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Abstract

The set theory KPI, which stands for Kripke-Platek-limit, roughly stipulates that
there are unboundedly many admissible sets. Admissible sets are models of the
Kripke-Platek set-theory KP which is a very weak fragment of ZFC. In [1], J. Cook
and M. Rathjen classify the provably total set functions in KP using a proof system
based on an ordinal notation system for the Bachmann-Howard ordinal relativized
to a fixed set. In this paper, we adapt this result to the KPI set theory. We consider
set functions which are provably total in KPIl and Y-definable by the same formula
in any admissible set. We prove that, if f is such a function then, for any set x
in the universe, the value f(z) always belongs to an initial segment of L(x), the
constructible hierarchy relativized to the transitive closure of x, at a level below
the relativized Takeuti-Feferman-Buchholz ordinal (the TFB ordinal is the proof-
theoretic ordinal of KPI).

To prove this result, we first construct an ordinal notation system based on [2] for
KPI relativized to a fixed set that we will use in order to build a logic dependent on
this fixed set where we will embed KPI. Thanks to this relativized system, we will
be able to bound the value of the function at this fixed set.
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1 Introduction

Set theory has several different axiomatizations. The most studied one is ZFC
(Zermelo-Fraenkel with the axiom of Choice), but many others are interesting as
well. In particular, if we exclude the Power Set axiom and restrict the Separation
and Collection schemas to Ag-formulas (formulas that do not have any unbounded
quantifier) from ZF, we end up with KP, which stands for Kripke-Platek Set Theory.
The transitive set models of KP are known as admissible sets, while an ordinal is
called admissible whenever L, is admissible, where L, is the a-th rank of Godel’s
constructible hierarchy. Admissible sets and admissible ordinals have been widely
studied and are related to numerous areas of computability theory. They appear in
hyperarithmetical theory: the first admissible ordinal above w is the Church-Kleene
ordinal w¢*, which is the first non-recursive ordinal. Admissible ordinals are crucial
in a-recursion theory, which is a generalization of computability theory to subsets
of admissible ordinals. Moreover, admissible sets are related to E-recursion theory,
a generalization of the theory of computability from natural numbers to arbitrary
sets, via Van de Wiele’s theorem, that states that a function is E-recursive if and
only if the function is uniformly 3;-definable on every admissible set (see [16]). It is
also worth mentioning that KP, and by extension admissible sets, is also related to
(subsystems of ) second-order arithmetic.

In this thesis, we are interested in a set theory that states that the universe is a
limit of admissible sets. This theory, called KPI for Kripke-Platek-limit, is not ex-
actly an extension of KP. The language of most of the set-theoretic theories, for
example the language of KP, is {€}. As for the language of KPI, it expands the
language of KP with the predicate Ad, that intends to mean that a set is admissible.
As we will see in Section 2, KPI consists in the axioms of KP (minus Ay-Collection)
written in the language {€, Ad} together with some axioms defining the predicate Ad
and the Limit axiom. Roughly, the Limit axiom states that there are unboundedly
many admissible sets. The main objective of this thesis is to classify the provably
total and X-definable set-recursive functions of KPI.

Those kind of classification results for a given theory rely on the ordinal analysis of
the studied theory. Research in mathematics at the beginning of the XXth century
was deeply influenced by Hilbert’s programme. The programme seeked to provide a
grounding for mathematics by showing the consistency of formal systems by finitistic
means. Gentzen started Hilbert’s programme by providing such a finitistic proof for
number theory. In [6], he proved the consistency of Peano Arithmetic, PA, from a



finitistically acceptable theory (e.g. Primitive Recursive Arithmetic) using transfinite
induction up to gy. The ordinal ey is the first fixpoint of the ordinal function 3 — w?,
also defined as the limit of {w,w®”,w*”,...}. Gentzen’s proof relies on a recursive
representation system for ordinals below ;. Moreover, Gentzen also showed that PA
proves transfinite induction for arithmetic predicates up to any ordinal below &, but
not up to gp. This way, the “strength” of PA is measured by ¢y: we say that ¢y is
the proof-theoretic ordinal of PA. Gentzen’s work marks the start of modern ordinal
analysis.

Later, the ordinal analysis of many theories has been obtained. First, it was for
subsytems of second order arithmetic. For example, Takeuti gave an ordinal analysis
of (M{ — CA) in 1967 in [18]. Takeuti’s work was followed by himself and by many
other mathematicians, such as Buchholz and Pohlers, that refined his techniques and
simplified the treatment of ordinal analysis. Next, manly due to the work of Jager
and Pohlers ([7]), the ordinal analysis of set theories was achieved, starting with KP.
Ordinal analysis is still nowadays a widely studied branch of proof theory.

Thanks to ordinal analysis, classification results of provably total recursive func-
tions of many theories have been obtained. The starting point is the classification of
the provably total recursive functions of PA, that has been proved in different ways
(e.g. by Kreisel in 1951-1952 in [9] and [10], by Buchholz and Wainer in 1987 in [3]
or by A. Weiermann in 1996 in [19]). To state and prove such a classification result,
we establish a representation system for the ordinals below €y (the proof-theoretic
ordinal of PA). Then, we define a hierarchy of functions, called the fast growing hi-
erarchy, based on the ordinals below ¢y. It can be shown that any provably total
recursive function of PA has to be majorised!| by some function of the fast growing
hierarchy at level less than ¢.

In 2016, Jacob Cook and Michael Rathjen in [5] gave a classification of the prov-
ably total set-recursive functions of KP using tools from ordinal analysis and proof
theory. The result we show in this thesis is similar to Theorem 6.2 in [5] (and, in
fact, the proof uses the same methods) but for KPI total set-recursive functions.
Nonetheless, there is a constraint: the existence of many non-recursive ordinals (e.g.
w$) is provable in KPI. The image of a set z by a function could be contained by
an admissible set not containing x. To avoid this obstacle, we have to restrict our
study to functions that have the property that the image of any set z belongs to
the same admissible sets as x does. The statement of our main theorem will be the

'We say that a function f is majorised by the function g whenever there is some natural number
n such that Vm > n(f(m) < g(m))



following. Given any set-recursive function f such that KPI proves that f is total and
Y-definable with the same formula in any admissible set, for any set x, the value f(z)
belongs to an initial segment of the constructible hierarchy relativized to x at level
below the relativized Takeuti-Feferman-Buchholz ordinal, where the TFB ordinal is
the proof-theoretic ordinal of KPl. We will call this bounding set G, (z), where n
is some natural number that can be read of the proof of totality so n is related to
the adequate level of the relativized constructible hierarchy. The formal statement
of our main theorem will be the following.

Theorem [6.3] Let [ be a set-recursive function such that KPI proves that f is total
and uniformly Y-definable in any admissible set. Then, there is some n < w such
that

~

V EVz(f(x) € Gu(x)).

In the proof of our main theorem, given such a function f, we will fix a set X and
show that, indeed, the value f(X) is bounded as stated. To do that, we will construct
a logic depending on X in which we will embed KPI| and through which we will be
able to show that f(X) belongs to G,,(X). This system, that we will call RS;(X)
for Ramified Set Theory relativized to X (the [ stands for limit), will be based on
a relativized ordinal notation system for KPl. By means of this relativized notation
system we will give names to relevant ordinals. In particular, we will write the first
(w + 1)-many regular uncountable cardinals above the set-theoretic rank of X as €,
for each n < w. In RS;(X), the admissible ordinals will be exactly the 2,’s and we
will use the ordinals from the recursive set of notations in many ways (to define the
terms of the system, the length of the derivations, the complexity of the formulas,
etc.).

As we said earlier, the skeleton of this thesis will be similar to the skeleton of Cook
and Rathjen’s paper [5]. In fact, the main references used in thesis are Cook and
Rathjen’s paper [5] together with Pohlers’ article [12].

In Section 2 we will give the formal definition of KP and KPI. In Section 3 we will
introduce and study our relativized notation system, based on [2] and [12]. We will
employ this notation system to define the system RS;(X) in Section 4, where we
will show some proof-theoretic properties of this system such that, under certain
conditions, cuts can be eliminated. In this section we also prove an important result
that will help to eliminate cuts, the Collapsing Theorem, that allows to collapse the
length of a proof and the complexity of the cuts in a proof below a certain €2,,, for



n < w. In Section 5 we embed KPI into RS;(X). Finally, we will put all the tools
and results together to prove the main theorem in Section 6.



2 The axiomatic set theory KPI

In this section, we define the axiomatic set theory KPIl. This theory is strongly
related to KP, Kripke-Platek: the theory KPI states that the universe is a limit of
models of KP. This is why we will deal, at the beginning, with two languages, the
language of KP, which is £ := {€,¢} (we will use the connective — as a defined
notion) and the language of KPI, where we add a predicate that intends to mean
that a given set is a model of KP together with the negation of this predicate. So we
define £ := {€, ¢, Ad, ~Ad}.

Moreover, since KP and KPI are first-order axiomatic theories, we use the usual first-
order language to construct formulas. We have the connectives {V, A}, the quantifiers
{V, 3}, the auxiliary symbols {(,)} and an infinite set of variables V. We will often
use the letters z, y and z, as well as a and b, to denote both variables and sets (it
should be easy to discern if a letter is used as a variable or as a set by context).
We define the following notation to say that some axiom or formula is satisfied in a
given set.

Definition 2.1. Let A be a formula in any of the languages L or L'. Let x be a set.
The formula obtained by restricting all the unbounded quantifiers of A to x will be
denoted by A*.

Moreover, we will use the equality symbol as a defined notion and we will define
the connectives = and —. The following definition works for both languages £ and

L.

Definition 2.2. The formula a C b will stand for Vx € a(x € b).
The formula a = b will stand for a CbAb C a.

The formula —A is obtained by replacing in A the symbol € by ¢ and vice-versa,
A by V and vice-versa, ¥ by 3 and vice-versa, and Ad(-) by = Ad(-) and vice-versa.
We define a — b= —a V b.

The formula a # b will stand for —a = b.

We will start by stating all of the axioms and schemas that we will use and, after
that, we will introduce both KP and KPl. We will work with finite sets of formulas.
In the following definition, we consider I' to be any finite set of formulas in the
language L or L'.

Definition 2.3.



Logical axioms: I' A, —A for any formula A,

Leibniz Principle: T',(a =b A B(a)) — B(b) for any formula B(a),

Pair: I'N3z(a€e zNbe z),

Union: [, 32Vy € aVx € y(z € 2),

Ag-Separation: [, Jy[Ve € y(x € a A B(x)) AVx € a(B(x) = x € y)]
for any Ao-formula B(a),

Class Induction:  TI',Vz[Vy € xB(y) — B(x)] — VazB(x)
for any formula B(a),

Infinity: ['3z[Fz € x(z € ) AVy € 232 € x(y € 2)],

Ag-Collection: [,V € adyB(x,y) — J2Vx € ady € zB(x,y)
for any Ag-formula B(a,b).

Now, the axioms defining the Ad predicate are the following (the set w is the first
ordinal that contains all the natural numbers; the predicate Tran(x) means that x is
transitive, i.e. for any y € x all the elements of y are elements of x).

Ad1: T,Vz[Ad(zx) - w € x A Tran(z)],

Ad2: T,\VaVy[Ad(x) NAd(y) »x €yVae=yVy€E ],

Ad3: T,Vz[Ad(z) — (Pair)® A (Union)® A (Ag — Sep)™ A (Ag) — Coll)*],
Lim: T, VYax3y[Ad(y) A x € y].

The KP theory is a weak subtheory of ZF, where we get rid of the Power Set axiom
and we restrict the Separation and Collection axiom schemas to Ag-formulas. One
of the most interesting properties about KP is the fact that this theory is sufficient
to construct Godel’s constructible hierarchy. In fact, the constructible universe L is
a model of both ZFC and KP.

Definition 2.4. The azioms of KP are the Logical axioms and the following axioms
and schemas in the language L = {€, ¢}.

1. Leibniz Principle,
Pair,

Union,
Ag-Separation,

Class Induction,

S S e

Infinity,



7. Ag-Collection.

Transitive set models of KP are called admissible sets or classes. In KPI, the
(Lim) axiom states that for any set x we can find an admissible set that contains x.
Therefore, starting with some set (for instance the empty set), we can build a chain
of any length of admissible sets, each containing the previous one. This gives the
existence of unboundedly many admissible sets in our universe.

We remind that the language of KPl is £ = {€,¢, Ad,—Ad}, where, in general,
the Ad predicate intends to mean that a given set is admissible. Actually, the predi-
cate Ad in this thesis does not just mean admissible. Admissible sets are not linearly
ordered by the €-relation, and so axiom (Ad2) should in general not hold. Nonethe-
less, we will restrict our study of admissible sets to those belonging to a particular
hierarchy of sets, which will be linearly ordered, and so the predicate Ad will mean
“is admissible and belongs to this hierarchy”. That is reason why we include (Ad2)
as an axiom of KPI.

We now introduce the axioms of KPl. We observe that we don’t have Ay-Collection
here.

Definition 2.5. The axioms of KPI are the Logical axioms and the following axioms
and schemas in the language L.

1. Leibniz Principle,
Pair,

Union,
Ag-Separation,
Class Induction,
Infinity,

Adl,

Ad2,

© % RS &

Ads,

~
S

Lim.

10



We will now introduce the rules of inference that we will use for KPIl. These rules
are written in Tait’s sequent style. Both in the premises and in the conclusion of
each rule, we have finite sets of £'-formulas. That means that, below, the symbol
I' represents any finite set of £'-formulas, just as in the formulation of the axioms.
Moreover, A and B are any L£'-formulas. The formulas derived in the conclusion can
intuitively be thought as a disjunction. That is, when we derive A, B, it means that
either A or B is true.

Definition 2.6. The rules of inference of KPI are the following.

r'A TI.B
(") IAANB
T, A T, B
v) I'AVB V) I'AVB
3) I'a€ bA B(a)
I'3z € b B(x)
I, B(a)
S [, 3z B(x)
) I'a€b— Bla)
I''Vx € b B(z)
I', B(a
0 F
,Vz B(z)

A T.-A
(Cut) ———="—

In the rules (bY) and (¥), it must be the case that a does not occur in the conclusion.
We write KPl = T whenever I is an axiom or there is one (or two) set(s) of formulas

A (and A') such that KPl = A (and KPl = A’) and we can obtain I from A (and
A') by the application of a rule.

11



The rules of KP are the same but in the language L.
We will make explicit an important difference between KP and KPl. We will show
that KP proves Y-Reflection. A formula A is ¥ if there is no unbounded universal
quantifier occurring in A. The proof of ¥-Reflection uses the Ay-Collection axiom
and thus cannot be performed in KPI. Since we only want to highlight a major
difference between KP and KPI, we will omit some details. We will be following the
proof of Barwise, in [1].

Theorem 2.7 (X-Reflection principle). For any X-formula A in the language L =
{€,¢}, we have
KPH A — dx A",

Proof. The central idea of the proof is to use the following claim, that states that if
a Y-formula holds in some set x, then the formula holds in any superset of x.

Claim 2.7.1. Let B be a X-formula in the language L. Then we have
KPFB*ANx Cy— BY.

We prove Claim by induction on the construction of B. We fix a model of
KP and we fix two sets in this model (the interpretations of  and y in the model,
that we will call just z and y).

Base Case. If B is a Ag-formula, then B* = BY and so the claim is reduced to
showing KP = B — B, which always holds.

We suppose B = By A B;. We want to show

So we assume that (By A By)® holds in our model. Hence, the formulas B and BY
also hold. The induction hypothesis gives

KPEBfANx Cy— BY (1)

for i € {0,1}. Therefore, since Bf and = C y are true in the model, BY is also true,
for i € {0,1}. Hence, (By A B;)? holds in the model. This means that, in any model
of KP, (By A By)Y is true whenever (By A By)® Ay C x is true. Hence,

12



The other cases are similar. Since we do not want to insist in this proof, we consider
that Claim 2.7.1] is shown.

We prove Theorem by induction on the construction of A.

We treat the most interesting case for us, where Ay-Collection shows up. We suppose
that A is Va € b B(a). By the induction hypothesis we have

KP  B(a) — 3z B(a)®.

To verify that KP proves Ya € b B(a) — Ja2Va € b B(a)*, we fix a set b in a fixed
model of KP and we assume that Ya € b B(a) holds in the model. Our aim is
to show that J2Va € b B(a)® holds in this model. In the model, for every a in
b there is a set y, such that B(a)¥* holds by the induction hypothesis applied to
B(a). This means that Va € b3y,B(a)¥* holds. Now we use Ay-Collection to get
JyVa € by, € y B(a)¥*. We take a witness y and we define Y := (Jy. Then, for
each a € b, we have some y, such that B(a)’* Ay, C Y holds. Therefore, by Claim
m, we obtain Va € b B(a)¥. Hence, taking Y as our witness, we obtain that
JzVa € b B(a)® holds in the model.

O

We cannot perform the proof of ¥-Reflection within KPI due to the absence
of Ap-Collection. This difference between KP and KPI has further implications:
the principle of Y-Reflection is used to prove more results, like -Collection or A-
Replacement, that are used to prove :-Recursion (see [1]). So in KP, mainly due
to Ap-Collection, we are able to define an n 4 l-ary ¥ function from an n + 2-ary
> function by recursion. This definition cannot be done within KPI, where only a
weaker result can be proved (see [12]).

13



3 Relativized ordinal notation system

We recall that our main goal in this thesis is to show that, given a set-recursive
Y-definable function f such that KPI proves that f is total and definable with the
same Y-formula in any admissible set, the image of any set under f is bounded. In
the proof of this main theorem, our way to show that f(z) is bounded for every z will
consist on fixing a set X and seeing that f(X) is indeed bounded by a bound that
depends on X. Once our set X is fixed, we will build a proof system dependent on
this X where we will embed KPI in some way, in order to reason in this new system.
This system, that we will call RS;(X), for Ramified Set Theory relativized to X,
will be defined based on ordinals: since KPI states that there are unboundedly many
admissible sets, we will consider the sequence of the first w-many different admissible
sets from the constructible hierarchy relativized to X, defined as follows. The set
TC({X}) is the transitive closure of {X}, the smallest transitive set that includes

(X1,

Definition 3.1. Let X be any set. We define for every ordinal o the set Lo (X) as:

Lo(X) = TC({X}),
Loi1(X) ={Y C L,(X) : Y is definable over (L,(X), €) with parameters in L,(X)},
L (X) = Uaey La(X) if v is a limit.

Moreover, having a fixed set X we let 6 be the set-theoretic rank of X (where

rank(y) = sup{rank(z)+1: z € y} for any set y). Let A5.Q23 enumerate the sequence
of consecutive cardinals k such that x > 6. In particular, for every ordinal S we have
that Lq,(X) is admissible. Actually, we will only be interested in those cardinals up
to Q,, which contains w many X-admissible ordinals (each €2, for n < w).
We will be using ordinals to a great extent in RS;(X). Since this system will depend
on the fixed set X, we need the ordinals that we will employ to depend on X too.
That is why we firstly have to thoroughly define the set of ordinals that we will be
using in a recursive way from X. This is exactly what this section is about: we are
going to define for a fixed set X with set-theoretic rank 6 a recursive set T'(0) of
strings representing ordinals.

3.1 Preliminaries

In this subsection we develop the tools that we need to define 7'(¢). We will define
the Veblen functions ¢, for each ordinal . The general idea is that ¢, enumerates

14



the fixpoints of the previous ¢z for 8 < a. To understand the construction of the
Veblen functions, we first need some ordinal theory. We refer the interested reader
not familiar with ordinals and cardinals to Chapter I sections 6-10 of [II] for an
overview, or Chapters 2 and 3 of [§] for a more complete study.

Definition 3.2. A set x is transitive iff VyexV z€y (z € x).
A set x is well-ordered by a relation R iff every non-empty subset y of x has a least
element in the R-ordering.

An ordinal is a set o« such that o is transitive and well-ordered by the €-relation. We
write On to denote the class of all the ordinals.

We also define an ordering on On.
Definition 3.3. Let a, 8 € On. We define a < 8 iff a € .
Ordinals fall into three categories, defined as follows.
Definition 3.4. Let a be any ordinal. Then either
1. a=0:=0, or
2. a= B+ 1 for some 3, in which case « is called a successor ordinal, or
3. For every < a we have f + 1 < a, in which case « is called a limit ordinal.
To define the Veblen functions, we will need some basic ordinal arithmetic.

Definition 3.5. Let o be an ordinal.
We define o + (8 for every ordinal B by recursion on 3.

1. a+0=aq,
2. a4+ (B+1)=(a+p)+1,

3. a+ f=supla+d:0<p)ifBis alimit ordinal.

We define o - B for every ordinal 3 by recursion on [3.
1. a-0=0,
2.a-(f+1)=a-B+a,

3. a-fB=sup(la-0:95<p)if B is alimit ordinal.

15



We define o for every ordinal B by recursion on 3.
1. o® =1,
2. ot =0ab . q,
3. o = sup(a® : § < B) if B is a limit ordinal.

We refer to page 23 of [§] to see some properties of the operations defined above.
We need the notion of cardinal that we define as follows.

Definition 3.6. Let x be any set. Then, we write |x| to denote the cardinality of x,
i.e. the least ordinal k such that there is a bijection between x and k.
An ordinal k is called a cardinal iff || = k.

We are specially interested in regular cardinals, that we define now.

Definition 3.7. A cardinal k is called reqular iff for every ordinal 3, if there is a
sequence of ordinals (Ao : a < B) such that Ay < k for every a < B and k= J,_5 Ao,
then B > k.

Usually, we will use greek letters «, 8 to denote ordinals. We reserve x to denote
cardinals.

Now, before presenting the Veblen functions, we need two important concepts re-
lated to a regular cardinal . First, we define the notion of closed and unbounded in
k class of ordinals. Next, we define the notion of normal function in .

Definition 3.8. Let M be a class of ordinals and let k be a regular cardinal. We
say that M is closed in k iff for any subset U C M Nk with |U| < k we have that
sup(U) € M.

We say that M is unbounded in k iff for any o < k there is some 8 € M such that
a< f<K.

If M is closed and unbounded in K, we say that M is k-club.

Moreover, if a class M is k-club for any regular cardinal x, then we will say that
M is club.

Definition 3.9. Let f : On — On be an ordinal function. We say that f is order-
preserving iff for any ordinals o and B we have

a < f— fla) < f(B).

We say that [ is k-normal iff f is order-preserving and

16



e x Cdom(f),

o for any subset U C k with |U| < k we have that
sup(f[U]) = f(sup(U))-

Moreover, if an ordinal function f is k-normal for any regular cardinal £ we will
say that f is normal.

Lemma 3.10. Given an order-preserving function f, for any ordinal 5 we have that
B < f(B). In particular, this result applies for k-normal functions for any reqular
cardinal K.

Proof. We assume that this does not hold. Then, consider

B=min({0:6> f(9)}).

By definition, we have that f(5) < 8. Since f preserves the order, f(f(5)) < f(B),
contradicting the minimality of f3. ]

The next lemma relates x-club classes to k-normal functions. In particular, we
will use enumerating functions of classes of ordinals. The enumerating function of
M enumerates M by associating to each ordinal of the order-type of M an element
of M in a strictly increasing manner.

Lemma 3.11. Let M be a class of ordinals and let k be a reqular cardinal. Then,
M s k-club iff the enumerating function eny; of M is k-normal.

Proof. Let us start with the left to right implication.

We notice that otype(M N k) = k. Otherwise, it would be otype(M Nk) = a < K
and so Kk = Uz, enmnx(B), against the regularity of x. This shows that k =
dom(ennny) C dom(enyy).

Now, let U C M Nk with |U] < k. Then |eny[U]| < k and so sup(eny [U]) € kN M
since k is regular and M is closed. Therefore, there is a <  such that sup(eny[U]) =
enpr(«). Let us see that a = sup(U). First, if § € U then eny(8) < enp(a) and
so 8 < a. This means that sup(U) < a. Now, if the inequality was strict, we would
have that eny/(sup(U)) < enpy(a) = sup(eny[U]) and so there would be some 5 € U
such that eny/(sup(U)) < enp(6), against 5 < sup(U). Hence, the desired result is
obtained.

17



Now, suppose that enj; is k-normal. Let o« < k. Then, by Lemma [3.10] we have
a<a+l<eny(a+l).

Also, enps(a+ 1) < k and so M is unbounded in k.
Let U C M Nk with |U| < k. Then, we have

sup(U) = sup(enys[otype(U)]) = enp(sup(otype[U])) € M.
Hence, M is closed in k. O

For an ordinal function f, we say that € dom(f) is a fixpoint of f if it belongs to
the class Fiz(f) := {x € dom(f) : f(x) = x}. We will now show that the fixpoints of
a k-normal function form a x-club class. This means that the enumerating function of
Fix(f) is k-normal and we can form a chain of k-club classes and xk-normal functions
by iterating the processus of taking fixpoints of the enumerating function of the
previous class. This is how, in particular, Veblen functions work.

Lemma 3.12. Let k be a regqular cardinal. Let f be a k-normal function. Then,
the class Fix(f) = {x € dom(f) : f(x) = x} of the fizpoints of f is k-club.

Proof. Let v < k. We define fy = o+ 1 and B,11 = f(5,) for any n < w. Then, we
define g := sup{5, : n < w} < k. By k-normality, we get

F(B) = f(sup(Bn :n <w)) =sup(f(By:n<w))=sup(fps1:n <w)=7.

Therefore, we obtain o < 8 € Fixz(f) N k. Hence, the class Fiz(f) is unbounded in
K.
Now, let U C Fiz(f) Nk with |U] < k. We get

f(sup(U)) = sup(f[U]) = sup(U).
Thus, we obtain sup(U) € Fiz(f). Hence, the class Fixz(f) is closed in . O
We are now able to define the Veblen functions.

Definition 3.13. We define simultaneously Cr(a) and ¢, for every ordinal o by
induction on «.

Cr(0) :={a:VB,i<a(B+0d < a)} and vy enumerates Cr(0).

Cr(a) :={p:Vi<a(ps(B) = 5)} and ¢, enumerates Cr(c).

18



Sometimes, we will write paf instead of ¢, (3). Since each ¢, enumerates a class of
ordinals, every ¢, is an ordinal order-preserving function.

The following results show that each Cr(«a) is club and each ¢, is normal. We first
see that this holds for o = 0.

Lemma 3.14. Cr(0) is k-club for any reqular k.

Proof. To see that Cr(0) is uncountable, let a < k. Let 8y = a+1 and §,11 = B+
It follows that § := sup({8, : n < w}) < k. Therefore, we have the inequalities

a< By < B <k

Moreover 3 is additive principal: let §,v < §. In particular, we have 6§,y < ,, for
some n. Hence, 0 +v < B, + Bn = Buy1 < B.

Let U C Cr(0) Nk with U < k. Let a, f < sup(U). In particular, a, 8 < 7 for some
~v € U. Then, since v € Cr(0), by definition we obtain a + f < v < sup(U). O

Corollary 3.15. g is k-normal for any reqular k.

Proof. By Lemma|3.17] the class C'r(0) is k-club for any regular x and so by Lemma
its enumerating function ¢, is k-normal for any regular . (]

Now, we prove this result for any ordinal a.
Lemma 3.16. For any ordinal o and any uncountable reqular cardinal k > «,
Cr(a) is k-club and @, is k-normal.
Proof. We proceed by induction on «a.

e The case @ = 0 is already done in Lemma [3.17] and Corollary

e We suppose that Cr(«) is k-club and ¢,, is k-normal. Then Cr(a+ 1) consists
on the fixpoints of ¢, and so Cr(a + 1) is k-club by Lemma Since @q41
enumerates Cr(a + 1), we have that ¢, is k-normal by Lemma [3.11]

e We suppose that « is a limit. Then Cr(a) = (3., Cr(B). Since the intersec-
tion of less than k many k-club sets is k-club (cf. Theorem 8.3 of [§]), the class
Cr(a) is again s-club. It follows that ¢, is k-normal by Lemma [3.11}

]

The next Lemma gives an explicit description of the elements of Cr(0), which
are the additive principal ordinals.
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Lemma 3.17. Let o be an ordinal. Then o € Cr(0) iff @ = w? for some ordinal 3

Proof. First, we show that all ordinals of the form w? are additive principal by
induction on f.

e w’ =1, which is additive principal.
e We suppose that w? is additive principal. Then, we have
B+l _

W =P w = sup({w? - n:n < w}.

Let 0,y < w’*!. That is, there is n < w such that §,v < w” - n. Therefore, we
get
S+y<w nt+wf -n=u (2n) <

e We suppose that [ is a limit ordinal. Then, we have
w? = sup({w® 1 £ < B}).

Let 6,7 < w®. That is, there is £ < 8 such that §,7 < w®. By the induction
hypothesis, we obtain § + v < w® < w”.

Now, we will see that any additive principal ordinal is of the form w”. We suppose not.
The, let a € C7(0) such that o # w” for any 3. Since the class {w” : 3 is an ordinal}
is unbounded, there is some 3 such that a < w?. In fact, the least such ordinal, that
we call 8 =min({d: o < w’}), has to be a successor ordinal. Otherwise, o > w?° for
all § < B and so a > sup({w’ : § < B}) = w?, a contradiction.

We now know that there is 3 such that

W <a < =0l w=sup({w® - n:n<w}).
Therefore, there is some n < w such that
Wwn<a<wt (nt+1)=w nt+ ol
But since « is additive principal, we have
Wntw n<a<w® n+wf <w5-n+w6'n,

which is a contradiction. Hence a ¢ Cr(0). O
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The first element of Cr(1) is g, which is the limit of {w,w®”, w*" ... }.
By means of Lemma [3.17] we can write each ordinal as the sum of a finite number of
additive principal ordinals of the form w”. This is how we define the Cantor normal
form of an ordinal.

Definition 3.18. Let o be an ordinal. We define the Cantor normal form of a as
follows.

a=NpW 4+ F+wm ifa>a; > >, and a = w* + - W
If a =0, then taking n = 0 we get an empty sum, which by convention equals 0.
We show that Veblen functions are monotone on the first component.

Lemma 3.19. Let o and (B be ordinals. If o < B, then Cr(5) C Cr(a) and pu(y) <
() for any ordinal .

Proof. We suppose that a < 5. If 6 € Cr(f), then ¢¢(§) = 6 for all £ < § and so, in
particular, for all £ < a, showing that 6 € Cr(«a).

Let us see that the inclusion is proper. Let 6 = ¢,(0) € Cr(«). Then 6 > 0 (since in
particular 0 ¢ Cr(0)). Therefore, we have ¢, (d) > ¢,(0) =6 and so § ¢ Cr(3). O

The next lemma shows that the outputs of each ¢z are fixpoints of the previous
Veblen functions.

Lemma 3.20. Let o and [ be ordinals. If o < B then ¢o(vs(7y)) = pp(y) for any
ordinal 7.

Proof. We observe that pg(vy) € Cr(f). Since a < f, it must be a fixpoint of ¢,,
and 50 @a(ps(7)) = #s(7)- 0

Since we want to represent ordinals with Veblen functions, we are interested in
knowing how some ordinal can be the output of different Veblen functions.

Lemma 3.21. Let aq, an, 81, B2 be ordinals. Then
ar = ay A\ By = B, or
pa1f = pasfs < § a1 < ay A B = pasfBs, or
ag < ai A Pr = paifr.
Proof. If a1 = aw, then (pai8; = paiPs iff f1 = (Bs), since pa; is an enumerating
function.

If oy < ag, then pa;(pasfsy) = pasBy by Lemma m Therefore, we obtain the
equivalence
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(o By = paafy iff pay 1 = pon (pasBs) iff B1 = pasfs).

The case oy < «ay is analogous. O
A similar proof shows the following Lemma.

Lemma 3.22. Let aq, as, 81, B2 be ordinals. Then
a1 = as AP < P, or

a1 < pasfy & ap < ag A By < pagfBs, or
g < ag A B < paf.

Lemma 3.23. For any ordinal o, all fixpoints of ¢, are limit ordinals.

Proof. First, we observe that 0 < a0 for any a and so 0 is not a fixpoint for any
«. Let us see that successor ordinals are not fixpoints.
We suppose that 5+ 1 = ¢,(8 + 1). Then, given § < «, we have

ps(B+1) = ps(palB+1) =wa(B+1)=F+1
In particular, taking 0 = 0 yields
W =po(B+1) =B +1,
a contradiction since w® is always a limit. [
Lemma 3.24. Let o and 8 > 0 be ordinals. Then o < pal < paf3.
Proof. We proceed by induction on a.
o 0<1=1(0).

e We suppose that a < ¢,(0). But ¢,(0) < ¢a+1(0) and so a < @a41(0). It
follows that a + 1 < a+1(0). In fact, by the previous Lemma, we get that
at+1l< QpaJrl(O)‘

e We suppose that « is a limit and § < ¢3(0) for all § < a. Fix § < a. Then
©5(0a(0)) = pa(0) > ©5(0) > B. Therefore, for any 5 < a we have 5 < ¢,(0).
It follows that a < pa0.

[

We show that any additive principal ordinal o can be written as the output of
some Veblen function with second argument below a.
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Lemma 3.25. Let a € Cr(0). There are uniquely determined ordinals 6,3 such
that « = o and B < .

Proof. We start by proving the existence of § and f.

Let v = min({d : @ < pda}). This minimum exists because o < pal < p,(a) by
Lemma [3.24] (in the case o = 0 we have 0 < ¢o(0)). If v = 0, then o < p0c. But
a = 0 for some § and 905 = a < 0. This shows that § < a.

We suppose that v £ 0. Then, we have a > pd~ for all 6 < . Since a < pda, it
must be a = pda for all 6 < v, and so o € Cr(6) for all 6 < «y. Therefore, a € Cr(7)
and so there is some 8 with a = 3. But by the definition of v, pv5 = a < py«a
and so 8 < a.

We prove uniqueness. We suppose that a = ¢ = ¢y€ with §,€ < a.
If 6 <7, then a = pif < oo = Pd(PyE) = py€ = «, a contradiction. Hence, we
have 6 = . It follows that g = &. ]

We define the class of strongly critical ordinals. An ordinal « is strongly critical
if o is a fixpoint of every g, for 5 < a.

Definition 3.26. SC :={a:a € Cr(a)}.
The function \5.I's enumerates SC.

Lemma 3.27. Let o be an ordinal. Then
a € Cr(a) iff ¢80 < a for any B, < «.

Proof. First, we notice that (o € Cr(«) iff @ = pa0) since a < pal < paf for any
£ > 0.
We suppose that o € Cr(a) and so a = pal. Let 5,6 < a. Then

pBa = ps(pal) = pal = a,

and so o = pPa. Therefore, we obtain pfd < pfa = «.
Now, suppose that 950 < « for any 5,0 < a. Fix f < a. Then, we have pfd < «
for any 0 < a. It follows that

pBa = sup({ppd :d < a}) < a.

But a < pfa. Hence, we get o = pfa, and so a € Cr(f) for any f < «. This
means that a € Cr(a). O
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We notice that the proof shows in particular that

ae SCiff a € Cr(a)
iff @ = pal
iff B < a for any 5,0 < «
iff a = pPa for any § < a.

A deeper study of Veblen functions can be found in [I3]or in [17].

3.2 The ordinal notation system

Now, we will construct the ordinal notation system 7'(f) that we will use to build
the RS;(X)-logic. Recall that RS;(X) will depend on some fixed set X.

Reading Convention 3.28. The set X is a fived set. The set-theoretic rank of
X is 0. The sequence (S, : n < w) enumerates the first w + 1 uncountable regular
cardinals k such that k > 0. We have that Lg, (X) E KP for every n < w.

We first have to study the ordinal machinery needed to define 7'(#). One of the

features of RS;(X) for which we will use ordinals will be to associate an ordinal
level to each term of the system. This means that, since the starting point of the
relativized constructible hierarchy is the transitive closure of X, the sets of TC'({X})
will be seen as basic elements, and the level of those basic terms will be some initial
ordinals. Thus, we need one initial ordinal per element of TC'({X}), that is, we need
“#-many” ordinals. Those ordinals will be chosen to be the first “f-many” strongly
critical ordinals. That is why we will include in T'(f) a representation of every I's
for § < 6 (see Definition [3.26]).
Moreover, we want the set T'(f) to contain a representation of each ordinal 2, for
n < w because the RS;(X)-system will be mainly based on the admissible sets of
the relativized constructible hierarchy, that is, on each L, (X) for n < w. Finally,
the set of ordinals represented by a string in 7'(6) will be closed under addition, the
Veblen function ¢ and some Collapsing functions v, for n < w that we will use in
order to collapse ordinals under every €2, for n < w. We define the v, functions as
follows, given Reading Convention [3.28]

Definition 3.29. We define simultaneously the sets B, () of ordinals and the ordi-
nal function ¢,(c). For every n < w, we define B,(a) = J,_, B (), where BE(a)
1s defined by double induction on n and k as follows.
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e Bi(a) ={0}U{Ts: B <60} U{Q:m <w},
BYf (o) = BEU {640,060 : 6,0 € BE(a)} U{Ym(0) : 6 € BE(a) Ad <
aAm < w}.

o BY. (a) =02, U{Q, :m <w},
B () = Bl U {60, 0607 6,6 € B, y(a)} U {m(6) 5 € Bl (o) AG <
aAm < w}.

The ordinal collapsing function 1, is defined as ¥,(a) = min{p : f ¢ B,(a)}.

We will sometimes write 1,,« instead of 1, (). Now, we will be studying the sets
By, («) and the collapsing functions 1,,. The next lemma shows that the function
takes values on the strongly critical ordinals between I'y,; and {2, and that v,
takes values on the strongly critical ordinals between €2,, and €2,,; for every n < w.
In particular, for any natural number n the function v, («) collapses any ordinal
under 2, this is an important property, since, in our system RS;(X), we will want
to collapse some ordinal bounds under some €,,, as we will see later.

Lemma 3.30. For every ordinal o and every natural number n, we have:
1. (@) is a strongly critical ordinal,
2. |Bo(a)| = max(Ro, |0]) and |Bpi1(a)] = Qy,
3. Lo < o) < Qo and Qy, < Pppr(a) < Qi

Proof.

1. We will show that 1, (o) = @y, (a)(0). First, we write ¢, («) in Cantor normal
form to show, in the first place, that ¢, («) is additive principal:

wn(g) = w™ + e _'_wama

with o > --- > a,,. We need to see that m = 1. We suppose not. Then,
Aty Oy < Pp(a) and so aq, ...,y € By(a). But then ¢, (a) = po(aq) +
<+« + po(am,) € Bu(a), a contradiction with the definition of the 1), function.
Therefore, ¥, () = po(aq) with ay < ¥, () and so ¥, («) is additive principal.
Now, by Lemma[3.25 we can find some ordinals § < ¢,,(a) and v < ¢,,(c) such
that 1, (a) = @dvy. We will show that v = 0, which yields 6 = ¥,(a). So,
suppose that v # 0. It follows that § < 60 < pdy = 1, (). That is, both
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~v and § are strictly below ), (a)), which means that 7,6 € B,(«). But then
Yn(a) = pdy € By(a), in contradiction with the definition of the 1), function.
Hence,

Yn(a) = P (a) (0),

which means that v, («) is strongly critical.
2. First, we study the case n = 0. We suppose that |f| is infinite. We have

By ()| = {0} U{Ts: 8 <0} U{Qp - < W}
=|{T's: B <0}
= (0]

and, if | BE(a)| = |6] then also |BY™ ()| = |A|. This shows that |BF(a)| = |0
for all £ < w. Therefore, By(a) is a countable union of sets of cardinality |6].
Thus, the cardinality of By(«) is |6].

If |0| is finite, then |Bi(a)] = [{Q, : n < w}| = Ry and by induction we
can prove that By(«) is a countable union of sets of cardinality Xy, and so
[Bofa)] = No.

Now, we assume that n > 0. Then |B%(a)| = ©,, and, whenever |B™(a)| = Q,,
also |B™ ()| = Q,, since B™1(«) is a countable union of sets of cardinality
Q,. Thus, B,(«) is a countable union of sets of cardinality 2,,. Hence, the
cardinality of B, («) is 2,.

3. We first study the case n = 0. By the first item of this lemma, we have that
Yo(r) is strongly critical. Moreover, by definition {I's : 8 < 0} C By(«). This
means that the first strongly critical ordinals up to and including I'y must be
below (). Therefore, Ty, 1 < 1hg(a). Furthermore, if Qy < 1y(a) we would
have that Qg C By(«), contradicting Item 2.

Now, we assume that n > 0. By definition, for any n < w we have that
Q, € Buyi(«) and so Q, < Vpyq(@). I (@) > Qppq then Q1 C By (),
in contradiction with Item 2.

O

The next lemma states more results about the sets B, («) and the functions ,,.
In particular, Items 6., 7. and 8. mean that when a € B,(«), the function %, on
input « + 1 grows to the next strongly critical ordinal and, when « ¢ B,(«), the
function v, on input o + 1 stays at the same value as on input a.

Lemma 3.31. For any ordinals o and B and for any natural number n, we have:
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1. If B < a then Bu(B) € Bu(a) and 1n(8) < thn(a),

If B € Bu(a) Na then ¥u(B) < n(a),

If B < aand [B,a) N By(a) =0 then B,(B) = Ba(a),

B,(a) N = tn(a),

If a is a limit then By(a) = Uz, Ba(B8) and vu(a) = sup(,(8) : B < ),

6. Vn(a+1) € {n(a), (Vn(a))''}, where 6* is defined as the first strongly critical
ordinal above 9,

7. If a € By(a) then ¥, (a+ 1) = (Yn(a)),
8. If o« ¢ By(«a) then ¢¥p(a+ 1) = ().

Proof. We prove Item 1. Fix some natural number n.
Let 8 < a. First, we note that BY(3) C B%(«). But from 8 < « we get

Now, suppose that Bf(3) C B¥(a). We have that B*™!(a) is closed under every
function under which BT (3) is closed by El This means that B*™1(3) C B*(a).
Hence, we obtain B,(5) C B, (a). Moreover, we get by definition ¢, (5) < 1, ().

The proof of the rest of the items is analogous to the proof of Lemma 2.6 in [5]
(page 5). O

Thanks to those properties, we are able to define the normal form of an ordinal
«. This normal form is an extension of Cantor normal form that gives representations
to some strongly critical ordinals.

Definition 3.32. Let a be an ordinal. We define the normal form of a as follows.

1. a=npaj+--+a, iffo =a1+--+a,, n > 1, where the ordinals o, . .., oy
are written in normal form and are additive principal and oy > -+ > ay,,

2. a =nF paiay iff a = pajas with ay, as < a and oy, as are written in normal
form,

3. a =np Up(aq) iff a = Yp(aq) with oy € Bp(aq) and oy is written in normal
form.
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The idea is that, starting with some basic ordinals (the ordinal 0, the first strongly
critical ordinals up to I'y and the 2, ordinals), we will construct ordinals using these
normal forms, so that each ordinal constructed this way has a unique representation.
This is the reason why we add the condition o € B, () in Item 3.: it may be the
case that @ = ¢, () = (6 + 1) = --+ = ¥,(aq), but the condition oy € B(a)
forces 1, (a1 +1) to take another value (for instance, the first strongly critical ordinal
above «). Therefore, «; is the greatest ordinal with image «, and we choose ¥, (1)
to represent «.

This also motivates the next lemma that states that an ordinal is in some B, («) if
and only if its “normal form components” are.

Lemma 3.33. Let o,y be any ordinals and let m be any natural number.
1. ]fOé =NF o1+t ay then [O{ S Bm(’7> iﬁa17 cee, O € Bm('Y)],
2. If a =np pajay then [a € By () iff aq, e € By (a)],

3. If a =nF Ym(aq) then [ € By () iff aa € By(y) NAl.

Proof. 1. Let a« =xp aq + -y If g, ..., € By(7), then, since B,,(7) is closed
under addition, we have o € B,,(7) too.

We suppose now that a € By, (7). We define for any ordinal 5 in normal form the
set AP(f3) of additive predecessors of /3 as follows

0 if =0
AP(B) =< {8} if 3 is additive principal
{BisooBxt U B=nr B+ + Bk

We also define the set
Y ={0 € By(y) : AP() € Bu(7)}-

The inclusion Y C B,,() is obvious by definition. Our objective is to show that
B,,(y) €Y. This way, we will have B,,(y) = Y and so, since a € B,,(7) = Y we
will conclude that ay,...,a, € Y = B, (7).

Now, we have AP(0) = 0 C B,,(v). Also, we have AP(§) = {0} C B,(y) for
any 0 € {Q : kK < whU{lg : B < 0}. Therefore, we get {0} U {Q : k <
wyU{ls : B < 0} C Y. Also, in the case that m # 0, if § < Q,,, then
AP(B) C Q,, C Byu(y) and so AP(5) C Y. Now, the set Y is closed under addition,
any Veblen function and the 1, function restricted to . Indeed, let 6,£ € Y. Then
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AP(6+€&) C AP(0)UAP(E) C Byu(y). Since pd€ is always additive principal, we have

AP(p68) = {pd€} C Bp(7). At last, if § <y then AP(¥,,(6)) = {¢m(9)} € Bin(7)
since 1y, (0) is always additive principal.

2. Let a =y paqas. If g, € B,,(7), then, since B, () is closed under ¢,
we have a € B,,(7) too.

We suppose now that o € B,,(7). We define for any ordinal S in normal form the
set PP() of predicative predecessors of 3 as follows

0 if =0
PP(B) =< {5} if B is strongly critical
{B1, B2} if B =nr 9B

We also define the set
Y ={0 € By(y): PP(6) C Bn(v)}.

By a reasoning analogous to the one in the first item of this lemma we obtain
Y = B,,(7), and so ai, as € By, (7).

3. Let @ = ¢p(a1). If oy € By(y) then a € B,,(7y) because Bp,(7) is closed

under ¥, | 7.

We suppose now that a € B, (). Then we get 1, (1) < 1, (y) which means that
a1 < 7. But, by Definition [3.32] we have a; € B,,(aq). Therefore, By,(a1) C By (7),
which yields oy € By, () U~. O

At this point, we can do a first step in the definition of 7'(f): we construct R(#),
the set of ordinals that the strings of 7'(¢) will intend to denote.

Definition 3.34. We inductively define the set R(0) together with the complezity
Ca € w of its elements.

1. 0 € R() and CO = 0.
2. For everyn < w, Q, € R(f) and CQ,, = 0.
3. For every f <0, 'y € R(A) and CTy = 0.

4. If ag,...,a, € R(0) and o =np a1 + -+ + , then a € R(0) and Ca =
max(Cay,...,Cay) + 1.
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5. If o, a9 € R(0) and a =nF pajas then a € R(0) and Ca = max(Cay, Cas) +
1.

6. If oy € R(0) and o =np Ppq then a € R(0) and Ca = Cay + 1.

Let o € R(0). If « is either 0, I'g for some 8 < 6 or €, for some n < w, then
« has no normal forms and so C'a is uniquely determined to be 0. If « is not an
R(0)-basic ordinal, then by Lemma it is included in R(#) due to exactly one of
the rules of this definition, and so C'« is uniquely determined.
Recall that we want to transform R(f) into a recursive representation system. So the
first problem is that we have to computably deal with the condition ay € B,,(c) in
Definition [3.32(3.). To do this, we define for each n < w and each a € R() the set
of ordinals Arg, («), that consists in all the ordinals that occur in the normal form
of @ as an argument of the v,, function.

Definition 3.35. Let n < w. We define for each a € R(0) the set of ordinals
Arg, () by induction on Ca as follows

1. Arg,(0) = Arg,,(T'5) = Arg, () =0 for all 3 <0 and allm < w,
2. If a =yp ag + -+ + Qy then Arg, (o) = Arg,,(aq) U--- U Arg, (am),
3. If a =np payas then Arg, (o) = Arg,,(aq) U Arg, (a2),

4. If a =np Ym(aq) with m # n then Arg,(a) = Arg, (ay),

5. If a =np Yy(ay) then Arg, (o) = {a1} U Arg, (o).

An easy induction on C'a shows the next lemma, that gives a recursive equivalence
to the condition ay € B, (1) in Definition m

Lemma 3.36. Let o, 5 € R(A). Let n < w. Then,
a € B, () iff V6 € Arg, (a)(d < B).
We define T'(0) as the set of unique representations of ordinals in R(0).

Definition 3.37. We define T'(6) as the set of strings in the language {0, +, o} U{T's :
B<0U{Q, : n<wlU{Y,:n<w} corresponding to ordinals in R(0) written in
normal form, as in Definition (3.32]

Strings in T(6) are ordered by the order induced from the ordering of ordinals in
R(0). Let < denote this order.
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Theorem 3.38. The set T'(6) and the relation < on T(6) are primitive recursive in

6.

Again, this theorem can be proved by induction on C'ae. We refer to [5] (Theorem
2.13 in page 9) for the proof.
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4 The system RS;(X)

Now that we have the needed ordinal machinery, we can develop our system RS;(X)
for each set X. We will first define the terms of the system, which will correspond to
elements of the constructible hierarchy relativized to X (see Definition [3.1)). Then,
we will define the formulas of the system together with some syntactical features
related to the rules of derivations, that we will define after that.

Since the objective is to embed KPI into RS;(X), we need to have a (Cut) rule.
Nonetheless, it is complicated to trace back a proof from a derivation that has used
the (C'ut) rule since the active formulas in the premises do not appear in the conclu-
sion. We recall that, in our main theorem, we consider a provably in KPI total and
uniformly Y-definable set-recursive function f. We want to show that for any set x
the value f(x) belongs to an initial segment of the constructible universe relativized
to = at level below the relativized Takeuti-Feferman-Buchholz ordinal. In the proof
of our main theorem, we will eventually show that there is a derivation in RS;(X)
of Jy(A;(X,y))== for some «, where L,(X) is an RS;(X)-term representing the
a-th stage of the constructible hierarchy and Ay is the formula that uniformly de-
fines f. From this result, we will be able to show by induction on the length of the
RS;(X)-proof that, indeed, there is a set y in the set L,(X) such that Ay(X,y) is
satisfied in L,(X). But to perform this induction we need, in fact, a derivation of
Jy(A(X,y))=) in RS;(X) without cuts. To obtain such a derivation, we will need
to eliminate cuts.

So, after defining the system RS;(X), the main goal of this section is to show that, for
certain derivations (that are conveniently the ones we need) cuts can be eliminated.

4.1 The terms and formulas of RS;(X)

We define and study the system RS;(X) for a fixed set X, following Reading Con-
vention [3.28, This means that § and the €2, for n < w ordinals are also fixed. The
set of strings T'(f) defined in the previous section is fixed too, as it depends on X.
From now on, we assume that all the ordinals we use are represented by a string in
the set T'(0). Actually, we won’t make a difference between ordinals and representa-
tions and we will simply talk about ordinals. We are going to define T, our set of
RS;(X)-terms. Each term ¢ will have a level |t|. Below, by rank(u) we will mean the
set-theoretic rank of wu.

Definition 4.1. The set T of RS;(X)-terms is defined as follows.

e uecT foreveryu € TC({X}) and |t| = T'rank(w). Those are called basic terms.
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o L, (X)eT for every a < Q, and |Lo(X)| = Tor1 + a.

o [ € Lo(X) : B(z,51,...,8,)X] € T for every a < Q, for every KPI-
formula B(xz,y1,...,yn) and every sy,...,8, € T with |s1|,...,|$n| < Tor1+a.
Moreover, |[x € Lo(X) : B(x,51,...,8,) ™)) = Tgy1 + .

Usually, we will just write [z € L,(X) : B(z)] for terms of the third kind. We
notice that the level of Lo (X) is , for every n < w.
Now, we define the RS;(X)-formulas, together with their type. The type of a formula
is strongly related to the rules of inference that we will define later: a formula will
have \/-type whenever we can derive it from a single premise, and a formula will have
/\-type whenever we need all the formulas from a given set of premises to derive the
formula.

Definition 4.2. The RS;(X)-formulas are exactly the KPl-formulas replacing free
variables by RS;(X)-terms and restricting all unbounded quantifiers to RS;(X)-terms.
The RS,(X)-formulas of the form uw € v or u ¢ T are called basic.

Moreover, each non-basic RS;(X)-formula of the form s € t, AV B, Ad(t) and
Jr € t G(x) has \/-type and each non-basic RS;(X)-formula of the form s ¢ t,
AN B, =Ad(t), Ve € t G(x) has )\-type.

We observe that, by definition, there are no free variables in the RS;(X)-formulas.
From now on, we will call RS;(X)-terms and RS,;(X)-formulas simply terms and for-
mulas.

We will say that a formula A(sy,...,s,) ) is X% iff A(xy,...,2,) is a KPI -
formula and [s1], ..., |sp| < Q.

We want to keep track of the terms that appear in the formulas. This motivates
the following definition.

Definition 4.3. For a formula A, we define k(A) = {|t| : t occurs in A including subterms}.
For a finite set of formulas T', we define k(I') = U 4cr k(A).

For example, we have k([z € Lg, (X) : 2 € Lg,, (X)] € Lo, (X)) = {Qn, Q0 }-
We will use the following abbreviations. Whereas Items 2., 3. and 4. from below
are the standard standard abbreviations already introduced in Section 2, we will use
the symbol € defined in Item 1. to ease and simplify definitions and proofs. Some
examples will be provided when we use this abbreviation.

Definition 4.4.
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1. Let s and t be terms such that |s| < |t|. For o € {A\,—}, we define

ucvoA(u,v) ifset=uemn,
s €toA(s,t) =4 A(s,t) if t = Lo(X),
B(s)o A(s,t) ift =[x € Lo(X) : B(2)].

2. s =t will stand for Vx € s(x € t) ANVx € t(x € 3).

3. = A is obtained from A by replacing € by ¢ and vice-versa, V by A and vice-
versa, ¥ by 3 and vice-versa and Ad(-) by ~Ad(-) and vice-versa.

4. A — B will stand for -AV B.

We now define two objects that will characterize formulas to build the logic
RS;(X). First, we define for each non-basic formula A the set C(A) of its characteristic
subsentences. It contains all the premises that allow the derivation of A.

Definition 4.5. We define C(A) for a non-basic formula A of \/-type.

Crety={s€tnr=s:|s| <|t|};
C(AV B) ={A, B},

C(Ad(t)) ={t=Lq,(X):n<wAQ, <|t|};
CEr et Alx)) ={s € t NA(s) : |s| < |t]}.

Now, given a non-basic formula A of \-type, we define C(A) = {—-B: B € C(—-A)}.

In some of the above definitions the symbol € introduced in Definition ap-
pears. Actually, we have three different definitions of C(A) in those cases, depending
on the form of some term that appears in A.

Ezample. The set C(Jz € t A(x)) is different depending on the form of t.
o Ift=nuthen C(Fx €u A(x)) = {s € uNA(s) : |s] < Iiank(w) }»

o If t = L,(X) for some o < €, then C(Fx € Lo(X) A(s)) = {A(s) : |s] <
Foa —1—04},

o Ift = [z € Lo(X) : B(z)] for some av < Q, then C(3z € t A(s)) = {B(s)NA(s) :
|S| < F9+1 + OA}.
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This makes sense: we give an intuitive explanation. We focus on the second item of
the example. We suppose that a term s intends to mean some set Y and s has level
less than the level of the term L,(X). Then, the set Y belongs to the set L,(X),
because it is below in the constructible hierarchy. Thus, to derive that there is some
x in L,(X) that satisfies some formula we only need to know that some term s of
level less than T'p, 1 + « satisfies that formula (because we already know that, granted
that |s| < I'g41 + «, we have that s “belongs” to L, (X)).

A similar comment can be made for the third case: if |s| < gy + a then s already
“belongs” to L,(X), and so in order to derive 3z € [z € Lo(X) : B(z)] A(z) it suffices
that some s with |s| < T'g;1 4+« satisfies B (and so s “belongs” to [z € L(X) : B(z)])
and A.

Now, we define the rank of a term or formula by recursion. This notion will measure
the complexity of the formulas that are active in an application of the (Cut) rule.

Definition 4.6. We define the rank of a term or formula by recursion.
L4 rk<ﬂ> = Frank(u);
o 1k(Lo(X)) =Tp41 +w-a,

o tk([z € Lo(X) : B(z)]) = max(Dgsq +w -+ 1,1k(B(0)) + 2),

e 1k(AV B) = k(A A B) = max(rk(A),rk(B)) + 1,
o tk(3z et A(z)) = rk(Va € t A(z)) = max(rk(t), rk(A(0)) + 2).
Remark. Since s =t is an abbreviation for

Ve € s(x €t) AVo € t(x € s),

we have that

rk(s = t) = max(rk(Vx € s(x € t)),rk(Ve € t(x € 5))) + 1
= max(max(rk(s), rk(¢) + 3), max(rk(¢),rk(s) + 3)) + 1
= max(rk(s), rk(t)) + 4.
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Since we have defined many complexity measures with similar names, we are going
to summarize all the measures we are using in the following table.

Measure | Introduced in | Explanation

rank(u) Page [14] The set-theoretic rank of the set .
The level of the RS;(X)-term ¢. For basic terms,
|t] Definition the definition of the level of the term @ uses the

rank of the set u.
The set that contains all the levels of the RS;(X)-
terms appearing in the RS;(X)-formula A.

.. The set that contains all the levels of the RS;(X)-
Definition terms appearing in the RS;(X)-formulas of 1£ )
The rank of the RS;(X)-term ¢. It measures the
rk(t) Definition complexity of the term ¢ and can be written using
the level [¢| by Lemma [4.7]

The rank of the RS;(X)-formula A. It measures
the complexity of the RS;(X)-formula A. We
rk(A) Definition will use rk(A) to measure the complexity of the
cuts performed in the derivations in RS;(X). By
Lemma [4.7 we can write rk(A) in terms of k(A).

k(A) Definition

We now state and show some properties about the rank of a formula. We will
prove in Lemma that the complexity of the characteristic formulas (the possi-
ble/needed premises) of a formula is always below the complexity of that formula.
First, we show some technical results.

Lemma 4.7.
1. Let t be any term. Then there is n < w such that rk(t) = w - |t| + n.
2. Let A be any formula. Then there isn < w such that tk(A) = w-max(k(A))+n.

3. Let A be any formula and s be any term. If |s| < max(k(A(s))) thenrk(A(s)) =
rk(A(0)).

Proof. 1. We consider cases based on the form of .
Case 1. We suppose t = u. Then 1k(#) = I'ankw) = |4, and Frankw) = @ - Crank(w), 50

36



taking n = 0 we obtain the result.

Case 2. We suppose t = L,(X). Then
tk(Lo(X)) =Tppn +w-a=w-(Tos1 + a) =w- |Lo(X)].
Again, we take n = 0 to complete this case.

Case 3. We suppose t = [z € Lo(X) : B(x)].

We assume first that Tp 1 +w -+ 1 > rk(B(0)) + 2. This means that

k(t) =Tp1+w-a+l=w-|t|+1.

We assume now that T'gpy +w - a + 1 < rk(B(0)) +2. It follows that rk(t) =
rk(B(0)) + 2. But observe that, following Definition , the formula B(()) has all
its terms of level less than or equal to I'yy; + a. But B(()) must have at least a

term of level T'g1 + «, so that Tpy1 +w - a+ 1 < rk(B(0)) + 2. This means that

rk(B(0)) = T'g41 +w - a + m for some m < w. This m comes from the form of B,
following Definition [4.6] Hence,

rk(t) =tk(B(0)) =w- Topp1+a)+m+2=w-|t| +m+2

for some m < w.
2. We consider cases based on the form of A.
Case 1. We suppose A=setor A=s¢t. Then

rk(A) = max(rk(s) + 6,rk(t) + 1) = max(w - |s| + ns + 6, w - [t| +ny + 1)
for some ng, n; < w.
If |s| < |t] then rk(A) = w - [t| + ny + 1 = w - max(k(A)) +n with n = n; + 1.
If |t| < |s| then tk(A) =w - |s| + ns + 6 = w - max(k(A)) +n with n = ng + 1.
If |s| = |t| then 7(A) = w - max(k(A)) + n with n = max(ns; + 6,n; + 1).

Case 2. We suppose A = Ad(t) or A = —Ad(t). Then rk(A) =rk(t)+5 =w-|t|+5 =
w-max(k(A)) + 5, as k(A) = {|t|}.

Case 3. We suppose A = AgV Ay or A = Ay A Ay. Then by the induction hypothesis
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rk(Ap) = w-max(k(Ap)) + ng for some ng < w and rk(A;) = w - max(k(A,)) +n; for
some ny. Therefore,

rk(A) = max(w - max(k(Ao)) + no, w - max(k(A1)) +n1) + 1 = w - max(k(A)) +n

where n = ng + 1 if max(k(Ap)) > max(k(A4;)), or n = ny + 1 if max(k(Ay)) <
max(k(A;)), or n = max(ng,ny) + 1 if max(k(Ap)) = max(k(A;)).

Case 4. We suppose A = 3z € t B(z) or A =Vz € t B(z). By the induction hypoth-
esis, we have rk(B(0)) = w - max(k(B)) 4 ng for some ny < w and rk(t) = w - [t| +ny
for some n; < w.

If rk(t) > rk(B(0)) + 2, then |t| > max(k(B)) and so

rk(A) =rk(t) =w - [t| + n1 = w - max(k(A)) +my
If rk(t) < rk(B(#))+2, then either |t| = max(k(B)) = max(k(A)) or |t| < max(k(B)) =
max(k(A)). In both cases, we get

rk(A) = w - max(k(B)) + n = w - max(k(A)) + n

for some n < w.

3. This proof goes by induction using Items 1. and 2. of this lemma. We refer
the interested reader to [5] (Lemma 3.12. in page 17). O

Lemma 4.8. Let A be any non-basic formula and let B € C(A). Then, we have
rk(B) < rk(A).

Proof. We prove this result by induction on the construction of A, supposing that A
has \/ type.

Case 1. We suppose A = s € t. We split the cases depending on the form of
t.

Subcase 1.1. We assume t = u. Then s is not basic since A is not basic by assump-
tion. Therefore, rk(A) = rk(s)+6 and if B € C(A) then B is of the form r € uAr = s
for some r with |r| < |u|. It follows from this last condition that r is basic, say r = 7,
and then

rk(B) = max(rk(v € u), k(v =s) + 1
=rk(t=s5)+1
=rk(s) +5
< 1k(s) + 6 =1rk(A).
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Subcase 1.2. We assume t = L,(X). Then rk(A) = max(rk(s) + 6,rk(¢) + 1). If
B € C(A), then B is of the form r = s for some r with |r| < |t|. Therefore,

rk(B) = max(rk(r), rk(s)) + 4 < max(rk(t) + 1,rk(s) + 6) = rk(A).

Subcase 1.3. We assume t = [z € L,(X) : F(z)]. Then rk(A) = max(rk(s) +
6,rk(t) + 1). If B € C(A), then B is of the form F(r) A s = r for some r with
|r| < |t|. Therefore,

rk(B) = max(rk(F(r)),tk(s =1)) + 1
= max(rk(F(r)),rk(s) + 4, rk(r) +4) + 1.

But rk(s) + 5,rk(r) + 5 < max(rk(s) + 6,1k(t) + 1) = rk(A). Also, rk(F(r)) < rk(?).
Indeed, if max(k(F(r))) < |s|, then rk(F(r)) +1 < w - |s| + w < rk(¢) by Lemma
[L.7)(2.); if |s| < max(k(F(r))), then by Lemma [4.7(3.) we have

rk(F(r)) +1 = 1tk(F(0)) + 1 < max(Tgyy 4+ w - o + 1, 1k(F(0)) + 2) = rk(2).

Hence, from rk(F(r)) < rk(t) we get rk(F(r)) + 1 < rk(A). Gathering everything,
we obtain

rk(B) = max(rk(F (7)), rk(s) + 4,1k(r) +4) + 1 < rk(A).

Case 2. We suppose A = BV C. Then rk(4) = max(rk(B),rk(C)) + 1 and so
rk(B),rk(C) < rk(A).

Case 3. We suppose A = Jdx € t F(xz). We split subcases based on the form of
t.

Subcase 3.1. We assume t = @. Then rk(A) = max(rk(@) + 3, rk(F(0)) + 2). We
have B =7 € u A F(v) for some basic term with |7] < |[7|. This means that

rk(B) = max(rk(w) + 2,1k(F (7)) + 1).

If rk(@) + 2 > rk(F(v)) + 1 then
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We assume now that rk(@) + 2 < rk(F(v)) + 1. If |9] > max(k(F(v))), then, using
Lemmal[d.7) (1.), we get rk(B) = rk(F (7)) + 1 < rk(u) < rk(A). If [v] < max(k(F(v),
then, using Lemma(i’).), we get tk(B) = rk(F(0))+1 = rk(F(0))+1 < rk(F(0))+
2 =rk(A).

Subcase 3.2. We suppose t = L,(X) for some ordinal «. This means that rk(A)
max(rk(t), rk(F(0))+2). Moreover, we have B = F(s) for some term s with |s| < |t],
and so rk(B) = rk(F(s)). If |s| > max(k(F(s))), then rk(B) = rk(F(s)) < rk(t)
rk(A) by Lemma [.7(1. and 2.). If |s| < max(k(F(s))), then rk(B) = rk(F(s))
rk(F(0)) < rk(A) by Lemma (3)

A== I

Subcase 3.3. We suppose t = [y € Lo(X) : C(y)]. We have rk(A) = max(rk(t), rk(F(0))+
2). Moreover, we have B = C(s) A F(s) for some term s with |s| < ||, and so

rk(B) = max(rk(C(s)),rk(F(s))) + 1.

Subcase 3.3.1. We first assume that |s| < max(k(F(s))). In this case rk(F(s))+1 =
rk(F(0)) + 2 < rk(A). Moreover, we also have rk(C(s)) < rk(A): if max(k(C(s))) <
[t], then rk(B) < rk(C(s)) +1 < ﬁ) < 1k(A) by Lemma [A.7(1. and 2.); if
max(k(C(s))) > |t|, then by Lemma |4.7(3.), we get tk(C/(s)) + 1 = rk(C(0)) + 1 <

rk(A).
This means that rk(B) < rk(A).

Subcase 3.3.2. Now, we assume |s| > max(k(F'(s))). In this case, we have rk(F(s)) <
rk(t) by Lemma [£.7(1. and 2.) and so rk(F(s)) + 1 < rk(A). Moreover, by the same
reasoning than in Subcase 3.3.1, we get rk(C(s)) + 1 < rk(A).

Hence, rk(B) < 1k(A).

An analogous proof shows that the result holds if A has A-type. ]

4.2 Operator-controlled derivations

Now, we define the derivations of the RS;(X)-proof system. Derivations will be
controlled by operators, that are some kind of functions between sets of ordinals.
We need operators to control the depth of the proofs as well as the formulas that
are being derived at each step, as we will explain later. Moreover, the key use of
operators is that, when we eliminate cuts, we somehow transfer the complexity that
was patent in the cut formulas (that is, their rank) to the operator, under the form
of adding more ordinals to the set controlling the derivations. We now define the
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notion of operator. This notion depends on the fixed set X. Recall that, following
Reading Convention we have a set X fixed together with the cardinals €2,, for
n < w.

Definition 4.9. Consider the class P(ON) = {Y : Y is a set of ordinals}. An
operator is a function H : P(ON) — P(ON) such that for every Y,Y' € P(ON) the
following conditions are satisfied.

~

AR UT: B <O0+1FU{Q; i <w} CH(Y).
2. Let a« =xp a;+ -+ . Then, a € H(Y) iff aq, ..., € H(Y).
3. Let o =np ponag. Then, o € H(Y) iff ag, as € H(Y).
4 Y CHY).
5. 1Y CH(Y') then H(Y) C H(Y").
Moreover, we will use the following abbreviations.
o H will often denote H(().
e For a term t, H[t](Y) will mean H(Y U{|t|}).
o For a formula A, H[A|(Y) will mean H(Y U k(A)).
e For a finite set of formulas T', H[T'|(Y") will mean H(Y U k(L)).

We notice that we add extra conditions in comparison with the common definition
of operator because, in this thesis, we only care about some specific operators (e.g.
we need operators to contain the €2, ordinals - this also means that the definition of
operator is different for each set X'). Operators are functions but we can treat them
as sets of ordinals: if we write H(Y") for some operator H and some set of ordinals
Y, we are considering the image of Y by H, which is a set of ordinals. As well, when
we write H, we are considering the set of ordinals #H(0).
As we said earlier, operators will control the depth of the proof and the formulas
derived. This will be done in the following sense. There will be an ordinal associated
to each derivation. Each application of a rule will increase this ordinal. To make
a derivation controlled by an operator H of a set of formulas with some ordinal «
associated to the derivation, the ordinal o must be in H. As well, the operator
‘H must control the formulas that are derived by containing the levels of the terms
appearing in the derived formulas.
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Definition 4.10. Let H be an operator and let I' be a set of formulas. We have that
I is derived by an H-controlled derivation with ordinal o whenever {a} U k(I') CH

and one of the following axioms or rules can be applied.

Axioms:

H Ii [ u e for any u,v € TC({X}) such that u € v,
H Iﬁ I'u ¢ v for any u,v € TC({X}) such that u ¢ v.

Rules:

HI“T,ANB,A HFT,ANB,B

(N)
HI“T,ANB

HF-T,AVB, A
HI*“T,AV B

(V)

HE-T,AV B, B

(V) -
HI*-T,AvB

HEST,ret,sEtAr=s

' 'HIKF,TEt

'H[s]lﬁf,r%t,s €t —r#s forallls| < |t]

7 HIET g1
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oy < o

g <

o < O,
|s| < [t],
|s| < To1 +a,
r € t not basic.

as < @,
r € t not basic.



HI™T,3z €t B(x),s € t A B(s) ap < a,
(b3) ; s < [¢],
HI“T,3z €t Bx) 15| < Tpur + 0.

H]s] I&F,V:U €t B(x),s €t = B(s) for all |s| < ||
(0v) a, < a
HIET,Vz et B(x)

H T, Ad(t),t = Lo, (X) ap < a,
(Ad) - n<uw,
HIET, Ad(t) Q, < |t].

HE-T,—Ad(t), t # Lo, (X) foralln < w
(~Ad) ()t # Lo, (X) f " a

HIE-T, - Ad(t)

HECT, A HEETD,-A
(Cut) l_ oy < @

HI“T

(Ref,,) M T, 32 € Lo, (X) A%, A () ag, §2y < @,
n 9y Ii [ 3: € Lo (X) A° A is a X formula.

Besides (Cut), each rule supplies a new formula in the conclusion. This formula is
called the principal formula of the inference. Likewise, each rule withholds a (some)
formula(s) of the premise(s). Those kind of formulas are called the active formulas
of the derivation. Any other formula is called passive.

We observe that the principal formula of a given rule already appears in the premise(s).
Usually, rules are used to derive a formula by introducing the formula in the con-
clusion from the active formulas in the premises. However, we take the convention
of writing the principal formula in the premises of the rule to have access to the
Weakening principle, that we will show in Lemma [£.15] Roughly, weakening states
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that whenever we derive a finite set of formulas I we can also derive I', I for another
finite set of formulas I'' (we can add formulas to the conclusion of the derivation). We
cannot prove this principle without taking the convention of including the principal
formula in the premises of each rule for technical proof-theoretic details.

Remind that the symbol € is an abbreviation introduced in Definition 1.4l This
means that whenever this symbol appears, we have three different rules that depend
on the form of a term occuring in the principal formula.

We now give an example to illustrate this remark. We will make explicit the three
different rules condensed in the (b3) rule of Definition thanks to the € symbol.

Ezample. The rule (b3) has three different forms.

HI=T,3z eu B(x),s € uAB(s) Qo < @
(bEI) o |S| < F1rank(u)7
HIET, 3z € u B(x) |s| < Tgiy + .
HI™ T, 3z € L,(X) B(z), B(s) ap <
(bED o |S| < Fo9—|—1 +7,
H I— I3z € L,(X) B(z) |s| < Top1 + .

. t=[r ey (X): F(z)],
- HI—OF,H:vetB(:U),F(S)/\B(S) ap < a, !
(&3) ’HliF,EI:UEtB(x) s < I¢];

|s| < Top1 + .

Instead of writing those three rules, we condense them in one rule using the de-
fined abbreviation.
Moreover, in the rules (€) and (b3) we impose the condition |s| < gy +« to restrict
the search of witnesses to coherent terms. For example, in the above example, we
made explicit the (b3) rule when the term that bounds the quantification is u. To
derive Jz € u B(x), we are searching for a term s that “belongs” to w and satisfies
B. Therefore, we are only interested in the terms of level below the level of w, which
is Frank(u)-

To show how derivations work, we exhibit a proof in RS;(X). The objective of
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the next lemma is only to display a proof in RS;(X) and will not have any further
importance. To simplify the proof we omit to write the principal formula of each
inference in the premises (actually, to be rigous we should write all the formulas that
appear in the derivation at the leaves of the proof-tree, and the application of a rule
would remove the premise). Since we want to exhibit a proof, we write it without
repeating formulas to make the inferences clearer. In fact, once we have proved
weakening, we will adopt Reading Convention to omit the repeated formulas in
the premises along this thesis.

Lemma 4.11. Let H be any operator and X # (). Then,
1. HI&@E Lo(X), and
2. H - 3z € {0} (x € Lo(X)).

Proof. 1. We observe that, since I' is the minimum of the levels of the RS;(X)-terms,
the first line of each side of the following derivation hold vacuously.

His|[*s€®—sedforall |s| <T, (59) HIseh—selforall|s| <T,

(09) — —
A)HILVQ:E(D(:EGQJ) HI- Ve e Oz € D)

2. From Item 1., we get the first line of the right branch of the following derivation.

Axiom

We will see more involved examples of RS;(X) derivations in Section 5.

Now, focusing on the definition of the rules of inference, we notice that the ordi-
nals that appear in each derivation are related to the depth of the proof in the sense
that the application of a rule increases this ordinal. In the following lemmas, we will
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be proving results of the form “if H Ii [' then P” for some conclusion P, and to
prove some result like this we will say that we argue “by induction «”. This means
that we will be reasoning by induction on the length of the derivation.

We observe that if (R) is a rule with principal formula A, the active formula in
the premise(s) of (R) is always some B € C(A), as in Definition Moreover, if
A is not a disjunction or a conjunction, each B € C(A) is of the form F(t) for a
so-called characteristic term ¢.

Definition 4.12. If A is a formula with \-type different from a conjunction, we
define t4(B) =t for B € C(A), where t is the characteristic term of the premise
B = F(t) in the derivation of A.

If A has \/-type or is a conjunction, then we define to(B) := Lo(X) for any B €
C(A).

For example, given a formula F' :=Vz € t A(z) and a term s such that |s| < |¢],
we have tp(s € t — A(s)) = s. Again, the explicit version without the abbreviating
symbol € of this last set will depend on the form of t.

Moreover, we conveniently define ¢4(B) this way for conjunctions and \/-type for-
mulas because it allows us to uniformize the controlling operator in the premise of a
derivation.

Indeed, we observe that in the rules deriving a formula with /\-type, the operator that
controls the premise with active formula B € C(A) is exactly H[t4(B)], no matter the
form of A. That is the reason why we took the convention to define ¢4(B) = Lo(X)
for any non A-type formula (or any conjunction) A. In fact, for a conjunction or a
\/-type formula, the operator H[t4(B)] is exactly H for any B € C(A) and so, while
talking about the premise(s) of A we can freely use the controlling operator H|[t4(B)]
for formulas of both A-type and \/-type.

4.3 Cut-elimination for RS;(X)

We recall that the rank of a formula was introduced in Definition 4.6l We will write
the complexity of the formulas that have been removed by an application of the
(C'ut) rule in some derivation as a subscript, as follows.

Definition 4.13. We will write H I% I' whenever H Ii I' and all the active formulas
of the premise of an inference using (Cut) occurring in the derivation have rank
strictly less than p. In this case, we will say that the cut complexity of the derivation
s bounded by p.
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Recall that the objective is to eliminate cuts from derivations. First, we show

some immediate results about operator controlled derivations that will be useful to
prove the cut-elimination lemmas.
Henceforth, we will use y as the set of indexes of the possibly many premises used
to derive some conclusion. The next lemma states that an operator appearing in the
conclusion of an inference is always contained in the operator(s) appearing in the
premise(s).

Lemma 4.14. Let H be any operator. We suppose that H I% I' can be obtained
by the application of an inference rule with premises H,; l% I'; with a; < o and H;
operators, for i € y. Then, H C H,;.

Proof. First, we suppose that the principal formula is A € T". If A has \/-type, then
there is only one premise, with control operator H; = H. If A has A-type, then
H; = H[ta(B)] 2 H for some B € C(A).

Now, if H I% I' has been obtained by (Cut) then H; = #H in both premises. If the
derivation has been obtain by applying (Ref, (X)) for some n < w then H; = H in
the unique premise. O

Now, we prove a very useful lemma that we will often use throughout this thesis.
It states that we can weaken derivations as long as the operator controls the added
formulas, we can increase the ordinal of the derivation as long as the new ordinal
belongs to the operator, and we can increase the upper bound of the complexity of
the cuts.

Lemma 4.15. Let H be an operator. Let a,a’,p and p' be ordinals. Let A and
[ be finite sets of formulas. If « < o € H, p < p', k(A) C H and H I% I' then

Hi% T, A
Proof. We proceed by induction on «. If I' is an axiom, then I', A is an axiom too
and, since {&/} Uk(I' U A) C ‘H and an axiom has no cuts (which means that the

complexity of the cut formulas is bounded by any ordinal), we have that H Ii—,/ I, A.

We suppose that T' has been derived by the application of a rule (R) and consider
cases based on (R).

Case 1. We assume that (R) is (Cut). Then we have H I% [’ and the premises
are

HI5-T, A, and (1)
HiFT,-A (2)
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with ap < o < o for some formula A with rank(A4) < p.
First, we assume that A or =A are in A. Then, we use the induction hypothesis on
(1) or (2) respectively to obtain

Hi% T, A,
We assume now that A and —A are not in A. Then, since oy < «, by the induction
hypothesis, we have H l% A A and H l% ['A,—A. We apply (Cut), observing
that the cut complexity of the derivation does not increase since rank(A) < p < p/,
and we obtain H Ij—,/ A —-A.

Case 2. Suppose that A € I' is the principal formula of the last derivation obtained
by an application of the rule (R) and A has \/-type. Then, we have H l% I', A, B for
some B € C(A) (we write I', A, which is the same as I', to make explicit the principal
formula A). If B € A, by the induction hypothesis, we get

HI DA A
We assume that B ¢ A. Then, the induction hypothesis gives
H Ip— T, A, A, B.
We use the rule (R) to obtain
M T, A, A,
The cases where the principal formula of the last derivation has A-type and the
case where the last rule is some (Ref,) are analogous. ]

Now that we have proved that the Weakening rule is acceptable in RS;(X), we
will drop the repetition of the principal formula of a rule in the premises to simplify
proofs following the next reading convention.

Reading Convention 4.16. We suppose that we have the following inference with
principal formula A by applying the rule (R).

HI~T;, A

HI“T, A

We will often omit the repeated formula A in the premises and, instead, write
H T,

HIET, A
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We can prove some kind of Inversion for A-type formulas.

Lemma 4.17 (Inversion). Let H be any operator. Let A be a \-type formula
and let ' be a finite set of formulas. Let o and p be ordinals. If H I% I', A then
H[t4(B)] I% I, B for every B € C(A).

Proof. We proceed by induction on a. If I'; A is an axiom, then I' is an axiom since A
is non-basic. Therefore, I, B is an axiom for each B € C(A) and so H[tp(A)] I% I, B.
We suppose that I',; A has been obtained by the application of a rule with A not
principal. Then, we can apply the induction hypothesis to the premises of this
inference and use the rule again to obtain the result.

We suppose that I', A has been obtain by the application of a rule (R) with principal
formula A. This means that, for each B € C(A), we have

H[ts(B) T, A, B
with ap < . By the induction hypothesis, for every B € C(A) we have
H[ta(B)][ta(B)] 7T, B, B. (1)
But H[ta(B)][ta(B)] = H[ta(B)] since t4(B) € H[t4(B)], and so (1) is exactly
H[ta(B)] - T, B.
Again by Lemma [4.15] we obtain
H[ta(B)) 5T, B
for every B € C(A). O

The next lemma will only be used at the end of the thesis, but we include it
here since it is a technical result that is proved the same way as many others in this
section. This result follows the idea that conclusions of derivation can be thought to
be disjunctions.

Lemma 4.18. Let H be any operator. Let I' U {A, B} be a finite set of formulas.
IfHIET,AV B then HI- T, A, B.

Proof. We proceed by induction on a.. If I') AV B is an axiom, then I' is an axiom
(A V B cannot be an axiom because it is not a basic formula). This means that
I, A, B is also an axiom, and the result holds.
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We suppose that I'; A V B has been obtained by the application of a rule. If the
principal formula is not AV B, then we use the induction hypothesis on the premise(s)
and use again the rule to obtain the result.

So we assume that the principal formula is AV B. We have ‘H l% ' AV B, C where
C is either A or B. By the inudction hypothesis, we get H o;o I', A, B,C, which is
exactly H |a70 I', A, B. By means of Lemma , we obtain H I% I'A, B. ]

We are now ready to prove the Predicative Cut Elimination Theorem. To prepare
for the proof, we first show the Reduction Lemma. This result will only be used to
simplify the proof the upcoming Predicative Cut Elimination Theorem and will not
appear further in the thesis.

Lemma 4.19 (Reduction). Let H be any operator. Let « be an ordinal. Let T' and
A be finite sets of formulas. Let A be a formula with vk(A) = p ¢ {Q, : n < w}.

If Aisw € v for some u,v € TC({X}) or A has \/-type, and both H I% [',—A and
H |2 A, A hold, then H ST, A also holds.

Proof. We will consider cases based on the form of A. Before considering the case
where A is a basic formula, we show the following claim:

Claim 4.19.1.
1. Ifu € v is true in TC({X}) andHl%F,—@E U then HI%F.
2. Ifu ¢ v is true in TC({X}) andHl%F,ﬂ €T, then HI%F.

We prove Item 1. of Claim by induction on «. If I',—u € ¥ is an axiom,
then I' is an axiom since u ¢ v is false in TC({X}), and so H I% I" holds.
We suppose that I', =z € T was derived by an application of a rule (R). Then —u € T
is a passive formula since it is basic. Therefore, we have (possibly many) premises of
the form H; l% I';, ~w € v with «; < a for every ¢ € y. By the induction hypothesis,
we obtain H; I% [y, with «; < «, for every i € y. Finally, we apply the rule (R) to
get H I% I
The proof of Item 2. is analogous, and so Claim is shown.

We now start the proof of the Reduction Lemma.

We suppose that A = u € v. Then, by Claim [4.19.1, we have either H I% IN'orH I% A
depending on whether u € v holds in TC({X}) or not. Therefore, by Lemma [4.15]

we obtain H a:ﬁ I, A.
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We suppose now that A has \/-type. We have
HIET, -4, (1)

> A, A 2)
We proceed by induction on 8. If A, A is an axiom, then A is an axiom since A is
non-basic and so I'; A is also an axiom, showing that H I# I', A holds.

Now, we assume that A, A has been obtained by the application of a rule (R).
We suppose that A is not the principal formula in this last derivation. Then, we
can apply the induction hypothesis to the premises and apply again the rule (R) to
obtain the result.

We suppose now that A is the principal formula of the last derivation. We notice
that (R) cannot be any (Ref,,) rule since, if it were, we would have rk(A4) = Q,,
against the hypothesis. Therefore, the rule (R) is either (V), (€), (b3) or (Ad), and
we have the only premise

HIZ A, A, B, (3)
with By < 3. We apply the induction hypothesis to (1) and (3) to obtain

HEZE D A B, (4)
On the other hand, from (1), we use Lemma (Inversion) and we get
H[ta(B)]F5 T, =B. (5)
But t4(B) € H by (4), and so H[ta(B)| = H. Thus, Lemma on (5) gives
HIEZE T A -B. (6)
. . a+B
Finally, we apply (Cut) to (4) and (6) to obtain H lT I'; A. We note that, by

Lemma [£.8] we have rk(B) < rk(A) = p and so the complexity of the cuts done in
the derivation is still bounded by p. O

At last, we state and prove the Predicative Cut Elimination Theorem. If we have
a derivation H I% I’ with p < Qg where k = min(n < w : p < §2,), this results allows
us to lower the bound of the complexity of the cuts up to €2,_1 + 1, or to 0 if £ = 0.
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Theorem 4.20 (Predicative Cut Elimination). Let H be any operator closed under
. Let a € H and p be ordinals such that Q, & [p, p +w®) for any n < w. We have

that if H 2o T then H |5 T.

Proof. First of all, we observe that paf € H since o, 8 € H and so the ordinal
bound of the derivation appearing in the conclusion of the theorem is coherent. We

proceed by induction on . If I' is an axiom then trivially H Iﬁ I.
We suppose that I' has been obtained by the application of a rule (R). We distin-
guish cases according to whether (R) is the rule (Cut) or (R) is any other rule.

Case 1. We suppose that (R) is not (Cut). Then we have the premise(s) H; pf;a T
with §; < B for each 7 € y. By the induction hypothesis, we get H; w;ﬁi I'; and,

since paf; < paf for all i € y we obtain H I%/B ' by an application of (R).

Case 2. We suppose now that (R) is (Cut). This means that the premises are

HEZ-T, B with iy < 8 (1)
HEZL- T, =B with f < 3 2)
for some formula B. By the induction hypothesis applied to (1) and (2), we have
paf
HI—T,B (3)
af
HFZ—T,-B. (4)

We observe that rk(B) < p+ w® (if the rank of B was greater than p +w® we could
not have derived I" with cuts of complexity bounded by p + w®). If rk(B) < p, then
we can apply (Cut) to (3) and (4) and get H I@ [ since pafy < paf.

If rk(B) € [p, p + w*) we cannot apply (Cut) efficiently because it would increase
the complexity of the cuts. In this case, we write rk(B) = p + w® + -+ + w* for
some a > aq > -+ > ay,. By Lemma on (3) and (4) we are able to have the cut
complexity bound equal to the rank of B:

paBo
H pHwHl 4.0 FaB (5)
A paBo I —B 6
p+wal+-..+wan y ! . ( )
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We observe that either B or =B has \/-type, and so we can apply Lemma m
(Reduction) to (5) and (6) and obtain

pafo+eafo
prwl 4 fwn

H I

By Lemma [£.15] since pafy + pafy < paf and paf € H, we get

HE—22 (7)

prwl 4w

Now, since p+w® +---+w* = rk(B) € H (this comes from the fact that k(B) C H
by (3) and rk(B) = w-max(k(B))+n’ for some n’ < w), we have that ay, ..., «, € H.
Therefore, as «,, < «, we can apply the induction hypothesis to (7) and obtain

Pan (paf)
ptwel +edw®n—1

H| . (8)

But a,, < a shows that ¢,, (paf) = paf by Lemma [3.20] and so (8) is exactly

(T P T, 9)

ptwol w1

Repeating this n — 1 times, we finally obtain
paf
Hi—HT. (10)

]

We will use Theorem in two different ways. The optimal use of this theorem
will come when the bound of the complexity of the cuts is 6 < €2y. In this case, it
will be that 6 = 0+ w* + - - - + w* for some ag,...,qa, < g, and so n consecutive
applications of the Predicative Cut Elimination Theorem will provide a derivation
of the same formulas but with no cuts. The second case appears when the bound of
the complexity of the cuts is 2, < 0 < 2,1 for some n < w. Here, the Predicative
Cut Elimination Theorem will eliminate cuts up to €2, + 1. This is why we need
another result that will allow us to collapse bounds below the €2,, ordinals. This will
be provided by Theorem (Collapsing Theorem), that we will state and prove in
the next subsection. Before that, we show another very useful predicative result.

Lemma 4.21 (Boundedness). Let H be any operator. Let n be any natural number.
Let p be an ordinal. Let A~2nX) be o £ formula and let o, B be ordinals such that
BeH and o< B <Q,. IfHET, AL then H T, AL,
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Proof. We proceed by induction on o. If I, An(X) is an axiom then I', A~(X) ig
also an axiom (if T' is an axiom this is clear; if A2+(*) is an axiom then A has no
quantifiers and therefore Atn(X) = 4 = ALs(X)),

We suppose that the derivation has been obtained by the application of a rule (R).
If A2n(X) is not the principal formula, then we can apply the induction hypothesis
to the premise(s) and use the rule (R) again to obtain the result. So assume that
Aten(X) is the principal formula. We distinguish 3 cases: the rule (R) is not (Ref,)
and the formula A»(X) has A-type, the rule (R) is not (Ref,) and the formula
A2 (X) has \/-type, or the rule (R) is (Ref,). We observe that the last rule can not
be (Ref,,) with m > n since all the terms that appear in A 2»(X) have level less than
Q,,. The case where (R) is (Ref,,) with m < n falls within the Case 2, where Ao (%)

has \/-type.

Case 1. We suppose that A“22(X) has A-type. We notice that, since A-on(X) is
ytea (X every formula in C(ALQn )) is also EQ . This means that formulas in
C(ALen X)) are of the form BXe«(X) and BY#(X) € C(AX) for every BtenX) ¢
C(An (X)) S0, we have

/H[tALQn(X)(BLQ"(X)ﬂ s F ALQ" BLQ”( )

with ap < a, for every B-=(X) ¢ C(AL2n(X)), Since ap < «, we can use the
induction hypothesis, that gives

Ht o, ) (B ()] la_B I, AL BLs(X),
Applying the rule (R), we obtain as desired
ey |% T, AL ()

Case 2. We suppose that A-:(X) has \/-type and is not of the form
3z € Lg,(X) C(z)t22X). Then, again each formula in C(A-e(X)) is ¥tea () So
there is Bt (X) € C(ALen (X)) guch that

7_[ F ALan (X) BLQn(X)
with ag < a. By the induction hypothesis, we have
H T, AL (X)) BLs(X),
We apply the rule (R) and we obtain
HIET, AL
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We notice that we can do this even in the case that A~ (X) = 3z € Lo (X) C(z)-on (X,
If this is the case, we would have

H 0;0 I, Aten () O (t)tan (X

for some term ¢ with [t| < Lg,(X) and |t| < ['p11 + a. By the previous reasoning,

we get
HIET, A o)),

The thing is that o < [ shows that T'yy1 + o < Ter1 + 3, and so |t| < Tei1 + G,
meaning that we can apply (b3) to get

HIET, 3z € La(X) Ca)-+™),
as desired.

Case 3. We suppose A-(X) = 3z € Lg, (X) O for some formula C' and (R) is
(Ref,). This means that we have

Y l% T, A'—nn(X)’ CLnn(X)’

with ag < «. We will use the induction hypothesis on A(X) and on Cton(X)
separately: on A(X) to get AY(X) and on C to get C*0X). We obtain the
following.

HIS-T, A0 Chao),

We obtain by an application of (b3) the desired result:

HIST, 3z € Ly(X) C°.

4.4 The Collapsing Theorem

Unfortunately, we are unable to collapse ordinal bounds of derivations below some
Q,, for every operator. We are going to define some specific operators that will allow
us to collapse cuts below each 2, with our 1, functions.

Definition 4.22. We define Hg as follows. For any set of ordinal Y we let
Hp(Y) = ﬂ{Bn(a) 1Y C By(«) with B < a and n < w}.
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We notice that Hg = ({Bn(a) : B < aAn <w} = By(f+1) since if § < « then
f+1<aandso B,(8+1) C B,(«) for any n < w and By(f+ 1) C B,(8+ 1) for
any n < w.

It is straightforward to show that Hgz is an operator closed under Veblen functions
for every ordinal 3.

Next, we show a result that holds for arbitrary operators but that we will use only
in the proof of the Collapsing Theorem.

Lemma 4.23. Let H be any operator. Let o, B,y and p be ordinals. Let I"' U {A}
be a finite set of formulas. If B >~ € H and H I% ' Vx € Lg(X)A(x) then

HIET, Ve € Ly(X)A(x).

Proof. We proceed by induction on a. If I, Vo € Lg(X)A(x) is an axiom, then I' is
an axiom. Therefore, I', Vo € L, (X)A(x) is an axiom too.

We suppose that I', Vo € Lz(X)A(x) has been obtained by the application of a rule. If
the principal formula is not Vo € Lg(X)A(x), then we just use the induction hypoth-
esis on the premise(s) and apply the rule again. So assume that Vo € Lg(X)A(x)
is the principal formula of the last derivation, and the rule applied is (bY). The

premises are H|[s] I% ' Vx € L, (X)A(z), A(s) with a, < « for all terms the terms s
with |s| < ['y11 + S. By the induction hypothesis, we get

H[s] 5T, A(s), Vo € L, (X)A(x) for all |s| < gy + 5. (1)

But A(s) = s€L,(X) — A(s) for all |s| < T'p11 + 7, and so focusing on those
|s| < T'g11 + v in (1) we have in particular

H[s] |5 T, s€L,(X) = A(s), Va € Ly (X)A(x) for all |s| < Doy + 7.
We apply (bV) and get
HIET, Ve € Ly (X) A(x), Ve € L(X) A(z),

which is the same as
HIET, Ve € Ly(X) A(z).
O

We recall that, given some m < w, a ¥ formula is an RS;(X)-formula that has
been obtained from a KPI Y-formula by restricting all the unbounded quantifiers to
Lo, (X) and by replacing free variables by terms of level strictly less than €2,,.
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Theorem 4.24 (Collapsing Theorem). Letn < w and let m < w. Let T" be a set of

Y _formulas and let o and (3 be ordinals with 3 € Hpg.
[ (B4 4

[f 7‘[5 lﬁ I' then H5+wﬂn+1+a |1pm(,3+w9"+1+°“) r.

Proof. To simplify notation we define for every ordinal «

& = B+ Wit

We are going to prove a more general claim to deal with cases where some terms
might be added to the operator:

Claim 4.24.1. LetI',a,(,n and m as in the assumption of the theorem. Let A be
any finite set of formulas such that k(A) C B, (8 + )

If HplA l— [ then Hga| wma

With Claim [4.24.1] taking A = §) we obtain the theorem.
First, we observe that, from 0,1, o, Q,,, 5 € Hp[A] = ({Br(7) : k(A) C Bi(y) Nk <
w}, we get that

& =B+ ¢o(Qn+1+a) € Hg[A]

since each By(«) is closed under addition and Veblen functions. Therefore, also
& € Ha[A], and s0 1y, (&) € HalA].
Now, we prove Claim by induction on €, with a subsidiary induction on .
If " is an axiom, then the claim is trivial.

We suppose that I has been obtained by the application of a rule. We run through
the cases based upon this last inference rule.

Case 1. We suppose that the last rule applied has principal formula A of \/-type.
Then Hg[A] Iﬁ I, A by hypothesis and Hg[A] [5- ~—I", B with ag < o for some
B € C(A). By the induction hypothesis, Ha,[A] [7; %WO 1", B. But Hao[A] C HalA]
A0 , B by means of Lemma 4.15. Since ¥,,d0 < Yy and

Ul
Um@ € Ha[A], we can apply the rule to obtain Ha[A] | Ty

and so we get HalA]

Case 2. We suppose that the last rule applied has principal formula A of A-type.
Then Hs[A] kg7 I”, A by hypothesis and Hs[A U t4(B)] jSl IV, B with ap < «
for each B € C(A). We need to show that k(A U ts(B)) C B,,(f + 1) for any
B € C(A) to be able to use the induction hypothesis. So we prove the following
claim.
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Claim 4.24.2. With the hypothesis of Case 2., we have that k(AUt4(B)) C B,,(8+
1).
We prove Claim by considering cases based on the form of A.

Subcase 2.1. We assume A = —Ad(t) for some term t. Then, since A is ¥, we
have |t| < Q,,. Any premise in C(A) is of the form t # Lg,(X) for some [ < w, and

so k(t # Lo, (X)) = {lt], 2} € Bu(B +1).

Subcase 2.2. We assume A = By A B;. Then k(A) = k(By) U k(B;). Since
k(A) C B,,,(B + 1), we also have k(By), k(B1) C Bn(6+1).

Subcase 2.3. We assume A = s ¢ t or A = Vo € t C(x) for some term(s) ¢
and s with |t[,|s| < €, (because A is X,,). Then, the characteristic term ¢ 4(B) for
any B € C(A) has always level below |t|. Therefore, {|t4(B)|: B € C(A)} C §, where
§:=[t| < Q. But then 6 € k(A) N Q,, T Hp[A]NQ,, C B(B+1) N Q. The last
inclusion comes from the equality H[A] = ({Bk(7) : B < yAk(A) C Bi(y) ANk < w}
and the fact that k(A) C B,,(6 + 1).

Gathering everything together, we have that k(t4(B)) C B,,(5+1) for all B € C(A).

Thus, Claim 4.24.2] is shown, and we can use the induction hypothesis, that yields
Hap[A Utas(B)] w:zi IV, B for every B € C(A). But, for each B € C(A), we have
UVmp < Ypd and P, & € Ha[A]. Therefore, by an application of the rule, we obtain
HalA] P22 17, A.

Case 3. We suppose that the last rule applied is (Refy) for some & < m. Then,

@0

we have Hp[A] lﬁ IV,3z € L, (X)F?, where F is a X-formula and HslA] lT

IV, Ft2(X) By the induction hypothesis, Hao A wmzo I, FLo.(X) | We cannot use
again the rule since maybe ,,& > €. Instead, we use Lemma m (Boundedness)

to obtain Hao[A] 177 md0 v plyao(X) | Moreover, since Hao[A] C HalA], we apply
Lemma (.15 to change the controlling operator and increase the bound of the com-

plexity of the cuts and get Hg4 [A] wmao ', Fteeao™X) - Now, an application of (b3)
vields HalA] P22 7,32 € L, (X)FZ.

Case 4. We suppose that the last rule applied is (Cut). Then we have Hz[A IL I.

We also have the premises Hz[A] I% I', A and Hp[A] Q I, -A with ag < a
and rk(A) < Q, + 1. We will run through cases based upon the ordering relation
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between 1k(A) and €,,.

Subcase 4.1. We assume rk(A) < €2,,. First of all, we observe that
He[A] = N{B(0) : k(A) CB()) ANB <INl <w} CB,(f+1)

since k(A) C B,,(f+1) by assumption. Thus, since rk(A) € k(A) C Hp[A], we have
tk(A) € Ha[A]NQy € Br(B+1) N Q= V(B + 1) < 6.

7«/)mélo

By the induction hypothesis, we have Hgs,[A] % I, A and Hao[A] =0 T -A
Now, taking as the operator CAontrol Ha[A] by means of Lemma {4.15, an applica-
tion of (Cut) yields Ha[A] Izz—z I' as desired. Cut complexity is not increased since
rk(A) < ¢Ypa.

Subcase 4.2. We assume Q,,, < rk(A) < Q,, + 1. We notice that we are not able to
proceed as in Subcase 4.1 because the complexity of the cuts in the last derivation
go beyond ,,&. We prove the following claim.

Claim 4.24.3. Let f <n < & such that n € H,, let k = min(l < w : 1k(A) < Q).
If H,y[A] I% I', A and H,[A] I% I',=A for some 6 < Qy, then

Umd

HalA] s

We show Claim [4.24.3
We let 11 = max(rk(A),d) + 1. We notice that p < w# < Q. Let p = Q1 + 1 (we
know k > 0 since €, < rk(A)).
Then, we have 1 < p < p+ w" < O < Q,,.
From the hypothesis of Claim [4.24.3] we have

H, AT, A (1)

and 5
H, A5 T, -A (2)
By an application of (Cut), we obtain

6+1
Ho[Al LT

We observe that the complexity of the cuts is in fact bounded by u, and so it is also
bounded by p + w*.
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Obviously, there is no ; in the interval [p, p + w*). Moreover, w" € H,[A] since
6,tk(A) € H,[A]. We can use Theorem [£.20] (Predicative Cut Elimination) and we

get
ou(d+1)

oA S
Now, since 8 < 7, we have that k(A) C B,,,(6+1) C B,,(n+1). Also, n € H,[A] by
assumption. Thus, the conditions of the Collapsing Theorem (in fact, the conditions
of the general Claim [4.24.1| we are proving) are met and so, since p < €,,, we use the
main induction hypothesis to obtain

Y (P o (E+D)

M, oreno i [A] r. (3)

o (P FoROHD)

Here, we have used the induction hypothesis from the main induction on €2,.

It remains to show that t,, (n+w?T¥=0+)) < 4 (B+wP+1+2) in order to use Lemma
[4.15] and obtain the conclusion of Claim [£.24.3]

From p+ ¢, (6 +1) < Qpyq < Q,, we get that

wp—&-cp#(&—i-l) < an.
Now, we observe that, since 3 < 1 < 8 + w1+ we can write
n = B+ ( for some ¢ < WSTite,

It follows that
n+ Wk Teu(d+1) — B+ C+ WS Teu(6+1)

<B4+ +uwth

< B4 W gince ¢ w < WY and W i additive principal

~

= Q.
From this inequality we derive that
H, + Wt OTDIA] C Hy and 4y, (n + w? o0y <o, (A).
Lemma on (3) yields
Hal A5 T.
Hence, Claim [4.24.3]is verified and we can continue analyzing Subcase 4.2 as follows.

Subsubcase 4.2.1. We assume rk(A4) # €, for any j < w. Let Q) = min(€; :
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rk(A) < ;). We notice that I' U {4, ~A} is in particular a set of X% formulas
because 2, < rk(A) < Q. By the induction hypothesis, we have H,[A] Va0 I, A

"y Prbo
k&0

and Ha, [A] 55, T ~A. We use Claim 4.24.3| with n = do, 0 = Yrdo and k = k to
get the result.

Subsubcase 4.2.2. We assume ,,, < rk(4) = Q < Q,,. In this case, A and A
are of the form Iz € Lo, (X)B(x) and Vz € L, (X)—~B(z) (respectively or alterna-
tively), and we have

Hs[A] g1 T, 3 € Lo, (X)B(x) (4)
and
HslA] fgi T, Ve € Lo, (X)-B(x). (5)

By the induction hypothesis on (4), we have Hs,[A] l% '3z € Lo, (X)B(x).
Let & = p(Q, + w’*0). We observe that ¢ € Hao[A] N Q. By Lemma [4.21]
(Boundedness), we get

Yié
Hao Al 2T, 3 € Le(X)B(x). (6)
On the other hand, we apply Lemma to (5) to obtain
HslA] fgoi T, Ve € Le(X)-B(x).
Since 8 < &g, by Lemma we get
Hao Al fgi7 I, Ve € Le(X)-B(x).

By the induction hypothesis,

[ ¥k (Go+winFiTe0)

L (Go+wnt1+a0) I'Vz € Le(X)-B(x). (7)

Hays i sreoa [A]

Now, we apply Claim [4.24.3 to (6) and (7) with § = (G + W T1F0) n = &y +
W tltao and k = k and obtain the result. O
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5 Embedding KPI into RS;(X)

In this section, we will prove that we can derive in RS;(X) any given finite set of for-
mulas provable in KPI changing free variables by terms and bounding the unbounded
quantifiers of the formulas by Lg_(X) with a bounded cut complexity and depth. In
particular, in Theorem we will show that if KPI - I'(ay,...,a,) then there is

Q-w™

m < w such that H[sy, ..., s,] g L8105, 5,)02«X) for any operator H and any
terms sq,..., S, of level below €2,,.

5.1 The I relation

We start by introducing the I+ relation. The relation I I' will mean that a set of
formulas I' is derivable with the control of any operator with a reasonable depth
depending on the rank of those formulas. The ordinal bounds of the derivations will
use the following operation.

Definition 5.1. Let ay,...,, be ordinals. Let m : {1,...,n} — {1,...,n} be a
function such that czy > -+ > ar(ny. We define

al# ce #&n = Qx(1) +ee Ar(n)-
With the operation #, we can now define I+ I.
Definition 5.2. Given a set of formulas T' = {Ay, ..., A,}, we define

#F — wrk(Al)# . #wrk(An).

Now, we define the relation I-.
We write |- T" whenever for any operator H we have H[T'] #SF I.

We write ”% [ whenever for any operator H we have H[I| @ I.

The first part of the next lemma shows that we can treat the I relation as a
logic in the sense that given the premise(s) I';, for i € y, of the conclusion I" of some
instance of an RS;(X)-rule, if I- I'; for all ¢ € y then |- I'. The second part of the
lemma shows that whenever the formulas A, B are derivable with I then we can
derive A V B instead. This will be useful to derive formulas of the form A — B.
For instance, a general reasoning that we will use to prove that - A — B will be to
first derive IF =A, B and, by means of this Lemma, we will get IF =A V B, which is
equivalent to IF A — B.

Along this section, we follow Reading Convention and omit the repetition of
principal formulas in the premises.
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Lemma 5.3. Let T U{A, B} be a finite set of formulas. Let « and p be ordinals.

1. If B € C(A) then #(I', B)#a < #(I', A)#a.
Moreover, if T'; A follows from the premise(s) T', B;, for i € y, by a rule other
than (Cut) and (Ref,), with n < w, with principal formula A and active for-

mulas B;, then ”% I', A whenever ”% I',B; foralli € y.
2. If|5-T, A, B then |5 T, AV B.

Proof. 1. First, by Lemma we have rk(B) < rk(A) whenever B € C(A). It
follows that wk(®) < kA for any B € C(A) and so #(I', B) < #(T', A) for every
B eC(A).

We suppose now that ”% I', B; for all 7 € y and fix an operator ‘H. Then,

(FB)

H[T, B;] “T,B;

for all ¢ € y. By an application of the rule, and since #(I", B;)#a < #(I', A)#a for
all i € y, we get H[T", A] lw I', A. Hence, ”% I, A.

2. We suppose ”% I', A, B and fix an operator H. Then,

(FAB)

H[T, A, B “T,A,B.

We apply (V) twice (one on A and the other on (B)) to obtain

HIT, A, BT 1 Ay B AV B,

A, B)#a .
which is exactly H([T[', A, B| M I'AV B. By Item 1. of this lemma and
since w*1VB) ig additive principal, we have

#(T, A, B)#a+2 = #TH#w DB g 12 < T4 AWVB) o = 4T, AVB)#a.

Therefore, by Lemma and since H[I', A, B] = H[I', A vV B| we obtain

#(T, AVB#(X

H[I', AV B] I'AV B.

Hence, ”% I'Av B.
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We explain the remark preceding the statement of Lemma more precisely.
This lemma says that whenever we can derive a set of formulas I" with the I relation
and a set of formulas I'' follows from I' by an RS;(X) rule (with the control of any

operator), then we can write the derivation with the I relation. For example, if for
wrk(AVB

wrk(A) )
any operator H we have H[A] lT A then we also have H[AV B|F——5— AV B.

In this case, we will write

I A
V) ———
IFAV B
This is how we will write derivations with the I relation, for example, in the proof
of the next lemma.

Lemma 5.4. For any formula A we have - A, —A.

Proof. We proceed by induction on the rank of A. We note that given any non-basic
formula A, since rk(B) < rk(A) for any B € C(A), when proving IF A,—A we can
suppose |- B, =B by the induction hypothesis. We consider cases based on the form
of A.

Case 1. We suppose that A = @ € v. This means that A,—A is an axiom (since
either u € v or u ¢ v holds).

Case 2. We suppose that A = r € t is not a basic formula. This means that either r
or ¢ is not a basic term, and so |r| > T'gyq or |t| > [yyq. By the induction hypothesis,
we have |- s€t Ar = s,=(s€t Ar = s), which is exactly IF s€t Ar = 5,86t = 1 # s,
for all terms s with |s| < |¢|. Therefore, we have the following derivation for every
term s with |s| < |t|, where the first inference is applied to the first formula and the
second inference is applied to the second formula:

IFs€EtAr=s,s€t >1#s

(€)
(¢)

Hence, we obtain I+ A, —A.

Fr et set—r#s
Fretré¢t

Case 3. We suppose that A = Jx € t B(x). By the inductive hypothesis, we
have Ik s€t A B(s), ~(s€t A B(s)), which is exactly IF s€t A B(s), s€t — —B(s), for
all terms s with |s| < |t|. Therefore, we have the following derivation for every term
s with |s| < |t|, where the first inference is applied to the first formula and the second
inference is applied to the second formula:
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I s€t A B(s), s€t — —B(s)
IF 3z €t B(x),s€t — ~B(s)
IF 3z €t B(x),Vz €t =B(x)

Hence, we obtain I+ A, —A.
The other cases are analogous to those ones, but using the appropriate rules. [

At some points we will need to write derived formulas in some equivalent expres-
sion, e.g. write A — B instead of =A V B as already mentioned before. We will
simply use the symbol = as the label of the derivation when this happens.

The next lemma states some results that will be helpful to embed the KPI axioms
and rules into the RS;(X)-system.

Lemma 5.5. Let s be any term. Then, we have

1. ks ¢s,

2. Given any term t, if |s| < |t| then |- s€t — s € t,

3. IFsCs,

4. IFs=s,

5. Let o be an ordinal. If |s| < To11 + a then Ik s € Lo(X).

Proof. 1. We proceed by induction on rk(s). We consider cases based on the form
of s.

Case 1. We suppose s =u. Then s ¢ s is an axiom.

Case 2. We suppose s = L,(X). By the induction hypothesis, we get IF r & r
for all |r| < |s|, which is the same as |- r€s A r ¢ r by Definition [4.4] Therefore, we
obtain the following derivation for all |r| < |s|:

lFresAnré¢r

) ::: jxés(xgér)
re€s(xgr)VIrer(z¢s)

zll—s#r

rrés— s

(#) IFsé¢s

(b3)
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Case 3. We suppose s = [z € Lo(X) : B(z)]. By Lemma 5.4 we have |- B(r), =B(r)
for any term r, and in particular for any term r with |r| < |s|. Moreover, by the
induction hypothesis we have I- r ¢ r for all |r| < |s|. We get the following derivation
for all |r| < |s|:
I+ B(r),-B(r) IFré¢r
Ik B(r)Ar &r,—B(r)
-3z € s(x ¢ r),~B(r)
C 3z es(xgr)vIrenr(r ¢s),~B(r)
__Fs#r,-B(r
Lemma [£.3] 7 (r)
_IF=B(r)V-os=r
IFB(r) = s#£r

(€)

(03)
(V

~—

IFrés—s#r
IFsé¢s

We prove 2. and 3. simultaneously. Actually, we show |- Vo € s(x € s) by induction
on rk(s) and considering cases based on the form of s, and 2. will be shown along
the way.

Case 1. We suppose s = u. Then, given the basic term v, either ¥ € w or ¥ ¢ @ is
an axiom, and so U € W, T ¢ w is an axiom. We have the following derivation for any
basic term v:

Lemma B3 Fveu,v¢u
_IF-veuvveu
T Ficu—TEm

Fvéu —-veu

Vo € s(x € s)

(b

~—

We notice that the second to last line is exactly |- 7€u — v € 1, as in Item 2.

Case 2. We suppose s = L,(X). By the induction hypothesis I+ Vz € r(z € r)
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for any |r| < |s|. Therefore, we have the following derivation for all |r| < |s|:

FVzer(zxer) FVYrer(xer)

IFVzx er(xer) AV er(x er)

_lFr=r
L FrésAr =1
(€) ———————
_ res
(bV) Fres —res

IFVz € s(x € s)

Case 3. We suppose s = [z € Lo(X) : B(x)]. By the induction hypothesis, we get
- Va € r(x € r) for all |r| < |s|. So, by Lemma [£.15] we obtain IF Vz € r(z €
r),~B(r). Applying (A), we have I r = r, = B(r). Moreover, we have |- B(r), ~B(r)
by Item 1. We get the following derivation for all |r| < |s]:

N lFr=r=B(r) Ik B(r),-~B(r)
¢ _ B(r)ANr =r,~B(r)
(E_) Ik résAr=r,—B(r)
et 57 -7 e s,~B(r)
F=B(r)Vres

- B(r) =res

IFrés —res
I-Vz € s(z € s)

(bV

~"

4. The result follows from Item 3. by an application of the (A) rule.

5. First, for all |s| < TI'ys1 + a we have IF s = s by Item 3. Using Definition
[.4] this is equivalent to IF s€L,(X) A s =s. We apply (€) to obtain the result. [

5.2 The embedding Theorem

In this subsection, we will show that all the axioms of KPl can be embedded in
RS;(X) and we will give ordinal length and cut-complexity bounds of the derivations
of the axioms in RS;(X). It seems that, in order to prove the desired Theorem [5.20)
stated at the beginning of this section, it is sufficient to prove that we can find ordinal
bounds a and S such that, for any KPIl axiom Ax and any operator H, we have

H 5 (Ax)hee ),
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Nonetheless, we need a stronger result: the third Ad axiom states that any admissible
set has to satisfy basic axioms. This means that we have to prove that, given an
axiom Ax among Leibniz Principle, Pair, Union, Ay-Separation and Ay-Collection

ey l% (AX>LQn (X)

for all n < w and for any operator H. Actually, for Ag-Collection we only need n < w
since this axiom is not an axiom of KPI.

To prove that the Leibniz Principle can be embedded into the RS;(X)-system, we
will use the following preliminary Lemma.

Lemma 5.6. Let s,t be terms such that |s| < |t|. Let ' be any finite set of formulas
and let A and B be formulas. IfIFT', A, B then

IFT,set — A, s€t A\ B.
Proof. We argue by splitting cases based on the form of t.

Case 1. We suppose that t = u. Then, s = T since |s| < |t|, Therefore, by hypothesis
IFT', A, B and by Lemma (together with Lemma |4.15)) we have |- [',7 € u,v ¢ .
We get the following derivaitons:

FT,0eu,v¢u IFT,A,B
(V) —————— (V) o————
CIFI,veuvAven ~I'-veuvADRB
(;) FT,oeu— ATET - I'teu— A, B

_IFliveu—AveceunB

', v¢u — A, v€u A B

Case 2. We suppose that t = L,(X). Then s€t -+ A = A and s€tAB = B by Defini-
tion[4.4l The desired result is, in this case, exactly IF ', A, B, which is the hypothesis.

Case 3. We suppose that ¢t = [z € Lo(X) : C(x)]. Then sét - A = C(s) — A
and s€t A B = C(s) A B. Now, by Lemma [5.4] (together with Lemma we have
IF T, C(s), ~C(s) and by hypothesis we have I ', A, B. We obtain the following
derivations:

V) wl; F,é?‘(s%ﬁc(s) vy 't DAB
_IFI,=C(s) VA C(s) — _ TI,-C(s) VA B
CIFD,CO(s) > AC(s)  T,0(s) > A B

()

_IFD,C(s) =+ A, C(s) AN B
 T,sét— A, sétAB
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]

Lemma 5.7 (Leibniz Principle). Let s and t be terms. Let n < w. For any formula
KPI-formula A(z), we have

ks # ¢, = A(s)=n X) A () e (0,
Proof. We prove a more general claim.

Claim 5.7.1. Let sy,...,58g,t1,...,tx be terms. Let n < w. For any KPIl-formula
B(xl, ce ,.’I?k),

H‘ Slgtl, e ,Sk¥tk, _|B(817 ey Sk)LQ"(X), B(tl, e ,tk)LQ"(X), (1)
where x#y == —x C y, ~y C .

With Claim [5.7.0] let m be the number of appearances of the free variable x
in A(z). Define the KPI-formula C(xy,...,x,,) with m free variables as the formula
A(z) but replacing the first appearance of « with x, the second appearance of x with
Tg, ..., the m — th appearance of z with x,,. This means that A(z) = C(z,...,z).

We apply the Claim to C(xy,...x,) to obtain
- s#£t, ..., s#t,~C(s,... 7S)Lnn(X)’ C(t,... ’t)LQn(X)'

which is the same as B
I s£t, 2 A(s)-n )| A(t)kon (X,

Applying (V) to s#t yields
ks #t,=A(s)-n ) A(t)kan (X)),

We prove Claim by induction and by splitting cases based on the form of the
KPI-formula B(xy,...,zx). First, we show a useful property about the symbol #:
given any terms a, b and any finite set of formulas I

if IFT,a#b, then IFT',a # 0. (2)
Indeed, we have the following derivation:

IF T, a£b

) IFT,=(a Cb),~(bC a)

) IFT,=(a Cb)V—(bCla),~(b< a)
CIFF=(@Cb)va(b Ca),~(aCb)V=(bCa)
“FT,a#ba#b
T T,a#b
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Case 1. We suppose that B(zy,...,z,) = B(x;,x;) = x; € x; for some ¢,j €
{1,...,n}.

Subcase 1.1. We assume i = j. We have B(x;) = z; € x; and so B(si)'-ﬂn(x) =3; € 8.
Then, =B(s;)-X) = 5, ¢ ;. But, by Lemma [5.5{(1.) (together with Lemma [4.15)),
we already have |- si¥t,~, i & s;,t; € t;, which is the desired result.

Subcase 1.2. We assume ¢ # j. Then B(z;,x;) = x; € x;. This means that
B(s4,5;)t ) = 5; € s;. We notice that any premise C' € C(s; € s;) is of the form
s; = s for |s| < |s;|. By the induction hypothesis, we have

I+ 5i¥t17 S¥t7 S; # S7ti =t

for all |s| < |s;| and |t| < |t;|. We obtain the following derivation for all |s| < |s;]
and all [t] < |t;]:

b s, s#t, s # s, t; =1t
-
__|F st s #F b, s # sty =1

Lemma — .
b siAti tEt; — s £ b, 8 # s, 1€ Nty =1t

(€)

(¢)

Lemma

I Sz¥tz,t€t] — S 75 t,s; 7& s,t; € tj
I Si¥ti, S ¢ tj,sz- 7é S,ti € tj
I 81';751‘, SéSj NS ¢ tj,SéSj — S; 7A s, t; € tj

I st 3o € sj(x ¢ t)),8Es; — 5; # 5,1 €

I st 3z € sj(x ¢ t)), 8 ¢ s5,t; €
bsiFt,dresjw¢t) Vv eti(a g s)), s € st €4
‘ b sifti,s; £ 1,8 & sj,ti €1

- s; # ti,s; #tj, 8 & sj,ti €

Case 2. We suppose that B(x1,...,2x) = Jy € x; F(y, 1, ..., x;) forsome 1 <i < k.
Then B(sy,...,s;) X)) =3y € s; F(y,s1,...,5;).

All the premises in C(B(s1, .. ., 5,) % X)) are of the form F(r, sy, ..., s;) for |r| < |s;].
By the induction hypothesis, we have

|- 31¥t1, . ,sk¥tk,—|F(r,$1, ooy Sk), Fi(ryty, .o te)
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for all |r| < |s;|. By Lemmal5.6] we get
b s17£t, ..., St r€Es; — 2 F(r, 81, .., 858),7ESi A F(r,ty, ... ty).
for all |r| < |s;|. We apply (bV) and we obtain
517ty ..., Sk te, Yy € 55 F(y, 81, .., 88), F(r ty, ... tg)
for |r| < |s;|. An application of (b3) yields
517ty ..., sk, Yy € 53 F(y, 81, .., 8%), 3y € LF(y, t1, ... 1)

Case 3. We suppose B(xq,...,x) = Fi(z1,...,25) Vs (21, . .., x;). This means that
B(sy,...,s6) %) = Fi(sy,..., 8t v Fy(sq,...,8,) 9% By the induction
hypothesis, we get

- 817t . SpFte, ~FL(S1, -5 8k), Filty, -, te) (3)
and - B
I Sl%tl, ceey Sk%tk, _|F2(81, ey Sk), Fg(tl, N 7tk). (4)
Using (V) on (2) and (3) gives
Is $1¥t1, ey Sk¥tk, _\Fl(Sl, e ,Sk), Fl(tl, e ,tk) V Fg(tl, e ,tk)

and

- 81ty .., St 2 Fy (81, .0y 85), Fu(t, . te) V Fa(te, ... ).
Finally, we apply (A) to get
- 81ty . St 2 FL (51,0, 85) A Es(s1, .. sk), Filty, ... k) V Fy(ty, ... 1),
which is equivalent to
- s1#t, .. spAte, —(Fi(s1, ... s6) V Fay(s1, ..., 85)), Fi(ty, ..., te) V Ey(ty, ..., tg).
All the other cases are dual to the ones already shown. ]

We show now that the Set Induction axiom can be embedded into the RS;(X)-
system.

Lemma 5.8 (Set Induction). Let n < w. For any KPI-formula A, we have

I B s v € Lo, (X) A(z),
where B =V € Lo, (X)(Vz € y A(y)tonX) — A(x)bon (X)),
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Proof. We will use the following claim.

Claim 5.8.1. For any term s with |s| < €, and any operator H.:

Wk (B) g lsl+1
H[B, 5] [ B, A(s)-n ). (1)

Having Claim we apply (bV) to get

wk(B) 20y
H[B] O#Q ﬁB,v.ﬂf c LQn(X)A(a;)LQn(X)

for any operator H. We apply (V) twice (one time to =B and the other to Vx €
Lo, (X)A(z)2: (X)) to obtain

wrk(B) ”
B2 By € Lo, (X)A(z)" X ~B v Va € Lg, (X)A(z)-0n ).

Now, removing one repeated formula and writing the formula as an implication, this
is the same as

wk(B) 220y
HB |22 B a € Lo, (X) A(z) 009,
But rk(Lg, (X)) = Q,, and so obviously
k(B — Vz € Lg, (X)A(z)- X)) > Q, + 1.

This yields
#(B — Yz € L, (X)A(z) 0 () > (St
Hence, by Lemma [4.15, we obtain

BoVzeLlo (X)A(z)-2n X))y, rk(B)

Since this holds for any operator H, we can conclude

wrk(B)
= B — Va € Lq, (X) A(x).
We just need to prove Claim So let H be any operator. Recall that we need

to prove that
Wk (B) £ ,ls|+1
H[B, s] |+ - B, A(s)-an (X)),

for any term s with |s| < €,. We proceed by induction on |s|. By the induction

hypothesis, we get
wrk(B) 44 yl7|+1
H[B, 7] [ B, A(r)-en ). 2)
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From this we can obtain

Wk (B) 44 yl7|+1
H[B,r, 8] [—To— =B, rés — A(r)-on ), (3)

no matter the form of s. Indeed,

o If s =7, we apply (V) to . to get

WK(B) gl +1
H[B, 7, 8| [ B eV A(r)en ),

which, by Definition .4} is exactly

wrk(B) 44 yl7l+1 .
HB, ] [ B, rém — A(r)-en ),

o If s = L,(X), then réL,(X) — A(r)-o(X) = A(r)tew(X) and so the derivation
(2) is exactly

Wk(B) gpylrl+1 .
H[B, ] [ B réLy(X) — A(r)-on ),
By Lemma[4.15] we can add 1 to the ordinal bound to obtain the desired result.
o If r =[z € Ly(X): C(x)], then we apply (V) to the derivation (2] to get

Wk (B) gylrl+1 4

H[B, 7] 0 ~B,=C(r) v A(r)-o+Y),

which, by Definition [£.4] is exactly the same as

wrk(B)#w|7‘\+l+1

H[B, 7] 5 -B,rés — A(r)-en0),
On the other hand, by Lemma [5.4] we have

Wk (B) 415l
H[A, 5] Tt A (s)ben (), (4)
So, starting with and (), we have the following derivations for all |r| < |s|:

Wrk(B) Il +1 ‘
H[B,r, 5] l# -B,rés — A(r)tonX)

(o)
Wk(B) ] Wrk(B) g sl
oy PBAFTT=E By €5 A0 A S oA
k(B 21|
ogy) AT By € 5 A0 A A, Ay

Wk(B) 2, lsl
H[A, 5] |22 B T € Lo, (X)[Vy € 7 A(z)-0n () A = A(z)Lon (0], A(s)bea )
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We notice that the second formula displayed in the last line is exactly —=B. Moreover,
we observe that w™ B #wlsl + 4 < WkBILylslt1 - Hence, we can remove one of the
repeated formulas and also use Lemma to obtain

wWrk(B) 4 yls]+1
HIA, 5| [ B, A(s) e ),
and Claim [£.8.1 is verified. O

We continue with the Ag-Separation axiom schema.

Lemma 5.9 (A¢-Separation). Letn < w. Let A(z,yi,...,yr) be a KPl Ag-formula.
Let s,t1, ...t be terms such that |s|, [t1|, ..., [tk] < Q. We will use the abbreviation
t=to,...,tx. Then,

-3y € Lo, (X)[Vz € y(z € s A Az, £)-90 ) Az € s(A(z, 1)) — 2 e ).

Proof. Before all else, we observe that A is a Ag-formula, which means that A does

not have any unrestricted quantifier. This means that, since |t1], ..., |t,| < Q,, we
have A(-, 1)) = A(- 1),

Let a = max{|s|, |t1],...,|ta]} + 1 < Q,. We define 5. We define the term ¢ as
follows

t=[z€Lg(X):2z€sNA(21)

First, we show that
Vo € t(x € s A A, 1)), (1)

The following derivation gives this result (the first line follows Lemma :

Lemma [5.3(2.) F=(r € s AA(r,),r € s ANA(r,T) for all r| < Q,
IF —(r € s/\A(T,f))\/(r e SAA(T,ﬂ)
FresAAnD - (resaArnT)

- rét — (r € s Art))
Vo € t(x € s A A, 1))

Definition 4.4
(V)

On the other hand, we will show that, for any |r| < |s|,

IV € s(A(z, D)X & 2 e t) (2)
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by splitting cases based on the form of s.

Case 1. We suppose s = u. Then we have the following derivation for all |r| < ||

Lemma 5.4 Lemma [5.4]
(o ForEmren koA £),A(r,1)  Lemma [F.5(4.)
- —r €@, —A(r,t),r €T A A(r, 1) Fr=r

- =r e w,—A(r,t),(reauANA(r,t)) Ar =
Definition 4.4 tEt ni,(r ETNAmD Ar =1

(€)
Lemma [5.3(2.)

(
b —r € @, —A(r,t),rét Ar =7
I —r € @, ~A(r,t),r €t
- —r €a,~A(r,t)Vr et

Lemma [5.3](2.)

I —rew, A(r,t) > r et

F—reaVv (A(rt) —=ret)

Fréu — (A(r,t) —r €t)
V2 € s(A(z, 1) — x € 1)

(bv)

Case 2. We suppose that s = L,(X). We have the following derivation for all
7] < sl:

Lemma [5.5[(5.) Lemma [5.4]

Freu F=A(r, 1), A(r, 1) Lemma B.5)4.)
") - =A(r, 1), r € s A A(r, 1) Fr=r
IHE =A(r,t), (r € sANA(r,t)) Ar =
Definition 4.4 d).r € s i) Ar=r
© F—A(r, 1), rét Ar =7
S
Ik =A(r,t),r €t
Lemma [5.3)(2.) (1,9,
R A(rE) Vet
FA(rD) et
Definition [4.4] ‘(7‘ i
) Frés — (A(r, 1) —r €t)

V2 € s(A(z, 1) — x € 1)

Case 3. We suppose that s = [y € L,(X) : B(z)]. We have the following derivation
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for all |r| < |s|.

Lemma m Lemma (4)

I B(?“), _\B<T) r=r
© - =B(r),B(r) AT =7 Lemma B3]
(/\) ”_ _\B(r),r € H_ ﬁA(?",{),A(T,ﬂ Lemma (4)
) [+ ﬁB(T)a_‘A(Tatj,TGS/\A(T’E) Fr=r
Definition [.4] Ik =B(r), —A(r, 1), (r € sANA(r D) Ar=r
(e) T B0, Al B),rét Ar=r
Ik =B(r),=A(r,t),r €t
L 5.3)(2.
emma< _) F ﬁB(T),ﬁA(T’g) Vet
Ik -B(r), A f) s r et
L 5.3)(2.
emma< :) I+ ﬁB(’f’) V (A(T,ﬂ - rc t)
Definition {4 i B.(T) = (A(r, ) = r €t)
(bY) Frés — (A(r,t) = ret)

Vo € s(A(z, 1) — x € 1)
Now, using (1) and (2) as a starting point, we have the following derivation.

Vo € t(x € sAA(x,t)  IFVa € s(Ax,t) =z €t)
Vo €tz € s AA(x, 1) AV € s(A(x, 1) — x € t)
I télLg, (X) A (Vo € t(z € s A Az, 1) AV € s(A(z,t) — x € 1))
3y € Lo, (X)[Vz € y(z € s A Az, 1)) AV € s(A(z,t) = z € )]

Definition [4.4]

]

The proof of the next lemma can be found in [5]. To help the reader interested
in those proofs, we give the correspondence between the results used in the proofs in
Cook-Rathjen ([5]) and their version stated in this thesis.
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Cook-Rathjen This thesis
Abbreviations 3.5 ii) Definition 4.4
Lemma 4.2 ii) Lemma [5.3(2.)
Lemma 4.3 i) Lemma [5.4
Lemma 4.3 iii) Lemma [5.5(3.)
Lemma 4.3 vii) Lemma |5.5((5.)

Lemma 5.10. Here are the Infinity, Pairing and Union azioms embedded into the
RS/(X)-system. Let n < w.

1. F3zelg, (X)Fzez(zex) AVy € 3z € x(y € 2)).

2. Let s and t be terms such that |s|, |t| < Q,. Then

IF3z€Llg, (X)(s€zNtE€2).

3. Let s be a term such that |s| < Q,. Then

-3z € Lo, (X)Vy € sVz € y(x € 2).

Proof.

1. The proof is analogous to the proof of Lemma 4.6 of [5] (page 32).

2. The proof is analogous to the proof of Lemma 4.8 i) of [5] (page 34).

3. The proof is analogous to the proof of Lemma 4.8 ii) of [5] (page 34). O

Now, we focus on the axioms ruling the Ad predicate. To embed the first axiom,
we need to know what (Ad1)-2«(X) will look like. In particular, we need to see what
term w translates to and what predicate T'ran translates to. We start with the latter.

Definition 5.11. Let t be any term. We define the RS;(X)-predicate
Tran(t) =V € tVy € x(y € t).

We note that the KPI Ag-formula Tran(z) with free variable z is translated to
Tran(t) in the RS;(X)-language, for some chosen term ¢. This is why we write both
predicates the same way. Now, we notice that, in KPI, the ordinal w is the first limit
ordinal. This means that we can define w as the unique ordinal containing infinitely
many successor ordinals.

y=wiff On(y) AVzey[3 ey(z € ZYANTu € 2Vv € z(u # z = v € u)].
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Since the formula defining w is Ay, the translation of the formula to the RS;(X)-
system will be the same, and so the term

w=[y € Ly(X):3y € x(On(y)AVz € y[(z = 0VSucc(z))A\Ju € y(z € u)|\Tran(z)]]
fully captures the set w. This means that (Ad1)-2«(X) can be written as
Vo € Lo, (X)[Ad(z) - w € x A Tran(zx)].
We show that Tran(Lg, (X)) holds for every natural number n.
Lemma 5.12. Let n < w. Then,
IF Tran(Lq, (X)).

Proof. Let t be any term such that [t| < €,. We show that for every term s with
sl < It |
I-s€t — s € Lg, (X) (1)

by fixing such an s and splitting cases based on the form of t. First, we observe that
|s| <, and so, by Lemma [5.5(5.), we have

IFs € Lg, (X). (2)
Case 1. We suppose t = . Then s = T. Therefore, using Lemma on (2), we get
IF -7 € u,v € Lg, (X).
By Lemma [5.3](2.), we obtain
IF-veuVvve Lg,(X),

which is equivalent to
F7veu— e Lg, (X).

By Definition [£.4] this is
- v€u — T € Lq, (X).

Case 2. We suppose ¢ = L,(X). Then, by Definition [£.4] the derivation (2) is exactly
I s€t — s € Lo, (X).

Case 3. We suppose ¢ = [z € Lo(X) : B(z)]. Then, using Lemma [1.15 on (2) we get
I =B(s),s € Lq, (X).
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By Lemma [5.3|(2.), we obtain
IF=B(s) Vs € Lq, (X)

which is exactly
I- B(s) = s € Lg, (X).

This is equivalent, by Definition to
I s€t — s € Lq, (X).
We have shown (1) for any |s| < |t|. By an application of (bY), we obtain
IFVy € t(y € Lg, (X)).
Again by Definition [4.4] this is the same as
IFtelg, (X) — Yy € t(y € Lg,(X)).
Since this holds for any |t| < €2, another application of (bV) yields

IFVz € Lg, (X)Vy € z(y € Lo, (X)).

Similarly, we show that w € Lg, (X) holds for every n < w.

Lemma 5.13. Let n < w. Then,
I w € LQn(X)(X).
Proof. We observe that |w| = I'g11 + w. Let n < w. Then, since Ty +w < €, by

Lemma [5.5(5.) we have
IFwe LQn(X)

We can now proceed to the proof of the embedding of (Adl) into RS;(X).

Lemma 5.14 (Adl). Let H be any operator. We have

H I Ve € Lo, (X)(Ad(x) = w € @ A Tran(z))
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Proof. We need to derive
Ad(t) — w € t ANTran(t)

for every term ¢ with |t| < €, to be able to apply (b¥). So, fix a term ¢ such that
|t| < Q.. In the following derivations, we fix a natural number n. By Lemmas [5.12)

and we have by an application of (A)
IFw € L, (X) A Tran(Lg,(X)).
By means of Lemma [£.15] we get
-t # Lo, (X),w € Lg, (X) ATran(Lg, (X)), w € t ATran(t). (1)

On the other hand, by Lemma we have

It # Lo, (X),~(w € Lo, (X) ATran(Lg, (X)),w € t A Tran(t). (2)
Fix an operator H. An application of (Cut) to (1) and (2) gives

H[t] lg™t # Lo, (X),w € t ATran(t),

where o = #(t # Lq,(X),w € t ATran(t)) < €. Since this derivation holds for
every n < w, we apply (—Ad) to get

H[t] e = Ad(t),w € t A Tran(t).
By Lemma [5.3](2.), we obtain

H[t] o = Ad(t) Vw € t A Tran(t),
which is the same as

H[t] e Ad(t) — w € t A Tran(t).
This holds for any |t| < £2,,. An application of (bV) yields

H IQ;;—::IV:U € Lo, (X)(Ad(x) = w € x ATran(x)).

We continue with the second axiom about the Ad predicate.
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Lemma 5.15 (Ad2). Let H be any operator. We have
HIZE v € Lo, (X)Vy € Lo, (X)(Ad(z) A Ad(y) >z €y Ve =y Vy € )
Proof. We need to derive
Ad(s) NAd(t) > s€tVs=tVtes

for all the terms s,t with |s|, || < €, in order to apply (bY) twice. In the following
derivations, we fix two natural numbers n and m.

If n = m, then by Lemma [5.5(4.) we have
IF Lo, (X) = Lq, (X).
If n < m, by Lemma [5.5(5.) we have
F Lo, (X) € Lq,, (X).
If m < n, by Lemma [5.5(5.) we have
F Lg, (X) € Lo, (X).
In any case, two applications of (V) give
IF Lo, (X) € Lo, (X) VLg, (X) = Lo, (X) V Lo, (X) € La, (X).
We use Lemma to get

IFs # La, (X),t # Lo, (X),La, (X) € Lg,, (X) VLo, (X) =Lg, (X) VLg, (X) € Lg, (X),
setVs=tVitEeEs.

On the other hand, by Lemma [5.7] we have

IFs 7é LQH<X)7t 7é LQm(X)7_‘(LQn(X) S LQm(X) V LQn(X) = LQm(X) V LQm(X) € LQH(X)),
sctVs=tVtcs.

(2)

We fix an operator H. An application of (Cut) on (1) and (2) yields
Hs, 1) [ 5 # Lo, (X).t # Lo, (X),s €tVs=tVteEs,
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where a = #(s # Lq, (X),t # Lg,,(X),s € tVs=1tVtes). Since this derivation
holds for any n, m < w, we use (—Ad) twice and we obtain

Hs, 1] 2= = Ad(s), ~Ad(t),s €tV s =t Vit € s.
We use Lemma [5.3|(2.) to have
Hs, 1] P —Ad(s) v = Ad(t),s €tV s =t Vit € s,
which is the same as
Hls, 1] P —(Ad(s) A Ad(t)),s €t Vs =tVieEs
Again by Lemma[5.3(2.), we get
Hs, 1] P2 —(Ad(s) A Ad(t) Vs €t Vs =tVies,
which is equivalent to
Hls, t] I—Ad NAd(t) »>s€etVs=tVtes

Therefore, since this last derivation holds for any ¢, s with |¢|, |s| < €, we can apply
(bY) twice to obtain

H I—ng Vo € Lo, (X)Vy € Lo, (X)(Ad(z) N Ad(y) =z €yVae=yVyE ).

]

We keep up with the third axiom about the Ad predicate. We already know
that RS;(X) shows that any X-admissible ordinal satisfies all the axioms appearing
in (Ad3) but Ay-Collection. So we first focus on Ay-Collection.

Lemma 5.16. Let A(z,y) be any Ag-formula of KPl with free variables x and y.
Letn < w. Let s be a term such that |s| < Q. Then,

IFVz € s3y € Lo, (X) A(z,y) = 3z € Lo, (X)Vz € sTy € z A(z,y).

Proof. We fix an operator H. To simplify formulas, we write B = Vx € sdy €
(X) A(z,y). This means that we will show

- BteaX) 5 32 € L, (X) B
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First, by Lemma [5.4 we have

wik(B (X))#wrk(—‘BLQn(X))

H[BLe )| - BLon(X) _ plaa(x)

We apply the (Ref,,) rule to get
H[B- ][ 32 € Lo, (X)B?, ~B-en ()

with a = wkB ) g k(B3 4 - gince rk(Lg, (X)) = Q,, we have a > Q,,
and we are able to use the rule with this ordinal bound.

We use (V) twice, the first time applying the rule to the first formula and the second
time applying the rule to the second formula in order to obtain the same formula
twice, as displayed here after removing one repeated formula:

H[BLon ] 22 Blen(X) v 32 € Ly (X) B

But since w” is additive principal for any ordinal 3, we have

C(+2 — (BLQn (X))#wrk<~|BLQn (X>)

+3 < WkBHN — (Bl L, 3; € Ly (X) B).
Therefore, by Lemma 4.15

Bron ) 43z¢Lq (X) B?
H-BH v 3z € Ly, (X) BT P2 2@ ) pre.(My3; ¢ Ly, (X) B

which is exactly the same as

B 2n(X) L3¢ (X) B?
H[BL= ) 3z € Lo, (X) B 52 e 3z € L, (X) B

]
We have everything we needed to embed (Ad3).

Lemma 5.17 (Ad3). H IM Va € Lo, (X)(Ad(x) — (Pair)® A (Union)® A (A —
Separation)® A (Ag — Collectzon) ).

Proof. We need to derive

Ad(t) — (Pair)' A (Union)" A (Ag — Separation)t A (Ag — Collection)")
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for every t with |t| < €, in order to apply (bY) and obtain the desired derivation.
So let ¢ be any term with |¢| < €. Fix a natural number n. By Lemmas [5.10]
and 5.9, we have

I (Ax)ton(X)

for every axiom Ax among Pair, Union, Ag-Collection and Ay-Separation. We will use
the following abbreviation: given any term (or variable) s, we will write /\ (Axioms)*
to denote

(Pair)® A (Union)® A (Ag — Separation)® A (Ag — Collection)®
By three application of (A) starting on (1), we get
I+ /\(Axioms)"”n(x).

Lemma [£.15] gives
Ikt # Lo, (X), /\(Axioms)", /\ (Axioms)-2n(X). (1)
On the other hand, by Lemma we have
Ikt # Lq, (X), /\(Axioms)t, - /\(Axioms)LQn(X). (2)

Therefore, for any operator #, an application of (Cut) on (2) and (3) yields

H[t] fg™—t # Lo, (X), /\(Axioms)",

where a = #(t # Lg, (X), A(Axioms)*). Since this derivation holds for any n < w,
an application of (—Ad) yields

H[t] Ig—z —Ad(t), /\(Axioms)t.
By Lemma (2.), we get for any operator H
Ht] Ig—: -Ad(t) v /\(Axioms)t,
which is equivalent to
H[t] Ig—z Ad(t) — /\(Axioms)t.

Therefore, for any operator H, we obtain by an application of (b¥):
H lgg—jl Vx € Lo, (X)(Ad(z) — (Pair)*A(Union)* AN(Ag—Separation)*N(Ag—Collection)®).
O
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Finally, we embed the limit axiom. We state a preliminary Lemma that we will
use only twice in this thesis. We will use it to embed (Lim) into RS;(X) and in the
proof of the main Theorem This result is very natural, as it states that all the
Lq, (X) for n < w are admissible.

Lemma 5.18. For any natural number n we have
IF Ad(Lg,, (X)).

Proof. Let n < w. By Lemmal5.5(4.), we have I Lg, (X) = Lq, (X). We apply (Ad)
to obtain the result. O

Lemma 5.19 (Lim). Let H be any operator. Then

H Qw(;ﬂ Vo € Lo, (X)3y € Lo, (X)(Ad(y) ANz € y).

Proof. Let s be a term such that |s| < €. Then there is n < w such that |s| < §2,.
So let n:= min(m < w : |s| < ,). It follows that IF s € Lg, (X) by Lemma [5.55.).
On the other hand, by Lemma [5.18| we have

I Ad(Lg, (X)). (1)

We have the following derivation for any |s| < €,
N Ad(Lo, (X)) IFs € La,(X)
IF Ad(Lq, (X)) A s € Lo, (X)
IF 3y € Lo, (X)(Ad(y) A s € y)
IFVz € Lo, (X)3y € Lo, (X)(Ad(y) Nx € y)

Since #((Lim)‘toe (X)) = rkbas (X)) = (t2 = (D (y2 = O - w2 we finally obtain

that for any operator H
w?
H I—QWO (Lim)toe %),

]

We have successfully embedded all of the axioms of KPI into the RS;(X)-system.
It is now time to state and show the full embedding theorem.

Theorem 5.20. Let I'(ay,...,a,) be a finite set of formulas with all the free vari-
ables displayed such that KPI +T'(aq,...,a,). Then, there is some m < w such that
for any operator H and any terms sq,...,s, we have
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Qu-w™
Hst, ... sn) o D(st, ..oy 8p) e (0,

Proof. We proceed by induction on the KPI proof.

If D(ai,...,a,) is an axiom of KPI, then by one of the Lemmas [5.7] [5.8 [5.10]
[5.15] [5.17 and [5.19, we obtain the result.

Now, we assume that I'(ay, ..., a,) is obtained by a KPI rule (R). So, if A(ay, ..., a,)
is the premise, or one of the premises, of this inference, then KPI proves A(ay, ..., a,).
Therefore, by the induction hypothesis, we have

Q™
H[s1, ..., S0 Qw:')m A(sy,. .. ,sn)"“w(x).
for any operator H and any terms sq,...,s, of level below €2,. This is the way we
will reason for each case (cases correspond to KPI rules).
So, we fix an arbitrary operator H and arbitrary terms sy, ..., s, of level less than
,,. To simply notation, we will write @ = ay, ..., a, and §= s1,..., s, (even though

d is a vector of variables of KPl and §'is a vector of RS;(X)-terms). As a reminder,
when we write A(5)-2«X) we are meaning the formula A replacing free variables by
the terms in § and bounding all unrestricted quantifiers to L (X).

Case 1. We suppose that the last KPI rule applied is (A). This means that
I'(a) =T"(a), A(@) A B(a),
for some KPI formulas A and B. Therefore, we have
KPI +T"(@), A(a) (1)

and
KPI+T"(a@), B(d) (2)

We apply the induction hypothesis to (1) to find some my < w such that
HIS e 1()1 00, A ()0, (3)

We also apply the induction hypothesis to (2) to find some m; < w such that

A b (50, B(3) . (4)
We apply the RS;(X) rule (A) to (3) and (4) to obtain

| Q,-wmax(mo+my)+1
H ['§] [ Qu+max(mo,mi)+1

1"/<§’)|—Qw(X)7 A(g’)'—szw(x) A B(g)LSZw(X),
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which is exactly

| Qw‘wmax(m0+ml)+1

§] [ Q. +max(mo,mi)+1

] /()10 (A A B)(E) .

Case 2. We suppose that the last KPI rule applied is (V). This means that
I'(a) =T"(a), A(d@) Vv B(a),
for some KPI formulas A and B. Therefore, we have
KPI - T"(a), C(q) (5)
where C' € {A, B}. By the induction hypothesis, we can find some m < w such that
HIF Fer () e ), O(3) 10 (9,

We apply the RS;(X) rule (V) to obtain

Q™

HEs i (3109, 4(8)4- 00 v B(g)beuc),
which is exactly
HS b T(8) 00, (A V B)(5) 000
Case 3. We suppose that the last KPI rule applied is (b¥). This means that
I'(d) =T1"(d@),Vr € a; A(zx,q)

for some KPI-formula A and some free variable a; with ¢ € {1,...,n}. Therefore, we
have
KPI+-T1"(@),b € a; — A(b, @)

where b # a; for all j € {1,...,n}. By the induction hypothesis we can find some
m < w such that

Hr, 5] Foo 1(3) 0 )y € 55— A(r, §)0 ), (6)

for all term r with |r| < |s;|. We would like to apply (b¥) to end this case. Nonethe-
less, we need to have rés — A(r, 5)-2«(X) instead of r € s — A(r,5)"2«X) in the
premise to be able to do this. We split subcases based on the form of s;.

Subcase 3.1. We assume that s; = u. Then, we have

reu— Alr, 5 = rég — A(r, §)tow 0,
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We apply the RS;(X)-rule (bY) to (6) to obtain

,wm+1 .
M3 Pl 1Y(5) 0 () W € 55 A, §)50 ),

which is the same as

,wm+1
HIS 2o T/(3) ), (Vo € s; A, 5))-0 ),
Subcase 3.2. We assume that s; = L,(X). We apply Lemma to (6) to get

Hlr 3 Far (@), s Al )1, ")

On the other hand, we have |r| < |s;|. Therefore, we can use Lemma [5.5[5.) to get

rk(res)
Hlr, 8] lwkTeresi

and so, by Lemma we can add more formulas and increase the bounds of the
derivation to have

Hlr & B T() 00, r € s, A, ). ®)

Now, using (Cut) on (7) and (8) gives

Hlr, 8] i D)0, Afr, 5100,
By Definition [4.4] this can be written as

Hlr, 8 P2 /(80009 s, — A(r, 8) 0,

Finally, we apply (bV) and artificially increase the cut complexity bound to obtain
H[3] % I'(5)9®) v € 55 Az, §)Eoe ),

Subcase 3.3. We assume that s; = [x € L,(X)]. We apply Lemma to (6) to get

Hlr 8] s T(9) 0 ¢ s, Alr, )00,

Using Lemma [4.15, we obtain
Hir, 8 [ 1(5) ) 1 ¢ s, Ar, )00 = B(r). (9)
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On the other hand, by Lemma [5.4] we have
- =B(r), B(r). (10)

and by Lemma [5.5(4.) we have
IFr=r. (11)
Since |r| < |s;|, we have the following derivation
A) IF=B(r),B(r) r=r
IF=B(r),B(r)Ar=r
(©) Ik =B(r),r

€ S;
Using Lemma [£.15 we get
Hir, 8 o 1(8) -2, < B(r), r € 53, A(r, 5)-0 ), (12)
Applying (Cut) to (9) and (12) yields
Quo-w™+1

Hlr 55 T, ~B(), A(r,3) -,

We have the following derivation

v Hr, 8 22 pr()tan (0 S B(r), Afr, §)tos ()
V
7—[ r, 3 Qu-wm+2 1—\/ 5 LQ“’(X),_|B r \/A T, 8 LQw(X),A r, 5 Lo, (X)
v) o
H 7"75 Qu-w™m™+3 1—\/ S LQW(X)’_\B r \/A 71,3 LQ“"(X),_'B r \/A 71,8 LQW(X)
— Qu+m
gy M APEEE D@00, B0) - 4G, -0
7‘[[7‘,§] 96;—::5 F/(E)LQ“(X),VT € s A(T, g’)LQW(X)

We use Lemma [4.15] to obtain the final bounds:

,wm+5
H[r,§] % F/(g)Lnu(X)’vr € s; A(T, g‘)Lg)w(X).

Case 4. We suppose that the last KPI rule applied is (V). This means that

I'(a) =T1"(a),VrA(z,qd)
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for some KPI formula A. Therefore,
KPI+T"(d), A(e, d),

with ¢ # a; for all i € {1,...,n}. By the induction hypothesis, we can find some
m < w such that

Hir, 5] Ig:%z I'(5), A(r, 5)-2« ) for all terms 7 with |r| < Q.

We apply the RS;(X) rule (bV) to get

HI3 [ T (3), Ve € Lo, (X) Az, ),
Using Lemma gives the desired bounds, as we obtain

w.wm+1

wF+m—+1

13 K I'(5),Vz € Lo, (X) Az, §)-2 ),
Case 5. We suppose that the last KPI rule applied is (b3). This means that
I'(@) =T'(@),3z € a;A(zx,d)

for some KPI formula A and some free variable a;, with ¢ € {1,...,n}. Therefore,

we have
KPI+T7(@)-2X) ¢ € a; A A(c, @)

for some free variable c¢. This case is done by splitting two subcases based on whether
¢ is a; for some j € {1,...,n} or not. We divide subcases based on the form of s;.
We refer the reader interested in the details to [5], Theorem 4.10. (case 3 of the
proof, page 36).

Case 6. We suppose that the last KPI rule applied is (3). This means that
I'(a) =T"(a),3rA(x, @).
for some KPI formula A. Therefore,
KPI+T"(a@), A(c, @). (13)

We distinguish two cases depending on whether ¢ = a; for some ¢ € {1,...,n} or
not.
We suppose that ¢ = a; with @ € {1,...,n}. Then, the derivation (13) is

KPI + (@), A(a;, @).
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By the induction hypothesis, we can find some m < w such that

Qu-w™ o
HIE b TY(3), Alsi, 3) 9.

Since |s;| < €, we use the RS;(X) rule (b3) to get

I o T(3), 3w A(e, )=,

Finally, by means of Lemma |4.15 we are able to obtain the desired ordinal bounds,
as follows o

H[S] tommt 1(5), FA(x, §)-0 ),
We suppose now that ¢ # a; for any ¢ € {1,...,n}. Since in the translation of KPI
formulas to RS;(X)-formulas, free variables become terms in, we can assign to ¢ any
term we want with level below €, and so we choose @ while applying the induction
hypothesis, that produces an m < w such that

HIs b (), A@, &) 0.
Here, we apply the RS;(X) rule (3) to obtain
HIF P2 1(5), 3o € Lo, (X)A(x, 5)80w ),
Finally, by means of Lemma [4.15] we obtain the desired ordinal bounds, as follows
M oo T'(8), 3o € Lo, (X) Az, §)-2 ),
Case 7. We suppose that the last KPI rule applied is (Cut). This means that there is

some KPI formula A(@, by, ..., bx), where by, ..., by are all the free variables occuring
in A different from the free variables in @, such that

KPI - T(d), A@, by, . .., by) and KPI - T'(@), =A@, by, . ..., by).

Since the level of 0 is below €, we can choose () as the term replacing b; in the
RS;(X)-formula A-2«(X) for all j € {1,...,k}, and so by the induction hypothesis
we can find mg, m; < €, such that

M3 Pl T (5) e (), A(5,D, ..., B) ), (14)
and
HIE fo o D)), 2AG D, D)), (15)

We apply the RS;(X) rule (Cut) to and and obtain
| lewmax(mo,ml)‘Fl
§] | Qu+max(mo,m1)

H| I'(5)toe (),
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6 The provably total set-recursive functions of KPI

We are now ready to prove the main theorem of this thesis. We will give a bound
for f(x), where f is a set-recursive function such that KPI proves that f is total and
uniformly Y-definable in every admissible set, and z is any set. This bound will be

N

G, (x), defined as follows. This definition depends on a fixed set X, following Reading
Convention [3.28] This means that the cardinals €2,, for n < w and the functions ¥,
for n < w are also fixed and depend on X.

Definition 6.1. We define the ordinal e,, by recursion on n as follows:
® Cop = Qw + 17
® e, =w™m.

Now, we define for each n < w the set Gp(z) = Lyg(ensa)(X).

Lemma 6.2. For every natural number n we have

en € B0(6n+1).

Proof. We proceed by induction on n.

For n = 0, we have eg = Q,+1 € By(ey) since, by definition, we have 1,€),, € By(ey).
We suppose that e,, € By(e,11). We show that e,1 € By(enia).

We have e, 1 = w® = ¢0e,. By the induction hypothesis,

en € Bo(ent1) € Bo(ent2).

It follows that 0,e, € By(e,12), and therefore

ent1 = p0e, € By(enia).

We finally state and show our main theorem.

Theorem 6.3 (Main Theorem). Let f be a set-recursive function such that KPI
proves that f is total and uniformly ¥-definable in any admissible set. Then, there
is some n < w such that

~

V EVz(f(x) € Gp(x)).
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Proof. Let A(-,-) be the ¥ formula that defines f in any admissible set. In par-
ticular, KPI proves that f is total and As(x, f(x)) is satisfied in Lq,(x) for any =.
Therefore, we have that KPI - Ad(u) — [Vo € uldly € u A¢(z,y)"].

Now, fix a set X and let 6 be the set-theoretic rank of X, as in Reading Convention
3.28. By Theorem [5.20, we have

Ho P Ad(Lay (X)) — Var € Loy(X) 3y € Lay(X)Ag(z, y) =),
which is exactly

Ho Foo ~ Ad(Lay (X)) V ¥ € Loy (X)3ly € Loy (X) Ay, )20,
Therefore, by Lemma |4.18 we obtain

Ho 2 Ad(Ly (X)), V2 € Loy (X)3ly € Loy (X)Ap(z, )"0, (1)
On the other hand, we have by Lemma and Lemma

Ho F Ad(Lay (X)), Var € Loy (X)3y € Loy (X) As(, y) 0. 2)
We apply (Cut) to (1) and (2) to obtain
Mol Ve € Loy (X)3y € Loy (X) Ap(z, )0,

We notice that rk(Ad(Lg,(X))) = Q¢ + 5 and so the complexity of the cuts has not
been increased. We now apply Lemma m (Inversion) two times. First, since

ANy € Loy (X)AF(X,y)"™) € C(Vx € Loy (X)3y € Loy (X)Ap(z, y)-20X),

we get
Qu-w™
Ho For 3 € Loy (X)Ap(X, )20,

44‘77

acts like a conjunction, we finally obtain

Ho Fooe Jy € Loy (X) A (X, )t ), (3)

We are now going to eliminate cuts from the derivation (3). By Theorem m
(Predicative Cut Elimination), we have

Ho for Ty € Loy (X)Ap(X, y) 20,

Now, since the symbol
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By the Collapsing Theorem [4.24] we get

Yo(em+2)
He s IT(%;) Fy € Loy, (X) A (X, y)-20X),

Again by Theorem [4.20] (Predicative Cut Elimination), we have

Heroa |5 Ty € Loy (X)A(X, y) 20,
where o = @(¢o(€ms2))(Yo(em2)). By the Boundedness Lemma we get

Hepn o 3y € La(X) Ap (X, y)- ),
It follows that

Lo(X) F 3yAr(X,y).
Indeed, we prove a more general result.
Claim 6.3.1. Given a X5 _formula AYX) if H, I% ASX) then Ls(X) E A.
Fix §. We prove Claim by induction on 8. If A% is an axiom, then

A% is a basic formula. We suppose that this formula is @ € . This means that
u,v € TC({X}) satisfy u € v. But TC({X}) C Ls(X). It follows that Ls(X) E A.
We assume that A-(X) has been derived using a rule (R) different from (Cut)

and (Ref,). Then, we have H,[ta(B)] IBTB B“X) for some/any premise B-(X) ¢
C(A%™X)). But all those premises are also ¥-(X)-formulas. By the induction hy-
pothesis, Ls(X) F B for some/any B. Finally, apply the same rule (R) but in KPI
to obtain Ls(X) F A.

Hence, using Claim [6.3.1, we get Lo(X) F 3y Af(X,y). This means that f(z) €
L, (X). Finally, Lo(X) C G43(X). By Lemma , we have

emt2 € Bo(emys).
It follows that ¥g(ema2) < Yo(€mas). Thus,

a = (Yo(emi2))(WYo(emi2)) < Yol€mys)-

Hence, X
La(X) € Lyg(ens)(X) = Gmis(X).

94



References

1]
2]

3]

[10]

[11]
[12]

[13]

[14]

J. Barwise. Admissible sets and structures. Springer, 1975.

W. Buchholz. A new system of proof-theoretic ordinal functions. In Annals of
Pure and Applied Logic volume 32, pages 195-207, 1986.

W. Buchholz and S. Wainer. Provably computable functions and the fast growing
hierarchy. In Logic and Combinatorics, Contemporary Mathematics 65, pages
179-198. American Mathematical Society, Providence, 1986.

W. Buchholz. A simplified version of local predicativity. In Aczel P, Simmons H,
Wainer SS (eds.), Proof Theory: A Selection of Papers from the Leeds Proof
Theory Programme 1990. Cambridge University Press; 1993:115-148.

J. Cook, M. Rathjen. Classifying the provably total set functions of KP and
KP(P). University of Leeds, 2016.

G. Gentzen. Die Widerspruchsfreiheit der reinen Zahlentheorie. In Mathematis-
che Annalen 112. 1936.

G. Jager. Zur Beweistheorie der Kripke-Platek-Mengenlehre diber den
natirlichen Zahlen. In Arch math Logik 22, pages 121-139. 1980.

T. Jech. Set Theory. The Third Millennium Edition, revised and expanded.
Springer, 2003.

G. Kreisel. On the interpretation of non-finitist proofs I. In Journal of Symbolic
Logic 16, 1951.

G. Kreisel. On the interpretation of non-finitist proofs 1. In Journal of Symbolic
Logic 17, 1952.

K. Kunen. Set Theory. An Introduction to Independence Proofs.

W. Pohlers. Subsystems of Set Theory and Second Order Number Theory. In
Samuel R. Buss (ed.), Handbook of proof theory, pages 137-209. Elsevier, 1998.

W. Pohlers. Proof Theory: The First Step into Impredicativity (Universitext).
Springer, 2009.

M. Rathjen. The Realm of Ordinal Analysis. In S.B. Cooper and J.K. Truss
(eds.), Sets and Proofs, pages 219-279. Cambridge University Press, 1999.

95



[15] M. Rathjen. The Art of Ordinal Analysis. In M. Sanz-Solé, J. Soria, J.L. Varona
and J. Verdera (eds.), Proceedings of the International Congress of Mathemati-
cians Madrid, August 22-30, 2006, Volume II. European Mathematical Society,
2007.

[16] G.E. Sacks. Higher Recursion Theory. Springer, 1990.
[17] K. Schiitte. Proof Theory. Springer, 1977.

[18] G. Takeuti. Consistency proofs of subsystems of classical analysis. In Annals of
Mathematics, Vol 86 No. 2, pages 299-348. Princeton University, 1967.

[19] A. Weiermann. How to characterize provably total functions by local predicativ-
ity. In Journal of Symbolic Logic 61, 1996.

96



Index of Symbols

By(), 24 Ik, 62
Lo(X), 14 s, 62
T(0), 30 \/-type and A-type, 33
7, 62 €, 34
C(A), 34 Ga(X), 92
H, 41 rk(-), 35
HIET, 46 o), 18
HIET, 42 Un(), 25
Hs, 55 9, 14

Q,, 14 €n, 92
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