all F* C E we have that p, g(F) < p, p(E/F) and that is stable if the
inequality is always strict.

Notice that in the case of X a smooth curve (taking p = ch? /w - chf) this notion coincides for
all divisors up to a positive constant so all slopes defined this way end up being equivalent to

classical slope.

2. STABILITY OVER SMOOTH SURFACES

2.1. Triangulated categories.

First of all, before introducing Bridgeland stability and since we mainly work over the bounded
derived category of coherent sheaves, we talk about it and its triangulated structure. This is
a little survey on triangulated categories and the construction of the derived category of an
abelian category. we only present the basic notions and results needed to prove further results
on stability.

Definition 2.1. Let 7 be an additive category (i.e a category where there is a zero object,
finite coproducts exist and all Hom carry a structure of abelian group composite-distributive).
We say that 7 has a triangulated structure or simply that it is triangulated if it has a shift
functor [1] : 7 — T (i.e additive and auto-equivalent) and a class of distinguished triangles

A— B — C — A[l]

that satisfies the following axioms

T1 (a) For any A € T the triangle A A0 — A[1] is distinguished.

(b)

(¢) Any morphism f : A — B completes to a distinguished triangle A hp—o— A[1].
T2 AL B2 ¢ A[1] is distinguished iff B % ¢ 2 A1) 22 B[1] is distinguished

T3 For any commutative diagram of distinguished triangles of the form

Any triangle isomorphic to a distinguished one is also distinguished.

A > B C > All]
JO‘ LB i'Y \Loc[l]
A > B’ » C' A'[1]

there exists a morphism v that completes it to a morphism of triangles
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T4 (Octahedral Axiom) For any pair of morphisms A Iy B % C there exists a commutative
diagram

A f

NP LN

B Al

1]
m
A — B[]

B[ s oy
where all triangles beginning at A, B and C are distinguished.

Remark 2.2. e We don’t know if the octahedral axiom is independent from the previous
three. Usually if T satisfies T1 — T3 is called pre-triangulated but it’s not known if
there are pre-triangulated categories which are not triangulated.

e The octahedral axiom can be presented in a different way: Denote by C(f) (the cone

of f) the object from T resulting from the completion of A i> B into a distinguished

triangle. Suppose we’re given a pair of morphisms A i> B % C. Then the octahedral
axiom is equivalent to the triangle

C(f) — Clgeo f) — Clg) — C(f)[1]
being distinguished. If one sets C' = C(f),B" = C(go f),A’ = C(g) this becomes

clear.

The following consequences of the definition will be very useful.

Proposition 2.3. Let A ENY I A[l] a distinguished triangle in T. Then for any Ay the
sequences

HOm(Ao, A) — HOIn(A(), B) — HOHl(Ao, C)
and
Hom(C, Ap) — Hom(B, Ag) — Hom(A, Ayp)

are exact.

Proof. If h : Ag — B such that go h = 0. By T1 and T3 we have a morphism m : Ag — A
such that the following diagram commutes:

Ay —195 4, Ao~ A0

0
'm Jh l ) lhﬂ]
C

AL, p_¢ An] U B

Therefore f o m = h and we’re done with ker C Im. The other inclusion follows from the fact
that g o f = 0 which is also a consequence of T1 and T3. Indeed, since we have the following



commutative diagram

A9y 4 0 A[1]
o b op e
A-lsp-2y¢ A1)

we have g o f = 0. The second exact sequence is proved in the same way but now the triangle
Ay — Ap — 0 — Ap[1] is in the bottom row, A goes to 0 and we complete with a morphism
m :C — Ag. U

Proposition 2.4. If we have a morphism of triangles

A B C AL
ol L
Al B o A1)

where two of the three vertical arrows are isomorphisms so is the third.

Proof. By T2 we can suppose without any kind of loss of generality that this isomorphisms are
a and 8. Applying Hom(C’, —) we have

Hom(C", A) — Hom(C", B) —— Hom(C", ') —— Hom(C", A'[1]) —— Hom(C", B[1])

Jae- |6e- e Jatue- |pte-

Hom(C', A’) —— Hom(C’, B') —— Hom(C’,C") —— Hom(C'’, A’[1]) —— Hom(C’, B[1])

By the five lemma yo— is an isomorphism and hence v has a right inverse. Applying Hom(—, C)
and the same argument we get a left inverse. Therefore v is an isomorphism. O

Example 2.5. Our main example of triangulated category is the derived category of an abelian
category. In particular when we take this abelian category to be the category of coherent sheaves

over a curve or a surface.

Also it would be nice to recall the construction of the derived category. we explain the process
via “localization”. We use this term because the idea is the same as the classical localization
of rings. First we begin with an abelian category .A. Now this gives new categories Kom(.A)
and Komb(.A) which are the categories of complexes and bounded complexes respectively. The
objects of this categories are (cohomological) complexes and bounded complexes respectively
and the morphism are collections of morphisms in A that commute with the differential of the
complex i.e a morphism in Kom*(A), f : (A%,da) — (B®,dp) with * € { ,b} is a collection
{f* : A* — B*} of morphisms such that f¥*!'ody = dg o f¥. Notice that the category of
bounded complexes is a full additive sub-category of Kom(A) (both are additive since A is so).
Then, since we have complexes and additivity, we can talk about homotopy.

Notice that we can equip Kom(A) with a shift functor taking A®[1]¥ := A¥! with differential
d[1]¥ := —d**! and for morphisms just taking f[1]¥ := f*¥1. As in the classical definition
of topological homotopy, a morphism is homotopic to 0 if there is a collection of morphisms
{s¥ : A¥ — BF=1} such that f*¥ = dgs® + s**1'd4 an two morphisms f, g are homotopic if
their difference is homotopic to zero. From this relation we can define the homotopy category
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of A, denoted K (A), which objects are the ones from Kom(.A) and their morphisms are classes
of homotopy of those from Kom(A). Note that we still have K(A) as an additive full sub-
category of K(A). One could ask why?. Why do we need homotopy? The answer is clear:
K (A) can be equipped with a natural structure of triangulated category with the shift functor
of Kom(.A) because, in opposition to Kom(.A), we can now produce cones of morphisms that
are well-behaved. If f: A* — B*® is a morphism in Kom(A) take the following complex:

(C(f))* = A¥1 & B*

dC(f) = fk-l-l d]z:;

We have a natural injection ¢(f) : B®* — C(f)® and a natural projection 7(f) : C(f)* — A°®[1]
that behave well respect to the differential. In order to produce a triangulated structure we

with differential

need the existence of a morphism between the triangles
ALy e Y oy — At
and

cu) -1 - B Y oy — cwp).

Propositions 2.3 and 2.4 force this morphism to be an isomorphism if it exists. This is where
homotopy enters. We can produce such a morphism in Kom(.A) but we will only be able to
assure that is an isomorphism up to homotopy. Basically we take the morphism

—f[1]
¢:= | idapy | :A°[] — CW() =Bl @ C(f) = Bl @ All] & B
0

with inverse-homotopy map

Y= (0,id 4e1},0) : C(u(f))* — A*[1].

Despite 9 o ¢ =idge1) and ¢ o ¢ # idg(,(f))» in general, as we said before, they are homotopic

via
0 0 idpge
s = 0 0 0
00 O
On the one hand we have
id geq 0 0 0 —f[1] 0 idgeq) 1] 0
ldC(L(f))' —¢O1/} = 0 idAo[]_] 0 — 0 idAo[]_] 0 == 0 0 0
0 0 idpge 0 0 0 0 0 idpge
On the other hand
0 0 idpep dpe[1] 0 0 idpe[1] f[1] dpe
s[1] odopuns=1 0 0 0 o 0 dae[l] 0 = 0 0 0

00 0 idge[1]  f[1] dpe 0 0 0
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and
dpe 0 0 0 0 idpge 0 0 dpe
dC(L(f)).[_l] 0§ = 0 dpe 0 o 0 0 0 = 00 0
—idge —f dpey 00 0 0 0 —idge
SO
idge[1] f[1] dge 0 0 dge
8[1] o dC(L(f))' — dC(L(f)).[_l] oS§ = 0 0 0 - 0 0 0 -
0 0 0 0 0 —idpe

idpepy f[1] 0
- 0 0 0 = idC(L(f))' — (b (¢] w
0 0 idpe

With this in mind we have now a very clear class of distinguished triangles for K(.A): those
that are isomorphic to the cone of a morphism f : A®* — B®. This class along with the shift
functor give a triangulated structure on K (A).

Now the second big step in constructing the derived category is localizing. Since we want to
keep track of the cohomology of the complex, we want to somehow relate objects that share
the same cohomology in a suitable way. This is the main goal of the derived category. First
of all, since A is abelian, we have a cohomology functor H® : K(A) — K(A) that sends
an object (A®,da) to H*(A®,da) := ker(da)/Im(—da[—1]). Defining the map H*(f) is quite
more delicate since we need the Freyd-Mitchell embedding theorem that says that any small
abelian subcategory can be fully embedded into the category of modules over some ring in
a way that kernels and cokernels are preserved. This allows to define this morphism as the
usual way if we were working over modules and then pulling it back to K(A). The usual way
basically sends a morphism f : A — B to the morphism H(f) : H*(A®) — H*(B*®) defined
by H(f)*([a]) := [f*(a)]. This is well defined since a € Im(d%.') implies that a = d*."(b).
Then f*(a) = fk(dff;l(b)) = d%_.l(fkfl(b)) € Im(d%‘.l). This functor is called the canonical
cohomology functor. If H*(A®) = 0 we say that A® is acyclic and if H*(f) is an isomorphism,
then we say that f is a quasi-isomorphism. This two concepts are deeply related as the following
proposition states:

Proposition 2.6. A morphism f : A* — B® is a quasi isomorphism if and only if C(f) is

acyclic.

Proof. Recall that by definition of C(f)® we have an exact sequence

0— B* Y o TS a1 0.

As in the module case, the snake lemma gives a long exact sequence on cohomology

0, O(r 1
HY((£) HY(=(f)) H(f)

e A U, oy HY(C(f)*) —— H(A*[1]) —=

H (n(f))

LD ey 2 Aty — -

1

Therefore H*(C(f)®) = 0 iff H*(f) is an isomorphism. O
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So our goal now is to invert all quasi-isomorphisms. For this purpose it’s more convenient to
change our morphisms in a way that we still have a copy of all morphisms and then invert
those that we want (in our case the quasi-isomorphisms). First we need to check that our class
of candidates to isomorphisms behaves well, i.e forms a multiplicative system in the following

sense:

Definition 2.7. A family of morphisms S in a category C is a multiplicative system if:

S1. For all X €C, idx € S.
S2. If f,g € S and go f exists, then it belongs to S.
S3. i For any pair of morphisms X L Y. Z 9, Y there exist morphisms W hox W ANy
such that foh=4iogand h € S.
ii For any pair of morphisms Y i> XY 9y 7 there exist morphisms X LN W, Z LW
such that ho f =goiand h € S.
S4. If f,g: X — Y then there exists t € S such that t o f = ¢ o g if and only if there exists

s € S such that fos=gos

If we have a multiplicative system S we can invert all arrows in it in the following way: For the
new localized category Cs take the same objects as in C and morphisms

Home, (X,Y) :={(X",s,f) | X' €C,s: X' = X, f: X' > Y,s €S}/ ~

where two triplets (X', s, f), (X”,t,g) are related if and only if there exist s’ : X" — X' ¢’ :

X" — X" such that the following diagram commutes

P

! !
X! 8 X" t X

S,

This may seem unnatural but if one makes an abuse of notation omitting X’ and writing
(X',s,f) as (s, f) this reminds to the usual localization. Moreover (s, f) ~ (t,g) iff there
are s',t' € S such that ss’ — tt’ = 0, fs’ — gt = 0 which reminds to the usual definition.
Composition is defined in the natural way: (X’;s,f): X — Y and (Y, t,9) : Y — Z. By S3,
there are morphisms ¢’ : X” — X', h : X” — Y’ such that fot' =toh and t' € S this means
that sot’ € § by S2. Therefore we can set (Y',t,g9)o (X', s, f) := (X", t'0s,goh). Although we
won’t prove it, localization preserves additivity (meaning that if C is additive so is Cs) and also

full sub-categories (meaning that if C’ is a full sub-category of C so is it Cs from Cs). Notice that
there is a functor @ : C — Cs which is the identity on objects and sends a morphism f: X — Y
to Q(f) := (X,idx, f). In fact Cs has the universal localization property:

Proposition 2.8. Let C be a category, and Cs it’s localization by a multiplicative system S.Then
Q(s) is an isomorphism for all s € S. Moreover if F : C — C' is a functor that sends all s € S
to isomorphisms the F' factors through Cgs.
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Proof. First notice that Q(s) := (X,idx, s) and (X, s,idx) o (X,idx,s) = (X,idx,idx) taking
t' = h = idx in the definition of the composition. For the second assertion if such a factorization
exists there must be a functor G : Cs — C’ such that F = G o Q. This means that on
objects F(X) = G(Q(X)) = G(X). Now if (X',s,f) : X — Y, since (X',s,f) o Q(s) =
(X',s, f) o (X' idxr,s) = (X', idy, f) = Q(f) were we have taken ¢’ = idy, = h. Applying G
we get G(X',s, f) o F(s) = F(f) so we can define G(X', s, f) := F(f) o (F(s)™1).

Now we return to the triangulated categories. With the extra triangulated structure there is
an easy way of constructing multiplicative systems relying on null systems:

Definition 2.9. Let 7 be a triangulated category and N a family of objects in 7. We say that
N is a null system if:

N1. 0 e N
N2. Ae N < A[l]] e N.
N3. If two of the tree objects of a distinguished triangle are in N so is the third.

From a null system we can construct a multiplicative system
SWN):={f:A—= B|C(f) e N}.

Checking that in fact this is a multiplicative system can be a little tedious so we avoid it. A proof
can be found in [Sos12]. Returning to our homotopy category K (A), if we take as a null system
N the acyclic objects in K(.A), by proposition 2.6 we have that S(N) consist precisely in all
quasi-isomorphisms of K (A). Then we define the derived category of A as D(A) := K(A)gn)-
Although the construction may seem complicated at first sight there is nothing strange here:
the objects of D(.A) are complexes and the morphisms are those from K (.A) inverting the quasi-
isomorphisms. Also it inherits a structure of triangulated category from K (A) thanks to the
compatibility of the null system respect to the distinguished triangles where the shift functor is
still the same and the distinguished triangles are the ones that come from a triangle in K (A) via
the canonical localization functor @ : K(A) — D(A). Furthermore this functor becomes exact.
We also have the bounded derived category DP(A) and an exact functor Q : K°(A) — DP(A).

we mainly work over this last one.

2.2. Bridgeland Stability on surfaces. Before entering into Bridgeland stability we need a
little survey on stability over abelian categories. Here since we are on a quite general framework
there is no natural choice for a slope function so we simply consider those functions that behave
like slope functions. This is one of the main ideas behind Bridgeland stability.

Definition 2.10. Let A be an abelian category, Ko(A) its Grothendieck group (i.e Z(A)/ ~
where A ~ B + C iff there are B,C € A such that 0 - B - A — C — 0 is a short exact
sequence). A (full numerical) stability function on A is an additive morphism Z : Ky(A) — C
such that

o 37 > 0.
o If 7 =0 then RZ < 0.
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From this we call R := $Z the generalized rank, D := —RZ the generalized degree and
M = D/R the generalized slope where, when R = 0, we set M = 400 as in the previous cases.

Now that we have a stability function we can define stability:

Definition 2.11. If Z : Ky(A) — C is a stability function and £ € A we say that E is
semistable if for all nontrivial sub-objects F' C E we have M (F) < M(E). If the inequality
holds strictly for all sub-objects then we say that E is stable.

Example 2.12. One easy example of a stability function is taking A = Coh(C) and Z(F) :=
—deg I+ v/—1rk F where C is a smooth projective curve. In this case stability coincides with
the classical slope stability that we saw in the first chapter. We can also go further and define

Zp = —wchP(B) + v—1w?chf (E)

for E € Coh(X) where X is a surface. Note that this is not a stability function because if T’
is a O-dimensional supported torsion sheaf then chy(E) = 0 because is torsion and ch;(F) = 0
because is supported in dimension 0. This means that the condition SZ‘,, p=0— %7% B<O0
fails. In order to have a well-defined stability function we have to change our abelian category.
Instead of taking Coh(X) we can take A := Cohy;(X) := Coh(X)/Coh(X)<o. This is the
Serre quotient of Coh(X) by the Serre subcategory Coh(X)<o of coherent sheaves supported
in dimension 0. Here a Serre subcategory means a full subcategory of an abelian category
such that for any exact sequence A — B — C where A, C belong to the Serre subcategory,
then B also does. The construction of the quotient category is done via localization taking the
multiplicative system

S:={(f: E— F) e Coh(X) | ker f,coker f € Coh(X)<o}.

Then Cohg ; (X) is nothing but Coh(X) but we are “identifying” all sheaves that “differ” in a 0-
dimensional closed sub-scheme (because we are inverting morphisms that fail to be isomorphisms
on a O-dimensional closed sub-scheme). Now Z,, p is a well-defined stability function (we see
this later but for the moment is not clear that the image lives in the region of the complex plane
that we want). Furthermore the stable and semistable objects coincide with slope-stable and
slope-semistable sheaves.

One could ask also why we define stability in terms of sub-objects but not in terms of quotient
objects. In turns out that they are dual notions:

Lemma 2.13. Let Z : Ko(A) — C a stability function. An object E € A is (semi)stable if
and only if for every E — Q, M(E) < (<)M(Q).

Proof. This is a trivial fact from complex numbers: Take F' C E. Then Z(E) = Z(F) +
Z(EJ/F) = Z(F) + Z(Q) = (ap + ag) + (br + bg)v/—1. So we have that E is (semi)stable
iff —ap/br < (<) — (ar + ag)/(br + bg) holds iff apbg > (>)agbp holds iff —ag/bg < (<
) — (ap + aQ)/(bF + bQ) holds. O

Remark 2.14. The proof of this lemma shows that we could have defined that an object E is
(semi)stable satisfies that for any F' C E, M(F)(<) < M(E/F). This is because they satisfy
axiomatically apbg > (>)ag which is equivalent to M (F) < (<)M (E) and M(E) < (<)M(Q).
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This allows us to prove that semi-stability has a significant impact on morphisms:

Lemma 2.15. Let Z : Ko(A) — C a stability function. If A, B € A are non-zero semistable
objects with M (A) > M(B) then Hom(A, B) = 0.

Proof. If f : A — B then Im f is a quotient of A and a sub-object of B. Therefore, by the
previous lemma and the semi-stability of B, M(A) < M(Q) < M(B) which contradicts the
hypothesis on the slopes. U

Here there is a very useful geometric intuition: our semistable objects can be represented by
semi-lines in the image of Z passing through 0 and Z(E) whose slope is precisely M (E) and the
sub-objects and quotient objects can be seen as complex points living in two regions separated
by that semi-line.

Region of quotient objects Region of sub-objects

Recall that in the picture the objects in K((.A) are identified with their image via Z. Also notice
that not all points in a region correspond necessarily to a quotient/sub-object of E. In fact the
imaginary part of all sub-objects and quotient objects is bounded above by the imaginary part

of Z(E) as a consequence of its additivity.

With this intuition in mind we can pass to the following step: finding a Harder-Narasimhan

filtration in our current setting.

Definition 2.16. Let Z : Ky(A) — C be a stability function. A Harder-Narasimhan filtration
for Z and E € A is finite collection {E;}" ; of objects of A such that E; C Ej+q,Ey =0, E, =
E, Ajy1:= Ei;1/E; is semistable for all i =0,...,n—1 and M(A;) > --- > M(A,).

With all these ingredients we can talk about stability conditions:

Definition 2.17. A stability condition is a pair (A, Z) where A is an abelian category and Z a
stability function on A such that for all non-zero object E of A there exists a Harder-Narasimhan
filtration for Z and E.

The fact that the Harder-Narasimhan filtration is unique is not hard to proof. If E is already
semistable the only possible filtration is 0 C E because lemma 2.13 assures that any filtration
of the form 0 C F C E must satisfy that M(E) < M(E/F) < M(F) which is impossible
because of the semi-stability of £. Thus if £ is semi-stable the unique possible filtration has
to be 0 C E; = E because E; being proper leads to contradiction.. Then, by induction we
only have to check that if {E;}" ; and {E/}!' | are two Harder-Narasimhan filtration of E then
E/E, = E/Ej or equivalently E; = Ej. Notice that both E; and E{ are semi-stable. If
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M(E1) # M(E}), for example M(E;) > M(E]) then by lemma 2.15 Hom(E;, A;) = 0 for all
i=1,...,n. Then any morphism f : By — E is zero in E/E!_; so f : E; — E/,_; but this is
zero in E,_1/FE,_2 and so on until we reach that f : F1 — F/ that implies f = 0 by assumption.
This is impossible since E; C E is distinct from zero. Therefore M(E;) = M(E}) > M(A])
for all i = 2,...,n. Applying the same argument as before we get that £y C F] and E] C F;
which leads to By = EJ.

Now we would like a nice condition on A and Z so that we have always have a Harder-
Narasimhan filtration. The nice condition on A turns out to be the following one.

Definition 2.18. An abelian category A is noetherian if any object A € A has the ascending
chain condition. This means that any ascending chain of sub-objects of A

Ay C A CAC--- A C---CA
reaches an ¢ > 0 such that A; = A;4; for all { > 0.

This condition is good enough because if it holds we don’t need to impose any extra condition
on Z to get a Harder-Narasimhan filtration for any object. To prove this we proceed in various
steps.

Lemma 2.19. If Z : Kyo(A) — C is a stability function on an abelian noetherian category A
and 7 is discrete in R, then for any E € A there exists a upper bound Dg € R for _%Z|{FcE}-

Proof. Recall that SZ = R and —RZ = D. The discreteness hypothesis allows to work via
induction on R(E). If R(E) = 0, since R(F') with F' C E is bounded above by R(E), we get
that R(F) = 0. By additivity it follows that D(F) < D(FE) so we can take Dp := D(E).
Now suppose R(E) > 0 and that there is no such a bound. This implies that there is an
infinite sequence of sub-objects {F;};cny whose generalized degree D goes to infinity if i goes to
infinity. Now if R(F;) = R(E) then R(E/F;) = 0 and the second condition of stability functions
guarantees that D(E/F;) > 0. Again by additivity this implies D(F;) < D(E). This means
that we can suppose that R(F;) < R(E) for all i because otherwise the degree is bounded by
the degree of E. Notice that the fact that the degree is not bounded above is incompatible
with the noetherianity of A so the idea now is basically construct another sequence {F}} with
the same properties of {F;} but also with F] C F/ ; for all i € N contradicting directly the
ascending chain condition on F.

For F| we take an element of {F;} such that D(F;) > 1. Now we proceed with the construction
via induction. If we already have FY,...,F, with D(F}) > k and R(F}) < R(E) for all
k=1,...,n. Then there is a short exact sequence

0—F,NFE—F,oF —F +F
for all i.
There is no problem with the intersection and the sum because thanks to the Freyd-Mitchell
embedding theorem we can treat the sequences as modules. By additivity D(F),+F;) = D(F),)+
D(F;) — D(F} N F;) . Since R(F)) < R(E) by induction there is an upper bound of D(F) N F;)
so D(F,, + F;) > n— Dgr + D(F;). If we take the the limit when i goes to infinity, since n — Dpy
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is a fixed quantity we get that D(F), + F;) goes to infinity. Therefore there is an ip such that
D(F; + F;,) > n+ 1. We set F) | := Fy + F; and we are done because we have an ascending
chain

F/CF,c.---.cF/ c---CE
so by the noetherian hypothesis there is a i > 0 such that Fj = F} , for all I > 0 with the
property that D(F}) = D(Fj,;) > i+ 1 for all [ > 0 which is obviously impossible.

With this lemma it won’t be hard to prove the existence of the Harder-Narasimhan filtration
in the discrete case (meaning that R and D are discrete).

Proposition 2.20. Let Z : Ko(A) — C a stability function. Then, if A is noetherian and R
and D are discrete in R, the Harder-Narasimhan in A respect to Z exists.

Proof. Take E € A. Denote by H(FE) the convex hull of Z({F C E}). By lemma 2.19 H(E) is
bounded from the left by some Dg. Now denote by Hj, the half plane given by {a + by/—1 €
C | a > M(FE)b}. This is the left half-plane given by the line passing through 0 and Z(E). We
can also assume that F is not semistable because otherwise the filtration is trivial. Now we
have a convex polygon P(E) := H(E) N Hr. Note that this convex polygon is bounded and
the imaginary part of its vertex is discrete so it must have a finite number of vertices. So our
current situation is the one shown in figure 1. Notice that in the figure there are no elements
with infinite slope. This is because if this object appears in the filtration it will be the first one

to appear, so we can quotient by it and will end up with a filtration where all slopes are finite.

v =0

FIGURE 1. Sketch of P(E)

First take v; the vertexes of P(F) sorted by increasing imaginary part as shown in figure 1.
The discreteness of D assures that the vertices are of the form v; = Z(F;) for some F; € Ky(A).
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FIGURE 2. Representation in the plane of the situation in equation 2.1

Now we want to see that 0 C F; C --- C F,,_1 C E is a Harder-Narasimhan filtration for FE.
By definition of H(E) both Z(F; N Fi_1) and Z(F; + Fi—1) lie in H(E) for all i = 0,...,n.
In particular, since we have ordered F; by the generalized rank we have that R(F; N F;_1) <
R(Fi_1) < R(F;) < R(F; + F;_1). Note that we have exact sequence

0 —FNF1—FeFk ., —F+F_1—0

and by additivity this gives that

(2.1) Z(Fi+ Fi1) = Z(F;N Fiy) = Z(Fy) = Z(FiN Fimy) + Z(Fimy) — Z(F; 0 Fiog).

From this is clear that Z(F;) = Z(F;+ Fi—1) and Z(F;—1) = Z(F; N F;_1) because Z(F; + Fi_1)
is in H(F) as seen in figure 2.

This implies that Z(F;—1/(F;NF;—1)) = 0 by additivity but this only cant be if F;_, /(F;NF;—1) =
0 or equivalently F;_1 = F; N F;_1 C F;. Now define G; := F;/F;_;. Consider a sub-object
A" C @G; with preimage by the projection equals to A C F;. Then Z(A) is in H(FE) with
R(F;—1) < R(A) < R(F;). Then Z(A)—Z(F;_1) has slope smaller or equal that Z(F;)—Z(F;_1).
This is because the slope of the line that passes through Z(F;) and Z(F;_1) is maximal among
the slopes of the lines that pass through Z(F;_;) and any other point of H(F) with generalized
rank between R(F;_1) and R(F;). Then M(A') < M(G;) for any A’ C G; implying that
G; is semistable. As we said M(G;) is the slope of the line that passes through Z(F;) and
Z(F;_1). Since P(F) is convex this slopes have to strictly decrease (they can’t increase because
of convexity and if they are the same there is no vertex). O

Remark 2.21. From this is clear that in the previous example the filtration exists because our
R = w?chf is discrete.

Bridgeland Stability enhances the notion of stability in abelian categories to any triangulated
category because at the end we will basically work with stability conditions over the heart of a

bounded t-structure wich, as we have seen, is abelian.
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Definition 2.22. The heart of a bounded t-structure in D(X) is a full additive subcategory
A C DP(X) such that:

HBT1) For any integer r < 0 and A, B € A then Hom(A, B[r]) = 0.
HBT2) For any F € D(X) there are integers ky > ... > ky,, objects Ey, ..., E,_1 € DP(X),
Aq, ..., Ay € Aand a collection of (distinguished) triangles

Ei—l — Ez — Al[kz} — Ei_l[l]
where we are considering £y =0 and E,, = E.

As one expects from the previous definition of a Harder-Narasimhan filtration this filtration
is also unique and thenthe objects A; in HBT2) are uniquely determined and functorial. We
denote A; by H jf(' (E) and we refer to it as the k;-th cohomology in A. The functoriality of the
A; makes H ff( : DP(X) — A a functor. The first important consequence of the definition is the
following one.

Lemma 2.23. The heart of a bounded t-structure is an abelian category.

Proof. To define the abelian structure in the heart, it is enough to determine which are the
short exact sequences. From this is declare that any exact sequence in A whose objects belong
to A is an exact triangle in D?(X) . Since we have a full additive subcategory we only have to
check that indeed kernels and cokernels belong to A.

The only remaining thing is to define the kernels and the cokernels. Take f : A — B a non zero
morphism in A. Let C := C(f) be the cone of f and suppose it’s not zero otherwise we have
an isomorphism and nothing to prove. By HBT2) we have a triangle

C>0 —(C — C§0 — C>0[1]

with Cso belonging to A and C<g to A<q (this are categories generated by all A[i] with i > 0
and i < 0 respectively). This is because the H* (C)[k;] gets mapped into C[1] if k; > 0 and C
gets mapped to H* (C)[k;] if k; < 0 (recall that F; are bounded complexes and H*i(C)[k;] is
the complex with only one non-zero object in the k;-th position). In fact Cso = Es such that
ks > 0 and kg1 < 0 and C<pis the cone of Cs¢g — C.

Then, since Hom is exact on triangles by proposition 2.3, if " € A with & < 0 then Hom(A[1], T'[k]) =
Hom(B, T[k]) = 0 which leads to Hom(C, T'[k]) = 0. Since Hom(C%o[1], T'[k]) also vanishes this
leads to Hom(C<g,T[k]) = 0. This means that C<p € A. On the other hand if F' € A
with &£ > 1 then Hom(F'[k], B) = 0 = Hom(F'[k], A[1]) so again Hom(F'[k],C) = 0. Moreover
Hom(F[k], C<o[—1]) = 0 so this means that Hom(F'[k],Cso) = 0 so basically Cs¢ € A[l] i.e.
C>()[—].] S ./4

Hence ker(f) = Cso[—1] and coker(f) = C<p which both belong to A and we're done. O
Now we work over the bounded derived category of coherent sheaves of a surface X which is not

an abelian category but, as we said before, it is triangulated. Moreover we have also different

versions of the stability function which properties that will allow us to equip our set of stability

conditions with a structure of complex manifold.
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we also define an equivalent concept that will become useful for us because it’s related to the
heart of a bounded t-structure.

Definition 2.24. A slicing P of D?(X) is a collection of subcategories {Py}ser of DP(X) such
that:

SLC1) Py[l] = Py+1,

SLC2) if A € Py,, B € Py, with ¢1 > ¢ then Hom(A4, B) =0,

SLC3) for all E € DP(X) there are real numbers ¢1 > --- > ¢, real numbers, A, ..., A, €
Py, E1,..., Epq € DP(X) and a collection of triangles

E,_1—FE — Al — Ei_l[l]
where ¢ € {1,...,m} with Ey =0 and E,, = E.
We denote ¢1 by ¢1(E) and ¢, by ¢~ (E). If E € Py we call ¢(E) := ¢ the phase of E.

The last property, as well as HBT2), is called the Harder-Narasimhan filtration. We can con-
struct a heart out of a slicing by setting A = Pjg ;; which is the extension closure of the family
of subcategories {Py : ¢ €]0,1]} (i.e. if A, B belong to this family any C that sits in a
distinguished triangle A — C' — B — A[1] is also in extension closure of this family, so in A).

This will be our replace for the “abelian category” in the stability condition. Now we want
our stability function to factor through a lattice so we can have a nice structure on the set
of stability conditions. So we fix a finite rank lattice A (that in our case is Kpym(X) the
Grothendieck numerical group), a surjective group homomorphism v : Ko(X) — A (that in
our case will be the usual projection and we identify v(F) with its numerical Chern character
(cho(E),chi(E),cha(F))) and a norm on Ag := A ® R (but we don’t care much which one we
choose, because they are all equivalent). With this prerequisites we can define what a Bridgeland
stability condition means:

Definition 2.25. A Bridgeland stability condition on DP(X) is a pair ¢ = (P, Z) where:

BS1) P is a slicing of DP(X),
BS2) Z : A — C is an additive morphism called the central charge such that Z(v(E)) €
R>oe\ﬁ‘?§(E)7r and moreover it has the so called support property i.e.

e [ 20D
Cy:= f{ (B .0¢E6P¢,¢6R}>0

There is an immediate alternative definition using the heart of a bounded t-structure:

Lemma 2.26. Giving a Bridgeland Stability condition (P,Z) on D(X) is the same as giving
a stability condition (A, Z) in the sense of definition 2.17 where A is the heart of a bounded
t-structure on Db(X) together with the support property

Z(v(E
inf {](v())\ 0#FcAFE semistable} >0
lo(E)]]
Proof. It (P,Z) is a Bridgeland stability condition, taking A := P(]0,1]) as we said before
gives a heart of a bounded t-structure on D”(X) and Z’ : K(A) — C is given by composing
Z with the projection Ky(A) — Kyum(X). This implies that the support property is satisfied
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because (P,Z) is a stability condition. To make the other way we just take Py = A[k] N
Z Y Rsg - eV Im@=R)) if ¢ €]k, k 4 1]. This gives a slicing of DP(X) satisfying the conditions
in definition 2.25. U
The set of stability conditions on a surface X will be denoted by Stab(X). This set can be

endowed with a structure of topological space in the following way. The topology is the coarsest
such that the following maps are continuous for any £ € DP(X):

Stab(X) — R Z :Stab(X) — Hom(A,C)
o — ¢HE) o=AZ) — Z
o — ¢, (E)

Moreover this topology coincides with the induced by the metric

d(o1,02) == sup {|¢7,(E) — ¢, (E)} |65, () — ¢g, (B, 121 — 22|}
EeDb(X)

where || - || is the induced operator norm on Hom(A, C) (this is nothing but || Z; — Zz|| = inf{c >

0 : 121w — Zoo| < clloll}).

Moreover it can be endowed with a structure of complex manifold as long as it’s not empty.
This is the main result in [Bri07].

Theorem 2.27 (Bridgeland’s deformation theorem). The map Z : Stab(X) — Hom(A, C)
is a local homeomorphism. In particular, Stab(X) can be endowed with a structure of complex

manifold.

Proof. See [Bri07, Theorem 1.2]. O

A very good way of studying Stab(X) is through its wall and chamber structure. Given a fixed
numerical class v € Kpum(X), the wall and chamber structure tells us that stable objects with
class v are the same for all stability conditions in the same chamber and they change when we
cross a wall. This behaviour will be very useful at the end of the work. First we introduce the

concept of numerical wall

Definition 2.28. Given two non-zero, non-parallel vectors vy, w € A we define a numerical wall
Wi (vo) for Vo with respect of W as the non empty subset of Stab(X) given by

RZ RZ }

Wi (vo) := {(.A, Z) € Stab(X) : @(vo) = @(w)

Despite that we see in detail the behaviour of the walls in the case of the (a, 3)-plane latter
(and is the only case that we are going to need) we have a more general result that tells us how
the walls behave in general.

Proposition 2.29. Let vg € K,um(X) in the numerical Grothendieck group, and S C v=(vy).
Then we have a collection of walls W3 (vo) with w € Kpum(X) such that:

(1) Every wall in W23 (vo) is a 1-codimensional real closed sub-manifold with boundary.

(2) W5(vo) is locally finite.

(8) For every stability condition (A, Z) on a wall of WS (vo) there is an integer k € 7 such
that Fy — Ey, in Alk] with v(Fy) = w and E,, € S.
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(4) If C C Stab(X) is a connected component of Stab(X) — (Uyer,m(x) W5 (vo)) and
01,02 € C then any E,, € S is o1-stable iff is o2-stable.

Proof. See [BM11, Proposition 3.3]. O

This proposition basically shows that the numerical walls defined above are the possible places
where our stable objects change but, locally, there are only finitely many places where this
really occurs. Moreover explains that this change happens due to the existence of a morphism
i.e. a destabilizing object inside our stable object.

3. BOGOMOLOV INEQUALITY AND EXISTENCE OF STABILITY CONDITIONS

Now, our next goal is basically to show that Bridgeland stability conditions exist on surfaces.
For this we introduce first the concept of tilting. If X is a surface, we saw in Example 2.12
a stability function on Coh(X) that wasn’t a stability condition because of the existence of

sheaves supported in 0-dimensional schemes.

In general this will be a problem and, since Coh(X) is our canonical heart of DP(X), we
would like a nice way to modify our heart to obtain a better behaved one respect stability
functions. In fact, if X is a smooth surface, one can prove that there is no stability function
Z such that (Coh(X),Z) is a stability condition where the skyscrapers are stable (see also
Lemma lem:hastobetilting). So, we need to construct other hearts. The best known technique

to construct new hearts out of a given one, is via tilting.

The first step for tilting is getting a torsion pair.

Definition 3.1. A torsion pair on an abelian category A is a pair of full additive sub-categories
(F,T) such that:

TP1) for any F € F,T € T we have Hom(T, F') = 0,
TP2) any F € A fits in a short exact sequence

0O—T—F—F—0

where Fe Fand T € 7.

It’s not hard to see that the 7" and F' in the exact sequence of TP2) are unique. If we have
two such short exact sequences 0 - 7' - E - F! = 0and 0 - T7!' = E - F1 =50
then, taking Hom(—, F*!), and Hom(T*!, —), we have that Hom(FT!, F*1) = Hom(E, F*!)
and Hom(7TT!, T#!) = Hom(T*!, E) by TP1). This, together with the fact that £ — F*! and
T*! — F are epimorphisms and monomorphisms respectively, leads to isomorphisms F! = F~1
and 71 =T

Example 3.2. Our main example of a torsion pair in Coh(X), as the names indicates, will be
the category of torsion sheaves on X, that we denote by 7, and the category of torsion-free
sheaves on X, that we denote by F as done in Lemma 1.5 but except in this case we can’t
assure that it will be locally free in general.

TP1) follows easy from the fact that torsion sections must be mapped to torsion sections but
the torsion free sheaves don’t have torsion sections beside the zero section. TP2) is just the fact
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F1GURE 3. Representation of the tilting process

that we can take the torsion sub-sheaf of any coherent sheaf (which belongs to 7)) and hence
its quotient sheaf will belongs to F.

Before we move into the proper concept of tilting in this context we need a little lemma that

relates the shift functor, the Hom functor and the Ext functor.

Lemma 3.3. Let A, B € A an abelian category with enough injectives. Then there are natural
isomorphisms

Hompy 4)(A, Bi]) ~ Ext’y(4, B)

where clearly A, B in Db(A) are the complexes with A and B in the 0-th position and zero
elsewhere.

Proof. Take an injective resolution {I*};>¢ of B. The key fact is based on the observation
that, since D1 (A) are complexes with zeros in negative positions up to cohomology every com-
plex is isomorphic to its injective resolution. In particular, without entering in much detail,
the inclusion functor ¢ : K*(Z4) — DT (A) gives an equivalence of categories between the
category of positive complexes on the full subcategory of injective objects of A and DT (A).
This allows us to define the right derived functor of Homp+4)(A,—) as RHom(A,—) =
Qap 0 Homye+(4y(A, =) o .= - DT(A) — D*(Ab) (where Qap : KT(Ab) — D*(Ab) is the
localization functor as in Proposition 2.8). Then R Hom(A, B) is the complex (Hom(A, I*))>0
and Ext’(A, B) is its cohomology. A morphism f belongs to ker(Hom(A, I*) — Hom(A, I*+1))
if and only if defines a morphism f : A — I°[i] (otherwise it does not commute) and it’s
homotopically zero iff comes from a morphism of Hom(A, I¥~!) (in that case we have a mor-
phism g : A — I*~! and we take the homotopy s* = g and zero otherwise). This means that
the morphisms killed by homotopy in K(A) are those killed by cohomology in Ext meaning
that Ext’(A, B) ~ Hom g 4)(A, I*[i]). Now since I® is a complex of injectives we have that
Hom (4 (A, I°[i]) ~ Homp4)(A,I*) (this needs a little work because we need to see that
quasi-isomorphisms induce isomorphisms between the Homg(4)’s but a proof can be found in
[Huy06, Lemma 2.38] ). Since I*[i] = BJi] we’re done. O

Once we have a torsion (7, F) pair basically every element of the heart is an extension of an
element of 7 and an element of F. Basically, what we tilt (or lean) is the torsion pair (see
figure 3 and the following lemma).

Lemma 3.4. (Happel-Reiten-Smalg) Let X be a smooth projective surface. Let (F,T) be a
torsion pair on a heart A on DP(X). We define

A#* .= {E € Coh(X) : HY(E)e T, H'(E) € F Hy(E) = 0 otherwise }.
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Then this is a heart of a bounded t-structure on DP(X).

Proof. We only have to check that HBT1) and HBT2) hold. First take E, E' € A%. We want
to show that Hom(E, E'[i]) = 0 for all i < 0. By definition of A% and HBT2) of A we have
exact triangles

Fpll]:== H'(E)[1] = E — HY(E) =: Tk,
Fr(l]:= H'(E)[1] » E' —» HY(E') =: Tp.

Taking Hom functors and applying Lemma 3.3 we have a commutative diagram

o HOm(TE,FEl[i—I- 1]) — HOm(E,FE/[i+ 1]) — HOHl(FE[l],FEI[i+ 1]) — -

N

- «—— Hom(Tg, F'[i]) +——— Hom(FE, E'[i]) «——— Hom(Fg[l], E'[i]) +—— - --

- «—— Hom(Tg, Tg[i]) «—— Hom(E,Tg/[i]) «—— Hom(Fg[l],Tg[i]) «— ---

N

If i < 0 then Hom(Tg,Tr/[i]) = Hom(Fg[l],Tr [i]) = Hom(Fg[l], Fr/[i + 1]) = 0 because
of HBT1) in \A. This implies that also Hom(Fg[1], E'[i]) = Hom(E,Tg[i]) = 0 and hence
Hom(E, E'[i]) = Hom(Tg, Fgr[i + 1]) for all ¢ < 0. If i < —1 then Hom(Tg, Fpr[i + 1]) = 0
because of HBT1) meanwhile if i = —1 we have that Hom(Tg, Fr) = 0 because (F,T) is a

torsion pair so we are done with HBT1).

HBT?2) it’s not hard to prove since we already have for any £ € DP(X) a collection of triangles

Ei—l — Ei — Az[kz] — Ei_l[l].
Since (F,T) is a torsion pair on A for each A; there are T; € T, F; € F such that

0—T 154,25 F 0

is exact. Now we have a morphism from A; to the complex A, := ... - 0 = T; i> A; 9,
A; % F, — 0... centered at the second A; and we can replace A; by this complex in the
filtration. Notice that the cohomology of this complex in A is H'(A}) = F; and H(4)) =T,
so Al € A7, O

Whenever we have an abelian category A we call B a tilt of A if there is some torsion pair on
A such that A% = B. The following lemma is a very useful condition to decide if a heart of
DP(X) is a tilt of another one.

Lemma 3.5. Let A, B be two hearts of a bounded t-structure on DP(X) such that A C (B, B[1])
(this is the smallest subcategory generated by extensions of B and B[1]). Then A is a tilt of B.



25

Proof. Take first T = ANBand F = A[-1JNB. T € T and F € F then Hom(T, F) =
0 because of HBT1) from A. For HBT2) take E € B, then for any A € A we have that
Hom(A, E[—1]) = 0 because A = (B,B[1]). Since A is a heart of a bounded t-structure F
is isomorphic to a complex generated by shifts of A but the vanishing Hom imply that this
complex is generated by A< = (A, A[—1], A[—2],...) the negative extension closure of A. We
also have Hom(FE, A[-2]) = 0 and by the same argument E € As_; = (A[-1], 4, A[1],...).
This means that £ € A<o N A>_1 = (A, A[—1]) and hence B C (A, A[—1]). From this, TP2)
follows immediately.

Then with this torsion pair it’s clear that A C B# because A C (B, B[1]) so the cohomology
with values in B of any object in A must vanish except on the positions ¢ = 0,—1. Also if
E € B* then E € (F[1],T) C A (in fact B = (F[1],T) always holds). 0
Now we return to our main path: existence of Bridgeland conditions on surfaces.

Let X be a smooth projective surface over C and a fixed ample divisor class w € NS(X) ® R
and another (not necessarily ample) divisor class B € NS(X) ® R. From this choice we want
to construct a Bridgeland stability condition depending on w and B so at the end we will have
a family of stability conditions parameterized by w and B. The first step is to construct a good
heart. Recall that we defined V()
_ wechy

fo,B(E) = WM
the twisted slope stability in Coh(X). As we saw in the Example 2.12 this is not a stability
function on Coh(X) but we can use it to construct a torsion pair on Coh(X) so that we can
have a well-defined stability function on the tilting of Coh(X) at this torsion pair. That is, let

Tw,B = {E € Coh(X) :all semistable F C E with p, g(F) > 0},
Fu,B :={E € Coh(X) :all semistable F' C E with pu,, g(F) < 0}.

Indeed, (7u,B,Fw,B) is a torsion pair: TP1) is true because p, g(T) > 0 < p, p(F) and
we can use Lemma 2.15; and TP2) because we have a Harder-Narasimhan filtration for any
E € Coh(X) and we can consider the greatest sub-object E; C E in the Harder-Narasimhan
filtration such that p, g(E;/FEi—1) > 0. Then, clearly E; € T, g, while E/E; € F, g, because
all the Harder-Narasimhan factors of E/E; have non-positive i, g-slope.

Then we can take the tilted heart respect to this torsion pair.
Definition 3.6. We define Coh’® = (F,, p[1], 7., p) the tilted heart of Coh(X) by the torsion
pair defined above.

We can define a stability function over Coh*"?(X) as follows:

Definition 3.7. For any E € D?(X) we define
w?

2
The associated slope function will be denoted by
_ chP(E) — % - chf(B)
B w - chB(E)

Z,B(E) = (—chd(E) + chf(E)) + vV—1w - chP(E).

vo.B(E) :
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Now our goal is basically to see that (Coh®Z, Z.,,B) is a Bridgeland stability condition.

The first step is checking that, in fact, Z,, p is a stability function, this is, it maps Coh¥B (X)
into the region of C that we want. For this purpose we need two theorems: the Hodge index
theorem and the Bogomolov inequality.

Theorem 3.8 (Hodge index theorem). Let w be an ample divisor on X and D another non-zero
divisor with w - D = 0. Then D? <0

Proof. (Sketch) We argue by contradiction. Suppose D? > 0. We have two possibilities: if
D? > 0, then take w’ := D + nw. Since w is ample there must be some k > 0 such that the line
bundle associated to D + kw is globally generated and an [ > 0 such that {w is ample. Then for
n = k + [ we have that ' is ample. Moreover w’- D = D? > 0. By the Riemann-Roch theorem
(and Serre duality),

m?D? mD-Kx
2 2

ho (X, mD) 4+ h°(X, Kx — mD) > + x(0x),

and since ' - D > 0, then h%(X, Ky — mD) = 0 for m large enough. Indeed, if not, (Kx —
mD)w’ > 0 which contradicts w’- D > 0.

Thus, for m large enough mD is effective. This yields to mD - w > 0 because the ampleness of
w allows to embed mD in some projective space. Since mD is effective, it will cut effectively
an hyperplane of this projective space leading to w - D > 0, which contradicts our hypothesis.

If D? = 0 then, since D is non-zero there must exists some divisor E such that D-E # 0. Then
if we take B/ = (w?)E — (E - w)w we have D - E' = (w?)D-E # 0 and E' - w = 0. Then we
define D' = nD + E'. Therefore D' -w =0 and D> =n?D? +2nD - E' + E? =2nD - E' + E.
Since this quantity depends on n we can find an integer n with D’? > 0 and, by the first case,
we get a contradiction again.

For the Bogomolov inequality we have to introduce our main actors: the discriminants of a
sheaf.

Definition 3.9. Let w, B € NS(X) ® R with w ample. We define the following functions.

e The discriminant function A := (ch;)? — 2chs - chy.
e The w-discriminant Zf := (w - chy)? — 2w? - chy - chy.
e The (w, B, C,)-discriminant ASB = A+ C,(w-chy)?.

The constant C,, that appears in the (w, B, C,,)-discriminant is a constant such that Cy,(w -
D)? + D? > 0 for all effective divisors D. This constant exists because w is ample and the
Nakai-Moishezon criterion grants that for any effective divisor D we have w - D > 0. Since w
lives in H?(X,R), given a norm || - || on H?(X,R), we have that the ample cone (which is the
cone generated by the ample divisors) is open. Since ample divisors is open there is a constant
B,, such that B, (w- D) > ||D|| and a positive constant D? < A||D||? because D? > 0 for all D
effective. This implies that AB2(w - D)? > D? so it’s enough to take C,, := AB2.

Now our goal is basically to prove the Bogomolov inequality that basically states that the

discriminant of a p,, gp-semistable torsion free sheaf is non negative.



27

Theorem 3.10 (Bogomolov inequality). Let X be a smooth projective surface, w € NS(X)®R
with w ample and E a i, p-semistable sheaf. Then

A(E) > 0.

Proof. Notice that the stability of any sheaf respect to i, p doesn’t depend on B since it only
adds a constant term. So one can suppose B = 0. If we take the double dual of E we end up
with EVY = Hom(Hom(E, ©),0). Note that this is locally free since E is torsion free. Also
E — EYV in the natural way. Since both have the same dimension EVV/FE is supported in
dimension zero and we have an exact sequence

0—E—E"Y -EY/E—O.
Since the Chern character is additive we have that chy(EYY) = cha(E)+chy(EVY/E) = chy(E)—
[(EYV/E) and ch;(E) = ch;(EVY) for i = 0,1 because ch;(EVY/E) = 0. This leads to

A(E) _ AEYY) wv
cho(B) ~ aho(E) T 2ET/E).

This holds if and only if

A(E) = A(EYY) + 2cho(ENI(EYY/E).

This implies that A(E) > A(EYY) so we can assume F is locally free. Since ¢;(EY) = —¢;(E)
(the Chern classes) we have that ch;(E) = (—1)"ch;(EY). Now that E is locally free we have
that End(F) 2 EY @ E so

cho(End(E)) = cho(E) cho(EY) = cho(E)?,
chy (End(E)) = cho(E) chi(EY) + chy(E) chg(EY) = 0, and
che(End(E)) = cho(E) cha(EY) + 2chy(E) chy (EY) + cha(E) cho(EY)

Therefore we end up with

A(End(E)) 1 _
SaEP 2 cha(End(E)) = A(E).

So we can also assume that ch;(E) = 0.
By the Nakai-Moishezon criterion, there is a large enough k such that kw? > kw - Kx such that
kw is linearly equivalent to a smooth curve C. We can take the exact sequence

00— S"E®0(-C) — S"E — S"E|lc — 0

where S™E is the n-th symmetric power of E. Also by Riemann-Roch we have that x(X, S"FE) =
cho(E)"x(X,Ox) + ncho(E)" ! chy(E) for all n > 0. The exact sequence above lets us bound
above h'(X, S"E) by h°(C, S"E|¢) and this is bounded above by vz cho(E)™ where vg € R+q
doesn’t depend on n by Riemann-Roch (since S"E|¢ is defined over a smooth curve the second
Chern character vanishes). By Serre Duality

h*(X,S"E) = h°(X,S"E* @ wx) < h%(C, S"E* @ wx|c) = x(C, S"E* ® wx|c) < g cho(E)"
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for some §r > 0 that doesn’t depend on n either. Then we have

X(X,S"E) chy(E)

cho(E)™ cho(FE)

for all n. Since neither vg, nor dg, depend on n and x(X,Ox) is fixed this means that

cha(X)/cho(X) < 0 but this is only possible if and only if cha(E£) < 0. Since A(E) =

—2cho(E) che(E) because we saw that E can be chosen such that ch;(E) = 0 we have that
A(E) > 0.

=x(X,0x)+n <9e+dE

Proposition 3.11. The group homomorphism Z,, g is a stability function on Coh‘”’B(X).

Proof. Notice that 37, g = w - ch? so, if E € Coh*?(X), then by definition there are some
T €Ty, and F' € F, p such that

0— F[1] - E—T —0.
Then since w - ch?(T) > 0 and w - chP(F) < 0 by additivity 32, 5(E) = w - chP(E) =
w-chP(T) —w-chB(F) > 0.
Moreover, if Z,, p(E) = 0, this means that 7" is supported in dimension 0 and p, p(F) = 0,
so F' needs also to be p, g-semistable in order to belong to F, p.

Thus, on the one hand, RZ, p(T) = — chB(T) < 0 because T is a zero-dimensional supported
torsion sheaf so ch? (T') = length(Supp(T)) > 0.

In the other hand, we can use the Bogomolov’s inequality to obtain that 2chf (F) - ch¥(F) <
chP(F)2, but since w - ch?(F) = 0 with w ample, the Hodge index theorem implies that
chP(F)?2 < 0. Therefore, 2chf(F) - chB(F) < chP(F)? < 0 so chP(F) < 0. This leads

to
2

RZy 5(F) = % chB(F) — chB(F) > 0.
Therefore
RZw 5(E) = RZ0 5(T) — RZu.p(F) < 0.
O

Now that we have seen that Z,, p is indeed a stability function on the tilted heart Coh*" B we want
to verify that the pair (Coh‘”’B , Zw,B) satisfies the other properties needed to be a Bridgeland
stability condition: the existence of the Harder-Narasimhan filtrations and the support property.
We'll prove the first property via Proposition 2.20 showing that Coh*Z(X) is a noetherian
category.

Lemma 3.12. Coh*"?(X) is noetherian.
Proof. Recall that 37, p is discrete because B is rational and then the images of chég and chf’
are discrete. In fact if w- B = % then w - ch; € %Zzo
Suppose M € Coh*"B(X) with an infinite filtration
0=ACAC---CAC-—-CM

with 37, p(A4;) = 0 for all [. We can do this because in some point IZ,, g(Aj) has to take a
fixed value for all k > 0, so we start from this Ax and mod out M by it.



29

Define Q; := M /A; so we have an exact sequence

0— A —M—Q,—0.

Since we are in Coh*"?(X), applying the cohomology functor in Coh(X) gives an exact sequence
0— H '(4)— HY(M)— H Q) — H°(A) — H(M) — H(Q,) — 0.
This gives two sequences
H°(M) = H°(Qo) - H%(Q1) — H°(Q2) — -+
0=H *(Ay) = H (A1) = H ' (A3) — --- = H H(M).

because H® and H~!. preserve surjective an injective morphisms respectively from Coh®:? (X)
to Coh(X). Since this two sequences are now in Coh(X) which is noetherian they stabilize at
some k > 0. The we can also assume that H°(Q;) = H°(Q41), H 1 (A;) = H (A4 1) for all [,

This means that U := H~Y(M)/H~1(A)) is constant and ker(H°(M) — H°(Q;)) = 0 because
H(M) = H°(Q) for all [ > 0.
We can suppose H(M) = H°(Q,) because if HO(M) — H(Q1) — H°(Qz) —» --- stabilizes at
k then we take the chain

AkCAk+1C"'CM

that stabilizes if and only if

0C Apq1/Ar C Api2/Ar C M/AR = Qi
stabilizes. This new sequence has (M /Ag)/(Arsi/Ar) = Qp so HY(M/Ay) = HY(Q,) for all I.
So this gives a new exact sequence

0—U— HYQ) — H°(4) —0.

Also consider By := A;/A;—1. The short exact sequence associated to this quotient gives the

exact sequence
0— H YA_) = HYA) - HYB) - H(A_,) — H(A) — H(B)) — 0.

Notice that H~(A;) & H1(A;_1) by assumption so the morphism H~1(4;) — H (B has
to be the zero morphism which implies that H~'(B;) — HY(A;_1) is injective but H~!(B;)
is torsion-free and H°(A;_1) is torsion (because 7, p(A4;-1) = 0) so H~(B;) must be 0.
Since SZ, 5(A;) = 0 this means that SZ, g(H1(4;)) = 0 and also that 3Z,5(M) =
$Z4,,8(Q1), together with H(M) = H°(Q;) imply that $Z, g(H (M) = SZ, 5(H Q1))
Since $Z,,5(U) = SZyg(H 1 (M)) — SZ, g(H Y(A})) = $Z, 5(H1(M)) this implies that
SZ,5(HY(A) = SZ, 5(H1(Q))) — SZ, 5(U) = 0 which is the same as w - ch? (H(4;)) =
0. Since we also have that w?chf(H°(A4;)) = 0 this implies that H°(A4;) = 0. Therefore
H~Y(A))[1] & A; meaning that the sequence stabilizes and we are done. O

Now that we have proved that (Coh*?(X), Z,, 5) is a stability condition we denote it by o, 5.
We only have to check the support property and we’re (almost) done. Before we need a couple

lemmas.

Lemma 3.13. If E € Coh“”B(X) 8 Oaw,B-semistable for all oo > 0 then one of the following

conditions holds:
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(1) HY(E) =0 and H°(E) is a torsion-free u,, g-semistable.
(2) H-Y(E) = 0 and H°(E) is torsion.

(3) H-Y(E) is pw, p-semistable and H°(E) is zero or torsion supported in dimension zero.

Proof. Notice that we can compute oq, p-stability with v, g or %T“”B because this change
doesn’t affect which objects are stable or semistable at all. Also note that
2eho(B) _ 2 chy(E) -1

. 2V0w.B .
1 —=(E)=1 a = .
A, — = (B) =l — 1o5(E)

By definition of the tilted heart, F fits into an exact sequence
0 — F[l] - E—T—0

where F' € F, pand T € T, B.

If w-chP(E) = 0 then w - ch? (F) = w - chP(T) = 0 which imply that T is 0 or it’s a torsion
sheaf supported in dimension zero and F is 0 or a p, p-semistable torsion-free sheaf (because
there can only be one HN-factor it has infinite slope) so this case is true and leads to cases (2)
or (3) depending on the different possibilities for T and F'.

If w-chP(F) > 0 and ch¥ (E) > 0 then u_Tl(E) < 0. By definition of F,, g we have p, g(F[1]) <0
#}”[1}) > 0. If F' was not zero, since E is 04, p-semistable for all a > 0 this would mean

that Ve B(F) < Vaw,(E) for a > 0 but this is impossible because when a tends to oo the limits

SO

above give a contradiction. So F' must be zero and therefore £/ € 7, p. If E is torsion we're
done because this leads again to case (2). If E is not torsion, but it is not slope semistable (in
particular, if it has torsion), by definition of 7, g, there is some A € T, p that destabilizes E i.e.

e, B(A) >, p(E) > 0. This implies that uw,;l(E) < uw,;l(A) contradicting the o, p-stability

of E for a > 0. So, we are in case (1).

If w - ch?(E) > 0 and chf(F) < 0, we have two cases. If w - ch?(T) = 0, then T € T,, g which
implies that chf(T) = 0. If w - ch?(T) > 0, then ﬁl(T) < 0 together with the o, p-stability
of E, which has ﬁl(E) > 0, this gives T' = 0 as before. In both cases, we will be in case (3)
if we can show that F'is a p,, p-semistable torsion-free sheaf. If this isn’t the case, we must
have a destabilizing object A € F,, p such that ju, p(A) > fw,B(F). Then there is an injection
A[l] — E that leads to uw,B_(lA[ll) > Mw;l( 7y that directly contradicts the oa, p-stability of E
for large enough a. O

The discriminant begin positive helped us in our goal of proving that Z, g is a stability function
and now the w-discriminant and the (w, B, Cy,)-discriminant will prove (directly) the support
property. In fact the support property of a stability condition (P, Z) is equivalent to giving a
quadratic form () on Ag which is semi-positive definite for semistable objects in P and negative
definite on ker Z. This quadratic form, as theorem 3.14 states, Zg. So we want again a
“Bogomolov inequality” for the w-discriminant and the (w, B, Cy,)-discriminant, but now, for
0., B-semistable objects!

The proof of the following theorem can be found in [BMS16]. The idea is to use Lemma 3.13 to
prove it when E is 04, p-semistable for all a > 0. If not, that is, if there exists an « such that
E is 04, p-semistable, when B is rational, the idea is to use induction on wch?(E) to prove
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at the same time that the “wall-crossing” is well-behaved and that the discriminants are non

negative.

The fact that we need to prove the wall-crossing in parallel, makes this proof quite complicated,
so we won’t give the prove here. Moreover, since the aim of this thesis is to show a very different
technique that could be useful in some cases to improve this bound for Zf, this may also justify

that we skip this proof.

Theorem 3.14 (Bogomolov inequality for o-semistable objects). Let X be a smooth projective
surface over C and w, B € NS(X) ® R with w begin ample as usual. For any o, p-semistable
sheaf E we have

AS 4(E) >0 and A, (E) > 0.

The following lemma tells us why Coh®"?(X) is the right heart to work with.

Lemma 3.15. If 0 = (A, Z, ) is a stability condition satisfying the support property and all
skyscraper sheaves are stable of phase one (i.e. C(z) € P(1)) then A = Coh*B(X).

Proof. The first step is showing that if E € A then all H*(E) vanish except for i = —1,0 and
that H~!(E) is always torsion free. In any case, E is an iterated extension of stable objects so
we can suppose that F is stable without problems. Since skyscraper sheaves have phase one,
they only have H? # 0, so they satisfy the claim and we can assume is not one of them. The
idea now is to use the following result: if X is a smooth projective variety, any E € DP(X)
with Ext!(E,C(x)) =0 for all 2 € X, and i ¢ {0,1,2,...,s} for some positive integer s € Z is
isomorphic to a complex F* of locally free sheaves such that F* = 0 if i ¢ {0,—1,-2,..., —s}.
Suppose then E is not a skyscraper sheaf. By Serre duality, for any = € C we have

Hom(E, C(z)[i]) = Ext(E, C(z)) = Ext'(F, C(z)Qwx) = Ext* *(C(x), E) = Hom(C(z), E[2—i]).

Since both E,C(z) € A, HBT1) implies that the previous vector spaces vanish for all 7 # 0, 1, 2.
Furthermore, if i = 2 we have Hom(C(z), E') = 0 because v, p(C(x)) = +00 > v, g(E) because
if v, B(E) = +oo this means that E is supported in dimension zero and stability implies that
has to be supported at a unique point and hence it must be a skyscraper sheaf contradicting
our previous assumption. Thus, the above stated result works for s = 1 and we can assume
that F is a two term complex of locally free sheaves in positions 0 and —1. The cohomology of
the complex G~! — GO is the cohomology of E so we only have the Oth and —1th cohomology
and H }(E) = ker(G~! — G) is torsion free.

Now we have A C (Coh(z), Coh(X)[1]) and by Lemma 3.5, A = (T, F[1]) where T := Coh(X )N
A and F := Coh(X) N A[—1]. Thus we have to see that in fact 7 = 7, p and F = F, g but,
in fact, it is enough to show that 7, g C 7 and F, g C F.

Consider E € Coh(X) slope semistable. By the definition of a torsion pair there is an exact
sequence

0—T—F—F—0.

We've seen that F' = H~!(F) has to be torsion free so, if E is torsion, then F =0 and E = T.
If E is torsion free, and since F[1],T € A, we have pu, p(F) < 0 < p, g(T). This directly
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contradicts the stability of E (because if E is stable the i, p(E) < fuw,g(F')) unless F or T
vanishes. In any case E € T or E € F.

If w - chP(F) > 0 by stability and the previous observation £ € T and if w - ch? (E) < 0 also
by stability and the previous observation E € F. So we’re reduced to the case w - ch? (E) = 0.
In this case F must belong to F so we’re going to suppose that it belongs to 7 and argue by
contradiction. If E' € T then Z, p(£) < 0 (it has no imaginary part) and E is o, p-semistable.
Recall that we always have the following exact sequence for a skyscraper sheaf

0— m, — Ox — C(x) — 0.

Since tensoring is right-exact we have a surjection Ox @ F = F — C(z) @ F = C(x)*(F) - C(x)
for an coherent sheaf F' and = € supp(F’). In particular we have E — C(z) for some x € supp(E)
(recall that E is a coherent sheaf because it belongs to 7). Since C(z) is stable of slope 400
this surjection is in .4 and by abelianity so does the kernel F'. Then F' € Coh(X)N.A =T and
Zy B(F)+Z,B(C(z)) = Z(E) but Z,, p(C(x)) = —1 because it’s supported in one unique point
and has length 1 so Z, p(F) = Z,, p(E) + 1. The we can repeat this process until Z,, g(F') > 0
which is impossible because Z,, p is a stability function. Therefore £ € F and we’re done. [

The last step before moving into the final part is a nice description of the slice of the stability
manifold Stab(X) where we're going to work in. This slice is usually called the (a, 3)-plane.

Definition 3.16. Let H € NS(X) an ample divisor class and By € NS(X)® Q. We define the
(o, B)-plane as the subset of Stab(X) of stability conditions of the form oo n, B,+sH for a, 5 € R
with a > 0.

The structure of the («, 8)-plane is as follows.
Proposition 3.17. Given a fized class v € Kpym(X) we have that:

(1) All numerical walls are either semicircles centered at the (-axis or vertical rays.

(2) Two different numerical walls can’t intersect.

(3) The hyperbola RZ, g(v) = 0 intersects all semicircular walls at their top points (here
there is an abuse of notation where o H, By + BH gets replaced by a, 3).

(4) If ch'g(v) # 0 there is a unique numerical vertical wall defined by

B = puo(v).
(5) If chg(v) # 0 all semicircular walls to either side of the vertical wall are strictly nested.
(6) If ch'g(v) = 0 there are only strictly nested semicircular walls.
(7) If a wall is an actual wall at a single point, then it’s an actual wall everywhere along the
numerical wall. Here by actual wall it means that stable objects change when trespassing
the numerical wall.

Note that the walls described in the previous result divide the («, )-plane in chambers separated
by real codimension 1 submanifolds (the walls) and (semi)stable objects doesn’t change inside
the chambers. Then the last property tells us that if (semi)stable objects change at a point
of a numerical wall, then they change along the whole wall. Thus, we see numerical walls as
“candidates” to actual walls that separate different chambers such that, within this chamber
(semi)stable objects don’t change.
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Proof. Recall that numerical walls we’re defined as

W (v) = {(A, Z) € Stab(X) : i—g(v) = ii(w)}

If we intersect with the («, 3)-plane the equality becomes

-2 chg(v) +a?H? chg(v) 2 chg(w) +a’H? chg(w)

20H chf(v) a 20H Chf(w)
Developing the twisted Chern characters on the left hand side, we have
—2chy(v) + 2(Bo + BH) chy(v) — (Bo + SH)? chg(v) + a2 H? chy(v)
2aH chy(v) — 2aH (B + SH) chy(v) ’

Notice that we can suppose By - H = 0 because otherwise we can replace By with By — BI‘;’QH H
and the result will be the same because this is only a translation in the direction of H. With
this in mind, if NS(X) ® Q has dimension 1 then chy(v) = y,H. If NS(X) ® Q has dimension
strictly higher than 1 we have an orthogonal decomposition NS(X)®Q = (H)® (By)®(H, By)*

so chy(v) = yoH + 2,Bo + H,. We can suppose then that chi(v) is in all cases of this form.

Changing ch;(v) in the last expression we get

—2chy(v) + 22,B2 + 2y,BH? + (o*H? — B2 — 32H?) chy(v)
2a(yy — Bchg(v))H?

Since we get the same expression for w, if we rewrite the equation by moving everything to the

right hand side and collect terms in « and § in the numerator we get
a®H?(cho(v)yw — cho(w)yy) + 52 H?(cho(v)yw — cho(w)y,) —
—28(B2 (2 cho(v) — 2y cho(w)) + cha(v) cho(w) — cha(w) cho(v)) +
+2(Ch2(w)yv - ChQ(U)yw) + Bg(z(zvyw - Zwyv) + (ChO(w)yv - ChO(v)yw)) =0.

)
(

Now we have two cases that depend on chg(v)y,, —cho(w)y,. Notice that cho(v)y, —cho(w)y, =0
if and only if H?chg(v) - H chy(v) = H? cho(w) - H chy (w) if and only if ppo(v) = pmo(w). So,
if upo(v) # pmo(w) we can divide by H?(chg(v)yw — cho(w)y,) and we get

a?+ B2 -28A+ B =0,
where

B2 (2 cho(v) — 2, cho(w)) + cha(v) cho(w) — cha(w) chy(v))

4= H2(cho(1)g — cho(w)ye)

and
B — 2(Ch2(w)yv — chy (U)yw) + B(Q)(Q(Zvyw - Zwyv) + (Cho(w)yv - ChO(U)yw>)
H2(Ch0(v)yw - ChO(w>yv) ‘

Thus the numerical wall in the (a, 8)-plane is:

Wo(v) = {(a,B) €]0,+0[xR : a?+ (8 — A)? = A2 — B}.

The radius of this semicircle is R = v/ A% — B when this happens to be a positive real number
and the center is (0, A).
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On the other hand, if upo(v) = pmo(w) then the equation is

cho(w)y, — cha(v)yw + B(%((Zvyw — ZwY) + (cho(w)yy — cho(v)yw)

b= BE(2y cho(v) — 2, chy(w)) + chy(v) cho(w) — chy(w) chy (v))

If chp(v) # 0 we can isolate y,, = % and we get

chy(w) cho(v)yw — chy(v) cho(w)yy + BF((20 cho(w)yo — zwyo cho(v))  —yo
(B2 (2 cho(v) — 2y cho(w)) + cha(v) cho(w) — cha(w) cho(v))) cho(v)  cho(v

B = 7= fo,0(v).-

Notice that in general if chy(v) # 0

2y, A LB —B2(22, — chg(v))(cho(w)yy — yuw cho(v)) + 2 cha(v)(cho(w)yy — Yuw cho(v))
Cho(U) ChO(U)Hz(ChO(U)yw - ChO(w)yv) '

If pro(v) # pao(w) then we can divide by cho(w)yy — yw cho(v) and we have

2y, A L B- B2(22, — chp(v)) — 2 cha(v)

cho(v) cho(v) H? =C

This shows that dependence of A and B and vice-versa is completely independent of w if
cho(v) # 0. If cho(v) = 0 then the center is

=Bz, cho(w) + cha(v) cho(w) Bz, — chy(v)

A —
—H? cho(w)yy H?y,

that neither depends on w (y, doesn’t vanish unless v is the class of some zero dimensional
supported sheaf in which case there are no numerical walls). Thus in this last case the center
is fixed so increasing w leads to bigger semicircles with same center so they are nested. If

cho(v) # 0 then consider f1(A) = A+ R=A+ \/(A - Chg’zv))Q - Ché/(’%v)z — C. Now we derive

A4 2
this functions we get f,(A) =1+ 320“) Also Ché/gfv)g + C measures the difference between the

center and the radius. In fact

chf(gv)z +C= Cho(zl,)}ﬂ (B (22, cho(v) — chg(v)?) + Y Hyy — 2 chy(v) cho(v))
= cho(i)H? (=B2(cho(v) — 2,)? + y2H2 + 22 B2 — 2 chy(v) cho(v))
- Cho(itl))H2 (_Bg(cho(v) — 2,)? + chy (v)? — H2 — 2 chy(v) cho(v)>
~ g (FBReb) — 2 + A - £2)

By the Hodge index theorem, since By and H,, are orthogonal to H which is ample then B2 <0

and ﬁg < 0. This implies that % + C > 0 (when v is the class of a semistable sheaf) and

then R < ’A + ﬁ?v)‘ always. This meas that |f} (A)| > 0 i.e. the amounts A+ R and A — R
grow and decrease together with the radius an hence they are nested.

We have seen (1), (2), (4), (5) and (6) so far. For (3) we have that the hyperbola RZ, 3 = 0 is

—2chy(v) + 22, B2 + 2y, H? + (o*H* — B2 — B*H?) chy(v) = 0.
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Isolating o and B we get

2H2
ho(v)H? (0? — (B — =22 ) + 2o —2ch 22, B2 — B2 chy(v) = 0.
)i (2 = (5= g )2) 4 B “2eta(o) + 22,5 - B eo(0) =0

Moving all free terms to the right hand side we get

cho(v) H? ( 2_ (8- Yo )2> _ y2H? + —2 cha(v) cho(v) + 22, B3 cho(v) — By Chg(?))z.
cho(v)

Using the same trick as before we have

_ —Bj3(chg(v) — zy)* + A(v) — H?

2 Yo 2 vo_.
o= (5~ cho(v)) - cho(v)2H? -

Therefore we have the following two equations so far

2
2 2 42 _ Yo
B T P T

2 Yo 2
(B — - D
The top point of the semicircles is (RH, By + AH) so if they belong to the hyperbola we’re done

with (3). This is clear since R — (A — chff&v) )2=D=R?—(A- ch?;lzv))z'

For (7) we have to check that, if a wall W,,(v) has some (agH, By+BoH) and an E € Coh®%(X)
with numerical class v for which there exists an F' C E such that vy, g,(F') = Va8, (E) then
for all (aH, By + fH) € Wy (v) we have v, g(F') = v g(E) where w = v(F). This means that
if a numerical wall is an actual wall in a point (i.e. (semi)stable objects really change when

crossing the wall) then is an actual wall in all points (i.e. (semi)stable objects change at all
points of the wall). Then E was v, g-stable in one side of the wall but not on the other side.
By Proposition 2.29, at any point of the wall F loses his stability because at the other side of
the wall is not v, g-stable anymore. This implies that it must exist an /' C E at any point that
causes this destabilization. O

This description has very strong consequences in the number of walls that one can find in the
(a, B)-plane. This consequences could be also deduced from Proposition 2.29, but the following
way will be convenient for our study of the («, 5)-plane. In particular semistable sheaves in the
(cr, B)-plane are controlled by the H-discriminant.

Lemma 3.18. Let Q be a quadratic form over a real vector space V' and a linear map Z : V. — C
such that ker Z is negative semi-definite respect to QQ. For any ray p in C starting at the origin
we define

C’:f =Z Y p)n{veV | Q) >0}
Then we have that

(1) if wi,we € CF, then Qwi,w2) > 0,

(2) Cf is a convex cone,

(8) for any w,wi,wa € CF with w = w1 + wy the inequality Q(w1) + Q(w2) < Q(w) holds
and Q(w1) = Q(w) implies Q(w1) = Q(w2) = Q(wi,w2) =0,

(4) if ker Z is negative definite with respect to Q any vector w € C;{ with Q(w) = 0 generates

an extremal ray of C;.
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Proof. If wy,ws € C[‘f non zero there is some A > 0 such that Z(w; — Awy) = 0. This gives
0 < Qw1 — M) = Qwr) + A2Q(w2) — 2XQ(w1,we). Since Q(w1),Q(w2) > 0, this leads to
0 > —2AQ(w1,w2) that implies Q(w1,w2) > 0 proving (1) and (2). This also implies the first
part of (3) because Q(w) = Q(w1) + 2Q(w1,w2) + Q(w2) > 0 and this also implies the second
part of (3). For the last one assume ker Z is negative definite and take w € Cf with Q(w) =0
and assume is not extremal. This means that there are two linearly independent wy,wy € C’;
such that w = w1 +wsy. By (3) Q(w1) = Q(w2) = Q(w1,wz) = 0 and hence there is some positive
A such that Z(w; — Awg) = 0 but w; — Aws # 0. This is impossible because ker Z is negative
definite that means 0 > Q(w; — Awz) = 0. O

Lemma 3.19. Let v € Ky (X) be a non-zero class such that Zﬁo (v) > 0. For a given rational
number By there are only finitely many (actual) walls intersecting the line B = By.

Proof. Any wall comes from an exact sequence
0 —F —FE—G—0

in Coh#(X) (here there is again an abuse of notation Coh#(X) = Coh™Po+AH (X)), Let
(R,C, D) := (H2chi(E), H - ch? (E), chl (E)), (r,¢,d) := (H2ch(F), H - ch? (F), ch (F)), and
(r',d,d") in the case of G. Since 5 € Q we have that r, ¢ and d are discrete in R and bounding
them will imply finitness. By additivity we have that 0 < ¢ < C. If C' = 0 then ¢ = 0 and, on
the other hand, C' = H -chy(E)+H - (Bo+38H) cho(E) = H -chy (E)+ BH? chy(E) which implies
B = pp,o(E) is the unique vertical line and we have nothing to prove. Suppose C # 0 and define
A := C? — 2RD (this is the H-discriminant of E). By Bogomolov’s inequality (Theorem 3.14)
c? — 2rd > 0 because we can assume without lost of generality that I is 04, p-semistable. On
a wall we have that I, F' and G have the same v, g-slope so the must lie in the same ray. By
Lemma 3.18.(3), since F + G = E, A > ¢ —2rd > 0. By this we get % > rd > ‘32%. Since
c is an integer we have finitely many possibles values for rd unless one of them vanishes. If
R =1 =0 then v, g(F) = vop(F) if and only if Dec — Cd = 0. Dc is nothing else than

chy(E)H - chy(F) — cha(E)BH? cho(F) — BH? chy(E) chy (F) + 8%H - chy (E) chy(F)
+(B2 + B2H?) cho(E)H - chy(F) — B(BE + 82H?) cho(E) chy(F).
Symmetric terms and terms with chgy disappear in Dc — Cd so
Dc— Cd = cha(E)H - chy(F) — cho(F)H - chi(E) =0
which doesn’t depend on « and 3 so there is no wall.

If r=0,R+# 0 and D # d we have that R = r and d’ # 0. Using the same argument as before
we have that % >r'd > CIQT_A so there are finitely many possibilities for ' and d’ and hence
for r and d too. If r = 0 and D = d we’re done because c is already bounded by C. If D =d =0
we have that v, g(E) = vos(F) if and only if Re— Cr = 0 that neither depends on (o, §) so this
doesn’t define a wall. If d =0 and D # 0 and R — r # we're in the same case as the inequality
above for G and if d = 0 and R = r we have finitely many possibilities. (]

The main consequence of this lemma is the following:

Corollary 3.20. Let v € Kuum(X) a non-zero class with positive H-discriminant. Then the

semicircular walls in the («, B)-plane are bounded from above. Moreover the walls with respect
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to v are locally finite (i.e. any compact subset of the upper half-plane intersects a finite number
of walls).

3.1. Improvements of the Bogomolov inequality. We have stated two Bogomolov inequal-
ities so far. The first one, Theorem 3.10 is used basically to prove that the group homomorphism
Z., B is a stability function on the tilted heart Coh**(X) (also the characterization Lemma 3.13

which is the basis for the second Bogomolov inequality).

The second one, Theorem 3.14, which we haven’t prove it, gives directly the support property.
Note that the support property is what allows us to define the wall and chamber structure
and the finiteness of wall intersecting a given line 5 = [y in the («, 8)-plane. Moreover, by
Lemma 3.13, an object which is 04, p-semistable for a > 0, has the discriminant of u,, p-
semistable sheaf. And viceversa, a p,, p-semistable sheaf is 0., p-semistable for o big enough
Hence, the second Bogomolov inequality implies the first one. Moreover, we can see the Bogo-
molov inequality as a bound of the quotient % in terms of the quotient % Thus,
if we are able to improve this bound (for some particular surface X), we will be able to describe

a larger region of Stab(X), than just the («a, 8)-plane.

Trying to solve this question is our final goal. Starting from the seminal results by Bridgeland,
it is known that one can improve the Bogomolov inequality in the case of K3 surfaces (basically
Riemann-Roch makes the work), and it has been seen in [Liu22] and [Lil9] that the answer is
true in some surfaces constructed as complete intersections. The bounds given in the articles
by C. Li and S. Liu are very accurate because they need them to extract consequences for the
existence of stability condition on specific types of Calabi-Yau threefolds. Our aim is to get
a more general improvement of the Bogomolov inequality, even if it’s clearly not be the best
possible.

Before anything, we rephrase a little bit our problem so we have a nice starting point. This
rephrasing basically consists in considering another parametrization of the (o, 5)-plane as it is
done in the articles [Li19, Liul8]. In fact, we try to follow the same techniques they’ve used as

far as we can.

We need a change of coordinates in the («, 5)-plane, which doesn’t change the condition of
being v, g-(semi)stable. We consider (a, 8) — (3(a? + 2), B).

Now, the upper half-plane (that is («, ) such that o > 0) become the upper region of the
parabola o = % 2. In the representations of the (o, 3)-plane, as done before, the convention is
to swap the coordinates so the parabola stands vertically.

First we consider a new slope function based on the stability function we have in Coh?(X).
Definition 3.21. For any E € Coh®”(X) we define the tilt slope function

~ chy(E) — aH?chy(E)
B H-ch(E)

fa,p,1(E)

setting pio 3 = +00 when H - chf (E) = 0 (here there is also an abuse of notation when omitting
the ample divisor H € NS(X)). As any other slope function E is ju, g-(semi)stable if for any
F C E we have po3(F) < (<)pa,s(E/F).
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o Ho + 57

FIGURE 4. (o, 8)-plane compared to (3(a? + 32), 8)-plane

We have relation between this tilt slope stability function and our previous v, g after changing

coordinates because

_ 2¢hy(E) — a?H?cho(E) — B2H? chy(E)

_ 2cha(E)—28H chy (E)+B2H? cho(E)—a? H? cho(E)—28%2H? chg(E)+28H-ch; (E)
- 2H-ch? (E)
2ch?(F) — a?cho(E) — 28H - ch? (E
_ 2cy(E) (2) UE) _ oy B)— 5
2H - ch} (E)

We also rewrite the H-discriminant as
H-chi(E)\? chy(E)
AgE) = ——7"7"| —2—+—""—
1(E) <H2 cho(E)> H2chy(E)
and define the point
H - Chl(E) ChQ(E) 2
E) = R
pi(E) (H2 cho(E)’ H2eho(E) ) ©

Notice that there is a relation between our change of variables, the rewriting of the H-discriminant

and these points: the parabola given by Ay = 0 is the same as o/ = %62 but now the pg(F) of a

cha(E) 1 (H~ch1(E) )2

sheaf F that have positive H-discriminant is below the parabola i.e. T eho(B) = 2 \ B2 ahg(B)

We can do this comparison because of the following lemma:

Lemma 3.22. If E is pq g,-(semi)stable for some ag > 163 then E is po g-(semi)stable for
any point (o, B) from the line that joins pu(E) and (of, By) with o/ > 3B2. This is E is
Lo g-(semi)stable for any (!, B) such that

1 o I
det 1 046 ,B() =0
H2cho(E) chy(E) H -chy(E)

Proof. It’s clear that the semicircular walls we had in the («, 8)-plane have now become lines
because a? + (8 — A)? = R? = 2/ — 28A = —B and vice-versa. Therefore the line that joins
pu(E) with (g, Bo) is a part of a semicircle in the («, 3)-plane. Note that the unique vertical
wall passes through the second coordinate of py(E) that doesn’t lie above the parabola, so
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FIGURE 5. Division of R? given by the (o, 8)-plane and the H-discriminant
with the double coordinate system

there are two possibilities for the segment of the line between pg(E) and (af, So) in the upper
part of the parabola:

either it is a numerical wall or it’s inside a chamber. In a wall E can’t be I, 3,-stable but can
be u%ﬁé—semistable by the definition of a wall. Thus along the wall we can’t have stability on
any point but we can have semistability in which case holds in the whole wall. If not we know
that between walls stability doesn’t change an then we’re done. O

Figures 5 and 6 represent our current situation. Figure 5 shows how the plane has been divided
in two regions separated by the parabola given by the H-discriminant. Figure 6 show how our
walls look in this new setting and their relation between the walls of the class of E and the
point py(E).

But this parabola is not exactly a parabola always: in some particular cases there are places
where Bogomolov’s inequality can be improved so the upper part of the parabola can be “slightly
enlarged”. We will explain a technique to improve Bogomolov’s inequality that was introduced
in [Fey22, Lil9]. The main idea is to use the so called Clifford’s inequalities for certain types
of curves. If we find a Clifford inequality for a certain curve in our surface such that we now
how our sheaf changes when we restrict it to the curve, we can bound its Euler Characteristic
which leads into an improvement of the Bogomolov’s inequality.

The Clifford type inequalities aim to bound the dimension of the 0-th cohomology of the sheaf
on a curve. One useful technique to obtain them is via the cone of the canonical map from
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FIGURE 6. Walls for the class of v(E) in the (o, §)-plane

Ox twisted by a lineal subspace of Hom(Ox, F) to E, where E is our sheaf. This produces a
new coherent sheaf with the same first and second Chern character of £ and with 0-th Chern
character cho(E) — hom(Ox, E). This allows one to bound hom(Ox, E) via the Hizerbuch-
Riemann-Roch theorem applied to the cone and E. Clifford’s type inequalities are named after

the generalized Clifford’s index theorem:

Theorem 3.23. Let C be a projective smooth curve of genus g > 2 and E a semistable vector

bundle over C' with u(E) € (0,29 — 2]. Then
h'(E)
Cho(E)

< -u(E)+1

Then a Clifford type inequality is an inequality of the form

ho(F)
Chg (F)

< fu)p+g(p)

for any semistable locally free sheaf F' over a projective smooth curve C of genus g > 2 in our
surface X linearly equivalent to mH where m is a positive integer. The functions f and g are
real functions. This inequalities also hold for p € I C [0,2g — 2] and improve the bound given
by the generalized Clifford’s index theorem.

We restrict to the case C' € [mH| because we want to use Feyzbakhsh’s restriction lemma:
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Lemma 3.24 (Feyzbakhsh). Let (X, H) be a polarized surface and let E be a coherent sheaf
in Coh™9(X). Suppose there are o > 0 and m € Zsq such that E(—mH)[1] is in Coh(X),
both E and E(—mH)[1] are vqo-tilt stable with voo(E) = vao(E(—mH)[1]). Then for any
smooth irreducible curve C' € |mH| we have that F|c is pp-slope semistable on C. Moreover

cho(F|¢c) = cho(F), chi(F|¢) = mH chy(F).

Proof. A proof can be found in Feyzbakhsh’s original paper [Fey22, Corollary 4.3] O

H chy (E)
HZ cho(E)
stable or fi,/ 1-stable for some o > 0 or o > 1. Take C' € |mH| a smooth irreducible projective

Then the argument go as follows: we begin with £ € D°(X) with €10, 1] which is pq0-
curve. If we prove that E satisfies the conditions in Feyzbakhsh restriction Lemma 3.24, we
would have that F|c has cho(E|c) = cho(F) and chy(E|¢) = mH chy(F) we have that p :=
po(Ele) = mH?ppo(E) = mH?'.

Furthermore we can suppose that % €10, 3]. If not we can work with FV(H) because

chy(FY(H)) = —chy(F) + H chy(F). Hizerbuch-Riemann-Roch we have

cho(E) — H chi(F) + x(Ox) cho(E) = x(Ox, E) < hom(Ox, E) + hom(Ox, E[2]) =
hom(QOy, E) +hom(Ox, EY(2H)) < hom(Oc¢, E|¢) + hom(O¢, EY (2H)|c) <

< %(fE(M)  FeRH? — )+ gi(p) — gp(2H? — 1) + 2H2 f(2H? — p)

as long as u, 2H? — p1 € [0,2g — 2].

Notice that this may not work in all cases because if 2H? is too big could have 2H? — yu ¢
[0,2g — 2]. It could also happen that 2H? is too small so we can only bound for x € [0,2H?] U
[2g —2—2H? 29 — 2.

Dividing everything by H? cho(E) we get

ChQ(E)

B p—mx(Ox)
H2 ChQ(E)

(3.1) o

< (fe(W)—fe2H?—p)ntgp () —gp(2H? — 1) +2 fr(2H —p)+
Now the argument goes by contradiction in order to prove that F satisfies the hypothesis on
Feyzbakhsh’s restriction lemma. Take E € DP(X) with y/ €]0,1[ which is g 0-stable or pq 1-
stable for some a@ > 0 or o > % violating the above inequality. Thus, since we are trying
to improve the bound of Theorem 3.14, we want to stay as close as possible to the parabola
A =0 so we take E to have the lowest H-discriminant possible among those that violate the

inequality.

Since we’re dealing with stability (not semistability) we need the Jordan-Hélder filtration which
is the same as the Harder-Narasimhan but for semistable sheaves. In this filtration the quo-
tients are required to be stable and there is no uniqueness in general in counterpart to Harder-
Narasimhan. Constructing a Jordan-Holder filtration is very easy: if you semistable sheaf
already stable we're done. If not there must be some sub-sheaf with the same slope. Taking
the smallest one with this property gives the first factor of the filtration. Then one can repeat
with the quotient of the sheaf and this sub-sheaf (that has the same slope). This stable sheaf
is the quotient of the second factor by the first one.
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If E becomes pq o-strictly semistable (i.e semistable but not stable) for some o > 0 (or piq/1-

strictly semistable for some o/ > %) we can take the Jordan-Holder filtration because it’s

semistable. Now, we need the set

{0 o) <

to be convex. If not we can sacrifice a little of improvement in order to have the convexity. If

ho(E
< " HZ;}E{)(%)) satisfies the inequality 3.1}

1/ €]0, 3], thanks to convexity, the line passing through («,0) and pg (E) (or (¢/,1) and pg(E))
has the segment ]0, /'] inside the convex set. This implies that there is some Jordan-Holder
factor E; also violating the inequality. By [BMS16, Corollary 3.10] Ag(E;) < Ag(FE) (recall
that Ay (E) > 0 since we’re outside the possible improved Bogomolov inequality) contradicting

the minimality assumption.

If E becomes pq o-strictly semistable at the vertical wall Sy = p/ and some o > %Bg we may
assume that F € Coh# (X)) (because stability grants that E belongs to some shift of the tilted
heart so we can assume that the shift is the tilted heart itself). If there is no Jordan-Holder
factor with torsion then there is some (i, g,-stable factor E; such that py(E;) = py(E;) which
implies Ay (F;) = Ag(E). Moreover the openness of stability conditions implies that F; has
to be pq 0-stable and jiy o-stable for large values of o and . If E has a torsion Jordan-Holder
factor Fj;, it must have positive second Chern character. Since 0 < cho(E;) < cho(E;) since
we assumed that F € Coh’(X) there is some factor E; with the same slope than E and
Ap(FE) < A(Ej). Again, the openness of stability condition implies that for large a and o/ we
have that F; is both p o-stable and fi, j-stable. At the end the conclusion is that there is no
problem assuming that E was both v, o-stable and f1,/ 1-stable for all @ > 0 and o/ > %

Now we take the line that joins py(E) with py(E(—mH)[1]). If puy(E) = (a,b), then we have
pa(E(—mH)[1]) = (a—mb+m,b—m). This line cuts the parabola in two intersecting the lines
B8 =0 and g = —1 at some point. As an extra condition, we must assure that the intersection
points (g, 0) and (aq, —1) fall inside the convex set. This implies that E(—mH)[1] is also both
Ha,0-Stable and pi, 1-stable. This allows us to apply Feyzbakhsh’s restriction lemma and, since
the inequalities were obtained from it, the contradiction will follow naturally. O

CONCLUSIONS

We have seen that Bridgeland stability conditions exist for surfaces but this is just the top of the
iceberg. We still have a lot of open questions: how does Stab(X) look on an arbitrary surface?
Do stability conditions exist for any variety of arbitrary dimension? When can we improve the
Bogomolov inequality? This are very hard questions and they are not expected to be answered
soon. The importance of stability in the construction of moduli spaces has impact in a lot of
different fields. For example moduli spaces of Bridgeland stable objects are the only complete
families known of polarized hyperkhéler manifolds in any even dimension. Thus there is a lot

of work to be done in the next years which may have several consequences in other areas.

The last technique we saw aimed to tackle [BMS16, Conjecture 4.1], in the case of some specific
Calabi-Yau threefolds, rewritten in [Liu22, Conjecture 2.7] after the change of variables as
follows:
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Conjecture 3.25. Let X be a smooth projective threefold and H € NY(X) an ample class. If
E € DP(X) is Vo, 8,1 -tilt semistable for some o > %62 then

Qap(E) :=(20c — B)(H? - ¢hy(E) — H® chy(E)H - chy(E)) + 4(H - ch5? (E))?
—6H? - b/ (E) S (E) > 0.

This would imply the existence of stability conditions together with the support property for
any smooth projective manifold X as it is shown in [BMS16]. Unfortunately a counterexample
was given in [Sch17], which lead to a corrected conjecture [BM22, Conjecture 4.7].

After seeing that an improvement on Bogomolov-Geiseker’s type inequality could lead to the
existence of stability condition on threefolds some work was done and it’s conjectured in [FLZ22]
that this improvement may be possible for all regular surfaces. Since Li’s work [Li19] was done
for a complete intersection of a quintic hypersurface and a quadratic hypersurface inside P*
we’re studying if this may be also possible for complete intersections of quadratic and quartic
hypersurfaces and quadratic and sextic hypersurfaces inside P4. Since both are regular we
expect a positive answer, but we don’t have enough evidence yet. This is the reason why we
didn’t include this research part in this memoir.
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