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Abstract

The aim of this thesis is to study some expansions of the Nilpotent minimum logic (denoted
by NML), focusing on their lattices of axiomatic and finitary extensions and, additionally,
exploring the structural completeness of these logics, alongside their variants (active struc-
tural completeness, passive structural completeness, ...).

The project includes research about the rational Nilpotent minimum logic (designated by
RNML), which is obtained by adding rational constants to the language of NML. More-
over, we also study the A-core fuzzy logic obtained by expanding the language of NML with
the Baaz Delta connective and examine the impact of the incorporation of rational constants
to the language of this logic (which is equivalent to the addition of the Baaz Delta connective
to RNML).

The thesis culminates with the corresponding analysis of an extension of the later logic
which is obtained by introducing bookkeeping axioms for the A operator, motivated by the
aim for the algebra of constants to form a subalgebra.

In the project, through comparative analysis, the differences and similarities between the
lattices of axiomatic and finitary extensions among the previously mentioned expansions are
evaluated, as well as how the structural completeness results obtained may vary from one
logic to another.

Resumen

El objetivo de esta tesis es estudiar algunas expansiones de la légica del Nilpotente minimo
(denotada por NML), centrandonos en sus reticulos de extensiones axiomaticas y finitas y,
ademds, explorando la completitud estructural de estas 16gicas, junto con sus variantes (com-
pletitud estructural activa, completitud estructural pasiva, ...).

El proyecto abarca la légica racional del Nilpotente minimo (designada por RNML), que se
obtiene anadiendo constantes racionales al lenguaje de NML. También se estudia la logica
fuzzy A-core obtenida mediante la expansion del lenguaje de NML con el operador Delta
de Baaz, y se examina el impacto de la incorporacion de constantes racionales al lenguaje de
esta logica (lo que equivale a anadir el operador Delta de Baaz a RNML).

La tesis culmina con el correspondiente andlisis de una extension de la udltima légica pre-
sentada, resultante de la introduccién de bookkeeping axioms para el operador A, motivada
por el objetivo de que el algebra de constantes forme una subalgebra.

En el proyecto, a través de un analisis comparativo, se evalian las diferencias y similitudes en-
tre los reticulos de extensiones axiomaticas y finitas de las distintas expansiones mencionadas
anteriormente, asi como la forma en que varian los resultados de completitud estructural de
una légica a otra.



Resum

L’objectiu d’aquesta tesi és estudiar algunes expansions de la logica del Nilpotent minim
(denotada per NML), centrant-nos en els seus reticles d’extensions axiomatiques i finites
i, a més, explorant la completitud estructural d’aquestes logiques, juntament amb les seves
variants (completitud estructural activa, completitud estructural passiva, ...).

El projecte abasta la logica racional del Nilpotent minim (designada per RNML), que s’obté
afegint constants racionals al llenguatge de NML. També s’estudia la logica fuzzy A-core
obtinguda mitjancant ’expansié del llenguatge de NML amb l'operador Delta de Baaz, i
s’examina l'impacte de la incorporacié de constants racionals al llenguatge d’aquesta logica
(el que equival a afegir 'operador Delta de Baaz a RNML).

La tesi culmina amb ’analisi corresponent d’una extensié de I'iltima logica presentada, que
resulta de la introduccié de bookkeeping axioms per a I'operador A, motivada per 'objectiu
que l’algebra de constants formi una subalgebra.

En el projecte, mitjancant una analisi comparativa, s’avaluen les diferencies i similituds entre
els reticles d’extensions axiomatiques i finites de les diferents expansions esmentades anteri-
orment, aixi com la manera com varien els resultats de completitud estructural d’una logica
a una altra.
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Introduction

The Nilpotent minimum logic (NML for short) was introduced by Esteva and Godo in [12].
This logic is obtained from the Monoidal t-norm logic, in particular, it is the axiomatic exten-
sion that consists on adding the involutive condition ——¢ — ¢ and the nilpotent minimum
condition (¢Yxp — L)V (P Ay — ¥ *¢). That is, a Hilbert calculus of NML in the language
{A,*,—, L} is given by the axioms:

Al) (=)= (Y= x) = (¢ —=Xx)
A2) (pxv) =0
A3) (oxv) = (Y*o)
Ad) (pNY) =
A5) (pN) = (b Ay)
AB) (px(p—=1)) = (pAY)
ATa) (¢ = (¥ = x)) = ((p*9) = X)
ATb) ((p*9) = x) = (¢ = (¥ = X))
A8) (=)= x) = (¥ =¢) = Xx) = X)
A9) L —o
A10) —p—
All) (xp—= L)V A= Pxp)
and Modus Ponens as the only inference rule. The connectives —, V that appear in the axioms
and are not in the language are defined as = := ¢ — L and V) := ((¢ = ¢¥) = V)A (Y —
p) = ).

The axiomatic extensions of NML are axiomatized and characterized in [15]. Moreover,
the lattice of finitary extensions of the Nilpotent minimum logic is studied in [16], in addition
to the structural completeness of the logic and its axiomatic extensions.

Our goal in this thesis is to delve into some expansions of the Nilpotent minimum logic and,
as has been done for NML, investigate their lattices of axiomatic and finitary extensions
alongside the structural completeness of the logics and some of their extensions.

We recall that a logic is taken to be a consequence relation among a set of formulas in a
particular propositional language. The notion of a logic being structurally complete (often
denoted by SC) indicates that every proper extension has to contain new logical axioms (as
opposed to only containing new rules of inference). In fact, structural completeness can be
interpreted as some kind of maximality condition among logics with the same theorems.

A rule I' > ¢ is said to be derivable in a logic - when I'" - ¢ (that is, when it is in ).
On the other hand, a rule I > ¢ is admissible in a logic = when its addition doesn’t produce
new theorems. In other words, whenever for every substitution ¢ on the set of formulas,

if @k o(v) for all y € T', then @ F a(p).

Thus, it is clear that every derivable rule in a logic will also be admissible and we can obtain
an analogous definition of SC: a logic is structurally complete when all admissible rules are



also derivable. Furthermore, a logic whose extensions are all strcturally complete is called
hereditarily structurally complete (HSC, for short).

Moreover, a rule I' I> ¢ is said to be passive (passive F — admissible) in a logic F if for every
substitution o the set o(I") is not contained in Th(t), this means that I" is not unifiable.
Thus, such rule is admissible but can’t be applied to theorems. We say that a logic is active
structurally complete (denoted ASC) when all admissible rules are either derivable or passive
and, on the other hand, we say it is passive structurally complete (PSC, for short) if every
passive rule is derivable in the logic.

We will study such properties for some expansions of NML and its extensions. In order
to do that, we will take an algebraic approach, by means of the algebraization of logics ex-
plained in [5], we will use some characterizations and results about the algebraic counterpart
of structural completeness and its variants. Some of these key theorems and propositions are
proven in [11] and [3].

In fact, the algebraization of logics in [5] enables us to establish a dual isomorphism between
the lattice of finitary extensions of a logic and the lattice of subquasivarieties of its equivalent
algebraic semantics. This can be restricted to another dual isomorphism between the lattice
of axiomatic extensions of a logic and the lattice of subvarieties of its equivalent semantics.
Thus, concerning the lattices of axiomatic and finitary extensions of the expansions of NML,
we will also be able to study them from an algebraic perspective.

In particular, throughout this thesis, we will focus on some specific expansions. The pa-
per is structured as follows:

In Section 1, we present some basic notions and results about the concept of logic, its alge-
braization and structural completeness. Moreover, we introduce the logics MTL and NML.
We exhibit some results concerning filters on MTL-algebras, the characterization of axiomatic
and finitary extensions of NML, and its structural completeness. Additionally, we discuss
the introduction of constants and connectives into the language: rational constants and the
Delta Baaz connective. In the latter case, we define (A)-core fuzzy logics and provide some
results regarding them.

In Section 2, as has been done in [18] with Lukasiewicz logic, product logic, and Godel-
Dummett logic, we will analyze the expansion of the Nilpotent minimum logic with rational
constants. When constants with suitable axioms are added to a logic, we enhance its expres-
siveness: given a formula ¢ and a constant c, assignments sending ¢ — ¢ to the top element
will be the ones that evaluate ¢ in the upset of the value of c. This logic will be referred
to as rational Nilpotent minimum logic (RNML, for short) and will be algebraized by the
variety of rational NM-algebras.

Just like in [18, Section 7], we begin studying the lattice of extensions of RNML: Theo-
rem 2.4 specifies the structure of the lattice of subvarieties of RNM (the class of rational
NM-algebras), thereby providing a total description of the lattice of axiomatic extensions of
RINML, presented in Corollary 2.6. This previous lattice will be an uncountable chain, while
the lattice of finitary extensions will contain both uncountable chains and antichains.

To finalize the section, we study structural completeness in RININML, similarly to how



it has been done in [18, Section 8| for the case of the rational Gédel logic: in Theorem 2.7
a characterization of passive structural completeness is presented for extensions of RNML,
while the other variants of structural completeness (SC, ASC, HSC) turn out to be equiva-
lent, as stated in Theorem 2.9. Finally, Theorem 2.10 provides bases for the admissible rules
on all the axiomatic extensions of RINML.

Section 3 is dedicated to the study of the A-core fuzzy logic NMLA corresponding to NML,
and to observe how the delta connective influences the lattices of extensions and the struc-
tural completeness results.

We begin by analyzing the lattice of axiomatic extensions and observe that it is analogous to
the one obtained for NML (as seen in Proposition 3.14 and Theorem 3.15) because NMa-
chains have similar properties to NM-chains. Later in the project, we move on to inspecting
the lattice of finitary extensions. To study this, we use results about discriminator varieties
(Theorem 3.5) and present critical algebras along with some of their properties. A charac-
terization of these algebras is provided in Corollary 3.24, and in Corollary 3.28 we present
an axiomatization of the quasivarieties generated by a single critical algebra. Since NMy is
a locally finite variety, every quasivariety will be generated by its critical algebras (as stated
in Theorem 3.21) thus, from Lemma 3.29 and the previous results, we are able to provide
more information about the lattice of finitary extensions of NMLA.

Lastly, we move on to structural completeness. In Proposition 3.35, we identify the least
elements of the lattice of subquasivarieties of NMa (the class of NMa-algebras) and, based
on this, we prove that NMLx is not structurally complete (Theorem 3.36). Moreover, there
is no nontrivial axiomatic extension that is SC.

To conclude the section, in Theorem 3.39, we demonstrate that NMLA is hereditarily al-
most structurally complete and present, for any axiomatic extension, an axiomatization of
all (passive) admissible quasiequations in Corollary 3.40.

In Section 4 we focus on the expansion of NMLa with rational constants, or equivalently, the
A-core fuzzy logic corresponding to RNML (denoted by RNMLA). As we did in Section
2, we study the lattice of axiomatic extensions of the logic: from Theorem 4.8 and Corollary
4.7, we obtain information about the lattice of subvarieties of RNMa (the class of rational
NMa-algebras), which is then translated into information about the lattice of axiomatic ex-
tensions in Corollary 4.12.

Then, we proceed to study structural completeness in the logic: in Theorem 4.14 we prove
structural completeness holds for some particular axiomatic extensions.

Lastly, motivated by the aim for the algebra of constants to form a subalgebra, we delve
into the logic obtained from RINMLA by adding axioms that ensure the rational constants
interact appropriately with the A connective.

It is seen in Corollary 4.19 that this logic has no proper consistent axiomatic extensions and,
as stated in Theorem 4.20, it is also structurally complete.

Finally, Section 5 is devoted to give a conclusion about the project, summarizing the main
similarities and differences observed among the lattices of axiomatic and finitary extensions,



as well as the structural completeness results proven for the different expansions.

Acknowledgements: I would like to thank my thesis director, Joan Gispert, for his guid-
ance, insightful feedback and advice throughout this entire process.



1 Preliminaries

1.1 Logic, varieties and quasivarieties

In order to be able to introduce some notions about structural completeness, its variants and
the admissibility of rules we first recall some concepts from propositional logic. We will also
talk about varieties, quasivarieties and algebraic counterparts.

Definition 1.1. Given an algebraic language L (i.e. a set of logical connectives with ascribed
arities), we denote by F'my the set of formulas in L over a denumerable set of variables. When
L s clear from the context we can just write F'm instead of Fmy,.

Then, a logic & is a consequence relation on the set of formulas F'm of a given language
L which, moreover, is substitution-invariant: for every substitution o on Fm and every
Fru{e} C Fm

if T'F o, then o[l F o(p).

Remark 1.2. It will always be assumed that the logics F considered are finitary, that is, for
every ' U {p} C Fm

if ' ¢, then A F ¢ for some finite A C T'.

Definition 1.3. Given two logics = and V' such that the language of H' extends the one of
b, we say that V' is an expansion of &= if, for every set of formulas T' U {¢} in the language
of I,

'+ ¢ implies T+ .
Furthermore, an expansion is said to be conservative when T' & ¢ if and only if T H' .

Definition 1.4. Given two logics = and ' in the same language we say that V' is an exten-
sion of = when T H ¢ for every T U {p} C Fm such that T I .
In particular, an extension can be seen as an expansion in the same language.

Moreover, an extension V' of & is said to be axiomatic when there is a set ¥ C Fm closed
under substitutions such that, for allT'U{¢} C F'm,

'+ ¢ if and only if TUX F .

Definition 1.5. A formula o is said to be a theorem of & if & = . Then, the set of theorems
of some logic - is denoted by Th(F) ={p € Fm : &+ ¢}.

Definition 1.6. A rule is an expression of the form I' > ¢ for some finite set of formulas
Fru{e} C Fm.
When T’ = {~1,...,v} we sometimes write 1, ..., > ¢ instead of T > .

Definition 1.7. A basis or an aziomatization of a logic & is a pair (A,R) where A C Th(t)
and R C F are such that - is the smallest consequence relation containing RU{(&,a) : a €
A}

This means that I' - ¢ iff there is a proof (also called derivation) from AUT of ¢ by means
of the rules from R.



Given a basis (A,R) of some logic |-, it is interesting to know whether a formula ¢ is in
Th(l), in other words, whether there is a proof of ¢ from A by applying rules of R. Moreover,
it can be analyzed the size of such proofs. Proofs of theorems can be shortened by adding
new rules and such extension of R can be done in two ways:

1. by adding derivable rules;
2. by adding admissible but non-derivable rules;
where:
Definition 1.8. A rule I' > ¢ is derivable in a logic b when T'F ¢ (that is, when it is in I-).

Definition 1.9. A rule I' > ¢ is admissible in a logic = when its addition doesn’t produce
new theorems. In other words, whenever for every substitution o on Fm,

if @k o(y) for ally €T, then @ F o(p).
Remark 1.10. Every rule that is derivable in I is also admissible in .

Definition 1.11. A logic - is said to be structurally complete (SC' for short) if all admissible
rules are also derivable. That is, if every proper extension has to contain some new logical
axiom in its basis instead of just new rules of inference.

Moreover, logics whose extensions are all structurally complete are called hereditarily struc-
turally complete (also denoted by HSC).

Furthermore, every logic admits a structurally complete extension:

Proposition 1.12. [3, Proposition 1.4] Every logic & has a unique structurally complete
extension T with the same theorems. In fact, a rule is derivable in =T precisely when it is
admissible in .

Hence, structurally complete logics are the maximal elements of the classes of logics having
the same theorems.

Definition 1.13. The logic =+ presented in the previous proposition is called structural
completion of +-.

Definition 1.14. Moreover, since the derivable rules of FT coincide with the admissible ones
in -, a set R of rules is called a base for the admissible rules on - if, by adding R to -, we
obtain an aziomatization of .

In fact, structural completeness can be split in two halves:

Definition 1.15. A rule T' > ¢ is passive if for every substitution o the set o(I") is not
contained in Th(F), this means that T is not unifiable. Thus, such rule is admissible but
can’t be used in the proof of any theorem of the logic.

Definition 1.16. On the other hand, a rule I' > ¢ is active if there exists a substitution o
such that @ & o(vy) for all y € T.



Definition 1.17. A logic &= is said to be active structurally complete (ASC, for short) if
every active rule that is admissible in = is also derivable in the logic.

This type of logics are also called almost structurally complete and satisfy that the only ad-
missible non-derivable rules are passive, thus, theorems can’t be shortened by using method 2.
presented before.

Definition 1.18. Accordingly, a logic & is said to be passive structurally complete (PSC, for
short) if every passive rule in the logic is also derivable in .

Actually, structural completeness can also be studied from an algebraic point of view. In
order to present some results on the matter we will first delve into the algebraization of logics
(see [5]):

Definition 1.19. Given K a class of algebras of the same type:

I(K)={A: A= B for some B € K}
S(K)={A: A C B for some B € K}
H(K) ={A: B— A for some B € K}
PK)={A:A=1][,c; A for some @ #{A; :i eI} CK}
Py(K) ={A: A =[]L A; for some @ # {A; :i e I} CK and some ultrafilter F on I}

Throughout this project, the relations between the previous class operators are assumed
to be known by the reader.

Definition 1.20. A class of algebras of the same type K is a variety whenever H(K) C K,
S(K) C K and P(K) C K.

Moreover, since the arbitrary intersection of varieties is a variety, we can define a new
operator V (named variety generated by) such that, for every class of algebras K of type T,

V(K) = ﬂ{V .V is a variety of type T and K C V}.

Thus, V(IK) is the least variety containing IK.
Theorem 1.21. [7, Theorem 11.9] A class K is a variety iff it is an equational class.

Definition 1.22. A class of algebras of the same type K is a quasivariety whenever it con-
tains the trivial algebra, I(IK) C K, $(K) C K, P(K) C K and Py(K) C K.

Analogously to the case of varieties, the arbitrary intersection of quasivarieties is a quasiva-
riety. Thus, we can define a new operator Q (named quasivariety generated by) such that,
for every class of algebras K of type T,

QK) = ﬂ{Q : Q is a quasivariety of type T and K C Q}.

Therefore, Q(K) is the least quasivariety containing K.

Theorem 1.23. [7, Theorem 2.25] A class K is a quasivariety iff it is a quasiequational
class.



Definition 1.24. A logic b is algebraizable by a quasivariety K if there are a finite set of
equations T(x) and a finite set of formulas A(x,y) in the same language such that, for every
set of formulas T' U {¢p}:

ke dfand only if J{t(y):v €T} Fk t(p),
z~y g U{t(0) : 0 € A(z,y)},

where Ex is the equational consequence relative to IK. That is, for any set of tuples of formu-

las {{pi, i) 11 € I} U{{p,¥)} in the language of IKX we have {@; ~ V;}icr Fr ¢ =~ ¢ if and
only if, for each A € X and every assignment va in A, it holds A F (¢ ~ ©)[va] whenever
A E (p; = ;)[va] is satisfied for every i € I.

In this case, K is uniquely determined (see [5, Theorem 2.15]) and it is called the equiv-
alent algebraic semantics of .

Given a logic algebraized by a quasivariety IK by means of finite sets of equations and
formulas (T and A, respectively) the lattice of extensions of I~ is dually isomorphic to Lg(IK),
that is, the lattice of subquasivarieties of K (see [14, Corollary 3.40]).

The dual isomorphism is given by the map that sends an extension ' of the logic to the
quasivariety axiomatized by the quasiequations

AT A A N\ tlm) = e~ 6,

where v1,...,v, F p and e = § € T(p).

On the other hand, the inverse of the dual isomorphism sends a quasivariety $ € Lo(K)
to the logic axiomatized by the rules

A((plﬂ/}l) U"'UA(SOnﬂ/}n) > 67
where SF (g1 =1 A~ ANpp =) = @1 and § € A(p, ).

In fact, this isomorphism can be restricted to a dual isomorphism between the lattice of
axiomatic extensions and Ly (IK), that is, the lattice of subvarieties of K.

Thus, the lattice of (axiomatic) extensions of a logic can be studied in terms of Lo (K) (re-
spectively Ly (K)).

Therefore, we obtain corresponding notions of structural completeness for classes of alge-
braic structures:
Definition 1.25. Let K be a quasivariety:

e [t holds that K is structurally complete if, for every quasivariety K,

K c K= V(K)C V(K)

o We obtain that K is hereditarily structurally complete if, for every quasivarieties IK1, Ko,

KiCcKyCK= V(]Kl) C V(]KQ)



And we obtain the analogous result to Proposition 1.12 for quasivarieties, in which Fi (w)
denotes the denumerably free algebra of K:

Proposition 1.26. [3, Theorem 2.3| Let K be a quasivariety. There is a unique subquasiva-
riety $ of K such that S is structurally complete and V(3) = V(K). In fact, $ = Q(Fk(w)).

Definition 1.27. The quasivariety Q(Fi(w)) presented in the previous proposition is called
the structural completion of K.

Thus, just as structural completeness is a maximal condition in logic, when applied to
quasivarieties, it implies a kind of minimality.

Before introducing the next result we recall that a quasivariety is said to be primitive when
all its subquasivarieties are relative subvarieties:

Definition 1.28. Given a quasivariety K, a class V C K is said to be a relative subvariety
of K if it is axiomatized by equations relative to K.
The lattice of relative subvarieties of K is usually denoted by Ly (IK). Notice that, when K is
a variety, Ly (IK) is the lattice of subvarieties of K.

Now, we present the following theorem that gives a purely algebraic characterization of
structural completeness and its variants and is based in Proposition 1.26, [3, Proposition 2.4]
and [11, Theorem 3.1 and Corollary 3.2]:

Theorem 1.29. [18, Theorem 3.2] If a logic & is algebraized by a quasivariety K, then:
1. F is SCif and only if K is generated as a quasivariety by Fi(w);
2. Fis HSC if and only if K is primitive;

3. F is PSC if and only if every positive existential sentence is either true in all nontrivial
members of IK or false in all of them;

4. Fis ASC'if and only if AX Fg(w) € Q(Fk(w)) for every relatively subdirectly irreducible
algebra A € IK; if there is a constant symbol in the language, then we can replace
“A X Fg(w) € Q(Fr(w))” by “A x Fk(0) € Q(Fr(w))” in this statement.

Where, given a quasivariety K, an algebra A is said to be relatively subdirectly irreducible
in K if the congruence Ida is completely meet-irreducible in Cong A (for Conk A the set of
KK-congruences of A, that is, the congruences 6 of A such that A/6 € K).

Finally, we use the isomorphism between the lattice of finitary extensions of a logic and
Lo(K) (being K the equivalent algebraic semantics) in the following result. The theorem
presents the effects that passive structural completeness has on the lattice of extensions of
an algebraizable logic:

Theorem 1.30. [25, Theorem 4.3 and Remark 5.13] Let - be a logic algebraized by a qua-
swariety K. If = is PSC, then every member of Lo (IK) has the JEP. Moreover, for every
extension ' of & there exists an algebra A such that, for every T' U {p} C Fm,

C'H ¢ if and only if T[T Eaz t(p).



Where T is the set of equations witnessing the algebraization of .

Recall that a quasivariety K has the joint embedding property (JEP) when every two
nontrivial members of K can be embedded into a common element of IK. This happens iff K
is generated as a quasivariety by a single algebra (see [19, Proposition 2.1.19]).

1.2 The logic MTL and some ways to expand its language

In this subsection we will present the Monoidal t-norm logic (denoted by MTL) and we will
study different ways to expand its language.

This logic was introduced by Esteva and Godo in [12] and constitutes a strengthening of
the Monoidal logic (introduced by Héhle in [21]) and also a weakening of Basic logic (which
was presented firstly by Hajek in [20]) since it is obtained by replacing the divisibility axiom
by the weaker axiom (¢ * (¢ — ¥)) = (¢ A ). That is, a Hilbert calculus of MTL in the
language {A,*,—, 1} is given by the axioms:

A1) (p—=1) = (¥ = x) = (¢ = X))

A2) (px) =

A3) (pxv) = (V*)

Ad) (pNY) =

A5) (pAY) = (Y Ap)

A6) (px*(p— ) = (pAY)

ATa) (p— (¥ = X)) = (p*x¥) = x)
(

ATb) ((px9) = x) = (p = (¥ — X))
A8) ((p—=v)—=x) = (¥ —=9) = Xx)—=X)
A9) L —op

and Modus Ponens as the only inference rule.

The Monoidal t-norm logic satisfies the following Local Deduction Theorem and substitu-
tion rule:

Proposition 1.31. [9, Proposition 2.1] For each set of formulas I' U {p, 1, x}, it holds:

(LDT) T, btprr ) iff there is n € N such that T' b pppp @™ — 9
(Subst.) ¢ < Farrr x() < x(¥)

Where ©™ is used as a shorthand for o x .. x .
And, from this, we can introduce a specific class of logics:

Definition 1.32. We say that a finitary logic L in a countable language is a core fuzzy logic
if
o L expands MTL,

10



o L satisfies (Subst.),
o L satisfies (LDT).

Moreover, the logic MTL is algebraizable, in fact, so will be every finitary extension of
the logic. The class of all MTL-algebras will be its equivalent algebraic semantics, which is
called MTL and constitutes a variety (see [12, Proposition 2]):

Definition 1.33. An MTL-algebra is a structure (S, *, —, A, V,0,1) such that the following
conditions hold:

o (S,*,1) is a commutative monoid.

(S, A\, V,0,1) is a lattice with 0 and 1 as its smallest and greatest elements, respectively.

For all a,b,c € S,
a<b-o,ciffaxb<c,

where < is the order given by the lattice structure.

S satisfies the pre-linearity equation (x — y) V (y — x) =~ 1.

The order relation we consider in this definition is clearly compatible with *, this follows
from the first two points. Moreover, the infimum and supremum of any two elements of S
always exists.

Definition 1.34. An MTL-algebra whose order relation is total is called a linearly ordered
MTL-algebra or, equivalently, an MTL-chain.

Proposition 1.35. [12, Proposition 3] Every MTL-algebra is a subdirect product of linearly
ordered MTL-algebras.

In fact, the logic MTL has strong completeness with respect to the class of MTL-chains
([12, Theorem 1]).

Moreover, we can introduce a class of linearly ordered MTL-algebras constituted by what
we call standard MTL-algebras. In order to do that, we recall the definition of t-norm and
left-continuous t-norm.

Definition 1.36. A t-norm is a binary operation & on the real interval [0, 1] which is commu-
tative, associative, has 1 as a neutral element and is weakly decreasing (for any a,b,c € [0, 1],
if a <bthen adc < bodc).

A t-norm is left-continuous if whenever we consider two increasing sequences {(a, : n €
N), (bp, : n € N) of reals in the interval [0,1] such that sup{a, : n € N} = a and
sup{b, : n € N} = b, then
pibo } sup{an, b, :n € N} =adb.

We know, as it has been stated in [12, page 272], that the following property holds:

Proposition 1.37. A t-norm is left-continuous if and only if it admits an associated R-
implication.

11



And, in this case, the R-implication is defined, for any a,b € [0, 1], as follows:
a=b:=sup{ce|0,1] :adc < b}.

Therefore, we can use this result to study the relation that exists between left-continuous t-
norms and MTL-algebras. On one hand, every left-continuous t-norm defines an MTL-chain:

Definition 1.38. Given a left-continuous t-norm 6, if we consider the algebra [0,1]5 =
([0,1],6,=,<,0,1) (where the order is the usual order on the reals) then, it is clear that we
have a linearly ordered MTL-algebra. MTL-algebras of this form are called standard.

On the other hand, every countable MTL-chain is embeddable into a standard MTL-
algebra (see [22, Theorem 3.2]). Thus, the logic MTL is complete with respect to evaluations
into standard MTL-algebras (as it is proved in [22, Theorem 3.3]).

We can now move on to the study of filters and prime filters of MTL-algebras and its conse-
quences:

Definition 1.39. Let A be an MTL-algebra, a non-empty set ' C A is said to be a filter of
A if:

e [t is upward closed: for anya € F, ifa <b, thenb e F.
o [t is closed under multiplication: for any a,b € F, axb € F.

Moreover, a filter F of A is said to be prime when, for all a,b € A, if a Vb € F holds then,
eithera € F orb e F.

When the set of filters of A, Fi(A), is ordered under the inclusion relation, it becomes
a lattice. Furthermore, the following result states that the lattices Fii(A) and Con(A) are
isomorphic:

Theorem 1.40. [20, Lemma 2.3.14] Let A be an MTL-algebra. Then, the map 6(_) :
Fi(A) — Con(A), defined by the rule

O()(F)=0F :={(a,b) e AXxA:a—bb—acF},

is a lattice isomorphism. Furthermore, the following conditions are equivalent for a filter F
of A:

1. F is prime;
2. A/OF is a chain;
3. A/OF is finitely subdirectly irreducible.
Henceforth, we will write A/F as a shorthand for A/0F.

In fact, by adapting the result presented in [24, Lemma 2.3], we obtain a lemma that
states the existence of prime filters on MTL-algebras:

12



Lemma 1.41. Let A be an MTL-algebra, and let I C A\ {1} be such that aVc € I, whenever
a,c € I. Then, there is a prime filter F of A disjoint from L

Now, we move on to studying how we can expand the language of MTL with the Baaz
Delta connective (which will be denoted by A). We will also introduce the class of core fuzzy
logics, its A-expansions and some properties of these types of logics.

Definition 1.42. Given a core fuzzy logic L, the logic La is the expansion of L obtained
by enriching the language with the unary connective A and adding to its axiomatization the
following rules and axioms:

(A1)  ApV-Ap

(A2)  A(pVy) = (Ap Vv AY)

(A3) Ap—¢p

(Ad)  Ap— AlAp ;
(A5)  Ap = 1) — (Ap — AY) (Necessitation rule) A

Definition 1.43. Given a core fuzzy logic, an La-algebra is a structure A satisfying that it is
an L-algebra expanded by the operation A. Moreover, A F o~ 1 for each a € {Al,..., A5},
and A F A(1) ~ 1.

We have already seen that, given any core fuzzy logic L, the Local Deduction Theorem
is satisfied. However, the logic La will enjoy a different form of Deduction Theorem:

Theorem 1.44. (A-Deduction Theorem) [10, Theorem 2.2.1] Let L be a core fuzzy logic.
Then, for any set of formulas T'U{p,v} of La, the following equivalence holds:

(DTA) Foobp, ¥ iff Tbp,, Ap — 2.
Now, we can introduce a particular class of logics:

Definition 1.45. We say that a finitary logic L in a countable language is a A-core fuzzy
logic if

e L expands MTLAa,
o L satisfies (Subst.),
o L satisfies (DT ).

The following result, in particular, lets us know which expansions of MTLa are A-core
fuzzy logics:

Proposition 1.46. [9, Proposition 2.11] Let L be an expansion of MTL (respectively of
MTLA) satisfying (Subst.). Then, L is a (A-)core fuzzy logic if and only if it is an axiomatic
expansion of MTL (MTLx ).
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Moreover, from the axioms of A, we easily obtain:

Proposition 1.47. Let La be a A-core fuzzy logic and B an La-chain. Then, ABx = 1B if
z = 1B and ABx = 0B otherwise.

Remark 1.48. In the previous case, the operator A will give us a notion of full truth and,
furthermore, the ordering of truth values will be internalized in La since A(x — y) = 1 iff
z <y.

Given a A-core fuzzy logic La, the standard La-algebras will be the standard L-algebras
expanded by the operation A defined as

A(x):{ 1 ifr=1 an

0 otherwise
due to Proposition 1.47, since they are linearly ordered.

Finally, we present some propositions collecting basic properties of (A-)core fuzzy logics:
Proposition 1.49. [9, Proposition 2.14] Let L be a (A—)core fuzzy logic.
o L is algebraizable with the same translations as MTL.
o The class of L-algebras is the equivalent algebraic semantics of L and it is a variety.
o FEvery L-algebra is representable as a subdirect product of L-chains.
o Subdirectly irreducible L-algebras are L-chains.
e For every set of formulas I'U{p}, T k1 ¢ if and only if T' Fyr_chainsy ©-

Proposition 1.50. [10, page 37] Given a core fuzzy logic L, the logic La is strong (respec-
tively, finite strong) standard complete if and only if L is strong (respectively, finite strong)
standard complete.

Proposition 1.51. [9, Proposition 2.15] For every core fuzzy logic L, La is a conservative
expansion of L. That is, for any set of formulas I U {¢} in the language of L, if T Fr, ¢
then T' .

Where, for each core fuzzy logic L, the logic La is its corresponding A-core fuzzy logic.
Finally, let L be an arbitrary extension of MTL such that, for some t-norm =, V([0,1],)
algebraizes L and [0, 1] N Q is the universe of a subalgebra of [0,1], (which we will denote by

[0,1], N Q). We can consider the expansion of L obtained by adding to the language a set of
rational constants:

¢ ={cq:q€10,11NQ},

where Q denotes the set of rational numbers.
During the project we will focus on the case where L is a particular logic, hence, * is a specific
t-norm (under this circumstances we will omit the subscript of the standard algebra).
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Definition 1.52. We call bookkeeping azioms of [0,1]. the azioms in the language of [0,1].
expanded with the constants in € that are of the form:

Cp¥Cq = €, (0,1] g5 Cp —+Cq <> Cp L, [01] ¢ cy < 0, c1 <1,
for all p,q € [0,1] N Q.
We can also express them as equations of the form: cyxcg = €, (o1 4, € —Cqa = €y 01] 4

co~ 0, ¢ ~1, where will denote by B([0,1],) the set constituted by these equations, for
all p,q € 10,11 NQ.

We remark that we do not include bookkeeping axioms for =, A and V since — can be
expressed in terms of — and 0 and A,V correspond to the minimum and the maximum re-
spectively.

Then, the rational L logic (also denoted by RL) is the one obtained by adding to the axiom-
atization of L the bookkeeping axioms of [0,1],.

We proceed to define its equivalent algebraic semantics:

Definition 1.53. An algebra A in the language of MTL-algebras expanded with the constants
in € is said to be a rational L-algebra if the MTL-reduct of A is an L-algebra and A validates
the bookkeeping axioms H([0,1],).

We denote by RL the variety of rational L-algebras: If L is a variety, that is, an equational
class (let’s say L = Mod(X) for ¥ some set of equations), we are considering RL to be
Mod(¥ U #([0,1],)) thus, it will also be a variety.

Definition 1.54. The canonical rational L-algebra can be obtained by expanding the standard
L-algebra [0,1], with the natural interpretation of the constants in € (interpreting cq as the
rational q, for every q € [0,1]N Q). We will denote this algebra by [0, 1]*Q and its subalgebra
with universe [0,1] N Q by [0,1]9 N Q.

For readability’s sake we will usually omit the superscript Q from here onwards.

Remark 1.55. We notice that Theorem 1.40 will also apply to rational L-algebras since L
is an extension of MTL (L-algebras will be, in particular, MTL-algebras) and the addition
of constants to a given algebra does not change its congruences and filters.

From the viewpoint of logic, the variety RL algebraizes the rational L logic, that is, for
every set of formulas I' U {¢}:

I FrL ¢ if and only if T[] Err t(v)

where T:= {z ~ 1}.
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1.3 The Nilpotent Minimum Logic

Now that we have presented the logic MTL and some important results about it, we can
continue by studying one of its extensions:

The Nilpotent minimum logic (denoted by NML), is the logic obtained from the Monoidal
t-norm logic by adding the involutive condition =—¢ — ¢ (where —¢ := ¢ — 1) and the
nilpotent minimum condition (¢ xp — L)V (¢ A @ — @ x ).

Since NML is an axiomatic extension of MTL, all the formulas presented in [12, Proposi-
tion 1] are also provable in NML. Thus:

Proposition 1.56. For each set of formulas T'U {p, 9}, it holds:
(LDT) T,¢bFnmr ¢ iff there is n € N such that T -y 0" — 1.

Furthermore, in the Nilpotent minimum logic it is clear that 23 = 22. Therefore, we can
modify the previous proposition and obtain a Deduction Theorem for NML:

Theorem 1.57. For each set of formulas T'U {p, 1}, it holds:
(DT) T, bnmr v iff T v @ = 9.
The logic will be algebraized by the class of all NM-algebras:

Definition 1.58. A nilpotent minimum algebra (NM-algebra) is a bounded residuated lattice
A= (A;%,—,A\,V,—,0,1) where A\, V are the meet and join respectively, (x,—) is a residuated
pair, — s the negation associated to — (for any a € A, —a :=a — 0) and 0,1 are the lower
and upper bound respectively.

Furthermore, nilpotent minimum algebras satisfy the following equations:

e Pre-linearity: (x = y)V (y = x) = 1.

o [nvolutivity: ——x ~ x.

e Nilpotent minimum: (xxy — 0)V (x Ay — zxy) ~ 1.

That is, they are MTL-algebras satisfying the last two conditions.

Definition 1.59. We name standard NM-algebra the NM-algebra whose universe is [0, 1].
Esteva and Godo ([12, Proposition A.6]) proved that there is only one nilpotent minimum
algebra defined on [0, 1] up to isomorphism. We take it to be [0,1] = ([0, 1];%,—, A, V,—,0,1)
where A and V are the meet and join respectively with the usual order and

r=1-—ux,

0 if y < —a;
x Ay otherwise.

TR
$_>y:{ 1 if ¢ <y

ERTES

-z Vy otherwise.
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Remark 1.60. In fact, given a totally ordered set A with upper bound 1 and lower bound
0 equipped with an involutive negation — which is order preserving, A and V defined as the
meet and join and

a ANb otherwise.

{ 1 if a < b;
a—b=

if b < —a;
a*b:{ 0 if b < —a;

-a Vb otherwise.
for every a,b € A, we obtain that A = (A;x —,A,V,—,0,1) is an NM-chain:

Clearly A is bounded, totally ordered, satisfies the involutive equation and it holds that
A and V are the meet and join. Since 0 is the lower bound, by definition of —, it is clear that
— is the associated negation (—z = x — 0) and since we have a total order (it either holds
x <y ory < x) we obtain that the pre-linearity equation holds.

It is easily checked that (x,—) is a residuated pair and it is also clear that (A,x*,1) is a
commutative monoid where 1 is the neutral element of x (because it is the upper bound of
A).

Finally, by definition of * we know it either holds z xy = 0 or x * y = x A y therefore, the
nilpotent minimum equation is satisfied.

Thus, we have seen that A is a NM-chain.

Moreover, every NM-chain is of this form.

We have previously defined the concept of NM-algebra and, now, we can present some
results and examples of NM-chains (totally ordered NM-algebras):

Proposition 1.61. [15, Proposition 1] Each NM-algebra is representable as a subdirect prod-
uct of NM-chains.

Example 1.62. For every n € w we consider Ag,11 = {([—n,n] N Z;*,—,A,V,—,—n,n)
where A and V are the meet and join with the usual order, the negation is also defined as
usual (—z := —z) and, for every m,k € {—n,...,0,... ,n} we have:

ik — —-n if k< —m;
TEEZ m Ak (= min{m,k}) otherwise.

L n if m <k;
m ] —mVk (=mazx{—m,k}) otherwise.

Note that A is the trivial algebra.
Definition 1.63. Given an NM-algebra A and some element a € A:
o Ifa > —a then we say that a is a positive element of A.

e If a < —a then we say that a is a negative element of A.
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In

We call a a negation fixpoint iff a = —a.

[21] Hohle proves that, given any NM-algebra, the negation fixpoint, if it exists, is

unique.

Proposition 1.64. Given an NM-chain C with negation point ¢ € C, C'\{c} is the universe
of a subalgebra of C which we denote by C .

Proof. Tt is enough to see that C'\ {c} is closed under —, *,—, 0,1 (it is trivially closed under
A and V since they are min and max respectively):

Closed under 0: The fixpoint c¢ satisfies -¢ = ¢ —+ 0 = ¢. By Remark 1.60 we know
how — and * are defined, thus, we know 0 — 0 = 1 which means that 0 can’t be the
fixpoint and 0 € C'\ {c}.

Closed under 1: We assume 1 = ¢ — 0 is the fixpoint ¢ and we will arrive to a
contradiction. If this holds then 1 < ¢ — 0 and, by the residuation law, c = 1% ¢ < 0
which can’t be the case because 0 is the lower bound and we have seen that ¢ # 0.
Therefore, 1 € C'\ {c}.

Closed under —: If for some a € C'\ {c¢} we have —a = ¢, then a = =—a = —=¢ = ¢ holds.
We were assuming a # ¢, therefore we have showed that we have closure under —.

Closed under : For any a,b € C'\ {c}, by Remark 1.60, we know either a xb = 0 or
axb = aAband, in both cases, a *x b # c since A is defined as the minimum and we
have seen 0 # c¢. Thus, axb € C\ {c}.

Closed under —: It is seen analogously to the previous case.

For any a,b € C'\ {c}, by Remark 1.60, we know either a = b=1ora —b=-aVb
and, in both cases, a — b # ¢ since V is defined as the maximum, we know we have
closure under — and we have seen 1 # c.

Therefore, it is clear what we wanted to prove. ([l

Thanks to this proposition, we can give more examples of NM-chains:

Example 1.65. For every natural number n > 0 we consider Ag, = ([—n,n|N(Z\{0});*, —
, A, V, 7, —n,n), where Ay, is the subalgebra of As,;; obtained by removing the negation
fixpoint 0 from its universe (Ag, 1= A;, ;).

Thus, by the definitions we have given, the following relations between NM-chains hold:

Proposition 1.66. [15, Proposition 2]

Aoy is a subalgebra of Aoniq for every m < mn,
Aoy, is a subalgebra of Aoni1 for every 0 < m < n,
Ao, is a subalgebra of Asy, for every 0 < m < n,

A, is embeddable into [0,1] for every m > 1,
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o As, is embeddable into [0,1]~ for every m > 0.

Remark 1.67. It is easy to see that Ay, and Asg,41 are, up to isomorphism, the only
nilpotent minimum chains with exactly 2n and 2n+1 elements, respectively. Moreover, any
finitely generated subalgebra of a nontrivial NM-chain is finite and, therefore, isomorphic to
Ay, or As, 1 for some n > 0.

Esteva and Godo proved that NML is complete with respect to the class of NM-algebras
and, moreover, standard complete, that is, complete with respect to the standard NM-algebra
(see [12, Theorem 4]). In fact, NM = V([0,1]) = Q([0,1]), since every countable NM-chain
is embeddable into [0,1] (where we denote by NM the class of all NM-algebras). Furthermore:

Proposition 1.68. [15, Corollary 2] Let A be an infinite NM-chain containing the negation
fixpoint. Then V(A) = Q(A) = NM.

Finally, Theorem 1.40 and Lemma 1.41 will also be valid for NM-algebras (since they are,
in particular, MTL-algebras) and they will be useful to prove some important results in the
next sections.

In order to be able to study, later on, how some results change when expanding the lan-
guage of NML; first, we will speak about the lattice of axiomatic extensions of the Nilpotent
minimum logic and we will present some statements about it:

Definition 1.69. For each n > 0 we consider the following formulas:

A12,: S, (zo,... ,2p) = /\((xz — Tig1) = Tiy1) = \/ Li
i<n i<n+1

A13: BP(z) := —(—2%)? & (=(—z)?)?

Where it can be proved (see [15, Theorem 2|) that an NM-chain satisfies Sy(xo, ... ,Tn)
if and only if it has less than 2n+2 elements and a nontrivial NM-chain satisfies BP(x)
if and only if it does not contain the negation fixrpoint.

1
1

~
~
~
~

Theorem 1.70. [15, Theorem 3] Every proper nontrivial subvariety of NM is of one of the
following types:

1. NM—:=V([0,1] ) = V({Asy : k € w})
V(Agm+1) for some m >0
V(Agy,) for somen >0

V([0,1]", Aspm+1) for some m > 0

Svod o e

V (Aan, Aomy1) for some m,n € w such that 0 < m <n
Moreover, if 3 is any set of equations axiomatizing NM, then
1. V([0,1]" ) is aziomatized by 3 plus the equation BP(z) =~ 1,

2. V(Aomy1) is aviomatized by X plus the equation Sy (zo, ... ,Tm) ~ 1,
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3. V(Aay,) is aziomatized by X plus the equations Sp(xo, ... ,xy) ~ 1 and BP(x) ~ 1,
4. V([0,1], Asgyi1) is aziomatized by X plus the equation BP(z)V Sy (z0, ... ,Tm) ~ 1,

5. V(Aap, Aopmyi1) with m < n is aziomatized by ¥ plus (BP(x) A Sp(zg,... ,xn)) V
S (o, ... yom) ~ 1.

Since NML is algebraizable by the class of all NM-algebras, there is a dual lattice isomor-

phism between the lattice of all subvarieties of NM and the lattice of all axiomatic extensions
of NML, thus:

Theorem 1.71. All proper consistent axiomatic extensions of NML are:

For every natural numbers n,m > 0

1. NM -~ = NML plus A13

2. NM2m+1 = NML plus A12,,

3. NM2n = NML plus A12, and A13

4. NM - 2m+1 = NML plus A18V A12,

5. NM2n,2m+1 = NML plus (A12, N A13) VvV A12,, withn >m

Therefore, from this and the inclusion relations between subvarieties of NM given by
Proposition 1.66, we obtain that the dual lattice of axiomatic extensions of the Nilpotent
minimum logic will be of the form [15, Figure 2J:

NML
[
NM2n+1
°
Nﬁzn’zmﬂ . NM2m+1
NM2m+1 g .

NM2n

CPC=NM2
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Moreover, we can present some results about structural completeness and active structural
completeness and introduce an axiomatization of all admissible quasiequations, given any
axiomatic extension of NML:

Theorem 1.72. [16, Theorem 2.1 and Corollary 2.2] NML is not structurally complete, in
fact, given any variety of NM-algebras K satisfying V(As) C KK, the logic algebraized by K is
not SC.

Theorem 1.73. [16, Theorem 2.4] NM- is hereditarily structurally complete.
Theorem 1.74. [16, Theorem 2.9] NML is hereditarily active structurally complete.

Theorem 1.75. [16, Theorem 2.9] Let K be a variety of NM-algebras. Then, the quasiequa-
tion —x ~ x = 0 ~ 1 aziomatizes all (passive) admissible quasiequations. Thus, Q(Fk(w))
is axiomatized by the quasiequation —x ~ x = 0 ~ 1.

Using the above statements about (almost) structural completeness on axiomatic exten-
sions of NML, in [16] have been proven some results about subquasivarieties of NM, with
the aim to define the lattice Lo(NM):

Proposition 1.76. [16, Proposition 3.1] Let M be a variety of NM-algebras and K be an
M-quasivariety. Then K is a proper M-quasivariety iff there is Aopt1 € M\ K for some
n > 0.

Theorem 1.77. [16, Theorem 3.3] Let M be an NM-variety. If K is a proper M-quasivariety
and k = max{n € N: Ag, 1 € K}, then

K= Q({Agn : Ao, € IM} U {A2 X A2m+1 : A2m+1 (S IM} U {A2k+1}).

Corollary 1.78. [16, Corollary 3.4] Let K be a nontrivial quasivariety of NM-algebras, then
K= Q({Agn : Ao, € V(]K)} U {AQ X A2m+1 : A2m+1 S V(]K)} U {A2k+1 : A2k+1 S ]K})

In fact, the lattice Lo(NM) is depicted in [16, page 805] and we know that the lattice of
finitary extensions of NML will be dually isomorphic:
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NM
(0,0,0)

La(NM)

NM11
(©,0,2)

(0,0,1)

NM7 |
1

I
' ; / (w,,0)
T N
Cre
o Té
NM3=MV3 . P N

1,1,1) v #
T %

(0,0,0) (1,00f (2,0 ( (0'0.:9)/
NM2=B NM4 NM6 NM8 NM10 NM12 NM-
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2 The Rational Nilpotent Minimum Logic

We will first study the expansion of the Nilpotent minimum logic obtained by adding rational
constants to the language and how the addition of rational constants affects the lattices of
axiomatic and finitary extensions and the structural completeness properties.

We will obtain analogous results to the ones achieved for the rational Gédel logic in [18].

We recall that, as it has been mentioned in Section 1.2, the rational Nilpotent minimum
logic (RNML, for short) is defined from NML by adding the bookkeeping axioms of [0,1].
Moreover, the class of rational NM-algebras (denoted by RNM) will be its equivalent algebraic
semantics and we have, for every set of formulas I' U {¢}:

r l_RNML o) if and only if T[F] ':RNM T((p)

where T:= {z ~ 1}.

In this case, the importance of the algebra [0,1]Q is witnessed by the fact that, as has
been proven in [13, Theorem 14], the following equality holds: RNM = W([O,l]Q). On
the other hand, RNM doesn’t coincide with the quasivariety generated by [0,1] Q (see [13,
Section 4]).

2.1 The lattices of axiomatic and finitary extensions

In this section, we will see, similarly to how it has been done in [18, Section 7] for the case
of Godel logic, how the addition of rational constants to NML affects the structure of the
lattice of (axiomatic) extensions of RNML.

Given a real r € (%, 1], let Q, be the rational NM-algebra with universe

{0tu(1—=r,r)NQ)U{l}.

The order relation of Q, is the natural order in Q, therefore Q, is a chain. We define the
negation to be —a := 1 — a for any a € @,, since its interpretation is not established by the
fact that Q, is a chain. Thus, by Remark 1.60, this settles the interpretation of the lattice
connectives and also of the implication (for all a,b € Q,, we get a — b to be 1 if a < b and
max{—a,b} otherwise). The interpretation of x is also fixed (for all a,b € Q,, we get a *b to
be 0 if b < —a and min{a, b} otherwise).

Finally, given a rational ¢ € [0, 1], the interpretation of ¢, in Q, isqifge Q,,0if ¢ <1 —7r
and 1 in the other cases. This way, it is clear that the bookkeeping axioms hold.

Remark 2.1. Notice that, in the case r = 1, we obtain Q, =[0,1] Q 1 Q, where the last
algebra is the one mentioned in Definition 1.54.

Now, we fix a denumerable set {t,, : n € w} disjoint from [0, 1] and such that, for every
n € w, -ty ¢ [0,1]. Given a rational p € [3,1) N Q and some ordinal y € w+ 1, let Q) be the
rational NM-algebra with universe

{~tn:n €y} U{0}U(L—p,pNQU{I}U{tn:n €}
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We define the order relation of Qp by keeping the usual order in {0} U ([1 — p,p] N Q) U {1}
and inserting the totally ordered set {t,, : n € v} between p and 1 and the set {—t,, : n € v}
(which is also totally ordered) between 0 an 1 — p.

That is:

O<tp1 << <tg<1l—p
p<top<t1 <-- - <th_1 <Ll

Therefore, Q) is a chain and, since the interpretation of the negation is not established by
this fact, we define it such that: for any a € Q) N [0,1], —a := 1 — a and, for the elements
that are disjoint from [0, 1], —(t;) := —t;, =(—t;) := t;. This settles the interpretation of the
operations as in the previous case for Q,: by Remark 1.60, we have fixed the interpretation
of the lattice connectives (given by the order) and also the definition of x and the implication.
Finally, given a rational ¢ € [0,1], the interpretation of ¢, in Q) isqif g€ Qp,0if g<1—p
and 1 otherwise.

We introduce and prove some results about rational NM-chains that will be useful:

Proposition 2.2. For every nontrivial rational NM-chain A, there are r € (%,1}, p €
[2,1)NQ and v € w+1 such that ISPy (A) = ISPy (Q,) or ISPy (A) = ISPy (Q}). Moreover,

1. ISPy (Q,) is axiomatized relative to the class of RNM chains by the sentences
cy #1 forallq e [%,7’) NQ and c¢g=1 forallge[r,1]NQ;
2. ]ISIPU(Q;,") s axiomatized relative to the class of RNM chains by the sentences
ep#1 and c¢g=1 forallqe (p,11NQ;
3. ]ISIPU(QZT) is axiomatized relative to the class of RNM chains by the sentences

cp# 1, cqr=1 forallge (p,1]NQ and

Vo . Tnis (vogiqgn”(cp V) < (¢ \/ZL'j)) ~ 1.

Proof. Let A be a rational NM-chain, we want to define an algebra Sa that has the same
universal theory as A (we will see that this algebra can be Q, or QJ for r,p,~ as desired).
In order to do this, we will start by defining So as an algebra that embeds into A.

Let C be the zero-generated subalgebra of A (its universe is comprised by the interpre-
tations of the elements of ¢’). Since we assume A to be nontrivial, we either have C = Q,.
for some real r € (%, 1] or C = Qg for some p € [%, 1)NQ.

e If C = Q, for some r € (1,1] then, we take Sp := C.

e Otherwise, if C = Qg for some p € [3,1) N Q, we analyse | (C \ {1}) (which is the
downset of (C'\ {1}) in A, i.e. for any b € A if there exists some a € (C' \ {1}) such

that b < a then, b €] (C'\ {1})).
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— Ifw < [A\ | (C\ {1})] then, we take Sa := Qj.
— If [A\ L (C\ {1})| = n + 1 € w then, we take Sp := Q.

In any case, it is clear that Sao embeds into A, thus, SA € I$(A) and from this we obtain
Sa € ISPy (A).

Therefore, in order to see that Sp and A have the same universal theory it is enough to
show that A validates the universal theory of Sp. This last statement holds if A partially
embeds into Sa thus, that is what we will prove next.

To prove what we want, it suffices to see that every finite partial subalgebra of A is em-
beddable into Sa. Therefore, we consider B to be an arbitrary finite partial subalgebra of
A.

The elements of B can be classified depending on whether they are the interpretation of some
constant (we will denote these elements: cﬁ, cee c(?m ) or they are not (we will name these
elements: ay, ... ,ap).

We can assume, without losing generality, that, for every element of B, its negation is also
contained in B (in case this didn’t hold we can just add the elements) and we can also suppose
that we have

_ A A A A
0—cq1<cq2<...<c% <...<cqm—1.

Since we have taken A to be a chain, [ct, c2),...[c . c2 ) is a partition of A\ {1}.

Now, for every i <m —1, let a;, < ... < a;, be the elements of {ai,...,a,} in the i-th com-
ponent [cﬁ, cé . ,), we will argue it holds the fact that we can choose some b;,, ... ,b; € Sa
such that

o <biy < ... <by <cHA.

It suffices to show that the statement above holds for [c(‘z, c;g L) with ¢; > % That is because:
in NM-chains (thus, also in rational NM-chains) the negation is dually order preserving; we
have assumed that B is closed under the negation; and because by the bookkeeping axioms
we know cﬁ\ is the negation fixpoint.

2
That is, if for some [c;ﬁ_, c;if . ) with ¢; > % such that there are k elements of B laying inside
and satisfying

A A
¢, <aipp <...<a; <c

qi+1
we have CZA <b, <...<by < C?ﬁw for some b;,,...b;, € Sa, then we also have
S S
cﬁgZ_H < by, << aby < cﬁgi

. Where the interval [c’}qi+ . céqi) belongs to the partition we have mentioned before (because

of the closure of B under the negation) and we also have exactly k elements from B in this
interval (which are the negations of the previous a;;).

Now, let’s argue the existence of those b;; for rationals ¢; > %:
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e If i # m — 1: Then, we have the interval [c$,c2+ ,) where c(‘z ., 7 1 and, therefore,

c%‘_’; . 7 1. Since the rationals are dense in the reals, by the definition we have given of
Sa it is clear that [CiA, Cgﬁ ,) is an infinite set. Thus, we can find such elements b;.

o If i = m —1: Then, we are considering the interval [cg‘:, 1). By construction of S it is
clear the existence of those b;; in [CZA, 1):

— If SA = Q,: it holds because of the density of Q in R.

— If SA = Q: we have {t, : n € w} C [CSL_A, 1) thus, the interval is infinite and
there exist some elements we can choose to be our bijs.

— If Spo = Qp: then, [A\ | (C'\ {1})| = n + 1 therefore, there can be at most n
elements in [c$, 1). We know {t,y : n’ € n} C [cs’iA, 1) so it is clear the existence
of some elements b;; satisfying what we want.

Hence, we consider a map h : B — Sa and we let h(a;;) := b;; (for those a;; > c‘i‘ and

A _
Cq—

Il

h(—ai;) := —b;; for the rest of elements of {ay,... ,a,}. Moreover, we define h(ch)
cqu for every g € {q1,-.. ,qm}-

This completes the definition of A which is clearly an homomorphism since in NM-chains the
behaviour of — and * is completely determined by the order and the negation and we have:
for any a,b € B, a < b= h(a) < h(b) and h(—a) = =h(a).

By the definition we have given, h : B — S is an embedding which is what we needed
in order to prove that A and Sp have the same universal theory. Therefore, there are
either r € (3,1] or p € [3,1) N Q and v € w + 1 such that ISPy (A) = ISPy (Q,) or
ISPy (A) = ISPy (Qp).

Now, we will prove what remains to be seen:

1. Let A be a rational NM-chain validating the sentences in the statement. Then, the
zero-generated subalgebra of A is Q,. Thus, by the previous construction we have
given of SA we know Sao = Q,. Consequently, A and Q, have the same universal
theory and, in particular, A € ISPy (Q,.).

2. Let A be a rational NM-chain validating the sentences in the statement. Then, the
zero-generated subalgebra of A is Qg. Thus, by the previous construction we have
given of Spo we know Sa € {Q) : v € w + 1} (thus, Sa C Q) and, since A and Sa
have the same universal theory, A € ISPy (Sa).

Therefore,
A € I8Py (Sa) CISPyS(Q;) = ISPy (Qy).

3. Let A be a rational NM-chain validating the sentences in the statement. By arguing
as in case 2. we obtain that Spo € {Q) : v € w+ 1} where A and Sa have the same
universal theory.

Moreover, since A validates

on...xn+2( \/ (cp V) < (cp\/x]-)) ~1,
0<i<j<n+42
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it is clear that |A\ | (C'\ {1})| = m + 1 for some m < n where C is the universe of the
zero-generated subalgebra of A.
Therefore, Sp = Q)" for some m < n.

Hence,
A € ISPy (Sa) = ISPy (Qy) € ISPyS(Q,) = ISPy (Qy).

O

Corollary 2.3. Every variety of rational NM-algebras is generated by a set of algebras of the
form Q,, where r € (%, 1], or @}, where p € [%, 1)NQ and v € w+ 1.

Proof. Recall that every variety is generated by its subdirectly irreducible members. As every
subdirectly irreducible rational NM-algebra is a chain, the result follows from Proposition 2.2.
The fact that every subdirectly irreducible element of RNM is a chain is given by Proposition
1.49 (since the logic RNML is a core fuzzy logic).

O
Theorem 2.4. The following hold.

1. Every nontrivial variety X of rational NM-algebras is of the form V(Q,) for some
r e (%,1] or V(Qp) for some v € w+1 and p € [%,1) N Q. Furthermore, V(Q,) is
aziomatized by the equations {cg ~1:q € [r,1]NQ} and V(Q}) is aziomatized by the
equations:

e {c,~1:q€(p,1]NQ} and
(v0§i<j§n+2(cp V) < (cpV %)) ~1

ify=n€cuw.
e {c,~1:q¢€ (p,1]NQ}, otherwise.

2. For all r1,79 € (%,1], p1,p2 € [%,1) NQ and v1,v € w+ 1,

V(@) € V(Qr,) if and only if 1y <o,
V(Q.) C V(@) if and only if r1 < p1,
V(Qp) CV(Qr,) if and only if p1 <11,
V(@) CV(Qp2) if and only if either p1 < pa or (p1 = p2 and 11 < ¥2).

3. The lattice of subvarieties of RNM (which we denote by Ly (RNM) ) is an uncountable
chain isomorphic to the poset obtained by adding a new bottom element to the Dedekind-
MacNeille completion of the lexicographic order of [%, 1)NQ and w+ 1.

Proof. 2. Consider r1,719 € (%, 1], p1,p2 € [%, 1)NQ, and 1,72 € w+ 1. We need to prove
that:
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e V(Q,,) CV(Q,,) if and only if 71 < ro.

=) To prove this implication we reason by contraposition: we assume that ro < 7.
Since Q is dense in R, there exists a rational number r5 < g < ry. Hence, ¢, = 1
holds in Q,, but fails in Q,, (by the definition we have given of this algebras).

Therefore, Q,, ¢ V(Q,,) and, consequently, V(Q,,) € V(Q,.,).
<) Now, we prove the other direction. If 1 <9, then Q,, € H(Q,,) € V(Q,,).

e V(Q,) CV(Qy) if and only if 71 < p;.

=)To prove this implication we reason by contraposition: we assume that p; < rj.
Since Q is dense in R, there exists a rational number p; < ¢ < r1. Hence, ¢, = 1
holds in Q! but fails in Q,, (by the definition we have given of this algebras).
Therefore, Q,, ¢ V(Q)!) and, consequently, V(Q,,) € V(QJ!).

<) Now, we prove the other direction. If r; < p1, then Q,, € H(Q)}) € V(Q}).

e V(Q);) CV(Q,) if and only if p1 < 1.

=) To prove this implication we reason by contraposition: we assume that r1 < p;.
Hence, cp, = 1 holds in Q,, but fails in Q]! (by the definition we have given of
this algebras). Therefore, Q}! ¢ V(Q,,) and, consequently, V(Q)!) € V(Q,,).
<) Now, we prove the other direction. If p; < r1, then every partial subalgebra
of Q! embeds into some member of {Q, : ¢ € (p1,71] N Q}. This last statement
implies that Q! validates the universal theory of {Q, : ¢ € (p1,71] N Q} (i.e.
o €EISPu({Qq 1 g € (p1,m]NQY).

We know {Q, : ¢ € (p1,m1]NQ} € H(Q,,) € V(Q,,). Therefore, by what we have
previously showed about the membership of Q}!, we obtain Q] € V(Q,,).

e V(Qp) CV(Q?) if and only if either p; < p2 or (p1 = p2 and v < 72).

=) To prove this implication we reason by contraposition: we assume that ei-
ther po < py or (p1 = p2 and 72 < 7).

— If p2 < p1: Then, by density, there exists a rational q such that ps < g < p1.
Hence, ¢, ~ 1 holds in Q)2 but fails in Q) (by the definition we have given
of this algebras). Therefore, Q! ¢ V(Q;2) and, consequently, V(Q)!) ¢
V(Q}).

—Ifpr=ps (=q€ [%, 1)N Q) and 2 < 71: Since 72 < 71, necessarily 1 > 0,
moreover, from vy, < 1 € w+ 1 it follows that v5 = n for some n € w.

Given the fact that ¢ < 1 and 72 = n, it is clear that the interval [c4, 1] in
Q,? has n + 2 elements, hence:

Qr=QzF \/  (cVa) o (e vay) =L
0<i<j<n+2

On the other hand, since 1 > 72 = n, the interval [c,, 1] in Q)' = QJ! has
more than n + 2 elements. Thus, the above equation fails in Q! and, conse-
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quently, Q) ¢ V(Q)2).

<) Now, we prove the other direction:
— If p1 < p2: Then, we have V(QJ}) C V(Q,,) € V(Q}2) by the previous items
we have proved (the third and the second, respectively).
— If py = p2 and 71 < 72: Then,

n €8(Qp;) € V(Q;)-

1. Let K be a nontrivial variety of rational NM-algebras, first we will show that K is of
the form V(Q,) for some r € (3,1] or V(Q}) for some y €w+ 1 and p € [§,1)NQ.
By Corollary 2.3, we know KK is generated by a set of algebras {4; : i € I} # @ of the
form Q,., where r € (%, 1], or Qp, where p € [%, 1)NQand v € w+ 1.

Thus, we want to define some algebra S of the previous types such that K = V(S).
Let s = sup{r € [1,1]: Q, € {4;:i € I} or Q) € {A; :i € I} for some v € w+ 1},

- If there exists v € w + 1 such that QY € {A; : i € I}, then we take S := Q2 where
d=sup{yew+1:Q) e {A;:iecl}}.
- Otherwise, we take S := Q

s*

By the inclusions we have proved in item 2 and the definition we have given of S, it is
clear that IK C V(S). Now, we show the other inclusion also holds:

- If S € {4, :i € I}, then trivially V(S) C K.

- Otherwise, either S = Q, or S = QY. In both cases, every finite partial subalgebra
of S embeds into some member of {A; : i € I}, therefore, S validates the universal
theory of {A; : i € I}. Hence, S € ISPy{A4; : i € I} C K since K is a variety
generated by {A4; : i € I} and, consequently, V(S) C K.

We have proved that K = V(S) and, thus, every variety of rational NM-algebras is
generated by an algebra of the form Q, or Q.

Now, we will show that varieties of the form V(Q,) are axiomatized by the equations:

{cg=1:q€ (p,1]NQ} and (v0§i<j§n+2(cp Vi) < (cp ij)> ~1,ify=n¢€uw;
{cg = 1:q € (p,1] NQ}, otherwise.

Let ¥ be the set of equations given by the statement, it holds that Q} F 3.

On the other hand, let’s consider a rational NM-algebra A ¢ V(Q}). By what we have
proven previously we obtain that V(A) is generated by some algebra of the form Q,.
for some r € (3,1] or Qg, for some p’ € [3,1)NQ and § € w + 1:

- If V(A) = V(Q,): Then, since we are assuming that A ¢ V(Qy), it holds V(Q,) €
V(Qp)- Now, by item 2 of this theorem, this implies that p < r. Therefore, by

density of Q in R, there is a rational q such that p < ¢ < r. Hence, c?r # 1 and,
consequently, Q.. ¥ X, which means A F 3.
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- If V(A) = W(Qg,): Then, since we are assuming that A ¢ V(Q)), it holds
V(Qg,) ¢ V(Q)). Now, by item 2, this implies that either p < p’ or (p = p’ and
v < 0).

Q’,
— If p < p/, analogously to the previous case, cp,p # 1 and, consequently,

Q’, ¥ 3 which means A ¥ X.
— Ifp=p and v <4, then y =n € w and

Qj}#( V (Cpin)H(Cprj))%L

0<i<j<n+2
Hence, A ¥ ..

Therefore, we can conclude that ¥ axiomatizes V(Q})).

Finally, we will show that varieties of the form V(Q,) are axiomatized by the equations:
{cg=1:q€[r,1]NQ}.
Let X be the set of equations given by the statement, it holds that Q, F X.

On the other hand, we consider some rational NM-algebra A such that A ¢ V(Q,)
and arguing as in the previous case: either V(A) = V(Q,/) or V(A) = V(Q}) for some
re(3,1,pe(3,1)NQand vy €w+ 1.

- IfV(A) =V(Q, ) since A ¢ V(Q,), by item 2 of this theorem, r < r’ where there

exists some rational q such that » < ¢ < r’. Hence, c?“ # 1 and Q,, ¥ X, which
implies A ¥ 3.

- T V(A) = V(Q)) and A ¢ V(Q,) then, by item 2, r < p < 1. Hence, ¢’ # 1
and Q) ¥ %, which implies A ¥ .

Therefore, we can conclude that ¥ axiomatizes V(Q,.).

. Let Ly(RNM)~ be the poset of nontrivial varieties of rational NM-algebras, then
Ly(RNM)~ is indeed a complete lattice (that is clear since: given a poset X, if \/ Y
exists for all Y C X, then X is complete).

Moreover, Ly(RNM) is obtained by adding a new bottom element to Ly(RNM)~
hence, by 1. and 2., it is clear that Ly(RN M) is an uncountable chain and, in order to
conclude the proof, it suffices to show that Ly,(RN M)~ is isomorphic to the Dedekind-
MacNeille completion of the poset X obtained by endowing ([3,1) N Q) x (w + 1) with
the lexicographic order:

(q1,71) < (g2,72) iff 1 < g2 or (1 = g2 and y1 <72)  for any q1,¢2 € [5,1) NQ,
1,72 € w+ 1.

To see what we have left to prove, we can consider the map f : X — Ly(RNM)~
defined by:
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V(Q)) ifq=3,
) V(Q,) ifg#3andy=0,
fla.) = V(Q!) ifg#Landy=n+1,
V(Q7) ifg# 3 andy=w.

Then, by the previous items we have proven, it is clear that it is an order-embedding:
it is injective by 1. and, by 2., we know that for any ¢1,qs € [%, HNQ, y,72 €w+1

we have (q1,71) < (g2,72) iff f({q1,71)) C f({g2,72))-

Moreover, f[X] is both join-dense and meet-dense in the complete lattice Ly(RNM)~,
that is, every element of Ly(RNM)™ is a join (and also a meet) of some subset of f[X].
This is clear since, for a subset D of a complete lattice Y, D being join-dense in Y is
equivalent to the fact that, for every z,y € Y, £ y < there exists d € D such that
d <z and d £ y. Dual statements also characterize meet density.

Therefore, since up to isomorphism the Dedekind-MacNeille completion of a poset Y is
the only completion in which Y is both join-dense and meet-dense (see [2, Proposition 1]
and also [6]), we can conclude (by what we have recently proved) that Ly(RNM)™ is
isomorphic to the Dedekind-MacNeille completion of X. Hence, we have seen what we
wanted and the proof of item 3. is concluded.

O

Remark 2.5. The axiomatization given in item 1. of Theorem 2.4 can be simplified for
varieties of the form V(Q,) with ¢ € QN (%, 1], as these can be axiomatized by the equation
cq ~ 1. On the other hand, varieties of the form V(Q,) with 7 € (3,1] \ Q do not admit a
finite axiomatization (that’s because Q is dense in R: there always exists a rational in between
any two given real numbers).

Since there is a dual isomorphism between the lattice of subvarieties of RNM and the
lattice of axiomatic extensions of RINML, Theorem 2.4 provides a full description of the last
one, which is presented in the following result:

Corollary 2.6. FEvery consistent axiomatic extension of RINML is of the form

RNML, :== RNML + {c;:q € [r,1]NQ} for somer € (3,1],

RNMLY := RNML + {c,: q € (p,1] N Q} for some rational p € [3,1), or

RNML} = RNMLS+ \ o< j<nia(ep V Ti) < (¢ V xj) for some rational p € [2,1) and

necw.

Moreover, the lattice of axiomatic extensions of RNML is an uncountable chain dually iso-
morphic to the poset obtained by adding a new bottom element to the Dedekind-MacNeille
completion of the lexicographic order of [%, 1)NQ and w+ 1.

The structure of the lattice of arbitrary extensions of RINML is still unknown as in the
case of RG (see [18, Section 7]). However, it is easy to see that it has uncountable chains
and antichains, the first statement is directly obtained by Corollary 2.6. The claim that the
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lattice of arbitrary extensions of RINML has uncountable antichains is easily proven from
the fact that {Q(Q,) : r € (3,1]}U {QQ):pe [2,1)NQ} is a set of minimal quasivarieties:

e Given some p € [%, 1) N Q, we observe that, if Ae Q(Qg) is nontrivial, then it validates
the quasiequations of the form ¢, ~ 1= 0~ 1, for ¢ € [%,p] NnQ.
Thus, cg? <1forall qe [%,p] N Q and, consequently, 0 <c(‘;‘ for any ¢ € [1 — p, %] NQ.
Hence, Qg is embeddable into A and this implies that Q(Qg) C Q(A), i.e. that Q(Qg)
is a minimal quasivariety.

e Analogously, given some r € (%, 1], we can see that, if A€ Q(Q,) is nontrivial, then Q,
is embeddable into A. This implies that Q(Q,) C Q(A), therefore Q(Q,) is a minimal
quasivariety.

2.2 Structural completeness in RNML

Now, we move on to studying some structural completeness results for the rational Nilpotent
minimum logic: as it has been done for the rational Godel logic in [18, Section 8], we will
obtain a full characterization of structural completeness and its variants in extensions of
RINML. The following result characterizes PSC extensions of RNML:

Theorem 2.7. The following are equivalent for an extension - of RNML:
1. F is PSC;
2. F is algebraized by a quasivariety with the JEP;

3. F is algebraized by a quasivariety whose nontrivial members have isomorphic zero-
generated subalgebras.

Proof. 1. = 2.: Is a direct consequence of Theorem 1.30.
2. = 3. : Is easily seen by definition of what it means for a quasivariety to have the JEP.

3. = 1. : Consider K to be the quasivariety algebraizing I-, then, by Theorem 1.29, in order to
see that b is PSC it suffices to show that every two nontrivial members of IK (the equivalent
algebraic semantics of I) validate the same positive existential sentences.

To prove what we want, we consider two nontrivial algebras A, B € K and, by assumption,
their zero-generated subalgebras will coincide (let’s denote this algebra by C).

By Lemma 1.41 (taking I = C'\ {1}), the set F of prime filters F of A such that FNC = {1}
is nonempty. Thus, we are considering a nonempty partially ordered set satisfying that every
chain has an upper bound (its union) in the set, therefore, by applying Zorn’s Lemma we
obtain a maximal F' € F.

Since F is prime, by Theorem 1.40, A/F is a chain and, by construction of F, the zero-
generated subalgebra of A/F is isomorphic to C. Hence, we can assume without loss of
generality that C is a subalgebra of A/F.

The algebra A is assumed to be nontrivial, therefore either C = Q,. for some r € (%, 1] or
C= Qg for some p € [%,1) NnQ.

32



Moreover, we have taken F to be maximal on F thus, for any a € A/F strictly larger
than all the elements of C'\ {1}, @ = 1 must hold (otherwise a wouldn’t belong to F nor
C\ {1} and F wouldn’t be maximal).

Therefore, we have seen that A/F is a rational NM-chain satisfying that |(A/F)\ | (C\
{1})| = 1 and, by Proposition 2.2, either I$P;(A/F) = I$P,(Q,) for some r € (3,1] or
ISPy (A/F) = ]ISIPU(QS) for some p € [3,1) N Q. Thus, A/F € ISPy(C).

By assumption we know C is a subalgebra of B (the zero-generated one) then, we obtain
A/F € ISPy (B). Hence, there exists some embedding f4 : A/F — By where By is an
ultrapower of B.

We can consider g4 : A — A/F to be the canonical surjection and, then, the composition
fa o0 ga will be a homomorphism from A to By.

Finally, since positive existential sentences are preserved by homomorphic images, exten-
sions and ultraroots, it has been showed what we wanted: every positive existential sentence
that is true in A will also be true in B. ([l

We present and prove the following result, which will be helpful to characterize structural
completenes, active structural completeness and hereditary structural completeness later on:

Proposition 2.8. Let K be a nontrivial sub-quasivariety of RNM and let Fik(w) be its de-
numerably generated free algebra. Then, there are v € (%, 1], p € [%, DNQand vy € w+1
such that Q(Fk(w)) = Q(Q,) or Q(Fk(w)) = Q(Q}).

Proof. We consider K to be as mentioned in the statement. Now, we know that F(w) =
Fyk)(w) where V(Fy)(w)) = V(K) is a variety of RNM (the last equality is given by
[7, Theorem 10.12 and Lemma 11.8]). Thus, by Theorem 2.4, there exist some r € (3, 1],
p € [3,1)NQ and v € w+ 1 such that F(w) will be the denumerably generated free algebra

of V(Q,) or V(QZ).
This last statement implies that Fi(w) will also be the denumerably generated free algebra

of Q(Q,) or Q(Qy). Hence, Q(Fk(w)) € Q(Q,) or Q(Fk(w)) € Q(Q}).

We have left to see the other inclusion holds for both cases:

o If Fx(w) = Fy(q,)(w): then Q, is the zero-generated subalgebra of Fi(w). Therefore,
Q(Q,) € Q(Fk(w)).

o If Fk(w) = FV(QS)(w): analogously to the previous case we obtain Q(Qg) C Q(Fk(w)).

e Finally, we consider the case where F(w) = Fy(qy)(w) with 7 > 0: since every finite
partial subalgebra of Q) embeds into {Qy : n € wand 1 < n < 4} it is clear that
Q) €ISPy({Q, :n€wand 1 <n < v}).

Thus, if we show that each Q) (for n € w and 1 <n < v) is embeddable into F(w) we
obtain Q} € ISPy $(Fk(w)) = ISPy (Fk(w)) € Q(Fk(w)) and, hence, what we wanted.

For every 1 < n < 7 such that n € w, the algebra Q, is the chain consisting of
the interval [1 — p,p] N Q in between the n + 1 element chains:
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0< oty < - <=t < it
to <t <---<th_1<l1.

Then, Qy is embeddable into Fk(w) via the map that is the identity on {0} U ([1 —
p,p]NQ)U{1} and that sends ¢; to (the equivalence class of) the formula ; and —t; to
its negation, where:

Yo :=c¢cpVa and Qi+l = Tjp1 V (IL’]‘_H — ng).
That is, we have an embedding:
h: QSA — F]K(w)

a ifae{0}U([1-pp NQ) UL},
al—)h(a)::{ o ifa =t
-5; if a = ;.

which is what we needed in order to conclude the proof.

O

The other variants of structural completeness turn out to be equivalent among extensions
of RNML:

Theorem 2.9. The following are equivalent for an extension - of RNML:
1. v+ is HSC;

2. +is SC;
3. Fis ASC;

4. F is algebraized by a quasivariety IK generated by a chain A.

Furthermore, in condition 4., A can be chosen either trivial or of the form Q, or Q), where
re (%,1],]96 [%,1)OQ and v € w+ 1.

Proof. 1. = 2. : Is straightforward by definition of hereditary structural completeness.
2. = 3. : Is also trivial by the explanation of what it means to be active structural complete.

3. = 2.: Let K be a quasivariety algebraizing F and Fi(w) be its denumerably generated
free algebra.

Assume that F is not SC with the aim to arrive to a contradiction. From this last statement
and the supposition that F is ASC we obtain that - must not be PSC.

Therefore, by Theorem 2.7, there is a zero-generated algebra C € K different from the zero-
generated subalgebra Fi(0) of Fk(w). Then, since C is distinct from Fi(0) and, for every
A € K, there is a set X such that A € H(Fg(X)), there must be some ¢ € [3,1) N Q such
that ¢y =~ 1 holds in C, but not in Fk(0) (nor in Fgk(w)).

Moreover, by Proposition 2.8, there are r € (3,1], p € [3,1) N Q and v € w + 1 such
that Q(Fk(w)) = Q(Q,) or Q(Fk(w)) = Q(Q}). Then, we can take A € {Q,,Q,} such that
Q(Fk(w)) = Q(A).

In particular A ¥ ¢, ~ 1 and, since by definition it is a chain,
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AFzVeml=2z~1.
Given that F is ASC, by Theorem 1.29, it holds C x Fi(0) € Q(Fk(w)) = Q(A), therefore,
CxFrg(0)FzVe,mx1= 2z~ 1.

But this last statement is false: if we consider the assignment x +— (0,1) we obtain (0,1) V
(1,...) = 1 but x # 1. Hence, by assuming F isn’t PSC we have arrived to a contradiction
and this concludes our proof that I~ is structurally complete.

2. = 4. : We assume F is SC and, by Theorem 1.29, this implies that F is algebraized
by a quasivariety K that is generated by Fi(w) (that is, K = Q(Fk(w))). Moreover, by
Proposition 2.8, we obtain what we wanted: either K is trivial or of the form Q(Q,.) for some
re (i1 or Q(Qy) for some p € [3.1)NQand vy € w+ 1.

4. = 1. : We presume that 4. holds and we distinguish the following cases:
o If - is algebraized by a trivial quasivariety IK: then F is clearly HSC.

e If - is algebraized by a quasivariety IX = Q(A) where A is a nontrivial chain: then, by
Proposition 2.2, either A = Q,. for some r € (1,1] or A = Q, for some p € [2,1)NQ
and y € w+ 1.

We can deduce this last statement because, by Proposition 2.2, we obtain ISPy (A) =
ISPy (Q,) or ISPy (A) = ISPy (Q)), hence PISPy(A) = PISP;(Q,) or PISPy(A) =
PISPy(Q)) and, for any class of algebras IK’, PI(K’) = IIP(IK’) and P$(K’) C ISP (K').

Thus, we have two different subcases:

— First, we suppose that A = Q,. Then, it is clear that the zero-generated sub-
algebra of every nontrivial member of Q(Q,) will be Q,. Thus, the quasivariety
Q(Q,) is minimal (there is no subquasivariety different than the trivial one) and,
therefore, by Theorem 1.29, we obtain that - is HSC.

— Finally, we consider the case where A = Q). Since we know that every extension
of - will be algebraized by a subquasivariety of K then, by definition of HSC and
Theorem 1.29, to prove what we want it suffices to see that every subquasivariety
of Q(Q}) is generated as a quasivariety by its denumerably generated free algebra.

The previous statement holds for Q(Qg): by the proof that has been given of
Proposition 2.8 it is obtained that Q(Fk(w)) = Q(Q}) = K.

Moreover, if we consider a proper subquasivariety K’ of Q(Qg), we can assume
K’ to be nontrivial since otherwise it is easily seen what we want to show. Then,
Qg € K’ (by its nontriviality) and Q) ¢ K’ (since it is proper). Consequently,
there is some n € w such that, for all m € w + 1,

Q) c K if and only if ~ m < n.

This together with Proposition 2.8 implies that Q(Fk/ (w))

= Q(Qp): that’s be-
cause Q(Fg/(w)) C K’ thus, for any m > n, Q' ¢ Q(Fkr(w)).
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From the equality Q(Fy/(w)) = Q(Q,), in particular, we obtain:

]K’l=< \ (cpvmi)w(cpvxj)> ~ 1.

0<i<j<n+42

Recall that we want to show Q(Fk/(w)) = K’ where, clearly, the inclusion from
left to right holds. Thus, in order to prove what is left to see, we let B € K’ and
we will show that B € Q(Fx/(w)).

Now, since K’ is a quasivariety of Q(Q}), we know B € Q(Q)) and, by the
Subdirect Decomposition Theorem (see [7, Theorem 8.6]), B is a subdirect prod-
uct of algebras that are relatively subdirectly irreducible in Q(Q}) (let’s denote
them by C;).

It is easy to see that Q(Q)) = ISPPy(Q)) = IPspSPy(Q,). In particular, this
implies that C; € IPspSPy(Q)) and, since we are assuming that they are rela-
tively subdirectly irreducible in Q(Q}), C; € ISPy(Q)), therefore, they are chains.

Hence, we have that B is a subdirect product of the chains {C; : ¢ € I} in
Q(Q;’). Furthermore, B validates the equation previously exhibited and so do all
the Cz
From this, the fact that C; € Q(Q,) (for every i € I) and Proposition 2.2, we
obtain:

{Ci:iel} CISPy({Q),.-..Qp}) C ISPy (Q)).

Thus, B is a subdirect product of members of Q(Q)) and, since we had shown

Q(Fi (w)) = Q(QY), we conclude B € Q(Fyo(w)).
Therefore, I’ is generated as a quasivariety by Fg/(w), as we wanted to prove.

In all the cases we have distinguished we have shown to be true that + is HSC.

0

Next, we will introduce a result that presents bases for the admissible rules on all the
axiomatic extensions of RINML.

Theorem 2.10. The following hold for all r € (%, 1], pe [%, HNQ andy € w+1:

1. A base for the admissible rules of the logic RNML, is given by the rules of the form
cgVzDz, forallqe [%,’F)QQ;

2. A base for the admissible rules of RNML) is given by the rule ¢, V z 1> z.

Proof. By Theorem 2.9, we obtain that the structural completion of RNML, is algebraized
by Q(Q,) and that of RNML] by Q(Q}). Thus, in order to obtain a base for the admissible
rules of RNML, and RNML], it is enough to find an axiomatization of Q(Q,) and Q(Q})
relative to V(Q,) and V(Q)), respectively (since, by Theorem 2.4, they algebraize RNML,
and RNML).
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Proposition 2.2 and Theorem 2.4 tell us that the universal class of Q,. is axiomatized relative
to V(Q,) by ¢ # 1 for all ¢ € [%,T) N Q. Then, we let T be the set of all terms ¢, with
q € [3,7) NQ and we consider some arbitrary A € V(Q,.):
o If A validates all the quasiequations tV z &~ 1 = z =~ 1 for t € T, then, for every
teT, A validates t % 1.
Hence, by what we have mentioned about the axiomatization of the universal class of

Q, relative to V(Q,), A € ISPy (Q,) € Q(Q,)-

e On the other hand, if A € Q(Q,), then A validates all quasiequations of the form
tVz~ 1= z=1 since they all hold in Q,.

Therefore, it is clear that Q(Q,) is axiomatized relative to V(Q,) by ¢, Vz = 1 = 2z~ 1,
for all g € [%,7“) NQ.

Analogously, we obtain that Q(Q}) is axiomatized relative to V(Q}) by ¢, Vz = 1 = 2 =~ 1.
(]

2.3 Comparative analysis of the results

The addition of rational constants to the language of NML changes the lattice of axiomatic
extensions. The lattice of the new logic is totally ordered and has uncountable elements
while, on the other hand, we have a countable number of axiomatic extensions for NML.
Moreover, logics of the type NM2n+1 and NM2(n+1) can’t be compared given any n > 0.

The change produced in the ordering of the lattice is due to the fact that now, every RNM-
chain satisfies c1 — 0 =~ c_1. In other words, ~c1 = c1, consequently, every RNM-chain
contains the neg2ation ﬁxpoirit. Thus, while studyiflg the lattice of axiomatic extensions of
RNML, we obtain something totally ordered, as is the case for the sublattice of Ly (NM)
that contains all the subvarieties generated by chains with negation fixpoint.

The lattice of finitary extensions of RNML will also be different from the one we obtain for
NML since the latter doesn’t have neither uncountable chains nor unncountable antichains.
In fact, it has a countable number of elements.

Lastly, we have seen that we can give a bases for the admissible rules on all axiomatic
extensions, just as what happens in the case of NML (see Theorem 1.75).

But even so, the addition of rational constants to the language does change some structural
completeness results. Previously, for NML we had hereditary active structural completeness
and we had also seen that every logic algebraized by some variety of NM-algebras containing
V(Az3) was not structural complete. Thus, for NML we have some extensions that are ASC
but not SC, in contrast to the results we obtain for RNML, where the notions of ASC, SC
and HSC are equivalent for any extension.
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3 The logic NMLA

Clearly, NML is a core fuzzy logic (see Definition 1.32) and, in this section, we will study
the A-core fuzzy logic NMLA, in particular, how the addition of the A connective impacts
the lattices of axiomatic and finitary extensions and the results about structural completeness.

By Proposition 1.49, we know that NMLA is complete with respect to the class of NMa-
algebras described in Definition 1.43 (which we will denote by N M from now on), moreover,
it is complete with respect to the class of NMa-chains.

We have previously mentioned in Definition 1.59 that the standard NM-algebra is unique up
to isomorphism. Hence, there will be a unique standard NMa-algebra which we will denote
by [0,1]a = ([0, 1];*%,—,A,V,—,A,0,1) where A is as presented in (1.1) and the rest of op-
erations as described in Definition 1.59.

Thus, by Proposition 1.50 and standard completeness of NML, for every set of formulas
I'U {p} we have:

I' Fnmi, @ if and only if there exists a finite A C I' such that T[A] Fig 1), ()
where 1:= {z ~ 1}.
Therefore, NMLy is algebraized by the variety NMa = V(NMa-chains) = V([0,1],).

In fact, as in the case of NML, it also holds NMa = Q([0,1],), since every countable
NMAa-chain will be embeddable into [0,1] 4.

We will present some particular properties of the variety NMa that will be useful later
on to study the lattice of finitary extensions of the logic NMLA. But first, we introduce
some concepts:

Definition 3.1. Given a set A, the quaternary discriminator on A is defined by

z ifx=uy;
w otherwise.

dA(l'? y? Z7 w) = {
Definition 3.2. A wvariety ¥ is called o discriminator variety if it is generated by a class K
for which there exists a term N such that N4 = d4 for every A € K.

Remark 3.3. NMa is a discriminator variety. That is because, as we have seen, it is
generated by a class of algebras that are linearly ordered. Thus, the connective A will be
defined in those algebras as in (1.1) and the operations *, — as in Remark 1.60.

Therefore, the term

N(z,y,z,w) = (Alx 2 yANy = z)*x2)V(-Alx >y Ay = x) *xw)
will satisfy that, for every algebra A in the generator class of NMa, N4 = d&.

Hence, we will be able to use the following definitions and results about discriminator
varieties:

Definition 3.4. Given ¥ a discriminator variety, we denote by % the class of algebras
{A eV : Ais simple and has no trivial subalgebra }.
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In our case, where ¥ = NMa, % will be the class of all nontrivial NMa-chains. This
is due to Proposition 1.49 given that the notions of simple and subdirectly irreducible are
equivalent because we are in a discriminator variety (check [23, page 240]).

In fact, since & is a universal class, it will be closed under the formation of ultraproducts.

Theorem 3.5. [4, Theorem 1]
a) Lo(V) = Ly(Y) if and only if either B = & or Ly(¥) = 2.
b) The following are equivalent:

1. Lo(¥) is modular
2. Lo(7) is distributive
3. Vi CVy or Vo C Vi, for every Vi,Va € Ly(¥), Vi C V(A).

Moreover, if the language has a constant, then the above conditions are equivalent to
4. Ly(Y) is a chain or Lo(V') = Ly(V).
¢) Lo(V) is a chain if and only if some of the following conditions hold

1. Lo(V) = Ly(¥) is a chain
2. Ly(V) ={V(9),V(£), 7} =3 (and, hence, Lo(?) = 4).

d) Lo(7) is a Boolean lattice iff Lo(¥') = Ly(¥') is a Boolean lattice.

e) The pair (Ly(?), V(%)) determines Lo(V), i.e., if ¥' is a discriminator variety such
that ' is closed under the formation of ultraproducts and such that Ly(¥") is iso-
morphic to Ly(¥) via an isomorphism which carries V(') in V(A), then Lo(V') =
Lo(7).

Where Ly(7) (respectively Lo(?)) denote the lattice of subvarieties (respectively sub-
quasivarieties) of ¥

3.1 The lattices of axiomatic and finitary extensions

First, we want to study the lattice of axiomatic extensions of NMLa, equivalently, since
they are dually isomorphic, we will analize the lattice of proper subvarieties of NMAa.

By Remark 1.67 we know that, for each n € N\ {0}, there is only one NM-chain A,, with
exactly n elements, up to isomorphism. Therefore, since every NMa-chain is an expansion
of an NM-chain (seen in Definition 1.43) and A is uniquely defined in NMa-chains (by
Proposition 1.47), we obtain that, for each n € N\ {0}, there is (up to isomorphism) only
one NMa-chain with exactly n elements which we will denote by AZ.

Moreover, we have already seen that there is just one standard NMa-algebra [0,1], up to
isomorphism.

Remark 3.6. As in the case of NM-algebras, any finitely generated subalgebra of a nontrivial
NMa-chain is finite, that means, it will be isomorphic to A%, or A%, for some n > 0.

The following result is a direct consequence of Proposition 1.66:
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Proposition 3.7.
. AQAmH is a subalgebra of AQAnH iff m <mn,

o A

2m

18 a subalgebra of AQAnJrl iff 0 <m<n,

e AL s a subalgebra of A%, iff 0 <m <n,

° A%Hl s not a subalgebra of A2Am for any n,m > 0,

o A% is embeddable into [0,1]a for every m > 1,

e AL is embeddable into [0, 1]/~ for every m > 0.

In fact, by Definitions 1.43 and 1.69, we know that, just as stated for the case of NM-
algebras, an NMa-chain satisfies Sy (xo,...,z,) ~ 1 if and only if it has less than 2n + 2

elements. Furthermore, a nontrivial NMa-chain satisfies BP(x) & 1 if and only if it does not
contain the negation fixpoint.

Moreover, we had previously mentioned NMa = V(NMa-chains) and it has been seen that
NMAa-chains have the same properties as the ones presented for NM-chains. Therefore, we
will be able to characterize, classify and axiomatize all axiomatic extensions of NMLa (or,
equivalently, all proper subvarieties of NMa ) analogously as in the case of NML:

Theorem 3.8. (The proof is analogous to the one of [15, Theorem 1]) A variety of NMa-
algebras is a proper subvariety of NMa if and only if it does not contain some AkA with
1<k

Corollary 3.9. NMa = V({AS :n € w,0 < n}) = V({45,,, : n € w}) = Q{47
'n€w,0<n}).

Corollary 3.10. Let A be an infinite NMa-chain containing the negation fixpoint. Then
V(4) = NMa = Q(A).

Since any finitely generated NMa-chain is finite and every NMa-algebra is a subdirect
product of NMa-chains, it is easy to see that:

Proposition 3.11. Every variety of NMa-algebras is generated by its finite NMa-chains.

Proof. Let W be a variety of NMa-algebras, we want to see that W = V(Whnite chains). Lhe
inclusion from right to left is clear, hence, it is enough to show W C V(Whpite chains)-

In order to see what we want, first we will prove that, given W and some other variety
of NMa-algebras W/ C W:

W’ is a proper subvariety < W’ doesn’t contain some finite NMa-chain of W.

<) Holds trivially.

=) Since W’ is a proper subvariety, there is some equation € ~ ¢ with m variables (let’s
denote them {zg,...,zy—1}) satisfied in W’ and not in W.
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Hence, there is some nontrivial algebra A € W such that A ¢ W’. That is, there exist some
elements ag, . .., a,—1 € A such that €(ag,...,am-1) # 0(ag, ..., am—1).

By Proposition 1.49 we know every NMa-algebra is a subdirect product of NMa-chains, thus,
we can assume, without losing generality, that A is an NMa-chain.

We take B to be the subalgebra of A generated by {ag,...,amn—1}. Since every finitely gen-
erated NMa-chain is finite, B is a finite NMa-chain such that B € $(A) C W and B ¥ ¢ = §.
Therefore, B ¢ W'.

Thus, it has been seen that W’ doesn’t contain some finite NMa-chain.

Now, we can finally argue that W = V(Whpite chains)- That is because V(Whnpite chains) cOn-
tains every finite NMa-chain of W, hence, by what we have proven, it must not be a proper
subvariety. O

From the above results and completeness for NMLA (Proposition 1.49) we obtain:
Proposition 3.12. NML is decidable. Moreover, so will be every axiomatic extension.

The proper subvarieties of NMa are characterized and axiomatized just as stated in
Theorem 1.70 for the case of NM but with the respective algebras A%l, AZAm 415 [0,1] 5. The
proof is analogous to the one in [15, Theorem 3|:

Theorem 3.13. Every proper nontrivial subvariety of NMa is of one of the following types:
1V([0,1]5 )= V({AS, k€ w)) = QA : k € w)),
2. V(A% 1) = Q(AS, 1) for some m > 0,
3. V(AL,) = Q(AS,) for some n > 0,

4 V([0,1]5, A%, i) = V{AG: k e w}U{AS, 1)) = Q{AG: k € w}U{AG, . 1}) for
some m > 0,

5 V(AS,, A5, .1)=Q(A5,, A5 .\) for some m,n € w such that 0 < m < n.
Moreover, if 3 is any set of equations axiomatizing NMa, then

1. V([0,1] 1 ) is aziomatized by X plus the equation BP(x) ~ 1,
V(A2Am+1) is aziomatized by Y plus the equation Sy (zo, ... ,Tm) ~ 1,
V(AS),) is aziomatized by % plus the equations Sy(zq,. .. ,2n) ~ 1 and BP(z) ~1,

V(lo,1],, AQAmH) is aziomatized by X plus the equation BP(x)V Sy (o, ... ,xm) ~ 1,

S

V (A5, A5.,.1) with m < n is aziomatized by ¥ plus (BP(x) A Sn(z0,... ,25)) V
S (o, .. yom) ~ 1.

Furthermore, from Proposition 3.7 we can easily obtain relations among NMa varieties:
Proposition 3.14.

d V(AQATH-I) c V(AQAm—i-l) fO’I" every n < m,
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<

A
A2n

V(A8 1) for every 0 <n <m,

°
<

(A3,) €

(A5) CV(AS) for every 0 < n < m,
V(Ag,) €
o V([0,1]5) NV (AL, 1) = V(AL,) for every m > 0,
o V(45,)NV(AS,,1) = V(A3

2min{n,m}

V([0,1]5 ) for every n >0,

) for every n,m > 0.

We know there is a lattice isomorphism between the lattice of all subvarieties of NMa
and the lattice of all axiomatic extensions of NMLAa. Thus, from Theorem 3.13, we have:

Theorem 3.15. All proper consistent axiomatic extensions of NMLa are:
For every natural numbers n,m >0

1. NM; = NMLp plus A13,

2. NM2m+1A = NMLA plus A12,,,

3. NM2npn = NMLA plus A12, and A13,

4. NM "2m~+1aA = NMLA plus A13V A12,,,

5. NM2n,2m+1A = NMLa plus (A12, A A13) V A12,, with n > m.

In fact, the relations between NMa-varieties stated in Proposition 3.14 can also be trans-
lated to relations among extensions of the logic we are studying. Hence, we obtain the
following lattice of axiomatic extensions of NMLa (with the dual order):

NML 5
L
NM2na1s o
°

NM2m+1
NM2n 2m+1A . +ia

NM3a
NM-A

NM2 5
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Remark 3.16. This lattice happens to be equal to the one obtained for the case of the logic
NML.

Now, we will proceed to examine the lattice of finitary extensions of the logic.

In order to do so, we will use the isomorphism between the lattice of all subquasivarieties
of NMa and the lattice of all finitary extensions of the logic, and we will focus on studying
Lo(NMa).

We recall Remark 3.3 and use Theorem 3.5:

It is clear that A2 € 2 = {A € NMa : A is simple and has no trivial subalgebra} # .
Furthermore, we have previously studied Ly(NMa) and we know it is not isomorphic to 2,
hence, by Theorem 3.5 a), we obtain that Lo(NMa) # Ly(NMa).

Actually, the language of NMa contains a constant (e.g. the 0-ary function 1), therefore,
by the inequality we have proven and Theorem 3.5 b) 4., we deduce that Lo(NMa) is not
modular nor distributive and, by d) and ¢), Lo(INMa) is not a Boolean lattice nor a chain.

In fact, if we were able to find a locally finite discriminator variety whose lattice of all
subvarieties was isomorphic to Ly(NMa) then, by Theorem 3.5 e), we could know how the
lattice of subquasivarieties Lo(NMa) would look (see Remark 3.33 for an example).

The local finiteness of the variety would assure us that the requirement that %’ is closed
under the formation of ultraproducts is satisfied (see [4, Lemma 13]).

Remark 3.17. NMp is a locally finite variety. That is, every finitely generated subalgebra
of some N Ma-algebra is, in fact, finite. Therefore, every subquasivariety of NMa will also
be locally finite.

In order to get more information about Lo(NMa), we will present some results about
locally finite IV M a-quasivarieties that will let us obtain all quasivarieties of N Ma-algebras,
establish inclusion relations between them and characterize and axiomatize its generators.

Theorem 3.18. FEvery finite N Ma-algebra is isomorphic to a direct product of finite simple
N Ma-algebras.

Proof. Given some finite N Ma-algebra A, by [7, Theorem 7.10] we obtain that A is isomor-
phic to a direct product of directly indecomposable algebras.

Moreover, since N My is a discriminator variety, from [23, page 240] we deduce that directly
indecomposable algebras are simple. In particular, we will have a direct product of finite
simple algebras since, otherwise, A wouldn’t be finite. ]

Remark 3.19. Thus, by the last result and Proposition 1.49, every finite NMa-algebra is
isomorphic to a direct product of finite NMa-chains.

Definition 3.20. A critical algebra is a finite algebra not belonging to the quasivariety gen-
erated by all its proper subalgebras.

The interest of critical algebras is given by the following theorem:

Theorem 3.21. [17, Theorem 2.3| Every locally finite quasivariety is generated by its critical
algebras.
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Moreover, we will be able to characterize all N Ma-critical algebras, similarly to how it
has been done in [17], by means of the following lemma:

Lemma 3.22. If A3 X - X A%q is embeddable into HjGJAﬁAnj where the set {m; : j € J}
is finite, then

1. For every i <, there exists j € J such that n; < mj; and n; odd = m; odd.

2. For every j € J, there exists some i <1 such that n; < m; and m; even = n; even.

Proof. 1. Given A% x---x AL  embeddable into HjeJAﬁj, then

ni—1

An x--x An e V([T AR )= VAR 7 € J}).

ny_1
Hence, for every i < I, A%E V({A%j: j € J}). Given
M(z,y,2) = (A(x sy ANy = z)xy)V(CA(x >y ANy — x) * 2),

it is clear, by [7, Theorem 12.3] that V({AHA%: j € J}) is a congruence-distributive
variety. Thus, from this and the fact that the set {m; : j € J} is finite we can ap-
ply [7, Corollary 6.10] which states that the class of subdirectly irreducible algebras of

V({AR,:j € J}) will be in HS({A7, : j € J}).
Moreover, by Proposition 3.7,
]HS({AnAlj:j € J}) = H({A%: 3j € J such that n < m; and n odd = m; odd})

where a homomorphic image of a finite NMa-chain will also be a finite N Ma-chain
(whose cardinality is smaller or equal).

Furthermore, given 0 < k < n, we can’t have an exhaustive homomorphism
h: A5 —» A%C_H. That’s because, in that case, there would be some a € A% such
that h(a) = h(—a) would be the negation fixpoint (denoted by 0 in these algebra).
Then, if we consider b = max{a,-a} and ¢ = min{a, ~a}, we have b — ¢ = ¢. Hence,
h(b — ¢) = 0 while h(b) — h(c) =0 — 0 = k. We had taken k # 0, therefore, such
homomorphism doesn’t exist.

Moreover, for any Aﬁg, it is clear that this algebra cannot be a homomorphic image of
any algebra that has a negation fixpoint.

Thus, H(AZ%) is the set of A2 such that k¥ < n and k odd < n odd.

n

Therefore, the class of irreducible members of V({A,%j: j € J}) will be contained
in [({A%: 3j € J such that n < m; and n odd = m; odd}).

By Proposition 1.49, we know N Ma-chains are subdirectly irreducible members of
N M, hence, for every i < I, AL belongs to V({Aﬁj: Jje€J})sr.

Then, we have proven that, for every ¢ < [, there exists some j € J such that n; < m;
and n; odd = m; odd.
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2.

Given some Aﬁo X - X Aﬁl , embeddable into HjGJAﬁ,, we can consider v to
- J
be such an embedding and, for every j € J, we can take the natural projection
. A A
- HjEJ Am]' - A'mj‘
Then, for every j € J, v = mjoy: Aﬁo X oee X Aﬁl_l
and, by the Homomorphism Theorem [7, Theorem 6.12],

— A% is an homomorphism
J

AL x-ox AL [Ker(v;) 2 (AL x - x AR ) C A,%j.

From this, since in a discriminator variety the concepts of simple, subdirectly irreducible
and directly indecomposable are equivalent ([23, page 240]), we obtain that Aﬁo X e X
Aﬁlil/Ker(’yj) is simple.
By definition of simple algebra, this last statement is equivalent to Ker(;) being a
maximal congruence relation of Aﬁo X oo X Aﬁl_l.
Now, we consider [8, Lemma 2.3] and remark that this result also holds for NMAa-
algebras since the proof is general. Thus, from this, the maximality of Ker(v;) and the
fact that the Aﬁi’s are simple (that is, Con(Aﬁi): {A,%_Q, Idaa } ) we obtain that there
is some ¢ < [ such that: '

Ker(y;)= A2 x -+ x AS_ 2 x Idpa x AR, P XX AL

ni—1 np—1°
Therefore, for every j € J, there exists ¢ < [ such that:

A A ~ AA A
AG, X x AR [Ker(y;) = AR C AR
Finally, by Proposition 3.7, we have proven what we wanted: for every j € J, there
exists ¢ < [ such that n; < m; and m; even = n; even.

0

Now, we can give a characterization of all critical IV Ma-algebras:

Theorem 3.23. An NMa-algebra A is critical if and only if A is isomorphic to a finite
N Ma-algebra Aﬁo X e X Aﬁzq satisfying the following conditions:

1.

2.

For every i,j <1, i # j implies n; # n;.

If there ewists some n; with j <l such that for some i # j with i <1 it holds n; < n;
and n; odd = n; odd, then n; is unique. That is, for any s,r < | such that s # r,
ns < n, and ng odd = n, odd it must hold n, = n;.

Proof. <) First, we assume that A = Aﬁo X - X Aﬁlil satisfies conditions 1. and 2. and
we will show that A is critical. Before doing that, we will prove the following claim:

Claim: Fvery proper subalgebra of A is embeddable into a subalgebra of A of the form
AC%O X oo X AAZ_1 where d; < n; and d; odd = n; odd for every i < [ and there exists
some j < [ such that d; # n;.

45



Proof. Let B be a proper subalgebra of A. Since A is finite, so will be B and then,
by Remark 3.19, we obtain that B is isomorphic to an N Ma-algebra A% X+ X ATAk_l.

Now, for every ¢ < [, we can consider the natural projection

Tt A=AL X x AR - AR
and we can take 7; to be m; | B. Then, B will be embeddable into vo(B) x - - - x y;_1(B)
(not necessarily exhaustively).
Moreover, since for every ¢ < [ the inclusion v;(B) C Aﬁi holds, by Proposition 3.7, we
have v;(B) = AdAi for some d; < n; such that d; odd = n; odd.

Thus, if there is some j < [ such that d; # n; we have already seen what we wanted.
Therefore, let’s assume the opposite: for every i <[, v;(B) = Aﬁi .

Then, by the Homomorphism Theorem [7, Theorem 6.12], for all i < [, B/Ker(y;) = A%
and, since Aﬁi is simple then, by definition, Ker(-y;) is a maximal congruence relation
of B.

Thus, by [8, Lemma 2.3] (which we have previously mentioned that also holds for N M-
algebras), by the fact that we had seen B = ATA0 X - X Af‘k _, for simple Aﬁ‘i’s and by
the maximality of Ker(;) we obtain that there is some j < k such that

_ AA2 A2 A2 A
Ker(vi)= Ap " x ---x A xIdATij AL, T XX AR

Hence, for every ¢ < [, there exists some j < r such that B/Ker(y;) = ArAj =A%,

By condition 1. we know that i; # i2 implies n;, # n;,. Therefore, I < k, be-
cause otherwise there would exist some 41,49 < [ and some j < r such that i; # io and
Aﬁil = ATAj = Aﬁiz, contradicting our assumption.

Moreover, for each i1,i9 < [ such that i; # io the corresponging ji,jo < r must also
be different. Otherwise, Aﬁil = ATA],1 = ATA],2 = Aﬁiz holds, which again contradicts
condition 1.

Then, since [ < k and we obtain

= A A = A A A A =
B=AL x---x AL =A5 X---x Ap X AR XX AR =

AxAﬁl X - x AL

mr—1

where my,...,my_1 € {rg,...,7k—1}. But this implies |A| < |B|, which contradicts the
fact that B is a proper subalgebra of A.

Thus, it never occurs the case where there is no j < [ such that d; # n; and the
claim has been proven. O
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Now, we continue with the proof of the theorem. Given the algebra A = Aﬁo X+ X Aﬁlil
satisfying conditions 1. and 2., we assume A € Q({B C A}) with the goal of arriving to a
contradiction.

In that case, it will be clear that A is a critical algebra since these are finite algebras not
belonging to the quasivariety generated by all its proper subalgebras and we already know

A is finite.

Since A € Q({B C A}), then, by the claim,
A€ HSIPIPU({AdAO X oo X AC?FI: Vi d; < n;, d; odd = n; Odd; E|j dj 75 nJ})

Moreover, given that {AdAO X oo X Aﬁl_lz Vi di < n;, d;j odd = n; odd; 3j d;j # n;} is
a finite set of finite NMa-algebras, by [7, Lemma 6.5], we have: A € ]ISIP({AdAO X e X
AdAFf Vi dz < ny;, dl odd = 74 Odd; 3] dj 75 nj})

X oo X AdA
-1,k

Thus, A = AL x---x AL is embeddable into [, _,,(AZ

a
dox )% where

{AZ  x--x Ap  ck<m}C{AL x---x Af :Vid; <ni, d;i odd = n;
odd; 3j dj # n;}.

Since the set {d; : t <[,k < m} is finite, we can apply Lemma 3.22. First, we consider two
possible cases:

e There exist 4, j < such that i # j, n; < n; and n; odd = n; odd:
Then, by the fact that A satisfies condition 2., n; must be unique. By Lemma 3.22 1.,
there exists some A@yk such that n; < d;j and n; odd = d;; odd. In other words,
there exists some

AA

do,k

X oo X AdAl71’k€ {Ac%o X e X AdA1712Vi d; <ny;, d; odd = n; odd; 3j dj #TL]}

such that n; < d; and n; odd = d;; odd for some ¢t < . Combining this with the
fact that n; is unique and, by definition, d; ; < n; and d; odd = n; odd, we obtain
n; = dnk = Ng.

Thus, by condition 1., j =t.

Since we know

X oo X Aﬁ
1—1,k

AA

o e {AL x---x A :Vid; <ni, di odd = n; odd; 3j dj # nj},
there exists some 7 < [ such that d,, < n,, d,, odd = n, odd and d,  # n, (hence, it
must hold r # j).

Now, by Lemma 3.22 2., there exists some s < [ such that n, < d,; and n, odd =
dy, odd. Then, combining this with the properties given by how we have defined r, we
obtain ng < n, and ng odd = n, odd (with s # r, since n; is strictly less than n,).
Furthermore, in this case, we had considered the existence of some i # j such that
n; < n; and n; odd = nj odd.

We have seen r # j and this leads us to a contradiction with respect to condition 2.
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e For all 4,5 <[ such that ¢ # j either n; > n; or n; odd # n; odd:
Then, the argument of the previous case follows analogously by taking any n; with
g <l

Therefore, we have arrived to a contradiction in both cases, as we wanted. Then, A is finite
and A ¢ Q({B € A}) which means that A is critical.

=) We proceed to prove the converse, let A be a critical N Ma-algebra. Then, by defi-
nition, A is finite and, by Theorem 3.18, we can suppose, without loss of generality, that

A=ALM0x . x AL Mo

Nr—1

for some ng, ...,ny—1,Mmo,...,mr—1 € w and n; # n; when i # j. We assume not all m;’s are
equal to 1 in order to arrive to a contradiction.

Let m = maxz{my,...,m,_1}, then we consider the map
AA M A my_ Am A m
B.Ano 0><---><Am‘71 1—>An0 ><-~><Amf1
such that, for every k < r,
m—my

BOO),...,b(r — 1)) (k) = (b(k)(D), .., b(k)(my), BR)(L), ... b(k)(D) ).

M (AR XX AR )™

Npr—1

This function gives an embedding from A into Aﬁom Xe e X A%_
Thus, A € QAL x---x A ).

MNpr—1

1

On the other hand, the map

AL A A ™Mo A
arAn X x AR  —BCALT X XA

mo mMr—1
(a(O),...,a(r—l))Ha(a):( a(0),...,a(0),..., a(r—1),...,a(r —1) )

defines an isomorphism from Aﬁo X e X Aﬁr_ , into a proper subalgebra of A (because there
is some m; different than 1).

This leads us to a contradiction since, then, A € Q(Aﬁo x---x AS ) implies A is not
critical.

Thus, myg = -+ = m,_1 = 1 and A = Aﬁox---x Aﬁr
satisfying condition 1.

with n; # n; if @ # j, that is,

—1

Now, we just have left to see condition 2. holds. We will assume it fails and, once more,
arrive to a contradiction.
We suppose there exist ¢ # j and k # s such that n; < nj, ni < ng, n; odd = n; odd, ny
odd = ns odd and j # s.

Since 7 # j, n; < nj and n; odd = n; odd, by Proposition 3.7, we have that the map
A A A A A A
Apy X XA XA X XA — B QAR X XA

(a(0),...,a(j —1),a(j +1),...,a(r — 1)) — (a(0),...,a(j — 1),a(i),a(j +1),...,a(r — 1))
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is a isomorphism between Aﬁo X oo X Aﬁj,i L X Aﬁﬁ L XX Aﬁ_ , and some proper subal-
gebra of A.

Analogously, A,%O X e X A,%k | X A,%H L XX Aﬁr, , is also isomorphic to a proper sub-
algebra of A.

Finally, we observe that we have an embedding:

2

CAA A A2 A 2 A A 2 A
0 Apy X XA AT X XA T XA XA X X AR

nj4+1

2 2
><Aﬁs><AA XX AS

1 1 Ns+4+1 Nr—1

(@(0), ..., a(r — 1)) — 5(a(0), ..., a(r — 1)) (i):{ (a(d),a®)) if i #j,i#m,

a(i) otherwise .

Therefore, A € QAL x---x AR x AL x---x AR AD X ox AR x AR

nj—1 Nj41 Np—17 Ns—1 MNs+1
X ee X Aﬁp ,) which implies that A belongs to the quasivariety generated by all its proper
subalgebras, contradicting the fact that A is critical.
Thus, it is clear that condition 2. also holds and we have showed what we wanted to prove.
O

Corollary 3.24. Fvery critical N Ma-algebra is of one of the following types:
1. A% for somen >0

AL x AL for some 0 <n <m

AQAn X AQAerl for some n,m >0

A5 1 % AS, . for some 0 <n<m

SR

Aéc-u XA%XAZAmforsomeO<k<n<m

6. A%H_l x A5 x A2Am+1 for some 0 < k <mn,m

Moreover, we can try to give an axiomatization of quasivarieties generated just by one
critical N Ma-algebra. In order to do so, we present the following formula and give some
results about it:

Definition 3.25. For every n > 0 we consider the formula

SLn(a;l, . ,a:n) = A( \/(JZZ — 1’1’+1))

<n
Theorem 3.26. A direct product of finite NMa-chains A =[], AkAZ_ satisfies:
1. =SLy(z1,...,2,) = 1=y~ 1 iff there exists some AkAi with k; < n.

2. SLy(x1,...,2) = 1 iff for every AkAi holds k; < n, that is, every AkAi has strictly less
than n elements.

3. Alx < —x) V ~SLy(z1,...,2,) & 1 = y ~ 1 iff there exists some AkAi with k; even
such that k; < n.
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4. 2A(x > —x2) ANSLy(x1, ..., 20) = 1 iff every AkAZ- satisfies that k; is even and k; < n.
5. A(x < —x) = 1=y~ 1 iff there exists some AkAi with k; even.

Proof. 1. =) We will assume, by contraposition, that every ¢ < m satisfies k; > n. Then
our goal is to prove that A =[], AA doesn’t satisfy =SLy(z1,...,2,) 1=y~
That is, we want to find some @y, ...,a, € A such that —=SL,(ai,...,a,) ~ 1.

Since for every i < m, k; > n holds, we can choose ai,...,a, such that, for any
J <mn, aj(i) > a;jy1(i). Hence, it is clear that ~SL,(@1,...,a,) ~ 1 which is what we
wanted to see.

<) Given some algebra A = [[; AA such that there exists some AA satisfying

k; < mn, we will prove that this AA doesn t satisfy =SL,(z1,...,2,) =~ 1 for any evalu-
ation, therefore, neither does A. Hence it always holds the quaswquatlon

For any ai,...,a, € AkAl_, since k; < n, there exists some j < n such that a; < a;i1.
Thus, a; — aj+1 = 1 and ~A(\/
show.

jenla — a;j+1)) = 0, which is what we wanted to

2. =) Given some algebra A =[], AkAZ_ it is clear that it satisfies SLy(z1,...,2,) &~ 1
if and only if every AkAi does.

We will assume, by contraposition, there exists some ¢+ < m such that k; > n and,

then, we will prove that AkAi doesn’t satisfy SL,(z1,...,2,) ~ 1, therefore, neither
does A.
Since AkAi has at least n elements, there exist some a1, -- ,a, € AkAi such that a; > aj41

for every j < n. Then, for all j, a; = aj11 = —a; Va1 < 1since a;y1 # 1 and a; # 0.
ThuS, A(\/j<n(aj — aj+1)) =0.

Therefore, it is clear that SL,(x1,...,x,) = 1 is not satisfied.

<) Given some algebra A = [[", AkAi such that, for every AkAi, k; < n holds, we
will prove that, for all i < m, AkAi satisfies SLy(r1,...,T,) ~ 1, therefore, so does A.

Given any i < m, we take some arbitrary ai,...,a, € AkAi. Since we are assuming
|AkAZ_| < n, there exists some j < n such that a; < aj4; then, aj — aj41 = 1. Thus,
SLy(z1,...,2,) ~ 1 is satisfied.

3. =) We will assume, by contraposition, that every i < m satisfies that k; is odd or
ki > n. Then, our goal is to prove that A = [[%, AkAi doesn’t satisfy A(x <«
—z)V =SLy(x1,...,2,) 1=y~ 1. That is, we want to find some @,ay,...,a, € A
such that A(a < —a) V =SLy,(ay,...,a,) = 1.

We choose @, @y, ..., a, such that, for any i < m:
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o If k; is odd: we take a(i) to be the negation fixpoint of AkAi and consider

a1(i),...,an(i) to be any elements of the algebra.
Thus, A(a(i) +» —a(i)) = 1.
o If k; > n: we take a1(i),...,a,(i) to be elements of A2 such that, for any j < n,

i
a;(i) > a;41(i) and consider a(i) to be any element of the algebra.

Then, =SLy(ai(i),...,an(7)) = 1.

Hence, it is clear that A(a <> —a) V =SLy,(ay,...,a,) ~ 1 which is what we wanted to
see.

<) Let A =T]", AkAi be an arbitrary algebra with some AkAZ_ such that k; is even and
k; < n, we will prove that this AkAi doesn’t satisfy A(z <> —z) V =SLy(z1,...,2,) &~ 1
for any evaluation, therefore, neither does A. Hence, it always holds the quasiequation.

For any a,a1,...,a, € AkAi7 since k; is even, a will never be a negation fixpoint, that
is, A(a <> —a) = 0.

Moreover, we also know k; < n, therefore there exists some j < n such that a; < a;j41.
This means that a; — aj11 = 1 and ﬁA(\/j<n(aj — aj41)) = 0.

Then, we have seen A(a <> —a)V =SLy(ai,...,a,) = 0 for any a,ay,...,a, € AAi,
which is what we wanted to show.

. =) Given some algebra A = [[", AkAi, it is clear that it satisfies “A(z < —x) A
SLy(x1,...,2,) ~ 1 if and only if every AkAi does.

We will assume, by contraposition, that there exists some ¢ < m such that either
k; > n or k; is odd and we will prove that, then, AkAi doesn’t satisfy —A(z
—x) A SLy(z1,...,2,) ~ 1, therefore, neither does A.

e If k; > n: then, by 2., SL,(x1,...,2,) &~ 1 is not satisfied, hence, neither is
=A(x < —x) ANSLy(x1,. .., 2,) ~ 1.

e If k; is odd: we can consider a € AkAl_ to be the negation fixpoint. Then, =A(a <>
ﬂa) = 6

Therefore, it is clear that ~A(z +» —2) A SLy(x1,...,2,) &~ 1 is not satisfied in A.

<) Given some algebra A = [[", AkAi such that, for every AkAi, k; is even and k; < n,
we will prove that, for all i < m, A,ﬁ_ satisfies =A(x <> —x) A SLy(x1,...,2,) ~ 1,
therefore, so does A.

Given any i < m, we take a,a1,...,a, € AkAZ,. Since k; is even, a cannot be a negation
fixpoint, thus, =A(a <> —a) = 1. Moreover, by 2., it is clear that SL,(a1,...,a,) =1
holds. Therefore, =A(z > =) A SLy(z1,...,2,) = 1 is satisfied in A.

. =) We will assume, by contraposition, that k; is odd for every i < m. Then, our goal
is to prove that A =[], AkAZ_ doesn’t satisfy A(xz <+ —x) ~ 1 = y ~ 1. That is, we
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want to find some @ € A such that A(a +» —a) ~ 1.

Since k; is odd for every ¢ < m, we can choose a(i) to be the negation fixpoint of
AkAi. Hence, it is clear that A(a <> —a@) ~ 1 which is what we wanted to see.

<) Given some algebra A = [[%, AkAi such that there exists some AkAi satisfying

ki is even, it is clear that this AkAi doesn’t satisfy A(z <> —x) =~ 1 for any evaluation
since there is no negation fixpoint. Therefore, neither does A and it always holds the

quasiequation.
([l

Remark 3.27. We can express the axiomatization of varieties of NMa-algebras presented
in Theorem 3.13 in terms of =A(z <> —z) and SL,(z1,...,2,). That is because in NMa
BP(z) ~ 1 is satisfied if and only if =A(x <> —x) ~ 1 is (see Definition 1.69) and, analo-
gously, Sy (o, ...,2,) = 1 holds if and only if SLy,11)(21,. .., Tam41)) = 1 also does.

In fact, when some chain without negation fixpoint is considered, we can substitute

Sn(zoy .- xn) ~ 1 by SLapy1(21,...,Ton41) ~ 1 since it is clear that it will have an even
number of elements.

Thus, we can now proceed to give an axiomatization of the quasivarieties generated by a
single critical algebra:

Corollary 3.28. Given X any set of equations axiomatizing N M :

1. Q(AS) = V(A%L), by Theorem 3.13, is axziomatized by ¥ plus the equation —A(x <
—Z)ASLpy1(21 ..., xpt1) = 1if nis even and, otherwise, by ¥ and SLyp11(x1,. .., Tpt1) =
1.

2. Q(AS, x A5 ) with 0 < n < m is aziomatized by ¥ plus:

e Az ¢ ~2) ASLoypms1(21 ..., Tome1) ~ 1, which aziomatizes V (A5}, ), and

o _‘SL2n+1(x1, c. ,1‘2n+1> ~1= Yy~ 1.
3. Q(AQAn X A§m+ 1) satisfying n < m is ariomatized by ¥ plus:

® SLy(my1)(@1,- -, Topmy1)) = 1, which aziomatizes V(AQAer 1), and

o A(x + )V =SLopi1(1,.. ., Tont1) ® 1=y~ 1.
4. Q(AQAn X A§m+ 1) satisfying n > m is aziomatized by ¥ plus:

° (—|A(m < —x) A SLopt1 (1, ... ,x2n+1)) V SLo(mi1) (1, To(mi1)) = 1, which
aziomatizes V (A5, A5, 1),

o ~SLoymi1)(®1,- -, Togminy) 1=y~ 1 and
e Az 1)~1=y~1.

5. Q(AQAN_H X AQAm_H) with 0 < n < m is axiomatized by ¥ plus:

® SLoymi1)(Z1, ..., Topmy1)) = 1, which aziomatizes V (A%, 1), and
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o ﬂSLQ(nJrl)(xl, ceey $2(n+1)) ~1= Yy~ 1.
6. Q(AS, ,, x A5, x A§) with 0 < k < n <m is aviomatized by ¥ plus:

. (—\A(x < x) A SLopyi(xq,. .., x2m+1)) V SLy(kt1y(T15 - -+ Toghg1)) R 1, which
aziomatizes V(A5 Aﬁdr )5
o ~SLygeyny(w1,. ., Topyr)) ® 1=y ~1 and

o A(w <> —2)V=SLopi1(21,...,20n41) 1=y 1.

7. Q(Aéwﬂ x A5, x A5, 1) with 0 < k <n <m is aziomatized by ¥ plus:

® SLomi1)(T1, - Tomyr)) = 1, which aziomatizes V(AQAer 1),
® SLogy1)(w1,. ., Zogerr)) ® 1=y~ 1 and
o A(x > —2)V=SLopi1(21,...,2on41) 1=y =1

8. Q(Aéwﬂ x A5, x A5, 1) with 0 < k < m < n is aziomatized by ¥ plus:

o (mA(z <> =x) A SLapqi (21, ., Tont1)) V SLoym+1)(T1,- - Togmy1)) = 1, which
aziomatizes V (A5, A5, | 1),

(] _‘SLQ(]H_l)(iIJl, cee x2(k+1)) ~1= Yy~ 1 and

e Alz 1)~ 1=y~~1.

Now that we have studied the class of critical NMa-algebras, we give a result that
allows us to further classify and distinguish quasivarieties of N Ma-algebras in terms of their
generators:

Lemma 3.29. Let {Aﬁ_1 X oo X Aﬁim 21 €1} and {Aﬁj1 X e X ATAnjl(») 1 j € J} two
finite families of critical N Ma-algebras, then '
(Q({Aﬁil X oo X Aﬁim riel}) C (Q({A,Anj1 x-ox AD G eJ})

Mii )
if and only if, for every i € I, there exists a non-empty subset H C J such that:

1. For any 1 < k < (i) there are j € H and 1 <r < (j) such that n;, < mj, and n;, odd
= m;, odd.

2. Forany j € H and 1 <r <I(j) there exists some 1 < k < (i) such that n;, < m;, and

n;, odd = m;,_  odd.

Proof. =) Assume (Q({Aﬁ1 X e X Aﬁil(i) c1el}) C (Q({ATA,LJ_1 X e X AHA%(‘) :j e J}) for
some finite families of critical N Ma-algebras. '

Then, by [7, Lemma 6.5], it is clear that, for every i € I, there exists some @ # H C J such
that Aﬁil X e X Aﬁil _ is embeddable into H]EH(A%]_1 X oo X A,Anjl ) )% . Therefore, since
the set ;e {m;, : v < j(1)} is finite, we can apply Lemma 3.22, and 1. and 2. follow from
Lemma 3.22 conditions 1. and 2., respectively.

<) To prove the converse we show that, for every i € I,
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A2 x ... x Aﬁw)e ISP({Af, x---x A :jeH})

Ny 105y

where H is the subset of J defined in the hypothesis.

Given any i € I, by condition 1., for every 1 < k < (i) we can choose j € H (which
we will name j;) and 1 < r, <I(ji) such that n;, < mj,, and n;, odd = mj,,. odd.

Then, the following map will be an embedding;:
B:Aﬁi1 X x A H A2 x . x AS
)

iy iy LT Mk10,)
1<k<l(i

o e = ) S

where [ satisfies 1 < [ < (i) and is such that n; < m;, and n; odd = m;, odd. This I
exists by condition 2.
Therefore, it has been showed what we needed in order to conclude the proof. ([l

With all the previous given results, now we have more information about the lattice of
subquasivarieties Lo(NMa). In fact, by Remark 3.17, Theorem 3.21 and Corollary 3.24, we
can determine all the quasivarieties of N Ma-algebras.

Even so, it will be difficult to fully determine the lattice Lo(INMa) due to its dimension, but
we can study the lattices of quasivarieties contained in some varieties of N Ma-algebras:

Example 3.30. The lattice of all quasivarieties contained in V(AZ%).

By the characterization given in Theorem 3.23, it is clear that the critical N Ma-algebras
contained in V(AZ) are

I({A2, A, AP xAZY}).

Thus, by Lemma 3.29, the lattice of quasivarieties contained in V(A?)A) is the following:

Q(A3)

¢ Q(AS x A%)

Q(A2)
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Example 3.31. The lattice of all quasivarieties contained in V(AZ).
The class of critical N Ma-algebras contained in the variety, by Theorem 3.23, is given by
I({A, AT, APXAT}).

Therefore, the lattice of all the subquasivarieties will be similar to the one in the previous
example.

Example 3.32. The lattice of all quasivarieties contained in V(A%, AD).
By Theorem 3.23, the critical algebras contained in the variety are the ones in
I({AD, AD, AD, ASXALD, ADXAD, ADXALY).

Thus, by Theorem 3.21, we can determine all subquasivarieties and, by Lemma 3.29, we
obtain the following lattice:

QA3 , AD)
Q(AS , Ag x A}) QA2 , AL x AD)
Q(AS, A2 x A}) QAL , A% x AD)

Q(Ag x A2)

Q(AZ x Ag, A3 x AY)

Q(A3)

Where the presented quasivarieties that are generated by a single algebra have already been
axiomatized in Corollary 3.28. Moreover, in some result introduced later on (see Proposition
3.35) there is also an axiomatization of Q(A%xA%, ASxA%) and the axiomatization of
Q(AL, AD) = V(AL, AD) is clear, by Theorem 3.13.

Furthermore, we could give an axiomatization of some of the remaining quasivarieties of
the lattice.

We know all of them are contained in V(A?)A, A4A) thus, let ¥ be a set of constituted by
(=A(z <> =z) A SLs(x1,...,25)) V SLa(z1,...,24) = 1 plus any set of equations axiomatiz-
ing NMa, then:
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o Q(AL, AD x AZ) is axiomatized by X plus ~SLy(w1,...,24) 1=y ~ 1.
e Q(AL, AL x AD) is axiomatized by ¥ plus A(x > ~z) ® 1 =y ~ 1.

Remark 3.33. In fact, we could have obtained the previous lattice by applying Theorem
3.5 e). That is because V(L,, Ly) is also a locally finite discriminator variety (see [17,
Lemma 2.6]) whose lattice of subvarieties is the following:

V(LP ? LQ)

V(L) V(L)

V(ta)
Since the lattice of subvarieties of V(AZ, A%) is analogous:

V(AR AD)

V(Ag) V(AD)

V(A$)
then, by [17, Figure 1] and Theorem 3.5 we would have obtained, in a different way, the same

lattice of subquasivarieties as the one presented in the previous example.

Remark 3.34. From Theorem 3.5 we can also deduce that, the sublattice of Lo(NMa) that
consists of the quasivarieties generated by chains AkA,- with k; even, will be distributive and

modular. This is obtained from section b) applying 3. to Ly(NM, ) where NM, denotes
V([0,1],).

3.2 Structural completeness in NMLA

Once we have studied both the lattices of subvarieties and subquasivarieties, we proceed to
study some structural completeness properties about the logic NMLa

First, we can identify which are the least quasivarieties of Lo(INMa):
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Proposition 3.35. For any quasivariety K of N Ma-algebras that generates \V(AQW 2m i1
for somen >0, n,m € w—+ 1, we have:

Q(A3 x Af,, AP x A5, 1) CK.

In fact, given X to be any set of equations axiomatizing N Ma, the quasivariety Q(AAXA%,
AS X A8, . 1) is aziomatized by:

o Ifm < n, withn € w: X plus the equation (—A(:E < x) A SLgnH(xl, .. :UQnH)) Vv
SLoma1)(T1, -+ -5 To(my1)) =~ 1, which aziomatizes V (A, A2m+ 1) and also
_‘SLg(l'l,...,.Tg) ~1l=y~1.

o If m < n, withn = w: X plus ~A(x < —x) V SLyimi1)(21, .., Topmy1)) = 1, which
aziomatizes V ([0, I]A . A5, 1), and =SLs(zq,...,23) ~ 1=y~ 1.

o Ifn < m, such that m € w: ¥ plus SLQ(mH)(a;l, .. 7m2(m+1)) ~ 1, which aziomatizes
v( A2m+1) and =SL3(x1,...,23) ~ 1=y~ 1.

o Ifn<m, withm=w: X plus =SL3(x1,...,73) ~1=>y~1.

Proof. Let K be a quasivariety that generates V(A%, A2m 4 1) forsome n,m € w+1,n > 0.
By Theorem 3.21, K will be generated by its critical algebras, that is, K = Q({C,; : i € I}).
We proceed to show that there exist critical algebras C; and Cj, for some 7, j € I, such that
A% and A5, 1 are, respectively, one of its components:

e If n,m € w: We know V(K) = V(AS,, AQAmH) and, in our way to a contradiction, we
can assume that there is no critical algebra in K such that A5}, is one of its components.
Then, it is clear that every component without negation point of any critical algebra
of K has to have less than 2n elements. Let

k = maz{r € w: 3i € I such that A% is a component of C;}.

We would have that V(K) C V(A%5,,A%,.1) € V(AZ, A%, 1), contradicting our as-
sumption.

By arguing similarly, we obtain that there also exists some critical algebra C; such
that A5 11 is one of its components.

o If n = w, m € w: We know V(K) = V([0,1] 1, A%,.1) and we can prove, analogously
to the previous case, that there must exist some critical algebra C; in K such that
AQAm 11 is one of its components.

On the other hand, we can assume there exists some k € w satisfying that
k = maz{r € w: 3i € I such that A% is a component of C;}.

Then, we would obtain that V(K) C V(AZ,, A5, +1) which would be a contradiction.
Thus, there is no upper bound on the cardinal of the chains without negation fixpoint
satisfying that they are a component of one of the critical algebras of IK. Hence, this is
also valid for [0,1] (which, in this case, is our algebra A%},).
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e If m = w: Arguing analogously we obtain the same as in the previous cases.

Thus, there must exist some C; satisfying that A%} is one of its components and A%, 4 will
also satisfy the same with respect to some C;.

Therefore, A5 x A5, € I$(C;) € Q(C;) C K and AL x A%, ., € I$(C;j) C Q(C;) C K
which implies that the inclusion we wanted to show holds. O

Theorem 3.36. The logic NMLA is not structurally complete.

Proof. We know the logic NMLA is algebraized by the class of NMa-algebras. Moreover,
by Theorem 3.13, every variety IK of NMa-algebras is of the form V(AZAm AZAm 4 1) for some
nmew+1,n>0.

By definition of structural completion, Q(Fxk(w)) will generate KK as a variety, thus, by
Proposition 3.35, Q(AS x A%, A2 x A%, ) C Q(Fk(w)). In fact, both quasivarieties
generate KK, therefore, since Q(Fik(w)) is structurally complete, they will be equal.

Then, if n # 1 or m # 0, Q(Fx(w)) = Q(AZ x A5, AS x Ag, 1) G V(AG, A5, 1)
because A5, ¢ Q(AS x A5, AD x A5 . ). Hence, by Theorem 1.29, it is clear that any
logic algebraized by some V(AQAR, AQAm +1) with n # 1 or m # 0 is not structurally complete.
O

Corollary 3.37. Let M be a variety of NMa-algebras such that V(AQA) C M. Then, the
logic algebraized by M is not structurally complete.

Remark 3.38. The previous Corollary tells us that there is no nontrivial variety of NMa-
algebras that is structurally complete. Therefore, NM7 won’t be SC, unlike what happens
in the case of NM~ (see Theorem 1.73).

Theorem 3.39. NMLA is hereditarily active structurally complete.

Proof. We will prove this from an algebraic perspective. Let IK be a subvariety of NMAa.
Using the characterization of ASC given in Theorem 1.29, it will be enough to show that, for
any B € Kg;, A2 x B € Q(Fk(w)) in order to prove that K is ASC.

Given any B € Kgy, by Proposition 1.49, B is a NMa-chain of K. Moreover, by Theo-
rem 3.13, we know K is of the form V(A% AQAmH) for some n,m € w+ 1 such that n > 0
and, from Proposition 3.35, we obtain the inclusion Q(A$ x A5, A5 x A% 1) C Q(Fgk(w)).

o If n,m € w: Since B is a NMa-chain of K = V(A%,, A%, ), either B has no fixpoint
and has strictly less than 2n + 1 elements or |B| < 2(m + 1). In both cases it is clear
that A5 x B € Q(AS x A%, A% x A%, 1) C Q(Fk(w)).

o If m = w: Then, K = V([0,1],) = V({A$ : k € w}) and, since A x [0,1], partially
embeds into {A2 x Af 1k € w}, Q(AS x [0,1],) = Q{AS x AL : k cw)).

By [17, Theorem 2.8], we know B (which is a chain) will be embeddable into an ul-
traproduct of its finitely generated subalgebras. Since NMy is a locally finite variety,
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every finitely generated algebra is finite thus, B € ISPy ({Ay : k € I}). Therefore,

A3 xB o As x [[AR/F=]] (A3 x AR)/F
kel kel

Hence, A2 x B € ISPPy({AS x A2 1 k € w}) C Q(Fk(w)).

e Otherwise, if m € wand n = w: We know K = V([0,1] 1, A5,+1) and, since A5 x[0,1] 5
partially embeds into {A2 x A5 : k € w}, Q(AS x [0,1]1, A5 x A% 1) = Q({AS x
A k€ w}U{AS x AD,,, ).

If B is a chain of K with negation fixpoint it is clear that it will have less than 2m + 2
elements, thus, A5 x B € Q(AS x A%, A% x A5 1) C Q(Fk(w)).

On the other hand, if B is a chain without negation fixpoint, by arguing as in the
previous case, it is also shown what we wanted.

0

Finally, from the previous results, an axiomatization of all passive admissible rules is
directly obtained:

Corollary 3.40. Let K be a variety of NMa-algebras. Then, Q(Fk(w)) is ariomatized by the
quasiequation —SLz(x1,...,23) ~ 1= 0~ 1. Thus, the quasiequation =SL3(x1,...,13) ~
1= 0= 1 aviomatizes all (passive) admissible quasiequations.

3.3 Comparative analysis of the results

On one hand, it has been showed that adding the A connective to the language doesn’t
change the lattice of axiomatic extensions.

On the other hand, from Example 3.31 we can deduce that the lattices Lo(V(A%)) and
Lo(V(Ay)) are different. We know V(Ay4) = Q(A4) and, from Corollary 1.78, we get that its
only proper subquasivariety is Q(Az). Therefore, Lo(V(A4)) has only two elements while
Lo(V(AZ)) has three and, even though the lattices of axiomatic extensions of NML and
NMLA are equal, we don’t have the same for the finitary extensions.

With respect to (almost) structural completeness results, we have proven that NML is not
structurally complete, just like what happens for NML. Moreover, both logics are hereditar-
ily active sructurally complete and we can axiomatize all (passive) admissible quasiequations
in the two cases (see Theorem 1.75 and Corollary 3.40).

The difference between the results obtained for both of them lies in the fact that NM~ is
HSC while NM7}, is not even SC (as mentioned in Remark 3.38).
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4 The logic RNMLA

Now, we will focus on studying the logic RNMLA, which is obtained by the addition of
rational constants to NMLa. In fact, the calculus FrnmL, is defined by extending the
axioms of NMLA with the bookkeeping axioms of [0,1].

Equivalently, we can also consider the logic RNMLA to be the A-core fuzzy logic corre-
sponding to the core fuzzy logic RNML (Proposition 1.46).

We move on to defining the equivalent algebraic semantics for the logic:

Definition 4.1. An algebra A in the language of MTLa-algebras expanded with the constants
in ¢ = {cq: ¢ € [0,1] N Q} is said to be a rational NMa-algebra if the MTLa-reduct of A
is an NMa-algebra and A wvalidates the bookkeeping axioms AB([0,1]) presented in Definition
1.52.

We denote by RNMA the variety of rational NMa-algebras.

Remark 4.2. Alternatively, we could have described these algebras as in Definition 1.43
given L to be the logic RNML.

Definition 4.3. The canonical rational NMa-algebra can be obtained by expanding the stan-
dard NMa-algebra [0,1] with the natural interpretation of the constants in € (interpreting
cq as the rational g, for every ¢ € [0,1] N Q). We will denote this algebra by [0, I]AQ and its
subalgebra with universe [0,1] N Q by [0, I]AQ nQ.

For readability’s sake we will usually omit the superscript Q from here onwards.

It is clear that the variety RNMAa algebraizes RNMULA, that is, for every set of formulas
F'u{e}, as:

r l_RNMLA o) if and only if T[F] ':RNMA T((p)
where T:= {z ~ 1}.

Remark 4.4. By definition of rational NMa-algebras and Proposition 1.49, RNMa will also
be a discriminator variety since every algebra A in the generator class of RNMa will satisfy
NA = d2 where N and d are as presented in Remark 3.3 and Definition 3.1.

We will consider, as in the case of RNML, two types of rational NMa-chains:

e Given areal r € (1, 1], we take Q, > to be the expansion of Q, (introduced in Section
2) with the connective A defined as in (1.1).

Remark 4.5. In the case r = 1, we obtain Q,2 = [0,1];Q N Q, where the last algebra
is the one mentioned in Definition 4.3.

e Given a rational p € [%, 1) N Q and some ordinal v € w + 1, let Q;A be the rational

NMa-algebra obtained from expanding the algebra Q) (presented in Section 2) with a
connective A defined as in (1.1).
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4.1 The lattice of axiomatic extensions

In this section we will just focus on the axiomatic extensions of the logic, which we have
already mentioned that can be seen as the A-core fuzzy logic corresponding to the core fuzzy
logic RNML.

In Section 3 we have showed that the addition of the A connective to NML doesn’t change
the lattice of axiomatic extensions. Thus, although we don’t fully study all the extensions
of RNMLA, we can analyze if this is still the case when comparing the lattice of axiomatic
extensions of the logic to the one of RNML.

We proceed similarly to how it was done in Section 2 and present some results about RNMAa-
chains and varieties of rational NMa-algebras. Since the operation A is uniquely defined
in all RNMa-chains (see Proposition 1.47), we obtain a result analogous to the one from
Proposition 2.2:

Proposition 4.6. For every nontrivial rational NMa-chain A, there are r € (%, 1]
[2,1)NQ and v € w+ 1 such that ISPy (A) = ISPy (Q,~) or ISPy (A) = ISPy (

Moreowver,

» P €
A
)

1. ISPy (Q,2) is axiomatized relative to the class of RNMa chains by the sentences
cy %1 forallq e [%,7’) NQ and c¢y~1 forallgelr,1]NQ.
That is, ISPy (Q,2) is the class of RNMa-chains that have Q,> as the interpretation
of the constants.
2. ]IS]PU(Q;’A) is axiomatized relative to the class of RNMa chains by the sentences
e, #1 and ¢g=1 forallqe (p,1]NQ.
In other words, ]ISIPU(Q;,JA) is the class of RNMAa-chains that have QZ?A as the inter-
pretation of the constants.
3. ]ISIPU(Q;LA) is aziomatized relative to the class of RNMa chains by the sentences
e, #1, ¢cgr1 forallge (p,1]NQ and
Vo ... Tnt2( Vocicj<ntaler V i) € (¢ V a:j)> ~ 1.
That is, ISPy ( ;JA) is the class of RNMAa-chains that have QSA as the interpretation
of the constants and contain less than n + 2 elements above c,.
The proof is easily obtained by slightly adapting the one from Proposition 2.2.

Corollary 4.7. FEvery variety of rational NMa-algebras is generated by a set of algebras of
the form Q,>, where r € (%, 1], or QgA, where p € [%, HNQand vy € w+1.

Proof. We know every variety is generated by its subdirectly irreducible members [7, Corol-
lary 9.7] and, by Proposition 1.49, subdirectly irreducible rational NMa-algebras are RNMa -
chains. Thus, what we wanted to see is derived from Proposition 4.6.

O

61



In the following theorem we give an axiomatization of some varieties of rational NMAa-
algebras and we show how these are related between them, in terms inclusion:

Theorem 4.8. The following hold.

1. Any variety of rational NMa-algebras of the form V(Q,* ), where r € (%, 1], is aziom-
atized by the equations {=A(cy) ~ 1:q € [3,r)NQ} and {cqg~ 1:q € [r,1]NQ} and
varieties of the form V(QgA), with p € [%, 1)NQ and v € w+1, are aziomatized by the
equations:

e A(gy)~1, {e;=1:q¢€ (p,1]NQ} and

(v0§i<j§n+2(cp V) < (epV xj)) ~1
ifvy=ncw.
e <A(cy) =~ 1 and {c; = 1:q¢€ (p,1]NQ}, otherwise.

Proof. 2. Consider r1,ry € (%, 1], p1,p2 € [%, 1)NQ and 71,792 € w+ 1. Wee need to prove
that:

e V(Q,,2) CV(Q,,») if and only if r; = ry.
=) We show this direction holds by contraposition:

— If ro < r1: Since Q is dense in R, there exists a rational number such that ro <
g < ri. Hence, ¢, = 1 holds in QmA but fails in Q,,lA (by the definition we
have given of this algebras). Therefore, erA ¢ V(QTZA) and, consequently,
v(Q,, %) £ V(Q,,%).

— If r1 < ro: Since Q is dense in R, there exists a rational number such that
r1 < g < 2. Hence, ~A(cy) =~ 1 holds in QT,QA but fails in erA (by the
definition we have given of this algebras). Therefore, QmA ¢ V(QTQA) and,
consequently, V(Q,, %) ¢ V(Q,,2).

In fact, this could also be proven directly by assuming erA € V(QTQA) and seeing
that, then, r;1 = ro must hold. Since erA is simple and the notions of simple and
subdirectly irreducible coincide for RNMa-algebras, by [7, Theorem 6.8] we would
have erA € ]HS]PU(Q,,QA). Moreover, QTQA is also simple and the class of simple
algebras is closed under $ and Py, hence, erA € ]ISIPU(Q,,QA).

Therefore, by Proposition 4.6, erA would have QmA as the interpretation of
its constants. This implies r; = ro, which is what we wanted to see.
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<) Is clear.

* V(Q, ) C V(Q;}A) never holds.

We reason by cases:

— If p1 < rq: Since Q is dense in R, there exists a rational number such that p; <
g < r1. Hence, c; =~ 1 holds in Q71A but fails in Q (by the definition we

have glven of thls algebras) Therefore, erA ¢ V(Q%A) and, consequently,
V(Q,*) € V(

— If r1 < pi: Then, —|A(cp1) ~ 1 holds in Q;qA but fails in erA (by the
definition we have given of this algebras). Therefore, QhA ¢ V( ZiA) and,
consequently, V MgV QV1A :

o V( Z}A) - V(QHA) never holds.

We reason by cases:
— If r; < p1: Then, c,, ~ 1 holds in Q,, > but fails in Q]'* (by the definition we
have given of this algebras). Therefore, g}A ¢ V(QMA) and, consequently,
HEvQ,t
— If p1 < ry: Since Q is dense in R, there exists a rational number p; < g < 71.
Hence, =A(cy) ~ 1 holds in Q,, A but fails in (Q71A (by the definition we

have given of this algebras) Therefore, Q) 12 ¢ V(Q, ) and, consequently,
”/1A g V(Q

o V( gﬁ) c V(QZEA) if and only if p; = pp and 7 < 7a.
=) By contraposition, we will show this direction holds:

— If po < p1: Then, by density, there exists a rational ¢ such that ps < g < p1.
Hence, ¢, ~ 1 holds in Q;;A but fails in Q) 1A (by the definition we have given

of this algebras). Therefore, Q! A ¢ v(Qy ) and, consequently, V( z}A) ¢
v(QE®).

— If p1 < po2: Since Q is dense in R, there exists a rational number p; < ¢ < pa.
Hence, ~A(cy) ~ 1 holds in in QWA but fails in Q“A (by the definition we
have given of this algebras). Therefore, Q! 1A ¢ V(QWA) and, consequently,

)2 v(Qea).

—Ifp1 = pg(: g€ [5, 1) N Q) and 2 < 71: Since 2 < 71, necessarily v > 0

moreover, from s < v € w+ 1 it follows that v = n for some n € w.

Given the fact that ¢ < 1 and 72 = n, it is clear that the interval [c4, 1] in
QgQA has n + 2 elements, hence:

A A
Q7" = Q3" F Vocicjcnta(Cq Vi) < (cq Vay) = 1.

63



REWAN
P1

has more than n + 2 elements. Thus, the above equation fails in QEA‘ and,
consequently, ;’}A ¢ V( ggA).

On the other hand, since v; > 72 = n, the interval [c4, 1] in leA _

<) If p; = p2 and 1 < 5 then,
A € 8(QY) CV(QRY).

2 2
1. We will show that varieties of the form V(QgA) are axiomatized by the equations:

-A(cy) = 1, {c,~=1:q€ (p,1]NQ} and (\/OSi<j§n+2(cp Vi) ¢ (cp \/a:j)> ~ 1, if
v=mn€w; A(cy) =1 and {c, ~1:q € (p,1] N Q}, otherwise.

Let 3 be the set of equations given by the statement, it holds that Q;A E 3.

On the other hand, let’s consider a rational NMa-algebra A ¢ V(Q;’A). By what we
have proven in Corollary 4.7, we obtain that V(A) is generated by some algebras of the

form Q,* for some r € (,1] and/or Qg,A for some p’ € [£,1)NQ and 6 € w + 1.

Thus, since A ¢ V( ;,’A), by item 2., there must exist some Q,” or some Qg,A with
p # p' or v < § among the generators of V(A).

- If we have some Q,,A: Then, either p < r or r < p. In the first case, by density of Q

A
in R, there is a rational g such that p < ¢ < r. Hence, c(?’“ # 1 and, consequently,

Q,2 ¥ ¥ which means A ¥ 3.

A
On the other hand, if we have » < p, then ¢, =1 and, consequently, QrA EY
which means A ¥ ..

. A .
- If there exists some algebra Qg, : Then, either p < p/, p’ <porp=7p and v < 6.
Q°
— If p < p/, analogously to the previous case, cp/” # 1 and, consequently,

A .
Qg/ ¥ Y which means A ¥ Y.
— If p’ < p, by density of the Q in R, there exists some rational p’ < ¢ < p.
5§ A

Thus, —A(c? ?' ) # 1 and, consequently, Qg,A ¥ 3 which means A # 3.
— Ifp=yp/ and v < 4, then y =n € w and

A
Q) ¥ ( \/ (V) (g vxj)) ~ 1.
0<i<j<n+2
Hence, A ¥ X..

Therefore, we can conclude that > axiomatizes V(Q;A).

Finally, we will show that varieties of the form V(Q,2) are axiomatized by the equa-
tions: {-A(cq) ~1:q € [3,7)NQ} and {c,~1:q € [r,1]NQ}.

Let ¥ be the set of equations given by the statement, it holds that QTA F Y (clearly
by how we have defined Q,2).
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On the other hand, we consider some rational NMa-algebra A such that A ¢ V(Q,*)
and, arguing as in the previous case, by Corollary 4.7 we know V(A) will be gener-
ated by a set of algebras of the form QTA, for some r € (%, 1], and/or QgA, for some
p€[31)NQand § €w+ 1. By item 2. and the fact that A ¢ V(Q,?), there must

. . A
exist some Q,2 with 7’ # r or some Qg/ among the generators of V(A).

- If there exists some QT/A with r # 7/ then, either r < r’ or v’ < r. In the first case,
since Q is dense in R, there exists some rational q such that r < ¢ < r’. Hence,
¢@" £ 1 and Q2 ¥ %, which implics A ¥ ¥.

In the other case, if we have ' < r, again by density, there exists some rational
r’ < q <, hence, ﬁA(cgr'A) # 1 and Q.2 ¥ %, which implies A ¥ X.
- For the case in which we have some algebra QzA either r <p<lorp<r. In

YA
the first case, ¢,;”” # 1 and Q)* ¥ ¥, which implies A ¥ 3.
In the second case, by density of Q in R, there is some rational p < ¢ < r. Thus,

A
SA( ) #1 and QU2 ¥ X, which implies A ¥ 3.

Therefore, we can conclude that ¥ axiomatizes V(Q,2).

O

Remark 4.9. The axiomatization given in item 1. of Theorem 4.8 can be simplified for
varieties of the form V(QQA) with ¢ € QN (%, 1], as these can be axiomatized by the equations
cg ~ 1 and {-A(cy) ~ 1: ¢ € [1,7) N Q}. Varieties of the form V(Q,2) with r € (3,1]\Q
do not admit a simpler axiomatization (that’s because Q is dense in R: there always exists a
rational in between any two given real numbers).

In Corollary 4.7 we have given a characterization of all RNMa-varieties in terms of their
generators and, in the following proposition, we prove that they allow us to fully distinguish
different varieties:

Proposition 4.10. Let Vi, Vs be two varieties of rational NMa-algebras. Denote by K, Ko
the respective sets of rational NMa-chains of the form QTA, QIZA that generate the varieties.

If K1 and Ko are finite and satisfy that, given any QZA € K;, we have QI‘ZA € K; for all
0 < y; then, the fact that IK1 and Ko are different implies that so are Vi and V.

Proof. Assume the sets of generators are different, then, without losing generality, we can
suppose that there is some algebra of the form QTA or Q;A (let’s denote it by A) that is in
K1 but doesn’t belong to IKs.

We presume A € V5 in order to reach a contradiction. Then, it will be clear that Vi # Va.

Since RNMa-chains are simple, in fact, subdirectly irreducible (see Remark 4.4 and [23,
page 240]), by [7, Theorem 6.8] we obtain that A € HSPy(Ksz) = Upek, HSPy(B), where
the last equality is due to the fact that K5 is finite. Moreover, K5 is a set of simple elements,
hence, A € Uek, ISPy (B).

Therefore, there exists some B € K9 such that A belongs to it universal class, that is, A
satisfies the axiomatization presented in Proposition 4.6.
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We distinguish two cases:

e If A is of the form Q,* for some r € (%, 1]:
Then, by Proposition 4.6, B has to be QTA. This contradicts our assumption that
A ¢ K.

e If A is of the form QgA for some p € [%, 1) N Q and some v € w + 1:

Then, by Proposition 4.6, B has to be of the form QgA for some § > v but, in that

case, by the definition we have given of the sets of generator,s we obtain Q;A € Ko.
This implies that A belongs to Ko, which contradicts our assumption.

Then, it is clear that A ¢ V5 and, then, V; # V5. O
Corollary 4.11. There is a countable chain of rational NMa-varieties.

Since there is a dual isomorphism between the lattice of subvarieties of RNMa and the
lattice of axiomatic extensions of RNMLA, Theorem 4.8, Corollary 4.7 and Proposition 4.10
provide some information of the last one, which is presented in the following result:

Corollary 4.12. Some consistent axiomatic extensions of RNMLA are of the form
RNML, n := RNMLa + {~A(cg) : q € [3,7)NQ} + {eg : ¢ € [r,1]NQ} for somer € (35,1],
RNMIS A := RNMLA + —A(cy) + {¢g: g € (p,1] N Q} for some rational p € 3, 1),
RNMLjx := RNMLIA+ Vocicj<piolcp V 3i) < (¢p V x;) for some rational p € [2,1)
andn € w.

Moreover, the lattice of axiomatic extensions of RINMLA has uncountable antichains and
countable chains.

4.2 Structural completeness in RNMLA

We move on to studying the structural completeness of some varieties of RNMa-algebras. In
order to do so, first, we present the following result:

Proposition 4.13. Given any r € (%,1], p € [%,1) NQ and v € w+ 1, the equalities
V(Q,%) =Q(Q,%) and V(Q)*) = Q(@*) hold.

Proof. Let r € (%,1], p € [% 1)NQ and v € w+ 1, we consider A € {QTA,QIZA}. The
inclusion Q(A) C V(A) is trivial and, to show the other one also holds, we take B € V(A)
and prove that B € Q(A).

By Proposition 1.49, B will be representable as a subdirect product of chains in V(A).
Since all RNMa-chains are subdirectly irreducible (see Remark 4.4 and [23, page 240]), we
can apply [7, Theorem 6.8] and deduce that B € ISPHSP;(A).

Given that A is simple and the class of simple algebras is closed under $ and PPy, we obtain
B € ISPISPy(A) = ISPPy(A) = Q(A), which is what we wanted to see. O
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From the information we have obtained about the previous varieties, we can deduce the
following statement about their structural completeness:

Theorem 4.14. For anyr € (3,1], p€ [3,1)NQ and v € w+1, V(Q,2) and V(Q;A) are
structurally complete.

Proof. Given any r € (%, 1], pe [%, DNQandyew+1,let A € {Q,2, QgA}. By Theorem
1.29, in order to see that V(A) is structurally complete it will be enough to see that it is
generated as a quasivariety by Fy(a)(w).

On one hand, we have Q(Fy(a)(w)) € V(Fy(a)(w)) = V(A), where the last equality is
given by [7, Theorem 10.12 and Lemma 11.8].

On the other hand, we have left to show the other inclusion, we proceed as we have done for
Proposition 2.8 (similarly to the proof of [18, Proposition 8.3]):

o If Fya)(w) = Fyq A)(OJ)I then Q,2 is the zero-generated subalgebra of Fya)(w).
Therefore, V(Q,%) = Q(Q,%) € Q(Fy(a)w)).

o If Fya)(w) = FV(QgA)(W): analogously to the previous case we obtain V(QgA) =

A
QQ,") € QFy(a)(w)).
e Finally, we consider the case where Fy(4)(w) = FV(Q«/A)((A)) with v > 0: since every
P

finite partial subalgebra of QZA embeds into {QgA :n €wand 1 <n<~}itis clear
that Q;A € IISSIPU({QZA :n€wand 1l <n<~y}).

Thus, if we show that each Q;’A (forn € wand 1 < n < v) is embeddable into Fy(4)(w)
we obtain Q)* € ISPyS$(Fy(a)(w)) = ISPy(Fy(a)(w)) € Q(Fy(a)(w)) and, hence,
what we wanted.

For every 1 < n < v such that n € w, the algebra QZA is the chain consisting of
the interval [1 — p, p] N Q in between the n + 1 element chains:

0< g < -+ <t <t
to <t <---<th_1 <1

As happened in Proposition 2.8, QZA can be embedded into Fy(a)(w) considering the
map that is the identity on {0}U([1—p, p)NQ)U{1} and that sends ¢; to (the equivalence
class of) the formula ¢; and —t; to its negation, where:
$o=cp VT and @j+1 = Tj1 V (Tj41 = @)
That is, we have an embedding:
nA
h: Qp — FV(A)

a ifae{0}U([1—p,pNQ)U{1},
al—>h(a):—{ v ita=t;,

~7 ifa= -t

which is what we needed in order to conclude the proof.
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4.3 Comparative analysis of the results

In the case of the lattice of axiomatic extensions of RNMLA we have obtained that the
addition of the A connective does have an impact on the results, unlike what we had for the
logic NMLA. The lattice of axiomatic extensions of RINML is an uncountable chain, while
in RNMLA not all the axiomatic extensions are comparable between them. Moreover, we
have seen that there are many more elements in the lattice of RNMLA.

On the other hand, regarding the lattice of axiomatic extensions of NMLA (of NML,
equivalently) we can also spot some differences: in there we don’t have uncountable an-
tichains unlike what happens for RNMLA .

For this logic, we have proven that there is an uncountable number of axiomatic extensions
that are structurally complete. This differs from the results obtained for NMLAa, which
doesn’t have structural completeness for any axiomatic extensions different than NM2x (see
Corollary 3.37).

On the other hand, for NML we have a countable number of structurally complete exten-
sions. In particular NM- is hereditarily structurally complete (see Theorem 1.73), that is,
every extension of NM™ is SC.

4.4 The addition of bookkeeping axioms for A to the logic RNMLA

In the previous section, the RNMa-algebras we have studied don’t necessarily satisfy that
the interpretation of the constants constitutes a subuniverse closed under the operations.

For example, given some algebra QSA x Q2 with p € [%, 1)NQ and r € (%, 1] such that
p > r, we know:

Qe
{ Cp pA A
Q7 xQ,
Cp g - (pv 1)
QOA QOAXQ A
But then, A(c,” ) = 0 and A(c,” =~ ) = (0,1) which is not the interpretation of any
constant of QgA X QTA.

Therefore, now we will study the logic obtained from RNMLA by adding some axioms
assuring that the rational constants behave well with respect to the A connective.

Definition 4.15. We call A-bookkeeping azxioms of [0,1]n the axioms in the language of
[0,1]a expanded with the constants in € = {cq : ¢ € [0,1] N Q} that are of the form:

A(Cp) < CA(p)»

for all p € 10,1 NQ.

We can also express them as equations of the form: A(cp) = ca(p), where will denote by
BA([0,1] ) the set constituted by these equations, for all p € [0,1] N Q.
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The logic CRNMLA (canonical rational Nilpotent minimum logic) is defined from RNML
by adding the A-bookkeeping axioms of [0,1] .

Now, we will present the equivalent algebraic semantics for this logic:

Definition 4.16. A rational NMa-algebra is considered to be a CRNMAa -algebra if it validates
the A-bookkeeping axioms Ba([0,1]4).

We denote by CRNMp the variety of rational NMa-algebras satisfying % ([0,1] ). We
have decided on these names because satisfying these last equations implies that every con-
stant has to be evaluated differently (as happens for the canonical interpretation).

In fact, the canonical CRNMa-algebra will coincide with the one from RNMA (see Definition
4.3).

From the viewpoint of logic, the variety CRNMa algebraizes CRNMLA, that is, for every
set of formulas I' U {p}:

I l_CRNMLA o) if and only if T[F] ':CRNMA T((p)
where T:= {z ~ 1}.

Remark 4.17. Studying whether some algebra satisfies A(c,) <+ ca(p for every p € [0,1]NQ
is the same as considering if the axioms {=A(cy) ~ 1: ¢ € [3,1)NQ} and ¢; ~ 1 hold, which
are the ones axiomatizing V(Q;?) (see Theorem 4.8).

Thus, from the previous RNMa-chains presented in Section 4.2, it is clear that the only one

satisfying the A-bookkeeping axioms will be QlA.

Now, we can proceed to study the varieties of CRNMa-algebras. Since all of them will
be, in particular, varieties of RNMa-algebras, the results proven in the previous subsection
will also be valid in this case. In particular, from Corollary 4.7 and our previous Remark, we
obtain:

Proposition 4.18. FEvery variety of CRNMAa-algebras is of the form V(QlA). Moreover,
V(Q,2) is aziomatized by equations {-~A(cy) =~ 1:q € [2,1)NQ} and ¢; ~ 1.

Hence, from the dual isomorphism that exists between the lattice of subvarieties of
CRNMAa and the lattice of axiomatic extensions of CRINMLA, we deduce:

Corollary 4.19. The logic CRNMLA has no proper consistent axiomatic extensions.
Finally, from Theorem 4.14:

Theorem 4.20. The logic CRNMLA s structurally complete.
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5 Conclusions

In this thesis we have studied some expansions of the Nilpotent minimum logic, in particular,
we have focused on the rational Nilpotent minimum logic, the logic NMLAa, the rational
NMLA logic, and its further extension with additional bookkeeping axioms for the A con-
nective. We have examined their lattices of axiomatic and finitary extensions, along with
several results on structural completeness.

We can now summarize what we have seen during the project and explain how the expansion
of the language affects, in each case, our object of study.

Regarding the lattices of axiomatic and finitary extensions, the ones corresponding to NML
are presented in [16]. The first one has a countable number of elements, not all of which are
comparable, such as NM2n+1 and NM2(n+1) given any n > 0. However, when rational
constants are added to the language, the lattice of axiomatic extensions becomes an uncount-
able chain, which makes the lattice different than the one we have for NML.

That is because every RNM-chain satisfies —c1 &~ c1, in other words, contains the negation
fixpoint. Therefore, we obtain a totally order2ed lat?,tice, as is the case of the sublattice of
Ly(INM) constituted by all the subvarieties generated by chains with negation fixpoint.

On the other hand, concerning the lattice of finitary extensions of NML, there is also a
countable number of elements. This differs from the lattice obtained for RNML which con-
tains both uncountable chains and antichains.

Next, we analyze what happens when we expand the NML language with the Delta Baaz
connective. In this case, we have proven that the lattice of axiomatic extensions is the same
as the one for NML.

Although adding the A connective does not affect axiomatic extensions, it does affect the
lattice of finitary extensions. Even if we have not completely defined this lattice for NMLA,
we know all its elements (thanks to the study of critical algebras) and we have graphically
represented some of its sublattices. From this, we have been able to deduce that the lattices
of finitary extensions of NML and NMLa do not coincide, as Lo(V(A%)) and Lo(V(Ay))
are different (the first one has three elements while the latter only two).

Finally, we analyze the rational NMLA logic, which is an expansion of both RNML and
NMLA. We limited our study to its lattice of axiomatic extensions, which has countable
chains and uncountable antichains, making it more similar to the lattice of finitary extensions
of RNML (which also has this property) than to the one of axiomatic extensions. The later
is an uncountable chain but, for RNMLA, we have seen that not all axiomatic extensions
are comparable. Thus, they are different and, additionally, it is clear that there are many
more elements in the lattice of RNMULA.

From this, we observe that although the addition of the A connective didn’t affect the lattice
of axiomatic extensions of NMLa, this is not the case for RNMLA.

We can also compare the results obtained in Section 4 with the lattice of axiomatic ex-
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tensions of NMLAa (equivalently, of NML). Clearly, they will be different since the last
lattice doesn’t have uncountable antichains.

Lastly, we recall that the expansion obtained from RNNMAa by adding bookkeeping axioms
for the A connective has no proper axiomatic extensions.

We proceed to analyze the results concerning structural completeness. In [16] it is seen
that the logic NML is hereditarily active structurally complete but not structurally com-
plete, and neither is any logic algebraized by a variety of NM-algebras containing V(Asj).
However, the extension NM— is structurally complete (HSC, to be precise). Furthermore,
we know we can axiomatize the admissible quasiequations (equivalently, provide a basis for
admissible rules) for any axiomatic extension of NML.

When we add rational constants to the language, some of these results change. We still
can provide a basis for the admissible rules on all axiomatic extensions, but we no longer
have logics that are ASC (active structurally complete) and not SC, as was previously the
case for logics algebraized by a variety V(A3) C IK. This is because the concepts of heredi-
tary structural completeness, structural completeness, and active structural completeness are
equivalent for any extension of RNML. Additionally, a characterization of passive structural
completeness is presented.

Now, we turn to analyze how adding the Delta Baaz connective to the language of NML
influences its results on structural completeness, presented earlier. We prove that NMLa
is not structurally complete but it is hereditarily active structurally complete, similarly to
what we have for NML. Moreover, we can also axiomatize the admissible quasiequations of
every axiomatic extension of the logic. The difference here is that, in this case, no axiomatic
extension other than NM2, is structurally complete, whereas for NML it is shown that
NM- is HSC.

Finally, in the project we study the rational NMLa logic, which can either be seen as
an expansion of RNML or NMLA. It has been proven in the thesis that there are several
axiomatic extensions of this logic that are structurally complete (in fact, an uncountable
amount). The same does not hold for the case of NMLa, where the only structurally com-
plete axiomatic extension is the logic NM2a. However, for NML, we have a countable
number of axiomatic extensions that are SC (all axiomatic extensions of NM-, for example).
We conclude by recalling that the expansion obtained from RNMLAa by adding bookkeeping
axioms for the A connective has been proven to be structurally complete.

There is future work that could be done with the aim of providing a continuation to the
results presented in the thesis:

e The finitary extensions of the RINMLA logic could be analyzed. Further research could
also include providing more information about the active structural completeness of the
logic and its extensions and attempting to axiomatize all admissible quasiequations for
any given axiomatic extension.

e The Q-universality of the logic RNMLA could be studied. The necessary conditions
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to apply [1, Corollary 3.4] are not satisfied (the language is not finite, hence, RNMAa-
algebras do not have finite type). Nevertheless, by [7, Theorem 12.2], it is easily checked
that RNMy is congruence-permutable, hence, it is congruence-modular (see [7, Theo-
rem 5.10]). From this and [26, Theorem 1] it is deduced that the variety of RNMAa-
algebras has the Fraser-Horn property.

Thus, we can consider the class of algebras of the form QTA or QgA, given any r € (%, 1],
pE [%, 1)NQ. Even though their algebras will not be finite, the class satisfies the Fraser-
Horn property and contains infinitely many algebras, none of which is embeddable into
any other one and each of which is hereditarily simple.

Therefore, maybe there could exist an infinite family of RNMa-algebras satisfying the
conditions P1)-P4) presented in [1, page 1054].
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