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This master thesis centers on the construction, development and charac-
terization of an experimental setup to demonstrate quantum nonlocality us-
ing polarization-entangled photons through a Bell Test. The generation of
polarization-entangled photon pairs is accomplished through Type-I Sponta-
neous Parametric Down-Conversion (SPDC), using a pair of Beta Barium Bo-
rate (BBO) crystals.

The thesis explores the theoretical foundations of SPDC and describes the
assembly and alignment process of the system to obtain entangled photon pairs.

A significant violation of Bell’s inequalities is observed with a confidence
level around 4-¢0. This violation is demonstrated using two different entangled
states, providing empirical evidence for the existence of non-local correlations
beyond classical theories, supporting the principles of quantum mechanics.
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This work is organized as follows: In Sec. 1, we present a brief historical introduction
of the key concepts in this work, as well as the current state of this field of knowledge.
In Sec. 2, we present our motivations for conducting this experiment. In Sec. 3, we set
the objectives of the project. In Sec. 4, we discuss the generation of entangled photons
through the SPDC process. In Sec. 5, we study the theory behind the CHSH inequality.
In Sec. 6, we describe our experimental setup. In Sec. 7, we outline the steps we have
taken to obtain entangled photon pairs at the output of the BBO crystals. In Sec. 8, we
characterize the entanglement of our photons and perform the Bell Test. Finally, in Sec.
9, we present the conclusions of our work and some suggestions for improving it.

1 Introduction

The concept of quantum entanglement was used in 1935 by Einstein, Podolsky, and Rosen
as an argument to attack quantum mechanics by claiming that it was an incomplete descrip-
tion of reality [EPR35]. According to Albert Einstein’s theory of relativity, any communi-
cation or influence between two objects separated by any distance cannot be transmitted
at a speed higher than the one of light. Therefore, the idea that two entangled particles
could instantaneously influence each other seemed to disprove this theory.

In 1964, John S. Bell proposed his famous inequalities providing a way to solve the
conundrum about the interpretation of quantum mechanics [Bel64|. The Bell inequalities
were developed a priori as a way to test the validity of local realism, a view of the physical
world that suggests that particles have pre-existing, defined properties that determine their
behavior. It was a significant breakthrough in the field of quantum mechanics, as Bell’s
work demonstrated that local realism is incompatible with the predictions of quantum
mechanics, which means that there is a fundamental difference between the classical and
the quantum domain, and it can be experimentally proven.

The first experiment to test Bell’s inequalities was performed by physicist John Clauser
and his colleagues in 1972 and is commonly known as the Clauser-Horne-Shimony-Holt
(CHSH) experiment [CHSH69, FC72]. This experiment demonstrated that the predictions
of quantum mechanics were correct and that local realism, a fundamental assumption
in classical physics, was incorrect in the quantum world. Since then, numerous additional
experiments have confirmed Bell’s inequalities and established the fundamentally non-local
nature of quantum mechanics.

Nowadays, the topic of quantum entanglement holds great significance, evident by the
awarding of the 2022 Nobel Prize in Physics to researchers Alain Aspect [ADR82; AGR&2],
John Clauser [FC72|, and Anton Zeilinger [WJST98, BPM97]. Their groundbreaking
experiments with entangled photons and pioneering contributions to the field of quantum
information science have garnered them this prestigious recognition.

2 Motivation

Currently, the construction of an experimental setup to measure the violation of Bell
inequalities in pairs of entangled photons is of utmost importance. With the growing
interest and demand for the use of entangled photons in numerous applications such as
quantum teleportation [BBC 93], super dense coding [BW92] or quantum key distribution
(QKD) [BB14| among others, there is an urgent need to verify if two photons are quantum
entangled. This is where the Bell Test comes into play.

Our experimental setup offers a robust and simple solution for performing these funda-
mental measurements. It has been designed with simplicity and precision in mind, making




it accessible for students in lower-level physics courses to assemble and use in their under-
graduate laboratories.

The possibility of introducing this experimental setup as a laboratory practice not only
stimulates hands-on learning but also provides students with the opportunity to directly
experiment with complex theoretical concepts. By allowing them to perform measurements
and obtain tangible results, a greater understanding of quantum phenomena is promoted,
strengthening their foundation in quantum physics.

3  Objectives

We seek to assemble an experimental setup for measuring the Bell inequalities in pairs of
entangled photons generated using BBO crystals. For this purpose, we take as reference the
experiment conducted by Dietrich Dehlinger and Morgan W. Mitchell [DM02a, DM02b].
Additionally, we try to make it more robust and accessible so that it can be used as a
laboratory practice for undergraduate students in physics courses.

Our objectives are:

e Find the points in space where the detectors detect the highest number of coinci-
dent counts. Once the detectors are fixed at these positions, determine the optimal
position of the BBO crystals for generating photon pairs in maximally entangled
states.

e Discern whether the photon pairs produced by our BBO crystal are entangled or not
and characterize the degree of entanglement by performing the Bell Test.

e Understand the generation of entangled photons within our BBO crystals, as well as
the influence of the rotation angle of our BBO crystal on the wave function of the
photon pairs.

4  Generation of entangled photons

In quantum physics, an entangled state is a state whose associated wave function cannot
be factorized in terms of the states of the individual subsystems independently. Thus, in an
entangled state, the properties of the individual subsystems cannot be completely separated
and are inherently linked to each other and according to the Copenhagen interpretation,
any measurement performed on one of the subsystems will instantaneously affect the other,
regardless of the distance that separates them.

We can think of an entangled state in polarization between two photons as the state
%(|VV> +|H H)) where neither of the two particles has a predefined polarization, but the
act of measuring the polarization of one of them allows us to instantaneously and precisely
determine the polarization of the other, even if they are separated by great distances.

The production of polarized-entangled photons is carried out using a pair of BBO crys-
tals. To do this, we take advantage of the phenomenon known as spontaneous parametric
downconversion (SPDC), through which an incident photon (pump photon) is converted
into two photons (idler and signal photons) inside a BBO crystal [Coul§].

During the SPDC process, a high-intensity pump with angular frequency w,, is incident
on a second-order nonlinear optical crystal, which spontaneously splits into pairs of lower
energy (longer wavelength) photons (signal, ws, and idler, w;).
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Figure 1: Entangled photon production scheme using Type-I SPDC with two BBO crystals. The red
lines in each crystal indicate the direction of the optical axis inside them.

Energy and momentum conservation throughout the process imply,

Wp = Ws + wy, (1)
kp = Ky + ki, (2)

that is, the energy (momentum) of the incident photon must be equal to the sum of the
energies (momenta) of the two photons that have been produced in the process.
From kp = k + k: we can draw two conclusions. The first one is that the three vectors k:p,
k: and k: lie in a plane, and the second one is that the photons generated by SPDC with
degenerate energy (ws = w;) exit the BBO crystal both at the same angle with respect to
the propagation direction of the incident pump beam, as

2r w

k=T=2 (3)

Then, for the generation of entangled photons, we use the same method as [DMO02a,
DMO02b], that is two BBO crystals in contact face to face and one of them rotated 90°"
with respect to the other, see Fig. 1.

When a photon goes through a crystal, with a low probability (one in a million) SPDC
occurs, and the incident photon with extraordinary polarization gives rise to two photons,
both with ordinary polarization [KWW™99].

Thus, in Fig. 1, incident photons with horizontal (vertical) polarization give rise to
pairs of photons with vertical (horizontal) polarization in the first (second) crystal. As
there is no preferred direction of propagation for the pairs of photons produced by SPDC,
we have that at the output of the pair of BBO crystals, we have two cones of light, one
with vertically polarized photons and the other with horizontally polarized photons. If we
cut these cones of light with a plane perpendicular to the axis of symmetry of the cones,
we find the pairs of photons generated in the crystals diametrically opposed on the ring of
light that is formed in that plane.

!The rotation is performed along the axis that has the same direction as the incident pump photons




By shinning the BBO crystals with diagonally polarized pump photons, that is, photons
that are in an equal superposition of states |V) and |H) (|¥) = 1/v2(|V)+ |H))). If a
photon downconverts in the scheme of Fig. 1 and those photons generated propagate in
the region where both light cones overlap, then we have two photons that are either both
vertically polarized or both horizontally polarized but neither has a known polarization
until it is measured. If we measure one of them we know perfectly the state of the other.
That’s precisely what it means to be entangled.

So we find the entangled photons in the region of space where the vertically polarized
and the horizontally polarized cones of light overlap. This is because in this region, we do
not know beforehand in which of the two crystals the pair of photons has been generated.
That is, the photons produced in the first crystal and the photons produced in the second
crystal are indistinguishable at this point in space. Therefore, our state is a superposition
of both cases.

4.1 Analytical expression of the SPDC wave function

Once we have introduced how SPDC occurs inside a crystal, we will obtain the analytical
expression of the wave function in terms of the angle € of rotation of the BBO crystals.
For convenience, we use the rotated polarization basis {|V4) ,|Hqa)}. By convention, we
take the counterclockwise direction as the positive direction for angles when we observe the
light propagating toward us. Therefore, in Fig. 2 (a), we are seeing the light propagating
towards us. The relationship between the basis {|V4), |Ha)} and the basis {|V),|H)} is:

{ Vo) = cos(a) |V — sin(a) |H) @
|Hy) = sin(a) |V) + cos(a) |H)

Now, let’s assume that in our scenario, we shine the BBO crystals with a horizontally
polarized 405 nm beam. Furthermore, we also assume that for & = 0°, the planes of the
optical axis are arranged in the directions given by the vectors |Hyso) (Plane SPDCpgpo, )
and |Vyse) (Plane SPDCppo, ), as shown in Fig. 2 (b).
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Figure 2: (a) Representation of {|V,),|H,)} and {|V),|H)} basis. (b) Visual representation of the
planes. Planes SPDCppo, and SPDCppo, are formed by the optical axis (red lines inside each BBO
crystal) of the first and second BBO-crystal respectively and the direction of the 405 nm beam (dashed
black line). Polarization Plane is formed by the polarization of the 405 nm beam and its propagation
direction. In this representation, the planes SPDCgpo, and SPDCgpo, are perpendicular to each other,
and each of them forms a 45° angle with the polarization plane.
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Figure 3: SPDC production scheme as a function of the angle 6 of our BBO crystals. The BBO crystals
are shown separated in the image for better visibility of how the optical axis are arranged inside them,
but in the laboratory, they are in direct contact face to face.
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Since we know that for SPDC to occur, the polarization of our photon must lie in the plane
formed by the crystal’s optical axis and the photon’s propagation direction, for convenience,
we rewrite the wave function of the pump photons in the basis {|Viso49), |Haso19)}. In
other words,

[Wpunp) = 08 (45° + 0) | Hiso g — sin (45° + 0) [Viso10) (5)

Thus, the probability of SPDC occurring in the first (second) crystal is proportional
to the squared modulus of the projection of the state |[Wpymp) onto the vector |Hysoyq)
(|Vasote)), which defines the direction of the plane SPDCgpo, (SPDCgpo,), see Fig. 3.
Then,

P50 o | (Upymp|Hazo1) | = cos?(45° + 0),

Plgggzc X | <\I’Pump|v45°+6’> |2 = Sin2(45° + 9)

We can observe that in the first crystal, when SPDC occurs, we have a transition from
a photon |Hyso 1) to two photons |Viseig) |Vise4g). On the other hand, in the second
crystal, when SPDC takes place, we have a transition from a photon |Vjse1¢) to two
photons |Hyso19) |[Hyse19). In other words, when SPDC occurs inside a BBO crystal, a
pump photon with polarization contained in the plane formed by its propagation direction
and the crystal’s optical axis transforms into two photons, being the polarization of these
photons orthogonal to that of the pump photon that suffered SPDC.

Now we consider the relative phase that appears between the components |Vygo 1g) |Viso1g)
and |Hyso1g) |Has0+9), as the photon pairs pass through different optical paths inside the
BBO crystals [AJKO05]. In the first crystal, photons with the polarization direction |Vjs049)
propagate according to the crystal’s ordinary refractive index, while photons with the po-
larization direction |Hyso1g) propagate according to the effective refractive index nf(a).
For the second crystal, since it is rotated by 90° relative to the first crystal, the situation is
completely opposite. Photons with the polarization direction |Hys01¢) propagate accord-
ing to the crystal’s ordinary refractive index, while photons with the polarization direction
|Viso19) propagate according to the effective refractive index n®f(a).

1
2 2
cos2 o sin? o
n2 + n2

e o
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Figure 4: Optical path scheme followed by photons that suffer SPDC when passing through the BBO
crystals. The BBO crystals in this illustration are cut by the detection plane, see Fig. 8. The propagation
directions of both the pump photons and the signal and idler photons are also contained in this detection
plane.

Where « is the angle between the optical axis of the crystal and the propagation direction
of the photons with extraordinary polarization. We know that downconverted photons are
ordinarily polarized in the crystals where they are generated and extraordinarily polarized
in the other crystal. Thus, assuming that the “signal” and “idler” photons are generated
in the center of their respective crystals and travel in completely symmetrical directions
with respect to the pump beam, we construct the schematic representation of the optical
path of photons with propagation directions contained in the detection plane (see Fig. 8)
inside the BBO crystals, see Fig. 19.

Notice that when the pair of photons generated in the first crystal pass through the
second crystal, both the “signal” and “idler” photons have the polarization contained in
the plane of the optical axis and then they propagate with an effective refractive index
of n®®(as(0)) and n(;(0)) respectively. Where we denote ay(0) (a;(f)) as the angle
formed by the propagation direction of the signal (idler) photons with the optical axis in
the second crystal.

Idler|Beam Signal Beam

Optical| Axis

A
Detection Plane

“+ Plane of the Optical Axis

Figure 5: Diagram illustrating the arrangement of planes and the propagation directions of the photons
produced by SPDC in the first crystal inside the second BBO crystal. ap j;. is the phase-matching
angle of our BBO crystals




Fig. 5 shows the direction of the optical axis as a function of # and the propagation
directions of the downconverted photons inside a BBO crystal. We also observe that the
angles a,(#) and a;(6) vary depending on the angle 6 of the BBO crystals.

Thus we have a dependence of the optical path followed by the photons with the
rotation angle 0 as the effective refractive index of the signal and idler photons varies with
as(0) and a;(6). We model our relative phase as a function of the angle 6 as the sum of
a constant term (¢) and a term dependent on the rotation angle of the crystals (¢(0)).
Therefore, the relative phase between components after going through both BBO crystals
is

P(0) = ¢+ ¥(6). (7)

We can finally construct the wave function in terms of the rotation angle 6 of the crystals
when SPDC occurs in them, simply by substituting in Eq. (5) the terms |[Vjso19) —
|Hys019) |Hasov0) and |Hyso19) — |Viagorg) |Vase1g), and adding the relative phase ¢(6)
between the two components. See Annex V for the complete calculation of the relative
phase between components, even for the case in which the BBO crystals are slightly tilted.

U (6)) = cos(45° + 0) [Vise o) [Vaso o) — € sin(45° + ) [Hugo o) | Haso o) - (8)




5 Bell Test: CHSH inequality
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Figure 6: Scenario for the CHSH Bell Test.
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The Bell Test is an experiment in which measurements are performed on two particles, and
the statistics of the correlations of the outcomes are calculated to determine whether they
are compatible with a hidden variables description or a quantum mechanical description.
A schematic representation of the CHSH Bell scenario is shown in Fig. 6.

To build the scenario for the CHSH Bell Test described in Fig. 6 we need two polarizers,
one in front of the signal photon detector and the other in front of the idler photon detector.
For the polarizer in front of the signal photon detector, we assign two different positions
@ (|Vpe)) and o (|V_450)) while for the polarizer in front of the idler photon detector, we
assign another two different positions b (|V_g250)) and & (|Vag.50)). Where we have used
the {|V4), |Hq)} basis, see Eq. (4).

When a polarizer is held at a specific angle ~, we assign the value +1 to the detected
photon that passes through the polarizer (referred to as V), and we assign the value —1 to
the detected photon that passes through a polarizer rotated 90° from its original position
(referred to as H,).

When the signal and idler polarizers are fixed in specific directions @ and b respectively,
we encounter four possible combinations: V;V;, VaHp, HgVy, and HzHp. The first and
fourth combinations result in an outcome of +1, while the second and third combinations

-,

yield a result of —1. For a certain arrangement of the two polarizers, we define E(a,b) as,

E((_iv [;) = PVV(aa g) - PHV(67 g) - PVH(C_]:7 g) +PHH(C_]:7 g) (9)

To obtain E(d,b) we have to perform 4 different measurements. We know that the pairs
of photons produced in the BBO crystal are generated at the same instant of time, and
therefore, if we place both detectors at the same distance from the BBO crystal, they detect
counts at the same instant of time (coincidence counts). We use coincidence detection as
a way to discern the downconverted photons from the background of additional photons
that reach the detectors.

The way we can measure using coincidence detection the number of pairs of photons
that in an entangled state, the signal photon passes through the signal polarizer and the
idler photon gets stopped in the idler polarizer for certain directions of the polarizers @
and b (Ny (@, b)) is to rotate the idler polarizer by 90° from respect to the @ direction. A
similar procedure but rotating the signal polarizer by 90° with respect to the b direction

10
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for the case where we want to measure Ngy(d,b). To measure the number of pairs of
photons such that both of them get blocked by their respective polarizers (Ng (@, b)), we
have to rotate both polarizers by 90° with respect to the @ and b directions, respectively.
Note that by using this trick of rotating one (or both) polarizers 90°, we obtain the
same statistics as if we were able to detect which photons are stopped by the polarizer(s).
Therefore, for a certain arrangement of the two polarizers and repeating the experiment

over the same period of time for the four cases we obtain that,

-,

e For the polarizers in the @ and b directions, we obtain Nyvy(a,b).
e For the polarizers in the @ + 90° and b directions, we obtain Ngy (d,b).
e For the polarizers in the @ and b+ 90° directions, we obtain Ny g (d,b).

e For the polarizers in the @ + 90° and b+ 90° directions, we obtain Nz (a, b).

Since Nyv, Ny, Ngv, and Ngg refer to the number of coincidence counts detected for
a specific time interval with the polarizers set at specific positions, we use the following
equalities to calculate the associated probabilities,

L~ Nyy(a,b) .~ Nyy(a,b)

Pyy(d,b) = ————, Pyy(d,b) = ————,
Nag Nag

Lo Npy(a,b) L~ Nuu(a,b)

Pyy(d,b) = ————, Pyp(d,b) = ———,
Na,E Na,z?

where N 7 = Nyv (@, b) + Ny (@,b) + Ngv(@,b) + Ny (@,b). Thus, by adding these four

probabilities we obtain the value of F(d,b) as we can see in the Eq. (9). Finally, we define
the expectation value of S as:

(S) = E(@,b) + E(d,b) + E(@,V) — E(d, V). (10)

Its importance arises from the fact that [(S)] < 2 for any HVT model and arbitrary @, o/,
5, 1% (see Annex I). Quantum mechanics statistics can violate this inequality for certain
settings (see Annex II).

Obtaining a value of |(S)| greater than 2 in the Bell Test supports the validity of quan-
tum mechanics and discredits classical theories that attempt to explain quantum phenom-
ena through local hidden variables. This supports the idea that nature is fundamentally
probabilistic and non-local at the quantum level.

Obtaining a value of |(S)| less than 2 does not necessarily mean that the system is
not entangled. A value of [(S)| less than 2 still allows for the possibility of quantum
entanglement as it is compatible with both entangled systems that follow the laws of
quantum mechanics and systems that follow the laws of hidden variable theories.

11



6 Description of our setup

Photon Production Photon Detection
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Figure 7: Schematic representation of the setup with all the elements. LD: laser diode. FL: focusing
lens. BF: blue filter. LP: linear polarizer. MI: mirror. CR: BBO crystals. IF: infrared filter. FC: fiber
coupler lens. BS: beam stop. OF: optical fiber. 4CD: 4-channel detector. CC: coincidence circuit.

Our setup builds on the one used by Alejandro Jaramillo during the development of his
Master’s Thesis last year [Jar23]. Two of the main changes that have been introduced
regarding the previous setup are:

— The use of two mirrors placed in 3D precision mounts to accurately direct the
405 nm beam through the center of the assembly and parallel to the optical
table.

— The use of fiber-coupled lenses for photon collection. This also represents a
significant improvement in terms of aligning the system as described in the
following subsection.

Similarly, our current setup can also be divided into two parts: the photon production part
and the photon detection part [Jar23], see Fig. 7.

6.1 Photon production part

The photon production part consists of a 405 nm laser diode with a power of 40 mW,
mounted in a temperature-controlled housing. The frontal panel of the casing is equipped
with threaded holes to facilitate the installation of a 30 mm cage system. This setup
enables the placement of a focusing aspheric lens (f = 4.52 mm), a band-pass filter with a
wavelength range of 405+ 10 nm, and a polarizer inside a rotational mount. Subsequently,
the laser light traverses through free space and is reflected by two @1” mirrors, each one
mounted in a 3D precision mount. With these mirrors, the light travels parallel to the
optical table. After this, the light gets into the pair of 6 x 6 x 0.1 mm crystals cut at
a phase-matching angle of 8 = 29.2° where photon pairs of approximately 810 nm are
generated. These photons exit the crystal at an angle of approximately 65, = 6; = 3° with
respect to the direction of the 405 nm light beam.

12



6.2 Photon detection part

The photon detection part consists of a pair of identical metallic arms, both arms are able
to rotate independently around the BBO crystals. In each arm, we have a linear polarizer,
an 800 4+ 40 nm band-pass filter, and a fiber coupler lens that collimates light into a
multimode optical fiber cable. The photons that have been introduced into the multimode
optical fiber travel through it until they reach the 4-channel detector (SPCM-AQ4C), where
each of these photons produces an electrical pulse with 50% efficiency. Finally, in order
to consider a coincidence detection valid, it is crucial to verify that both photons have
arrived at approximately the same time at their respective detectors. For this purpose,
these electrical pulses pass through a coincidence circuit. The circuit’s output is obtained
using a Python program designed by a former student, Marti Pedemonte. The circuit is
configured with a coincidence window of 25 nanoseconds, which means that when a photon
is detected in one channel, if within a time interval of 25 ns another photon is detected in
the other channel, we consider that both photons have arrived simultaneously.

7 Preparation of the entangled state
In this section, we describe the steps we have followed to align our system in order to find:

e The points where the detectors detect the highest number of coincident counts.

e The angles of the BBO crystals for which photon pairs in maximally entangled states
are produced.

7.1 Alignment of the system

A key factor in this experiment is the alignment of the system. First, we need to make sure
that the 405 nm light beam travels parallel to the optical table so that we can position the
polarizers, filters, and coupler lenses at the same height. If we do so, then by fixing the
metallic arms on which these elements are mounted, each forming the same angle 65 = 0,
with respect to the 405 nm light beam, we are measuring at diametrically opposite points
on the circular light crown that we can observe in Fig. 1. Therefore, we are able to detect
coincidences.

To achieve this, we use a pair of mirrors placed in 3D-precision mounts, which allow us
to tip and tilt the mirrors in all directions of space, thus precisely directing the light beam
through the center of the system and parallel to the optical table. The mirror on which
the laser light first reflects is used to direct the light through the center of the setup, in
other words, through the bisector of the metal arms, also trying to ensure that the light
spot on the second mirror hits at the same height as the detection plane. We refer to
the detection plane as the plane parallel to the optical table where the BBO crystals, the
405 nm laser beam (after the reflection in the second mirror) and all the elements of the
metal arms (polarizers, filters and fiber collimating lenses) are contained. Finally, with
the second mirror, we try to adjust the height of the reflected beam to ensure it travels
completely parallel to the table.

13
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Figure 8: Schematic representation of the detection plane with the pump beam (after the reflection in
the second mirror) and all the elements of the metal arms (LP. Linear Polarizers, IF. Infrared Filters and
FC. Fiber Collimating lenses) contained on it

Moreover, we need to ensure that the coupler lenses properly couple the light from the
BBO crystals into the fiber. Since we are working with optical fibers, this is an aspect
that is easy to verify. If we input a light beam through one end of the fiber connected to
the 4-channel detector in such a way that the light exits through the end where the lens is
placed, making it act as a collimating lens, then, we have a collimated light beam at the
output. If we do this simultaneously in both optical fibers and adjust the trajectories of
the light beams so that the 405 nm beam and these two beams from the fibers intersect at
the same point, we know that if we place the BBO crystals at that point, we are capturing
in both fibers all the photons produced in this point that reach the coupler lenses.

7.2 Optimal rail angles between observed photons

First, the most important thing in this experiment is to have the highest possible number
of coincident counts, as if we do not have a number of coincident counts at least one order
of magnitude larger than the number of coincident counts we would expect to find by mere
chance, we cannot ensure that the coincident photons we are detecting are originated in
the BBO crystal. To estimate the number of coincident counts we would expect to obtain
if detectors A and B detect a number of individual counts N4 and Np respectively, within
a time interval T, we use the equation
Njo-Np-1

Nace = ————, (11)

where 7 is the time corresponding to the detection window, in our case 25 ns.

To find the point where we detect the highest number of coincident counts, we place
a metal rail (and therefore a detector) at a certain angle with respect to the 405 nm laser
beam while varying the angle of the other metal rail. To take this measurement, we remove
the polarizers that are placed on the metal rails, thus maximizing the number of coincident
counts reaching our detectors, as we are not measuring the polarization of the photon pairs
at any moment and therefore collapsing their corresponding wave function.

To carry out this experiment, we perform the detailed study mentioned above for 6
different angles of the fixed rail, see Fig. 9. In this way, we can determine the optimal
position of the rails to detect a maximum number of coincident counts.
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Figure 9: Coincidence counts detected by varying the angular position of one metal rail while keeping
the other fixed. On the x-axis, we have the angular position of the movable metal rail, which we were
varying for each measurement. In the legend, we can find the angular position of the fixed rail for each
graph. Each measurement was taken at a 2-minute interval.

We observe that for each angle of the fixed rail, we reach a maximum number of
coincident counts when the movable detector has approximately the same angle (65 ~ 6;),
see Fig. 9. We detect a high number of coincident counts in the scenarios where 05 =
0; = 2.5°, 3°, and 3.5°, while for bigger angular positions, the ratio of coincident counts
decreases. Therefore, from now on, to conduct the remaining studies, we fix both signal
and idler rails at an angle of 5 = 6; = 3°. This agrees with Fig. 9 of [DMO02a].

7.3 Optimal angle of the BBO crystals for the production of maximally entangled
photons

Once the detectors are placed at the angular position where they detect the highest number
of coincidences, our goal is to find the position of the BBO crystals for which the pairs
of photons generated by SPDC are maximally entangled. Maximally entangled states
are the ones that achieve the maximum violation of the CHSH inequality, making the
absolute value of the expected value of S described by Eq. (10) reach its maximum value,
(S)] = 2v/2.

In order to have quantum entanglement at the output of the crystals, we must place
them in such a way that the planes SPDCgpo, and SPDCgpo, form an angle of 45° with
respect to the polarization plane, see Fig. 2 (b). We know that one crystal is rotated 90°
with respect to the other, thus, the polarization of the photon pairs produced in one crystal
is orthogonal to the polarization of the pairs produced in the other crystal. Additionally,
for that angle, in both crystals photon pairs are produced with equal probability since the
polarization of our pump beam is equally contained in both the SPDCgpo, plane and the
SPDCBBO2 plane.

To determine the arrangement of the optical axis inside the BBO crystals and thus,
know how to place them to produce entangled photon pairs, we rotate the BBO crystals
from 0° to 360° in steps of 10°. For each of these angles, we take 4 measurements where
we vary the orientation of the polarizers placed before the fiber coupler lenses. This al-
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lows us to obtain the values of the probabilities Py (0°,0°), P (0°,0°)(Pyy(90°,90°)),
Py (0°,0°)(Pyy(0°,90°)), and Py (0°,0°)(Pyy(90°,0°)) for each value of the BBO angle,
see Fig. 10.

We shine the BBO crystals with horizontally polarized light as the laser light from the
laser is approximately horizontally polarized by default, and we cannot rotate the laser
diode once it is fixed inside the temperature-controlled mount °. Therefore, if we place
the polarizer at the laser output at an angle of 90°, the power loss of the laser beam after
passing through the polarizer is minimal. Hence, we can assume that we have the full 40
mW power provided by our diode®.

To understand what happens in this experiment and calculate the analytical expression
of the wavefunction, we can see Fig. 3. Here, we depict a scheme of our procedure in the
laboratory to take measurements, where we shine horizontally polarized light onto the
BBO crystals, and for different angles (6) of the crystals, we calculate the probabilities of
measuring the pairs of generated photons in the states |VV), |HH), [VH) and |HV).

As we have seen in section 4.1, the wave function corresponding to the photon pairs
produced by SPDC as a function of the angle 6 of the BBO crystals is given by Eq. (8).

Once we have this wave function, we can proceed to calculate the probabilities of
measuring photons in coincidence in the states |V'V), |HH), |V H) and |HV), denoted as

va(e), PHH(9>; PVH(Q), and PH\/(Q)'1

[(VV|B(0))|? = | cos®(45° 4 0) — e 7@ sin3(45° 4 0)|?
= c0s%(45° + 0) + sin®(45° + 0) — 2 cos(¢(h)) cos®(45° + 6) sin®(45° + ),

Py (0)

Py (0) = | (HH|T(0))|? = | cos(45° + 0) sin?(45° + 0) — e %) sin(45° + ) cos?(45° + )|
= cos?(45° + 0) sin* (45° + 0) + sin?(45° + 6) cos (45° + 0))—
— 2cos(¢(0)) cos®(45° + 0) sin®(45° + 6),

Py (0) = | (VH|U(0)) |2 = | — cos?(45° + 0) sin(45° 4 0) — e @) sin?(45° + 0) cos(45° + )|
= cos®(45° + 0) sin”(45° 4 0) + sin?(45° 4 0) cos?(45° + 6))+
+ 2 cos(¢(0)) cos®(45° + 6) sin®(45° + 6),

Py (0) = | (HV|U(0)) |? = | — cos?(45° + 6) sin(45° + 0) — e (@) sin?(45° + ) cos(45° + )|
= cos®(45° + 0) sin?(45° 4 0) + sin? (45° 4 0) cos® (45° + 0))+
+ 2 cos(¢(0)) cos®(45° + 0) sin® (45° + 6).

In Fig. 10 we compare these theoretical expressions with our experimental data.

2See Annex III for the characterization of the laser polarization.
3See Annex IV for the characterization of the laser’s optical power.

4Remember the change of basis given by Eq. (4)
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Figure 10: Coincidence probabilities for different angular settings of the BBO crystals and the “signal”
and “idler” polarizers. Each measurement is taken over a time interval of 60 seconds. The experimental
measurements are the ones graphed with dots (Pyv ), squares (Pyg) and triangles (Py g and Pyy)
along their statistical error. The theoretical results are plotted with dashed lines.

To plot the theoretical results in Fig. 10, we have assumed a phase difference ¢(0) = 0°
for all 8. The experimental results follow nicely the predictions of our theoretical model
across the entire range of angles, except for the regions from 250° to 300° where we observe
that the VH and HV components are larger and the VV and HH components are smaller
than what our model predicts and the region from 340° to 380°(20°) where we observe that
the VV and HH components are larger and the VH and HV components are smaller than
what our model predicts. This discrepancy arises because the assumption of ¢(6) = 0° is
no longer valid for this interval of angles, causing the terms in the wave function described
by Eq. (8) to interfere differently”.

For angles 45°, 135°, 225°, and 315°, we only have the VV component, see Fig. 10.
This gives us an idea of how the optical axis are arranged inside the BBO crystals, both
rotated exactly 90° relative to each other and pointing in the directions of 45° and -45°.
This is because when we have the crystals oriented at 45°, 135°, 225°, and 315°, only one
of the two crystals comes into play producing photon pairs in the state [V'V).

®See Annex V for a more detailed study of the dependence of the relative phase on the angle @ of the
crystals.
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This Fig. 10 also shows us the optimal angles of the BBO crystals to achieve a highly
entangled state:

e The first one is around 90° because, at these points, we have the HH and VV compo-
nents of our wave function being predominant and roughly of equal weight, while the
HV and VH components are minor and also roughly of equal weight. Furthermore,
if we substitute in Eq. (8), assuming ¢(6) = 0°, we find that at § = 90° we have the
entangled state

1
V2

e The second one is around 180° because, at these points we have the HV and VH
components of our wave function being predominant and roughly of equal weight,
while the VV and HH components are minor and also roughly of equal weight. As
before, if we substitute in Eq. (8), assuming ¢(¢) = 0°, we find that at = 180° we
have the entangled state

W (0 =90°)) = (|lVV)+|HH)). (12)

1
V2

e The directions corresponding to 270° and 360° should also generate pairs of entan-
gled photons, similar to the 90° and 180° directions, but we observe that for these
directions, the VV, HH, VH, and HV components have similar weights, indicating
that the wave function at these points is an equiprobable superposition of the states
\VV), |HH), |VH) and |HV). This discrepancy with the theory is possibly due to
the fact that for angles of 270° and 360°, the assumption of ¢(#) = 0° is no longer
valid, and instead, we have ¢(0) ~ 90°.

1T(0 = 180°)) = — ([VH) + |HV)). (13)

8 Entanglement characterization

Once identified the points where we detect a higher number of coincident counts and the
angles of the BBO crystals where we expect to find photon pairs in maximally entangled
states, we proceed to characterize the entanglement of these photon pairs. First, in Section
8.1, we conduct a study to determine whether the correlation statistics of our photon pairs
follow classical or quantum behavior. Second, in Section 8.2, to definitely demonstrate
that our photon pairs are in an entangled state by performing the Bell Test.

8.1 Polarization correlations as a function of the polarizers angle difference

One way to determine whether we have quantum or classical correlations is to perform
the following experiment. With the BBO crystals set at an angle of 90° and horizontally
polarized 405 nm light incident on them, we take different measurements in which for each
one we vary the angle of one of the polarizers (e.g. the “signal” polarizer) from 0° to 180°
in steps of 10°, while keeping the angle of the other polarizer fixed.

For this system, as we discussed in the previous section, we should expect the BBO
crystals to produce pairs of photons in the state

1

V) = —=(IVV) + |HH)). (14)

S

2
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Figure 11: (a) Graph C(0°,3). (b) Graph C(45°,3). 0° and 45° are the fixed angles of the left polarizer
and [ is the variable angle of the right polarizer. Each measurement was taken over a 2-minute interval.

If the coincidence counts follow a dependence like the one observed in Fig. 13 in Annex I,
we have that the photon pairs obey the laws of hidden variable theories, whereas if they
follow a dependence like the one observed in Fig. 16 in Annex II, we have that the photon
pairs obey the laws of quantum mechanics.

In our case, we perform two studies, one where we keep one of the two polarizers fixed
at 0° and another where we keep it fixed at 45°, while rotating the other polarizer.

In Fig. 11(a) and Fig. 11(b), we have the experimental data along with their statis-
tical error. We can see that for angles where the polarizers have approximately the same
orientation, we obtain a maximum number of coincident counts, while for angles where
the polarizers are orthogonal, we obtain a minimum. This also agrees with Fig. 3(a) of
[DMO2b].

This is further evidence that we are dealing with the state described in Eq. (12), as
using the change of basis given by Eq. (4), we can rewrite our wave function as,

1 1

V2 V2
which shows that if we measure one photon to be in a state with polarization along the
direction «, we automatically know that the other photon has exactly the same polarization.

So with this state, when we measure with both polarizers in the same direction o we obtain
a maximum.

[¥) (VY IV) +[H) [H)) — —=([Va) [Va) + [Ha) [Ha))

8.2 Bell Test

In this last section, we perform the Bell Test for the case where the BBO crystals are
placed at an angle # = 90° and for the case where they are placed at an angle § = 180°,
illuminating them with horizontally polarized 405 nm light. The wave function of the
photon pairs created by SPDC that we expect to find for the first case is given by Eq. (12),
while for the second case, it is given by Eq. (13). In both cases, as we will see next, we
are able to violate the Bell inequalities using the scenario described by Fig. 6.
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8.2.1 Bell Test for |¥(6 = 90°))

a (deg.) | B (deg.) | Ng Ny N, | Nyee | No— Nyee Prob. | Error
-45 -22.5 282677 | 206976 | 72 | 12.18 | 59.82 Pyy | 0.314 | 0.028
-45 22.5 285328 | 203924 | 17 | 12.12 | 4.88 Pyy | 0.027 | 0.012
-45 67.5 285357 | 203616 | 32 | 12.1 | 19.9 Pyy | 0.104 | 0.021
-45 1125 | 275012 | 201176 | 88 | 11.52 | 76.48 Pyy | 0.415 | 0.028
0 -22.5 274103 | 205648 | 80 | 11.74 | 68.26 | 0.372 | 0.028
0 22.5 284537 | 207284 | 104 | 12.28 | 91.72 0.446 | 0.026
0 67.5 284161 | 206344 | 46 | 12.21 | 33.79 | 0.184 | 0.026
0 112.5 | 275563 | 206372 | 32 | 11.84 | 20.16 Pyy | 0.098 | 0.020
45 -22.5 272956 | 211396 | 43 | 21.02 | 21.98 Pgy | 0.115 | 0.022
45 22.5 273267 | 205956 | 96 | 11.72 | 84.28 Py | 0.458 | 0.027
45 67.5 276790 | 207824 | 101 | 11.98 | 89.02 Prp | 0.467 | 0.026
45 112.5 | 267769 | 206256 | 30 | 11.51 | 18.49 Py | 0.100 | 0.021
90 -22.5 275212 | 207640 | 27 | 11.9 | 15.1 | 0.082 | 0.019
90 22.5 280933 | 208040 | 26 | 12.17 | 13.83 0.067 | 0.017
90 67.5 278859 | 201900 | 78 | 11.72 | 66.28 | 0.361 | 0.028
90 1125 | 265509 | 198720 | 91 | 10.99 | 80.01 Py | 0.389 | 0.027

Table 1: Collected data used for the computation of S. N, and N,.. denote the number of counts
detected in coincidence and the number of accidental coincidence counts, respectively. Each measurement
was taken within a time interval of T=120s.

To find the probabilities P that make up each E described in Eq. (9), we need four values
of the coincidence counts, each one for different angles of the signal and idler polarizers,

_ Nyv(a, B) ~ Nyy(a,B81)
PVV(%B) = Wv PVH(aaﬁL) - T\ftot(a,ﬂ) )
N
Py (ay,p) = W, Pup(oy,p1) = }/Vjo(t((lof’ﬁﬁ)ﬁ

where Niot(a, f) = Nyv(e, 8) + Nyv(e,B1) + Nyv(ay,B) + Nyy(ag,B1) is the total
number of pairs detected and « | , 5 are the polarizer settings at o + 90° and S + 90°.

So in order to obtain the four values of E, that is E(a, ), E(a, ('), E(d/,3) and
E(d/, ") where a = —45°, o/ = 0°, f = —22.5° and 3 = 22.5° we need to compute 16
measurements. The result of each measurement is contained in Table 1. With all these
results, we can compute the value for each F along with its error,

E(a, ) = 0.670 & 0.045, E(a, ") = 0.467 4+ 0.052,
E(d/,B) = 0.746 4 0.043, E(d, ") = —0.561 4 0.050.

Therefore, the final value of S described by Eq. (10) is:

S =2.443 + 0.095.

Hence, we can conclude that the wave function describing the state of our photon pairs is
entangled, as this result confirms a violation of Bell’s inequalities by more than 4 standard
deviations.
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8.2.2 Bell Test for |¥(6 = 180°))

a (deg.) | B (deg.) | Ng N, N. | Ngee | Ne — Nyee Prob. | Error
-45 -22.5 455298 | 342960 | 170 | 16.26 | 153.74 Pyy | 0.472 | 0.020
-45 22.5 403341 | 326632 | 51 | 13.72 | 37.28 Pyy | 0.093 | 0.014
-45 67.5 410081 | 313788 | 54 | 134 | 40.6 Pyy | 0125 | 0.017
-45 1125 | 414033 | 307284 | 261 | 13.25 | 247.75 Py | 0.616 | 0.015
0 -225 369744 | 258652 | 64 | 9.96 | 54.04 | 0.159 [ 0.018
0 22.5 349393 | 263948 | 38 | 9.6 [ 28.4 0.071 | 0.012
0 67.5 349936 | 258452 | 131 | 9.42 | 121.58 [ 0.358 | 0.021
0 112.5 | 413058 | 292820 | 213 | 12.6 [ 200.4 Pypg | 0.498 | 0.018
45 -22.5 353674 | 240344 [ 41 [ 8.85 | 32.15 Pgy | 0.099 | 0.016
45 22.5 322525 | 232548 | 110 | 7.81 | 102.19 Py | 0.254 | 0.019
45 67.5 328044 | 232628 | 109 | 9.94 | 99.06 Pgy | 0.304 | 0.021
45 1125 | 344015 [ 230004 | 23 [8.24 [ 14.76 Py | 0.037 | 0.009
90 -225 342655 | 246328 | 141 | 8.79 | 132.21 [ 0.390 [ 0.021
90 22.5 318821 | 241340 | 118 [ 8.01 [ 109.99 0.273 [ 0.019
90 67.5 329481 | 245648 | 40 | 8.43 | 31.57 [ 0.093 [ 0.015
90 1125 | 335346 | 235988 | 72 [8.24 [ 63.76 Pyy | 0.158 | 0.017

Table 2: Collected data used for the computation of S. N, and N,.. denote the number of counts
detected in coincidence and the number of accidental coincidence counts, respectively. Each measurement
was taken within a time interval of T=240s.

Similarly to the previous study, we present the data obtained for the 16 measurements in
Table 2. Then, we can compute the value for each F along with its error,

E(a, ) = —0.542 £ 0.034, E(a, ") = —0.496 £ 0.038,
E(d/,B) = 0.741 £ 0.030, E(d,B") = —0.553 4 0.038.

As a curiosity, we can observe that now E(«, ) and E(«, 3’) are negative, while E(c/, )
is positive. This is because our state is approximately:

1 1
V2 V2

Despite this, we can still compute the value of S with our given angles from Fig. 6, by
simply readjusting Eq. (10), so that now,

[W(0 =180°)) = —= (|Huse) [Hase) — [Vase) [Vase)) = —= (IV) [H) + [H) V) .

S=—-E(a,B)+ E(d,8) — E(o, ) — E(d, 3)).
Thus, we obtain that:

S =12.332+0.071.

Therefore, once again, we can confirm that for this particular angle of the BBO crystals,
we are dealing with an entangled state as we manage to violate Bell’s inequalities by more
than 4 standard deviations.
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9 Conclusions

Recalling the objectives we listed in Section 3, we can conclude that we have been able
to understand the generation of entangled photon pairs within BBO crystals. This is
evidenced by the theoretical development in section 4.1, where we describe the process by
which a pump photon generates a photon pair and derive an analytical expression for the
wave function of these photon pairs as a function of the BBO crystals angle 6.

We were able to determine how the BBO crystals were arranged, including their optical
axes, allowing us to obtain the settings at which maximally entangled states are produced.

Finally, we have managed to demonstrate that for certain configurations of our BBO
crystals, the pairs of photons produced are quantum entangled, obtaining a value of S
described by Eq. (10) such that |(S)| > 2. Thus, the behave of the pairs of photons
produced in our BBO crystals cannot be described using hidden variables theories.

Moving forward, further research is required to understand how the relative phase
between components varies with the angle 6 of the BBO crystals, thereby achieving a better
alignment between the experimental data in Fig. 10 and theoretical predictions. Currently,
we already have several theoretical calculations on how this relative phase varies in Annex
V.

Our Bell test could in the near future be modified to also close the locality loophole.
This can be achieved by separating the two detectors a distance longer than 7.5 meters,
i.e. the distance light can travel in 25 ns. In this way, we would ensure that there is no
communication possible between the two detectors that could influence their respective
measurements.
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Annex |: CHSH Bell Test for a HVT model

Hidden variable theories (HVTs) are defined as alternative formulations that assume the
existence of certain unknown parameters that would be responsible for the statistical fea-
tures of quantum mechanics. Such formulations aim to restore the determinism eliminated
by the Copenhagen school interpretation, which is the standard interpretation in quantum
mechanics.

In our case, as we are working with polarizations and photons, we can think of our
HVT as a framework in which each photon has a predefined polarization angle A, with this
angle, we can know beforehand the behavior of each photon. Therefore, when a photon
encounters a polarizer that is set at a specific angle ~, it always passes through it (being
registered as V) if X is closer to 7 or v+ 180° than to v £ 90°; otherwise, the photon stops
on it (thus, is registered as H,).

We can represent the detector positioned at a certain v angle as an arrow, see Fig. 12.
Thus, the polarization of the photons is given by a lambda angle, which we can also think
of as an arrow in this same space. If the polarization arrow falls at an angular distance
less than 7 or greater than 3@{ from our polarizer direction, the photon is detected as V/
and it passes through the polarizer. In any other case, the photon is detected as H. and
stops at the polarizer. We assume that v and A are angles between 0 and 27. That is, for
a detector at a given angle like the one in Fig. 12, if the polarization arrow falls in the
green zone, the photon with this polarization passes through the polarizer (V/ ), while if it
falls in the red zone, it stops (H.).

Figure 12: Detection scheme of a polarizer for HVT. Supposing v > 0°. The black arrow refers to the
direction y of the polarizer.

We suppose that the signal and idler photon have exactly the same polarization, that
is, As = A\; = A\. With this, we try to emulate the wave function,

1

V2

where if we measure the polarization of one photon in any direction, we are certain that
the other photon has the same polarization. As we know, this state can be defined as,

&) (IVV) + [HH)),

1
V2

using the change of basis described by the system of equations 4.

v) (IVaVa) + [HaHa)),
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In each pair of photons, the polarization angle A changes randomly, spanning the range
from 0 to 2w. The variable A\ represents the “hidden variable”, with this variable we can
know beforehand and with certainly the behavior of each photon. Thus, HVTs are:

e Local: The outcomes of measurements are influenced by the characteristics of the
objects located at the measurement site. The measurement of the signal (idler)
photon is determined by the variables Ay and « (A; and j3).

e Realistic: All observable quantities possess well-defined values. Moreover, the theory
precisely specifies these values for a given \.

So HV'Ts are complete in Einstein’s sense of the word, we also say that they are local
realistic theories. Finally, there is no requirement that A\ be random, it is possible that A
change in a deterministic manner yet to be unveiled.

The outcomes of measurements performed on the signal photon are dictated by the
function A(\, ), which can produce values of +1 when the signal photon is detected as V,
and —1 when is detected as H,. In a similar way, the outcomes for the idler photon are
described by the function B(A, ), where +1 is obtained when the idler photon is detected
as Vg and —1 when is detected as Hg. The functions A(\, ) and B(, ) are defined in

Eq. (15).

Lif la =A< Lif [B-A<T
AN a)=¢ lifjla—Al >3 | B\, B)={ 1if|3—Al >3 | (15)
—1 otherwise —1 otherwise

where « () is the direction of the signal (idler) polarizer, see [DM02b]. In order to compare
this theory with quantum mechanics, it is necessary to make a prediction for the coincidence
probability P\P,I\\,/ T(a, B). Coincidence takes place when the value of A falls within a range
that is close to both a and . The probability of such event can be expressed as,

PN (o, B) =

1/h%1+mx@1+BMﬁ) L el

— d\ = - —
21 Ja=o0 2 2 2 T

Note that we are assuming that 0 < |a — 3| < 5. Similarly, we can calculate the different
probabilities of obtaining VH, HV and HH:

1 [A=2m 1 4+ AN 1—B(A —
PINT (a0, 8) = PIVT (@, § + 90°) = + AN Q) ( ’ﬁ)d)\: |a 5"
o 2 2 T
1 [A=2m 1 — AN 1+ B(A —
PIVT (a, 8) = PIYT (o + 90°, ) = / (A a) 1+ B( ’ﬁ)d)\: |a 5"
o 2 2 T
1 =271 - A\ a)1 - B()\ ) 1 Ja—p|
HVT HVT o ’ ’ -~
Pig (o, B) = Pyy ~ (a+90°, 5490°) = 277/ 5 5 d\ = 5 —
So summarising all these results, we have that:
PHVT( 75) PHVT( 75):1_’a_5|7
o’ o)
PHYT pHYT _ =P
(0,) = P (0,8) = =

This probabilities in Eq. (16) are defined in the range 0 < [a— 3| < 7. If we calculate and
compute these probabilities for 0 < |a — | < 27 we obtain the Fig. 13.
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Coincidence detection probabilities against the difference between the angulation of the detectors

0.5 — Pyy and Py
—— Py and Pyy

0.4

o
w

Probabilities

o
[N]

0.1

0.0

Q o o O O O o O O O o
v > © L) O N N .\’b NS D Ay

|a - B| (degrees)

Figure 13: Plot of the different coincidence detection probabilities depending on the difference between
the angle of the detectors |a — j].

Finally, we can prove that for a HVT model, we cannot violate the CHSH inequality.
First of all, lets compute the coincident measurement F(d, b) for any @ and b angles of the
signal and idler polarizers,

E@,b) = /A(/\, @) B(A, B)dA (17)

In Eq. (9), we introduce the variable s, which characterizes the polarization correlations
in a single pair of particles.

= A\, @)B(X, B) + A\, o) B(X, B) + AN\, ) B(\, B') — A(\, &) B(A, B)
= AN @)[BO, B) + B, )] + A, o) [B(A, B) = B(A, B)].

where «, o/, 3, f' are the angles depicted in Fig. 6. The variable s is restricted to the
values of £2, as A(A, «) and B(A, 3) can only take the values £1. Therefore, the average
value S must fall within the range of —2 < S < +2. Thus, the value of |(S)| = 2 is not

surpassed for any configuration of the polarizers (@, o/, b, b') and any photon polarization
A
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To help us in the visualization and interpretation of the Hidden Variable Theory, we
now present two simple examples. One in which both polarizers have the same angle
(loe — B] = 0), and another in which they do not have the same angle (Ja — 3| # 0).

In this Fig. 14 we can see the directions
of both polarizers on the left, as well as a
big wheel which represents the measure-
ment we obtain if a certain polarization
given by a vector X falls in one of these
four triangles. We can see that the two
triangles VV occupy the same (25% of
the wheel each), and the same is true for
the two triangles HH. Therefore, if we
distribute evenly on this wheel different
polarizations X, we have a 50% probabil-
ity of measuring VV and a 50% proba-
bility of measuring HH, while we have a
0% probability of measuring HV or VH.

Signal detector (a) |

Idler detector (B)

Figure 14: Coincidence detection scheme for a==b This can be checked with the formulas

presented in the box above, Eq. (16).

Also, we can represent a more generical scheme of coincidence detection, when @ # g,
it is when the signal and idler detectors do not point in the same direction.

In this Fig. 15 we have a more compli-
cated scenario. The big wheel represents
all the possible measurement outcomes

for a given polarization X and the big
black arrows represent the directions of
the signal and idler polarizers. The first
letter inside each triangle in the wheel is

the measurement outcome related to the

Idler detector (B) signal party while the second letter is the
i measurement outcome related to the idler
‘ party. We can see that in this scenario we
i have a nonzero probability of obtain HV

Signal detector (a)

or VH, and both with the same probabil-
ity because their corresponding triangles
Figure 15: Coincidence detection scheme for a # b occupy the same area in the wheel. The
same occurs for the coincidence detection

of VV and HH.




Annex II: CHSH Bell Test for a QM model

Since the state we want to reproduce in the laboratory is,

Wern) = = (V) V), + 1), 1)), (18)
where |V) and |H) indicate vertical and horizontal polarizations respectively, and the
subscripts indicate signal (s) or idler () photon. If we measure the polarizations of signal
and idler photons in the H, V basis, there are only two possible outcomes: both having
vertical polarization or both having horizontal polarization and each outcome occurs half
of the time. Alternatively, we can conduct measurements of the polarization by employing
polarizers that are rotated at an angle . Then we use the rotated polarization basis:

|Vo) = cos(a) |V) —sin(a) |H)
{ HL) = sin(a) |V} + cos(a) | H) (19)
It is easy to find out that,
Wern) = = (Vo) Vo), + 1Mo, 1Ha)). (20)

This Eq. (20) is very important as it shows that the vertical and horizontal directions
can be chosen arbitrarily, assuming that these two directions are perpendicular to each
other, when we have the state described in Eq. (18). In this state, if the signal photon is
measured using a polarizer at an angle «, the outcome will be either H, or V,, where each
possibility is equally likely, the same applies to the idler photon.

| (Uppr| (Vo) @ ) =1/2  and  [(Uppg|(|Ha), ® 1;)]* = 1/2.

Thus, when the photons go through their respective polarizers, we cannot determine with
total certainty whether they pass through their polarizers or not (as we did in the hid-
den variable theory), we can only obtain the probability of each possible scenario, which
depends on the difference between the angles o and § of the polarizers. That is:

Py, v, = [(Val V), 2 = cos®(a = )

P, v, = | (ValHg), |> = sin*(a — B)
YEpr) —
Py, ., = | (Ha|V3), |> = sin®(a — )

PHﬁilHOti = ‘ <Ha|HB>’L |2 - COSQ(Oé — /8)
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Summarising all these results, we have,

PR (a 8) = PR (0, 8) = J cos*(a— ), o
P (0, 8) = PR (0,5) = 5 sin’(0 — ).

Plotting these results in the same way as for the HV'T case:

Coincidence detection probabilities against the difference between the angulation of the detectors

0.5 —— Pyy and Py
—— Py and Py

0.4

o
w

Probabilities

o
[N}

0.1

0.0

O D ® ® B & O ® O L D O S S S ®
L A N N A S VA G S S

|a — B| (degrees)

Figure 16: Plot of the different coincidence detection probabilities depending on the difference between
the angle of the detectors | — j].

With the probabilities shown in Eq. (21) we can calculate the value of E (see Eq. (9))
for each values of the polarizers angle,

Then, taking the set of angles of the Fig. 6, that is (o — ) = 22.5°, (o — ') = —22.5°,
(o/ — B) = —22.5° and (o/ — ') = —67.5°, we can compute the expectation value of S,
given by Eq. (10),

. - .1 1 1

(S) = E(@,5) + B(d,B) + BE@F) - E _1> — 23,

@=5+ 5+ 5 (5

This result (S) = 2v/2 corresponds to the maximum violation of Bell’s inequalities for a
theory that follows the rules of quantum mechanics.
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The fact that Bell’s inequalities are violated has two very important implications:

e Non-locality: The violation of Bell’s inequalities shows that entangled quantum sys-
tems can exhibit correlations that cannot be explained by local theories. This implies
that quantum information can propagate instantaneously over large distances, chal-
lenging the principle of locality in classical physics.

e Rejection of hidden local theories: Bell’s inequalities are derived from assumptions of
local realism, which imply that the physical properties of objects exist independently
of observation and that these properties can be determined locally. The violation of
these inequalities shows that hidden local theories, which attempt to explain quantum
results through pre-existing hidden variables, are inconsistent with quantum physics.
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Annex Ill: Malus' Law of the Laser Polarizer
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Figure 17: Number of counts along with their statistical error received on average every 0.5 seconds in
the detector as a function of the polarizer angle (red points). Also, a fit of the experimental graph to a
sine-square function is included (blue dashed line)

To verify that the operation of all components was as expected, some studies were carried
out. First, we checked that the polarizer placed in the laser mount follows Malus’ law.
To carry out this study, we aligned one of the detectors so that it collected the highest
number of 405 nm photons at the laser output. Then, while working with the laser at the
minimum power to avoid damaging or saturating the detectors, we varied the angle of the
polarizer from 0° to 360° in steps of 5°. The detector gave us a reading of the number of
counts received every half second and for each angle. The total data acquisition time was
30 seconds, so a total of 60 data were averaged for each measurement.
In Fig. 17 we have made a fit to a function of the form,

b) -
f(xaa,b,C)ZG‘SiHQQ—l—c, where GZM
180
Obtaining the following values of the three variables,

a = 66989.51 £ 245.00,
b=4.114+0.11,
c = 40945.85 £+ 149.00.

These results reveal that the light initially comes out of the laser forming an angle of 94.11°
with the vertical®. Since the experimental results follow properly the Law of Malus, we
can conclude that the polarizer at the output of the laser works correctly and that the 405
nm light from the diode is linearly polarized.

5Taking counterclockwise direction as positive when we observe the light propagating away from us
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Annex IV: Optical Power Laser Diode
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Figure 18: Characteristic curve of laser diode emission. A linear fit has been performed on the data
points within the stimulated emission zone.

To observe the dependence of the optical power of our laser diode on the current passing
through it, we used a calibrated potentiometer at 405 nm, which we placed right at the laser
output. For the generation of the emission curve, we varied the current passing through
the laser diode from 0 mA to 600 mA in 50 mA increments. For each of these currents,
we recorded the corresponding optical power value indicated by the potentiometer, see Fig.
18.

Firstly, we observe the zone corresponding to spontaneous emission, which ranges from
approximately 0 mA to 200 mA, see Fig. 18. When the diode operates in this zone, we have
a broad frequency spectrum and a non-coherent emission because photons are randomly
emitted and not synchronized in phase or frequency.

On the other hand, we can observe the zone of stimulated emission of the laser, which
ranges from 250 mA to 600 mA, the maximum current at which our laser can operate,
see Fig. 18. At this current, we achieve optical power values of 45.8 mW ’. This zone is
characterized by coherent laser emission and a narrow emission spectrum. Performing a
linear fit to these points, we obtain the following values for the slope, intercept, and their
respective errors,

m = 0.124 + 0.001 mW/mA,
n = —28.257 + 0.308 mW.

Where m is the slope and n is the intercept. With these values, we can determine the
threshold current of our laser diode, which is the point at which our linear fit intersects
the x-axis. Thus, we obtain that the threshold current is 228.1 &= 2.8 mA.

"We work with power levels around 40 mW to avoid damaging the laser diode
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Annex V: Relative Phase dependence with 6

A theoretical development has been carried out to know how the phase between components
of our wave function varies as a function of the BBO’s angle 8 in the case where a pump
photon passes through a pair of BBO crystals, undergoing SPDC in the process, and
resulting in a pair of photons at the output. The study has been conducted for two cases:

e One where the BBO crystals are perfectly aligned, with the face upon which the
pump photons hit being perpendicular to their propagation direction.

e Another study where BBO crystals are slightly tilted and the face upon which the
pump photons hit is not perpendicular to their propagation direction.

In both cases, pump photons that suffer SPDC inside a BBO crystal are extraordinary-
polarized and downconvert into two photons with ordinary-polarized. Then, as one BBO
crystal is rotated 90° with respect to the other, photons extraordinary-polarized in one
BBO crystal are ordinary-polarized in the other crystal and vice versa. Before starting
with the study, we make some assumptions:

e SPDC is produced in the center of each BBO crystal.

e The “signal” and “idler” photons travel in completely symmetrical directions with
respect to the pump beam

Relative Phase Depende: Perfect alignment of the crystals

First, we will see what happens inside the BBO crystals in the detection plane of our
experiment. The detection plane is the plane that contains both the 405 nm laser beam
after reflection in the second crystal and all the detection elements, see Fig. 8. For this,
we rely on Fig. 19.

BBO, BBO;

el |Hys0.46)

Are extraordinary-polarized (e) in the first BBO
cystal and ordinary-polarized (o) in the second.

> |Vis040)

Are ordinary-polarized (o) in the first BBO cystal
and extraordinary-polarized (e) in the second.

/
X, e
Th—

A

. g

Figure 19: Optical path scheme followed by photons that suffer SPDC when passing through the BBO
crystals. The BBO crystals in this illustration are cut by the detection plane (see Fig. 8).

e In the first stage, from the moment the pump photon strikes on the BBO crystals
until SPDC occurs in the first crystal, we have that the |Hy5049) component of the
pump photons propagates with effective velocity, while the |Vj5019) component of
the pump photons propagates with ordinary velocity.
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e In the second stage, from the moment the SPDC occurs in the first crystal until the
photons reach the second crystal, we have that the |Visoy9), |Vise1g); component of
the downconvert photons propagates with ordinary velocity and forming an angle of
approximately 3° with respect to the pump beam, while the |Vj5049) component of
the pump photons continues propagating with ordinary velocity.

e In the second stage, from the moment the photons reach the second crystal until
SPDC occurs in the second crystal, we have that the |Viseyg), |Visots); component
of the downconvert photons propagates with effective velocity and forming an angle
of approximately 3° with respect to the pump beam, while the |Vj5049) component
of the pump photons propagates also with effective velocity.

e In the third stage, from the moment the SPDC occurs in the second crystal until the
photons exit from the second crystal, we have that the |Viso4 ), |Visots); component
of the downconvert photons propagates with effective velocity and forming an angle
of approximately 3° with respect to the pump beam, while the [Hyso19), |[Haso+0);
component of the downconvert photons propagates with ordinary velocity and form-
ing an angle of approximately 3° with respect to the pump beam.

The effective velocity at which extraordinarily polarized photons propagate varies de-
pending on the angle between the optical axis and their propagation direction. Thus, the
effective refractive index experienced by an extraordinarily polarized beam propagating at
an angle o with respect to the optical axis is:

1

2 in2
COos a+s1na

nZ ng

(22)

In Fig. 20, we can see the propagation directions of the photons, the direction of the
optical axis and the arrangement of the different planes of interest inside a BBO crystal.

X
_—~ Plane of the Optical Axis

///

T
y /‘/ _—+ Detection Plane

/ / Idler Beam

Pump Beam

dp.M

Signal Beam

Figure 20: View of the propagation directions of the photons, the direction of the optical axis and the
arrangement of the different planes of interest inside a BBO crystal.
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Optical Axis

Detection
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Figure 21: Front view of the second BBO crystal.

When the pair of photons generated in the first crystal pass through the second crystal,
the scenario is different because now these photons have polarization contained in the
plane of the optical axis, see Fig. 19. If we denote a4(f) (c;(0)) as the angle formed
by the propagation direction of the signal (idler) photons with the optical axis, in the
second crystal, the signal and idler photons propagate with an effective refractive index of
nf(a(0)) and n°f(a;()), respectively.

If we observe the second crystal from the front, we have that for & = 0°, the plane of
the optical axis and the detection plane form an angle of 45°, see Fig. 21.

Next, knowing how the different planes of interest are arranged and what are the prop-
agation directions of the photons inside our second BBO crystal, we proceed to calculate
the analytical expression for the angles a(0) and «;(0) as a function of the crystal rotation
angle (and thus, the rotation angle of the plane of the optical axis). To do this, we rely on
Fig. 22.

AZ

Idler|Beam Signal Beam

Optical Axis

v

v
Detection Plane

- Plane of the Optical Axis

Figure 22: Diagram illustrating the arrangement of planes and the propagation directions of the photons
produced by SPDC in the first crystal inside the second BBO crystal.
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If we compute the vectors that point in the propagation directions of the signal and idler
photons (§ and ¢ respectively) and the vector that point in the direction of the optical axis
(6) as a function of the rotation angle 6:

(0,sin 0, cosb.) ,

(0, —sin b, cosb.),

5=
i =
0= (cosappy. - cos(45° 4 0),cosap s, - sin(45° + 0),sinapyy.) ,
then we have that as(0) and «;(0) are:

cos(as(0)) = 8- 6 — as(f) = arccos(cos b, - sin ap pr. + sin b, - cos ap s, - sin(45° + 0)),
R —

a;(0) = arccos(cos 8. - sinap s, — sin 6. - cos ap s, - sin(45° + 6)).

Now, we can compute the relative phase introduced in the wave function as,

dl[1 1 2 1
p=¢1+ P2+ P3+ ¢ :27T1 [/\ (neﬁ(aP.M.) - no) + ()\, "cosO, )\) "Moot
eff eff/ ..
() ) )

N cos 0, A
(L @) @) 12 Y]

N cos 0. N cosf,. " N

A2 2 n(ay(6) + n(ai(6))

R ISR cos 0, '

So:
o, d =2 2 nf(ay(0)) + nf(a;(0))
o) = 27T1 [)\ RV cos b, ] ‘ (23)

Where d is the total thickness of both crystals. For our case, the values we take for all the
different variables involved in the study are:

0. =2°,

apy. = 29.2°,

ne = 1.655,

ne = 1.542, (24)
d = 0.2 mm,

A =405 nm,

N = 810 nm.

With all of this, we can plot the dependence of the angles as(0) and «;(6) as a function of
0, see Fig. 23, as well as the effective refractive index that the photons would experience,
i.e., n°®(a4(0)) and n°(a;(0)), see Fig. 24.
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Figure 23: Angle formed by the propagation directions of the signal and idler photons generated in the
first crystal with the optical axis of the second crystal as a function of the rotation angle of the BBO
crystals.
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Figure 24: Effective refractive index of the signal and idler photons generated in the first crystal as a
function of the rotation angle of the BBO crystals.

With all of this, the relative phase introduced as a function of the crystal angle is shown
in Fig. 25.

Q Q Q Q Q Q Q Q Q Q
™ Eo) .\’), © ,\9 ’Lb‘ ,f,b ,,)’1/ ,,)Q)
6 (degrees)

Figure 25: Relative phase between components as a function of the rotation angle of the BBO crystals.
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Fig. 25 shows that the phase difference between the maximum and minimum point is only
4 degrees, so if the BBO crystals are perfectly aligned in our setup, the relative phase
introduced between the components when rotating the BBO crystals is approximately the
same at all angles.

Relative Phase Depende: BBO crystals slightly tilted

Now, we assume that the BBO crystals are not perfectly aligned but are tilted by a small
angle v. A scheme of what we observe if we cut the BBO crystals along the detection plane
is depicted in Fig. 26.

Note that now the refractive index also varies with the angle for the pump photons
propagating with extraordinary polarization in both the first and second BBO crystals.
That is why we now have two new angles, ay,(6) and o2(6), where a(6) (a2(0)) is the
angle formed between the propagation direction of the pump photons with extraordinary
polarization and the optical axis of the first (second) BBO crystal.

Just like in the previous section, to calculate the angles as(0), a;(6), oy (6) and a3(0),

P
we rely on Fig. 27(a) and on Fig. 27(b).

BBO,

el |Hys0.40)

Are extraordinary-polarized (e) in the first BBO
cystal and ordinary-polarized (o) in the second.

- |Vy50.10)

Are ordinary-polarized (o) in the first BBO cystal
and extraordinary-polarized (e) in the second.

Figure 26: Optical path scheme followed by photons that suffer SPDC when passing through the BBO
crystals.
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Figure 27: (a) Arrangement of the detection plane, the propagation direction of the pump photons (p)
and the direction of the optical axis (J1) inside the first BBO crystal. (b) Arrangement of the detection
plane, the propagation direction of the pump photons (p), the propagation direction of the signal and
idler photons (5 and 7) and the direction of the optical axis (J2) inside the second BBO crystal.

If we compute the vectors that point in the propagation directions of the pump photons
(p), the signal and idler photons (§ and ¢ respectively) and the vectors that point in the
directions of the optical axis (d1 and d3) as a function of the rotation angle 6 in the (2,1, 2’)
basis:

= (0,sin(v),cos(7))

= (0,sin(f. + ), cos(fc + 7)) ,

, = (0, —sin(f. — ), cos(0. — 7)),

01 = (cosappy. - cos(—45° + 0), cos ap s, - sin(—45° 4+ 0),sinapyys) ,

BRI <N

0y = (cosappy. - cos(45° + 0), cos ap . - sin(45° 4 6), sinap ) ,

then we have that a3(6), a2(6), as(f) and a;(0) are:

cos(ozé(@)) =p-d — a;(e) = arccos(cos(y) - sinap . + sin(y) - cosap . - sin(—45° + 0)),

cos (0412,(9)) =p-dy — 04112)(6) = arccos(cos(7y) - sin ap s, + sin(7y) - cos ap. s, - sin(45° + 0)),
cos(as(0)) = 8- dy — as(0) = arccos(cos(b. + ) - sinap s, + sin(0. + ) - cosap s - sin(45° + 0)),
cos(a;(0)) = PGy —> a;(0) = arccos(cos(f. — ) - sinap p. — sin(f. — ) - cosap s, - sin(45° + 6)).
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Now, we can compute the relative phase introduced in the wave function:

¢:¢1+¢2+¢3+¢4=
_or [ (ne( —n,) + < ! + ! S ) +
VDY cos 7y e N-cos(O.+7)  N-cos(0.—~) A-cosy o

1 () | n @) 1
+ ()\’ (cos(@ +7) cos(@c - 7)) A - cosy ( p<0))>
1 (nay0) | ) (1 e
+ ()\’ (cos(@ +7) * cos(f, — 7)) <X - cos(6. + ’7) cos( 'y)) O)] N
)

_ d e 1 e 2 2 ( ( )) ( <9>
_QWZ l . (n H(Oép(e)) -n H(O‘pw)) -2 ) + N <COS(9 +7) COS( 7)>] .

Where o (0) (a?(0)) is the angle formed between the propagation direction of the extraor-

e

dinarily polarized pump photons and the optical axis in the first (second) BBO crystal.
So:

A cosy

. d 1 effr 1 eff; 2
9(6) = 2 [A.com (7 (ah(9)) = n*M(a2(6)) — 2 o) + 2
2 () | 1 Ma0) >
N \cos(B.4+7)  cos(b.—7) )|
Assuming the angle 7 takes a value of v = —0.7°, we can plot the dependence of the

angles o (0), a3(0), as(0) and oy(6) as a function of 6, see Fig. 28, as well as the effective

refractive index that the photons would experience, i.e., neﬂ(a},(ﬁ)), neﬁ(ag(ﬁ)), nf(ay(6))
and n°f(a;(0)), see Fig. 29.
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Figure 28: Angle formed by the propagation direction of the pump beam with the optical axis of the
first crystal (,,(6)) and the propagation directions of the pump, signal and idler photons generated in
the first crystal with the optical axis of the second crystal (o3(6), cs(6) and a(6)) as a function of the
rotation angle of the BBO crystals.
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Figure 29: Effective refractive index of the pump photons extraordinary-polarized in the first crystal
(n*((0))) and the pump, signal and idler photons extraordinary-polarized in the second crystal
(n=(a2(6)), n*(ars(0)), n*(cvi(0))) as a function of the rotation angle of the BBO crystals.

The relative phase introduced as a function of the crystal angle is shown in Fig. 30.
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Figure 30: Relative phase between components as a function of the rotation angle of the BBO crystals.

This relative phase does not perfectly fit the data from Fig. 10, possibly because either
the refractive index data, crystal thickness, or the value of the angle v (which we randomly
chose to be —0.7°) are not exactly correct, or because we are not taking into account some
other phenomena or imperfections that contribute to this relative phase.

To consult the Python code that has been used for the calculation of all these graphs,
please open the file "RelativePhaseGraphs.ipynb" in the following GitHub repository:

https://github.com /Raull.ahoz/RelativePhase

This code also provides us with a plot of the theoretical probabilities for obtaining the
photon pairs described by Eq. (8) (where the value of the relative phase is given by Eq.
(25)) in the states VV, HH, VH, or HV as a function of the angle 6 at which the BBO
crystals are located. In this code, we can also vary any of the parameters and see how it
affects our relative phase and therefore our probabilities as a function of 6.
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