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ABSTRACT

From the observation of the cosmic microwave background radiation (CMBR) we
know that the universe have the same temperature for all direction in the sky, up to tiny
fluctuations of order 1075, This tell us that the universe is isotropic on scales larger than
~ 75 Megaparsec to at least one part in 100000. The leading paradigm for explaining
this observational data is that the universe underwent a period of accelerated expansion
in its earliest stages, called cosmological inflation (or simply inflation from now on).

Inflation does not only give a convincing explanation for the homogeneity and
isotropy of the universe, but also provides a causal mechanism for generating anisotropies
on cosmological scales. These anisotropies result from the amplification of the un-
avoidable vacuum quantum excitations of the gravitational and matter fields due to the
accelerated expansion. In particular, it is possible to explain the almost scale invariant
power spectrum of the CMBR temperature map with a very simple inflationary regime
called Slow Roll (SR) inflation, in which the acceleration of the universe is driven by a
scalar field which is slowly rolling down a potential at almost constant speed.

Quantum fluctuations are usually assumed to be small enough such that they are well
described as perturbations over an homogeneous and isotropic space-time background.
This approach is commonly known as cosmological perturbation theory. However rare
large quantum fluctuations can also be randomly generated during inflation. These
large inhomogeneities are of great interest because they can lead to the formation of
Primordial Black Holes (PBH) and the probability of its generation is related with the
amplitude of the power spectrum.

Both the amplitude of the power spectrum and the non-gaussianities measured at
the CMBR are too small to generate a relevant amount of large fluctuations. In order
to form enough PBH that could represent for example a significant fraction of the dark
matter, we need to exponentially enhance the amplitude of the power spectrum on scales
which are not probed by the CMBR, for which a violation of SR is needed.

Although the growth of the power spectrum can be described at leading order in
perturbation theory, the description of the tail of the Probability Distribution Function

(PDF), where the large inhomogeneities are located, must be done beyond linear per-



turbation theory, hopefully in a non-perturbative way. To do that we study two main
approaches that aim to describe inflation in a non-perturbative way, the ) N formalism
and the stochastic approach.

Both approaches are based on gradient expansion, which assumes that the effect of
quantum fluctuations whose characteristic wavelength is much larger than the Hubble
radius is well described by an ensemble of locally homogeneous and isotropic patches,
where spatial gradients are negligible. Contrary to cosmological perturbation theory,
the gradient expansion is valid for any amplitude of local over-densities. In this the-
sis we show that spatial gradients and the momentum constraint of general relativity
play an essential role when we use global coordinates, which are necessary to describe
the statistical properties of the inhomogeneities by comparing different patches. As
a byproduct we find a symmetry of the perturbative Einstein equations in the long-
wavelength limit and in Newtonian gauge related to a time-dependent solution for the
curvature perturbation, which becomes important beyond SR. This extends an earlier
result of Weinberg, where only a constant solution was recovered.

The 6 N formalism and the stochastic inflation represent consistent ways of provid-
ing initial conditions to gradient expansion. In the 4 NV formalism, initial conditions on
the field fluctuations are perturbatively given. On the other hand, the idea of stochastic
inflation is fully non-perturbative. In this approach, the long-wavelength part of the
field follows the evolution dictated by gradient expansion and the short-wavelength part
act as a random noise continuously changing local trajectories. Although the amplitude
of the noise is computed using linear perturbation theory and it is small by definition,
its cumulative behaviour can induce non-perturbative effects in the local patch.

During this thesis we formulate for the first time a stochastic approach to infla-
tion which includes spatial gradients and the momentum constraint and hence it is in
principle able to describe the correct long-wavelength dynamics of inflationary inhomo-
geneities in a non-perturbative way and at all order in the slow-roll parameters. To test
our results, we show that for any inflationary regime, the stochastic inflation so formu-
lated, precisely reproduces the results of perturbative correlators in all regimes in which
perturbation theory is supposed to work. This is the first step towards the computation
of the tail of the PDF of inflationary density perturbations, where large non-perturbative

fluctuations important for PBHs are located.
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We also elucidate that, in order to take into account the whole non-perturbative
dynamics of the local patches via stochastic inflation, the noises must be computed over
the stochastically corrected local background rather than over the fiducial deterministic

global background, as it is typically done in the literature.
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RESUMEN

A partir de la observacion de la radiacion cosmica de fondo de microondas (CMBR)
sabemos que el universo tiene la misma temperatura para todas las direcciones en el
cielo, hasta pequefias fluctuaciones del orden de 10~°. Esto nos dice que el universo
es isotropo en escalas mayores que ~ 75 Megaparsec hasta al menos una parte en
100000. La teoria més popular para explicar estos datos observacionales es que el
universo sufrié un periodo de expansion acelerada en sus primeras etapas, llamado in-
flacion cosmoldgica (inflacion a partir de ahora).

La inflaciéon no solo ofrece una explicacion convincente de la homogeneidad e
isotropia del universo, sino que también proporciona un mecanismo causal para generar
anisotropias a escalas cosmoldgicas. Estas anisotropias resultan de la amplificacion de
las inevitables excitaciones cudnticas en el vacio de los campos gravitatorio y de mate-
ria debidas a dicha expansion acelerada. En particular, es posible explicar el espectro
de potencia casi invariante de escala en el mapa de temperatura del CMBR con un
régimen inflacionario muy simple denominado inflacién Slow-Roll (SR), en el que la
aceleracion del universo estd impulsada por un campo escalar que se mueve lentamente
en un potencial a velocidad casi constante.

Se suele suponer que las fluctuaciones cudnticas son lo suficientemente pequeiias
como para que se describan bien como perturbaciones sobre un fondo espacio-temporal
homogéneo e isétropo. Este enfoque se conoce cominmente como teoria cosmologica
de perturbaciones. Sin embargo, durante la inflacién también pueden generarse aleato-
riamente grandes fluctuaciones cudnticas poco frecuentes. Estas grandes inhomogenei-
dades son de gran interés porque pueden conducir a la formacion de Agujeros Negros
Primordiales (PBH) y la probabilidad de su generacion estd relacionada con la amplitud
del espectro de potencia.

Tanto la amplitud del espectro de potencia como las no gaussianidades medidas
en el CMBR son demasiado pequefas para generar una cantidad relevante de grandes
fluctuaciones. Para formar suficientes PBH que pudieran representar, por ejemplo, una
fraccion significativa de la materia oscura, necesitamos aumentar exponencialmente la

amplitud del espectro de potencia en escalas que no son sondeadas por el CMBR, para
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lo cual se necesita una violacion de la inflacién SR.

Aunque el crecimiento del espectro de potencia puede describirse en orden lineal
en teoria de perturbaciones, la descripcion de la cola de la funcién de distribucién de
probabilidad (PDF), donde se localizan las grandes inhomogeneidades, debe hacerse
mas alld de la teoria de perturbaciones lineales, idealmente de forma no perturbativa.
Para ello estudiamos dos enfoques que pretenden describir la inflacién de forma no
perturbativa, el formalismo d N y el enfoque estocdstico.

Ambos enfoques se basan en la expansion de gradientes, que supone que el efecto
de las fluctuaciones cudnticas cuya longitud de onda caracteristica es mucho mayor
que el radio de Hubble esta bien descrito por un conjunto de parches localmente ho-
mogéneos e isotropos, donde los gradientes espaciales son despreciables. Contraria-
mente a la teoria cosmoldgica de perturbaciones, la expansion de gradientes es valida
para cualquier amplitud de inhomogeneidades locales. En esta tesis mostramos que los
gradientes espaciales y la ecuacion para el momento de la relatividad general juegan
un papel esencial cuando usamos coordenadas globales, las cuales son necesarias para
describir las propiedades estadisticas de las inhomogeneidades comparando diferentes
parches. Ademads, encontramos una simetria de las ecuaciones perturbativas de Einstein
en el limite de longitud de onda larga y en el gauge Newtoniano relacionada con una
solucion dependiente del tiempo para la perturbacion de la curvatura, que adquiere im-
portancia mas alla de SR. Esto amplia un resultado anterior de Weinberg, en el que s6lo
se recuperaba una solucién constante.

El formalismo 0 N y la inflacion estocastica representan formas coherentes de pro-
porcionar condiciones iniciales a la expansién de gradientes. En el formalismo 0V,
las condiciones iniciales sobre las fluctuaciones del campo se dan perturbativamente.
Por otro lado, la idea de inflacion estocéstica es totalmente no perturbativa. En este
enfoque, la parte de longitud de onda larga del campo sigue la evolucién dictada por la
expansion de gradiente y la parte de longitud de onda corta actia como un ruido aleato-
rio que cambia continuamente las trayectorias locales. Aunque la amplitud del ruido se
calcula utilizando la teoria de perturbaciones lineales y es pequefa por definicion, su
comportamiento acumulativo puede inducir efectos no perturbativos en el parche local.

En esta tesis formulamos por primera vez una inflacién estocéstica que incluye gra-

dientes espaciales y la ecuacion para el momento y, por tanto, es en principio capaz de



describir la dindmica correcta de las inhomogeneidades inflacionarias (en el limite lon-
gitud de onda larga) de forma no-perturbativa y a todos los 6érdenes en los pardmetros
SR. Para comprobar nuestros resultados, mostramos que, para cualquier régimen infla-
cionario, la inflacién estocéstica asi formulada reproduce con precision los resultados
de los momentos perturbativos en todos los regimenes en los que se supone que fun-
ciona la teoria de perturbaciones. Este es el primer paso hacia el clculo de la cola de la
PDF de las perturbaciones de la densidad, donde se localizan las grandes fluctuaciones
no perturbativas importantes para los PBHs.

También elucidamos que, para tener en cuenta toda la dindmica no-perturbativa de
los parches locales a través de la inflacion estocdstica, los ruidos deben calcularse sobre
el fondo local corregido estocédsticamente en lugar de sobre el fondo global determinista

y ficticio, como se suele hacer en la literatura.
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CHAPTER 1

Introduction

We can define cosmology as the science concerned with the dynamics of the universe as
a whole. Of course this is a very broad definition which depends on what we understand
by universe, or in other words, what we consider to be all of space and time and their
contents. For example, Anaximander, a pre-Socratic greek philosopher who is widely
referred to as the “father of cosmology”, believed that everything we could observe was
inside a huge spherical shell surrounded by a rim of fire, the earth had a cylindrical
shape and was at the center of this sphere and all the stars (including the Sun) were
represented by holes in the shell that allowed us to see the bright rim of fire behind it.
For him, and for many other phylosophers after him, the universe was that spherical
shell and everything inside it. Hence cosmology at that time could be defined as the
description of the dynamics of that shell and of the relative positions of the earth, sun
and moon. All of this was described by the use of the geometry and mathematics that
he learned form his mentor Thales.

Twenty six centuries have now passed since the cosmological model of Anaximan-
der and the understanding of our universe has greatly improved: we will argue why
a period of accelerated expansion of the universe called “cosmological inflation” is a
plausible way to explain the available observational data. But before that, and in the
same way that the cosmological model of Anaximander could not be formulated with-
out the mathematical tools of Thales, we will introduce the mathematical framework of
our cosmological model: the General theory of Relativity (GR).

Firstly published by Einstein in 1915 [1], general relativity is the theory that de-
scribes gravitation in modern physics. It provides a unified description of gravity as
a geometric property of space and time. As we will see, general relativity tell us that
space-time and matter are tightly connected. Matter dictates the geometry of the space-
time and the geometry of the space-time dictates how matter should move. There are
many books and reviews focused on the theory of general relativity [2, 3, 4] so we will
not review here how this theory arises, on the other hand, we will pay more attention
on how the Einstein’s field equation of general relativity can be derived from an action,

which will be more useful in the context of this thesis.



1.1 The Einstein-Hilbert action

Although the original derivation of Einstein’s field equations of general relativity is
different, in this section we will use a modern approach based on the concept of an
action, named the Einstein-Hilbert action [5].

The dynamics of a generic 4-dimensional space-time metric g,,,, related to a line
element ds? = g, dx"dz" can be described by the Einstein-Hilbert action
M3,

SEH —
@ 2

/ dio /=GR (1.1)

where we are using the metric signature (—,+,+,+). In the action (1.1), Mp;, =
1/vV8rG ~ 2.44 - 10'®GeV in natural units of ¢ = % = 1, is the reduced Planck
mass, d*x\/— g is the 4-dimensional volume element, and R is the Ricci scalar (defined
as the contraction of the Ricci tensor i.e. R = R;j). Note that we can defined the
Lagrangian density corresponding to the action (1.1) as S¢ = [ d*zL, reason why
this formulation of general relativity is sometimes referred as Lagrangian formulation
[4].

The stationary-action principle tells us that to recover a physical law, we must de-

mand that variation of this action with respect to the inverse metric to be zero, yielding:

M2 V=g
0= 055" = = / {5( me] Sgvdis (1.2)

which gives rise to the following equation of motion for the metric field in vacuum:

R n R 6y/—g 0
agm /=g ogm
The computation of the variation of the Ricci scalar and the determinant is a well-

(1.3)

known academic exercise that we will not repeat here, for the interested reader we refer

to [6]. The result are the Einstein field equations in vacuum

Ry, =0. (1.4)

Note that, because we are in 4 dimensions and hence ;¢ and v run from O to 3,
equation (1.4) is actually a system of 16 second-order partial differential equations for
the metric tensor field g,,,. However, because I?,,, is actually a symmetric two-index
tensor, 6 out of these 16 are redundant. Furthermore, the Bianchi identities, which are
a result of the redundancy in any given representation of the metric due to the freedom
to choose different coordinates, represents 4 constraints on 2,,,. Thus, the number of
degrees of freedom (and hence of independent dynamical equations) reduce to 16 — 6 —
4 = 6. We will however see in a more clear way in the next section that there are 4

more constraints on the initial data of the system, leaving the final number of degrees
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of freedom of general relativity in vacuum to be equal to 2.

1.2 Arnowitt-Deser-Misner decomposition

Although the Lagrangian formulation of general relativity presented above already gives
a straightforward understanding about how Einstein’s field equations can be derived
from an action, it is sometimes hard to understand what is the dynamical content of
these equations.

An alternative but equivalent approach is the Hamiltonian formulation of general
relativity or ADM formalism, in honor of Arnowitt, Deser and Misner, the first authors
who introduced this formulation [7]. We will not give here a formal development of
the ADM formalism which can be found for example in [8] but we will rather give a
conceptual idea, which in enough for our purposes.

The ADM formulation is a Hamiltonian rather than a Lagrangian formulation of
general relativity. As any Hamiltonian formulation of a field theory, the ADM formal-
ism requires the definition of canonically conjugate momenta for the dynamic variables
(i.e. for the dynamic components of the metric tensor). To introduce these variables we
want to give some privilege direction in time.

One way of doing so is to consider space-time as formed by a collection of non-
intersecting 3-dimensional hypersurfaces 3J; labeled by a number ¢, we can then think
of the dynamical evolution as the change of these hypersurfaces in the parameter ¢.
By providing each hypersurface with a three-dimensional metric ;;, determined by the
way the space-time is cut, it is possible to consider the metric 7;;(¢) as the dynamic
variable.!

Note that 7;; has 6 independent components (it is symmetric), in order to reach the
10 independent components of the original metric metric we still need 4 more functions,
which are those responsible to describe the foliation of the hypersurfaces in the space

time. These variables are:

* The lapse function «, which measures the rate of flow of proper time with respect
to t as one moves normally to >; and hence it is related to the separation between

each hypersurface.

* The shift vector 3, which measures how much the local spatial coordinate system
shifts tangential to >;, when moving from >.; to >, 5 along the normal direction
to Et'

'We will see later on that the variables that define the foliation of X; are actually constraints and
hence the only dynamical variable is ;.



A schematic picture of what each one of the variables defined above represent can
be found in Fig. 1.1%.

X! = const.

Fig. 1.1 Schematic representation of the 3+1 decomposition of the space-time used in
the ADM formalism.

Once we have identified the variables of interest, we can write a generic line element

accordingly with these new variables:

ds® = —a®(t,x)dt” + 7;(t,x) [da’ + 5'(t, x)dt] [da? + 57 (t,%)] . (1.5)

The last step is to write the Ricci scalar R and the volume element dz*./—g appear-
ing in (1.1) in terms of these variables. In this step, the extrinsic curvature K;; plays a
very important role and it is defined as

.

Kij = =Vinj = =~ (i — DiBj — D;Bi) (1.6)
where n; = (—«,0,0,0) is the unit vector normal to the spatial hypersurfaces, a dot
represent a derivative with respect to ¢ and V,, and D; are the covariant derivatives with
respect to g, and ;;, respectively. Finally, the Einstein-Hilbert action is re-expressed

with these new variables in the form:

M? y
SaPM — % / dt / dPry/Ayo (R® + K K7 — K?) | (1.7)

where /v« is the decomposed 4-dimensional invariant volume element, R®) is the
Ricci scalar of ;; and K = Y K.
Note that the action (1.7) does not depend on 0;« nor 0;3;, which allow us to con-

sider them as non-dynamical variables, or in other words, the lapse function o and the

2We thank Prof. Eric Gourgoulhon for letting us use the image of Fig. 1.1, which originally comes
from his nice book on the 3+1 decomposition of general relativity [8].
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shift vector (3; act as Lagrange multipliers and hence the variation of the action with
respect to these variables will give us 4 constraint equations. Together with the 6 inde-
pendent degrees of freedom of the 3-dimensional metric ;;, leave only the 2 degrees of
freedom of general relativity in vacuum.
To construct the Hamiltonian density we define the canonically conjugated momenta
of 7;; as
ADM
T = ag(;;-j =7 (K¥7 — KY) . (1.8)

Then, the Hamiltonian density is defined as follows

HAPM — riis, — LAPM (1.9)

The minimization of the ADM action of (1.7) is equivalent to the Hamilton equa-

tions

ADM
e _ 0, (1.10)
oo
SHAPM
= 1.11
55 0, (1.11)
SHAPM
S = Yij > (1.12)
ADM
MG _ —74 (1.13)
0ij

Note that (1.10) and (1.11) are just constraint equations and confirm the fact that
« and 3¢ are non-dynamical variables. Equation (1.10) is the so-called Hamiltonian

constraint and it can be written as

R® — KyK7 + K*=0. (1.14)

Equation (1.11) represents the momentum constraint:

D,K! — D;K =0. (1.15)

Equations (1.12) and (1.13) represent instead dynamical equations for the metric
and its canonical momenta. Since for the rest of the thesis we are not really interested
in the canonical momenta 7;; but rather in the extrinsic curvature Kj;;, we will write
(1.13) in terms of K;; rather than in terms of 7;;. Note that this is not what it was done
in the original paper of the ADM formalism [7]. After a tedious but straightforward

computation we obtain, from (1.12), the equation of motion for the metric



(at - 5kak) Yij = —QCYKij + %jazﬂk + %kajﬁk ) (1.16)

and, from (1.13), the equation of motion for the extrinsic curvature

(00 — 8°0k) Kij = ~DiDja + a [ RS + KKy — 2K K| + Kig0i8° + Ky 8.
(1.17)
Although the ADM system of equations (1.10)-(1.13) are exactly equivalent to the
vacuum Einstein field equations of (1.4), they can be understood in a more intuitive
way thanks to its relation with the classical Hamiltonian formulation of any field theory.
This is one of the reasons why the ADM equations are the ones most widely used for

numerical simulations [9].

1.3 Beyond pure gravity

Both the Einstein-Hilbert and the ADM actions presented above are very useful to un-
derstand the nature of gravity in vacuum. However, for cosmological purposes, we need
to introduce gravitating matter and a cosmological constant A. The Einstein-Hilbert ac-

tion in this case is:

2
gou = Miv / /=g (R — 2A) + / /=g L (1.18)

where L,, is the Lagrangian density of the gravitating matter. Varying the full action
SEH with respect to the inverse metric in a similar way as in section 1.2 we can write
the Einstein field equations in presence of matter and a gravitational constant

1
R,uy + §Rg,ul/ + )‘guu - T/u/ s (119)

1
Iz,

where we have introduced the stress-energy tensor 7, defined as

0L,

T, —.
gt

w = LG — 2 (1.20)

Following the same procedure of section 1.2, we can write the ADM system of

equations (1.10)-(1.13) including a cosmological constant and matter. The result is:

¢ Hamiltonian constraint

R® — K K7 + K> — 2\ = E, (1.21)

2
Mpy,

where we define £ = T}, n*n".



¢ Momentum constraint

; 1
D;K! — DK = ——J, 1.22
J" M%)L ( )
where we defined J; == -1, n"v;.
* Equation of motion for the spatial metric
(0 — B*0k) 7ij = —2aKij + i 0: 8" + 7in0;8" . (1.23)

* Equation of motion for the extrinsic curvature

«
013,

(1.24)

where we define S;; = T;; and hence S = 7Y S,;.

Again, the system of equations (1.21)-(1.24) is exactly equivalent to the Einstein
field equations (1.19).

1.4 The cosmological principle and the model of our universe.

Although there are many textbooks devoted to this topic [10, 11, 12, 13, 14], it is worthy
for the rest of the thesis to give a brief overview of our standard cosmological model,
which is based on the cosmological principle.

The cosmological principle is the guiding principle in all of cosmology and it states
that the universe must look the same for all observers, which requires that it must be
homogeneous and isotropic everywhere. In other words, the cosmological principle re-
quires the universe to look the same at every location and in every direction. Although
this principle does not apply at small scales (for example in the solar system), at cos-
mological distances (typically about 1 Gly or greater) it seems to be fairly accurate as
far as observations are concerned [15, 16, 17, 18, 19, 20].

In order to obey the cosmological principle, the 3-dimensional hypersurface of Fig.
1.1 must be a maximally symmetric manifold. We can then choose appropriate coordi-

nates to write the 4-dimensional space-time metric as

ds* = —dt* + a*(t)do? (1.25)

where da? is the line element of the maximally symmetric 3-dimensional metric and

a(t) is the scale factor. Note that a(t) cannot depend on z* because otherwise it would



violate homogeneity. One now has to impose the Riemann curvature tensor to be the

one of a maximally symmetric 3-dimensional metric ', i. e.

R, =k (WSS — 154208 (1.26)

where ~ is the Gaussian (or intrinsic) curvature of 3-space. The Ricci tensor is then

straightforwardly computed as
3 _ MS
Ry = 2r;; " (1.27)
The next step is to choose the following ansatz for the a spherically-symmetric 3-
dimensional space
do® = )% datda? = D dr? + 72df° + 7° sin® 0d¢y” . (1.28)

One can now compute the Ricci tensor of the metric (1.29) and use (1.27) to compute
¢(7). The result is [6]:

di?

da? =
4 1 — k7?2

+ 72dH* + 7% sin” Odp? . (1.29)

Note that (1.29) depends on the exact intrinsic curvature x, however, it can be actu-
ally reparametrized such that any curvature x can be normalized to +1 or —1. In this
case we have k = wk, with £ € (—1,0,+1). If we also reparametrize the radial coor-
dinate such that » = w7 we have that the most general 4-dimensional metric consistent

with the cosmological principle is

dr?

1 —kr?

ds® = g datde” = —dt*+a*(t) (
(1.30)

The metric (1.30) is the so called Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric [21, 22, 23, 24] and it is the metric that describes an homogeneous and isotropic
universe, which at the same time can be expanding or contracting. From (1.30) we can
see that the comoving distance d,,,, between two points in the constant time hypersur-

face X, is related with the physical distance d,,s as

dphys = a(t)deom , (1.31)

from where it is clear the physical meaning of the scale factor a(t): it sets the physical
expansion of the 3-dimensional homogeneous and isotropic hypersurfaces ;.
Note also that, depending on the value of k, the FLRW metric describes different

3-dimensional spaces. For £ = —1 it describes a 3-dimensional hyperbolic space, for

+ r2dh* + r? sin® 9d¢2> , ke (—1,0,+1) .



k = 0 it describes a 3-dimensional flat (Euclidean) space and for £ = 1 it describes a
3-dimensional sphere.

In order to obtain the FLRW metric (1.30), we have assumed, based on the cosmo-
logical principle, that our universe is homogeneous and isotropic. To solve the Einstein
field equations we need a stress-energy tensor which is also homogeneous and isotropic,
the most general form of the stress-energy tensor which is compatible with homogeneity

and isotropy is the one of a perfect fluid [25]

Tp,l/ - (P + p)uuuu + P9uv , (132)

where p is the energy density of the fluid and p its pressure. Homogeneity implies that
the pressure and density should be independent on the location in the 3-dimensional
hypersurface ¥; and hence they can only depend on time in the coordinates (1.25).
Finally, u,, is the relative four-velocity between the fluid and the observer and it must
only have a time component in order to be compatible with our assumption of spatial
isotropy, in other words, the fluid flow is orthogonal to the 3-dimensional hypersurfaces
>, with this in mind, we have that the stress-energy tensor must be diagonal in the

coordinates (1.30) i.e.

T,, = diag (p,p,p,p) . (1.33)

Knowing the form of the metric (1.30) and of the stress-energy tensor (1.33) we can
write specifically the Einstein field equations that describe a generic homogeneous and
isotropic universe. We will use the ADM formalism (2.19)-(2.24), the reason is that
this is precisely the formalism we are going to use along the thesis so it is worthy to
introduce it here. In order to use the ADM formalism it is better to write the FLRW

metric in cartesian coordinates i.e.

dx? + dy? + dz?
(14 Lk (22 + 92 + 22)°
Comparing (1.34) with the general ADM metric of (1.5), it is clear that the lapse

ds® = —dt* + a*(t) (1.34)

function and the shift vector in a homogeneous and isotropic universe with coordinates
(1.30) are simply o« = 1 and ; = 0, respectively. Furthermore using the decomposition
of the spatial metric v;; = a®(t)e*7;;, we have ¥;; = ;;, where d;; is the Kronecker
delta and

1
1+ 1k (2% +y* + 22)

¢ =log (1.35)

The extrinsic curvature is simply



2
Ky = —%at ( a’(t) ) 5ij (1.36)

(1+ 1k (22 + 92 + 22))°
from which we can easily identify K = —3%. Finally, the Ricci scalar of the 3-
dimensional metric can be computed to be R3) = ag—ft). The relevant ADM equations
(the only ones which are not trivially satisfied) are then the Hamiltonian constraint
(1.21) and the equation of motion for the trace of the extrinsic curvature (1.24), which

are respectively

k a\? A 1
- ) D= 1.37
a? * (a> 3 3M123Lp’ (1.37)
a
—=A - — 1.38

also known as Friedmann equations [21].
Taking the time derivative of (1.37) and inserting it into (1.38) we get the continuity

equation,

_ a
p=-3-(p+p), (1.39)
which can also be derived by derived by imposing the covariant conservation of the
stress-energy tensor i.e. V, T/ = 0.

The continuity equation has a very simple solution if we assume a equation of state

of the form p = wp, where w is a constant

—3(14w)
a ) . (1.40)

pla) = p™ (%
In (1.40), p'™ is the value of the energy density at initial time when a = a‘™. For
example, for non-relativistic wWy,q; = 0, Prmar < a~>. As one would expect, the density
of non-relativistic matter decays with the volume, on the other hand, for relativistic
matter (or radiation) where wy,.qq = 1/3, prag X a~*. The extra 1 /a that appears in the
time evolution of the energy density of radiation is due to the fact that the wavelengths
of radiation are redshifted.
Before further proceeding, let us go back to the Hamiltonian constraint of an ho-
mogeneous and isotropic universe of equation (1.37) and note that it can be written

as

pT
H? = , (1.41)
3M32,

where we have defined the Hubble rate as H = g and pr as the total energy density.
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| Component | p(a) | w ] Qo |
Non-relativistic matter || ppar X a2 | Wyat = 0 00 ~0.311
Radiation Prad X @~ | Wraa = % Q0 ~923-107°
Cosmological constant || py o constant | wy = —1 0% ~ 0.689
Curvature prxa? |wy=—% Q%] < 0.01

Table 1.1 Different components of the universe and the evolution of the energy density
associated to each component.

Note that pp does not only include the energy density that appears in the stress-energy
tensor of (1.33), but also includes two other components that, although strictly speaking
do not represent any kind of matter, they participate in the Hamiltonian constraint in the
similar way as matter does. These components are the cosmological constant and the
curvature. Their associated densities are py = M2, A and p;, = —?’Ma#. The behavior
of each component of the universe are summarized in Table 1.1.

Note also that, if we assume the different components to be non interacting, we can

write the total energy density as

in a3 in a1 in in a2
pr(a) = Prmat <ﬁ> + Prad (ﬁ) + PX + Pk (a—n> : (1.42)
or, using the Hamiltonian constraint (1.41), as
H\> Q. Q° . Qo
— ) =ma rad 4 Qp 4+ —£ . 1.43
(Hg) a3 * at T a? (143)
Py

Ee have defined the dimensionless quantity Q? = as the value of the di-

= 3MpLH?
mensionless energy density of each component at current ti};rLle izo = 1 and H is today’s
Hubble rate. This simple formula tell us that, under two simple assumptions, namely
that 1) each component of the universe has a constant equation of state and 2) they do
not interact with each other, we can estimate the energy density of each constituent of
the universe at any given time by knowing their current values. In Table 1.1 we give
the values of ©2° for each known constituent of the universe measured by the Planck
collaboration [19]3.

As a side note, it is important to remark that, although we are considering in Table
1.1 all the non-relativistic matter today to be the same, it contains two main elements:
a) the baryonic matter (atoms, nuclei, etc), for which (2,,, ~ 0.049 and b) the dark
matter, whose precise nature is still unknown and for which Qp,, ~ 0.262.

From (1.42) and (1.43) we can clearly see that the term dominating the energy den-

sity of the universe depends on the value of the scale factor. As it can be seen in Table

3Because this thesis is not really devoted to any observational measurement, we will only write the
approximated values of Q°, for the reader interested in how each measurement is made and the corre-
sponding error bars, we refer to [19]
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1.1, the cosmological constant is the component that dominates today, however, this is
not true earlier because of a smaller value of the scale factor. If we consider €2, = 0,

we can distinguish 2 important events in the history of the universe:

1. Matter radiation equality:

This is the moment in which the energy density of matter and of radiation con-

tribute equally to the total budget of energy density in the universe, this happens

when
0o Qo

which corresponds to a value of the scale factor of a(t.,) ~ 3 -107*.

2. Matter-A equality:

In the same way, we can obtain the value of the scale factor in the moment in
which the energy density of matter and of the cosmological constant contribute
equally to the total budget of energy density in the universe

QO

;’;@t =09, (1.45)

which corresponds to a value of the scale factor of a(tZ}I‘lHA) ~ (.767.

These 2 main events allow us to distinguish 3 different epochs in the universe:

1. The first one would be the radiation dominated era, which corresponds to the blue
region in Fig 1.2. In this era, radiation was the most important contribution to the
total energy density of the universe. If we approximate p;y ~ p,.q during this
era we get from (1.41) that the evolution of the scale factor with cosmic time ¢ is
a(t) oc tY/2,

2. The second epoch is the so-called matter dominated era, which corresponds to the
orange region in Fig. 1.2. In this case, matter dominates the total energy density

of the universe so pr =~ pq: and hence a(t) o< t2/3.

3. Finally, the third era is the one towards we are evolving in right now in which the
cosmological constant will eventually dominates the total energy density of the

universe. In this case pr =~ p, and hence a(t) o et where H is constant.

Of course the 3 epochs presented above are limiting cases of the true dynamics of
the universe, the reason is that there is almost always more than one component whose
contribution to the energy density is important as it happens for example in our current

universe, where we are in a transition between the second and the third epochs and

12



around 70% of the total energy density comes from the cosmological constant while the

spare 30% corresponds to non-relativistic matter.

p(a)

aI"EC

102‘ -
1017
0 — prad
109 ~ pmat

| A
10° - P

10.000 F
ul |_ PR 1 . L 1 L n |\ a
1076 1070 1074 0.001 0.010 0.100 1

Fig. 1.2 Evolution of the energy density of each component of the universe with the
scale factor.

The extremely simple model presented here is the most accepted model of the uni-
verse nowadays and it is sometimes referred to as AC'DM model (or Hot Big Bang
model), where A states the necessity of a cosmological constant (and therefore a py)
in order to explain the accelerated expansion observed in our universe nowadays and
CDM states by Cold Dark Matter, meaning that the unknown component of matter
(dark matter) act as non-relativistic matter and not as radiation. Of course among the 3
epochs presented above, many other key moments in the evolution of the universe took
place.

In this thesis we are not interested in almost any of them but we will just enumerate

them here with corresponding references for the interested reader:
1. During the radiation dominated epoch:

* Electroweak phase transition [26, 27, 28, 29, 30, 31, 32]*
* Quark-hadron transition [33, 34, 35, 36, 37, 38]
* Nucleosynthesis [39, 40, 41, 42]

2. During the matter dominated epoch:

¢ Recombination [43, 44, 45, 46]
* First galaxies are formed. [47, 48, 49]
e Reionization [50, 51, 52]

4Some references place this phase transition earlier than the radiation dominated epoch, however this
is still a question under debate, see references in the main text for more details.
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3. After matter-A equality.
* First stellar systems are formed [53].

The reason why recombination is in bold in is because we will pay slightly more
attention to this particular event, as it will become clear in the following. The ACDM
model of the universe assumes that the universe starts with a hot plasma that contains
all the fundamental particles of the Standard Model, after that, the universe starts to
cool down and the different particles start binding together and forming increasingly
complex structures. At a ~ 0.001 (see Fig. 1.2), the universe has cooled enough that
charged electrons can bind with protons to form the first neutral hydrogen atom, this
is the so-called recombination epoch. At this point, photons decouple from matter and
travel freely through the universe, constituting what it is observed today as the Cosmic
Microwave Background Radiation (CMBR). This ”Oldest light of the universe” was
accidentally discovered by Arno Penzias and Robert Wilson in 1965 [54] and since then
more and more precise measurements have been done, being the latest image released
by the Plank satellite the one in Fig 1.3 [55]. The CMBR is consistent with homogeneity
and isotropy of the universe, with small deviations from homogeneity up to one part in
10°. As we will see later on, both the almost perfect agreement with homogeneity of the
CMBR and the existence of small inhomogeneities motivate the existence of a period
of accelerated expansion in the very early universe called cosmological inflation, which

is the main topic of this thesis.

Fig. 1.3 Cosmic microwave background radiation temperature map from Planck 2018.
The temperature of the CMB today is 2.725 K with fluctuations of just 0.01%
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1.5 Initial conditions in the AC' DM model.

The AC' DM model is very compelling, in fact, despite being a rather simple model
based on the cosmological principle and the theory of general relativity, it is able to
give a reasonable explanation of the universe we observe nowadays.

However, there exists a series of puzzles in the AC DM model related with the
extreme fine-tuning of some initial conditions necessary to describe our universe. These
fine-tuning issues can be solved with a simple extension of the AC' DM model in which
we include a short period of accelerated expansion in the very early universe called
cosmological inflation. Because this thesis is mainly devoted to cosmological inflation,
we will present these fine tuning issues in detail and show how inflation take care of

them.

1.5.1 Flatness problem

As already commented around Table 1.1, our universe shows no sign of spatial curva-
ture. (|]Q22| < 0.01). Because the curvature energy density scales as 1/a* and hence
much slower than the energy density of matter (1/a?) or radiation (1/a%), any small
amount of curvature at the very early universe should have relatively grown over time,
leading to a initial fine-tuning problem.

In order to quantify the magnitude of it let us put some numbers. In our computa-
tions we will the cosmological constant contribution to the total energy density because,
although it currently dominates, it has been irrelevant for most of the universe’s history
as it can be seen in Fig. 1.2. As we saw in section 1.4, from a ~ 3 - 10~* until recently,
the universe was matter dominated. In this case

a 0 QO
mat mat

=
Formula (1.46) approximately holds all the way back to matter-radiation equality

mat

at a = a., = 3-107%, where Q01(ae,) =~ 1/2. Using the present day value of
%N
QO

mat

< 0.01, we must have

Q% (aeq)| <1076, (1.47)

which already represents a huge fine-tuning problem, the situation is even worse if we
study €2, at earlier times. In this case the universe is radiation dominated and hence the

relevant formula is

pe(@) P s Qp(acq) a®
— Pk 2 o ua) = =) &g (a), (1.48)
prad<a) pgad k< ) Qrad(aeq) (ng d( )

where Q,44(ae;) = 1/2 and Qy(a.,) is given by (1.49). We can now use (1.48) to
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compute €2 (a) at some time in the radiation dominated universe, for example at a =
Uraqa = 107 and Q,44(arqq) = 1. In this case the constraint on the energy density of

the curvature is

| (@raq)| < 107, (1.49)

Why should the early universe be flat to such precision?, there is no reason a priori

to think so, this is known as the flatness problem.

1.5.2 Horizon problem.

For the horizon problem it is needed to introduce the concept of horizon itself, which
will be determined by the propagation of light in an expanding spacetime. Because we
assume a spacetime flat and isotropic, we can describe the evolution of light using a

2-dimensional line element as

ds* = a*(7) [dr* — dr®] | (1.50)

where we have defined the conformal time 7 as a(7)d7 = dt. Since light travels along

null geodesics (ds? = 0), their path is simply given by

Ar = +0T1, (1.51)

where the plus and minus corresponds to outgoing and ingoing photons, respectively.
For the horizon problem we are interested in the events in the past that can affect a

future observer, this is called the comoving particle horizon.

Eodt
dch(T):T_Tin:/O ok (1.52)

As it is clear form (1.52), a comoving particle can only affect an observer at P if the
particle’s worldline intersect the past lightcone of P. In other words, if we consider two
observers with a comoving separation L(7) > d.(7), the two observers could never
have communicated before the time 7.

The horizon problem arises when we realize the almost perfect homogeneity and
isotropy of the CMBR (see Fig. 1.3). As we will show in the following, according to
the AC' DM model presented before, many different parts of the sky are outside each
others particle horizons at the time the CMBR is formed.

For a purely matter dominated universe’, where a(t) = (t/ty)*?, the comoving

particle horizon of (1.52) at recombination time ¢, is d.;, = 3t,.., which can be written

SOf course, this is an oversimplification because we had a period of radiation domination in the early
universe, however, including this period would complicate the computation and obscure the main result,
which can be already seen in a purely matter dominated universe.
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as

2a72«é§
Hy ’

dch(arec) == (153)

2
3t

time d.j(a,..) has been stretched by the expansion of the universe until the value of

den(@rec) today, where the comoving particle horizon is d.;(ag) = Hlo Thus, the sizes of

Qrec

where we have used H (t) = = = g—;g The comoving particle horizon at recombination

the region in the sky that were in causal contact before the emission of the CMBR are

within an observable angle of

dch (a'rec)

0 ~
arecdch (CLO)

~ 0.03rad . (1.54)

This means that, within the AC' DM model, patches of the sky separated by more
than ~ 0.03 rad had no casual contact at the time CMBR was emitted. We would then
expect a CMBR full of circles of ~ 0.03 rad, each one with different temperature. How
different parts of the universe have reached thermal equilibrium without ever being in
causal contact? This is the so called horizon problem, Fig.1.4 shows a schematic plot
of the different comoving particle horizons that we have used in the computation above

that clarifies the problem in a very intuitive way.

Tt = tg (today)

Conformal Time (t)

T = Tprec

BigBang (t = @)

Fig. 1.4 Schematic plot of the horizon problem. Although the CMBR (orange surface)
is almost perfect homogeneous and isotropic, it can be seen that different patches in that
surface were never in causal contact in the AC'DM model

1.6 An early acceleration phase as a solution for the fine-tuning problems.

As anticipated before, there exists a neat solution to the problems that have to do with
fine-tuning issues, namely the flatness and horizon problems. The solution consists
of a period of accelerating expansion in the very early universe called cosmological

inflation (inflation from now on) and it is the leading paradigm for the very beginning
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of the universe. As we will see later on, the success of inflation does not only resides
in the way that it solves the fine-tuning problems of the AC'DM model. Possibly a
more important consequence of inflation is that quantum fluctuations of the gravitational
and matter fields generated during that phase can provide the seed of the large-scale
structure of our universe. In this section we will nevertheless only talk about inflation
as a solution of the fine-tuning problems.

An accelerating phase means a(t) ~ t" with n > 1 or a de Sitter-type phase with
a(t) ~ e with constant A. Note that a phase of this form would naturally solve the
flatness problem, in fact, the background energy density of such an accelerating phase

scales as

1

Hach%, for a(t) ~t" with n>1

Hgeo ~ constant, for a(t) ~ e (1.55)

which obviously dilutes away slower than the curvature py, (~ 1/a?). This means that if
we wait a sufficiently long period, the accelerating phase will make the spatial curvature
as relatively small as we like. One can think intuitively as a smooth and curved manifold
that gets enlarged because of inflation, then any small region of this manifold looks
increasingly flat.

In the same way, one can easily argue that the particle comoving horizon defined in
(1.52) actually diverges for a(t) ~ " when n > 1 and for a(t) ~ e*. This means that
an early accelerating phase push 7;, towards —oo, contrary to what happens in Fig. 1.4,
and allows more and more separated regions to be in causal contact, a schematic picture

of how the horizon problem is solved when we push 7 — —o0 is shown in Fig 1.5.

Tt = tg (today)

T = Tpec

Big Bang (r = @)

Conformal Time (T)

Fig. 1.5 Schematic plot of the solution of the horizon problem. Farther patches of the
orange line are now in causal contact due to the inclusion of an accelerating phase in
the early universe that pushes 7 — —o0

An accelerating phase in an universe filled with a perfect fluid can only be achieved
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for some specific values of w, in fact, one can check from (1.41) that

1
a(t) ~t" with n>1 — —1<w<—§,

a(t) ~ et = w=-1, (1.56)

which also means that p 4+ 3p < 0.
Using the second Friedmann equation (1.38) in absence of cosmological constant

we have

da? d 1
E>O — %(E><O' (1.57)

The conditions in (1.57) motivate us to define another quantity, the Hubble radius
dg = (aH)™!, which must decrease during inflation. Note that, contrary to what hap-
pens to the comoving particle horizon in (1.52), the fact that two particles are separated
by a distance L(7) > ry, does not mean that these particles never have communicated
with each other before but rather that they cannot communicate to each other now. In
this sense, we might have regions of the universe separated by a L(7y) > (agHp) ™
today that were in causal contact during inflation, the reason is that, during inflation
the Hubble radius decreased: there was a moment in the very early universe in which
L(m) < (a(rin) H(ring)) ™

The definition of Hubble radius will be of crucial importance when exploring how
quantum fluctuations produced during inflation can provide the seed of the large-scale

structure of the late-time universe.
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CHAPTER 2

Cosmological inflation

Although the first ideas of inflationary-type models in the universe were introduced by
Starobinsky [56, 57], it was not until 1981 when Guth proposed an inflationary model
that was physically motivated by the fine-tuning problems of the AC'DM model [58].
According to his model, the exponential expansion of the universe happens because, as
the universe cools down, it gets trapped in a false vacuum with a high energy density,
which is much like a cosmological constant. Then the false vacuum decays, the bub-
bles of the new phase collide, and our universe becomes hot. Unfortunately, despite it
success to solve the fine tuning problems of the AC'D M model, Guth’s original formu-
lation was problematic. The reason is that if inflation lasted long enough to solve the
fine tuning problems, collision between bubbles became exponentially rare and hence
there is no way to bring an end to inflation and end up with a radiation dominated
universe, this was known as the graceful exit problem [59, 60].

The graceful exit problem was solved by Linde [61] and independently by Albrecht
and Steinhardt [62] in a model named new inflation or slow-roll inflation (Guth’s model
then became known as old inflation). In this model, instead of tunneling out of a false
vacuum state, inflation occurred by a scalar field rolling down a potential energy hill.
When the field rolls very slowly compared to the expansion of the Universe, inflation
occurs. However, when the hill becomes steeper, inflation ends and reheating can occur.

It is important to remark that new inflation also suffers from severe fine tuning prob-
lems, in fact, this scenario requires the universe to have a scalar field with an especially
flat potential and special initial conditions. These fine tuning problems of the potential
can be justified for example in the Starobinsky model, in which inflation occurs because
the Einstein-Hilbert action of (1.1) also contains a oc R? term, this quadratic term acts
effectively as a scalar field with a rather flat potential [63]. Another option is to consider
that Inflation will occur in virtually any universe that begins in a chaotic, high energy
state that has a scalar field with unbounded potential energy, reason why this scenario
is called chaotic inflation [64]. Although the problem of fine tuning in the potential is
very interesting we will not further develop it in this thesis.

Furthermore, in an attempt to motivate the inflationary potential from the point of
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view of quantum gravity theories such as supergravity or string theory, inflationary
models with more than one scalar field have also been proposed, an example is hybrid
inflation [65]. Nowadays the number of inflationary models that are motivated for dif-
ferent reasons are very large [66]. In this thesis we will discuss the simplest, but yet
very predictive, case of single field inflation with canonical kinetic term.

In section 1.6 we saw that the background dynamics of a phase of inflation that
solves the horizon and flatness problem must be dominated by a fluid that satisfies
p+3p=p(1+3w) < 0. ie. anegative pressure fluid (since we always have p > 0).
A universe dominated by the gravitational constant (w = —1) might then seem like the
natural choice for inflation, however, as we discussed before, in this case there is no
standard mechanism to end inflation. The most simple alternative to the cosmological
constant is to consider the energy density of the early universe to be dominated by a
single quantum scalar field ¢(x,t) (called the inflaton) evolving in a potential V'(¢).
The first realization that the energy density of a scalar field can play the role of the cos-
mological constant was proposed even before the theory of inflation [67]. A quantum

scalar field has the following properties to play the role of inflaton:

1. It is compatible with the flatness, homogeneity and isotropy of the very early
universe. As a counterexample, an universe whose background energy density is
dominated by a vector field would introduce some preferred direction and hence

it would violate isotropy.

2. It provides a natural way of ending inflation. The reason is that, as the inflaton
rolls down the potential, 2 will eventually becomes larger than —1/3 so the ac-
celerated expansion of the universe will stop. Furthermore, there exists a more
or less well know procedure, called reheating [68, 69, 70, 71, 72], in which the
potential energy of the inflaton decays into standard model particles, and hence

starting the radiation dominated phase of the universe.

3. The inflaton, contrary to what would happen if the cosmological constant would
drive inflation, produces quantum vacuum fluctuations. As we will see later on,
these fluctuations, when combined with inflation, provide a convincing mecha-
nism for the origin of the CMBR anisotropies. In fact, we will see in this section
that, if certain conditions are satisfied, inflation driven by a single scalar field pre-
dicts that the spectrum of the cosmological fluctuations should be almost scale

invariant, which is fully consistent with observations [55].

2.1 Background evolution during inflation

Having motivated the choice of the a scalar field as the responsible of the background

energy density during inflation, we can write the ADM action (1.7) with the inclusion
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of the Lagrangian for a single scalar field with canonical kinetic term:

S5=1 / VA [M2, (aR® + o (KK — K?))
—2aV(¢) +a”" (&= B0 — a7 0190;0) | . @.1)

which has the following associated stress energy tensor

1
T;w = ud)au(b - §gm/ (gaﬁaa¢aﬁ¢ + 2V(¢)) . (2.2)

We can now easily compute the energy density and the pressure of the scalar field
in the homogeneous and isotropic background (from now on the background) given by
the flat FLRW metric:

) 2 - ) qu -
p=5+VI(), p=5-VI(), (2.3)

where we are introducing the notation with a bar to denote that they are background
quantities. Note also that, because these quantities are evolving in a perfectly homoge-
neous and isotropic universe, they are only time dependent.

Finally, we can obtain the relevant ADM equations (the Hamiltonian constraint
(1.21) and the equation of motion for the the extrinsic curvature (1.24)) for this sys-

tem

I (f LV (&)) 24
S 3ME, N\ 2 ’ ‘
H+H2:—3]\;]%L (*-Vv (). 2.5)

Although equations (2.4) and (2.5) are the equations that we get by the direct ap-
plication of the ADM formalism, (2.5) is usually combined with the time derivative of

(2.4) to get an equation of motion for the scalar field

H? = L & V (¢ 2.6
—% 7"’ (9) |, (2.6)
6+3Ho+ V5 (4) =0. 2.7)

Note that (2.7) is the usualﬁKlein—Gordon equation for a scalar field in a flat FLRW
universe, where V3 (¢) = dvcg).

Before proceeding further, it is very useful to define a dimensionless parameter
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which tell us when we are in an accelerating universe and when we are not. From (1.57)
we know that, in order to have an accelerating expanding universe we need g > (, this
condition can be rewritten as
i, a
—=H+H=H (14— | >0. (2.8)
a H?
Motivated by (2.8), we can define the first slow roll parameter €; as
E
€ = —? . (29)
It is then clear that, in order to have an accelerating expansion of the universe we
need 0 < ¢; < 1. If g < 1, then H is almost constant and hence the expansion is
almost exponential i.e. the geometry is almost de-Sitter. In other words, the smaller
the value for ¢, the closer we are to a FLRW universe whose background energy is
dominated by a cosmological constant. The parameter ¢; can also be written in terms
of the velocity of the field using (2.5), the result is

552

= . 2.10
SRYENIE (2.10)

€1

With the definition of ¢; in terms of the velocity of the field (2.10), we can also very

conveniently write the equation of state of the scalar field as

2
p=wp, where w:—1+§61. 2.11)
Finally, we will define higher slow roll parameters as follows

1 dGi_l
HEi_l dt

Note that, although in order to have an accelerated expansion of the universe we

(2.12)

€ =

need to impose a condition on €1, this is in principle not true for higher slow roll param-
eters. For example €, can be of the same order of €;, but it can also be much larger or
even negative. The different behaviour of the higher order slow roll parameters allow
us to define different inflationary regimes.

1. Slow Roll inflation (SR): Perhaps the most known inflationary regime because,
as we will see in the next section, is the one responsible to describe the almost
scale invariant power spectrum of density fuctuations observed in the CMBR.
In this case the field is slowly rolling down a potential with an almost constant
velocity which makes the acceleration negligible. The equation of motion (2.7)

is approximately
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3H¢ + V; () ~0. (2.13)

All the SR parameters are much smaller than one (¢, < 1). The first and the

second one can be written in terms of the potential as

M2, (V)2 Vo
e~ % (%) : S~ —2M2, ( ‘y’ > + 407 (2.14)
Note that the approximations done in (2.13) and (2.14) are valid up to O (efR)
(they fail at O <(efR)2>). In the same way, the time derivative of € is Heqey
and since both ¢; and ¢; are much smaller than 1, we can conclude that ¢; (and

consequently w in (2.11)") is constant up to O (7).

2. Ultra Slow Roll inflation (USR) [73, 74, 75, 76, 77]: The field is moving along
an exactly flat potential (V; = 0), which makes the acceleration relevant. In this

case the equation of motion (2.7) is

" +3H"" =0. (2.15)

From (2.15) one can infer that the velocity of the field (and hence €;) exponen-

tially decreases, which makes some ¢; ~ O(1). More precisely:

VST — 6 4 2£V5R when ¢ even.

VR = 2USE when i >1 andodd. (2.16)

In the case of USR, both ¢; and w in (2.11) are constant only if we do not consider
any €; term, we will call this leading order in €. Note that, in this specific regime,
a time dependent w does not imply p # p(p) as one would think, in fact, because

V(¢) = Vi is a constant, we can exactly write p = p — 2V, and hence p = p(p)
in USR.

Because p = p(p) holds up to O (efR) in SR and exactly in USR, we will say
that SR is approximately adiabatic and USR is exactly adiabatic [78].

3. Constant-Roll (CR) [79, 80]: Both SR and USR are, at least approximately, sub-
cases of Constant-Roll. Here I% = k where & is a constant. SR is realized when
k ~ —3 while USR when xk = 0.

In this case, we can write the behaviour of the SR parameters as follows

"Note that w being a constant up to O (els R) means that p = p(p) up to the same order.
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“f = 6 <1 + g) + 2608 when ¢ even.

e“f = 20" when i>1 andodd. (2.17)

7

Note that, generically, in CR we can only write p = p(p) at leading order in
€1. Furthermore, apart from the already explained SR and USR regimes, it is

important to distinguish between another three different CR regimes:

* kK < —3: In this case the field is rolling down the potential with exponen-

tially increasing velocity.

* —3 < Kk < 0: here the field is still rolling down the potential but its veloc-
ity is decreasing due to the Hubble friction (the 3H ¢ term).

* Kk > 0: In this case the field is climbing up the potential and hence the
velocity is exponentially decreasing, this regime is unstable and it cannot be

maintained for a long period of time.

It is important to remark that, given a potential, SR, USR or even CR, are only
approximated regimes. In order to know the precise dynamics, one should solve the
Klein-Gordon equation for the field (2.7) exactly. This is specially important in tran-
sition between different regimes, where g—i is not a constant, even approximately, we

will explore numerical results of these kinds of transitions in section 2.7.

2.2 Cosmological perturbation theory.

The scenario presented in the previous section is of course only a part of the story, the
reason is that the inflaton is a quantum field and hence there is unavoidable quantum
fluctuations that will backreact on the metric. These fluctuations, which are small (or
not so small, as we will see later on) deviations from perfect homogeneity and isotropy,
are extremely important during inflation and they are typically studied using linear per-
turbation theory.

Although cosmological perturbation theory was already a very well-known theory
before inflation [81, 82, 83, 84, 85, 86], it was first introduced in the context of in-
flationary cosmologies in [87, 88, 89] (see [90] for a nice review), where the Einstein
equations of (1.19) were perturbed. A more modern approach is to directly perform
perturbation theory in the Einstein Hilbert action (1.1) as done for example in [91]. In
this thesis we will take a slightly different approach and we will take advantage of the
introduction of the ADM formalism in section 1.3 to perturb directly the ADM equa-

tions, but first it is convenient to decompose the ADM variables as follows: first, the
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spatial metric will be written v;; = a?(t)e?*¥;; with det 7;; = 1, such that we introduce
the space-independent a(t) as the scale factor, second, the extrinsic curvature will be

splitted into its trace and traceless part as follows

K = %K +a%eX Ay, (2.18)
where 77 A;; = 0.
With these new variables, the ADM system (1.21)-(1.24) becomes [8]:
e Hamiltonian constraint
R® —A-A“+2K2—2A: 2 . (2.19)
G M,
* Momentum constraint
DiA,; - 2DK = — (2.20)
17 3 7 M]QDL 7 - .
* Equation of motion for the metric:
— For the trace part:
k a 1 k

— For the traceless part:
- P - - 2.
(0, — B*O)Vi; = —20Aij + Fu0; B + V0" — g%’jakﬁk . (222)

» Equation of motion for the extrinsic curvature

— For the trace part:

I |
(0 = B K = <AUA” + §K2 - A) — DyD*a + dnGa(E + SF),

(2.23)
— For the traceless part:
(0, — B*0) Ai; = e [oz (R(E”) - ER@) - <D-D-a _Jip Dka)}
' Sl A i3 ECEE T
+a(KA; — 245A%) + A,0;8° + Aj,0,8" — %Aijakﬁk
- %’ch (S - %S}j) . (2.24)
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Cosmological perturbation theory assumes that the deviations from a perfectly ho-
mogeneous and isotropic universe are small and hence we can define a background flat
FLRW universe and small fluctuations over it. In the context of the ADM formalism,
we already know what are the values that the lapse function, the shift vector and the
spatial metric must have if we want to describe a flat FLRW universe (see the discus-
sion below equation (1.34) in section 1.4), so we just have to define small fluctuations

over those values as follows:

a~1+A,

B ~0+aBy,

X ~1+2D,
Vij = 0i5 — 2B, (2.25)

where the first term in the left-hand side of (2.25) corresponds to the value of the back-
ground metric. E;; must be traceles by definition 2. Note that the last two linearizations
in (2.25) leads to

vij = a*[(1+2D) d;; — 2Ey] . (2.26)

for the spatial metric. The linearized metric is then straightforwardly written down as:

dsi, = —(1+ 2A)dt* + 2a(t) Bidaz'dt + a*(t) [(1 + 2D) &;; — 2E;;] dv'dx? . (2.27)
Finally, the scalar field responsible for inflation must also be linearized i.e.
b~ o+6¢. (2.28)

It can be easily shown that, of the linear variables introduced above, A, D and d¢
transform as scalars under rotations in the background space-time coordinates, B; as a
3-vector and FE;; as a 3D-tensor. This does not mean that the only scalar components
are A, D and d¢, in fact, we know from Euclidean 3D vector calculus that a vector can

be decomposed as:

Bi=B+ B/ with 9B} -9;B/=0 and 9B/ =0, (229

The reason why E;; is traceless is because is the perturbation of 7;;, which has unit determinant.
Precisely, any matrix with unit determinant can be written as:

~ —2M;;

Yij = € Ty

where M;; is traceless.
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and hence
B’ = 9,B, (2.30)

(2

where B is some scalar field.

Similarly, for a tensor field we have
Ej;=E; + E}); + h;, (2.31)
where
S 1 2
1

EY = (0B +0:B;)  with  0'E;=0,

1) 2
d'hij =0,
§9hi; =0, (2.32)

where [ is again a scalar field.

The procedure explained above allows us to decompose the perturbations into a
scalar, vector and tensor sector. As we will see in the following, these sectors evolve
independently one from each other at linear order in perturbation theory, which make

them easier to handle.

2.2.1 Scalar sector

During this thesis we will be mostly focused on scalar perturbations of the metric since
they are the ones that couple to the scalar field perturbation d¢. The scalar sector of
(2.27) 1s

) 1 S
(2.33)
It is worthy to remark that sometimes in the literature the variables proportional to

d;; are written together in such a way that the metric is

ds® = —(1 4 2A)dt* + 2a0;Bdz'dt + a* [(1 + 24)d;; — 20,0, E) dz'dx? . (2.34)

where ¢ = D + %VQE. We will however not use this notation because it is easier to
identify the ADM decomposition in trace and traceless parts performed in (2.19)-(2.24)
with the linearized metric of (2.33).

Making use of (2.33) and of (2.28) we can easily write the first order in perturba-
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tion theory ADM equations as follows (remember that the zeroth order in perturbation
theory ADM equations are the ones in (2.4)-(2.5)):

¢ Hamiltonian constraint

_ 1V2 2 V?
2H(D—- HA—--—B D ’E
(¢ )5 (P4375) =i,

3 a 3a?
(2.35)
* Momentum constraint
_ R
0| —HA+ D+ -V*E 5 2.36
( + D+ 3 + 5 MI%L¢ ¢) (2.36)
* Equation of motion for the metric:
— For the trace part:
1V?
6H=D—HA— §_B (2.37)

where we have used the identification K + 0K = —3(H + §H). Note
that the only function of (2.37) is to define the perturbation of the Hubble

parameter.

— For the traceless part:
- 1 B .
SAT = <aiaj — géijW) (E + E) : (2.38)

Similarly to (2.37), (2.38) only give us the definition of the perturbation of
the scalar sector of flij in terms of the quantities that appear in the metric
(2.33). From now on, we will use (2.37) and (2.38) every time a 0 H or 5[115]»

appears to avoid writing too many perturbation variables.
* Equation of motion for the extrinsic curvature

— For the trace part:

2 2 2
_OHA—HA - —V—B +2HD — 2H?A — —Hv B-— le
3 a 3 a 3 a?
1 72
=5 (2¢5¢ 252 A — v¢5¢> (2.39)

— For the traceless part:

1 d (B B . 1 1
<6iaj—§5,-jv2> (— (—+E>+3H (E+E>+?(A+D+§V2E

dt
(2.40)
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Finally, and similarly to what we have done when studying the homogeneous equa-
tion of motion, we can perform the time derivative of the linearized Hamiltonian con-
straint (2.35) and insert the result in the equation of motion for the trace of the extrinsic

curvature (2.39). The result is an equation of motion for the scalar field, as expected

oM, V2
6 a

. _ . = /. . V2 _ i 1 )
0Q+3HIP+V5,00+2V;A—¢ (A —3D + —QB) + (—HA + D+ §V2E> =0.
a
(2.41)
Note that the last term of (2.41) can be further simplified by applying the opera-
tor 5% 0; to the linear momentum constraint (2.36). The final result for the linearized

version of the KG equation is

. — . 2 = . . 2
86+ 3HS + V06 — %w +V3A— ¢ (A 3D+ %B) —0.  (242)

In the vast majority of textbooks, the linearized KG equation (2.42) is obtained by
perturbing the continuity equation V,7"” = (. The reason we wanted to do it using
solely the ADM equations is because we would like to remark that, in order to obtain the
same form of the linearized KG equation as the one given by the continuity equation,
we must use the momentum constraint to go from (2.41) to (2.42), which already give
us a hint of its importance. Of course this does not happen when dealing with an exactly
homogeneous and isotropic universe, where the momentum constraint does not play any
role.

Once we have seen what are the linear equations describing small inhomogeneities
in the scalar sector, it is important to have a physical intuition about what a scalar pertur-
bation of the metric really means. By definition, a perturbation is the difference between
the value of a quantity with respect to its value on the idealized FLRW background. This
seems trivial, however, in order to make such a comparison, it is necessary to compute
these two values at the same space-time point. Since the quantities to compare live in
different space-times, we require a pointwise correspondence between them, which is
given by a coordinate system z* such that the point P’ in the background space-time
and the point P in the perturbed space-time, which have the same coordinate values,
correspond to each other.

The freedom in the choice among these coordinate systems is called the gauge
choice. Different gauges are related in linear perturbation theory (for gauge transfor-
mations beyond linear perturbation theory see for example [92] ) via an infinitesimal

gauge transformation of coordinates:
t = at + oxt. (2.43)
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We can split the vector dz* into its time an space components dz* = (A \%), and,
following the same idea as when we decomposed the perturbations in the metric, A’ can
be written as A = A\ + 9'n, where \', is a 3-dimensional divergenless vector and 7 is a
scalar function. In terms of these functions, the perturbed metric components of (2.33)

transform as:

D—>l~):D+aED\O+%V277,

A= A=A+aHN +a),

E—E=E-n,

B—B=B+an—\. (2.44)

Finally, the scalar field perturbation transforms as:
5 — 56 = 6 + a0 . (2.45)

From (2.44) and (2.45) we can clearly see that the freedom on the choice of the
gauge allows us to set two out of the five scalar perturbations to zero by choosing 1 and

A\ accordingly. Some known choices of these parameters (gauge choices) are

* Flat gauge: In this gauge we are interested in choosing an exactly flat 3-dimensional
hypersurface. In order to do so, it is clear from (2.33) that we must set D; = 0
and F; = 0, where the subscript f stands for flat gauge (we will follow the same

notation for the rest of the gauges).

* Newtonian gauge: This gauge kills all the non-diagonal terms in the metric
(2.33), reason why it is convenient to identify the Dy as the Newtonian gravita-
tional potential of classical Newtonian gravity. This gauge is hence characterized
by By =0and Ey = 0.

* Synchronous gauge: In this gauge the time lines are normal to the constant time
hypersurfaces >;, which means A; = 0 and B; = 0. Note that although the
synchronous gauge completely fixes \° when setting A, = 0, it leaves some
spatial freedom in 7, the reason is that B, = 0 only fixes 7 and not 7 itself. We
can then say that the synchronous gauge as defined here does not completely fixes
the gauge. This will not be a big issue for the rest of the thesis so we will not pay

more attention to it.

* Comoving gauge: In this gauge the constant time hypersurfaces 3., are orthogo-
nal to the fluid 4-velocity u,, and hence ¢, = 0 and B, = 0.
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* Uniform density gauge: The definition of this gauge is simply to set the pertur-
bation of the energy density to zero (0p,q = 0). dp in any gauge can be easily

defined by means of the linearized Hamiltonian constraint of (2.35) as

3p = 0% — G2 A + V300 (2.46)

Using the transformations rules of (2.44), one can also show that §p trasforms as

6p — 06p=0p+ap\’. (2.47)

From (2.47) we see that setting dp,4 = 0 only fixes \’, in order to fix also 7 one

usually sets F,4 = 0 to fully characterize the uniform density gauge.

* Uniform Hubble gauge: This gauge is defined by setting the perturbation in the
Hubble rate to zero i.e. 6 H,y = 0, where 0 H is defined in (2.37). It can be then
shown then that § H transforms as

- - 1
0H — 6H = 6H + aH\° + 3—V2A° . (2.48)
a

The uniform Hubble gauge is usually supplemented by fixing (the time dependent
part of) n by B,z = 0 [93, 94].

e Uniform N gauge: In order to define this gauge we must first define the number
of e-folds NV, which quantifies the expansion of the universe in logarithmic scale

such that a = eV, from where one can also show the following relation

dN = Hadt — N = / Hadt . (2.49)

It is clear from (2.50) that the homogeneous and isotropic N is simply N =
[ Hdt and that the perturbed JN is

1 B
SN =D — =V? / —dt, (2.50)
3 a
which transforms as

- _ 1 A0
SN — 6N = 6N + aH\° + §v2 Zalzs. (2.51)

The uniform N gauge is usually supplemented by fixing (the time dependent part
of) n by B,ny = 0[95, 96].
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Fixing A\° and 7 reduces the scalar degrees of freedom to three (which further re-
duces to two when using the ADM equations for a single scalar field), which can be
written in terms of gauge invariant, and hence physical, variables: the two Bardeen
potentials [86]

1 .
\IIE—D—§V2E—aHb<B+aE> ,

. d .
®=A+aH"B +aF) + a%(B +ak), (2.52)
and the Mukhanov-Sasaki (MS) variable [87, 88, 89]
Q=0dp— i D+ 1v2E . (2.53)
H 3

Finally, a quantity of special interest which is proportional to the MS variable and
hence it is also gauge invariant, is the comoving curvature perturbation, defined as
H

R=-=Q= (D + %v%) — g&ﬁ. (2.54)

-,

Let us also emphasise the name given to R, i.e. “comoving curvature pertur-
bation”, the reason for this name is that in the comoving gauge, where d¢. = 0,
R = (D + %VQE ) and hence it coincides with the curvature perturbation of the spatial
metric. It is important then to remark that comoving” appears in the name of R not
because this quantity is defined only in one gauge, in fact it is a gauge invariant variable.
Note that we could define any other gauge-invariant curvature perturbation in the same

way, for example the “uniform density curvature perturbation” is

3= (D + 1v2E) - £5p. (2.55)
3 p

and it coincides with the curvature perturbation of the spatial metric when we choose

the uniform density gauge.

2.2.1.1 The Mukhanov-Sasaki equation

One could now write the linearized equations (2.35)-(2.40) in terms solely of the gauge
invariant parameters (2.52)-(2.53). However, there exist even a more compact way
of writing the relevant gauge invariant scalar degree of freedom: the MS equation.
The idea is to combine the linearized hamiltonian constraint, the linearized KG for the
scalar field and the integrated version of the linearized momentum constraint to obtain
an equation of motion for the MS variable of (2.53), or equivalently for the comoving

curvature perturbation of (2.54).
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It is important to remark that we will use the integrated version of the momentum

constraint when deriving the MS equation i.e. we will use

1

_ o1 - ,
/ai (—HA + D+ §V2E + ¢5¢) de' =0, (2.56)
which obviously leaves some freedom for a time dependent function that we will call
f1(t) for convenience:

CHA+ D4 vy 606 = fi(t), (2.57)

3 2MZ,

where f;(t) is set by boundary conditions.

Combining now the the Hamiltonian constraint (2.35), the KG equation of the field
(2.42) and the integrated momentum constraint (2.57) we get an equation of motion for
the MS variable ()

.. . \V&: _ 3 1 1 1
Q+3HQ+ {_ﬁ + H? (—562 + €12 — Ze% — 56263):| Q

¢

+ 2 (A +HB+a)hn) =0, (2.58)

or, written in terms of the comoving curvature perturbation R

2
G%% ( 3¢, (R - fl(t)>) - %R ~0. (2.59)

The expressions for the MS equation given in (2.58) and in (2.59) are not what one
usually finds in the literature, the reason is that usually the boundary condition fi (t)=0
is given for granted. It is important however to have in mind that this boundary condition
is related with the assumption that the solution for the perturbations is well behaved in
the long-wavelength limit. For the interested reader, Weinberg explains more in detail
this “mild assumption” is his paper [97]. Setting f; (t) = 0 we finally obtain the most

famous form for the MS equation, both for the variable ()

. _ . \VLER 3 1 1 1
Q + 3HQ + |:—§ —+ H2 (—562 —+ 56162 - 1—163 — 56263):| Q = O, (260)

and for R

L d (a?’eﬂ'z) - Z—QR: . 2.61)

ade; dt
Before proceeding with the solution of the MS equation it is worthy to mention that

there is another gauge invariant equation that we have not used in the derivation of the
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MS equation and that relates the two Bardeen potentials, this is the evolution equation

for the traceless part of the extrinsic curvature (2.40) and it can be written as

<a,0j - %%v?) (@ — W) =0, (2.62)

and hence, given the appropriate boundary conditions, ® = W if the matter content of
the universe do not have anisotropic stress.

Once we know the equation of motion of the relevant scalar degrees of freedom
((2.60) or (2.61)), the next logical step is to try to solve it. In order to do so it is useful
to define two new quantities

z = aé , v=a@) =—-2R (2.63)
H

In terms of v and z, the MS equation can be written as

G (2.64)

z a?

b+ Ho—
which can be written in terms of the conformal time d7 = % in a simpler way

Z//

v — v -V =0, (2.65)
z

where a prime stands for the derivative with respect to conformal time and %" can be

written in terms of the SR parameters as follows

L (2-a4 e tanytasd (2.66)
> = €1 262 26162 462 26162 i .

where we have also introduced the conformal Hubble parameter H = %’ =aH.

In order to solve (2.65) we define the Fourier expansion of the field v:

d3k ,
v(t,x) :/(2W)3vk(7)62k"‘, (2.67)

where, according to the MS equation (2.65), the Fourier mode vk must be a solution of

the following equation

z//
vy + (k:2 - ?> vy =0, (2.68)

where we have substituted the subscript k by its module |k| = k, because (2.68) only
depends on k.
By performing a simple change of variable v, = (—7)'/2s;, equation (2.68) can be

written in a very convenient way as follows
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s+ T+ (K12 — V) s =0, (2.69)

where 12 = 1 + 27”72. Equation (2.69) has a analytical solution if and only if 2?2 is
a constant, in this case (2.69) reduces to the well-known Bessel’s differential equation
and hence its solution can be written in terms of Bessel functions. It is then of crucial

importance to know when 12

can be approximated as a constant, this will strongly

depends on which of the inflationary regimes of section 2 we want to study. In the

following we will show under which conditions v is correctly assumed to be a constant:
First of all, it is very convenient to write 7 in terms of H = aH to see if the term

27“7' is a constant. In the following we will do this for a general CR regime up to O(e;).

The first step is to use the definition of 7 and integrate by parts

T = —% + %61 . (2.70)

Now we use the results of the end of section 2 to can write ¢; as

er=ela " L O () . (2.71)

Using the solution of (2.71) we can integrate the second term in (2.70) again by

parts such that

da €1 2K da
e = ) 2.72
/a2H61 a7 ) en o) (272)

Combining (2.70) and (2.73) we get

1 1
S (1 - 761> Lo @.73)

Finally, we can compute v using the definition of Z?" of (2.66)

(T V5 3(15+126+2%)
A R _ 216 _ 2.74
12T V 9 I |3+2n|7+2n) 2.74)

where we have used the following result

Vg 3 5 1 1

% = 661 — 562 — 26% — 26% + 56162 — ZE% — 56263 . (275)
Although we have just computed v up to O(e;), as we said before we are only

interested in the cases in which v is approximately constant, we can then distinguish

two main cases

* SR: In this case we have that both x and ¢; are constant if we ignore O (¢?) terms.

V- . . .
We then have x ~ —3 and % ~ b€, — %62, which means that v can be written
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as follows

3 1
VSR = 5 + €+ 562 . (276)

* Beyond SR: For any CR regime beyond SR (including USR), we have that & is
still constant but €; strongly varies with time so we have to neglect all the terms

. o Vi3
proportional to €y, in this case we have & ~ —3r — x? and hence

Vor == |14+ =kK| . .77

3 2
2 3

Now that we know under which values of constant v the MS equation has an analyt-
ical solution, we are finally in position to solve it in terms of Bessel functions. However,
and following the usual approach of the literature, we will write the solution of (2.69) in
terms of the Hankel functions, which are nothing but some functions constructed as the
linear combination of the Bessel functions of first and second kind [98]. The solution

for vy, (7) is then

ve(T) = Cf\/—_THIEl)(—k‘T) + 05\/—_¢H§2)(—k:f) ) (2.78)

The next and final step is of course to specify C¥ and C%. In order to do so we
must quantize the field v. As we will see, this quantization is performed in a completely
analogy way with the quantization of the quantum harmonic oscillator. The first step is

to promote the field v (or its Fourier transform vy) to a quantum operator ¥ (vi).

A3k , .
we = Ok = op(7)ake™* + vi(T)afe (2.80)

where the creation and annihilation operators dl and ay must satisfy the canonical com-

mutation relation:

[ak,alﬁ,] —(27)%5 (k —K) . 2.81)

The enforcement of condition (2.81) sets the correct normalization for the mode

function, namely

i (vivp — (v) v) =1, (2.82)
which can be written in terms of the constants C¥ and C¥ as follows

CHP 181 = 7. (2.83)
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where we have used that (H o (1’)) = 1P () when v is real, together with the useful

simplification H", (z)H2 — H"(2)H® () = =

The normalization condition (2.83) fixes one of the two constants in (2.78), in order
to fix completely the mode function we must choose a vacuum state for the fluctuations.
The standard choice is the so called Bunch-Davies vacuum [99]. It corresponds to the
Minkowski vacuum of a comoving observer when all comoving scales are well inside
the Hubble horizon, i.e when k& > «H, which accordingly with (2.73) also means

|kT| > 1. In this limit the MS equation for the variable vy, (2.68) becomes simply

v+ kP = 0. (2.84)

This is the equation of a simple harmonic oscillator with time-independent fre-
quency for which the vacuum with the minimum energy state is defined by

) e—ikT
lim v, =

kT——00 \/Q_k '

We can now apply the limit k&7 — —oo to the solution of the MS equation (2.78)
and match it with (2.85). The result for the constants C¥ and C¥ is

(2.85)

cr = g ieFe-D ok g (2.86)

which clearly satisfy the normalization condition (2.83). We are finally in a position to

write down the full solution for the mode function v,

vy = giewwﬁ_mw(_m | (2.87)

Note that, although (2.83) must always be true if we want our solution to maintain its
quantum nature, the constants in (2.86) can be different if we have some exotic feature
in our inflationary model [100, 101, 102], for example, we show in appendix A that a
transition between a SR and a USR inflationary regimes change the values of (2.86).
This change in the value of C¥ and C} does not mean that we do not longer have an
harmonic oscillator in the limit k&7 — —oo, it means that we have changed that state

along the inflationary evolution.

2.2.1.2  Scalar power spectrum and spectral index

A very useful quantity to define at this point is the power spectrum. In order to define it

we will compute the correlator (0|0(Xy, 71)0(X1, 72)|0). The result is
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Ol0 )i, 7)) = | S Ol ()0

A3k d3ky . K (x1 —x
= / val(ﬁ)vk?(ﬁ)e ki-(a=x2)5 (kK —ky) , (2.88)
where in the second line we have used that (2.80), together with a,|0) = 0 and (0]a] =
0. Now it is easier to proceed in polar coordinates, where d*k = k*dksin0dfdyp,
k; - (x; — X2) = krcosf, and r = |x; — X3|. We can now integrate the delta function

and the result is

2m T 00
dk Lo
(0] (%1, 71)0(x2, 72)[0) = / dgp/ d@/ 3k2 sin Oy, (1)UL (2) €™ 050 |
0 0 o (2m)
(2.89)
The integral of ¢ in (2.89) factorizes out and gives a factor of 27, on the other hand,

the integral of € can be also computed as follows:

g ] ink
/ df sin fei*reos? — 2SIZT iy (2.90)
0

The final result of (2.89) is then

< dk ink
(0]6(x1, 71) (%o, 7)]0) = /O TﬂkZUk(Tl)v;(TQ)S‘zTT 2.91)
In order to define the power spectrum we will set 7, = 7, = 7 in (2.91), we then
have
. . < dk 4 osinkr [ dk sin kr
(0]0(xq, T)0(x2,7)|0) = /0 ﬁk |vg (7)) o = /O ﬁk P,(k,T) .
< dk sin kr
= — Ak, T)—, (2.92
| FamnTE e
where we have defined both the power spectrum
P,(k,7) = |oe(7)]?, (2.93)
and the (sometimes more useful) dimensionless power spectrum
k?)
Ay(k,m) = Sloe(n)]? (2.94)
272

Note that the definition (2.93) coincides with the Fourier transform of the two point

correlation function (0|0(xy, 7)0 (X2, 7)|0)
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P(k, ) E/d?’?’(0|@(x+r’ 7)o(x, 7)[0)e T

- / &r ( / (Céjf),g |vps (7)|2€z‘k'.r) ik
_ / 0¥ o (1) ( / % eir.(k_k,))

= /d3k’|vk/(7)|25(k —K) = v (1), (2.95)

where in the second line we have used the result of (2.88) but making use of the delta
function.

Finally, we can also consider the variance, or the 2-point correlator at the same
spatial point X; = Xo = X (or r = (). In this case we have from (2.88)

0]5(x,7)%0) = 02(x,7) = / (;iWI;PU(k,T). (2.96)

From (2.96) we can also see another useful interpretation of the power spectrum:
If we consider the probability density function of all the quantum fluctuations with the
same characteristic wavenumber k, then the power spectrum represents the variance of
that probability density function.

In order to close this subsection we will also define here the spectral index, which

is nothing more than the scale-dependence of the dimensionless power spectrum i.e.

dlog A,
n, — 1= :
dlogk
Note that, although we have defined both the power spectrum (2.93) (or, equiva-

(2.97)

lently the dimensionless power spectrum (2.94)) and the spectral index (2.97) for the
variable v, we can generalize this definition for any other gauge invariant scalar variable
such as the MS variable () in (2.53), the comoving curvature perturbation R in (2.54)

or the uniform density curvature perturbation ¢ in (2.55).

2.2.1.3 The long-wavelength limit

Although in section 2.2.1.1 we paid more attention to the short-wavelength (or sub-
Hubble) limit of quantum fluctuations in order to give reasonable initial conditions,
we are usually more interested in the opposite regime, i.e. in the long-wavelength (or
super-Hubble) limit. We will not describe in this thesis the precise relation between
the long-wavelength limit of scalar power spectrum of (2.94) and the observed CMBR
anisotropies, we will however explain qualitatively how the long-wavelength behaviour

of the quantum fluctuations generated during inflation can actually affect the observable
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universe.

The idea is schematically shown in Fig. 2.1 and it is the following: the physical
length of the quantum fluctuations generated during inflation get stretched according to
A = a/k (where k is the comoving wavenumber) and always increase as the expansion
of the universe proceeds. On the other hand we have that during inflation the Hubble
radius is almost a constant (its rate of change is O(e;)). As a consequence, scales
of interest today which start inflation in a sub-Hubble region, will eventually exit the
Hubble horizon and start their super-Hubble evolution. Once inflation ends, the size
of the Hubble radius starts increasing faster than the physical length of the quantum
fluctuations, so there is a moment in which the fluctuations re-enter the Hubble radius
and can affect the dynamics of our observable universe. As it can be seen in 2.1, the
moment in which the a mode £ (or \) re-enters the Hubble radius, depends on when
it exits it during inflation. The modes that exit the Hubble radius close to the end of
inflation are the ones that will re-enter the horizon before, similarly, the further away

from the end of inflation a mode is generated, the later will re-enter the Hubble radius.

Nrec

R MATTER
_INFLATION, ___RADIATION DOMINATION , _potamarion

0 20 40 60 80 100 120 140

M

Fig. 2.1 Schematic representation of a mode (in orange) that exits horizon ~ 60 e-folds
before the end of inflation and re-enter the horizon around the recombination epoch,
when the CMBR is generated.

Once the importance of the long-wavelength limit of cosmological perturbation the-
ory has been highlighted, we will compute the power spectrum of the comoving curva-
ture perturbation ‘R and we will see that, if some requirements are satisfied, it is fully

consistent with the almost scale invariant power spectrum of the CMBR anisotropies.

41



Following (2.94), the dimensionless power spectrum for the comoving curvature

perturbation is

k3 )

where R, is given by (see (2.63) and (2.87))

E i
Rp= -2 = VT, sy oy (2.99)
z 2a¢

In order to know the long wavelength limit of (2.99) we will simply expand H, M (—kT)

around k7 — 0 and keep the leading order, the result is:

C(L—i)2 v es™ [ /=T []
a7

Now let us remember that the solution of (2.99) is only valid when v is a constant,

Ry, = (—k7)™" . (2.100)

which allow us to make some simplifications, these simplifications will again depend

on the inflationary regime we want to study:

¢ Slow Roll:

— Although v°® = 2 + ¢, + Ze; we will first explore the case in which we

neglect all ¢; parameters for simplicity, in this case 15 = % and 7 = —ﬁ.
The dimensionless power spectrum in this case can be easily computed to
be .,
H)
AR = (— . (2.101)
00/2
82l Mz,

Note that in (2.101) we have written H° and ¢! instead of H and ;. The
reason is that, in order to be consistent we need to compute all the quantities
at zeroth order in ¢; and, since the rate of change of both H and ¢ will
include corrections of O(e;), we must set these to quantities to a constant
value, which we denote with a superscript . It is also important to realize
that, at this order, A%R does not depend on £ and hence, from (2.97) we have
that n2F — 1 = O(e; ), which means that the power spectrum is exactly scale

invariant.

— At leading order in SR parameters 7 can be written as

oL N o alr) .
T ——lta)=-—o0+a)= aI(T)(1+el), (2.102)

where we are using again that the rate of change of ¢; is O(€?) to evaluate

€1 at some time 7*. For observational reasons, the time 7* is usually chosen
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to be the value at which the pivot scale £*, which is the scale that re-enter
the Hubble radius during recombination, crosses the Hubble radius during
inflation. Similarly, we will denote by €} and 1™ the values of ¢; and [ at
7*. Note that, although we are choosing the time 7* to be the time at which

we evaluate the different quantities, this election is completely arbitrary.

Since €7 is a constant, we can now solve (2.102) to get

log (i> ~ (1+ ¢)log (T—) . (2.103)
a T
With the aid of (2.103), we can now write the approximate time dependence

of €; and H as follows

7 [T* dH * * * a [T* * 7—*

He s gl (V=N d (1—6110g<5>>:H (1—61109;(7
* dH * * * a * * T*

61261—|—d—N N:N*(N—N)ﬁﬁl <1+€210g<5)> 261 1—|—6210g <?>)

(2.104)

Using these approximations in (2.99) we are left with

aste ) s (1 (42D (_)) (_’f_)
R 2er M2 73 ! 2 08\ 7 2 '

(2.105)

In order to obtain the dimensionless power spectrum of (2.105) we have only

used the approximations of (2.102) and (2.104). The last thing we have to

do is to use the value of v at leading order in SR parameters. From (2.76)
we have

USRQ§+6’{+§, (2.106)

2 2
where we have again evaluated the SR parameters at 7*. Inserting this value
for °% in (2.105) and expanding at leading order in €} and ¢ we get the

following dimensionless power spectrum

) 2
SR (H*) [
AR’ = 8m2er M3, b

2(1-10g2 = 7)€} + (2~ 10g2 — 7£)¢; — (26 + ) log(—kr")) |,
(2.107)
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where 7y is the Euler-Mascheroni constant and it comes from the expansion
of I'[v]. In (2.107) the first line represents the leading order result and the
second line the O(¢;) corrections. Surprisingly (or maybe not, as we will see
later on), the O(€;) corrections are completely time independent since all the
variables that appear are evaluated at 7*, which is a fixed value. We can then
conclude that the power spectrum of the comoving curvature perturbation R
during a SR phase of inflation is approximately a constant, being the only
time dependence at O(¢?), where we cannot longer trust the analytical result

of (2.99). Finally we can also compute the spectral index at leading order in

SR parameters during SR:
dlog A, N
npt—1= oz k ~ —2€] — €. (2.108)

The spectral index of (2.108) indicates that, during SR, the power spectrum
is not exactly scale invariant but it is slightly red-tilted. The small red tilt
comes from the fact that during SR both ¢; and €, are positive and much
smaller than 1. This power spectrum is in perfect agreement with the latest
observational data coming from Planck, where the power spectrum of the
CMBR at large scales (the ones that can be explained by inflation as in Fig
2.1)is ng = 0.9649 £ 0.0042 [55].

This prediction of SR inflation about the spectral index is probably the
biggest success of the inflationary theory since there are no that many mech-
anisms that can both solve the standards problem of Big-Bang cosmology
and predict an slightly red tilted power spectrum for the anisotropies of the
CMBR.

Finally, let us also compute the spectral index of (2.108) in an alternative
and simpler way but that can lead to some confusions as we will see in other
inflationary regimes. Let us consider the dimensionless power spectrum at
zeroth order in SR parameters of (2.101) but without evaluating the quanti-
ties at 7* i.e.

2

JAN 2.109
R 82 M3, ( )

Now, we will identify the characteristic scale of each mode with a crossing

time, like this we have that k = aH and hence we can write the following

dlogk
dN

=1—€¢ — dlogk=(1—-¢)dN, (2.110)
and hence the spectral index would be
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sn_q_ 1 dbm
"R T AR(l—a) dN

which coincides with the true spectral index of (2.108). The reason why

~ —2€] — €5, (2.111)

the two methods coincide is because the true power spectrum of (2.107) is
exactly a constant at superhorizon scales and hence the rate at which the
modes exit the horizon coincides with the k-dependence of the power spec-
trum. As we will show in the following, this is however only true in this

case, reason why we will not use this method anymore.

* Beyond SR:

In this case €; has a strong dependence with time so we cannot consider O(e; )
corrections in an analytical way. Neglecting O(¢;) terms simplifies considerably
the computations since in this case 7 = —#. The dimensionless scalar power

spectrum for a generic CR inflationary regime can then be written as

_ 2
2 T [ver] k)P en
AGE = 2.112
R 8m2e M2, ( I [2] (QaH) ’ ( )

2

CR

where v~* is a constant given by (2.77). We can now distinguish different be-

haviours of the power spectrum depending on the value of v“%,

— Ultra-Slow-Roll (USR): As explained in section 2, in this case we have k =

USR

0 and hence v == % The power spectrum then takes exactly the same

form as the one for SR at zeroth order in SR parameters i.e.
USR H?
A = —. 2.113
R 8m2e M3, (.113)

There is however a crucial difference between (2.101) and (2.113). In order

to see this difference it is better to compute the time derivative of (2.113)

dAYSE
dN

While in the case of SR at zeroth order both ¢; (that comes from the time

derivative of H) and e, (that comes from the time derivative of ¢;) are ne-
glected, in the case of USR we can only neglect €; but not €5 because in

this case it is €5'® ~ O(1), more concretely 5% ~

—6. Now, since the ¢,
term comes from the time derivative of €y, it means that, in order to be fully
consistent we must take H in (2.113) to be exactly a constant (that we will
call Hy) but €; to be a time dependent function. The final power spectrum

in USR is then

45



Ay i (2.115)
R 8m2et M3, '

We can finally compute the spectral index of (2.115), which is trivially

n% - 1=0, (2.116)

because A%*F does not have any k-dependence. Note that if we were us-
ing the simplification of (2.111) we would get n%°f — 1 ~ —eJ/5% ~ 6,
which is completely wrong as it can be seen above. As anticipated before,
this faliure is a consequence of the time evolution of the power spectrum at
superhorizon scales, but more importantly, it tell us that the k-dependence

and time dependence are not always interchangeable.

Other cases of CR: As already mentioned many times, both SR and USR
are special cases of a more general regime of CR in which k = % is a
constant. The value of v in this case is given by (2.77) (ver = 2|1 + 2k|).
Using also the time dependence of €; when « is a constant given by (2.71)

we can write the power spectrum of (2.112) in a very convenient way as

ACR = Og3(tHant[1t3n]) p3(1-[15x]) (2.117)
where
—3|14+2k|-1 3 2 2
o Mgsuugﬁ\—o PE[+ 3] 2.118)
8m2el M3, I [%]

is a constant. From (2.117) we can see the general behaviour, both in time
and in k, of the power spectrum depending on the value of k.
* Time dependence:
- A%% is a constant if k < —3.
- AL grows with time as a4 if k > —3.
% k-dependence: The spectral index is

2
H%R—lz?)(l—'l-i—gli

) : (2.119)

from there we can deduce the following:

n%f — 1 > 0 and hence the power spectrum is blue-tilted for —3 <

Kk <0.

CR
. n’R J—

or Kk > 0.

1 < 0 and hence the power spectrum is red-tilted for k < —3
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- n%E — 1 = 0 and hence the power spectrum is scale invariant for
k = —3 (SR) and k = 0 (USR), as we already knew.

- In the same way that SR and USR have the same k-dependence,
the power spectrum of any two inflationary regimes characterized
by k1 and ko will have the same k-dependence if the following
relation is satisfied:

3+ K1 = —Ka, (2.120)

which represent a nice duality that has been explored recently [103].

Both the time and k-dependence of the general power spectrum A%” of (2.117)

are represented schematically in Fig. 2.2, where one can clearly see the duality

of (2.120).
RR—1
4 -
CONSTANT POWER SPECTRUM GROWING POWER SPECTRUM

Fig. 2.2 Dependence of nix — 1 with the parameter ~ and dependence of the power
spectrum with time.

We will conclude this section by computing the behaviour of the curvature pertur-
bation in the long-wavelength limit in an alternative way. Although this could seem a
bit repetitive, we will see along the thesis that it is actually worthy. If we go back to
the MS equation for R (2.61) in Fourier space and we take the long-wavelength limit
(k — 0) we have:

% <a3617€k) —0, 2.121)

whose solution is obviously
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dt
Ri(k — 0) = Cy(k) + Cy(k) —> (2.122)
a ey
where C (k) and C)(k) are k-dependent constants specified by initial conditions that
we will not set at the moment.
If we consider H = H, to be a constant (so we are neglecting O(e;) corrections)
and we assume that we are in a CR regime (so €; behaves as (2.71)), we can easily

integrate the second term of (2.122) and get

Ri(k — 0) =~ C1(k) + Co(k)a*2" . (2.123)

Solution (2.123) is composed of two modes, a constant one (C;(k)) and a time-
dependent one (proportional to C5(k)), which decays when k < —% and grows when

Kk > —3. We can then say the following

 The constant mode dominates after a while for xk < —3

[\

* The growing mode dominates after a while for x > —%.

In order to fully specify the solution (2.123), we must specify the constants C (k)

and Cy(k), in the following we will see how

* In the limit in which v is constant and hence the full MS equation has an analytical
solution, we can set the constants C (k) and Cy(k) accordingly with the £ — 0
limit of the analytical solution i.e. with (2.100). From (2.117) we can write Ry,

as

Rilk — 0) = c(k)a2(Hrt[13n]) (2.124)

where

c(k) = VOkE(-[1+5x]) (2.125)
and C'is defined in (2.118).
Comparing (2.123) and (2.124) we can set C'y(k) and Cy(k) depending on the

value of k:

- If & < —3 we have C)(k) = c¢(k) and Cy(k) must be k-suppressed with

respect to C (k).
- If kK > —2 we have Cy(k) = c(k) and C; (k) must be k-suppressed with

2
respect to Co (k).
These results support the idea that, in single-regime inflationary scenarios,
the mode that do not dominate the long-wavelength evolution of R; must

also be k-suppressed.

48



* Since (2.122) is an exact solution, we would expect that both modes are present in
the £ — 0 limit, the reason why we are killing one of them when comparing with
the analytical solution is not because the other one is k-suppressed, but because it
cannot be compared with the analytical solution (2.122). Because the analytical
solution of the MS equation is generically only valid up to O(e;) we can say the

following:

- If K < =32 we have Cy(k) = O(1) and Cj(k) = O(e;), but of the same

order in k as C (k).

- If & > —32 we have Cj(k) = O(1) and C;(k) = O(e;), but of the same
order in k as C (k).

This means that there is no reason to think that the non-dominating mode is also

k—suppressed in the long wavelength limit.

Although the scalar sector of fluctuations during inflation is the most relevant one,
it is important to explore also the vectorial and tensorial sectors, at least to justify why

we will not pay much attention to them in this thesis.

2.2.2  Vectorial sector
Using the decomposition of (2.29) and (2.32) the vectorial sector of the linearized metric
of (2.27) is

ds?, = —dt* + 2a(t) B} dx' + a*(t) [6;j — (0, E; + O,E;)| dv'da’ (2.126)

where (as a reminder) 9'B) = 0 and 9'E; = 0. The gauge transformation of these
variables with the notation below (2.43) in which 7' = 2/ + \|, + d'nandt =t + \°is

BY =B =BV —a()\))

7

70

(2.127)

. - BY
The combination F; — —¢

a

is called the gauge invariant vector perturbation. Now
we can study the evolution of this gauge invariant quantity with the ADM equations of
section (1.3). More concretely, combining equations (2.22) and (2.24) when the matter
content is given by a single scalar field we get the following equation of motion at linear

order

d [ - BY _ /. BY
—(Ei— L >+3H (E,;— G ) =0. (2.128)
dt a a

From (2.128) we can clearly see that the gauge invariant vector perturbation always

decay in during inflation, reason why we will forget about it for the rest of the thesis.
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2.2.3 Tensorial sector

Finally, we will explore the tensorial sector. By using the decomposition of (2.32) again,

we can write the tensorial part of the linearized metric of (2.27) as

dSQT — a2 + aQ(t) [51']‘ o hij} ’ (2.129)

where (accordingly with (2.32)) 9'E]; = 0 and §E]; = 0. Tensor perturbations at
linear order are automatically gauge invariant so we do not have to worry about the
gauge issue in this case. The next step is to use again the relevant ADM equations of
section 1.3 and linearize its tensorial part. In this case the relevant equations are again
(2.22) and (2.24), combining the two in a universe filled with a scalar fluid with the
stress-energy tensor of (2.2) we get

v2

hij + 3Hh; — —5hij =0, (2.130)

where the term Z—;hij comes from Rg) in (2.24). Equation (2.130) is a wave equation
and hence it describes the evolution of gravitational waves in an expanding universe.
We will see in the following that these gravitational waves are produced by quantum
fluctuations during inflation, however they decay at superhorizon scales with the ex-
pansion of the universe. The reason that we will pay more attention to them than to
the vector modes is that, as we will see, the amplitude of these gravitational waves at
recombination may still be large enough to leave distinctive signatures in B-modes of
CMB polarization.

The way of solving (2.130) closely follows what we did with the MS equation of
(2.60), in fact, the only difference between the equation for h;; and the one for () are

the e-dependent terms in (2.60). First we will define the Fourier transform of A;; as

d3k S S z X
hij :/W Z eij(k)hkek (2131)

s=-4,X
where + and x represent the two polarizations and ¢;;(k) and e;;(k) are the two polar-

ization tensors. Each one of the modes will then follow the following equation

. . L2
i+ 3HI + —5hi = 0. (2.132)

Now, we will do a convenient change of variable v;;, = $Mprhj such that we can

write (2.132) in a much more familiar way using conformal time 7 i.e.

T

2
(v3)" + (k:2 — —2) vi =0, (2.133)

which is the same equation as for the scalar modes (2.68) but with %” = % or, in other
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3
5
The way of quantizing and solving (2.133) is identical to the way we did for (2.68)

words, with v =

in section 2.2.1.1. Thus, we will not repeat the procedure here. If we chose again the

Bunch-Davies vacuum as initial condition we will get the same solution as in (2.87) but

3

with v = 5 i.e.

—ikT

s e 1Y\ .

Similarly to what we did in section 2.2.1.3 we are interested in the long-wavelength
limit (k7 — 0) of the solution so, the second term in the last parenthesis of (2.134) can
be safely neglected. The dimensionless power spectrum of v}, in the long-wavelenght

limit is then

()" o
42

where we have used the following approximations (valid at zeroth order in €;): 7 ~

—--and H ~ H*. Undoing the change of variable that we did before (v = Mpph;)

Ay = (2.135)

we can easily compute the power spectrum for a single polarization mode during infla-

tion in the long wavelength to obtain

(i)’

Aps = ——%— 2.136

which means that the total dimensionless power spectrum of the gravitational waves

(or tensor fluctuations) is

2 (H*)?

Ap =20 = ———. 2.137

Tensor fluctuations are often normalized relative to the amplitude of the scalar fluc-
tuations A by means of the so-called tensor-to-scalar ratio, which is defined as:
Ay N
r== An = 16¢] . (2.138)
Since €] < 1 (see (2.108) and discussion below) we have that the tensor modes
are highly suppressed with respect to the scalar modes. This is also in agreement with

observations in the CMB, in fact, the latest constraint in r is r < 0.056 [55].

2.2.4 Beyond linear cosmological perturbation theory.

Although we will not explore higher orders in cosmological perturbation theory in this
thesis it is important at least to comment qualitatively some interesting differences be-

tween linear and second (or higher) orders in cosmological perturbation theory:
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* As we have shown in the previous sections, at linear order in cosmological per-
turbation theory, the scalar, vectorial and tensorial sectors evolve independently,
which make them relatively easy to handle. This is no longer true already at
second order, where the second order perturbations start mixing with the first or-
der perturbations squared, probably the most known example of this effect are
the scalar induced gravitational waves (GW). The possibility of the existence of
these GW was first noticed in 1967 [104] and it was later rediscovered in the 90’s
[105, 106]. The idea goes as follows:

Let us choose the Newtonian gauge® for simplicity and expand the metric up to
first order in the scalar part and up to second order in the tensorial part (we will

ignore the vectorial part), the result is:

1

ds’ = (14 20)dt* + a*(t) | (1 = 20)0y; + hij + 3

h | da'da?,  (2.139)
where @ is one of the Bardeen potentials without anisotropic stress. Apart form
the first order scalar fluctuations in (2.139) we have the fluctuation of the scalar
fieldi.e. ¢ = ¢ + d¢. It can be shown that the scalar fluctuations of the metric
in Newtonian gauge are suppressed with respect to the scalar field fluctuations

[107]. Thus, from now on we will only consider fluctuations of the field.

In (2.139) we have defined hg) as the second order tensor perturbation, we will
not derive the equation of motion for hg) here because it can be found in the
literature (see for example [108] for a review) so, we will rather give some intu-
itive idea: while h;; follow the equation given by (2.130), hg-) follow a similar
equation but with a source term proportional to the Bardeen’s potential squared

i.e something like:

2
@, ami@ V@
hij? + 3Hhi; — —5 hij o< 0:0¢0;0¢ . (2.140)

Without caring too much about the evolution of these fluctuations, we can already
see that the dimensionless scalar power spectrum induces gravitational waves

with a power spectrum

Ay o Aj, ~ €A% (2.141)

For the CMBR modes, A%, and so Ay, is small . It is nevertheless true that,

3We remind the reader that the Bardeen potentials of (2.52) in this gauge take the following form:
P=AVV=-D
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as we will justify later on, there is no reason a priori to expect the amplitude of
the power spectrum at CMB scales to be the same at all scales. Can in this case
Ag grow enough such that A, ) can be observable? The answer is yes, this can
happen both during [102] and after [108] inflation, and it represents a very active

research topic that we will not further explore here.

In the same way that first order scalar fluctuations squared can act as a source term
in the equation of motion for second order tensor fluctuations, we also have that
first order tensor fluctuations squared affect the equation of motion of second or-
der scalar fluctuations. Similarly, the second order vector fluctuations, would also
acquire some source terms coming from first order tensor and scalars fluctuations

and so on.

Another important effect that appears at higher order in the scalar sector of cos-
mological perturbation theory is the the existence of non-gaussianities. In order
to better understand this point let us take a slightly different approach to cos-
mological perturbation theory. In the approach taken in this thesis (see section
(2.2.1)), we have extracted the ADM equations form the action (1.7) and we have
perturbed them over a FLRW background, another option is to perturb the ADM
action up to second order directly and then extract the first order equations of
motion. This is the approach taken for example in [91]. In this case the perturbed

action for the scalar sector is

1 ) "
s -1 / & [(d)? oo + 2| | (2.142)

from where the variational principle give us the MS equation for v that we already
know (2.65).

A free theory like this one is fully characterized by the power spectrum of (2.93),

and hence the PDF for the perturbations is Gaussian.

If we want to study the non-Gaussian features of our probability distribution we
must include interaction terms in our Hamiltonian, which only appear a next-to-
leading order in cosmological perturbation theory. Apart from the non-Gaussianities,
which are studied via the bispectrum, trispectrum etc [109, 110, 111, 112], the in-
teraction Hamiltonian also include one-loop corrections to the scalar power spec-
trum, whose effects in the case in which the tree level power spectrum grows have
been a hot topic lately [113, 114, 115, 116, 117, 118, 119, 120, 121, 122].

Finally, we will end this section by mentioning that the gauge issue of linear
cosmological perturbation theory, gets increasingly more complicated at higher

orders, loosing a bit the difference between what is an observable and what is not.
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For example, while tensor fluctuations at first order are gauge invariant and hence
we can identify then unequivocally with GW, this is not longer true with tensor
fluctuations at second order Acquaviva:2002ud, Chang:2020tji, a natural ques-
tion then arises: In the case of scalar induced gravitational waves, what is exactly
what we expect to detect? this has also been a very active topic for discussion
lately [123, 124, 125, 126, 127] that we will not further discuss here.

2.2.4.1 Why should we go beyond linear cosmological perturbation theory?

In sections 2.2.1.3 and 2.2.3 we have already seen that, if we accept inflation as the
mechanism responsible for the inhomogeneities of the CMBR, a period of SR at the
beginning of inflation is needed in order to have an almost scale invariant power spec-
trum. In order to obtain all the inflationary predictions for the CMBR we have used
linear cosmological perturbation theory combined with quantum field theory. The rea-
son is that both the amplitude of the power spectrum and the non-gaussianities measured
at the CMBR are too small to generate a relevant amount of large fluctuations.

The interest of large fluctuations resides on the fact that, once they re-enter the
horizon after inflation, they can gravitationally collapse and lead to the formation of
black holes. Those are the so-called Primordial Black Holes (PBHs). PBHs play a
crucial role in the understanding of our universe, for example, they represent natural
candidates not only for dark matter [128], but also as the seed of supermassive BHs
at the center of massive galaxies [129]. Apart from that, we will see in the following
that they can even probe the missing scales of inflation. For the interested reader, we
recommend [130] for a nice review on PBHs.

In order to form enough PBH that could represent for example a significant frac-
tion of the dark matter we need to exponentially enhance the amplitude of the power
spectrum on scales which are not probed by the CMBR, for which a violation of SR is
needed. We have already seen that USR predicts such a growth in the power spectrum,
which make the generation of large inhomogeneities more and more probable. As it can
be schematically seen in Fig. 2.3, where we assume for simplicity Gaussian statistics,
a growth of the power spectrum means a growth in the value of the variance of the PDF
for the curvature perturbation, which means that, non-perturbative values for example
of order R ~ 1, which are unreachable for the CMBR scales (they are ~ 3 x 10%c
away), become “only” ~ 300 away if the power spectrum is Ar ~ O (107%). Note
also that, as we justified before, the growth of the power spectrum necessary for the
formation of PBH might also have the effect of the formation of scalar induced gravi-
tational waves, reason why it is sometimes claimed that the formation of PBH always
have a (possibly detectable) GW counterpart [131, 132].

It is then clear that, if we want to generate a non-negigible amount of PBH and at
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Fig. 2.3 Evolution of the PDF of the curvature perturbation P(R) if the power spectrum
grows by a factor ~ 10°, the values of R coloured in blue could eventually collapse
forming a PBH.

the same time satisfy the constraints given by the CMBR, we must abandon the SR
regime after generating the inhomogeneities responsible for the CMBR . In Fig. 2.4
we show a very similar figure as Fig. 2.1 where we include a mode (in green) which
is generated after the generation of the CMB anisotropies (in orange) and that, as a
consequence, re-enters the horizon before recombination, where there are no known
observational constraints on the power spectrum. The power spectrum of the green
modes is precisely the one that can grow if we violate the SR regime and can lead to
the non-negligible generation of large inhomogeneities which can form PBH when it

re-enter the horizon (at Npgg).

Npbh Nrec
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* INFLATION RADIATION DOMIMATION DOMINATION M
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Fig. 2.4 Schematic representation of the mode (in orange) that could explain the CMB
data and for which a SR period of inflation is required and of the mode (in green) that
could be responsible for the formation of PBH and for which SR must be violated.

Although a growth of the power spectrum beyond SR can be predicted in the context
of linear perturbation theory, as we have done in section 2.2.1, the precise study of
the inhomogeneities located in the tail of the PDF, which are the ones of interest for
PBH, must be done in a fully non-perturbative way. In fact, the Gaussian assumption

for the PDF of scalar fluctuations is only justified in the case of linear perturbation
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theory. One expects higher order in perturbation theory (and even non-perturbative)
terms to lead to a non-Gaussian PDF for 'R. Any non-Gaussianity affect the tail of
the PDF of 'R can exponentially affect the production of PBH. This is the reason why
a very precise description of higher orders in cosmological perturbation theory and/or
non-perturbative effects, is of crucial importance for the computation of masses and
abundances of PBH.

Having presented the well-known linear cosmological perturbation theory and hav-
ing motivated why it is important to go beyond it, we are finally in position to start

studying some very useful non-perturbative methods that we can use in inflation.

2.3 Gradient expansion.

We have already talked about how the characteristic scale of inhomogeneities A\ be-
comes larger than the Hubble radius as inflation proceeds. We show in Fig. 2.5 an
intuitive representation of how this process happen: during inflation the Hubble ra-
dius (H )71 stays approximately constant and the exponential expansion of the universe
stretches more and more the characteristic wavelength of the fluctuations until it be-
comes much larger than the Hubble radius. i.e. A > (H )_1. In this limit, as it can be
seen in Fig. 2.5, the effect of the fluctuation can be seen as a constant shift of the back-
ground dynamics of (H) " (from the dotted line to the solid line in the right-hand side
of Fig. 2.5). This suggests that, in the long-wavelenght limit , one can consider small
patches to be approximately homogeneous and isotropic, this is the main assumption of

gradient expansion.

Fig. 2.5 Evolution of the wavelength A of the different modes during inflation.

The gradient expansion approximation [133, 134, 135, 136, 137, 138, 139, 140,
141, 93] then consists in considering small patches of the universe which can be ap-
proximately described by a local FLRW geometry. By choosing some local coordinates

(t1,x), this geometry may be described by the following metric

ds? = —dt} + a} (t;) 0;;dxidz (2.143)
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where the subscript [ denotes a local patch (the solid circle in Fig. 2.5). We can also
Btlal

define the local Hubble parameter as H; = p”

As already anticipated, the patch is chosen in a way that the characteristic scale of
inhomogeneities, which we call it A, is much larger than (H, l)_l. One can then define
an expansion parameter 0 = (H\) " < 1.

Reversing the argument, at leading order in o, each patch of the universe of size
(aHl)_1 (the coarse grained scale) is approximately described by an homogeneous
FLRW universe. Higher order terms in ¢ expansion will instead capture local inho-
mogeneities.

Contrary to the linear cosmological perturbation theory approach, the gradient ex-
pansion is valid for any amplitude of local over-densities, as wavelength of the fluctu-
ation is large enough for the gradients to be negligible, in this sense we can say that
linear cosmological perturbation theory is valid at leading order in the amplitude of the
inhomogeneities but at all orders in k£ and that leading order in gradient expansion is
valid at leading order in £ but at all orders in the amplitude of the inhomogeneities.

Note that the assumption on which the gradient expansion is based on implies that a
patch can be found such that any spatial gradient would introduce an order o. In other
words, for a generic function X, 9;X ~ X x O(o). This is because a function which
is approximately homogeneous in local coordinates can be written as X (¢, oz') with
o < 1. Thus, we have

; 0 , 0 ,
0, X (t,ox") = _X (t,o2") = _ X (t,ox O (%), (2.144
(t,oz") U@(@xl) (t,01") Oa(axl) ( ax)U:0+ (), «( )
and, since %X (t,o2") can be of the same order as X (¢, 0x"), we can generi-
o=0

cally write

8:X ~ X x0O(0) . (2.145)

2.3.1 Naive leading order in gradient expansion.

Usually, when performing gradient expansion we will be comparing different patches,
each one with local coordinates as in (2.143). For better comparison between patches it
is necessary to define a set of coordinates which is valid for all the different patches at
the same time, the most logical set of coordinates which allow us to compare different
patches in a non-perturbative way is given by the ADM line element presented in section
(1.2):
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ds® = —a?(t,x)dt* + a®(t)e* X7, (t,x) [da’ + B'(t,x)dt] [da? + B (t,x)] .
(2.146)
The coordinates (¢, x) in (2.146) are common for all the different patches such that
the differences between patches are now given by differences into the lapse function «,
the shift vector 3’ and the rest of the functions. The most important point is then to give
the correct order in gradient expansion to each one of these functions. Naively we could
demand that all physical quantities do not vanish at leading order in gradient expansion

1.e.

oa(t) =1~ 0(c"), 0¢(@) ~ 0(c?), 0B (t) ~ O(c?)
0©t) ~ O Fij =0 ~O(0),  (2.147)

where the subscript (0) reminds the reader that we are at leading order in gradient
expansion and the time-only dependence is because any spatial dependence would in-
troduce higher order in gradient expansion effects. Note that in the order estimation of
(2.147) we have included also the field. The reason why 7;; — d;; ~ O(0) is because
we will only focus on scalar modes and the traceless part of the scalar part of the spatial
metric will always contain some spatial derivatives, we will further explore this point
later on.

We can now derive the equations of motion at leading order in gradient expansion
by inserting the order estimation of (2.147) into the ADM equations (2.19)-(2.24) of
section 1.2. The only two relevant equations that do not vanish at leading order in

gradient expansion are

_ . 2 .

H+ )¢ 1 0 ¢°

SaREULE - TV (2.148)
( 0 MR, \ 200 (07)

_ . _ . 2 .
1 d (H+ ol H+ )¢ 1 (¢
da N e 0L I vy . (2.149)
(o dt ( 0« (0 3ME, \ 0” l0?)

Note that under the redefinition di; = («adt and H; = M, equations (2.148)

OF
and (2.149) coincide with the equations of motion of an exactly homogeneous and

isotropic FLRW universe (see (2.4) and (2.5)) but in local coordinates. This is not sur-
prising because our assumption is precisely that at leading order in gradient expansion
the metric in local coordinates is precisely (2.143), i.e. a FLRW metric.

Since the justification of the order in gradient expansion of each variable given in
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(2.147) is a bit hand-waving (and we will see later on it is not completely true), it is
worthy to perform a consistency check. It consist in linearizing the equations of motion
of the local patch (2.148) and (2.149) and check if the solution obtained in this way
coincides with the solution obtained in the long-wavelength limit of linear cosmological
perturbation theory, i.e. (2.122). In order to do so we will perturb (o), ()¢ and ()¢ at

linear order:

(0 = 1+ A9,

(O)C ~ DI 3

00 = ¢+ 37, (2.150)
where the subscript gr indicates that we are linearizing only the equations at leading

order in gradient expansion and not whole set of ADM equations, note also that we are
only focused in the scalar part. Inserting (2.150) into (2.148) and (2.149) we get

— . — 1 = - ar -
2 (DW _ HAW) S <¢5¢9 _BRAT V(735¢9T> , (2.151)
3Mpy,
DI — 2H AT — HAY 4 2l D7 — 0HA7 = — o (2055 — 2547 — Vi)
3Mpy

(2.152)

For convenience, let us write (2.151) in a more suggestive way

: haT :

HAT — Do~ O s~ O g (2.153)

2M3, 3—e
where we have defined the “gradientless” version of the comoving curvature perturba-
tion as RY" = D9" — %&égr.

Now we can combine (2.151),(2.152) and (2.153) as we did in section 2.2.1.1 when
obtaining equation (2.59). Following the same notation as in (2.59), we have fi (t) =

:;—1517? and therefore the equation of motion for RY" is #

d [ 3a’e -

whose solution is obviously

3— €1
3&361

RI" — ey (k) + ca(k) / it (2.155)

“Equation (2.154) take the same form in Fourier space and in real space because of the absence of
spatial gradients, we will use the Fourier space version for better comparision with the results in section
2.2.1.3.
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If we compare the solution for R in the long-wavelength limit (2.122) with (2.155)
we can see that they are not exactly the same. This was already noted almost 25 years
ago [142, 143] but it is worthy to explore this difference in detail and see how it affects
our leading order in gradient expansion.

The first thing one could think is that the difference between (2.122) and (2.155) is
O(e€1) so it is not very important. However, this is not completely true, the reason is that
we have not said anything about the constants ¢, (k) and c3(k), these constants must be
set in such a way that the solution (2.155) represents the £ — 0 limit of a solution with
k # 0 as we did in section 2.2.1.3. One way of imposing this condition is by using
the boundary condition given by the momentum constraint, i.e. using (2.57), which is
equivalent to impose the right-hand side of (2.153) to be identically zero, or, in other
words Rk = 0.

The constant ¢, (k) must then vanish in order to satisfy the boundary condition im-
posed by the momentum constraint meaning that, the term proportional to cy(k) in
(2.155) is not the k£ — 0 limit of a solution with k& # 0 and hence it is not a physical so-
lution. We can then conclude that the solution for the comoving curvature perturbation

‘R that comes from the linearization of the naive leading order in gradient expansion is:

R = ¢y (k), (2.156)

i.e. always a constant. We have then lost the time dependent mode. As we saw in
section (2.2.1.3), this mode is negligible if x < —%. However, for x > —% the constant
mode is actually the negligible one so in this case we have lost the relevant mode.

The reason why this naive leading order in gradient expansion fails to reproduce
the time dependent mode can clearly be guessed if we write the linear Hamiltonian
constraint of (2.35) in the following suggestive way

_ .1 . b € - 1 \V&:
HA =D = VB~ 2MZ, 5o H(3—e1) a®

Again, the only way that the Hamiltonian constraint (2.157) and the linear momen-

v, (2.157)

tum constraint (2.57) are compatibles is if the right-hand side of (2.157) identically

vanish, which implies
. 1 v

R = _H_El?\lj. (2.158)

From (2.158) we can clearly see what went wrong with the naive leading order

gradient expansion: a spatial gradient does not necessarily means a k-suppresion, in

fact, if we compare (2.158) with the solution of the MS equation in the long wavelength
limit (2.122) we have
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V20 = C’;(k)% , (2.159)
where C (k) is not generically k-suppressed, as we saw in section 2.2.1.3.

The reason why the naive leading order in gradient expansion does not give us the
time-dependent mode is that, when giving the order estimation of (2.147), we have
automatically set any quantity with a spatial gradient equal to zero. On the other hand,
from (2.159) we can see that, although it decays with time, V2¥ does not vanish in the
k — 0 limit. Something that decays with time could seem harmless, however these
decaying (but not k-suppressed) functions can become dangerous when multiplied by
function that grows in time, as it is the case in (2.158), where é can be a growing
function. In fact, neglecting VW in (2.158) means killing the growing mode of R
when k = % > -3

As far as we know, all the previous work on gradient expansion during inflation use
the naive approximation presented in this section, this is why in section 2.3 we will
formulate for the first time a consistent leading order in gradient expansion that takes
care of the terms that, although contain a spatial derivative, do not vanish in the £ — 0
limit. However, before that, we will present in the next section an alternative way of
interpreting these decaying (but not k—suppressed terms) based on symmetries of the

Einstein equations [78].

2.3.2  Symmetries in the long-wavelength limit

In the previous section we have shown that the time dependent mode of R is related
with terms with spatial derivatives that do not vanish in the £ — 0 limit. In this section
we will give an alternative proof of this phenomena showing that both modes of R are
related to a symmetry of the perturbative equations in the Newtonian gauge, generaliz-
ing Weinberg’s procedure to determine the constant mode of R [97].

In Newtonian gauge, the metric can be written as:
ds® = —(1+ 2AyN)dt* + a*(1 4+ 2Dy)d;;dx'da’ . (2.160)

The scalar set of perturbed Einstein’s equations in this gauge is

¢ Hamiltonian constraint

\V& 1

. _2 —_ . v _ =~ . . L2 ’ —
38H*Ay+3HDy——5Dy = 3 v (¢5¢N GAy +V (¢>)5¢N) . (2.161)
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¢ Momentum constraint

6
0; < HAN+DN+2M25¢ ):0. (2.162)

* Trace of the spacial Einstein equations

. _ . . V2 _ _ .
6H Ax+3H An—3Dn+—~5 An+6H> Ay—6H Dy = i (2¢5¢N 25 Ay —
a
(2.163)
* Traceless part of the spacial Eisntein equations
1
(aiaj — gaijVQ) (Av+ Dy) =0 (2.164)

One can show that the above equations are invariant under the following fields re-

definitions
Ay = Ay =\,
Dy = Dy—HXN — %VQA ,
5p = 66— oA, (2.165)
where
A= 2f12( ) 4 f(t), (2.166)
and
0(e,7) =~ 4 g, 2.167)

As we shall see, the function f;(t) is going to be of perturbative order. Note that,
although the field redefinition contain potentially non-perturbative terms (those pro-
portional to 2* = §;;2'27) the Einstein’s equations do not contain any x?. This term
either cancels out or is removed by a Laplacian. Thus, in this sense, the proposed field
re-definition keeps the equations at linear order.

It is interesting to note that, in the UV, those fields redefinition are related to the

change of coordinates
t—t4+ (¢, 7), rt— o'+ O\, T, (2.168)

which takes a Friedmann geometry in Newtonian form [?]. Those coordinate transfor-
mation may only be extended to the IR if and only if f; = 0. The relation between the
coordinate transformation and the symmetry of the Einstein’s equations in Newtonian

gauge was the starting point of the Weinberg procedure in [97].
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Both tilded and un-tilded functions solve the same equations and so are, possibly
different, solutions of the same system. Then, because we are only considering linear
differential equations, the difference between the tilded and un-tilded solutions would
still represent a solution. Moreover, because this solution is homogeneous, it will be
related to perturbations in the long-wavelength limit.

Different solutions are selected by considering specific boundary and/or initial con-
ditions. The boundary conditions, as we are going to see, are related to the momentum
constraint, while the initial conditions to the Bunch-Davies vacuum. The latter will
ultimately fix the evolution equation of the variable we would like to consider.

The comoving curvature perturbation R in Newtonian gauge is
. H -
R =Dy — =don, (2.169)
¢

where hatted functions are a solution of the linear Einstein equations before imposing
any boundary or initial conditions.
We can then consider

- %[(5¢N —0pn) = fi(t) . (2.170)

R - (DN — DN)

This is simply telling us that, until boundary conditions are imposed, the most generic
solution of R is a generic function of time.

The boundary conditions of our set of differential equations are the integrated ver-

sion of the momentum constraint. As before, we fix the integrated momentum to zero

for the untilded variables

g
— HA D ——0pn = 0. 2.171
N+ Dyt A N ( )
While the transformation from un-tilded to tilded variables leave invariant the equations

of motion, they change the boundary conditions (the integrated momentum) into

o~ 3 Qﬁ ~ . B
—HAN + Dy + 2M555¢N — fi(t) =0.

This does not represent a problem as the integration of the momentum constraint pre-
cisely leaves the freedom of adding a time-dependent function.
Combining (2.161), (2.163) and the second line of (2.172) we get the following
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equation:

= -~ x Voo 3 1 1 1 ~
Q+3HQ+ {_ﬁ +H? <—§€2 toae - 163 - 56263)} Q +
¢

+ 2 (A + HB+a)fi®) =0, 2.172)

A solution is such that the tilde MS equation is satisfied, i.e.

S V2o 3 1 1, 1 .
Q + 3HQ + |:_¥ + H2 (—562 + 56162 - ZE% - —€2€3>:| Q = 0, (2173)

leaving

A+ HB+e)fi(t) =0. (2.174)

The solution of this equation is
fi(t) =Cy + Cy / e S HBFe)dt gy (2.175)
implying, in Fourier space and in the £ — 0 limit
Ry, = Cy + C¥ / e~ JHBe)dt gy (2.176)

Because R, follows a second order differential equation, the solutions (2.176) represent

the whole set of solutions and the constant C* can now be fixed by initial conditions.
Thus, we have proven that both decaying(growing) and constant modes, are related

to a hidden symmetry of the perturbed Einstein equations in Newtonian gauge, extend-

ing the analysis of Weinberg.

2.3.3 Leading order in gradient expansion

The first thing to emphasise is that, in the same way as we can set a quantity to zero in
linear perturbation theory by specifying a gauge, the leading order in gradient expan-
sion of each one of the functions in (2.146) will also depend on the choice for the 3+1
decomposition of the metric. In our case we will only explore choice of hypersurfaces
which are well behaved in the £ — 0 limit. In order to define this well-behaved hy-
persurfaces we will again make use of linear perturbation theory. As we have seen in
(2.159), the term which contains a gradient but does not vanish in the £ — 0 limit is

V2. This term can be written in terms of the gauge invariant variables as (see (2.52))

1 _ .
VU = —-V?D — gvzsz —aHV?B — «’HV?E.. (2.177)

The way we will define a “well-behaved” gauge will be clear with an example.
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Imagine that we choose the Newtonian gauge in which By = Ex = 0, in this case
the important term in the & — 0 limit would be V2Dy. Now, if we go to the linear
equations of motion of (2.35)-(2.40), we see that we have terms like Dy in the equations
of motion. Thus, if we have that V2Dy ~ O(a?), then Dy ~ O(c~?) and hence we
have divergent terms when o — 0. This is what we will define as a ill-behaved gauge
in the limit £ — 0. On the other hand, let us study for example the flat gauge where
V2W¥ = —aHV?B;. The main difference in this case is that every time that B 7 appear
in the linear equations of motion of (2.35)-(2.40), it does as V2B + and never as By
alone so we do not have any divergent term. The flat gauge would then be an example
of a well-behaved gauge in the £ — 0 limit.

With this in mind we can finally formulate the leading order in gradient expansion:
the key point is that, as it can be straightforwardly shown, the local metric (2.146) can

be written with a coordinate redefinition as follows’

dsf = — @ dt* + a*(t)e* @5y (da’ + (o B'dt) (da’ + (o) dt) (2.178)

with the conditions
L. a= @galt),

3. ¢ = ().

It is important to remark that, although it is written in different coordinates, the
metric (2.265) is still a FLRW metric. One could be worried about the fact that a homo-
geneous and isotropic metric contains terms outside the diagonal, however, following

[144] we know that a space-time is homogeneous and isotropic if:

1. All constant time hypersurfaces >.; are constant curvature spaces. In our case the

hypersurfaces >; are simply Euclidean and this condition is trivially satisfied.

2. The extrinsic curvature of the hypersurfaces is homogeneous and isotropic. Using
the definition of extrinsic curvature of (1.6) together with the conditions for (a,
0) A3¢ and (0)7i; specified below (2.265), we can see that the extrinsic curvature

only depends on time and hence this condition is also satisfied.

>Note that we are only considering scalar fluctuations when performing this redefinition. If we want
to study inflation in a fully non-perturbative way, we should also take into account vector and tensor
perturbations. This is because, although they are independent at linear order in perturbation theory, this
is no longer true at higher orders as justified in section 2.2.4. The reason why we do not include vector
and tensor perturbations here is because, although at this level it would be straightforward, it is not
possible when applying gradient expansion to stochastic inflation as we will see later on. In this sense
we are formulating a gradient expansion which is non-perturbative only for the scalar sector in the case
in which tensor and vector fluctuations are negligible.
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Note that the z-dependence in (g)(" is already showing that the order estimation
that we did in (2.147) is not correct. The new (and correct) order estimation is now the

following:

@a(t) =1~0("),  ©¢t)~0("),  ©ft)~0()
(0)¢(t) ~ O(UO) Fij — 0ij ~ O(0), 2.179)

It is now important to make some comments about the last line, as before ()¢ (t) has
been added to take into account the expansion of the scalar field, which is generically
non-zero at the background level. Furthermore, note that here the condition 7;; — 0;; ~
O(o) implies a further condition on the scalar part of 7;;, in fact, using the expansion

of the exponential of a matrix we can write
Fij = e M o= 5y — 2My; + O(0?). (2.180)

Now, M;; must be traceless by definition (see footnote 2). Focusing only in the

scalar part of M;; we can then write
1
Yij — 0ij ~ —2 (&-6‘]- - géijVQ) C+ O(0?), (2.181)

where C' is a scalar function. This immediataly implies that (9;0; — 50,;V?) C' ~
O(o). Tt is very important to remark that this condition is not in contradiction with
V20 ~ O ®,

As before, different functions for ), (o) A% and )¢ will give different FLRW
patches as long as they satisfy the conditions given below (2.265). We can then relate
the different locally homogeneous and isotropic patches by knowing the different non-
perturbative functions for (g)a, (O)Bi and ()¢ that lead to each one of them. Of course,
in the same way as in perturbation theory, the value of (), (03" and ()¢ will depend
on the gauge choice and on the solution for the ADM equations.

We will now explicitly compare the naive leading order in gradient expansion of
section 2.3.1 with the correct leading order in gradient expansion presented above. In

order to do so let us choose the spatially flat gauge, i.e. (0)(y = 0 and expand the ADM

®Take for example C' = x - xg(t, 0x), where g is an arbitrary function. In this case we have:

1
0,0; = 30, V*C = O(0),

1
gVZC =2g(t,ox)|,_o+ O(o),

and hence both 9;0; — 16;;V>C and &’ (8;0; — $6,;V>C) = 8’ (2V2C) are of order 0.
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Hamiltonian constraint (2.19) with both the naive order estimation of (2.147) and with
the correct order estimation of (2.179). In the naive case we just have to take (2.148)

and set )¢y = O i.e.

- tV : (2.182)
( <o>af) 3MZ, (2 0 (09r)

On the other hand, for the order estimation of (2.179) we must take also into account

some spatial derivatives, leading to the following result

H 1 ? 1 (17 1 2

a %) =575 0, — B0, +V ,
((0>0‘f 3 0y (O)Bf) 3ME, (2 ((o)af o (0= 5 Wf)) ((0)¢f>)
(2.183)

where we can clearly see the presence of the new terms proportional to B}. Equa-
tion (2.183) can also be reduced to the Hamiltonian constraint of a homogeneous and

isotropic universe in local coordinates with the following redefinitions

H 1 A
o, = _ B: 08" | (2.184)

ooy 3oar O

dgy 1 ;
o _ 8, — 8.0,) br) . 2.185
= o ©) ((0: — B30:) o5) (2.185)

Note that, although the redefinition (2.185) could seem a bit weird since it contains a
spatial derivative of the field, it is actually what one would expect. In fact, the operator
d% = ﬁ ) (0r — B}0;) is precisely the Lie derivative of the orthogonal vector n*
to the spatial hypersurface >; (see Fig. 1.1), which is what a local observer would
interpret as the time, this Lie derivative then plays the role of a time derivative in local

coordinates.

2.3.3.1 Role of the momentum constraint in gradient expansion.

Another very important aspect that we observe when including terms proportional to
95 (0) 5} in gradient expansion is that the momentum constraint acquire a very important
role. In order to see why let us again make use of linear perturbation theory. The
first thing to realize is that, although the momentum constraint itself contains spatial
derivatives and hence it should not appear at leading order in gradient expansion, the

integrated version, which in flat gauge is
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is actually important at leading order in gradient expansion so in principle it should
always be taken into account at this order.

However, in the naive version of the leading order in gradient expansion, the mo-
mentum constraint does not play any important role for the dynamics of the system, the
reason is that we can obtain a equation of motion for the gauge invariant variable R9"
(see (2.154)) without need of this constraint. The only role of the momentum constraint
in this case is to set the initial conditions (more concretely, to set co(k) = 0, as we saw
in section 2.3.1). In other words, in the naive leading order in gradient expansion we
can set the initial conditions such that they satisfy the momentum constraint and evolve
the system without worrying anymore about it [145].

This is no longer true if we include terms proportional to 0; (o 5}, in this case we
cannot write a single equation for R using only the Hamiltonian constraint (2.35) and
the evolution equation of the extrinsic curvature (2.39). In fact, if we try to do that we
can use (2.157) together with (2.57) and (2.59) to find the following equation

d [ 3a3¢ . 1 V?
— ——V ]| =0. 2.187
dt |:3—€1 <R+ 3H a? )] ( )

The fact that (2.187) does not only depends on R but also on V?W tell us that we
need another equation to describe the correct dynamics of R: the momentum constraint.
It is then clear that if we include terms with spatial derivatives but that do not vanish in
the £ — 0 limit in gradient expansion, we must also take into account the momentum
constraint when describing the evolution of the gauge invariant variables, playing a
more important role than giving only some initial conditions, as in the naive case.

The two main differences between the naive leading order in gradient expansion and

the correct leading order in gradient expansion are the following:

1. The inclusion of terms with spatial derivatives that do not vanish in the limit
E— 0.

2. The role of the momentum constraint, which becomes important to describe the

dynamics of the long-wavelength.

Although gradient expansion is a powerful tool to study large inhomogeneities dur-
ing inflation it still needs a mechanism to give the initial conditions. As shown in section
2.2.1.1, initial conditions are given in the short-wavelength limit, were we impose the
Bunch-Davies vacuum, however gradient expansion is not valid in the short-wavelength
limit. This is the reason why gradient expansion is usually combined with some other
formalism able to provide initial conditions. The rest of the thesis is devoted to two dif-
ferent ways of combining gradient expansion with linear perturbation theory to obtain a
consistent way to describe inflationary inhomogeneities in a non-perturbative way: the

0N formalism and the stochastic approach to inflation.
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2.4 )N formalism.

The § N formalism is a tool that uses the definition of the number of e-folds N = [ Hdt
for computing the evolution of cosmological perturbations at super-horizon scales [146,
147, 148, 140, 149, 150, 151].

The local number of e-folds in a given super-horizon patch is

tl(terx) te
N, = / Hy(t)dty ~ / Hi(t)a(t)dt, (2.188)
t(t0,x) 10

where « is the lapse function of each super-horizon patch defined as dt; = a;dt and
we have expanded everything at leading order in gradient expansion. Note that this
definition of N is not gauge invariant as it depends on the specific gauge relating the
local to the background coordinates.

We will start by enunciating the 4 /V formalism in its linear version such that after-
wards it will be straightforward to formulate the non-perturbative version. If we now
perturb (2.188) with respect to a FLRW background we get the expression for the num-

ber of e-folds in a perturbed universe

te _ 2
N ~ / (H+ D — V— <§>> dt , (2.189)
0 3 a

where we have no fixed yet any gauge and we are keeping the term %2 (%) because, as
we saw in the previous subsection, it might play an important role in the £ — 0 limit.

A gauge transformation (2.43) would lead to

te ] 2 2 2 )\0
/ H+D—Z — dt—>/ H+—D HAO)—Z BY V(AN ) e
70 3 3 a 3 a?
(2.190)
We will choose £° to be next to leading order in gradient expansion’. With this in

mind, the number of e-folds transform as:

N, — Np—HgOLC +H§°‘t0 (2.191)

If H §0
say that we have chosen an interpolating gauge between A and B and we will write N5.
We then finally define 0 N as follows

and H 50’ represent different gauges, let us say gauge A and B, we will

SN = N5 — N&,. (2.192)

In the following we are going to see that, depending on the gauges chosen for .4 and

"This is only possible in the well behaved gauges defined in section (2.3.3)
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B we can recover both the uniform density curvature perturbation 3 defined in (2.55) or

the comoving curvature perturbation R defined in (2.54).

* The curvature perturbation at uniform density ( is obtained by choosing .A and B

respectively in flat and uniform density gauges while A’ and B’ in flat gauge.

Indeed, with this choice

SN, =Ny — N] = (D - HE) . (2.193)
Now because in the uniform density we have (J5p — ﬁ)\gd)‘ =0, we get
te
ud f ‘E[ e
SN3 =N — NI = (D—=6p) | =30, (2.194)
p
tE

where the last equality comes by fixing 7 such that £/ = 0.
» The comoving curvature perturbation R is instead obtained by taking .4 and B to
be flat and comoving gauges, while A’ and B3’ are flat gauges.

Then we get, similarly as before,

= R(t%), (2.195)

tE

ONg = Nf — NI = <D— %&b)

Having clarified that the choice of gauges actually determines the curvature per-
turbation that we reproduce with the ) N formalism. In most lecture notes and text-
books about inflation one can find that the uniform density curvature perturbation 3
and the comoving curvature perturbation R are actually equivalent in the limit £ — 0
[152, 153, 154]. However, let us take a closer look to it. Combining the linear Hamil-
tonian and momentum constraints (see (2.35) and (2.57)) it is straightforward to get the

following relation
1 V2
3H2¢; a?

From (2.196) one can clearly that the reason 3 is usually assumed to be equal to

3-R+

(2.196)

R in the limit £ — 0 is actually the same reason why the naive gradient expansion of
section (2.3.1) fails to reproduce the correct k& — 0 evolution of R: the assumption that
in the limit £ — 0, every quantity that contains a spatial derivative must vanish. In fact,
if we introduce the relation (2.158) into (2.196) we get
R
=R - —, 2.197
3 Vi ( )
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from where it is clear that 3 and R exponentially differ if R grows with time i.e. when

The conclusion is that, although during SR (and regimes where Kk =< —%) the
difference between 3 and R decays with time and hence it can be neglected, in other
cases as U SR this is no longer true so one must be very careful with the gauge choice
when defining the 0 NV formalism.

The formulation of the 6 NV formalism presented in this section can be generalized to
include non-linear effects using gradient expansion at leading order, where the metric

is given by (2.265). In this case, the number of e-folds in a local patch specified by x is

tE
N, = / 0 Hi(t,x) ot x)| __ dt. (2.198)
t

0

In (2.201), H, is identified with the trace of extrinsic curvature as

K = -3H;. (2.199)

We can then compute ()K (and hence (o)H;) by expanding at leading order in

gradient expansion its definition of (1.6), the result is

1 _ 1 .
(O)Hl = — (H + (O)C — =0 Oﬁl) (2.200)
() 3

The number of e-folds in (2.201) can be then written as follows:

te B 1 )
N, = / (H + ¢~ 30 05@) dt (2.201)
t

0

which is the non-perturbative version of expression (2.189). We note that, even if it is
of leading order in gradient expansion [94], 0; o3° always decays at the inverse volume
with time as we have shown in (2.159). Because in this case we do not have any growing
function multiplying d; o3° we will simply neglect it. The number of e-folds takes a very

simple form

Ni(t°,1°,x) = N(2°,°) + (0)C(t°,x) — (0)¢(t°, %), (2.202)

where we are explicitly keeping the x-dependence to specify that the N; computed in
different patches, contrary to N = ftﬁ H, which is the same for all the patches. Note
that this means that once we specify a patch by choosing x, /V; does not depend on x
anymore, which is in concordance with the leading order in gradient expansion assump-
tion, in which each patch behaves as a /'L RV universe and hence it only depends on
t;.

As in linear case, we can choose a gauge transformation that interpolates different

hypersurfaces for the initial and final times. If we now define a non-linear version of
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the 6 NV formalism (let us call it AN) in the same way as we did in (2.194) and (2.195)

we get

AN3 = (0)Cua(t®, %), (2.203)
ANg = (0G(t, ) , (2.204)

Whether ()(uq and ()¢, are respectively the non-linear generalization of the uni-
form density curvature perturbation 3 and of the comoving curvature perturbation R is

however still an open problem.

2.4.1 ON formalism in terms of inflation initial conditions

The N described in the previous section is really of little practical use. The reason is
that in order to get the AN, one would need to know already the solution of the locally
perturbed metric in terms of background coordinates.

By using the separate universe approach more seriously, however, one might hope
to obtain the curvature perturbations just by solving the evolution equations in a local
FRW universe and subtract the number of e-folds of the background [155, 156, 157,
158, 159, 160, 161]. The difference between the evolution of one patch to another
would then be related to different initial conditions. The idea goes as follows: let us

write the equations for the evolution of each patch in its local coordinates of (2.143) i.e.

1 (%lz ’)2
H? = i 22
d? ¢y do
—— +3H,— +V, =0 2.206
dtlz + l dtl + o3} (¢l) ) ( )

Now let us write these equations in terms of the local number of e-folds dN; = H,dt;

and combine them to get a simple equation for ¢,

d*¢ dy 5 Ve (1)
— — —+ M — : = 2.207
dN? + (3= (e1)y) N, + Mp, (3= (&1),) V(&) 0 ( )
where we have defined which the local €; parameter as
(), = — (421 i (2.208)
V=92, \an, '

The equation of motion (2.207) is a closed equation for ¢; and hence it can be solved
in terms of two initial conditions, one for the value of the field ¢? and another one for

oy _» both at initial local time NN; = NP. The

the value of the velocity 7} = pi
LIN=N]
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solution at some final time N; = NN can be written as

o7 = of (NF, 0] (x), 7 (x)) (2.209)

where we have explicitly written the x-dependence of the initial conditions to indicate,
although the evolution of each patch once the initial conditions are defines is completely
deterministic, the initial conditions themselves are different for each patch.

Now, let us set the initial hypersurface to be flat and the final one to be comoving,
as we do when computing d N in (2.195). In this case we have the following identifi-

cations

* Nf = Nj because by our gauge choice, the number of e-fold of the local patch

corresponds to the number of e-folds from a flat to a comoving hypersurface.

* ¢)(x) and 7 (x) correspond to initial values given in a flat hypersurface, so we
will label them by ¢} and 7%, having always in mind that they are different for
each patch.

* Finally, ¢¢ = ¢° because the final hypersurface is comoving and hence the field
in this hypersurface is the same as the value of the field in a fictitious unperturbed

background®.

With this in mind, and although it is not always doable in an analytic way, we can

in principle invert (2.209) and write it as follows

N§ = N§ (9% ¢},77) - (2.210)

Now we can follow the same procedure for the fictitious global background and

write the following

N =N (¢%¢°,7%) , (2.211)

with the main difference that in this case, quo and 7¥ are global initial conditions that do
not depend on the specific patch and hence they are x independent. Inserting (2.210)
and (2.211) into (2.202) we can finally compute the curvature perturbation, in this case
0)Ge-

In order to make this point even clearer we will solve ()(. for USR, where an

8The reason why we say there that the unperturbed background is fictitious is because, contrary to
what happens in cosmological perturbation theory, where we perturb over a physical background, if we
want to study inhomogeneities in a non-perturbative way it does not exists the concept of background.
We can however still define a fictitious background that would correspond to a fictitious universe with no
inhomogeneities.
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analytical solution at leading order in SR parameters is possible to obtain®. The local
equation for the field (2.207) in this case is

¢y dgy
Z - 2.212
ang Fian =0 (2212
whose solution is
1 e
o] = 3 (1— M) 70(x) + ¢°(x). (2.213)

We can now solve (2.213) and use the identifications below (2.209), the result is

Nf = -log

i (2.214)
0+ 367 — 36° | '

In the same way, the solution for the fictitious background is

Te 1 —3N 0 0
¢—3<1—e >7r ¢ (2.215)
and hence N would be
_ 1 70
N ==-1 — | . 2.216
3% [wo 1367 - 3¢e} 2219

We can then compute the non-linear comoving curvature perturbation as:

_ 1
¢ =ANg =N; - N = 3 <log

79 70
f m
0 0 = | — log {o 0 - ]

(2.217)

As a consistency check, we can expand w? = 1+ 07 and ¢% = ¢°+ ¢ and show
that we can recover the linear result. In order to do so we need the solution of d¢; in
the long wavelength limit. By definition of flat gauge we know that d¢; = (), where )
is the solution of the MS equation defined in (2.53). Its solution at superhorizon scales

18

. 0
Qp=1i ﬁ/gOS/z , (2.218)
where H is a constant, which implies that 57?32 = j—% = 0 so we can neglect it. If we

now expand (2.217) up to linear order in d¢; = () we get

%In fact, the formulation itself of the § N formalism forbid us to include O(e;) terms in USR. The
reason is that, when formulating the 0 N formalism we have neglected decaying terms as 0; (O)ﬂi, for
example in (2.201). Now, since ¢/ also decays with time, it would be inconsistent to include O(e;)
terms and at the same time neglect 9; (g B
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. . 1 7—1.0 7T0
@ =ANg = Nj =N =2 (k’g [WU 130"+ Q) - 3¢6} s [wo +300 - WD

~ — Q —_Q__& _ e
TR0 1300 — 3¢ we &Q—R(t)? (2.219)

where in the last line we have used the equation of motion (2.213) to set 3 (gz_ﬁo — (5@) =
7 — 7. From (2.219) we get that, at linear level, ()(.(t°) ~ R(t¢), as expected.
Note that it we would like to recover ()Cyq instead of (g)(., we should solve the

continuity equation of the local patch i.e.

@
dt;

This continuity equation (2.220) can be easily obtained from (2.205) and (2.206)
taking into account that the pressure p and the energy density p of the local field take

= —3H, (o + p)) (2.220)

the same form as its unperturbed values i.e. the same form as in (2.3). The solution of

(2.220) can in principle be written as

o= pi(Ny, p°(x)) (2.221)

where there is only one initial value because (2.220) is a first order differential equation.
We can now follow the same procedure and get the uniform density curvature perturba-
tion using the 0 N formalism but this time giving perturbed initial values to the energy
density rather than to the field.

Based on the results above, it seems that the 6V formalism is a very powerful tool
to compute the curvature perturbation in a non-perturbative way using only the local
equations of motion, however there are some aspects that must be taken into account

when claiming that the 0 N formalism is a non-perturbative method:

* We have indicated above that, by consistency, if we ignore decaying terms like
d_, (0) 3 when constructing the § N formalism in section 2.4, we must also ignore
any other function that decays, such as (e;), during USR. However and although
the time evolution of (e;), will always decay, its initial value will strongly depend
on the initial conditions, which are different for each patch. Could we find a
patch in which the perturbation of the velocity is so large such that (e;), plays
an important role in the first stages of the evolution of the patch? The answer
is that this is perfectly possible in a fully non-perturbative way where the initial
conditions can reach arbitrarily high values, those are of course rare events that
happen in the tail of the PDF for initial conditions, however, those are precisely

the events of interest for PBH formation as explained in Section (2.2.4).

75



e Although in the example of this section we have computed the value of the ()¢,
this is rather meaningless, being the relevant quantity the PDF of ()(.. Assuming
that we know the PDF of the initial conditions, the PDF of ()¢, is trivial to

compute:

dg}
d (0)Ce

where we have assumed that the only important perturbed initial value is the field

P (0)¢) = P(6)) (2.222)

(and not the velocity) and where the last derivative is performed by knowing the
non-perturbative relation between gzﬁg and ()¢, that the N formalism provides,
for example (2.217) in the case of USR.

From (2.222) it is clear that, in order to know P ((O)CC) it is not enough with
knowing the relation between qb{; and (o)C. given by the 0N formalism, we also
need some knowledge about the P((b{;). The approach usually taken in the litera-
ture is to assume P (gbg ) to be gaussian [162, 103, 163], however, we have already
seen in section 2.2.4 that any higher order in cosmological perturbation theory
effect introduces non-Gaussianities. The assumption of Gaussianity for P(gbg )
automatically implies that the initial values are given in the context of linear per-

turbation theory.

From the two points aroused above we can extract a very important conclusion:
the 0 N formalism (at least the one that we presented here) is not able to describe the
curvature perturbation generated by non-perturbative initial conditons, failing then to
describe large enough values for ()¢, which are very deep in the tail of the PDF(let
us say (9)Cc ~ 1). In this sense we will say that, although the J NV formalism is non-
linear, in the sense that it can include efects of order d¢, 5¢?, 5¢?, ... (where d¢ is small
enough) in the expression for (g, it fails to describe fully non-perturbative effects.

In the next section we will present an attempt to include non-perturbative effects in
the PDF of d¢, the stochastic approach to inflation.

2.5 Stochastic approach to inflation.

Firstly introduced by Starobinsky [164] , the hope of the stochastic approach to infla-
tion is that it incorporates quantum corrections to the inflationary dynamics in a non-
perturbative way. This approach combines the two approximations schemes presented
until now to study the evolution of inhomogeneities in a non-perturbative way. The idea
is to split the variables of interest (let us say X) into two parts: an infrared (IR) part that
contains all the inhomogeneities with characteristic wavelength larger that some coarse-

grained scale (0 H )_1 (o is the same parameter as the one used in gradient expansion)
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and a ultraviolet (UV) part, which encompasses inhomogeneities with characteristic
scale smaller than (o H )71 (or characteristic wavenumber k bigger than caH). The
success of the stochastic formalism resides on the fact that, as we will see later on, it
allows to reduce a quantum problem into a statistical one.

Since the UV part starts evolving well inside the coarse grained scale defined by
(cH) ~!, we will assume that the perturbations did not have enough time to grow enough
such that they are still perturbatively small. Thus, one can use linear perturbation theory
to describe it, where initial conditions are well defined. The IR part instead can be large,
however, since the IR part only contains long wavelengths, the leading order in gradient
expansion can be used there. As we will see, whenever an UV mode exits the coarse-
grained scale, it will act as a kick for the IR part, solving the initial condition problem
of gradient expansion and constantly modifying the background evolution of the local
patch.

The stochastic formalism is then a mathematical framework that, in principle, allow
us to study the inhomogeneities generated during inflation in a non-perturbative way,
reason why it is widely used when studying PBHs formation (see for example [165, 166]
among others). To see how stochastic inflation works and why it is called “stochastic”
we will derive the formalism step by step.

Since the stochastic formalism uses gradient expansion for the IR part, it should be
already clear now that we will have different stochastic equations depending on if we are
using the naive leading order in gradient expansion of section 2.3.1 or the more precise
gradient expansion or 2.3.3. The stochastic formalism that uses the naive leading order
in gradient expansion is the most widely used in the literature [164, 167, 168, 169,
170, 171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181, 182, 183, 184, 166, 185,
186, 187] so we will start with its derivation. After that, we will take advantage of the
stochastic equations just derived to present a stochastic formalism based on the gradient
expansion of section (2.3.3) [94].

Before starting with the derivation let us empathize the gauge that we will use: the
uniform-N gauge. The perturbative definition of this gauge has been already presented
in section (2.2.1) and it correspond to the following choice for the perturbative param-

eters

D,y =0, B,n=0. (2.223)

The choice (2.223) can be promoted to a choice of non-perturbative quantities at

leading order in gradient expansion. Focusing only on the scalar part we would have

%N =0,  Bixy=0. (2.224)
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2.5.1 Stochastic approach based on the naive leading order in gradient expansion.

As we have already indicated, this is the stochastic formalism most widely used in the
literature due to its simplicity. However, as one can guess, the stochastic formalism
presented in this section will have a limited range of validity [188], the reason is that
it is based on the naive leading order in gradient expansion, which, as seen in section
2.3.1, fails to exactly reproduce the long-wavelength limit of perturbation theory. At the
end of this section we will talk more about the range of validity of this naive stochastic
formalism.

First of all, it is very important to realize that in the naive leading order in gradient
expansion, both the uniform-N gauge and the spatially flat gauge are equivalent, which
leads to many authors to use the uniform-N gauge for the IR part and the spatially flat
gauge for the UV part [95]. Let us see why: from the definition of the MS variable
(2.53) we have

1
Q=007 = Ohya — gV2Eud. (2.225)

As shown in section 2.3.1, in the naive separate universe approach we always neglect

any term that comes with a spatial derivative so in this case we have

QI = 5¢?f = 5o (2.226)

The main consequence of (2.226) is that, under the naive leading order in gradient
expansion, we can express all the scalar fluctuations only in terms of the field inho-
mogeneities not only in the spatially flat gauge, but also in the uniform-N gauge. For
non-linear generalizations of this variables see [189, 190].

In the same way we can easily check that if we apply the order estimation of (2.147),
together with the condition ()(un = (0)(y = 0, to the all the ADM equations, the only

two relevant equations are:

H 2 1 (O)QbQN
- DV (0bun) |
<(0)auN> 3M3E, <2(0)043N ((@uv)

(2.227)
1 d H H 2 1 (0) .ZN
E( )+( ) :_3M2 2 _V((0)¢HN) )
(0)XuN (0)QuN (0)QuN PL \ (0)QyN
(2.228)

which are the same for the flat and the uniform-N gauge.
Before continuing, let us remind the reader that the equivalence between these two

gauges in only valid if we neglect all the spatial gradient, which, as seen in section
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2.4.1, it generically fails at O(e;).

We will now properly start with the derivation of the stochastic formalism, during
this section, and although it is not compulsory, we will work using the number of e-
folds N = [ Hdt as time variable'®. Another important aspect is that, in order not to
overload notation, we will suppress the subscript u/N indicating the gauge we are using,
such that in the following, unless otherwise stated, a variable without a subscript that
indicates the gauge is a variable in the uniform-N gauge.

The stochastic formalism presented in this subsection is based on the naive leading
order in gradient expansion for the IR part and on linear perturbation theory for the UV
part. To illustrate this we will consider in detail the equation of motion for the trace the

extrinsic curvature (2.23) in uniform-N gauge, which can be written using the variables
of the ADM metric (1.23) as:

H o (H H\? 03,09 (H\’ w1 H\? (96 \?
o aN <a> B (w) aN aN > <a> DD o <a> (mv) ~Vio) | =0.
(2.229)
Note that (2.229) is an exact equation in the uniform-N gauge. We will now apply

the approximations mentioned above.
The first thing to do is to split the variables of interest into their IR and UV part. In

this case we only have two variables to split:

a=af+a",

¢ =o'+ "V, (2.230)

Note that in (2.230) we are not considering % as a variable of interest not only

because 7;; = 0;; in at leading order in naive gradient expansion, but also because
075 OFY
ON ON
not play any role even if we were using the more precise formulation of gradient expan-

~ O(0?) in gradient expansion and quadratic in perturbation theory so it does

sion.

Due to the perturbative nature of the UV variables, we will expand (2.229) keeping

10Note that we can use any time variable we want because we will use the coordinates of a fictitious
global background, i.e. the coordinates of (2.265). If we would instead use local coordinates (as in
(2.143)), we would be interested in using an unperturbed time variable, being N the natural choice in the
uniform-N gauge.
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only linear terms in UV and isolate them in the right hand side of the equation getting'!

H 0 (H H\’ 1 H\® [06'R\?
gy (o) =2 (o) + 0D (<am) () e
H? 9aYV 9H? 80/R_ 6H @ AUV _ 6H LUV V2 v
(o/R)S ON (o/R)4 ON (aIR>3 ON (aIR)3 a2

= -3

M3, ot ) ON ON (alR)* \ ON
(2.231)

Now, since the IR variables are well outside the Hubble horizon, we will use the naive
leading order in gradient expansion for them for them so o’ = (ga’® and ¢'F =
¢ Since a’® ~ O(0") and hence D D*a’? ~ O(c?) we have:

LB 9 H N (A N1 B\ (000
' ON \ (o't o'/ M\ \ a? ON v

- _3 (ﬁ)2 0oV + ( 9 (ﬁ)z 9 go'™” _ 6H <8H>> UV GH> UV
3 1 3 3
(@al®)” N\ (atf)" ON  ((galR)” \ON ((0a!®)
_ _ 2
V2 uv 1 H 2 8(0)¢1R 3¢UV H? 8(0)¢1R Uv IR\ ,UV
- o +M123L 2((0)a13> SN ON _2((0)0413)3 N a’ =V (09'") ¢ .

(2.232)

where the left-hand side coincides with the naive leading order in gradient expansion
expression of (2.228), as expected.

The schematic decomposition of (2.230) is effectively done in Fourier space, where
the splitting into IR (k > oa;H;) and UV (k < oa;H;) is more explicit. We will then
introduce a window function in Fourier space, the most common choice for the window
function is simply the Heaviside theta which, as we will see later on, lead to white
noises in the final stochastic system.

It is also fair to mention that the choice of the Heaviside theta as the window function
present an important problem: the real-space smoothing window function associated
with the sharp Heaviside theta cutoff in Fourier space decays too slow at large distances,
which translates into the fact that the noises correlators at large spatial separations are
not independent on the choice of the window function [191]. In this thesis we will avoid
this problem by computing correlators always at the same space point. Furthermore, the
choice of a more realistic window function would lead to coloured noises, for which the

stochastic system is very difficult to solve, both numerically and analytically.

"Note that this is the same as we did in linear perturbation theory of section 2.2 but using the ADM
metric of (1.23) as a background metric.
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We have the following decomposition for a generic function X.

XN x) = / (;7:()36(aal(N)Hl(N)—k) XIE(N,x),
XUV(N,x) = / (Qd:)g@(k — oay(N)H(N)) XUV (N, x), (2.233)

where, similarly as in linear perturbation theory (see (2.80)),/'\’]? V(t, x) is define as the
following hermitian operator:

AUV (N,X) = Xi(N)ae™™ + X7 (N)afe ®> (2.234)

)

where X () is the solution of the evolution equation for the perturbation X over the
local background defined by (2.265) and ay and a]T( are the usual creation and annihila-
tion operators which follow the commutation relation given in (2.81).

Note that, in the spirit of gradient expansion, the splitting is done in the local cos-
mological coarse-grained scale (o H;) ™!, which generically differs form the one of the
background, for example in uniform-N gauge we have H; = (Of{%

Inserting the definition of XYV of (2.233) into (2.232) we get:

o ( 0 7\ 1 7\ (0pe™\ .

-3 IR AN IR -3 IR | — as2 IR _V((0)¢ )

@ TON \ oo OF Mpp \ \ 0 ON

9 ( i ) / dk ( i ) oy

= 377 oa 5 ]C — 00— | &

(@at®)? ON " al®) ] (2m)2 oalf)

2 H \?9o0o't o H dk a UV
B MI%L ( (O)OAIR> 8N 8W (Ua (O)OzIR) / (27‘(‘)3/26 (k — o (O)OAIR> Pk

dk H H? 0oV
= _0(k-0a—— )< —3 k
e (+on )| (o'’ ON

+< 0> 9@’ 6H <8H) Uv 6H> v Uv
(

- — o - ————a " + s«
(0)a13)4 ON ((O)QIR)?’ ON k ((O)QIR)3 k a2 K

_ _ 2
H \?9 00" ol 20> <a (0)¢1R>
2< ) K — oy’ = Vs (") el | ¢
wal®) TON N T (galR? | ON

1
M2,

(2.235)

where oV and " are operators defined as in (2.234).
The right-hand side of (2.235) has two different terms:

1. The second integral (terms multiplying the Heaviside theta) is the evolution equa-
tion for the extrinsic curvature linearized over a local FLRW patch defined by
a'™ and (g ¢'". Once the Bunch-Davies vacuum is chosen for that patch, this

term can be consistently set to zero. Note that the solution of this term, when
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combined with all the terms proportional to the Heaviside theta in the rest of the

ADM equations, is precisely what give us the functions Xy in (2.234).

2. The first two integrals, proportional to a Dirac delta, can be seen as boundary
conditions and hence they will act as the initial conditions missing when using

only gradient expansion.

We then get:
_3ii A -3 H 2_ 1 H \? [0 po'" Q_V( o17)
0 FON \ galf 0alF M2, ool N 0
[j[2 2 H 2 3(0)¢1R
= -3 ( (O)QIR)3§3 + M}%L ( (O)QIR> 8N 51 ) (2236)

where we have defined &; and &3 as:

0 K dk H?
=— 2 (oa——) [ & (k- uv
3 ON <0a <o>OéIR) / (2m)3/2 < ¢ <0>0/R> o
0 HY dk H O\ v
= —— — . 2.2
&3 N (cm (o)o/R) / (27T)3/26 (k oa (0)a13> Qy (2.237)

Note that ¢V and oYV are computed in the flat or uniform-N gauge, which in this

approximation are interchangeable.

We will characterize and give a the physical interpretation to the quantities &; and
&3 but for the moment let us focus on the construction of the stochastic system.

If we now follow the same procedure explained above with the Hamiltonian con-
straint we get:

() 5
o) Mg,

_ 2
which can be solved for (#) ie.

2
( H® > _ 4 ((0)¢1R) (2.239)

IR o 9 IR\ 2 ) IR : !
0 3M2, — %( (Oa)z(\i ) _ <08)]3 £

Finally, and although it is redundant, it is worthy to write also the stochastic equation

_ 2 _
H 2 0 (O)¢1R LV ( ¢IR) _ 2 H 2 0 (0)¢IR€1
IR dN © ME, \al®) N U

(2.238)
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of motion for the field, which is obtained in the same way:

o (_H
P wo™ (o (o) \ 0w Vo l09™)
ON? i ON < i )2
() 0)aTR
o (i
06 W(mam) 909" &
_ g — 34 N0 7 2.240

where &, is defined similarly to &; and &s:

3 H dk H \ 0pY"
= — . 2.241
3 BN (cm (o)am> / (2ﬂ)3/2(5 (kz oa (0)a1R> BN ( )

As anticipated before, the usage of the uniform-N gauge and the naive leading order

in gradient expansion ensures that all the scalar inhomogeneities are encoded in the
scalar field. This becomes clearer once we realize that we can write the system (2.236)-
(2.240) in terms only of the scalar field. Inserting (2.236) and (2.239) into (2.240) and
neglecting £? terms because they are quadratic in perturbation theory we get:

2 2
Pt [, 1 (0N ) 2™ (o 1 (009" ) Ve (09™)
ON? oM, \ ON ON PLo2 0 oN V ((0)0'F)

2 2
L% gt (200 1 (0@ Ve (@d) (de™ |
ON 2M2%, \ ON M2, \ ON V ((0)¢'") ON ’
(2.242)
which can be conveniently written if we use an auxiliary variable (7!
o ¢IR
IR _ Y (0)
2 2
dor™ [, (o) o2, (3 (07" ) Vo (0e™) _ &,
ON 2M3, r 2Mp, ) V ((0¢'")
(2.243)

The system of (2.243) is the stochastic system most widely used in the literature.
However, and in the same way as the naive leading order gradient expansion in which
(2.243) is based on, it contains an important limitation: it neglects terms with spatial
derivatives that do not vanish in the £ — 0 limit. The consequences of neglecting these
terms are not as dramatic as what we showed in section (2.2.1.3) because in this case
these terms are never multiplied by a growing function so they always decay, however,

it is important to keep the stochastic formalism consistent with this fact, which is not
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always easy, specially when dealing with numerical solutions, where the decaying terms
are usually hidden in the solution.

A conservative guess to keep the formalism within2 its regime of validity would be to
neglect all the terms proportional to (e}’ = %

these terms are time dependent and can actually be of the same order of the neglected

, because in regimes beyond SR,

terms. In this case the stochastic system would be:

9 0y
o' = (8)]\7 +&,

9 (O)WIR IR s Vo ((0)¢1R)
——— 4+ 3 T+ 3My;, ———
v "ty ((0)¢IR)

=—-&. (2.244)

Neglecting terms proportional to (o)l could seem like a good approximation.
However, as already justified at the end of section 2.4.1, this approximation actually
neglects possible important non-perturbative effects. Furthermore, even in the case in
which we restrict ourselves to the perturbative regime, we can have non-negligible €;
effects, for example during a transition between SR and USR (further studied in ap-
pendix A ), where ¢; has to grow enough such that the field can overcome the flat part
of the potential. For those reasons, if we want to formulate a stochastic formalism able
to consistently take care of non-perturbative effects, we must formulate a stochastic

formalism based on the correct leading order in gradient expansion of section (2.3.3).

2.5.2  Stochastic formalism valid at all orders in SR parameters.

As claimed above, the naive leading order in gradient expansion of section 2.3.1 gener-
ically fails to give the correct long-wavelength evolution of the inhomogeneities at
O(e1). On the other hand, the correct gradient expansion of section 2.3.3 solves this
problem by including both terms with spatial derivatives and the momentum constraint,
this is why in this section we will construct a stochastic formalism based on the correct
gradient expansion.

First of all, it is important to remark that some of the affirmations we did about
the uniform-N gauge at the beginning of section (2.5.1) are no longer correct, more
concretely, we cannot longer study the scalar inhomogeneities in terms solely of the
inflaton field. This is clear form linear perturbation theory where the MS variable can
be written as in (2.225). If we insist on using the uniform-N gauge we must also take
into account the contribution from £ when studying scalar perturbations.

We could also use spatially flat gauge in this case and forget about £/, however, in
this case we should take into account all the terms proportional to ( 0B f)i that appear

for example in (2.183), this is why we will keep using the uniform-N gauge, where
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uN — Y-

One can easily check that the stochastic equations for the evolution of the extrinsic
curvature (2.236), for the Hamiltonian constraint (2.239) and for the evolution of the
field (2.240) do not change when including £ and hence the stochastic system is still
the one given by (2.243). The only difference is given by the inclusion of the momentum

constraint (1.22), which, in uniform-N gauge can be written as:

. H® 9, 2 1 09
D ———2) - DK=——r———0, 2.245

< 20 8]\7) 3 M3, aON ¢ ( )
where we have used the evolution equation for 7;; (2.22) to eliminate flij. Splitting
(2.245) into IR and UV and using the decomposition of 7;; explained around (2.181)
to keep only O(o) terms in the IR part (remember that the O(c") information from the
momentum constraint can only be extracted if we write the momentum constraint up to

O(0)), we can write the stochastic equation for the momentum constraint:

0 (los ur 0% 0" 0o
(o)&( (3VC )) oa® T ToN o, O @29

where &, is defined similarly to &1, & and &5 i.e.

0 H* dk H K oy
= g (o grm) [ (8- eam) (S5 020

With the addition of the stochastic equation (2.246) to the system of (2.243) ob-
tained before, we have a stochastic formalism able to describe the non-linear evolution
of scalar inhomogeneities at all orders in SR parameters and, in principle, in a non-
perturbative way.

However, it is not all good news: firstly, since the construction of the gradient expan-
sion in section 2.3, we have been neglecting possible interactions scalar-tensor or scalar-
vector, reason why the stochastic formalism constructed here will not take these inter-
actions into account either. Secondly, we do not exactly know how to extract the O(c?)
information form (2.246) in a fully non linear way. Finally, we do not know which
is the combination of (g)¢'" and V2C'# that give us the correct and non-perturbative
and gauge invariant quantity that describe scalar inhomogeneities i.e. we do not have

a non-linear generalization of the MS variable'?. The first issue is beyond the scope

12A non-linear gauge invariant variable at leading order in terms of the quantities of metric (2.146) in
gradient expansion has been defined in [189, 190] as:

OVE = g+ L 99,
QN = dio+ — 20

However, the variable above does not include the term proportional to V2FE in its linearization. Reason
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of this thesis, but the second and third ones can be solved, at least approximately, by
imposing that both the momentum constraint and the non-linear generalization of the
MS variable match their linear counterpart when the global background is subtracted.
In this way, the O(0?) information of (2.246) can be straightforwardly extracted and the
whole system of stochastic equations based on the correct gradient expansion of section

2.3.3 and hence valid at all orders in SR parameters is:

o (bIR
o' = e
2 2

dor™ (5 (o™ o 4 (303, — (0m™)") Vo (0e™) _ —&

ON oMz, | o 2 V {(0¢"™) |

IR)?

0 (1 aarz, — Lo 1 9 o'"
2 (2, v20IR J2L PL 2 _1 L Yo% IR _ b
ON (3 © Vv ((0)¢IR> + 2%% ON ((0)¢ ¢ )

(2.248)

where we have used the Hamiltonian constraint to eliminate (0)0/ R in the last equa-
tion. Note that &1,£, and &, are constructed in the uniform-N gauge, which is no longer
equivalent to the spatially flat gauge'.

Finally, as suggested in [193, 194, 195], we can define the non-linear counterpart of

the MS variable of (2.53) at leading order in gradient expansion as:

8(0)¢1R1

IR _ IR b
Q"= o ¢ ON 3

0 V?C'T, (2.249)
where we remind the reader that ()¢'" and (o) V2C'# are both in the uniform N gauge.

2.5.3 Characterization of the noises

The interpretation of &3, & and &, in (2.248) as classical noises is not trivial because
they are, strictly speaking, quantum operators. In order to see how they are effectively
classical, we can compute the two-point correlation function of &; for example at equal

space point, the result is:

why this variable can be only interpreted as a non-linear generalization of Q9" in (2.226).

3To see the gauge transformation between spatially flat and uniform-N gauges in linear theory one
can see [95] , where it is claimed that the differences between those two gauges is always of higher
order in gradient expansion, however, this conclusion is reached by considering the value of €; at horizon
crossing (€7 there) to be constant with k, which is generically not a good approximation beyond SR. In
fact in [192] it is shown numerically that the difference between 6¢ ¢ and d¢s ;- can be O(e1) in regimes of
interest for PBH formation, in agreement with the differences between the naive and the correct gradient
expansion remarked in this thesis.
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1 9 HY

b\’
(01€1(N1)E1(N2)[0) = 55 5 <‘7a(0)am> (UCL(O)am> 5¢(N1)k:(m b ) 6 (N1 — Na) ,

(2.250)

where we have used a similar procedure as when defining the scalar power spectrum

in (2.92), with the only difference that the existence of a Dirac delta function in &; allow
us to perform the integral in k.

From (2.250) we see that d¢y, which is the solution for the field perturbation over

—1
the local patch of size <UCL (Ofi b] R) , is evaluated at the coarse-grained scale , i.e. well
outside the Hubble horizon. It can then be shown that at those scales, any perturbation

that started from a coherent vacuum state has evolved into a highly squeezed state [196,
2

197] , which means that we can consider [d¢(N )k: (Ua b ) as the power spectrum

(O)QIR

of a classical random variable, whose time evolution is consistent with probabilities
conserved along classical trajectories. One way to check that this statement is true is

simply to compute the following quantity:

_ 86¢k * *aé(bk
= (s (5) -0 aN)k(m ) ey
@

At sub-Hubble scales, where the quantum nature of the field is important, 7 is

given by (2.82). On the other hand, it can be shown that at super-Hubble scales r, — 0,
meaning that the field can now be described as a classical (but probabilistic) variable.

Once this is clarified, we are now in position to describe &; as a classical white
noise'* with variance given in (2.250). Furthermore, since the field fluctuations are
Gaussian to a good level of approximation, the variance computed in (2.250) is enough
to fully characterize &;.

Finally, in order to characterize the system (2.243) we also need:

4Its “white” nature is due to the presence of § (N; — Ny) in the two-point correlator. Note that
this is a consequence of the the choice of the Heaviside theta function as Window function, any other
choice would lead to coloured noises, which are much more difficult to deal with, both analytically and
numerically
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(0161(N1)&2(N2)| 0) = (0[€2(N1)&1(N2)| 0)* =

1 9 HY H \° e, (o gim)
373N <aa (0)a13> <Ua (0)a1R> 5<Z>(N1)k(ga <0f;bIR) 5N §(Ny — Ny)
1 9 P Y 85¢(N1)k: (aa a", R) :
(0[62(N1)&2(N2)[0) = 52N (UG(U)QIR) <aa (0)a1R> TN © (N, — Na)
(2.252)

and similarly with the noise &4

The characterization of &, &, and &, as white noises give us now a intuitive picture
of the physics behind the stochastic formalism. As explained before, different functions
for ()C'% and (g)¢'" (in uniform-N gauge) describe the evolution of different FLRW
patches, the way of getting these different functions is now clear if we see &;, & and
&4 as random variables. For example, the evolution of a specific patch, let us call it
'FLRW, will be given by (, C'" and [, ¢'", whose specific form will be determined
by the random values that the noises &1, & and 1€, will pick at each time step. Now, if
we want to describe a second patch 2F L RW, we just have to solve again the stochastic
equation with different random values for the noises 2¢;, 2&; and 2¢4, always satisfying
the statistics described by (2.250) and (2.252). Like this, we can describe the evolution
of an ensemble of FLRW patches by solving many times the same stochastic equation
with different random values for the noises. The correlators between these patches are
described by statistical moments of the IR variables.

Once we know how the noise behave (its white nature) and what are the equations
of motion for the system ((2.244) or (2.248), depending on the precision we are looking
for), the only thing left to fully characterize the system is the computation of the modes
function that enter into the noises such as d¢Y". In order to know these functions, the
system we have to solve is given by all the terms proportional to the Heaviside theta
that we sent to zero when constructing the stochastic system (see (2.235) and the dis-
cussion below), those terms represent the equation of motion of the scalar perturbations
over the local background so they take exactly the same form as (2.35)-(2.40) but in
local coordinates. These terms can be combined in the same way as in standard linear
perturbation theory and obtain a MS equation for QY":
92QUV

ON?

+(3 = (1))

Q" [ K 3 1 1 1
gf@l [Hfa% ! <‘ (e2)i + 5 (e () = 7 ()i — 5 (e2)y <eg>l>} QY =0.

2
(2.253)

Before proceeding, let us remark here that (2.253) is precisely the reason why the
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stochastic formalism is able, in principle, to include non-perturbative effects. The point
is that, although the form of (2.253) is the same as in linear perturbation theory, all
the local terms that appear in that equation can be non-perturbatively different from its
background value. In this sense, the noises, although they are constructed using linear
perturbation theory, can give a cumulative effect to the variables of the local patch that
can reach non-perturbative values.

One could think that, because (2.253) is the usual MS equation, we can solve it in
the same way as we did in section 2.2.1.1. Unfortunately this is not true, the reason is
that all the local quantities that appear in (2.253) are actually stochastic quantities. For

example, in uniform-N gauge we have

H
Nl:N, a = a, lem
IR\?
(0m'") 9 (ei-1),
(61), = 5", (&), =—", (2.254)
DYV : ON

which means that the functional form of the solution of (2.253) is not the same as the
functional form of the usual MS equation (2.266), where all the quantities are determin-

istic.

2.5.3.1 Approximation for the noises and consequences.

We can clearly see that the local quantities that appear in (2.253) depend on the stochas-
tic IR quantities that of (2.244) or (2.248). We then face a huge problem: In order to
characterize the noises we must solve the stochastic system and in order to solve the
stochastic system we must characterize the noises. This makes the stochastic system
very difficult to handle, both analitically and numerically. Although there are numeri-
cal algorithms capable of solving the system exactly'> [192] , they are generically very
computationally expensive so the most reasonable way of facing the problem is via

some approximations:

* The first approximation would consist on neglecting all O ((;),) terms. This
would be equivalent to solve the mode function QYY" over an exactly de-Sitter

background i.e.
82 QUV aQUV kQ
b3 4

ON?Z ON a’H?

QY =0, (2.255)

151t is true, however, that in [192] , the authors solve numerically the stochastic formalism based on
the naive leading order in gradient expansion, so even if the numerical algorithm presented in [192]
represents the most accurate solution for stochastic inflation, it can still be improved by its promotion to
the system (2.248).
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which in terms of the global coordinates would be

62Q5V N 3ank]V

k2
o 3 gv + (o) =0, (2.256)

2%k
a’H?

where we are setting H = H, because we are neglecting €; corrections.

The MS equation of (2.256) still depends on the stochastic quantity (O)al R how-

ever, its only dependence is in the k-dependent part of the equation, which will

be suppressed when we evaluate the solution at £ = oa@%, where o0 < 1. We

can then say that, at least approximately, the long wavelength solution of (2.256)
has the same functional form as in the deterministic case (when v = %) (2.218)

1.e.

H
AN @@O/R—\(’/w . (2.257)
Note that equation (2.256) is implicitly assuming that v = %, so this approxima-
tion would in principle only be valid for SR and USR, both at leading order in
€1, for which the stochastic formalism of section 2.5.1 is enough. At this level
of approximation we also have that the mode function that appear in (2.250) and
(2.252) is (0¢w),y = (0¢r); = QY so the variances of the noises can be

straightforwardly computed:

(& (N1)&1(N2)) = (%) 5(Ny — No), (2.258)
(€1(N1)E3(Na)) = (§7(N1)&2(N2)) =0, (2.259)
(§2(N1)&a(N2)) = 0. (2.260)

With the variances of (2.260) we can write the system of (2.244) in the regimes
in which the equation (2.256) can be approximately valid i.e. in SR and in USR

— SR: In this case we must neglect the term proportional to the acceleration

because it would be of higher order in ¢;:

= Z0¢(N), (2.261)

where we define £(/V) as a white noise with unit variance i.e. ({(N1){(N2)) =
d (N7 — Ny).

— USR:
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909"

OT "= TaN + &1,
o IR
S —+30m ™ =0, (2.262)

which can be further simplified if we solve the deterministic second equation
of (2.262)

a (0)¢IR B

H,
—3N 0
ON o€ * 27

E(N). (2.263)

This approximation is widely used in the literature [198, 199, 184, 178], in fact,
equation (2.261) is the one that Starobinsky used in his first paper about stochastic
inflation [164]. However, it is really important to have in mind the consequences

of this approximation:

— First, it is only valid for exact SR and USR for which it is not very use-
ful when studying realistic single field inflationary scenarios that aim to
reproduce the CMB observations (so they need a phase of SR) and to cre-
ate a non-negligible PBH abundance (so they need, for example, a phase of
USR). The reason is that in these scenarios there would be a SR-USR tran-
sition that cannot be explained with this approximation (see appendix A for

a detailed study of the SR-USR transiton in linear perturbation theory).

— The second and most important consequence is that, as we have already
claimed before, there is no reason a priori to think that the smallness of the
(€1), 18 still true beyond perturbation theory, which means that the MS equa-
tion (2.256) can only represent an accurate description of the evolution of
inhomogeneities in a local patch during SR (or USR) and in the perturbative

regime.

* Another reasonable approximation that one could think of is to characterize the
noises by the value of the mode functions that they would take in a fictitious
deterministic background, which is the same for all the different local patches.

This deterministic background would be given by a line element of the form

ds® = —dt* + a*(t)8;;dx'da’ . (2.264)

The line element (2.264) is different from the line element for the real stochastic
background of a local path given by (2.265), which in uniform-N gauge is given
by
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ds} = — ((O)OzIR)2 dt* + az(t)éijdxidzvj , (2.265)

IR

where gy’ is a stochastic variable that differ from one patch to another.

Using the line element of (2.264), the equation of motion for the mode functions

is obviously the well-known MS equation

2NHUV
0"Qy,

ON?

uv 2
+(3 —e) 822]% + [HZ? + (—262 + %6162 — ieg — %.3263)} QY =0,
(2.266)
where H and ¢, are deterministic variables, contrary to what happens in the real-
istic case of (2.253). This approximation at least it is not restricted to SR or USR
and it is valid for any inflationary regime. However, by computing the noises
over a fictitious deterministic background rather than over the real stochastic one,
we are actually loosing all the power of stochastic inflation to describe inhomo-
geneities beyond linear perturbation theory. In fact, the approximation of solving
(2.266) instead of (2.253) is equivalent to say that

Xt -X~0(XxX"), (2.267)

where X'F is any stochastic IR variable and X is its counterpart computed in
a deterministic background. In this way, the approximation (2.267) is telling us
that this version of the stochastic formalism can only reproduce the already well-
known results of linear perturbation theory in the long-wavelength limit. In the

following we will show, for the sceptical reader, that this is indeed the case.

The following demonstration will be done at leading order in €; for any CR regime
without transitions, we will then use the system of (2.244), the reason is that in
this case we can perform the analysis analytically, which makes the demonstration
more understandable. In the next chapter we will present numerical results that
also support this claim using the improved stochastic system of (2.248) during a

non-analytical SR-USR transition.

If we call AGF(k, N)|,_
with equation (2.266) and evaluated at k = oa we can easily write the variances
(2.250) and (2.252) as follows

 to the power spectrum of the variable QYV computed

92



(& (N (N2)) = AGFR (R, N1)|, 2 6(N1 — Na),

. 1 dAGR(k, Ny)
(G (V)& (N2)) = (1 (N1)&2(N2)) = 5 T 6(N1—Na2),
k=caH
(E(M)&(V2)) = AH (kN[ 6(N = N). (2268)
The power spectrum AGF(k, Ny)|, _ . and ASR(k, V) _ can be com-

k=
puted using the result for the power spectrum of R in section (2. 2 1) (see (2.112)),

the result is

3 2 (H\?
CR _ (2 410
Arg (k’Nl)‘k:aafz_(z VCR) (27r)

(2.269)
so the stochastic system to solve can be written as:
a (O)¢IR IR H F [I/CR] g %_VC'R
= — — N
oN O Tar [ (3)" e,
9™ r oy Ve l@@™) (3 ) H T [vog] (o) 3-ver
I N SR V- S A LW R (A il (-) (N,
ON © PLYV (00'F) 2 or T[] \2
(2.270)

where (€(N))E(Ny)) = 5(N; — Ny).

On the other hand, and for better comparison, we can schematically write the
leading order in €; stochastic equations where the noises are correctly computed

over the local stochastic background with (2.253) as

o (0)¢1R
aN = (O)WIR + <A8R‘k:o'aHl>l§(N> ’

gy’ IR > Vo (09™) (
43 panz, 20\ ) Ack
ON or "V (e'h) e

) &N, @271)
k=ocaH, I

where we are denoting by (A8R| f—oa Hz) to the local power spectrum that ap-
= l
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pear in the right hand side of (2.250) (and similarly with (Afcf

) ) when
k=caH; I
the local MS equation (2.253). Since we are only able to compute this local power

spectrum numerically [192], we cannot say much about its functional form, what
we know for sure is that this quantity will depend on the stochastic IR variables.

Schematically we can write the following

<A8R|k:oaHl)l =h ((o)@bm, (o)WIR) (2.272)

meaning that the noises will generically depend on the dynamics of the local
background. On the other hand, the power spectrum computed over the deter-

ministic background only depend on the background time N6 i.e.

AGur = 2 (6:7) (2.273)

As an illustrative example, let us imagine a one dimensional standard stochastic
equation such as
dr = a(x)dt + b(x)dW (t), (2.274)

where W (t) is the standard Brownian motion and hence dVZ—t(t) = {(t). Based on
what we have said above, we would say that the approximation (2.267) would

modify the stochastic equation (2.273) as

dr = a(x)dt + b(x)dW (1),
!
dr >~ a(z)dt + b(z)dW (t) (2.275)

where Z is the solution of dz = a(Z)dt. Unfortunately, as we will see in the
following, the approximation (2.280) is actually inconsistent, the reason is that,
in order to approximate b(x) ~ b(Z) in a stochastic equation, we need the noise
to be small i.e. b(x) = eB(x), where ¢ < 1 so we can treat € as an expansion
parameter, if we do that we will see that the approximation (2.280) is actually

inconsistent with the order expansion in e.

The equation to solve is

1In our case of CR, the power spectrum evaluated at k = oaH is constant with time but it could
generically depend on N (or N (¢, 7)).
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dx = a(z)dt + eB(x)dW (t), (2.276)

where € is a small parameter. We now assume that the solution z(t) of (2.276)

can be written as follows

x(t) = 20(t) + exq(t) + Exa(t) + . .. (2.277)

and hence

a(x) =a (x(t) + Z emxm> = di;;_(f) (Z emxm>

p=0 m=1
_ da(T) 9 da(z) 1 ,d%a(x)
a(z) + ¢ <x1 e ) +€ <x2 e + ST +.... (2.278)

Although it is not easy to write explicitly the full set of terms in general, it is easy
to see that, for n > 1, the term proportional to € will only depend linearly on x,,.
We can now insert the expansion (2.278) for a(z) and a equivalent expansion for
B(z) into (2.276) and equate coefficients of like powers of . We then obtain an

infinite set of Stochastic differential equations:

dz = a(Z)dt

da(?):cldt + B(z)dW (t)

da(T) 1d*a(z) dB(T)
d@:( ap vt ) dih = nd W)

dl’l =

(2.279)

From (2.279) we can clearly see that if B(x) depends generically on z, the ap-
proximation B(x) ~ B(Z), where Z is the deterministic value of x (or leading
order in small noise approximation), is actually equivalent to the perform a small
noise approximation up to next to leading order. This means that the correct way

of writting the approximation of (2.280) is
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dr =a(z)dt + b(x)dW (t),
!

(T + exy) = (a(:z) + dcg’)xl) dt + eB(z)dW (1), (2.280)

which can be solved order by order.

If we go back to our system of equations, it is now clear that the system (2.270)
is actually inconsistent and that the only way of solving (2.271) consistently is
doing it order by order in the small noise approximation, being the system for the

leading order

o
ON ’
on 3
—— = 37— 3M3, L 2.281
N 3 3”V’ ( )
and the system for the first order
9 (o) " HoT [vgRr] [0\ 5 ver
oy~ om g (3) .
2
a(O)Tr{R IR Vq_b_ (@5) <3 >H0F[VCR] O\ 3~ VCR
+3m+3M L ot = — (2 —pep ) 22 = ¢(N),
N 071 PLY () O™ 2 %) or T (2) )
(2.282)

such that the final solution is (5)¢'® = ¢ + € ()% The only thing left to do is

to check that the statistics properties of ()¢} are actually the same as the ones
predicted by linear perturbation theory.

Note that, in order to be consistent with the CR regime in which ver = $4/1 — M3, 52
. V,

is a constant, we must also set M3 Lo = % (9 — 4v¢ ) to be a constant. The

system of (2.282) can then be rewritten as

3 091" n . HoT[ver] fo\3—ver
T E (3) N,
a(o)ﬂ'{R

1 3 HyT'[v o\ 5-ver
+ 3(0)7T{R + ﬁ (9 - 47/%]%) (0)¢{R = — < — VCR) -0 [ CR] (*) 2 f(N),

(2.283)

ON
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The system of (2.283) is actually a 2-dimensional Ornstein—Uhlenbeck process
with constant coefficients, which is a very well known system and for which an

exact analytical solution solution exists [200]. The solution of (2.283) is

IR N
<<0)¢}R<N)> = X(N) <¢O> +/0 X(N)p(N)AW(N') - (2.284)

©m (N) o
where
¢4V (cosh [vopN] + 2tplentl) e~ $ dainhlvcn]
K —e2V (Q_V%Rzzj;;h[VCRN] g3l (cosh [verN| — —3Sin2hl,[£RN}
(2.285)

is the solution of the homogeneous equation without noises and (V) is

(2.286)

We can also compute the full probability distribution at leading order in small
noise expansion, in fact, from the solution (2.284) we clearly see that the variable
¢1 (or 1) and the noise £ are in linear correspondence, which means that, since
¢ is Gaussian, ¢; (or m;) must also be Gaussian. The covariance matrix for this
Gaussian PDF can be obtained by computing the 2-point correlator of (2.284),
the different components of the covariance matrix are:

70\ 2 v N 3—2wen | — e=N(B=2vcr)
75, (N) = (081" (N)?) = {917 (N))* = <HO> (F[ CR]) (§>3 L

ﬁ I [%} 3 — 2VCR
70\ 2 v 2 o\3-2vcr 1 — e~ N(3—2vcR)
7,0 =RV ~ (@ " = (52) (Fr[ éﬁ) (8 T W
Tprm (N) = 6, (N) = (@01 (V) ()™ (V) = (01 (V) { ()71 (V)
C (H\? (Tluer]\ joy3-2ven 1 — e NE2wen)
S <2W> ( - [%? ) (5) — (2.287)

Using the results of (2.269), one can easily check that the variances computed in
(2.287) are actually the same variances one would expect from linear perturbation
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theory i.e.

ca(N)H dk
o3, (N) = / A" (ky N) =
k=oca(0)H

_ 2 39 v
_ (Ho)2 I [vor] ( 1_ )3 2 CR/ (MH kg—QVCR%
2 r [%} aHy k=0a(0)H k-

ca(N)H
2= [ AN
k=oa(0)H @ k

_ 2 39, v
= 1(3 — 2u0R)? (HO)Q I [vor] ( ! )3 : CR/ o kS_ZVCR%
4 27 r [%] aHy k=ca(0)H k-

- L /U“UV)H dAZT(k, N) dk
o T2 k=oca(0)H dN ?

2
_ 2 _9u oa
R C N C. ) N ey et
2 27 r [%] aHy k=ca(0)H ko

(2.288)

where the integration limits are set according to what we compute in the stochastic
formalism, i.e. the variance of the IR modes when they start receiving kicks at

k = ca(0)Hy and where a(0) = 1 according to our convention Ny = 0.

Once the variances for each variable have been computed, and knowing that
our PDF is Gaussian, we can finally write down the probability distribution for

P(¢,m; N) at leading order in the small noise approximation [200]:

P(é,m: N) = Wexp{_mipz) [(Zgbf ’ (WU_W)Q ””W1 }

(2.289)

where p = % here represents the correlation coefficient. In this case it is
easy to check that the correlation coefficient is p + 1, depending on the sign of
(% — VCR), namely p = 1 if vop > % and p = —1if vgr > % In this case the

PDF of (2.289) is degenerate and can be written as:

— N\ 2
7 _ 1 B e )
P(d),w;N):(s(7T T ¢> e e . (2.290)
Or O¢ V2To40,
where the upper case corresponds to p = 1 and the lower one to p = —1. As

already justified in section (2.2.4), the PDF of (2.290) is precisely what we obtain

in linear perturbation theory. With this we have demonstrated that if we use a
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stochastic formalism in which the noises are computed in a deterministic back-
ground, we are actually doing linear perturbation theory and hence loosing all the
power of this (hopefully) non-perturbative description of inflation. Higher orders
in this small noise expansion in the context of stochastic inflation have been ex-
plored in the literature [201, 202, 203], however, as shown here, this is nothing

more than computing higher orders in perturbation theory.

Finally, we will end this section by noticing that, although the stochastic sys-
tem of (2.270) is actually inconsistent, this inconsistency can however give some
information when comparing the results from the stochastic formalism with the
ones of linear perturbation theory, in fact, since we know that the correlations
functions calculated with the stochastic system of (2.270) will coincide, up to
second order in perturbation theory, to the ones calculated in linear perturbation
theory, any inconsistency between the two approaches will signal the break-down

of perturbation theory.

2.6  Stochastic approach vs 0 N formalism.

In this section we will emphasize the similarities and differences between the two non-
linear mathematical frameworks presented in sections 2.4 (6 V) and 2.5 (stochastic for-
malism). For better comparison we will use the naive stochastic formalism presented in
section 2.5.1, the reason is that the ) N formalism requires terms with spatial derivatives
but that do not vanish in the & — 0 such as 9; ()" to be neglected so it can only be
consistently compared with a stochastic formalism in which we also neglect these kind
of terms.

Both the stochastic approach and the 6 NV formalism complete gradient expansion by
giving some natural initial conditions that come from linear perturbation theory. One of
the main differences of these approaches are actually the quantity they are computing:
while the aim of the stochastic formalism presented in section 2.5.1 is the computation
of the PDF for the inhomogeneities of the long-wavelength field (U)gbl R the 6N for-
malism of section 2.4.1 assumes a known initial distribution of () »'% and computes
the PDF of (¢ from there. It is then reasonable to try to formulate some kind of 6 N
formalism that uses as initial condition the PDF for (O)QSI R provided by the stochas-
tic formalism instead of the one provided by linear perturbation theory. This is the
so-called stochastic 6 NV formalism [204].

We will not explain into detail the stochastic 6 N here because we are only introduc-
ing it for better comparison between the classical 6NV formalism of section 2.4.1 and

the stochastic formalism. The schematic idea can however be seen in Fig. 2.6:
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* The classical N (left panel) starts from the linear PDF for (g ¢'17 (dashed lines)
and evolve in a deterministic from there until reaching a fixed value ¢° (orange
solid line). The PDF of (g)(. is then related with the PDF of N at (o)’ = ¢° as
shown in (2.4.1)

* On the other hand, the trajectories for (0)¢1R in the stochastic /N formalism
(dashed lines of the right panel), which also start from the linear PDF for (0)¢I R
receive stochastic kicks at every time step such the PDF of (o)gbl R changes with
time. In this case the PDF of (). will be related with the first passage time of

each stochastic trajectory through ¢¢ (orange solid line).

Note also that, for better visualization, we have also plotted in Fig. 2.6 with a blue solid

line what the trajectory of the field of the fictitious background without perturbations.

Fig. 2.6 Classical ¢ N formalism vs stochastic N formalism.

From the comparison between the classical 6 NV formalism and the stochastic o NV for-
malism we can clearly see the improvement of the latter over the former, the stochastic
0N formalism could, in principle, start from a fully non-linear PDF for the field (o p'E
which is described by the stochastic equations of (2.244), on the other hand, the classi-

cal N formalism usually starts from the linear Gaussian PDF for (g)¢’® '8.

2.7 Numerical results.

In section 2.5.3.1 we have shown that the PDF for the (O)d)f R obtained with a stochas-

tic system in which the noises are computed in a fictitious deterministic background

7Note that, in this schematic example we are fully characterizing the trayectores with different initial
conditions in (0)¢I R however, as justified in section 2.4.1, the classical trajectory could also depend on
(0ym #. In this case we should also give some intitial conditions to (gy7# that follow the PDF of linear
perturbation theory.

"®Note that the classical 6N formalism could be improved if the initial conditions for ()¢'** (and
(O)ﬂ'I Ry were given at higher order in perturbation theory, including for example non-Gaussianities. This
is automatically done in the stochastic § NV formalism
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exactly corresponds with the PDF computed in linear perturbation theory. This demon-
stration has been done analytically by the usage of the small noise approximation at
leading order in O(¢;) during a CR regime. By construction, we of course expect
this correspondence between the stochastic approach with deterministic noises and lin-
ear perturbation theory to hold at all orders in SR parameters and for any inflationary
regime, however it is important to check it numerically. Also, as already mentioned
at the end of section 2.5.3.1, we can also (inconsistently) use the full non-linear equa-
tion of motion for ()¢’" while computing the noises in a deterministic background
and compare the result with the one of linear perturbation theory, if we detect some
important differences between the two methods it would mean a break-down of pertur-
bation theory itself. Finally, it is also important to check the improvement that the new
stochastic formalism of section 2.5.2 represents with respect to the naive one of section
2.5.1.

In order to check all the aspects mentioned above during this thesis we have devel-
oped a very accurate numerical code able to compute some statistical properties of the
inhomogeneities using both the “new” stochastic formalism of 2.5.2 and the naive one
of section 2.5.1 and compare them with the numerical results from linear perturbation
theory. Although with this code we can compute any correlator of the long-wavelength
scalar variable Q'% of (2.249) as a function of the number of e-folds N, we will focus
with the two-point correlation function, which is basically the variance of the PDF for

Q™" and hence it is related with the power spectrum.

2.7.1 Numerical computation in linear perturbation theory

In linear perturbation theory we must compute:

ca(N)H(N)
W) - [ WP Nk, N (2.291)

where () is given by the solution of (2.266) in a deterministic background. The limits
in (2.291) correspond to the selection of modes inside the coarse grained scale (defined
by k = oa(N)H(N)) from the beginning of inflation (N = 0). This anti-Fourier
transformation from the power spectrum is needed in order to compare (2.291) with the
real space correlator coming from the stochastic formalism.

In order to find (2.291) we numerically solve the MS equation for many values of
k between the two integration limits in (2.291). After that, we perform a numerical
integration in the £ direction. In Fig. 2.7 this procedure is schematically explained.
Each blue line in Fig. 2.7 corresponds to the solution of the MS equation Qi (N) with
fixed wave number £ in a generic Slow-Rolling background. The grey plane represents

the plane in which each £-mode exits the coarse-grained scale. The idea is to integrate
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fromk = cH(N =0)tok = oca(N)H(N) = oeV H(N) i.e. in the direction followed
by the grey arrow. This means that the value of (Q'"(N,)Q""(N,)) at time N, will be
the integral of the exponential of the blue surface (it is the exponential because we have
plotted the log of the power spectrum for better visualization) from the log(cH (0))
plane up to the grey plane along the line where N = N,. For example, for N, = 10 we
will be integrating the red line.

In the stochastic formalism, the IR part of the field receives stochastic kicks from
N = 0 onward. Thus the first k-mode from which the /R field receives a kick is the
one with k = ca(N = 0)H (N = 0).

1sL
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Fig. 2.7 Numerical procedure followed in order to compute (2.291)

As we did around (2.109), whenever A (k, N') does not depend on N, one can do a
very useful approximation, which consists in evaluating the power spectrum at coarse-
grained scale crossing, i.e. at & = caf, and assume that this value does not change

with time. This would allow us to write (2.291) as
N
(QIN)Q(N)) = / A(k =oca(N')H(N"))dN'. (2.292)
0

In this case one could write the power spectrum as the derivative with respect of the

number of e-folds /V of the correlator in real space.

P(k) = d%(@“"(N JQ"(N)), (2.293)

Graphically, this would correspond to perform the integral (2.292) in the direction

N (x axis in Fig 2.7) by calculating the value of power spectrum only in the point in
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which blue and grey surfaces of Fig. 2.7 cross. However, this technique cannot be used
if the power spectrum evolves with time [205]. Thus, unfortunately, the approximation
(2.293) cannot be used with the full numerical result, in fact it can be used at zeroth

order in €; in SR and USR but not in any transition between them nor in CR.

2.7.2 Stochastic evolutions

In the stochastic approach, where the variables are statistical and non-linear, we can
define a “non-linear” perturbation as AQ'E = Q'R —QIE, where Q'F is the mean value
of the variable Q'%. With this definition it is clear that the correlator (Q'Z(N)QE(N))
in real space at the same time N is the statistical variance of the stochastic variable Q'F.

We will compute Var(Q'#(N)) by simulating the system of stochastic equations
many times where the noises will take values distributed Gaussianly with variances

computed in different ways depending on which stochastic formalism we are using

* If we use the naive or “old” stochastic formalism of section 2.5.1 i.e. the system
of (2.244), we will compute the noises as done in section 2.5.3.1 i.e. using (2.268)
and (2.269).

* If we use our “new” stochastic formalism based on the correct leading order in
gradient expansion of section 2.5.2 i.e. the system of (2.248), we will compute
the noises by solving numerically the linear equations presented in section 2.2.1
in uniform-N gauge, which at all orders in O (¢, ) is not equivalent to the flat gauge
anymore. The noises &1, &, and &, will then be proportional to the power spectrum
of 8¢y, 2228 and V2 E, y, respectively, of course these power spectrum must be

ON
evaluated at wavenumber k = oa(N)H(N) and at coarse-grained crossing time,

i.e. when blue and grey surfaces of Fig. 2.7 cross each other. Another option is to
solve numerically the MS equation (2.266) and perform a gauge transformation

from flat to uniform-N gauge as in [192].

We will then run the system of stochastic equations many times until we have
enough statistics to give a trustworthy value for Var(Q'%(N)). Since with the “new”
stochastic formalism we are able to compute variables with precision €; < 1, we are
interested in a very precise numerical method for the resolution of stochastic differential
equations.

In the context of ordinary differential equations, we could think on using a Runge-
Kutta 4 method, where the total accumulated error is O(h.), where h,, is the time step of
our simulation, and hence it is quite accurate. However, when trying to extrapolate the
ordinary Runge-Kutta method to stochastic differential equations everything becomes

more complicated.
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As we know, any ordinary Runge-Kutta method is based on Taylor expansion of
the true solution of the ordinary differential equation around different points. If we try
to do the same with the solution of a stochastic differential equation, we will find that
the Taylor expansion in this case is not as trivial as in the deterministic case [206] ,
which makes the construction of any numerical method for the solution of stochastic
differential equations more and more complicated. There has been however some re-
cent development in the construction of such methods, for our simulation we will use
a Runge-Kutta method adapted for stochastic equations which was first developed in
[207] . This algorithm is presented in 2.7.2.1 and it is of order 1.5 in strong conver-

gence and of order 3 in weak convergence, where

» Strong convergence for a stochastic numerical method means that the total accu-
mulated error between the different true trajectories and the simulated trajectories

is O(h%), where s is the order of strong convergence.

* Weak convergence for a stochastic numerical method means that the total accu-
mulated error between the true statistical properties of the stochastic system and
simulated statistical properties is O(hY), where w is the order of weak conver-

gence.

The reason why there are two order of convergence in the stochastic numerical meth-
ods is basically because we have a deterministic part of the equation and a stochastic
part. While the specific trajectories of the system will be different depending on the
specific random values that the stochastic part takes, the statistical properties of the sys-
tem will only depend on the statistical properties of the noise and not on the specific

values that it takes.

2.7.2.1 Numerical algorithm for the stochastic simulation

For the stochastic equations that we want to simulate, i.e. the ones of (2.248), the noises

arc:

* Additive, meaning that their variance only depend on the time variable and not on
the stochastic variables themselves. This is a consequence of solving the linear

equations over a deterministic background.

* Completely correlated, which means that there is effectively only one noise, the

ON

related by the linear equations of section 2.2.1. In the same way, the noises &1, &>

reason is that d¢,,y, and V2Ey y are not independent functions, they are

and &, are not independent either.
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We will then present in this section the stochastic algorithm of [207] adapted to
additive and correlated noises. We denote by X = (X;),.; (Where T = [ty, T'] for some
0 <ty < T < o0) the solution of the d-dimensional system of stochastic differential
equations (SDE) (2.294).

t m t
X, =Xy, +/ a(s, X,)ds + Z/ v (s, X,)dW?, (2.294)
to j=1 to

with an m-dimensional driving Weiner process (Wt)tzo = ((th, . th)T> .

In our case we have completely correlated noises and hence m = 1. A further
simplification can be done to (2.294) by imposing the additivity of the noises, which
translates into b(s, X5) = b(s). Under these simplifications, the algorithm used in
order to numerically solve (2.294) is an order 1.5 strong Stochastic Runge- Kutta (SRK)

method defined by the initial condition Y, = X}, and:

S

Y11= YH’Z ;0 (tn + cgo)hn, Hi(0)> hn—l—z (ﬁz( T 1) + 5 (}1:)) b (tn + cz(l)hn> ,

=1 =1

(2.295)
forn =0,1,..., N — 1 with stages
1
Y =Y, + Z A (t + P, 1Y ) ha + Z By (tn - c;1>hn) o
(2.296)

fori = 1,...,s. In the algorithm described above h,, is the time step, I(1) and I ) are
some Ito stochastic integrals that will be specified in (2.297), and o, CEO), cgl), ﬁi(l), @(2),

Ag-)) and Bg-) ) are some constants that characterize the method, they are usually written

in a compact way using the so-called Butcher tableau:
) ‘ A ‘ B ‘ ey
‘ ol ‘ ALY ‘ BT

Table 2.1 Butcher tableau of a generic stochastic Runge-Kutta method

The specific entries of the Butcher tableau 2.1 used in the SRK method of strong
order 1.5 and weak order 3 are written down in Table 2.2:

Once the Butcher tableau is specified, the only thing left is to define the stochastic
Ito integrals I(1) and /(; )

tnt1 tnt1 s
Iy = / AW., g = / / AW,ds. (2.297)
tn tn tn

One can easily compute the expected value, the variance and the correlation of the
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Table 2.2 Butcher tableau of the stochastic Runge-Kutta method that we use in our
simulation.

0]

integrals defined in (2.297) getting:

E(lw) =0 E(Ify) =hy

1 1
L (I(LO)) =0 E (](21,0)) = ghi E (1(1,0)](1)) = §h721‘ (2.298)

The statistical behavior of (2.298) can be implemented numerically by defining two

independent N (0; 1)' random variables U; and Us. In this case we have:

1 1
Iy =Ui/hy I0) = §h§/2 <U1 + ﬁUQ) (2.299)

It is important to remark that if one do a naive extension of the Runge-Kutta method
from deterministic equations to stochastic equations one would get a precision similar
to the Euler-Maruyama method, which is of strong order 0.5 and weak order 1 and that
basically consist on adding a random part to the deterministic Euler method. This was
firstly noticed in [208] and it can be numerically seen in Fig. 2.8, where we show in
magenta the analytical solution of the tochastic equation d X (t) = AX (¢)dt+v X (t)dWV;
where A = 2, v = 1 and X (0) = 1, the dashed lines of Fig. 2.8 represent numerical
simulations of the same equation: In red we see the numerical solution obtained with
the Euler-Maruyama method, in blue we see the numerical solution obtained with a
naive stochastic extension of the third order Runge-Kutta for deterministic equations in
which a random part is simply added to the deterministic solution solution, finally, in
green we see the numerical solution obtained with the stochastic Runge-Kutta method
proposed in [207] and explained above. One can clearly see that the precision is highly

improved by the usage of the stochastic Runge-Kutta method explained here.

2.7.3 Numerical results for a non-analytic potential.

Once we have explained the numerical procedure that we will follow to compare the

correlator (Q?) computed in linear perturbation theory with the variance Var(Q!%)

YN (0; 1) refers to a random variable that follows a normal distribution with mean 0 and variance 1
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Fig. 2.8 Comparison of different numerical methods for the solution of stochastic dif-
ferential equations

obtained with the stochastic approach we will apply this procedure to an inflationary
model in which the potential contains an inflection point, which means that it will go
from a SR to a USR regime and back to a secondary SR regime and hence the power
spectrum will experience a growth that can help in the context of PBH formation of
generation of scalar induced gravitational waves, as justified in section 2.2.4.

The potential used to simulate the SR-USR-SR transition is a cubic potential con-

taining an inflection point at ¢ = ¢g = 1, i.e.

V(g)=Vo (1+8(s—¢0)°), (2.300)

where the parameters chosen are Vo = 1 x 10~% and 8 = 0.8.

The transition between these two regimes is quite interesting as it is the regime
in which we could expect some difference between the /R part of “old” and “new”
stochastic equations. As justified before, the difference between the two stochastic ap-
proaches is O(¢;), however, in order for the the inflaton field to overshoot the inflection
point of the potential (2.300), €; grows until reaching values only slightly smaller than
one. In Fig. 2.9 we show the results that we expected, namely that the fully numerical
linear perturbation theory correlator of (2.291) (yellow dashed line) exactly coincides
with the correlator from the “new” stochastic formalism of (2.248) (blue solid line)
while disagreeing with the correlator computed with the naive stochastic formalism of
(2.244) (purple solid line), which is only valid at leading order in ¢,. Note that Fig. 2.9

is also telling us that perturbation theory in this model is under control.

We have then numerically demonstrated two very important facts
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Fig. 2.9 Comparison between two point correlator (%) computed with the different
stochastic formalism of sections 2.5.1 and 2.5.2 and computed in linear perturbation

theory.
* A stochastic formalism in which the noises are computed in a deterministic back-
ground must reproduce the same results that we know from linear perturbation
theory. This was already checked in section 2.5.3.1 but only for CR inflationary

regimes and at leading order in €1, here we have do it at all orders in €; and for a

non-analytical SR-USR-SR transition.

* A stochastic formalism as the one presented in section 2.5.2, i.e. based on a
gradient expansion that do not neglect terms with spatial derivatives that do not
vanish in the £ — 0 limit nor the momentum constraint, which has been first
developed for the first time during this thesis is needed in order to study most of
the realistic inflationary scenarios of interest for PBH formation of generation of

scalar induced gravitational waves.
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CHAPTER 3

Conclusions

This thesis has been devoted to the study of different mathematical framework that
aim to describe the inhomogeneities generated during cosmological inflation in a non-
perturbative way. In this section we will recapitulate the most important findings and

results of the thesis:

* In sections 2 and 2.2, we compute, using linear perturbation theory, the power
spectrum of the comoving curvature perturbation Ay in the long-wavelength
limit, which is constant in time and scale-invariant in the SR regime, as expected.
Beyond SR, there is a much richer landscape of possibilities. If we define k = ;I_/—‘i_’g,

we have:

— Time dependence:

* Ap is constant if K < —32.

* A grows with time as ¢+~ if k > —3.
— k-dependence:

x Ag is blue-tilted for —3 < xk < 0.
x Ag is red-tilted for k < —3 or k > 0.
* Ag is scale invariant for k = —3 (SR) and x = 0 (USR).

The approach of considering SR as a specific case of the more general CR where
k is a constant also helps to identify when some approaches valid for SR, fail
when studying inflationary regimes beyond it. For example, the identification
k = aH when computing the spectral index is a specific feature of SR and it does
not hold beyond it.

* With the motivation that the power spectrum can grow both in time and in k
beyond SR, the second part of this chapter, composed of sections 2.3, 2.4, 2.5,
2.6 and 2.7, studies different attempts to describe inflationary inhomogeneities in

a non-perturbative way.
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First we show that if we want to correctly describe with global coordinates the
evolution of different homogeneous and isotropic patches in the context of leading
order in gradient expansion, we must take care of both terms with spatial deriva-
tives that do not vanish in the £ — 0 limit (sometimes called non-local terms)
and of the momentum constraint of general relativity: we showed in section 2.3.1
that, if those terms are not taken into account, only the linear constant mode of the
comoving curvature perturbation is reproduced. For x > —% however, the non-
constant mode dominates. In section 2.3.3 we consistently formulate the leading
order in gradient expansion such that also the decaying (or growing) mode is
reproduced. In section 2.3.2, we find those modes to be related to a new symme-
try of the perturbative Einstein equations in the long-wavelength limit that arises
when taking into account terms with spatial derivatives in the long-wavelength

limit and in Newtonian gauge.

We then turn our attention to the 0 N formalism, which in principle can deliver
the PDF of the comoving (uniform density) curvature perturbation given some
initial conditions for the field (energy density). In section (2.4.1), we clarify that
whenever the initial conditions are provided in the context of linear perturbation
theory, as it is usually the case, the final result for the curvature perturbation can

only describe perturbative physics.

The main result of this thesis is the development of the stochastic approach to
inflation at all orders in ¢; (the SR parameters): firstly we re-derive the stochastic
formalism typically used in the literature from first principles in section 2.5.1,

realizing two important aspects:

— It is not able to reproduce the two modes that appear in linear perturbation
theory in the limit & — 0. Because the stochastic formalism is constructed
such that the dynamical variable is the field, the mode that we lose by using
the naive leading order in gradient expansion is never the growing one, how-
ever we still lose terms proportional to O(e;), which can become important
at linear order in some inflationary models, as we show numerically in sec-

tion 2.7, and in the non-perturbative part of the PDF of the inhomogeneities.

— It is formulated using the uniform-N gauge, which is equivalent to the flat
gauge at leading order in €; and hence in this case both gauges are inter-

changeable.

Using the correct leading order in gradient expansion which takes into account
non-local terms and the momentum constraint of general relativity, we derive for
the first time in section 2.5.2 a stochastic formalism which is able to describe the

correct long-wavelength behaviour of inflationary inhomogeneities at all orders
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in SR parameters. We do this using again the uniform-N gauge but taking into
account that at this level of precision, this gauge is not longer equivalent to the

flat gauge.

Although the formulation of the improved stochastic formalism of section 2.5.2
is very promising, the practical computation of any statistical quantity by solving
this stochastic system is very difficult, the reason is that, generically, in order to
solve the stochastic system we must characterize the noises. Since the noises are
computed with linear perturbation theory techniques over a stochastically cor-
rected background, rather than over a deterministic background, it is clear that in
order to characterize the noises we must know the solution of the stochastic sys-
tem. This difficulty is usually overcome via some approximations, the principal
one is to compute the noises over a deterministic global background rather than
over the true stochastic local background. We show analytically for pure CR in-
flationary models in section 2.5.3.1 and numerically for a transient SR-USR-SR
inflationary model in section 2.7 that this approximation is actually equivalent
to linear perturbation theory or, in other words, if we approximate the true local
stochastic background by a global deterministic one, we are loosing all the power
of the stochastic approach to inflation to explore the non-perturbative region of
the PDF.

Based on the results of this thesis, it is then clear that there is still a long way to go
in order to correctly describe inflationary inhomogeneities in a non-perturbative
way, whose statistical properties are crucial for the description of different ob-
servables such as PBH or scalar induced GW. However, this thesis represents the
first step to achieve this objective: the comprehension of the different mathemat-
ical frameworks which aim to describe inflation in a non-perturbative way and

their limitations.
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Appendix A

Transition between Slow-Roll and Constant-Roll regimes

In this appendix we will study the behaviour of the MS variable () in the transition
between a SR regime, necessary in order to explain the inhomogeneities of the CMBR,
and a constant-v regime in which the power spectrum Az grows with time in the long
wavelength limit and hence it can be of interest for PBH formation or the generation of
scalar induced GW. As justified in section 2.2.1.3, this growth of the power spectrum of
‘R will take place if k = ;—% > —%. We will make this study at neglecting all €, terms!,

which means that the transition can be written in terms of €5 as

i) = §f=-64+2rk<-3. (A.1)

Usually the way these transitions are studied [100] is by modeling the behavior of

€2 as a sharp transition from €5 to €§F at conformal time 7, i.e. as®

(1) = 6"0(n — 7) + FO(r — 7). (A.2)

In this case we will take a slightly different approach motivated by [101], instead of

imposing the sharp transition in €, as in (A.2), we will to it in v itself i.e.

v(t) = VSR@(Tl —7)+ VCR@(T —-1), (A.3)

where 19 = % One could think that (A.2) and (A.3) are equivalent, however, from

(2.66) and (2.74) and neglecting ¢; terms we have

9 3 1 2 1 deS®
VR ~ \/Z + §egR + 1 ()" — 5 d27' : (A4)
where we have used the definition of 3 i.e. %\2, = ey€3. From (A.4) it is clear that (A.2)

and (A.3) are not exactly equivalent, indeed if the time evolution of €5'# is described by

I'This is a slightly inconsistent approach as we will see later on, however it will already give us some
relevant information.

2During inflation 7 € (—00,0) so the smaller value for 7 the sooner stages of inflation. Since the
Heaviside theta function ©(7; — 7) in (A.2) is 1 for 7 < 77, it is clear that (A.2) describes a starting SR
regime followed by a CR regime.
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3 1 2 1deS? 9
EégR + Z (EgR) — 7'5 d27’ = V2 — Z s (AS)

we can have a analytical solution for the MS equation (which requires v to be a constant)

even for time dependent ;. We will then study regimes in which (A.3) is satisfied but

in which

(1) = &570(r — 7) + §H(T)O(T — 1), (A.6)

where €§f(7) is the solution of (A.5), which can be written as:

2v
(8- 2°R) (34 §B| | +20F) — (34 20°K) (34 7| — 2 R) (£)
GgR(T) — T1 1 - T1
v )
- (3 +eGR|+ 2I/CR> + (3 +eGR| — 2I/CR> (l)

T1

(A7)
where
ef| = lim_ex(7). (A.8)
T
Note that, by definition we also have
lim ey(7) = 5% =0, (A.9)

TT]
which makes e, (7) generically discontinuous. The time dependence of €5(7) is such
that it goes from €5 = —3420F to €5 = —3 — 20", which are the two constant values
of €5 that satisfy (A.5), in a smooth way (as an hyperbolic tangent).
Now that we know what is the time dependence of ¢,, it is also interesting to derive

the time dependence of ¢;, which can be shown to be:

(1) = e770(n — 7) + S (T)O(T — 1), (A.10)

where we will set €/ = ¢ to be a small constant and

CR
e (r) =
0

1(3-20CR) 1(3+20CR)\ 2
€1 CR cr\ (T \°? _ ( CR| C’R) T\
16 (VOR)? <(3 T, T2 ) (7'1> 3tet, - T '
(A.11)

It is important to remark that, contrary to what happens with e2(7), €;(7) is always a conti-
nous funciton at 7 = 7.

With the ingredients above we are finally in position to compute the MS variable () after
the transition. The procedure to follow is quite simple and straightforward but tedious, this is

the reason why we will only explain the procedure here and write down the results of interest.
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Basically, what we have to do is simply to write down the solutions in both regimes and apply
some matching conditions at 7 = 77.

Although we will compute (), in this appendix, the matching conditions are better under-
stood if we use the comoving curvature perturbation Ry, for which the MS equation takes a
very simple form (see (2.61)), in conformal time 7 we can write :
dR

— = <a261) + kR =0. (A.12)
dr

For the first matching condition we will obviously impose the continuity of the Ry i.e.

lim Ry = lim Ry. (A.13)

T*}Tl T*)Tl

Now, the second matching condition straightforwardly follows form inserting (A.13) into
(A.12). Taking into account that both a and €; are continuous at 7 = 7; we have

. dRy dRy,

lim — = lim ——

T~>Tl_ T T—)T1+ dr

(A.14)

The solution for the SR region will be the one that we got in section 2.2.1.1 using the

Bunch-Davies vacuum as initial condition, i.e. (2.87) with v = %:

e—ikTHO
2/ €Y Mppk3/?

On the other hand, the solution in the CR region is a more general solution where no vacuum

RIE = (i — k7). (A.15)

is imposed i.e.

Hrv/—1
MPL\ / 2€1CR(7')
where €{'%(7) is given by (A.11).

We can now apply the matching conditions (A.13) and (A.14) and obtain the constants
C1(k) and Cs(k), the solution for Q$'® will then be

REE = (Cr HD (—k7) + Calk) HP (—k7) ) (A.16)

QF = —HTV=r (CL()) HV (k) + Cal) HP (<)) . (A7)

The expressions for C (k) and Cs(k) are very cumbersome so we will not write them here.

We will only study some of its most interesting limits:

* It is important to remark that the approximation taken in this appendix, in which egR
might have some time dependence, allow us to study smoother transitions than the ones
usually studied in the literature. We can then distinguish two limiting cases for com-

pletely sharp or very smooth transitions

CR
2 In

- If egR . 1s set to be the final value in which we want ¢5 to saturate, 1.e. €

-3 — QUCR, then we are in the limit of sharp transition in which €3 is of the form of
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(A.2). This case is widely studied in the literature and our results for QgR perfectly
match the well known results [100].

— If, on the other hand, we set EgR ’n

~ 0 (not exactly zero because in some case we
would not have a transition), then we are making €s in (A.6) an almost continuous

function, which is the case studied in [101].

* Apart from the limits regarding the value of 620R ’ "

, we also have different limiting cases
in the evolution of QkCR according to where are the modes with respect to the Hubble

radius when the transition occurs at 7 :

— For the modes which are deep in the horizon when the transition occurs i.e. —k7; —
oo we recover the same result as if we were using the Bunch-Davies vacuum in the
CR phase i.e. the result from (2.86).

— For the modes which are already well outside the horizon when the transition occurs
ie. kT < —k7m << 1 (remember that we need 7 > 7 to use the CR solution of

(A.17)) we have the following behaviour.

CR zi
k 4Au/2k3/2

1(3-20°R) 1(3+200R)
CR crY (T \? CR cr) (T )?
<<3+ €5 |Tl—|—21/ ) (ﬁ) —<3+ €3 }71—21/ > (7_1) ) .
(A.18)
This is the regime that we wanted to remark in this appendix because it

makes very clear the point that something that is decaying is not always

k—suppressed. For example, in the sharp SR-USR transition in which v¢% =

2 and €§"| = —6 we have
T1
H, \° H,
USR . ; 0 _ 0 —3(N—N1) Al
g _Z\/§k3/2 (ﬁ) \/§k3/26 ' (A19)

— There are many others intermediate regimes that depend on the specific form
of Cy(k) and Cy(k) and that generate some very important features in the
power spectrum, such as the famous k*-growth [100]. We will not enter into
these regimes because they have been widely studied and the main point of
this appendix was the behaviour of (A.18)

116



REFERENCES

[1] A. Einstein, “The Field Equations of Gravitation,” Sitzungsber. Preuss. Akad.
Wiss. Berlin (Math. Phys. ), vol. 1915, pp. 844-847, 1915.

[2] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation. San Francisco: W.
H. Freeman, 1973.

[3] S. Weinberg, Gravitation and Cosmology: Principles and Applications of the
General Theory of Relativity. New York: John Wiley and Sons, 1972.

[4] R. M. Wald, General Relativity. Chicago, USA: Chicago Univ. Pr., 1984.

[5] D. Hilbert, “Die Grundlagen der Physik. 1.,” Gott. Nachr., vol. 27, pp. 395407,
1915.

[6] S. M. Carroll, Spacetime and Geometry: An Introduction to General Relativity.
Cambridge University Press, 7 2019.

[7] R. L. Arnowitt, S. Deser, and C. W. Misner, “Dynamical Structure and Definition
of Energy in General Relativity,” Phys. Rev., vol. 116, pp. 1322-1330, 1959.

[8] E. Gourgoulhon, “3+1 formalism and bases of numerical relativity,” 3 2007.

[9] G. B. Cook, “Initial data for numerical relativity,” Living Rev. Rel., vol. 3, p. 5,
2000.

[10] E. W. Kolb and M. S. Turner, The Early Universe, vol. 69. 1990.

[11] P.J. E. Peebles, Principles of physical cosmology. 1994.

[12] A.R. Liddle, An introduction to modern cosmology. 1998.

[13] S. Dodelson, Modern Cosmology. Amsterdam: Academic Press, 2003.

[14] V. Mukhanov, Physical Foundations of Cosmology. Oxford: Cambridge Univer-
sity Press, 2005.

[15] J. K. Adelman-McCarthy et al., “The Sixth Data Release of the Sloan Digital
Sky Survey,” Astrophys. J. Suppl., vol. 175, pp. 297-313, 2008.

117



[16] K. N. Abazajian ef al., “The Seventh Data Release of the Sloan Digital Sky Sur-
vey,” Astrophys. J. Suppl., vol. 182, pp. 543-558, 2009.

[17] N. Aghanim et al., “Planck 2018 results. I. Overview and the cosmological legacy
of Planck,” Astron. Astrophys., vol. 641, p. A1, 2020.

[18] N. Aghanim et al., “Planck 2018 results. V. CMB power spectra and likelihoods,”
Astron. Astrophys., vol. 641, p. AS, 2020.

[19] N. Aghanim et al., “Planck 2018 results. VI. Cosmological parameters,” Astron.
Astrophys., vol. 641, p. A6, 2020. [Erratum: Astron.Astrophys. 652, C4 (2021)].

[20] Y. Akrami et al., “Planck 2018 results. VII. Isotropy and Statistics of the CMB,”
Astron. Astrophys., vol. 641, p. A7, 2020.

[21] A. Friedmann, “On the Possibility of a world with constant negative curvature of
space,” Z. Phys., vol. 21, pp. 326-332, 1924.

[22] G. Lemaitre, “A Homogeneous Universe of Constant Mass and Growing Radius
Accounting for the Radial Velocity of Extragalactic Nebulae,” Annales Soc. Sci.
Bruxelles A, vol. 47, pp. 49-59, 1927.

[23] H. P. Robertson, “Kinematics and World-Structure,” Astrophys. J., vol. 82,
pp. 284-301, 1935.

[24] A. G. Walker, “On the formal comparison of Milne’s kinematical system with
the systems of general relativity,” Mon.Not.Roy.Astron.Soc., vol. 95, p. 263-269,
1935.

[25] O. Groen and S. Hervik, Einstein’s general theory of relativity: With modern
applications in cosmology. 2007.

[26] D. A. Kirzhnits and A. D. Linde, “Macroscopic Consequences of the Weinberg
Model,” Phys. Lett. B, vol. 42, pp. 471-474, 1972.

[27] D. A. Kirzhnits, “Weinberg model in the hot universe,” JETP Lett., vol. 15,
pp- 529-531, 1972.

[28] L. Dolan and R. Jackiw, “Symmetry Behavior at Finite Temperature,” Phys. Rev.
D, vol. 9, pp. 3320-3341, 1974.

[29] S. Weinberg, “Gauge and Global Symmetries at High Temperature,” Phys. Rev.
D, vol. 9, pp. 3357-3378, 1974.

[30] D. A. Kirzhnits and A. D. Linde, “A Relativistic phase transition,” Zh. Eksp. Teor.
Fiz., vol. 67, pp. 1263-1275, 1974.

118



[31] D. A. Kirzhnits and A. D. Linde, “Symmetry Behavior in Gauge Theories,” An-
nals Phys., vol. 101, pp. 195-238, 1976.

[32] M. Dine, R. G. Leigh, P. Y. Huet, A. D. Linde, and D. A. Linde, “Towards the
theory of the electroweak phase transition,” Phys. Rev. D, vol. 46, pp. 550-571,
1992.

[33] K. A. Olive, “The Thermodynamics of the Quark - Hadron Phase Transition in
the Early Universe,” Nucl. Phys. B, vol. 190, pp. 483-503, 1981.

[34] E. Suhonen, “The Quark - Hadron Phase Transition in the Early Universe,” Phys.
Lett. B, vol. 119, pp. 81-84, 1982.

[35] M. Crawford and D. N. Schramm, “Spontaneous Generation of Density Pertur-
bations in the Early Universe,” Nature, vol. 298, pp. 538-540, 1982.

[36] J. H. Applegate and C. J. Hogan, “Relics of Cosmic Quark Condensation,” Phys.
Rev. D, vol. 31, pp. 3037-3045, 1985.

[37] H. Satz, “The Transition From Hadron Matter to Quark - Gluon Plasma,” Ann.
Rev. Nucl. Part. Sci., vol. 35, pp. 245-270, 1985.

[38] G. M. Fuller, G. J. Mathews, and C. R. Alcock, “The Quark - Hadron Phase
Transition in the Early Universe: Isothermal Baryon Number Fluctuations and
Primordial Nucleosynthesis,” Phys. Rev. D, vol. 37, p. 1380, 1988.

[39] R. A. Alpher, H. Bethe, and G. Gamow, “The origin of chemical elements,” Phys.
Rev., vol. 73, pp. 803—-804, 1948.

[40] R. V. Wagoner, W. A. Fowler, and F. Hoyle, “On the Synthesis of elements at
very high temperatures,” Astrophys. J., vol. 148, pp. 3—49, 1967.

[41] S. Sarkar, “Big bang nucleosynthesis and physics beyond the standard model,”
Rept. Prog. Phys., vol. 59, pp. 1493-1610, 1996.

[42] D. N. Schramm and M. S. Turner, “Big Bang Nucleosynthesis Enters the Preci-
sion Era,” Rev. Mod. Phys., vol. 70, pp. 303-318, 1998.

[43] P.J. E. Peebles, “Recombination of the Primeval Plasma,” Astrophys. J., vol. 153,
p. 1, 1968.

[44] Y. B. Zeldovich, V. G. Kurt, and R. A. Sunyaev, “Recombination of hydrogen in
the hot model of the universe,” Zh. Eksp. Teor. Fiz., vol. 55, pp. 278-286, 1968.

[45] S. Seager, D. D. Sasselov, and D. Scott, “A new calculation of the recombination
epoch,” Astrophys. J. Lett., vol. 523, pp. L1-L5, 1999.

119



[46] S. Seager, D. D. Sasselov, and D. Scott, “How exactly did the universe become
neutral?,” Astrophys. J. Suppl., vol. 128, pp. 407-430, 2000.

[47] O.J. Eggen, D. Lynden-Bell, and A. R. Sandage, “Evidence from the motions of
old stars that the galaxy collapsed.,” Astrophys. J., vol. 136, pp. 748-766, 1962.

[48] L. Searle and R. Zinn, “Compositions of halo clusters and the formation of the
galactic halo,” Astrophys. J., vol. 225, p. 357, 1978.

[49] S.D. M. White and M. J. Rees, “Core condensation in heavy halos: A Two stage
theory for galaxy formation and clusters,” Mon. Not. Roy. Astron. Soc., vol. 183,
pp. 341-358, 1978.

[50] J. E. Gunn and B. A. Peterson, “On the Density of Neutral Hydrogen in Inter-
galactic Space,” Astrophys. J., vol. 142, p. 1633, 1965.

[51] E.T. Vishniac, “Reionization and small-scale fluctuations in the microwave back-
ground,” Astrophys. J., vol. 322, pp. 597-604, 1987.

[52] R. Barkana and A. Loeb, “In the beginning: The First sources of light and the
reionization of the Universe,” Phys. Rept., vol. 349, pp. 125-238, 2001.

[53] D. C. Black, “A simple criterion for determining the dynamical stability of three-
body systems,” Astronomical Journal, vol. 87, Sept. 1982, p. 1333-1337., vol. 87,
pp- 1333-1337, 1982.

[54] A. A. Penzias and R. W. Wilson, “A Measurement of Excess Antenna Tempera-
ture at 4080 Mc/s.,” Astrophysical Journal, vol. 142, pp. 419-421, 1965.

[55] Y. Akrami et al., “Planck 2018 results. X. Constraints on inflation,” Astron. As-
trophys., vol. 641, p. A10, 2020.

[56] A. A. Starobinsky, “Spectrum of relict gravitational radiation and the early state
of the universe,” JETP Lett., vol. 30, pp. 682—685, 1979.

[57] A. A. Starobinsky, “A New Type of Isotropic Cosmological Models Without
Singularity,” Phys. Lett. B, vol. 91, pp. 99-102, 1980.

[58] A. H. Guth, “The Inflationary Universe: A Possible Solution to the Horizon and
Flatness Problems,” Phys. Rev. D, vol. 23, pp. 347-356, 1981.

[59] S. W. Hawking, I. G. Moss, and J. M. Stewart, “Bubble Collisions in the Very
Early Universe,” Phys. Rev. D, vol. 26, p. 2681, 1982.

[60] A. H. Guth and E. J. Weinberg, “Could the Universe Have Recovered from a
Slow First Order Phase Transition?,” Nucl. Phys. B, vol. 212, pp. 321-364, 1983.

120



[61] A.D. Linde, “A New Inflationary Universe Scenario: A Possible Solution of the
Horizon, Flatness, Homogeneity, [sotropy and Primordial Monopole Problems,”
Phys. Lett. B, vol. 108, pp. 389-393, 1982.

[62] A. Albrecht and P. J. Steinhardt, “Cosmology for Grand Unified Theories with
Radiatively Induced Symmetry Breaking,” Phys. Rev. Lett., vol. 48, pp. 1220-
1223, 1982.

[63] A. Vilenkin, “Classical and Quantum Cosmology of the Starobinsky Inflationary
Model,” Phys. Rev. D, vol. 32, p. 2511, 1985.

[64] A.D. Linde, “Chaotic Inflation,” Phys. Lett. B, vol. 129, pp. 177-181, 1983.
[65] A.D. Linde, “Hybrid inflation,” Phys. Rev. D, vol. 49, pp. 748—754, 1994.

[66] J. Martin, C. Ringeval, R. Trotta, and V. Vennin, “The Best Inflationary Models
After Planck,” JCAP, vol. 03, p. 039, 2014.

[67] A.D. Linde, “Is the Lee constant a cosmological constant?,” JETP Lett., vol. 19,
p. 183, 1974.

[68] A. Albrecht, P. J. Steinhardt, M. S. Turner, and F. Wilczek, ‘“Reheating an Infla-
tionary Universe,” Phys. Rev. Lett., vol. 48, p. 1437, 1982.

[69] L. Kofman, A.D. Linde, and A. A. Starobinsky, “Reheating after inflation,” Phys.
Rev. Lett., vol. 73, pp. 3195-3198, 1994.

[70] Y. Shtanov, J. H. Traschen, and R. H. Brandenberger, “Universe reheating after
inflation,” Phys. Rev. D, vol. 51, pp. 5438-5455, 1995.

[71] V. A. Kuzmin and V. A. Rubakov, “Ultrahigh-energy cosmic rays: A Window
to postinflationary reheating epoch of the universe?,” Phys. Atom. Nucl., vol. 61,
p. 1028, 1998.

[72] R. Allahverdi, R. Brandenberger, F.-Y. Cyr-Racine, and A. Mazumdar, “Reheat-
ing in Inflationary Cosmology: Theory and Applications,” Ann. Rev. Nucl. Part.
Sci., vol. 60, pp. 27-51, 2010.

[73] W. H. Kinney, “Horizon crossing and inflation with large eta,” Phys. Rev. D,
vol. 72, p. 023515, 2005.

[74] J. Martin, H. Motohashi, and T. Suyama, “Ultra Slow-Roll Inflation and the non-
Gaussianity Consistency Relation,” Phys. Rev. D, vol. 87, no. 2, p. 023514, 2013.

121



[75] M. H. Namjoo, H. Firouzjahi, and M. Sasaki, “Violation of non-Gaussianity
consistency relation in a single field inflationary model,” EPL, vol. 101, no. 3,
p. 39001, 2013.

[76] R. Bravo, S. Mooij, G. A. Palma, and B. Pradenas, “A generalized non-Gaussian
consistency relation for single field inflation,” JCAP, vol. 05, p. 024, 2018.

[77] C. Germani and T. Prokopec, “On primordial black holes from an inflection
point,” Phys. Dark Univ., vol. 18, pp. 6-10, 2017.

[78] D. Cruces, C. Germani, and A. Palomares, “An update on adiabatic modes in
cosmology and 0N formalism,” JCAP, vol. 06, p. 002, 2023.

[79] H. Motohashi, A. A. Starobinsky, and J. Yokoyama, “Inflation with a constant
rate of roll,” JCAP, vol. 09, p. 018, 2015.

[80] Z. Yi and Y. Gong, “On the constant-roll inflation,” JCAP, vol. 03, p. 052, 2018.

[81] E. Lifshitz, “Republication of: On the gravitational stability of the expanding
universe,” J. Phys. (USSR), vol. 10, no. 2, p. 116, 1946.

[82] E. M. Lifshitz and I. M. Khalatnikov, “Investigations in relativistic cosmology,”
Adv. Phys., vol. 12, pp. 185-249, 1963.

[83] S. W. Hawking, “Perturbations of an expanding universe,” Astrophys. J., vol. 145,
pp- 544-554, 1966.

[84] E. R. Harrison, “Normal Modes of Vibrations of the Universe,” Rev. Mod. Phys.,
vol. 39, pp. 862-882, 1967.

[85] R. K. Sachs and A. M. Wolfe, “Perturbations of a cosmological model and angu-

lar variations of the microwave background,” Astrophys. J., vol. 147, pp. 73-90,
1967.

[86] J. M. Bardeen, “Gauge Invariant Cosmological Perturbations,” Phys. Rev. D,
vol. 22, pp. 1882-1905, 1980.

[87] V. F. Mukhanov and G. V. Chibisov, “Quantum Fluctuations and a Nonsingular
Universe,” JETP Lett., vol. 33, pp. 532-535, 1981.

[88] H. Kodama and M. Sasaki, “Cosmological Perturbation Theory,” Prog. Theor.
Phys. Suppl., vol. 78, pp. 1-166, 1984.

[89] V. F. Mukhanov, “Quantum Theory of Gauge Invariant Cosmological Perturba-
tions,” Sov. Phys. JETP, vol. 67, pp. 1297-1302, 1988.

122



[90] V. F. Mukhanov, H. A. Feldman, and R. H. Brandenberger, “Theory of cosmo-
logical perturbations. Part 1. Classical perturbations. Part 2. Quantum theory of
perturbations. Part 3. Extensions,” Phys. Rept., vol. 215, pp. 203-333, 1992.

[91] J. M. Maldacena, “Non-Gaussian features of primordial fluctuations in single
field inflationary models,” JHEP, vol. 05, p. 013, 2003.

[92] Z. Chang, S. Wang, and Q.-H. Zhu, “Note on gauge invariance of second order
cosmological perturbations,” Chin. Phys. C, vol. 45, no. 9, p. 095101, 2021.

[93] Y. Tanaka and M. Sasaki, “Gradient expansion approach to nonlinear superhori-
zon perturbations. II. A Single scalar field,” Prog. Theor. Phys., vol. 118, pp. 455—
473, 2007.

[94] D. Cruces and C. Germani, “Stochastic inflation at all order in slow-roll param-
eters: Foundations,” Phys. Rev. D, vol. 105, no. 2, p. 023533, 2022.

[95] C. Pattison, V. Vennin, H. Assadullahi, and D. Wands, “Stochastic inflation be-
yond slow roll,” JCAP, vol. 07, p. 031, 2019.

[96] D. Cruces, “Review on Stochastic Approach to Inflation,” Universe, vol. 8, no. 6,
p. 334, 2022.

[97] S. Weinberg, “Adiabatic modes in cosmology,” Phys. Rev. D, vol. 67, p. 123504,
2003.

[98] M. Abramowitz, I. A. Stegun, and R. H. Romer, “Handbook of mathematical

functions with formulas, graphs, and mathematical tables,” 1988.

[99] T. S. Bunch and P. C. W. Davies, “Quantum Field Theory in de Sitter Space:
Renormalization by Point Splitting,” Proc. Roy. Soc. Lond. A, vol. 360, pp. 117-
134, 1978.

[100] C.T. Byrnes, P. S. Cole, and S. P. Patil, “Steepest growth of the power spectrum
and primordial black holes,” JCAP, vol. 06, p. 028, 2019.

[101] Y.-F. Cai, X. Chen, M. H. Namjoo, M. Sasaki, D.-G. Wang, and Z. Wang, “Re-
visiting non-Gaussianity from non-attractor inflation models,” JCAP, vol. 05,
p.- 012, 2018.

[102] J. Fumagalli, G. A. Palma, S. Renaux-Petel, S. Sypsas, L. T. Witkowski, and
C. Zenteno, “Primordial gravitational waves from excited states,” JHEP, vol. 03,
p. 196, 2022.

123



[103] S. Piand M. Sasaki, “Logarithmic Duality of the Curvature Perturbation,” Phys.
Rev. Lett., vol. 131, no. 1, p. 011002, 2023.

[104] K. Tomita, “Non-Linear Theory of Gravitational Instability in the Expanding
Universe. II,” Progress of Theoretical Physics, vol. 45, pp. 1747-1762, June
1971.

[105] S.Matarrese, O. Pantano, and D. Sdez, “General-relativistic approach to the non-
linear evolution of collisionless matter,” Physical review D: Particles and fields,
vol. 47, pp. 1311-1323, 03 1993.

[106] S. Matarrese, O. Pantano, and D. Saez, “General relativistic dynamics of irrota-
tional dust: Cosmological implications,” Phys. Rev. Lett., vol. 72, pp. 320-323,
1994.

[107] B. Osano, C. Pitrou, P. Dunsby, J.-P. Uzan, and C. Clarkson, “Gravitational waves
generated by second order effects during inflation,” JCAP, vol. 04, p. 003, 2007.

[108] G. Domenech, “Scalar Induced Gravitational Waves Review,” Universe, vol. 7,
no. 11, p. 398, 2021.

[109] T. Okamoto and W. Hu, “The angular trispectra of CMB temperature and polar-
ization,” Phys. Rev. D, vol. 66, p. 063008, 2002.

[110] L. Boubekeur and D. H. Lyth, “Detecting a small perturbation through its non-
Gaussianity,” Phys. Rev. D, vol. 73, p. 021301, 2006.

[111] N. Kogo and E. Komatsu, “Angular trispectrum of cmb temperature anisotropy
from primordial non-gaussianity with the full radiation transfer function,” Phys.
Rev. D, vol. 73, p. 083007, 2006.

[112] K. T. Engel, K. S. M. Lee, and M. B. Wise, “Trispectrum versus Bispectrum in
Single-Field Inflation,” Phys. Rev. D, vol. 79, p. 103530, 2009.

[113] J. Kristiano and J. Yokoyama, “Ruling Out Primordial Black Hole Formation
From Single-Field Inflation,” 11 2022.

[114] A. Riotto, “The Primordial Black Hole Formation from Single-Field Inflation is
Not Ruled Out,” 1 2023.

[115] J. Kristiano and J. Yokoyama, “Response to criticism on ”"Ruling Out Primordial
Black Hole Formation From Single-Field Inflation”: A note on bispectrum and
one-loop correction in single-field inflation with primordial black hole forma-
tion,” 3 2023.

124



[116] A. Riotto, “The Primordial Black Hole Formation from Single-Field Inflation is
Still Not Ruled Out,” 3 2023.

[117] H. Firouzjahi, “One-loop Corrections in Power Spectrum in Single Field Infla-
tion,” 3 2023.

[118] H. Firouzjahi and A. Riotto, “Primordial Black Holes and Loops in Single-Field
Inflation,” 4 2023.

[119] G. Franciolini, A. Iovino, Junior., M. Taoso, and A. Urbano, “One loop to rule

them all: Perturbativity in the presence of ultra slow-roll dynamics,” 5 2023.

[120] G. Tasinato, “Large —n— approach to single field inflation,” Phys. Rev. D,
vol. 108, no. 4, p. 043526, 2023.

[121] S.-L. Cheng, D.-S. Lee, and K.-W. Ng, “Primordial perturbations from ultra-

slow-roll single-field inflation with quantum loop effects,” 5 2023.

[122] J. Fumagalli, “Absence of one-loop effects on large scales from small scales in

non-slow-roll dynamics,” 5 2023.

[123] J.-C. Hwang, D. Jeong, and H. Noh, “Gauge dependence of gravitational waves
generated from scalar perturbations,” Astrophys. J., vol. 842, no. 1, p. 46, 2017.

[124] G. Domenech and M. Sasaki, “Hamiltonian approach to second order gauge in-
variant cosmological perturbations,” Phys. Rev. D, vol. 97, no. 2, p. 023521,
2018.

[125] V. De Luca, G. Franciolini, A. Kehagias, and A. Riotto, “On the Gauge Invari-
ance of Cosmological Gravitational Waves,” JCAP, vol. 03, p. 014, 2020.

[126] K. Inomata and T. Terada, “Gauge Independence of Induced Gravitational
Waves,” Phys. Rev. D, vol. 101, no. 2, p. 023523, 2020.

[127] G. Domenech and M. Sasaki, “Approximate gauge independence of the induced
gravitational wave spectrum,” Phys. Rev. D, vol. 103, no. 6, p. 063531, 2021.

[128] T. Bringmann, C. Kiefer, and D. Polarski, “Primordial black holes from infla-
tionary models with and without broken scale invariance,” Phys. Rev. D, vol. 65,
p. 024008, 2002.

[129] R. Bean and J. Magueijo, “Could supermassive black holes be quintessential
primordial black holes?,” Phys. Rev. D, vol. 66, p. 063505, 2002.

[130] A. Escriva, F. Kuhnel, and Y. Tada, “Primordial Black Holes,” 11 2022.

125



[131] E. Bugaev and P. Klimai, “Constraints on the induced gravitational wave back-
ground from primordial black holes,” Phys. Rev. D, vol. 83, p. 083521, 2011.

[132] R. Saito and J. Yokoyama, “Gravitational-Wave Constraints on the Abundance
of Primordial Black Holes,” Prog. Theor. Phys., vol. 123, pp. 867-886, 2010.
[Erratum: Prog.Theor.Phys. 126, 351-352 (2011)].

[133] J. Parry, D. S. Salopek, and J. M. Stewart, “Solving the Hamilton-Jacobi equation
for general relativity,” Phys. Rev. D, vol. 49, pp. 2872-2881, 1994.

[134] N. Deruelle and D. Langlois, “Long wavelength iteration of Einstein’s equations

near a space-time singularity,” Phys. Rev. D, vol. 52, pp. 2007-2019, 1995.

[135] Y. Nambu and A. Taruya, “Application of gradient expansion to inflationary uni-
verse,” Class. Quant. Grayv., vol. 13, pp. 705-714, 1996.

[136] O. Iguchi, H. Ishihara, and J. Soda, “Inhomogeneity of spatial curvature for in-
flation,” Phys. Rev. D, vol. 55, pp. 3337-3345, 1997.

[137] J. Soda, H. Ishihara, and O. Iguchi, “Hamilton-Jacobi equation for Brans-Dicke
theory and its long wavelength solution,” Prog. Theor. Phys., vol. 94, pp. 781—
794, 1995.

[138] S. M. Leach, M. Sasaki, D. Wands, and A. R. Liddle, “Enhancement of su-
perhorizon scale inflationary curvature perturbations,” Phys. Rev. D, vol. 64,
p. 023512, 2001.

[139] 1. M. Khalatnikov, A. Y. Kamenshchik, M. Martellini, and A. A. Starobinsky,
“Quasiisotropic solution of the Einstein equations near a cosmological singular-
ity for a two fluid cosmological model,” JCAP, vol. 03, p. 001, 2003.

[140] D. H. Lyth, K. A. Malik, and M. Sasaki, “A General proof of the conservation of
the curvature perturbation,” JCAP, vol. 05, p. 004, 2005.

[141] Y. Tanaka and M. Sasaki, “Gradient expansion approach to nonlinear superhori-
zon perturbations,” Prog. Theor. Phys., vol. 117, pp. 633-654, 2007.

[142] H. Kodama and T. Hamazaki, “Evolution of cosmological perturbations in the
long wavelength limit,” Phys. Rev. D, vol. 57, pp. 7177-7185, 1998.

[143] M. Sasaki and T. Tanaka, “Superhorizon scale dynamics of multiscalar inflation,”
Prog. Theor. Phys., vol. 99, pp. 763—782, 1998.

[144] M. O. Katanaev, “Killing vector fields and a homogeneous isotropic universe,’
Phys. Usp., vol. 59, no. 7, pp. 689-700, 2016.

126



[145] D. Artigas, J. Grain, and V. Vennin, “Hamiltonian formalism for cosmological
perturbations: the separate-universe approach,” JCAP, vol. 02, no. 02, p. 001,
2022.

[146] A. A. Starobinsky, “Dynamics of Phase Transition in the New Inflationary Uni-
verse Scenario and Generation of Perturbations,” Phys. Lett. B, vol. 117, pp. 175—
178, 1982.

[147] D. S. Salopek and J. R. Bond, “Nonlinear evolution of long wavelength metric
fluctuations in inflationary models,” Phys. Rev. D, vol. 42, pp. 3936-3962, 1990.

[148] M. Sasaki and E. D. Stewart, “A General analytic formula for the spectral in-
dex of the density perturbations produced during inflation,” Prog. Theor. Phys.,
vol. 95, pp. 71-78, 1996.

[149] D. H. Lyth and Y. Rodriguez, “The Inflationary prediction for primordial non-
Gaussianity,” Phys. Rev. Lett., vol. 95, p. 121302, 2005.

[150] N. S. Sugiyama, E. Komatsu, and T. Futamase, “0N formalism,” Phys. Rev. D,
vol. 87, no. 2, p. 023530, 2013.

[151] A. Abolhasani, H. Firouzjahi, A. Naruko, and M. Sasaki, Delta N Formalism in
Cosmological Perturbation Theory. 02 2019.

[152] A. Riotto, “Inflation and the theory of cosmological perturbations,” ICTP Lect.
Notes Ser., vol. 14, pp. 317—413, 2003.

[153] W. H. Kinney, “TASI Lectures on Inflation,” arXiv e-prints, p. arXiv:0902.1529,
Feb. 2009.

[154] D. Langlois, “Lectures on inflation and cosmological perturbations,” Lect. Notes
Phys., vol. 800, pp. 1-57, 2010.

[155] M. Dias, J. Frazer, and D. Seery, “Computing observables in curved multi-
field models of inflation—A guide (with code) to the transport method,” JCAP,
vol. 12, p. 030, 2015.

[156] M. Dias, J. Elliston, J. Frazer, D. Mulryne, and D. Seery, “The curvature pertur-
bation at second order,” JCAP, vol. 02, p. 040, 2015.

[157] J. Garriga, Y. Urakawa, and F. Vernizzi, “6 /N formalism from superpotential and
holography,” JCAP, vol. 02, p. 036, 2016.

[158] T. Matsuda, “Delta-N formalism for the evolution of the curvature perturbations
in generalized multi-field inflation,” Phys. Lett. B, vol. 682, pp. 163—170, 2009.

127



[159] V. Vennin and A. A. Starobinsky, “Correlation Functions in Stochastic Inflation,”
Eur. Phys. J. C, vol. 75, p. 413, 2015.

[160] S. Matarrese, L. Pilo, and R. Rollo, “AN formalism and conserved currents in
cosmology,” JCAP, vol. 04, p. 017, 2019.

[161] T. Suyama, Y. Watanabe, and M. Yamaguchi, “Fully non-linear equivalence of
delta N and covariant formalisms,” Phys. Rev. D, vol. 85, p. 083504, 2012.

[162] V. Atal, J. Garriga, and A. Marcos-Caballero, “Primordial black hole formation
with non-Gaussian curvature perturbations,” JCAP, vol. 09, p. 073, 2019.

[163] S. Hooshangi, M. H. Namjoo, and M. Noorbala, “Tail diversity from inflation,”
52023.

[164] A. A. Starobinsky, “STOCHASTIC DE SITTER (INFLATIONARY) STAGE IN
THE EARLY UNIVERSE,” Lect. Notes Phys., vol. 246, pp. 107-126, 1986.

[165] S. Clesse and J. Garcia-Bellido, “Massive Primordial Black Holes from Hybrid
Inflation as Dark Matter and the seeds of Galaxies,” Phys. Rev. D, vol. 92, no. 2,
p. 023524, 2015.

[166] Y. Tada and V. Vennin, “Statistics of coarse-grained cosmological fields in
stochastic inflation,” JCAP, vol. 02, no. 02, p. 021, 2022.

[167] Y. Nambu and M. Sasaki, “Stochastic Stage of an Inflationary Universe Model,”
Phys. Lett. B, vol. 205, pp. 441-446, 1988.

[168] Y. Nambu and M. Sasaki, “Stochastic approach to chaotic inflation and the dis-
tribution of universes,” Physics Letters B, vol. 219, no. 2, pp. 240-246, 1989.

[169] H.E. Kandrup, “STOCHASTIC INFLATION AS A TIME DEPENDENT RAN-
DOM WALK,” Phys. Rev. D, vol. 39, p. 2245, 1989.

[170] Y. Nambu, “Stochastic Dynamics of an Inflationary Model and Initial Distribu-
tion of Universes,” Prog. Theor. Phys., vol. 81, p. 1037, 1989.

[171] S. Mollerach, S. Matarrese, A. Ortolan, and F. Lucchin, “Stochastic inflation in
a simple two field model,” Phys. Rev. D, vol. 44, pp. 1670-1679, 1991.

[172] A.D. Linde, D. A. Linde, and A. Mezhlumian, “From the Big Bang theory to the
theory of a stationary universe,” Phys. Rev. D, vol. 49, pp. 1783-1826, 1994.

[173] H. Casini, R. Montemayor, and P. Sisterna, “Stochastic approach to inflation. 2.
Classicality, coarse graining and noises,” Phys. Rev. D, vol. 59, p. 063512, 1999.

128



[174] F. Finelli, G. Marozzi, A. A. Starobinsky, G. P. Vacca, and G. Venturi, “Genera-
tion of fluctuations during inflation: Comparison of stochastic and field-theoretic
approaches,” Phys. Rev. D, vol. 79, p. 044007, 2009.

[175] F. Finelli, G. Marozzi, A. A. Starobinsky, G. P. Vacca, and G. Venturi, “Stochastic
growth of quantum fluctuations during slow-roll inflation,” Phys. Rev. D, vol. 82,
p. 064020, 2010.

[176] H. Assadullahi, H. Firouzjahi, M. Noorbala, V. Vennin, and D. Wands, “Multiple
Fields in Stochastic Inflation,” JCAP, vol. 06, p. 043, 2016.

[177] C. Pattison, V. Vennin, H. Assadullahi, and D. Wands, “Quantum diffusion dur-
ing inflation and primordial black holes,” JCAP, vol. 10, p. 046, 2017.

[178] H. Firouzjahi, A. Nassiri-Rad, and M. Noorbala, “Stochastic Ultra Slow Roll
Inflation,” JCAP, vol. 01, p. 040, 2019.

[179] T. Prokopec and G. Rigopoulos, “AN and the stochastic conveyor belt of ultra
slow-roll inflation,” Phys. Rev. D, vol. 104, no. 8, p. 083505, 2021.

[180] F. Kuhnel and K. Freese, “On Stochastic Effects and Primordial Black-Hole For-
mation,” Eur. Phys. J. C, vol. 79, no. 11, p. 954, 2019.

[181] J. M. Ezquiaga, J. Garcia-Bellido, and V. Vennin, “The exponential tail of infla-
tionary fluctuations: consequences for primordial black holes,” JCAP, vol. 03,
p. 029, 2020.

[182] H. Firouzjahi, A. Nassiri-Rad, and M. Noorbala, “Stochastic nonattractor infla-
tion,” Phys. Rev. D, vol. 102, no. 12, p. 123504, 2020.

[183] G. Ballesteros, J. Rey, M. Taoso, and A. Urbano, “Stochastic inflationary dy-
namics beyond slow-roll and consequences for primordial black hole formation,”
JCAP, vol. 08, p. 043, 2020.

[184] C. Pattison, V. Vennin, D. Wands, and H. Assadullahi, “Ultra-slow-roll inflation
with quantum diffusion,” JCAP, vol. 04, p. 080, 2021.

[185] E. Tomberg, “Stochastic constant-roll inflation and primordial black holes,”
Phys. Rev. D, vol. 108, no. 4, p. 043502, 2023.

[186] S. S. Mishra, E. J. Copeland, and A. M. Green, “Primordial black holes and

stochastic inflation beyond slow roll: I — noise matrix elements,” 3 2023.

[187] K. Asadi, A. Nassiri-Rad, and H. Firouzjahi, “Stochastic Multiple Fields Infla-
tion: Diffusion Dominated Regime,” 4 2023.

129



[188] D. Cruces, C. Germani, and T. Prokopec, “Failure of the stochastic approach to
inflation beyond slow-roll,” JCAP, vol. 03, p. 048, 2019.

[189] D. Langlois and F. Vernizzi, “Evolution of non-linear cosmological perturba-
tions,” Phys. Rev. Lett., vol. 95, p. 091303, 2005.

[190] G. I. Rigopoulos and E. P. S. Shellard, “Non-linear inflationary perturbations,”
JCAP, vol. 10, p. 006, 2005.

[191] S. Winitzki and A. Vilenkin, “Effective noise in stochastic description of infla-
tion,” Phys. Rev. D, vol. 61, p. 084008, 2000.

[192] D. G. Figueroa, S. Raatikainen, S. Rasanen, and E. Tomberg, “Implications of
stochastic effects for primordial black hole production in ultra-slow-roll infla-
tion,” JCAP, vol. 05, no. 05, p. 027, 2022.

[193] Y.-i. Takamizu and T. Kobayashi, “Nonlinear superhorizon curvature perturba-
tion in generic single-field inflation,” PTEP, vol. 2013, no. 6, p. 063E03, 2013.

[194] Y.-i. Takamizu, S. Mukohyama, M. Sasaki, and Y. Tanaka, “Non-Gaussianity
of superhorizon curvature perturbations beyond N formalism,” JCAP, vol. 06,
p- 019, 2010.

[195] J. Wang, “Construction of the conserved ( via the effective action for perfect
fluids,” Annals Phys., vol. 362, pp. 223-238, 2015.

[196] L. P. Grishchuk and Y. V. Sidorov, “Squeezed quantum states of relic gravitons
and primordial density fluctuations,” Phys. Rev. D, vol. 42, pp. 3413-3421, 1990.

[197] C. Kiefer and D. Polarski, “Why do cosmological perturbations look classical to
us?,” Adv. Sci. Lett., vol. 2, pp. 164-173, 2009.

[198] K.E. Kunze, “Perturbations in stochastic inflation,” JCAP, vol. 07, p. 014, 2006.

[199] S. Clesse, “Hybrid inflation along waterfall trajectories,” Phys. Rev. D, vol. 83,
p. 063518, 2011.

[200] C. Gardiner, Handbook of stochastic methods for physics, chemistry, and the

natural sciences. Springer, 1985.

[201] L. Perreault Levasseur, “Lagrangian formulation of stochastic inflation:
Langevin equations, one-loop corrections and a proposed recursive approach,”
Phys. Rev. D, vol. 88, no. 8, p. 083537, 2013.

[202] L. Perreault Levasseur, V. Vennin, and R. Brandenberger, “Recursive Stochastic
Effects in Valley Hybrid Inflation,” Phys. Rev. D, vol. 88, p. 083538, 2013.

130



[203] L. Perreault Levasseur and E. McDonough, “Backreaction and Stochastic Effects
in Single Field Inflation,” Phys. Rev. D, vol. 91, no. 6, p. 063513, 2015.

[204] T. Fujita, M. Kawasaki, Y. Tada, and T. Takesako, “A new algorithm for calcu-
lating the curvature perturbations in stochastic inflation,” JCAP, vol. 12, p. 036,
2013.

[205] K. Ando and V. Vennin, “Power spectrum in stochastic inflation,” JCAP, vol. 04,
p. 057, 2021.

[206] P. Kloeden and E. Platen, Numerical Solution of Stochastic Differential Equa-
tions. Applications of mathematics : stochastic modelling and applied probabil-

ity, Springer, 1992.

[207] A. RoBler, “Runge—kutta methods for the strong approximation of solutions of
stochastic differential equations,” SIAM Journal on Numerical Analysis, vol. 48,
no. 3, pp. 922-952, 2010.

[208] K. Burrage, P. Burrage, D. J. Higham, P. E. Kloeden, and E. Platen, “Comment on
“numerical methods for stochastic differential equations”,” Phys. Rev. E, vol. 74,
p. 068701, Dec 2006.

131



	DCM_COVER
	tesi DIEGO CRUCES MATEO
	ABSTRACT
	RESUMEN
	ACKNOWLEDGEMENT
	LIST OF PUBLICATIONS
	LIST OF FIGURES
	LIST OF TABLES
	Introduction
	The Einstein-Hilbert action
	Arnowitt-Deser-Misner decomposition
	Beyond pure gravity
	The cosmological principle and the model of our universe.
	Initial conditions in the CDM model.
	Flatness problem
	Horizon problem.

	An early acceleration phase as a solution for the fine-tuning problems.

	Cosmological inflation
	Background evolution during inflation
	Cosmological perturbation theory.
	Scalar sector
	The Mukhanov-Sasaki equation
	Scalar power spectrum and spectral index
	The long-wavelength limit

	Vectorial sector
	Tensorial sector
	Beyond linear cosmological perturbation theory.
	Why should we go beyond linear cosmological perturbation theory?


	Gradient expansion.
	Naive leading order in gradient expansion.
	Symmetries in the long-wavelength limit
	Leading order in gradient expansion
	Role of the momentum constraint in gradient expansion.


	N formalism.
	N formalism in terms of inflation initial conditions

	Stochastic approach to inflation.
	Stochastic approach based on the naive leading order in gradient expansion.
	Stochastic formalism valid at all orders in SR parameters.
	Characterization of the noises
	Approximation for the noises and consequences.


	Stochastic approach vs N formalism.
	Numerical results.
	Numerical computation in linear perturbation theory
	Stochastic evolutions
	Numerical algorithm for the stochastic simulation

	Numerical results for a non-analytic potential.


	Conclusions
	Appendix Transition between Slow-Roll and Constant-Roll regimes
	REFERENCES



