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Abstract

This thesis embarks on a mathematical journey, delving into the depths of
probability theory and a comprehensive exploration of the Central Limit Theo-
rem (CLT). The study begins with fundamental concepts such as characteristic
functions and basic probability theory, continuing with the laws of large num-
bers. Afterwards, the narrative progresses to focus on various versions of the CLT.
Essential theorems, including De Moivre-Laplace’s, Lindeberg-Lévy’s, and Lya-
punov’s, are studied, offering insights into the universal significance of the CLT.
The journey concludes with a glimpse of the constraints of this impactful theo-
rem, including the convergence of the compound Poisson distribution. This work
contributes to a nuanced understanding of probability theory as well as serves as
a guide through the elegance and applicability of the CLT.

Notation: Looking for a concise text, the following notation has been used: i.e.
stands for "that is", r.v. means "random variable" and s.t. stands for "such that".

2020 Mathematics Subject Classification. 60F05, 60B10, 60E05, 60E10, 62H05, 62H10
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Preface

In the vast landscape of mathematics, probability theory emerges as a lens
through which uncertainty and randomness are explored. At the heart of this field
lies the Central Limit Theorem (CLT), a transformative concept with far-reaching
implications. This introduction sets the stage for our exploration, weaving a nar-
rative that transitions from foundational probability concepts to the intricacies of
convergence.

The Central Limit Theorem asserts that, under specific conditions, the distribu-
tion of the standardized sample mean converges to a standard normal distribution.
Remarkably, this convergence holds true even when the original variables exhibit
non-normal distributions. This theorem is crucial in probability theory, as it sig-
nifies that probabilistic and statistical methods that work for normal distributions
can be extended to tackle problems involving diverse distribution types.

Chapter 1 provides an immersive introduction to probability theory, laying the
groundwork for further discussions on the convergence of random variables. As
we deepen into the nuances of characteristic functions in Chapter 2, we set the
stage for a more advanced exploration of the CLT.

The Law of Large Numbers, unfolded in Chapter 3, introduces essential in-
equalities and theorems, preparing the stage for our in-depth exploration of weak
convergence in Chapter 4. Here, we search through finite measures, probabilities,
and convolutions, laying a profound foundation for comprehending the various
versions of the Central Limit Theorem explored in Chapter 5.

The latter chapter, the pinnacle of our journey, unravels classical theorems and
their multidimensional extensions, illustrating the universal significance of the
CLT. Essential theorems will be included, such as De Moivre-Laplace’s, Lindeberg-
Lévy’s, and Lyapunov’s. This intellectual voyage concludes with a glimpse of the
constraints and limitations of this impactful theorem, offering insights into the
convergence of the compound Poisson distribution.

As the pages turn, the intent is not merely to present theorems but to provide a
lens through which the significance and applicability of the CLT become apparent.
This journey, from the basics of probability to the intricate details of the CLT, aims
to provide a solid foundation for researchers, academics, and enthusiasts alike.

Before we embark on this journey, I extend gratitude to you, dear reader, for
dedicating your time and attention to this work. Allow me a moment of cheeri-
ness; a joke that encapsulates the essence of the CLT:

"Why did the data point throw a party for the Central Limit Theorem? Because it wanted
to show its friends that even in a wild and diverse crowd, when you gather enough of
them, they all tend to behave like normal distributions!”



Preface




Chapter 1

Introduction to probability and convergence

In this chapter, we will cover a concise introduction to the probability the-
ory. We will study fundamental concepts and connect them to the convergence
of random variables and see the most common ones. This chapter is very much
extracted from ([1], Chapter 7) and ([2], Chapter 9).

1.1 Introduction to probability theory

First of all, recall the next crucial theorem. The interpretation is that a push-
forward measure is defined by transferring a measure from one measurable space
to another one, using a measurable function.

Theorem 1.1.1. (Pushforward Measure Theorem). Let (X, A), (Y, B) be measurable
spaces, where A and B are o-algebras® on A and B, respectively, and let f : X — Y be
a measurable function. If y is a measure on (X, A), then the pushforward measure f,y is

(fe)(B) := u(f~1(B)), VB € B. (1.1.1)

Proof. The proof can be found in ([2], Proposition 6.9, Chapter 6). ]
Let (Q), A, P) be a probability space, where Q) is the sample space, A denotes

a o-algebra on () and P is a probability measure on ((), A). The probability of an
event B € A is defined by

P(B) ::/B dP(w):/Q]LB(aJ) dP(w). (1.1.2)

1A is a o-algebra on Q if it is a collection of subsets of () such that: Q € A, it is closed under
complementation and it is closed under countable unions. It is also known as o-field.

1



2 Introduction to probability and convergence

P satisfies summation to unity, i.e. P(Q2) = 1, and o-additivity. The union bound
(or Boole’s inequality) states thatif B; € A, I € {1,...,n} is a condition of events,

P (O Bl> < iP(B,). (1.1.3)
I=1 I=1

A random variable (r.v.) X is a real-valued measurable function on ((,.4), i.e.
X : () — R. Recall that X is called measurable if

X 1A):={we A: X(A) € A} C A,
for all Borel measurable subsets A € R, i.e. A € A(R). The law of X, Py, is
Px(B) := P(X"(B)), (1.1.4)

for every B € B(R), which is exactly the pushforward measure of P using X. The
distribution function F : R — [0,1] of X, F := Fx, is given by

F(t) := P{X < t}, (1.1.5)

for t € R. F must be non-decreasing, right-continuous, and the limits at infinity
such that limy_,_« F(x) = 0 and limy_,« F(x) = 1. Consider 4,b € R. A random
variable X has a probability density function f : R — R associated if

b
Pla<X<b)= / £(1) dt, (1.1.6)

for every a < b, then f = £F(t). f is non-negative everywhere and satisfies
integration to unity, i.e. [*2 f(x) = 1. If X is integrable, the expectation or mean
of X is

E(X) := /Q X(w) dP(w) = /R xPy (dx). (1.1.7)

X is integrable with relation to P if the previous integral is well-defined and finite.
If X has p'-order absolute moment, i.e. E(|X|P) < oo, the p'"-order moment of X
is E(XP), for p > 0. If E(X?) < o, the quantity E[(X — E(X))?] = E(X?) — [E(X)]?
is the variance. Let X,Y be r.v. on a probability space (), A, P). The Holder’s
Inequality states that for p,q > 1 such that % + % =1, then

1 1
[EIXY]] < (E[[X[P])7 (E[[Y]7])" (1.1.8)
The function t — P{|X| > t} is the tail of X and it can be estimated by:

Theorem 1.1.2. (Markov’s Inequality). Let X be a random variable with E(|X]|) < oo,
then

P{IX| > 1} < E(’tX’), VE > 0. (1.1.9)




1.2 Convergence of random variables 3

Proof. Observe that P{|X| > t} = E[lx;>y] and tlgx>y < |X]|. Therefore,
tP{’X’ > t} = tE[]l{|X\2t}] = E[t]l{|X\2t}] < E(|X|), as we wanted. n

Consequently, if p > 0, P{|X]| > t} = P{|X|? > t#} < t PE(|X]|?), for every
t > 0. If p = 2 this is called the Chebyshev’s inequality.

A random vector X = [X,..., X,]T is a collection of n r.v. on a probability
space (), A, P). The next definitions are similar to the univariant case. The joint
distribution function F of X is defined as

F(ty, ty) = P{X; < t,.., Xp < t}, t1,. ty € R. (1.1.10)

A random vector X has a joint probability density f : R" — [0, 1] if
P{X € D} = / F(ty oo t) dbyenddt, (1.1.11)
D

for every D € B(R). The expectation of X is E(X) = [E(X1), ..., E(X,)]" € R".
A collection of random variables Xj, ..., X;, is (stochastically) independent if
forall t,...,t, € R,

n
P{Xq <t Xu <t} =] [P{Xi < 1} (1.1.12)
=1

If they are independent r.v. with E(|X;|) < oo, for every | € {1,...,n} then they
satisfy that

E

n
[1x
=1

and if they also have a joint density function f, then f(t1,...,tn) = fi(t1)...f (tn),
where fi, ..., f, are the density functions of Xj, ..., X;;. A collection of independent
r.v. that all have the same distribution are independent identically distributed.

= ﬁE(Xl) (1.1.13)
1=1

Theorem 1.1.3. (Jensen’s inequality).: Let f : R" — R be a convex function and
X € R" be a random variable with E(|X|) < oo and E[|f(X)|] < oo, then

F(EIX]) < E[F(X)] (1.1.14)

Proof. The proof can be found in ([1], Theorem 7.9, Chapter 7). .

1.2 Convergence of random variables

Once the concept of random variables is introduced, it is only natural to con-
sider sequences of r.v, in particular their limit and convergence. Recall that if
{An,n > 1} is a sequence of events of A, then P {limsup, A,} > limsup, P(A,)
and P {liminf, A,} < liminf, P(A,).



4 Introduction to probability and convergence

Lemma 1.2.1. The Borel-Cantelli’s Lemmas state the following:
1) (First Borel-Cantelli’s Lemma). Let {A,,n > 1} be a sequence of events of A.
If Y01 P(An) < oo, then P {limsup, A,} = 0.
2) (Second Borel-Cantelli’s Lemma). Let {A,,n > 1} be a sequence of indepen-
dent events of A. If Y ;"1 P(Ay) = oo, then P {limsup, A,} = 1.
The next modes of convergence are the most common and important ones.

Definition 1.2.2. A sequence of r.v. {X,,, n > 1} converges almost surely (a.s.) to X if
there is a set N € A with probability zero s.t. limy e Xy(w) = X(w), YVw ¢ N. This
is denoted X, ~= X.

The a.s. convergence is the most similar to pointwise convergence of a se-
quence of functions. A useful tool might be the following.

Proposition 1.2.3. A sequence of r.v. {X,,n > 1} converges a.s. to X if and only if

lim Pisup |X, — X| <ep =1, Ve > 0. (1.2.1)
m—o00 n>m
Definition 1.2.4. A sequence of r.v. {X,,n > 1} converges in probability to X if

lim P{|X, - X| > e} =0, Ve > 0. (1.2.2)
n—oo

or, equivalently, lim, o P {| X, — X| < €} = 1. This is denoted X, 'S

The probability function is more relevant and measures how close or distant
the sequence of random variables and the possible limit r.v. are. For p € [1, 0],
define L?(Q), A, P) as the set of r.v. with finite pth—order moment.

Definition 1.2.5. Let {X,,n > 1} be a sequence of rv. of L¥(Q, A, P). This sequence
converges in LP-norm to a random variable X with finite p!"-order moment, if

lim E[|X, — X|'] =0. (1.2.3)

n—00

This is denoted X, —— X. If p = 1it is called convergence in mean and if p = 2 it is
named convergence in mean square.

Some relevant relations between convergences are the next ones.
Theorem 1.2.6. Let {X,,n > 1} be a sequence of r.v. Let X be a r.v. Then
1) If X, 2% X, as n — oo, then also X, L, X, as n — oo,
2) If X, LN X, as n — oo, then there exists a subsequence { Xy, k > 1} of random

variables such that converges almost surely to X, i.e. Xy, L5 X as k — oo,

Proposition 1.2.7. Let {X,,n > 1} be a sequence of r.v. such that X, N X, then
Xy i> X,as n — oo.



Chapter 2

Characteristic functions

In this chapter, we explore the use and properties of characteristic functions,
introduced by Paul-Lévy. This will be fundamental to simplify the analysis of the
Weak Convergence of probabilities (Chapter 4) and prove versions of the Central
Limit Theorem (Chapter 5). This chapter is essentially from ([2], Chapter 9).

Definition 2.0.1. Let u be a probability in R. The characteristic function of y is the
map ¢, : R — ©, defined by

Pu(t) := /Re”x u(dx) = /Rcos(tx) u(dx) +i/ sin(tx) u(dx). (2.0.1)

R

@y, is well-defined since the sine and cosine are continuous and bounded.

Definition 2.0.2. Let X be a random variable. The characteristic function of X is

ox(t) = /R ¢ Py (dx) = E(e™X). (2.0.2)

Definition 2.0.3. Let y be a probability in R". The characteristic function of y is the map
¢u : R" — C, defined by

Pu(t) = / ) e <t y(dx). (2.0.3)

The characteristic function of a random vector X = (X, ..., X;,) is the characteristic func-
tion of its distribution function.

2.1 Fundamental properties of characteristic functions
From now on, let i be a probability in R". The following properties are basic.

1)  Trivially, ¢,(0) = 1.



6 Characteristic functions
2)  |eu(t)| <1, for every t € R".
Proof. A consequence of the identity |e'</*>| = 1. .
3) ‘l’y(_t) = ﬁ"y(t)
Proof. Note that
pu(—t) = [ e p(dn) = [ & p(dn) = [ et p(d).
.
4) ¢, is a uniformly continuous function.
Proof. Consider s,t € R", then
0000 = a0 = | [ (@ =) )| < [ [ 1] e
Since |¢'<!=*> — 1| < 2 and the last integrand converges to 0 as [t —s| — 0,
by the Dominated Convergence Theorem, we get the desired result. .
5)  Let X be a random n-dimensional vector, A a m X n matrix, b € R™. Then,
Paxsn(t) = <t oy (A*t), Vt € R™, (2.1.1)
Proof. Observe that
Paxip(t) = E(ei<bAXHE>) = pi<tb>p (ol(ADXY — gi<tb> 0 (A*p).
.
6) (Fundamental property of injectivity). If y1 and p, are probabilities in R"

satisfying that ¢,, = ¢,,, then iy = po.

Proof. Assume n = 1. Observe the following. Fix an interval [—T, T], then by
the Stone-Weierstrass” Theorem, the finite linear combinations of e%, ke,
are dense in the set of continuous functions in [—T, T|. These combinations
form an algebra of functions. Therefore, we want to show that

./Rf Apn = /Rf dpiz, 2.12)
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for every real continuous function f with a compact image. Take € > 0 and
T > 0 satisfying that the image of f isin [—T,T| and also y;([—T,T]¢) < €
12([—T,T]¢) < e. By the previous observation, there exists a function

Z ajexp (

17Tk x

with a; € € and sup|, ¢ ‘f(x) — f(x)’ < €. By hypothesis,

/Rfdm:/Rfdm-

On the other hand, since f is periodic with period 2T, then

Iflee = sup [f(x)] <e+Ifll

xe[-T,T]
Consequently,
[orm [ g < | [ fam [ ]+ [ Fans [ s
R R R R
< e (([=T,T]) + u2([=T,T1)) +2€ (e + 2[| f]|0)
< 2¢(1+e+2[|fll),
and taking € — 0, we have proved (2.1.2). Finally, we are done.! ]

7) Let X = (Xj, ..., X)) be a random vector. The random variables Xy, ..., X,, are
independent if and only if gx(t1,...,tn) = @x,(t1)...¢x, (tn)-

Proof. Recall that Xj, ..., X,, are independent if and only if it is satisfied the
equality PoX™! = Po X! % ... x Po X; 1.2 Equivalently, using the Property
6), the corresponding characteristic functions must be equal. The character-
istic function of Po X! is ¢x(t1,...,tn) and of P o Xfl X ... x PoX;!is the
following

/n z<tX> (POX )(dxl)...(POXn—l)(an)

— (/Refflxl (PoXll)(dx1)> </Reifnxn (Poan)(dxn)>

= ¢x, (t1).-¢x, (tn),

which is exactly what we wanted. .

!Note that € > 0 is arbitrary.
2The used notation is reviewed in Chapter 1.
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8) If Xj, ..., X, are independent random variables, then
PXytt X, (£) = @3, () px,, (1) (2.1.3)

Proof. By hypothesis,

Xt x, (1) = E("XTX0)) = E(eX0) LE () = g, (1), (B).

2.2 Examples of characteristic functions
The following example will be crucial from now on.

1)  Standard Normal distribution: The characteristic function of a probability
with distribution N(0,1) is

_2

p(t) =e2. (2.2.1)

Let y be the standard normal distribution N(0,1). If a(t) = [, e cos(tx) dx
and B(t) = fRefTX2 sin(tx) dx, then

Pult) = (a(t) + iB(1)) ——.

V21
It is trivial that f(#) = 0. On the other hand, observe that
2
< |xle 2

of | _
ot

2
= ‘—x cos(tx)e 2

and also [ |x|efTX2 dx < oo. Note that «(t) is differentiable and applying
Integration by parts, then

o (t) = —/ xed sin(tx) dx
R

+oo 2
—/ e 2 tcos(tx) dx = —ta(t).
w JR

= [egz sin(tx)}

2

Since «(0) = /27, then a(t) = \/27‘[6%2. Finally, ¢(t) = e2, as we desired.

2)  Other interesting examples can be found in ([2], Chapter 9).



Chapter 3

Law of Large Numbers

Random events can be quite irregular and unpredictable. Nevertheless, stabil-
ity may be guaranteed when the same event is repeated several times, depending
on the hypothesis. In this chapter, we will study the behavior of the partial sum
Sp = Xj + ...+ X, of a sequence of independent r.v {X,,n > 1}. We will state
different versions of the Weak and Strong Law of Large Numbers. The versions
depend on the conditions of the r.v. {X,,n > 1}. We will also study previous
results such as Kolmogorov’s Inequalities and Kronecker’s Lemma, to complete
all the proofs. For a further analysis of the applications of the Laws of Large
Numbers, we suggest ([3], Chapter 10).

3.1 Weak Law of Large Numbers

The Weak Law of Large Numbers states that the average of many observations
will eventually be the population mean since the sample size can be increased.

Proposition 3.1.1. Let {X,,n > 1} be a sequence of independent and identically dis-
tributed random variables. Suppose E (X1) = p, E (X3) < co. Then,

Sn 2 . (3.1.1)

n n—oo

Proof. Observe that

|

where in the first equality we have used that

E <5> ~ e =B =g,

n n

S 2

?—V

1 1 e
= Var <S”> = —Var (Sy) = —Var (X1) =2,
n n n

and the other identities and basic properties of independent random variables. =

9



10 Law of Large Numbers

Corollary 3.1.2. With the same hypothesis, then % N .t

n—o00

Now we may study another result for convergence in probability.

Theorem 3.1.3. Let {X,,n > 1} be a sequence of independent random variables such
that there exists a sequence {by},~, /" oo that satisfies

(@) Y, P{|Xi|>by,} —0,asn— o0
(b) Z?:l hi%E |:|Xi’2 ]l{\Xi|§bn}:| — 0, asn — oo,
Then S”b;n”” N 0, as n — oo, where a, =Y 5 1 E [Xi]l{|x,v|gbn}]-

Proof. Define the sequence Yo, := X1 {1%;|<b} with 1 <j < n. Since {X,,,n > 1}
are independent r.v., then {Yn],, 1 < j < n} are too. Consider T, := 2}“:1 Yn],. First,
we want to see that if (a) is true, then P{S, # T,} = 0. Note that

n [ee]

P{S, #T,} <P {Yn]. # Xj, for some j € {1,...,n}}

<Y P{¥y #X;} = L P{IX] > b} — 0.
=1 =1

Secondly, we see that T”b—’n“” n_%; 0. By Chebyshev’s Inequality, for all € > 0,

Tn_an 1 2 1
P{ bn > 6} S %E |:|Tﬂ —[ln| i| = @Vﬂr(’rﬂ)
< S var(v,) < iE<Y2> —50, Ve >0
= ek o VT e =T ’ ’

where E [|Tn - anﬂ —E UT” - E(Tn)|2] = Var(T,) and E (Y,%j_) — 0, using (b).

Lastly, we show that if P{S, # T,} — 0 and % LN 0, then 5”b;“” oo
n—oo n n

Notice that

plion=n| S Vo pf|Snznl g Ly p STl s T,
bn bn bl’l
<pl|Tn—an P{S, £ T 0
< b, >eo+P{S, # n}n%—go .

IRemember that the L>-norm implies convergence in probability (Chapter 1).
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3.2 Kolmogorov’s Inequalities

Kolmogorov’s Inequalities provide a bound on the probability that the partial
sum S, surpasses some specified bound. We will see two Kolmogorov’s Inequali-
ties, which will be necessary to prove Kolmogorov’s Three-Series Theorem.?
Proposition 3.2.1. (First Kolmogorov’s Inequality). Let {X,,n > 1} be a sequence of
independent r.v., centered and with finite second-order moment, for all n > 1. Then,

(S
P max |Sj| > ep <7 (5) e >0, (3.2.1)
1<j<n €2

Proof. If n = 1, the statement is exactly Chebyshev’s Inequality.

Fix n > 1and € > 0, then My = Q, M; = max1§j§n|S]-| < ¢, for all
n > 1. Observe that M, C M,_1 C .. C M; C M. Consider the disjoint
sets Ay = M1 — My = {|Sj| < €,j =1,.,k—1,|S;| > €}. Therefore, define
A = Ui Ar = {maxi<j<, |Sj| > €}. We want to prove that P(A) < @, or,

equivalently, 02(S,) > €?P(A). Since X, are centered, then S, are too, and using
the definition of expectation,

02(S,) = E(82) > /A(Sn)zdP - kf%[qk(sn)zdp
(3.2.2)

_ Z/ (Sy — S+ S¢)2dP = Z/ [(Su — S¢) + Su]? dP.
k=17 Ak =17 Ak

Solving the square, then [(S, — Sk) + Sk]> = (Su — Sk)® + 2Sk(Sn — Sk) + S;. Ob-
serve that the first and the third values are always positive and the second one
satisfies the following

/A 2(Sy — S¢)SkdP = 2E[14,5¢(Su — S¢)] = 2E[14, Sk E[Su — Si] = 0,
k

using that 14, Sx and S,, — Sy are independent and also E[S, — S| = 0 since S, — S
are centered. Plugging it into (3.2.2) and omitting the first value, then

n n n
Y. / [(Sn— Sk) + S¢)?dP > Y / S2dP > * Y P(Ay) = €*P(A),
k=174 k=1 Ak k=1

where it has been used that S7 is greater than €® in Ay and the definition of A.
Finally, 0%(S,) > €2P(A), as we desired. .

2Remember the notation ¢?(X) := Var(X).
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Proposition 3.2.2. (Second Kolmogorov’s Inequality). Let {X,,,n > 1} be a sequence
of independent random variables such that E(|X,|) < oo,Vn > 1 and there exists a set
A > 0 such that |X,, — E[X,|| < Aas.,VYn > 1. Then,
(4e +2A)?
o2(Sn)
Proof. Let My = Q, My = {maxlgjgk |Sj| < e}, for every k > 1. Note that
M, C M1 C ... C M; C M. Consider also the disjoint sets Ay = My_1 — My =
{ISjl <e€j=1,.,k-1,[Sj| > e}. Notice My, 1 = My \ Agy1. Therefore, define
A = U1 A = {maxi<j<, |Sj| > €} = O\ M,,. Let X]’ = X; — E(X;), for every
j = 1, which are centered and [X}| = [X; — E(Xj)| < A3 Consider the partial sums

P { max \Sj] < e} < (3.2.3)

1<j<n

Sy =0, S;- = Z{(:l X;. Finally, ap = 0, 4y = ﬁ ka S; dP.* We want to prove

P(M,) < (45;25:1))2, equivalently, P(M,)c?(S,) < (4€ + 2A)?%. Consider:

I:——/ St —ap.q1)?dP = St —ap+ag —agq + Xo )2 dP =1, — I,
k+1( k+1 +1) . k\Ak+1( k + k+1)

(3.2.4)
where

L .= /M (Sl/c — Ak + ax — a1 + X,/H_l)z dP,
k

L= / (S{C—ak+ak—ak+1+X,’(+1)2 dP.
k1

The procedure will be to find a lower bound of I by finding a lower bound of
I and an upper bound of I,. Afterwards, we will arrive at the desired result by
operating. We will begin with an upper bound for I;. Notice the next inequalities,

, 1
|Sk - ak‘ = |5k — E(Sk) - m /Mk(Sk — E(Sk)) dP‘
<[~ E(50) ~ P e - E(S@)\ < IS +e
and
a5 — asa| = ’p(im [, (5= B0 P i [ (S~ E(San) dP\
1 1
- ‘P(Mk) /Mk(sk ~ E(50)dP - P(Mj41) /Mk+1 (S = E(Si) + X = E(Xk+1))dp‘

1 1
< \5am) /Mk(e— E(S0) 4P ~ prip— /Mk“(e—E(Sk) A dP‘

<e+e+ A=2+A.

3Since | X, — E[X,]| < A, then also E[| X, — E[X4]|?)] < A2, so X/, has bounded second-order
moment and therefore it is not necessary to remark it.
“Note that it is sufficient that P(M) > 0, otherwise the result is trivial.
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Plugging these into I, then
L< [ (8=l + k= anl + X )2 dP
Ak
< [ (S +e+2e+ A+ X AP < (de +247P(Ar),
k+1

where in the last step it has been used that |Sx| < € and |X] Jrl| < €, by definition,
and also [ At dP = P(Aj41). We will find now a lower bound for I;. Developing
the notable product,

([Sp — ai] + [ax — agsa] + Xp4q)?
= (Sk— @) + (@ + ag1)® + (Xir)® +2(Sg — ) (ax — ag11)
+2(Sk — @) g + 2(a — 1) Xi

and taking expectations, observe that
E[1m, (S — ax) (ax — ax11)] = (ax — ax11) /M St dP — P(My) /M SpdP=0;
k k
E[1m, (St — ) Xir1] = 0 E[In, (ax — a1) Xp 1] = 0

since X,’< are independent and centered, for all k > 1, by hypothesis. Substituting
all these in I; and using that (a; — aj1)? is positive, then

1>/ S — a2 dp / X!, )2 dP
1_'Mk(k ax) + Mk( k1)

=y (Sk — ax)* dP + P(My)o? (Xis1),
k

using that X] are independent and centered and therefore E[(X})?] = 0?(Xj11).
Plugging these inequalities in (3.2.4) and since —I, > —(4€ +2A)?P(Ax41), then

I= [ (S —aa)dP =1+ (~D)
My11
> ([, (5i= 002 4P ) + PMOP(Xer) — (de + 247°P (A1)
k

Taking sums, consider the series

n—1
Vo= L[ (S e dP = [ (Si-a)? ap
> 5 DM (Xear) — (de +24)P(Agy) (0:29)
k=0
> P(M,)0?(Su) — (4€ +2A)*P(A),
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using in the last step that P(M,,) < P(My), Vk € {1,..,n — 1} (by construction)
and the definition of A and S,. On the other hand, Y), is a telescoping series,
therefore Y, = |, M, (S! —ay,)? dP, since St = 0,a9 = 0. Operating, then

o= [ s EG0 ~ pragy f 0BG ap

(3.2.6)
< / (1Su| +€)? dP < 4€*P(M,,),
M,

using the bound found for I,. Finally, by (3.2.5) and (3.2.6),
4€’P(M,) > P(M,)0?(S,) — (4e +2A)*P(A),
equivalently and using that A = Q \ M,

P(M,)c?(S,) < 4€*P(M,,) + (4e +2A)*P(Q\ M,,)

<
< (4 +2A)?[P(M,) + P(Q\ M,)] = (4e +2A)2.

Finally, we can prove Kolmogorov’s Three-Series Theorem, which provides a
condition for the a.s. convergence of an infinite series of r.v.

Theorem 3.2.3. (Kolmogorov’s Three-Series Theorem). Let { X, n > 1} be a sequence
of independent r.v. Let the set A > 0 and the sequence Y,, = Xnﬂ{\xn\gA},Vn > 1. Then,
the series ), 1 X, converges a.s. if and only if the next three series also converge:

(a) Y1 P{|Xu| > A},
(b) Yo E(Ya),
() Yo g 02(Yy).

Proof. Suppose (a), (b), (c). To see the a.s. convergence of } > ; X, we will prove
the a.s. convergence of Y ;" (Y, — E(Yy)). Consider the set

A0 1)

m=1ng=1n=ng
i.e. for any m > 1, there is ngp > 1 s.t. for all n > ny, ’Z?:ngﬂ(yi — E(Yi))‘ < %
Consider M, := {max, <x<n | Tz, +1(Yi — E(Yi))

A {m<rten

n=ny n=ny

n

Y, (Yi—E(V)

i=np+1

}, then observe the inclusion:

=1
m

n

Y, (Yi—E(Y))

i=np+1
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Then taking probabilities,

Sl R Ul

By the First Kolmogorov’s Inequality,

n

Y, (N—E())| <

i:n0+1

(i, > 1} < ZEEsalli=EOD)
m

Therefore, considering the complement set,

1 k
P{Mng}z1—02 Y (Yi—E(Y)) | m?
m i=np+1 (327)

k
=1-m> Y oY),
i=np+1

for all m > 1, since Y, are independent and the variance of a constant is zero.
Taking limits and by (3.2.7), then

n

Y, (Yi—E()))| <

i=np+1

oA A

=r£5f:w£@wp{ () (

n=ngp

n

Y, (Yi—E(Y)| <

i:n0+1

k
> lim lim <1—m2 ) az(yi)> =1,

m—00 nyg—r o0 .
0 i=np+1

where Zf:no +10%(Y;) = 0, as ng — oo, since this series is convergent by hypothesis
(c).> As P(B) > 1, then P(B) = 1,. Finally, the series Yo" ;(Y, — E(Yy)) con-
verges a.s. Since Y, E(Y,) converges by (b), then } ;" ; Y, converges a.s. Since
Y1 P{|Xn| > A} converges by (1) and by definition of Y;,, then } ;> ; P{X,, # Y}
converges. By the First Borel-Cantelli’s Lemma, P{limsup,{X, # Y,}} =0, i.e.
{Xn,n > 1},{Yy,n > 1} differ in an infinite number of points. Since Y, Y,
converges a.s., then finally Y77 ; X,, converges a.s. too.

Suppose that ) _;” ; X, converges a.s. First, we prove (a) by contradiction. Let
A > 0, suppose Y ;1 P{|X,| > A} = co. By the Second Borel-Cantelli’s Lemma,
P{limsup,{|X,| > A}} = 1. Then }_;°; X,, does not converge, which contradicts
the hypothesis. Therefore Y ;. ; P{|X,| > A} = oo converges and (a) is correct.

5Note the limit is independent of .



16 Law of Large Numbers

Now we prove (c) by contradiction. Following the previous argument, ) ;> ; Y, is
convergent. By the Second Kolmogorov’s Inequality,

2
p{ max < 1} < &
no<k<n

;Z:no 0.2 (Yl> ’
using that |Y; — E(Y;)| < 2A, by hypothe51s and 0* (L, V) = b, 0*(Yi), by
independence of Y;,. Suppose Y/, ¢*(Y;) does not converge, then the previous

k
Y‘
i=ng+1

probability tends to 0, as n — oo, for all ng. Then the series } ;" ; Y}, is not a Cauchy
series, which is a contradiction with the convergence of Y/, ¢*(Y;). Finally,
Yo 02(Yy) Converges and (c) is proved Now we prove (b). By E(Y; — E(Y;)) =0,
then Y0, 02(Y; — E(Y;)) = Yoo 1 02(Y;) which is convergent as proved. By defini-
tion of variance and convergence, Y ;> ; Y; — E(Y;) is convergent a.s. Since } ;> ; Y;
is convergent, then finally Y5 ; 02(Y;) converges and (b) is proved. ° .

Another curious result for almost sure convergence is the following.

Proposition 3.2.4. Let {X,,,n > 1} be a sequence of independent and centered r.v, with
finite second-order moment. If o1 0%(X,) < oo, then Y01 X, is a.s. convergent.

Proof. Applying the First Kolmogorov’s Inequality to X, 11, ..., Xj; 1k, then

P{sup |Sy4j— Sm| > €} = hm P{sup |Sy4j— Sm| > €}

j>1 k—roo 1<]<k
< li }: )= fo ?(Xmsj
Hm 5 Y0 (Xy) = 3 1 (Ku)

j= j=1

where Y74 0% (Xt j) — 0. Finally, using basic properties of convergence in

probability and almost sure convergence, S, is almost sure convergent. ]

3.3 Kronecker’s Lemma

Kronecker’s Lemma is a result of the relationship between the convergence of
infinite sums and the convergence of sequences.

Lemma 3.3.1. (Kronecker’s Lemma). Consider {xn,n > 1}, {ay,n > 1} two se-
quences of real numbers such that 0 < a, / co. If Y3;° 1 7t converges, then

lim —Zx]—O

n—oo =

6Notice that the independence of {X;,n > 1},{Yy,n > 1} is used throughout the proof.
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Proof. Define the sequence ag = by =0, b, = Z;’:I %, for all n > 1. Therefore,
Xn = an (by —by—1), forall n > 1. Then,

1 2 1 2 1 n—1
— ) %= ) aibj=bj1) =bi—— ) bj(aj1 —ap).
n =1 n =1 n j=0

Define b, = lim, b,. We want to prove that

-1
lim 17 Z bi(aj11 — a;) = beo.

n—oo 4y
Observe that é ]” 9 (a]H aj) = 1. Therefore, for all n > m,
1 n—1 1 n—1
— ) bi(aja —a)) = beo| = | =} (bj = beo) (211 — 1)
n ]':0 n j=0
m—1 n—1
S ﬂ Z (b] — boo)(aj+1 — 11]‘) + ; Z (b] — boo)(a]'+1 — ll]') .
j=0 j=m

Fix € > 0, consider m such that ‘bj — boo| < ¢, forall j > m. Since aj;1 —a; > 0,
then the second part of the previous sum is bounded by e for this m. If €, m, then
1 =

. Z (aj+1—a;) — beo

lim sup <e

n—o0

4

using that é ;71:*01(19]- —beo)(aj41 — aj)‘ - 0. Taking € = 0, we are finally done.
[ ]

3.4 Strong Law of Large Numbers

To close this chapter, we will see three versions of the Strong Law of Large
Numbers, using Kronecker’s Lemma and other previous results.

Theorem 3.4.1. Let {X,, n > 1} be a sequence of independent random variables, centered
and with finite second-order moment Let {an,n > 1} be a sequence of real numbers, such
that 0 < a, S oo If Y0 1 7 X”) < 0o, then

Sn a.s.

— — 0. (3.4.1)

Ay N—o0

2
Proof. Observe that Y5 ; 02 (X”> =y, 2 (X" < oo, therefore ) ;> | 2 X“ is a.s.

convergent, using Proposztzon 3.2.4 applied to . By Kronecker’s Lemma (Lemma
3.3.1), then lim,,_,o - o 2] 1Xi =0, as. "
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Theorem 3.4.2. Let {X,,n > 1} be a sequence of uncorrelated random variables with
second-order moment bounded by a constant C, independent of n. Then,

Sn_E(Sn) ﬁ)

n n—oo

0.

Proof. Suppose that {X,,,n > 1} is centered, then {S,,n > 1} is too. First, we want
to prove that Sn%z 20, as n — oo. Fix € > 0, by the Chebyshev’s Inequality, then

1

5”2 }§ ! E[s? ]— 1 Var = 422Var ) < ——n’C= ¢

p{|%

7

ne? ne ne

where Var(S,2) = E(S%,), since S, are centered and Var(S,2) = 2" Var(X;), as
{Xy,n > 1} are uncorrelated and centered. Taking series, then

ad S > C
ZP{ = >€}§Zz<°°
n=1 n n=1 n-e
By the First Borel-Cantelli’s Lemma, P {lim sup,, { 5y

2
n2
S,2
n2

>e}}:0 Ve > 0, ie.

S
2% 0 and then ~% 22 0. Define D,, := maX,2 <k (n41y2 |Sk — Sy2|, we want

to prove that % 25 O, as n — co. By the Chebyshev’s Inequality, we have

D, 1 1 ., 4C
P{nz>e}gn4ezls[|Dny_ o (2n)’C = 5,

where the next result has been used in the last inequality

5 (n+1)2-1 1 n?+42n k 2
E(Du) <E| 8 Isi-sel| = Y B ( > xl>
1 1

k=n? ] k=n? =n2+
n2+42n k n242n n%42n
=Y Y EXH< Y Y C<(@n)’C<e.
k=n2 1=n2+1 k=n2? 1=n2+1

Then by the First Borel-Cantelli’s Lemma, P {lim sup,, {% > e}} =0, Ve > 0,

ie. Dy 2% 0. Since Si| = |Sk — S,z 4 Sp2| < Sk — S,2| +[S,2| < Dy +S,2], notice
there exists n, such that for k € [nz, (n+ 1)2),

|Sn2| + Dy,
k - n?
Finally, taking limits,
i 9 < g 1921500
n—00 n—00 n
almost surely. Equivalently, %(S”) 7%) 0, as we wanted. .
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We need one last previous result. The interpretation is that Y has finite first-
order moment if and only if the series Y, ; P{|Y| > n} is convergent.

Lemma 3.4.3. Let Y be a random variable, then it satisfies

- P{Y] > n} < E(IY]) <1+ Y P{IY| > n}. (342)

n=1 n=1

Proof. We will prove both inequalities. Firstly, observe that

Y P{Y|>n} =Y Y P{k<|Y| <k+1} =Y kP{k<Y <k+1}
n=1 n=1k=n k=1
— Y kP{k<|Y| <k+1) < / Y| dP = E(|Y]),
kgo { ‘ } k;) {k<|Y|<k+1} ‘ ‘

as we wanted. On the other hand, the second inequality is a consequence of

E([Y]) =k20/{

Y[ dP < Y P{|Y| >n}+1.
n

k<|Y|<k+1} —

Finally, we can prove Kolmogorov’s Strong Law of Large Numbers, where the
only hypothesis is that {X,,,n > 1} have finite first-order moment.”

Theorem 3.4.4. (Kolmogorov’s Strong Law of Large Numbers). Let {X,,n > 1} be
a sequence of i.i.d. random variables. Then
1) IfE(|X41]) < oo, then limy, e Sn—“

2) If E(|X;|) = oo, then limsup,, 18al = 4 oo, a5,

n

= E(X1), as.

Proof. The idea of this proof is to truncate the X, with zero values that are not
in the interval (—n,n) and then apply the Theorem 3.4.1. We will first prove 1).
Define the sequence Y,, = Xnl{|x,|<n}- By the previous Lemma 3.4.3., since the X,
are ii.d.,

Y P{X £ Y} < Y P{Xe >0} = Y P{IXy| > 0} < E(IX]) < oo,
n=1 n=1 n=1

By the First Borel-Cantelli’s Lemma, P {limsup, {X, # Y, }} = 0. Define the pre-
vious set as A := liminf, {X,, = Y, }. By definition, if w € A, there exists a ng(w)
s.t. forall n > ng, w € {X;, = Yy}, i.e. Xy(w) = Yy, (w). Then, on the set,

—

no(w)
Yiw)+ 1 Y (- X)),

i

S|
,mx

I
—_

% Xn:Xi(w) =

i=1 i

Il
—_

’Since the hypothesis is weaker, this is a stronger result than the previous ones.
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Therefore, it is enough to prove that

n

- EY —> E(Xy). (3.4.3)
nia
Equivalently, to prove (3.4.3) it is enough to show that

n

% Y (Y — E(Yi) =0, (3.4.4)

4 n—o0
i=1

since
E(Yn) = E[Xulyx,|<ny] = E[Xa1{1x,<m] —2 E(X1),

implies that
1 n
— E i — E Xl)
1’1 - n—o0
By Theorem 3.4.1 applied to the sequence {Y,, — E(Yy),n > 1}2 (3.4.4) is true if the

r.v. satisfy that Zn_ M

£

< o0. Using the hypothesis on X, and Y}, notice that
| = 1
=Y SEXaLx, <] = Lp
n=1 n=1
= 1

Z (X3 1<pxi<ny) = Y E [Xi 1< <ky) 2 72

k=1 n=k

| /\

E [XT1{jx,|<n}]

1
7

S
F

2
X0 |1 1< x| <k} p S2E(X]) <0

where in the second-to-last inequality it has been used the next bound
= 1 1 ® 1 1 1 _2

=< = —dx =+ <2
Lo Spt) et Etiei

Now (3.4.4) is proved and therefore the result 1). Finally, we prove 2). For any
constant K > 0,

3P = knp = Yo { Rt =) > HRAL

Define the previous set Bk := limsup, {|X,| > Kn}, for any K, then by the Second
Borel-Cantelli’s Lemma, P(Bg) = 1. Consider the set B := Nx_; Bk, then P(B) = 1.
By definition of B, observe that
’Sn‘+‘5n 1| ‘Sn‘+|5n—1’ > ‘Sn_sn—l‘ _ ’Xn’ > K
n n—1 n n n

for infinite n and for all K > 1, i.e. it is satisfied that |Sn—"| > % for infinite n. Finally,

\Sn\

lim sup,, = o0 in B, as we wanted to see. "

81Y, — E(Yy,),n > 1} are independent, centered and have finite second-order moment.



Chapter 4

Weak convergence of probability measures

Let {yn,n > 1} be a sequence of probability measures in R. The next question
may arise: when is it possible to say that p, converges to a probability p? The
quick definition is limy e« ptn(B) = p(B), for all B C B(RR), but this is not sufficient
in our studies. Consider a sequence {u,,n > 1} of discrete probabilities that
converges to a continuous probability u. This is not possible with the previous
definition, for instance, if A is a countable set equal to the support of all y,, then
un(A) =1, for every n, but u(A) = 0, which is a contradiction with the statement.

The next mode of convergence differs conceptually from the previously stud-
ied ones since it is defined on a sequence of probability measures. It is the weakest
type however, it is frequently used since it is used in the CLT. In this chapter, we
will begin studying the Weak convergence of probabilities and some criteria for it,
such as Paul-Lévy’s Continuity Theorem. Finally, we will focus on convolutions
of probability measures, which will be crucial for the next chapter. For further in-
formation regarding Weak convergence, we recommend ([4], Chapter 6). To review
the concept of probability measures and measures check ([4], Sections 1.2 and 2.1).

4.1 Weak convergence of finite measures

The terms weak convergence, convergence in law and convergence in distribu-
tion are often used interchangeably. We will define these concepts and study their
relation, as well as some similar results.

Definition 4.1.1. Let {p,,n > 1}, u be probability measures in R. This sequence
converges weakly to y if

tim [ £ () = [ F(x) () (4.1.1)

n—oo

21
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forall f € Cy(R).! This is denoted w — limy_copin = J.
The limit of , is unique, if exists. Note that if f = 1, then p,(R) —— u(R).

We will begin to study different criterion of weak convergence. The first one
is known as convergence in distribution and is in terms of distribution functions.

Theorem 4.1.2. A sequence of probability measures {p,,n > 1} converges weakly to a
probability u if and only if lim,_,. F,(x) = F(x), for every continuity point x € R of F,
where F, and F are the distribution functions of u, and p, respectively.

Proof. Assume that w — limy, e #n = p. Fix a continuity point x in F. Fix a real
number ¢ > 0, then consider the bounded and continuous functions

F0) = Lm0+ (1 257 L@

and
x-y 1

fg(y) = IL(foo,xfe} (]/) + c

(x—e€,x) (]/)

Define [ := liminf, o F,(x) and L := limsup, _, ., F,(x). Hence, note that

Fix—¢) = p((~oo,x—e)) < [ fodp = lim [ fo du,

n—o00

< liminf jtn((—oc0,x]) = I < L = limsup jtn((—oc0,x]) < lim/ £ duy
n " n JRr
= [ £ dp < pl(—oo,x+e]) = F(x+e),

ie. F(x —e) <1 <L < F(x+e¢), then taking € \, 0, | = L = F(x). Equivalently,
lim;, 0 Fu(x) = F(x), for every continuity point x of F, as we wanted.

Assume that lim,_,. F,(x) = F(x), for every continuity point x of F. Con-
sider f € Cy(R). Fix € > 0, there is a natural k such that u ((—k, k]) < €, since
Niey ((=k,k]¢) = @. Let a, b be continuity points of F with a < —k, b > k, ie.
[—k.k] C [a,b]. Then u ((a,b]¢) < €. Since f is uniformly continuous in [g, b], there
exists 6 > 0 such that: if x,y € [4,b] and |x —y| < 4, then |f(x) — f(y)| < e.
Decompose the interval (4,b] in a finite number of I; = (a;,b;], 1 < i < r, each
with length lower or equal to § and their endpoints are continuity points of F.
Therefore, we will first decompose (a,b] in intervals with lengths lower than %.

IThroughout this chapter, denote C;(R) the set of bounded and continuous functions f : R — R.
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Then in each one, we will take a continuity point of F. Observe that

’/ fpn— fdﬂl = fdpn + /,b]fdﬂn—/(ﬂ,b}cfdu—/(ﬂ’b]fdﬂ'

(a,b]¢
<| [ S [ S+ ilffdﬂn Z/fdu

Il (0, 55) + (0, 550) + 35| [ = [ 7]
(4.1.2)

By hypothesis,
pn((a,b]%) = Fu(a) +1 = Fa(b) —> F(a) +1 = F(b) = p((a, ).

We want to bound the last term of (4.1.2). Since f is uniformly continuous, then

e [ ] < | 7= ) dn -+ 170 o (1) = (1))

e (419
elp(h) -+ (1)) + Lfa) (1) — (1)

Remember that lim, s« pn(L;) = p(I), for any i € {1 < i < r}. Taking limits on
(4.1.2) and (4.1.3) as n — o0 and using the previous results, then

limnsup‘/Rf dptn —/Rf dﬂ' < 2[| flleopt((a, b]%)) + ;(26}4( i) +0)
€(2[|flleo +1).

Since € > 0 is arbitrary, take € close to 0 and finally, lim, [, f du, = [ fdu. =

4.2 Weak convergence of probabilities

In this section, we aim to prove two more criteria for weak convergence of
probabilities. First, we will need to define the weak compactness and tightness of
a family of probabilities and study some related results.

Definition 4.2.1. Let P be a family of probability measures in R. Then
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(a) P is relatively compact if every sequence with elements in P, has a subsequence
that converges weakly.

(b) P is tight if for all € > 0, there exists a > 0 such that y([—a,a]) < e, for every
newPp.

Notice that if P := {1, ..., ur } is finite, then P is tight, since

sup p([—n,n|°) < iw([—n,nr) — 0,
HeP i=1

as n — oo.

We aim now to prove the equivalence of the two previous concepts. We will
prove a more general case and consider functions with the image in [0, M].

Theorem 4.2.2. (Helly-Bray’s Theorem). Let {F,,n > 1} be a sequence of functions
F, : R — [0, M], increasing and right-continuous. Then, there exists another function
F:R — [0, M|, increasing and right-continuous and a subsequence F,, such that

limF, (x) = F(x), (4.2.1)
n
for all x € R continuity point of F.

Proof. First of all, we define the sequence F,,. Fix the set D := {x,,n > 1} in R.
We will use Cantor’s diagonal method to construct a subsequence {F,, (x;),k > 1}
that converges to a limit y;, for all j > 1. Since 0 < Fi(x1) < M, foralln > 1,
there exists a subsequence {F; ,(x1)} that converges to a limit y; € [0, M]. Since
0 < Fiu(x) < M, for all n > 1, there exists a subsequence {F,,(xy)} that
converges to a limit y, € [0, M]. In general, since 0 < Fy,(xy41) < M, for
all n > 1, there exists a subsequence {F,1,(Xy,+1)} that converges to a limit
Ym+1 € [0, M]. Consider now the diagonal sequence F,, (x) = Fix(x). Then, for
all x;j € D, Fy,(xj) = Fx(x;) is a partial sequence of {Fjx(xj),k > 1} for k > j,
satisfying limy, o Fy, (x;) = y;.

For better clarity, define the function Fp : D — [0, M], such that Fp(x;) := y;.
Fp satisfies that limy_,o Fy (x) = Fp(x), for all x € D. Notice that it is also
increasing: if x <y, F, (x) < F, (y), for every k > 1, then Fp(x) < Fp(y), since F
is increasing.

Secondly, we desire to define an increasing and right-continuous function as
F: R — [0, M]. Consider the function F : R — [0, M], defined by the infimum
F(x) :=inf{Fp(y) : y € D,y > x}. We see it satisfies the required properties:

e F is increasing: If x; < xp, then F(x1) = inf{Fp(y) : v € D,y > x1} <
inf{Fp(y) : v € D,y > x2} = F(x2), by the definition of Fp.
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¢ F is right-continuous: Consider the decreasing sequence {zpy,n > 1} to x.
Then F(z,) \, b > F(x). Suppose that b > F(x). By the definition of F(x),
there exists a yo € D, satisfying that yo > x and Fp(yo) > b. Then for n
sufficiently big, x < z, < yp and consequently, F(z,) < Fp(yo) < b, by
the definition of F(z,). Then b = lim, o F(z4) < Fp(yo) < b, which is a
contradiction. Therefore b = F(x).

Finally, we want to show that lim,_,« Fy (x) = F(x), for every continuity point x
of F. Consider a y € D such that y > x, where x is a continuity point of F. On one
hand,

Fp(x) = limksup F, (x) < limksup F..(y) = Fp(y)

and therefore,

limsup Fy, (x) < F(x). (4.2.2)
k

On the other hand, if ¥’ <y < x, y € D, then

lirr}{iannk(x) > 1iH}<iannk (y) = Fp(y) > F(x),

by the definition of F(x"). Since this is satisfied for every x’ < x and F is continu-
ous in x, then
lirr}(iannk(x) > F(x") > F(x). (4.2.3)

By (4.2.2) and (4.2.3), finally, lim, F,, (x) = F(x), as we wanted. .
Observations 4.2.3. Two consequences are the following:

1) A similar result can be formulated for functions F : R" — [0, M], right-
continuous and with non-negative rectangular increments.

2) In particular, taking M = 1, the Helly-Bray’s Theorem does not guaran-
tee, in general, that F is a distribution function, since it may not satisfy the
required conditions limy_, o F(x) = 0 and lim,_, F(x) = 1.

At last, we can prove two criteria for weak convergence. Firstly, we will see
a useful theorem, which guarantees the equivalence between weak compactness
and tightness of probabilities.

Theorem 4.2.4. (Prokhorov’s Theorem). Let P be a family of probabilities in R. Then,
P is tight if and only if it is relatively compacted.

Proof. Assume that P is tight. Consider a sequence {y,,n > 1} C P. Let F, be
the distribution function of i, for every n > 1. By Helly-Bray’s Theorem (Theorem
4.2.2), there exists a subsequence {F,  k > 1} such that lim; F, (x) = F(x), for
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every continuity point x of F, where the function F : R — [0, 1] is increasing and
right-continuous. Now we only need to show that
xgrng(x) =0; }1_%10 F(x)=1. (4.2.4)

Fix € > 0 and a > 0 such that y([—a,a]¢) <€, foralln > 1. Letb > aand c < —a
be continuity points of F. Then

Fo(b) = pn([—a,a]) >1—€

and
Ei(c) < pun([—a,a]%) <e.

Taking n — oo, F(b) > 1 —€ and F(c) < € and taking € close to 0, (4.2.4) is
satisfied. Finally, P is relatively compact, as we wanted.

Assume that P is relatively compact. We will prove P is tight by contradiction.
Suppose P is not tight. Then, there exists € > 0 such that for all n > 1, there
exists u, € P satisfying that p,([—n,n]°) > e. By hypothesis, there exists a
subsequence {j,,, k > 1} such that w — limy_,o pn, = p. Consider the function
f™(x) := [|x| = (m —1)]" A 1. For every ny > m,

0 < e < limsup py, ([—nk, 1)) < lirnsup/ " dpy, = / ™ du
k k R R
<u([-m+1,m-1]),
and taking m — oo, we get a contradiction. Therefore, P is tight, as we desired. =
Finally, we can study another criterion for weak convergence.

Theorem 4.2.5. Let {p,,n > 1} bea tight sequence of probabilities in R, such that all
convergent subsequences have the same limit p. Then, w — limy, e pn = p.

Proof. We will prove it by contradiction. Suppose that {p,,n > 1} does not
weakly converge to p. Then, there exists a function f € Cy(R) such that the
set { [ f dpn,n > 1} does not converge to [, f(x) dp(x), ie. there exists € > 0
and a subsequence {p,,, k > 1} such that

'/Rf dpn — /Rf dp’ > ¢, (4.2.5)

for all k > 1. By Prokhorov’s Theorem (Theorem 4.2.4), there exists a subsequence
{pnki,i > 1} of the weakly convergent sequence {p,  k > 1} and with limit p,
which is a contradiction with (4.2.5). Finally, w —lim, . pn = p, as we wanted. =
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At last, we can study the final criterion for weak convergence, which guaran-
tees the weak convergence in terms of the characteristic function. This is exactly
Paul-Lévy’s Continuity Theorem and it will be crucial for the next chapter. We
need a prior truncation inequality.

Proposition 4.2.6. (Truncation inequality). Let p be a probability in R and ¢ be its
respective characteristic function. Then, for every a > 0,

1/a (1—@(t)) dt > p{x: |x| > i} (4.2.6)

a.J—a

Proof. By Fubini’s Theorem and using that sinus is an odd function,

[a=eoya= [ ([ a-e pan) a
= 511/3 (/2(1 — cos(tx)) dt) p(dx)

B sin(ax)
= RZ (1 - (dx)

p

. sin(y))
>2 inf (1-— dx
 Alyl=2} ( y /{x: lax|>2} P( )

2
> plai x> o},

sin(y)

using in the last step that | ==

‘ < 1 and particularly

#‘ <Lifly>2

Theorem 4.2.7. (Paul-Lévy’s Continuity Theorem). Let {p,,n > 1} be a sequence of
probabilities in R and {¢,,n > 1} the sequence of its respective characteristic functions.
Therefore,

1) If pu converges weakly to a probability p as n — oo, then lim, . ¢ (t) = @(t),
for every t € R, where ¢ is the characteristic function of p.

2) Iflimy o @u(t) = @(t), where ¢ is the continuous function in t = 0, then ¢ is
the characteristic function of p and it is satisfied that w — limy,_co pn = p.

Proof. We will prove both statements. The first one 1) is trivial by the definition
of weak convergence and characteristic functions, since cos(tx) and sin(tx) are
bounded and continuous functions.

To prove the statement 2) we will need Proposition 4.2.6 and the Dominated
Convergence Theorem (which can be used since |¢,(f)| < 1). Therefore,

P {x: x| > i} < 1/_:(1—(/);1(1?)) dt

a
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and by hypothesis,

1fu—%mmu%1”a—¢mm

aJ—g n—o q J_,4

On the other hand, ¢ is continuous in t = 0 by hypothesis,
a

lim~ [ (1= g(t) dt = 2(1 — 9(0)) = 0.

a—04a J—q

Fix € > 0 and let 4 > 0 be such that 0 < %ffﬂ(l — @(t)) dt < 5. Taking ng > n,

then .
Pn ([—ii] > < Pu {x: x| > i} < Ell/aa(l—qvn(f)) dt

1 /2 €
gE[JLwM»W+§§e

For 1 < n < ny, there is a, > 0 such that p,([—a,,a,]¢) < €. Therefore, con-
sidering b = max{ay, ..., ay,, %}, it is satisfied that sup,, . ([—b, b]] < €. We have
proved that {y,,n > 1} is a tight sequence of probabilities in R. By the criterion
Theorem 4.2.5, to prove that w — lim,_,« p, = p, it is sufficient to show that all con-
vergent subsequences have the same limit p. Consider a subsequence {p,,,i > 1}
convergent to a probability named v. Using the first statement 1),

pult) = lim g, (1) = (),

implying that ¢ is the characteristic function of a probability denoted p := v and
also w — lim, . pn = p, since all the convergent subsequences have a limit p. =

4.3 Convolutions of probability measures

This section aims to introduce a new concept: convolutions of probability mea-
sures. We will begin with convolutions of measures, followed by convolutions of
probability measures and conclude with the distance between them. This will be
important to prove different versions of the Central Limit Theorem (Chapter 5).

4.3.1 Convolutions of measures

Throughout this section we will define M := {set of finite measures in R}. Con-
sider y1, 4o € M and B C B(R).

Definition 4.3.1. Let 1, yp be finite measures in R. The convolution of the measures
u1 and py is defined by

(m*yg@n:iéﬂﬂB—anum, (4.3.1)

where B— x := {y : y+ x € B} and p1(dx) = du;(x). This is denoted py * yy.
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We will study some properties of a convolution of two measures.

Proposition 4.3.2. The convolution py * yuy is a measure. Furthermore, the operation is
commutative, associative and has a neutral element.

Proof. First of all, we want to prove that the operation y * yi» is a measure. Define
themap T: R xR — R, T(x,y) := x +y. Then the preimage of T is given by
T~1(B) := {(x,y) : x +y € B}. The measure of the image is

0(B) i=(pr % 2) (T (B)) = [ Lroaayy A ) ()
= [ vy de @) = /R oy, )] dn) @32

= [ ma(B=y) d(v) = (1 % i2)(B)

Therefore, yy * p; is indeed a measure. We will check now the desired properties.
First, notice that py * po is commutative, i.e. pq * pp = up * p1. Note that if we
interchange 11 and yp in (4.3.2), we get v(B) = (p2 * p1)(B) = (p1 * pi2)(B), there-
fore the desired property is fulfilled. Secondly, we see that i1 * yy is associative,
ie. (p1*p2) * p3 = p* (p2 * p3). Consider the measures i, yp, y3s € M. By the
definition of convolution,

(1 * p2) * p3)( /Vs —x) d(p1 * p2)(x)

us(B — (x +y)) dpa(x)du2(y),

RxR

and

(1% (2 o)) (B) = [ (2 pa) (B = x) dja ()

= us(B — (x +y)) dpa(y)dpa (x),

RxR

then ((pq * p2) * pu3)(B) = (p1 * (u2 * u3))(B), as we wanted. Thirdly, there exists
a neutral element denoted by p.. Define the measure p(x) := L,—g, € M and
consider y € M. Observe that y(B) * u.(x) = u(B) and also

pe(x) #u(B) = [ w(B—x) dpelx) = [ pu(B) = (B).

4.3.2 Convolutions of probability measures

In this subsection, we want to discover what happens if we consider probability
measures instead of measures. We will define P := {set of probability measures}.
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Consider p1, p2 € P. Applying the definition of convolution of measures to the
probabilities p; and py, the convolution p; * p, is indeed a probability:

(p1* p2)( / p2(R—x) dpi(x / dpi(x) = p1(R) =1, (4.3.3)
since p;(R) =1, i = 1,2, by definition of probability. This is denoted p; * ps.

Now we wonder how to describe the distribution function, density and char-
acteristic function of p; * pp, knowing the respective functions of p; and p;.

Definition 4.3.3. Let F;, F, be the distribution functions of p1, p2, respectively. Let F be
the distribution function of the convolution py * py. F is defined by

F(x) := /R B(x —y) dF (y). (4.3.4)
F is the convolution of F; and F, i.e. F = F; x F,.
The equation (4.3.4) is the result of

F(x) = (pr#p2) (—o0,2]) = [ pal(=co,x=y)) dpr(y) = [ Bax—y) dR(),

where by definition F>(x —y) = pa2((—0c0,x — y]) and by notation dF; (y) = dp1(y).

Definition 4.3.4. Let p1, p2 be continuous probabilities and f1, f, their density functions,
respectively. Let f be the density function of the convolution p1 * pa. f is

= /ﬂ;fz(t ~NhY) dy. (4.3.5)
f is the convolution of f1 and fo, i.e. f = f1 * fo.

The equation (4.3.5) is a consequence of

F) = [ Rty dr) = [ |77 fte) de] ) ay

_/[/ fo(t—y dt}fl()dy /_w[/sz(t—wfl(y)dy

taking t = z +v.

Definition 4.3.5. Let ¢1, ¢ be the characteristic functions of p1, pa, respectively. The
characteristic function ¢y, «p, of the convolution py * p2 is Ppxp, = Pp, Pp,-

The definition is due to

Ppen(t) = [ d(prpa)(x) = [ ) dpi(x)apa(y)
= [ e dpi(x) [ e dpa(y) = 9 (g (1)

using that f(*t¥) = eitxeity,
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4.3.3 Distance of convolutions

We aim to define a distance and study its relation with weak convergence
and convolutions of probabilities. For any k > 1, define Cf := {f : R — R :
bounded, k-times differentiable and with continuous and bounded derivatives}.

Definition 4.3.6. The distance between two measures yu, v € M is defined by

4i(p,v) :=sup{] [ £ mlax) = [ fGx

Observe the distance decreases as k increases, i.e. dy > dp > d3 >

 fed, Zuf Hooél}
(4.3.6)

First, we state weak convergence in terms of the previous distance dj.

Proposition 4.3.7. Let {1, n > 1}, u be probability measures. Then, it is satisfied that
w 1) 2)
pn — p == Ik >1, di(pn, 1) 20 = Vk>1, d(pn, 1) — 0. (437)

Proof. We aim to prove both equivalences. We will start with 1). Suppose there is
k> 1, di(pn, 1) —2 0. If F is the distribution function of y, let x be a continuity
n—oo

point of F. Let f,(x),gx(x) € Cf be two sequences of functions such that

L) < fr(x) S 1o ppy
and

L gox—1) < 8n(X) < L(_o-
Notice that dy(py, 1) —2 0 implies that Jr f(x) dpn(x) — Jg f(x) du(x) and
f € CF satisfies that 2 o“ 9| <1, by definition. Observe that foralln >1,

(D) (o)) = [ty [

~ lim / $n djtn = lim inf / @ it

m—r00

<liminf [ 1(_o, dpm < limsup ]l( oo,x] AHm

m—00 R

m—»00
< hrn?joljp fu(x) dpm = nllg}x)/ fn dpim

—/fndy</]1 ot A= F<x+1>

Therefore, for every n > 1,

F <x — i) < liminf F,(x) < limsup F,(x) <F <X+ i)

m—»00 M—s00
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and taking limits as n — oo,

lianiorc}f Fu(x) = hfnnjolip Fu(x),
i.e. limy,—y00 Fyy(x) = F(x), for every x continuity point of F and by Theorem 4.1.2,
finally p, — u.

Suppose i, — pu. We want to see that there exists a k > 1 satisfying
d(pn, 1) — 0. Since d; > dy > ..., it is enough to prove dq(pin, i) v 0, ie.
take k = 1. Fix € > 0, then observe the disjoint union R = ;_;(au, b,], where
an, b, are the continuity points of F with b, —a, < ¢, for every n > 1.2 Define
Iy := (an, by]. Consider f € C, such that ||| + || f'[l < 1. Then

70 o)~ [ )t

:‘/Rﬂx)dyn(acwgfakwk X f@)pn(h) — [ ) )

[ (0 @) diat) + L [ (Flae) — £(2) dt

; if(ak) n (1) — (1)

(4.3.8)
<Z F @) dpo(x +Z/|fak )] dy(x)

+kE (@] [n (Ti) = 1 (L)
=1
< k;/[e djin(x) +;§1/1k€ () + 1 () = (1)

< 2e+:_i‘i |pn (Ie) — p(Ix) |

The second-to-last inequality is a consequence of the following. Taylor’s expansion
is f(x) = f(ax) + R(«), where R(a) = f'(a)(x —ax) and « € (ay, x). Recall that
| f(«)]|l <1and |x —ag| < €, therefore

f(x) = fa)| = [R(a)| < [If"(a)lloo]x —ax| <.
Also || flleos [| 'l < 1, due to || flle + || f'|lc < 1. Taking the supremum on f in

(4.3.8),
sup,{‘/f ) dpn(x /f ) dp(x

fec,

} < 26%—:.21 n (Ik) — (L) -

ZNote that the discontinuity points of F;, might be countable, finite or non-existent.
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Since f satisfies || f||c + || /|| < 1, the left-side corresponds to dq (pn, #). We need
to see that the right side tends to 0. We want to bound Y3 1 [un (L) — u(Li) |2

Y [ (1) — 1) =2 [a(B) — # (0] — Y [pnl) — (5]
! o k=1 (43.9)
=23 (1)~ p(IT
i[]/‘n(lk Z,Mn L) — iy(lk) =1-1=0.
k=1 k=1

Define g, (x) := 2%, [un (L) — u(L)]" 13 k+1) (%), then it is fulfilled the equality
Yoo (L) — ()| = [ &n(x) dx, by (4.3.9). Observe that g, (x) —0 for every

x € R, since i, — . On the other hand,

Y 20t (I L iy ()| = ().

k=1

lgn(x)] <

Lebesgue’s Dominated Convergence Theorem can be applied to g since

/Rg(x) dx = iZyn(Ik) =2< oo,
: k=1

therefore

lim /Rgn(x) dx = /]Rg(x) dx =0,

n—oo

which implies that (4.3.9) tends to 0, by definition of g, i.e.

ki n(l) — (1) = 2 ki nl) — (L)1 — 0.
—1 -1

{Vf ) dpn (x /f ) du(x

and taking € close to 0, we are done.

Now we want to prove 2). It is a one-line proof since the forward implication
is a consequence of the property d; > d> > ... and the reverse implication is trivial.
Finally, we are done. ]

Finally,

}—>2€

n—oo

The last result of this chapter gives a bound of the defined distance in terms of
convolutions of probabilities.

SRecall that |A| = 2A* — A, for every set A.
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Proposition 4.3.8. Let y, ..., Pn, U1, ..., Uy € P be finite probability measures. Then,

n

< Y di(pi, i), (4.3.10)

i=1
where p 1= py * ... % Py, U= U1 *..%x 0, € P.

Proof. We will do the proof by induction. First, we show that the statement holds
for n = 2. Consider the probability measures 1, 2, v1,v2 € P. By the triangular
inequality and definition of dj,

di(p1 * pp, v1 * U2) —sup{’/f d(p * p2)( /f d(vy * v)(x)

feck
= sup {| [ #6000 (i) = [ 5Gx-+) do et
§;2£{'Af(x+y) dﬂl(x)dVZ(y)_/]Rﬂx‘f‘y) dm(x)dvz(y)}

+| [ 76w dia@dealy) - [ F5-+y) dor(dento)|

—sup {| [ ([ 16 +9) ) ~ dealw)) dpan(o

feck

T / (/ f(x+y) (d]/l1(X)—dU1(x))> dUz(y)‘}

< [ sup {| [ £6r ) (@) doa(s))) ()

Rfeck

|

+ fsup {| [ 50 (@ = o) |}

feCk
= di(p1,v1) + di(p2, 02).

The induction step consists of proving the statement for n + 1, if it is true for
n. Consider the probability measures pj, ..., #n, Hn+1, V1, .., Un, Unt1 € P. Denote
Jo= H1 k. % Py, U= U1 % ... x 0, € P. By assumption, di(p,v) < Y di(pi, vi),
therefore it is fulfilled that

die(p* pug1, 0% Uny1) < die(p,0) + die(png1, Uny1)
n+1

<Y di(pi, vi) + dx(png1, vag1) = Y di(pi, vi),
iz i=1

using the base case in the first step. Finally, the statement is proved. .



Chapter 5

Central Limit Theorem

The Central Limit Theorem (CLT) states that the distribution of a normalized
version of the sample mean converges to a standard normal distribution, as the
sample size becomes larger. The convergence is weak and the assumption is that
all samples are independent, identical in size, and have a finite second-order mo-
ment, regardless of the population’s actual distribution.

The theorem has faced many changes from classical to modern probability the-
ory. We will go through the principal variants of the CLT, such as their differences,
interpretations and historical prominence. For in-depth learning of the normal
distribution and its applicability, we suggest ([5], Chapter 4) and ([6], Chapter 5).

5.1 De Moivre-Laplace’s Theorem

We will start with the de Moivre-Laplace’s, which is a particular case. Its first
appearance was in the second edition of The Doctrine of Chances (1738), by Abraham
de Moivre. The interpretation is that the normal distribution can approximate the
normal distribution. Let Xj, ..., X,, be independent r.v. Let £(Xj), ..., £(X}) be their
respective distribution functions. Denote S, := Y} ; X;. Then

L(Sy) = L(X1) * ... x L(Xy), (5.1.1)

due to the independence of {X;,i > 1}. On the other hand, if X; ~ N(0,0?), for
every i € {1,..,n} and 0 = Y ! ; 07, then

N(0,0%) = N(0,0%) *...x N(0,02). (5.1.2)

Proposition 5.1.1. Let Xy, ..., X,, be independent r.v, centered and bounded by C (i.e.
|X;| < Cas. foreveryi € {1,...,n}). Denote 0> = E(X?) and 0> = Y}, 2. Then,

d3(L(S,),N(0,0?)) < Cazé (1 + \/§> : (5.1.3)

35
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Proof. Using the equations (5.1.1) and (5.1.2) and Proposition 4.3.8, then

d3(L(Sn), N(0,6%)) < Y ds(L(x:), N(0,07)). (5.1.4)

-

Il
—_

Denote Y; ~ N(0,02) for alli € {1,..,n} and Y ~ N(0,0?). Consider f € Cf such
that || flco + | f'[lec + [|f" |0 + || /"' |lec < 1. Taylor’s Development around x = 0 is

Fla) = £0) + £+ L0021 2 ),

3

Denote R(x) := % f (a) with |[R(a)| < [[f"(«)]|cc < 1 and &« between 0 and x.
Considering the random variables X; ans Y; and w € (), then

FXi(w)) = £0) + £/0)X(w) + LD x2w) + R(T(@)),

FO(@)) = £(0) + £ OYi(w) + T2 w) + R(T'(@)),

where |R(T(w))|, |R(T'(w))| < 1, and also T(w) is between 0 and X;(w), and
T'(w) is between 0 and Y;(w). Taking expectations on f(X;) and f(Y;),

2 3 w
ELf(x0) = £(0) + g (0) 4 R
2 3 "(w
ELF0)] = £(0) + G £(0) + D]
Therefore,
Elf(Xi) - f(Yi)] = %E[X?R(T(w)) = YR(T'(w))] (5.1.5)
Applying the definition of d3 and taking absolute values on (5.1.5), then
ds(X;, Yi) < %(EHXiP‘R(T(w))H +E[YiP’[R(T"(w))]]) < %(E[IXz’P] +E[[Yi]),

(5.1.6)
using |R(T(w))], |R(T'(w))| < 1. Notice that E(|X;|*) < CE(|X;|?) = Co? and also

2 o 112 407 \/§ 8
%) = 3 Y V= 20 2o 28 < /S ce?
E(P) = s [y eXp< 201_2)@ L RNy

since {X;,i € {1,...,n}} are bounded a.s. by C and Y; ~ N(0,0?), by hypothesis.
Plugging these into (5.1.6),

ds(L(X:),N(0,02)) < % (c:a,? + \/ic:a}) _ % (1 + \E) o2
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Finally, substituting this in (5.1.4),
= (C 8 C 8
2)) < = IV ) 2 o2
d3(L(Sx),N(0,07)) < ;:1 (6 (1 + n) (71> g (1 + ﬂ) o

Now we can prove the first Central Limit Theorem in history.

Theorem 5.1.2. (De Moivre-Laplace’s Theorem). Let {X,,n > 1} be a sequence of
independent random variables with X; ~ Bernoulli(p). Then,

n o —_—
Lia XiThp @ N 1), (5.1.7)
np(1—p) ">
Proof. Let X3, ..., X;; be independent r.v with X; ~ Bernoulli(p). LetY; := \/%,
for every i € {1, ..., n}. Note that Y; are independent r.v, centered and bounded by
V| = ‘ Xi—p ' < max(p,1—p) _
np(1—p) np(1—p)

Denote 02 = E(Y?), then
o? = Var Xi—p _ Var(Xi) 1
1 np(1—p)) np(l—p) n
Define S, := Y, \/Xf*” = L X ith 02 =y 02 = Y7, 1 = 1. Finally,

np(l-p)  /np(1-p)
by Proposition 5.1.1, then

1 8\ max(p,q)

5.2 Lindeberg-Lévy’s CLT

Now we will study the classical and most common CLT. It was independently
developed by Paul Lévy and Harald Cramér in the 1920s. This theorem provides
the conditions for which the distribution of a normalized version of the sample
mean converges to a standard normal distribution, as the sample size increases.

Theorem 5.2.1. (Lindeberg-Lévy’s CLT). Let {X,,,n > 1} be a sequence of independent
and identically distributed rv. with finite second-order moment. Let m = E(X;) and
02 = Var(X;), for every i € {1,...,n}. Denote S, := X1 + ... + Xy, then

S, —nm
——— — N(0,1). 5.2.1
e N 521)
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Proof. Define the random variable Y,, := 5 \/”J”, for n > 1. Observe that E(Y,,) =0
and 0?(Y,) = E(Y?) = 1. Compute the characteristic function of Y, if t € R, then

o ()| < o (B2
—E [expi (lé X{;\;;) t] = (E [expi <X;\;ﬁm) t])n = (pa(1)",

where g, is the characteristic function of the r.v. }((71\;%" Observe that ¢,(0) = 1. ¢y,

is two times differentiable with continuous derivatives, since E(|X;|?) < co. Then,

(o) = iE (T2
) o[ 5]
1

In particular at t = 0, ¢, (0) = —.. Taylor’s Expansion applied to the function
@n(t) around t = 0 is

t2 2

on(t) = 1= o+ 593 (68) — ¢ (0)], (522)

where || < 1. Therefore,

ng, (0t) — ¢,(0)] = —nE (X;\;ﬁm>2 <eXp <1t9Xaf > N 1)] (5.2.3)

_ _%E [(X1 —m)? (eXP (”9 o/ > B 1” '

Notice that

'(X1 — m)? (exp <it9X;\;ﬁm) - 1) ' < 2|X; — ml?

X1 —m
. 2 . 1 —
nlgrolo(Xl—m) (exp (ztf) o )—1) =0.

Applying the Dominated Convergence Theorem to the last expression in (5.2.3),

and

ngn (0t) — ¢,(0)] — 0.

n—00
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Plugging this into (5.2.2), then

lim (gu(£))" = e %, Vi € R.

n—oo

By the Paul-Lévy’s Continuity Theorem (Theorem 4.2.7), the sequence {Y,,n > 1}
converges weakly to a r.v. with distribution N(0,1).!

5.3 Lindeberg’s Theorem

We will focus on a stronger version of the CLT. This was published by Jarl
Waldemar Lindeberg in 1920. The Lindeberg’s Condition is a sufficient condition
for the CLT to hold. We will study the definition of a triangular family, following
with the Lindeberg’s CLT and the Feller’s Theorem.

Definition 5.3.1. A triangular family is a sequence {Xy;, 1 < j < ky,ky / 0o}, where
the rows are independent random variables.

Theorem 5.3.2. (Lindeberg’s CLT). Let {Xn].,l < j < kykn / oo} be a triangular
family with centered random variables. If it is satisfied that

@ L E(X) — o2,
(b) (Lindeberg’s Condition). Z;.(’;l E[X%j]]'{|xnj‘>(s}] - 0, for every 6 > 0.

Then,
Sui=Y_ Xy == N(0,0%). (5.3.1)

nj
n—oo

Proof. Define the r.v. Xno = Xnjlyx, |<s}- Denote Sns = Z;-il X6 and also
;1<

0’5/ 5= 2}‘;1 (72(an,5). We want to see that the next terms tend to 0 as n — oo,

dS(‘C(Sn)rN(Or UZ)) < dS('C(Sn)/ 'C(Sn,é - E[Sn,é]))

d5(£(Sus — EISa]), N(0,02,5)) + ds (N(0,02,), N(0,02)).
(5.3.2)
We will start with d3(N(0, (7315), N(0,0?)) —0. Note that

n—oo

° (Xn]- - X’Vlj,(s)z = X%J - X%j,& = X%j]l{|xnj‘>§}’

o 02(S,) — 02(Sus) > 0,

2
INote that e~ 7 is the characteristic function of a N (0,1) variable (Chapter 2).
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L E(an) =0= E[Xn]'ﬂ{\anKtS}] + E[X”jlﬂxnjbé}]’ by definition of an. Taking
squares, (E(X,,5))* = (E[an,éﬂ{\xnj|§5}])2 = (E[an,zs]l{|xnj\>5}])2-
Hence, for every 6 > 0,

ky

B

1n

0 < 02(S,) = %(Sus) = 3 E(X3) = ) ElXuy5 — (X, )]
i=1 i=1
kn ] : kn
=) (E(X2) = ElXus — EXn)?) = - (E(X3) — E(X] ) + [E(X o))
j=1 j=1
kn

2 2 a 2
(E[Xn]-ﬂ{xnjba}] + [E[anﬂﬂxnjbs}ﬂ <2 Z; E[Xi Lyx, [>ey] = 0
]:

Il
—_

j

by hypothesis b), i.e. lim,_,e0(0?(Sy) — 0%(Sus)) = 0. Since limy e 55 = o2,
d3(N(0,0’5,5),N(0,0’2)) —2 0. Secondly, we see d3(L(S,), L(Sys — E[Sy ])) — 0

We will show that S, — (S, 5 — E[S,5]) — 0. Using that E(S,,) =0,
E[(Sn — (Sus — E[Sns]))?] = E[((Sn = Sus) — E[Sn — Sus))?] = *(Su — Sus)

- (i(xnf > iaz — Xu5) < i E[(X; — X”f/5)2]

=1 =1 k=1
kn )
= : EXi Lyx, 1>6) =2 0,

by b). At last, we prove that d3(L(S,s — E[Sys]), N(0,0;, 2) - 0. Observe that

Il
—

® Sn,& - E(Sn,é) = Z;(l] Xn]-,(S - E(Xn]-,(S),
* | Xujs = E(Xu0)| < [Xn 6| + [E(Xn8)| < 29,
hd O'Z(Sn/(s — E(Snlg)) = 0’5,5.

Therefore, by Proposition 5.1.1,

1 /8
ds(L(Sys — E(Sn,(;)),N(O,ai(s)) < A (l + 7r> 05,525.
Since lim; oo 0,%,5 =0?, taking limits on n — oo, then
d3(L(Sns — E(Sns)), N(O, (7 )) -1+ 026 — 0.
6 P 5—0

Plugging the three limits in (5.3.2), finally, d3(£(S,), N(0,0?)) — 0, as we wanted.
n [ee]

2Note that in (5.3.3) we are taking the limit on § — 0.
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We will now study the reciprocal result: the Feller’s Theorem. This provides a
way to prove the Lindeberg’s Condition, based on infinitesimal triangular families.

Definition 5.3.3. A triangular family {X,,,1 < j <ky,k, /* oo} is infinitesimal if
lim max P{|Xy| >¢€} =0, Ve > 0. (5.3.3)

n—o01<j<k,

Corollary 5.3.4. Let {Xn]., 1<j<kyky, 7 oo} bea triangular family. If Xn]. satisfies
the Lindeberg’s Condition, then X, is an infinitesimal triangular family.

Proof. By hypothesis, Z;.‘il E[X,%j]l{‘ X,1].|>e}] - 0, for every € > 0. Notice that

B

n

kn
E[Xn] (1%, sep] > € ;P{]an| >e} > € 1r§r}e§1>,§nP{!an! > e} >0.

I
—_

j
Therefore,
l1msupEE (X2 Lx, ‘>€}] > €? hmsup max P{|Xn | >¢e} >0.
n—oo  j—1 <j<
Putting everything together, max;<j<g, P{[Xy,| > €} — 0, as we wanted. .
T n—oo

Theorem 5.3.5. (Feller’s Theorem). Let {Xn]., 1<j<kyk, 7 oo} bean infinitesimal
triangular family with centered random variables such that:

() U'Z(Sn) - Z;fll E(X,%j) n:z o2,
(b) Su = iy Xuy =5 N(0,0%).

Then, Xy, satisfies the Lindeberg’s Condition.
Proof. The proof will consist of two parts. At the first part, we will show that

le
> El X[ Tx, 5] 2.0, (5.3.4)
j=1

for every € > 0. Therefore, we will be able to see that for every € > 0,

kn
Z; P{|Xy| > €} — 0. (5.3.5)
]:
At the second part, we will prove the Lindeberg’s Condition. First, we see (5.3.4).
Let  be a measure in R such that |17| is integrable. By the Jensen’s Inequality,®

1
Jor 2 T dn() 53.6)

3The Jensen’s Inequality is reviewed in Chapter 1.
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Applying (5.3.6) to the distribution of | X, 1?1 {1X,.|>¢}, then
]

/ Ik |an| ﬂ{\xn|>e}>

2 1
equivalently, E [xilpﬂ{xnjbe}] E[|Xy2Lx, =" = VI = 1. Applying the

1

2 -1
TR, L% e | 2 ENXn Pl e ™
]

Schwarz’s Inequality in the first step, then

| 2
2 2 2 2
E {|an|]l{|xnj>e}} < (E 1% PLgx, 0] (E {ﬂﬂxnjbe}])

< (E[1%0 P10, 100 ) (PUX1 > 1) 1

Applying the previous inequalities,

N =

1
1 2
’an‘zﬂ{anlx}]

1 1
2 Z
E (1 1, o | < E (130 PLi, ] (PUIX > €))

1

2 1
and using the inequality (E [X:/Pﬂ{xnj%}}) < (éP{\Xn/] > e}) *, then

E (1% 113, |>e}] E[1% P gx, ey PAIXe | > €}

m\r—\m

E(| Xy, 2 )@gn P{|Xy;| > €}.
Taking sums on j and applying the hypothesis (a), then

1
El1Xu 111, 1)) < Ry P{|Xy;| > G}ZE | X, [?) —2 0,

M»

Il
—_

j j=1

since also Xy, is an infinitesimal triangular family. Finally, (5.3.4) is proved. We

have also seen (5.3.5), by the definition of E [|Xn]. |1 { Xn-‘>€}i| and using (5.3.4). Now
]
we can prove the second part. Fix 6 > 0, then define X,, 5 := Xy 1{|x, |<s}- Then,
S

denote S, 5 = Z] 1 X8 and E(S,s) = Z " E(X, ) On one hand, we will prove
Sps— E(Sus) %o N(0,0?). (5.3.7)
On the other hand, define 0?2 := liminf,, o 2 " E(X2 ). Therefore, we will prove

Sns— E(Sus) ,Hioé N(0,02). (5.3.8)
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Proving (5.3.7) and (5 3.8) and using the unicity of the limit in weak convergence,
we will have 07 = ¢?. Since | X, 12 ﬂ{\xn >0} = X — Xfl](s,

ks kn
ZE [[an| 1yx,. |>5}} = ZE | X, |%) Z (1Xu,5%)-

j=1 j=1 j=1

Then,

0 < limsup ZE |:’Xn]| Lyix,. >5}}

n—oo ]'_
le
<hmsupZE(|Xn > —hmsupZE<|Xn]5| ) 0?02 =0,
n—o0 ]‘_1 n—oo j_

ie. lim, . 2;.21 E [|an‘2]1 (X |> 5}} = 0. Finally, the Lindeberg’s Condition is
]
satisfied. If we prove (5.3.7) and (5.3.8), we will be done. Note that

P{|Sns — Sul > €} < P{Sus # Su} < P{|Xy;| >4, for some j € {1,...ky}}

kn
<Y P{Xu| > 6} —0,
j=1

applying (5.3.5) in the limit and also

k n

[E(Sns)l = ZE {Xﬂ,l{lx \>5}] < ZE [Xn]ﬂ{\xn |>5}}

Ky
];E XL, 1<) ‘

where the last term tends to 0 as n — oo by (5.3.4). Therefore,

Sns — E(Suns) = Sns — Su+ S — E(Sng) — 0+ N(0, o?) +0 = N(0,0?).

We prove (5.3.8). If (7(? = liminf, Z;-(ll E(szzj, 5), then there exists a subsequence

Z;{i"l E(X%,-,é) -2 0'(%. Construct {Xn].’5 — E(Xn].,(s), 1<j<mn, ky, /* co}. We want
to show it satisfies both hypotheses in the Lindeberg’s Theorem:

(@) 0*(Sus) = Sy E(XZ ;) — [E(X )2 — 02,

(b) 2;11 E [‘an,d - E(Xn]-,d)yzlﬂanbe}} — 0.

Then, S, 5 — E(Sus) — N (0,02), as we wanted. First, we see a). Applying (5.3.4),

=~
ﬁ"

i

(E[Xn 1 (1x, [>0)])? <Y (1%, Lg%, [1])* =2, 0.

n—00
j=1

Il
—

A
‘N.Ms‘
o

=1 j
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Then,
kni kni k”i
Y (E(G,) = [E(X00)F) = LERK,0) = LIE o) 0 +0 = of.
F= = =

Now, we see b). Notice that
€ €
(X5~ E(X0)| > €} € {|Xnal > S} € {1%] > 5},

since ;»11 |E(Xn;,5)] — 0, when |E(X,,5)| < 5. Finally, using (5.3.5),

K,
0 < Y E | X5~ E(X00) PLijx, £t 0051
j=1
K, K,
< (2672 Y P{| X0 — E(X0)| > €} < (20) ZP {1%] > = } — 0.
j=1 =1

5.4 Lyapunov’s Theorem

In this section, we will study a generalized variation of the CLT, which is
named after Aleksandr Lyapunov. It is also a sufficient condition for the CLT.

Theorem 5.4.1. (Lyapunov’s Theorem). Let { Xy, 1 < j < ky, kn /" 0o} be a triangular
family of centered random variables satisfying that

@) T E(XG) =2 o,

(b) (Lyapunov’s Condition). There is a 6 > 0, such that Z;‘;l E(| X, [*1) — 0.
n—oo

Then,
kn
X, —2 N(0,c ) (5.4.1)

1 " o0
]:

Proof. We will show that the Lyapunov’s Condition implies the Lindeberg’s Con-
dition and we will be done. Notice that for every € > 0, then

ky kn kn
YE (1% 2] 2 VB [1X Py, o] 2 @Y E 1% L, 0] 2
j=1 j=1 j=1

By hypothesis b) Z;-(ll E(| Xy, [*1) —2.0 and e is fixed, then E[| Xy, [*1{x, |se}] = 0
n—oo ]

i.e. the Lindeberg’s Condition is satisfied, as we wanted. "

Observation 5.4.2. If the Lyapunov’s CLT holds, then the Lindeberg’s CLT also

holds. However, the reverse is not always true. Consequently, the Lyapunov’s CLT
is stronger, although it is harder to check since it involves higher-order moments.
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5.5 Multidimensional CLT

It might be interesting studying the multidimensional version of the classical
CLT (Subsection 5.2), since it is often used in Statistics. We will state and proof the
multidimensional CLT.* The next result is a theorem-definition.?

Theorem 5.5.1. Let m € R" and A be a n X n non-negative symmetric matrix. There is
a probability in R" named the multivariate normal distribution and with

@(t) :=exp (zt m— Et At) , (5.5.1)
for every t € R". This probability is denoted N (m, \).

Proof. Let C be an orthogonal matrix s.t CAC* = D, where D is a diagonal ma-
trix. Let Ay,..., A, be the elements of the principal diagonal of D. These are the
eigenvalues of A and so non-negative, by hypothesis. Then, A = C*DC. Let
Y = (Y1,...,Yn), where all the components are independent and have N(0, A;) if
Ai#0orY; =0if A; =0, for every i € {1,...,n}. Notice that

n
exp (i Z th]->
j=1

Consider X := C*Y + m. Consequently, the characteristic function of X is exactly

Q)Y(t) :=E

n
1.2 1
— | |e—§t] )LJ — e_ft*Dt.
j=1

ox(t) == eit*m(pY(Ct) _ it mp=3(CH*DCt _ jit*m—3t* At
L}

We see now the main properties of the Multidimensional Normal Distribution.

1)  LetX ~ N(m,A) and C be orthogonal s.t A = C*DC. Then, Y := C(X —m)
has independent components with N (0, A;) if A; # 0 or equal to 0 if A; = 0.

Proof. A consequence of Proposition 5.5.1 and

. 1
gy (1) :==¢" "M x(C*t) = exp(—it*Cm + it*Cm — S1*CAC’).

2) Let X ~ N(m,A), where m, A are the vector of means and the matrix of
variances and covariances of X, respectively.

4The same notation will be used throughout this section.
5A theorem-definition combines the role of a definition and of a theorem at the same time.
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Proof. Check that E(X) = C*E(Y) + m = m and also

E[(X —m)(X — m)*] = E[C*YY*C] = C*DC = A,

Let X ~ N(m,A) and n-dimensional. Let A be a r x n matrix. Then, the
random vector AX has distribution N(Am, AAA*).

Proof. For every t € R', it is a consequence of
1
pax(t) :=px(A™t) = exp <it*Am - 2(A*t)*A(A*t)>

— exp (it*(Am) _ ét*(AAA*)t) .

In particular, every random vector (Xj,, ..., Xj,) with m < n has a normal
distribution and also every linear combination )" ; 4;X; does. Reciprocally,
if X = (Xq, ..., Xn) is s.t every linear combination }_' ; 4;X; is normal, then X
has a normal multidimensional distribution.

Proof. Since E(et'X) = gpx(1) = e~ 27 ("X HEWEX) then E(#*X) = t*E(X) and
o?(£°X) := E[[t*(X = E(X))]] = E[(+"(X — E(X))((X = E(X))"t] = t"At.

Therefore, X ~ N(m, A), with m := E(X) and A := E[(X —m)(X —m)*]. =

Let X = (Xj,..., X)) ~ N(m,A). The independence of the r.v Xj,..., X, is
equivalent to the matrix A being diagonal, i.e Xj, ..., X;; are uncorrelated.

Proof. 1If Xj, ..., X, are independent, then Cov(X;, Xj) = 0, for every i # j.
Reciprocally, if A is a diagonal matrix and Ay, ..., A, denote the components
of the diagonal, then

ox(t) == Qitm I Heltm] A

2

= ﬁ(PX ()
=1

If A is an invertible (or non-singular) matrix (i.e. det(A) > 0), then the
normal distribution N(m, A) is non-degenerate.
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Proof. By hypothesis, A; > 0, for every i € {1,...,n}. Define ¢(y) := C*'y +
m = x. Since X := ¢(Y), °

f( ) fY “(P |7 H\/me

=[(2m)" det(A)]’? exp <—;(x —m)* A (x — m)> ,

using that y*D~ 1y = (x — m)*C*(x —m) = (x — m)* A~ (x — m) and also
|]€0(y)‘ = |d8tc*| = 1/ /\1---An = det(A) -

On the other hand, if A is a singular matrix, then N(m, A) is degenerate.

Proof. Assume that the rang of A is ¥ < n. Let Ay,..., A, be the non-zero
eigenvalues of A. Therefore, ;11 = ... = Y, = 0 and the random vector
Z = (Y3, ..., Y;) has an r-dimensional non-degenerate normal distribution. =

Finally, we can study the multidimensional CLT. The theorem states that sums
converge to a multivariate normal distribution as the sample increases.

Theorem 5.5.2. (Multidimensional CLT). Let {X,,n > 1} be a sequence of random
vectors k-dimensional, independent and identically distributed. Let S, := X1 + ... + X.
Suppose that the components of Xy have finite second-order moment. Denote m := E(X7)
and A := E[(X; —m)(Xq — m)*|. Then,

Sp—nm w

v - N(0,A). (5.5.2)

Proof. Define the random vector Y, := S”*% Fix t € R, then {#*X,,,n > 1} is
a sequence of independent and identically distributed random variables. Their
mean is E(+*X,,) = t*m and their variance is

a2(t*Xy) = E[t*(Xy — m)(Xy —m)*t] = t*At.
Applying the Lévy-Lindeberg’s CLT (Theorem 5.2.1), then

1

'Y, = —
n \/ﬁ

n
Y X — nt*m] —5 N(0,t*At).
].:1 n—oo

Therefore,

— 1At

Py, (1) = E["] = pry, (1) = onoran(D) =e 2" = pna)(t),

for every t € Rk, i.e. the characteristic function of Y, converges to the character-

istic function of the normal distribution N (0, A). Finally, by the multidimensional

version of the Paul-Lévy’s Continuity Theorem (Theorem 4.2.7), Y, %) N(0O,A). =
n—oo

6The transformation of random variable’s formula is applied to X.
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5.6 Convergence of the compound Poisson distribution

In this section, we aim to consider sequences where the underlying distribution
of the r.v. does not meet the hypothesis of the CLT. For instance, sequences with
distributions that do not have finite variance, such as the Cauchy distribution. In
particular, we will focus on the compound Poisson distribution.

Definition 5.6.1. Let y be a finite measure in R. The compound Poisson distribution
is given by

Poiss(u)(B) := e *(R) i l/‘*k*'ﬂ(m/ (5.6.1)

for every B € B(R). It is denoted by Poiss(p) and the first term will be d1qy (B).
Proposition 5.6.2. The compound Poisson distribution is a probability.

Proof. First of all, note that Poiss(u)(B) > 0, for every B € B(R). Secondly,
observe that Poiss(¢) (@) = 0 and also

Poiss () (R) = =4 3~ K5 BB _ ey g~ (HR)T )

|
k=0 k! k=0

Finally, we show that the function is o-additive. Take A € B(R) with A = 2, A;
where A; are pairwise disjoint sets. By the additivity of convolution of measures,

Poiss()(A) = e MRy Vi/(f‘) — B Y Y #—f(A)
k=0 K k=0i=0 k!
Z Z Br-*R4) V Z Poiss(u

i=0

We will now see that the sum of a sequence of r.v. with a Poisson distribution
is exactly a compound Poisson distribution.

Proposition 5.6.3. Let {X,,n > 1} be a sequence of independent and identically dis-
tributed r.v such that X; ~ v, for every i € {1,...,n}. Let N be a random variable such
that N ~ Poiss(\) and N is independent to X;, for every i € {1, ..., n}. Then,

S .=

M=

I
—

X; ~ Poiss(p), (5.6.2)

where y := Av and v is a probability. In particular, if also N = 0, then S = 0.
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Proof. Consider B € B(R). Hence, using in the last equality y(R) = Av(R) = A
and Afv % .. x v = (Av) * ... x (Av),

P{SeB} = P{ine} ZP{ZXEB N—k}
I;iop{ XZEB}P{N k}_ZP{ZXeB};

2 V% ) % ..k )
AZT _ MR ZP‘ V

it

=
o

Now we may compute the characteristic function of the compound Poisson.

Proposition 5.6.4. The characteristic function of the compound Poisson S is

ps(t) = exp ( [ @ = 1) dutx >) (563

Proof. By the definition of conditional expectation,” then
Proiss() (£) = E(¢"°) = E[E(e"|N)] Z P{N = k}E(e"*|N = k)
0 k
Z i [e (itle)
k=0 i=1
p ( [ =1) du,
R

using that Agx (t) = A [ €™ dx = [i e™ dy(x) in the last equality. .

»‘>

k
- z;o”;(ﬁox(t))k = exp(—A + Agx(t))

I
©

We will see some basic properties of the compound Poisson before the final
result.

Proposition 5.6.5. Let {1, n > 1}, u be probability measures. Then, it is satisfied that

1) If uy % 1, then also Poiss(py) % Poiss(u).

2) Poiss(p) = Poiss(p1) * ... x Poiss(py), where y = Y_I' 1 W;.

3) Sup e [Poiss (1) (A) — u(A)] < (u(R —0))%

"The concept of conditional expectation can be reviewed in ([4], Chapter 6).
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Proof. We will begin proving 1). Since py, ﬁ u, then u,(R) — u(R) and
@u, (t) — @u(t), for every t € R. Hence,

Prisiun (1) = exp ([ (€7 =1) dpn(3) ) = exp(u, (1) = ()
—2 P(@u(t) = p(R)) = Proiss(y) (1)-

n—o0

Now we will show 2). Note that

(PPoz‘SS(y)(t) = exp (/R( e 1) du(x )) exp </R(eitx —1) d;%‘(@)
= exp (é /]R(eitx -1) dyi(x)> = !jT](PPOZ’SSHi(t)

Let A € B(R). First of all, we want to prove both inequalities to prove 3).
Since this will be shown for every A € B(R), then taking the supremum of A,
SUP 4cB(R |Pozss(y)(A) —u(A)| < (u(R —0))2 Observe the following. Let v be
a measure st v(A) = p(A) — pu({0})d40}(A). Note that v = pr_(g,. Assume
v(R) = € > 0, then also (u(R — {0}))? = (v(R))? = €. Furthermore, note that
1= J(R) = o(R) + p({013j0)(A) = e+ u({0}), ie. p({0}) = 1-e. Con-
sequently, u(A) = v(A) + (1 —€)d;3(A). We will first suppose the inequality
Poiss(u)(A) —u(A) > 0. Applying the previous observation, then

0 < Poiss(p)(A) — p(A) < Poiss(v)(A) — v(A) — (1 —€)d0y(A)

_ i) (i vk'v<A> > — 0(A) — (1 - )80y (4)

k=0
= <5{0} )+ Z V.. %0 A)> —v(A)—(1- 6)5{0}(A) (5.6.4)
< (6_6 -1+ 6)5{0}(14) + (6_6 — 1)U(A) +e € i Z{
k=2 """
= (6_6 -1+ 6)(5{0}(14) + (6_6 - 1)U(A) +e ¢ ( 3 ;J'( — 6) .
k=1""

Let f(x) =e *—1+xs.t f(0) =0and f'(x) =e*+1 >0, then f is increasing
and taking x =€ > 0,e7“—1+4+€ > 0,ie. € > 1—e €. Applying in (5.6.4) that
the first term is positive and suppressing the second term since e7¢ —1 < 0 and
v(A) > 0, then

0 < Poiss(v)(A) —v(A) — (1 —€)dp3(A) <e “—1+e+e (e —1+e¢)
<e ¢ —l4+e+l—e“—€ec“=€(l—e°) < é?,
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as we wanted. On the other hand, suppose (u(A) — Poiss(y(A))) < 0. Similarly,

0<v(A)+(1—€)dy(A) —e© <5{o}(A) +v(A) +ki U*;:U(A)>
=2 .

< (1—e ) o(A) + (1 —e—e )5y (A) —e® i M,:U(A)
k=2 '

< (1—e9v(A) <ev(R) < €,

applying in the second-to-last inequality that (1 —e — e ¢) < 0 and the last term
is also negative. Finally, we are done. ]

The compound Poisson is used to approximate random variables of a sum of
random variables that are almost always different to 0. At last, we are able to
relate a serie of a compound Poisson to the distribution of a sum of r.v.

Proposition 5.6.6. Let X1, ..., X, be independent random variables. Define S, := Y ' 1 X;
and € = P{Xy # 0}. Then,

sup
AeB(R)

Poiss <.n1£(XZ‘)> (A) — L(Sy)(A)

1=

n
<Y e (5.6.5)
i=1

Proof. We will do the prove by induction. First of all, applying the property 2) of
Proposition 5.6.5, then

sup |Poiss (i ﬁ(XJ) (A) — L(Sy)(A)
AeB(R) i=1
= sup |Poiss(L(X1)) *...* Poiss(L(X,))(A) — L(X1) * ... x L(X1)(A)].
AeB(R)

We want to prove that

sup |Poiss(L(X1)) * ... % Poiss(L(Xn))(A) — L(X7) * ... x L(X1)(A)|
AeB(R)
" (5.6.6)
<) sup [Poiss(L(X;))(A) — L(X;)(A))]-
i=1 AeB(R)

Now we show that the statement holds for n = 2. Note that®

Zy= sup |Poiss(L(X1)+ L(X2))(A) — L(X1 + X2)(A)]
AeB(R)

= ‘/R /R 1a(x +y) dPoiss(L(X1))(x)dPoiss(L(X2))(y)

_/]R/]R]lA(x—i—y) d(L(X1))(x)d(L(X2))(y)|-

8Note that since we are taking the supremum in A € B(R), it is the same to consider either the
indicator 14_,(y) or 1 4(y).
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Continue with
Zy = ‘/ [ La(x +y)(dPoissL(X2)(y) — dﬁ(Xz)(y))] dPoissL(X1)(x)
_ /R [/R L1a(x+y)(dPoissL(Xq)(x) — d[,(Xl)(x))} dPoissE(Xz)(y)’

- /R Az‘;&) { /]R La(x +y)|dPoiss£(X2)(y) — dL(X2)(y)| dPoissL’(Xl)(x)}

S { [ 1+ placx) ) —dpoiss<c<x1>><x>r} 4L(X2)(¥)

S/RAEZP {/ La(y \dPozssﬁ(Xz)(y)—dﬁ(Xz)(y)]dPoissﬁ(Xl)(x)}

# [ sup { [ 1aWIL00) ()~ droiss(£(x0)) ()]} ALK

R AcB(R)
Finally, integrating,

sup [Poiss(L(X1) + L(X2))(A) — L(X1 + X2)(A)|

AeB(R)
< sup |Poiss(L(X2))(A) — L(X2)(A)|+ sup |L(X1)(A)— Poiss(L(X1))(A)].
AeB(R) AeB(R)

The induction step consists of proving (5.6.6), which is done following the same
arguments. Applying the property 3) from Proposition 5.6.5, then

sup
AeB(R)

Poiss <Z£ ) (A)— L(Sy)(A)

i=1

<)) sup [Poiss(£(X,))(A) ~ L(X)(A))] < Y IL(X)(R - )
i=1 AeB(R) i=1

(P{X #0})? Ze

In conclusion, although the CLT is a core theorem in probability theory and
many other fields, it is important to recognize the limitations and conditions under
which it holds. For instance, r.v. with infinite variance and distributions that
deviate from the normality. Hence, in this case, it might be more appropriate to
use alternative methods and distributions. With this theme, a new extensive work
could begin, but we will leave it for another time.
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