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The entanglement entropy (EE) and mutual information (MI) of spatial regions in general confor-
mal field theories contain universal information which can be used to characterize the corresponding
theory. In this study, we perform lattice calculations of these quantities for free scalars and fermions
in three spacetime dimensions, which allows us to probe some of these features. In particular, we
verify the expected long- and short-distance behaviour of MI in each model, determining the rele-
vant universal coefficients. Based on our results, we conjecture that the leading coefficient in the
long-distance expansion of the MI is maximized when the regions are round disks. Additionally, we
use the EE of regions with geometric singularities to compute the two-point function stress-tensor
coefficient, Cr, for a free scalar, obtaining an agreement of ~ 97% with respect to the exact value.

I. INTRODUCTION

The building blocks of a quantum field theory (QFT)
are: 1) a Hilbert space of states which carries a unitary
representation of the (covering of the) Poincaré group B
and, among those, a unique state |€2) (the vacuum) which
is invariant under all unitary transformations U(g), g €
PB; ii) a set of operators obtained from the smearing of
quantum fields ®(z) over spacetime regions in Minkowski
space. Wightman reconstruction theorem asserts that
correlation functions, i.e. vacuum expectation values of
products of quantum fields, uniquely determines a QFT
[1]. Thereby, quantum fields and Hilbert spaces can be
reconstructed from the statistics of vacuum fluctuations:

{¢(z), 1} < (Qd(x1) ..., o)) (1)

Alternatively, QFT can be interpreted in terms of (“type
II1”) von Neumann algebras [2]. Roughly, a von Neu-
mann algebra is a set of operators closed under linear
combinations, products and taking adjoints, and such
that it coincides with its double commutant. Within this
description, the fundamental objects are algebras of local
observables associated to spacetime regions rather than
fields operators acting on points. The relations between
such algebras characterize the QFT.

In order to make this precise, we would like to assign
numerical values to the algebras. These would corre-
spond to statistical measures of the algebras in the vac-
uum state, similarly to (1). An obvious candidate for
doing this is the so-called entanglement entropy (EE)
which, for quantum mechanical systems, assigns num-
bers to the density matrix induced by the vacuum state
on a given algebra of operators associated to a subsys-
tem —see below. In the QFT context, the EE associated
to a subregion algebra suffers from ultraviolet (UV) di-
vergences associated to short-range correlations accross
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the region boundary. In order to avoid this issue, we can
either introduce a UV regulator and extract the “univer-
sal” pieces contained in the EE, which are well-defined in
the continuum, or consider alternative well-defined quan-
tities, such as the mutual information (MI). This is de-
fined in terms of the EE of two regions A and B as:

I,(A, B) = S(A) + S(B) — S(AUB).. 2)

The aforementioned UV divergences always cancel up in
this expression. The MI allows for the study of the re-
lations between algebras. Analogously to the Wightman
reconstruction theorem, the algebraic description leads to
the natural question of whether the MI contains enough
information to uniquely characterize a given QFT:

{A(A),H} & I,(A, B) (3)

In this work, we will provide numerical evidence support-
ing the idea that MI can serve as a tool for uniquely de-
termining the structure of a QFT, focusing on conformal
field theories (CFTs). We will also explore the universal
content of EE and MI in various situations and present
a new conjecture regarding the shape dependence of MI.

The remainder of the TFG is as follows. In Section
IT we briefly introduce CFTs and some of their defining
building blocks and properties. In Section III, we define
the EE and comment on its general structure for general
CFTs, with special emphasis in its universal features.
In Section IV, we review the long-distance expansion be-
haviour of MI and how this can be used to systematically
obtain the CFT data of a given theory. In Section V we
present our lattice results.

II. CONFORMAL FIELD THEORY

Conformal field theory (CFT) is a theoretical frame-
work that describes physical systems with invariance un-
der conformal transformations: coordinate transforma-
tions that preserve angles locally, but not necessarily dis-
tances. Conformal transformations form a group which
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is an extension of Poincaré’s. Any CFT is described by
the spectrum of the local primary operators and the op-
erator product expansion (OPE) coefficients. The set of
operators and OPE coefficients is called “CFT data”.

A primary field operator is an operator O with the
lowest scaling dimension A in a given representation of
the conformal algebra. Its dimension describes how it
transforms under scale transformations. For Lorentz in-
variant theories, if the operator has intrinsic spin it will
become in irreducible representation of the SO(d) group.
All other operators in a representation are called descen-
dants, since they can be obtained from the primaries by
acting with spatial derivatives. For the free scalar and
the free Dirac fermion fields in d spacetime dimensions,
the lowest conformal dimensions read:

—[@d-1/2. (4

Conformal symmetry strongly constraints the form of
correlation functions. For instance, the two-point func-
tion of two primary operators vanishes if their conformal
dimensions are different, and it is given by [3]:

Ascalar _ (d o 2)/2 , Afermion

<amx%@»=hjzwy (5)

if A; = A; = A. The OPE allows us to compute any n-
point function by recursively reducing it to (n—1), (n—2),

and finally to a 2pt-function. The OPE replaces a
product of two local operators by a convergent series of
operators inserted at the mid-point in the limit where the
operators become close to each other:

0i(2)0;(y) = Y Chi(z = y)Ox(y), (6)
k

where C’Z(m — y) are the “OPE coefficients”. The sum
is done over the primary operators, and it would be an
exact equal if we added the small contribution of the
descendants. In essence, the OPE allows the calculation
of all the correlators of the theory.

The stress tensor 7, plays an important operator in
a CFT. Its existence is a natural extra assumption which
ensures that the theory is local. The stress tensor must
be conserved, 0,7 = 0, and it has to be traceless,
T} = 0, which ensures that the theory does not possess a
preferred scale. For any CFT, the stress tensor vacuum
2pt-function in flat space is given by [4]:

<%AMRA®%=ﬁ;me@% )

where Z,,,, 5, is a dimensionless tensor structure fixed by
symmetry (and hence, theory-independent). The charge
Cr is a theory-dependent and universal quantity. Com-
puting Cr for all kinds of CFTs has been a major tar-
get of the community for decades. For the free scalar
and the free fermion, one finds [4] Or|scalar = 3/(3272),
C7fermion = 3/(1672), respectively.
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III. ENTANGLEMENT ENTROPY IN CFT

A global state |¥) describing a quantum system con-
sisting of two subsystems A and B is called separable
if it can be written as a tensor product of pure states
|T) = |V 4) ®|Vp). Otherwise, it is called “entangled”.

A natural measure of entanglement of two subsystems
is given by the von Neumann entropy of the reduced den-
sity matrix p4 = trpp, obtained by tracing over B,

SAE—tI'A(pAIngA). (8)

This entanglement entropy is always positive and van-
ishes for a global separable state. It remains finite in a
finite-dimensional quantum system, but it suffers from
UV divergences in QFT due to the short rang interac-
tion near the boundary A of the subsystem A. For a
d-dimensional CFT, the leading term in EE is always [5]:

Area(0A)

where € is a UV cutoff and ¢ is a non-universal quantity
(ill-defined in the continuum). This is valid in any state
and it is sometimes called the area law of EE. Obviously,
the continuum limit € — 0 is divergent.

The EE contains universal terms which capture well-
defined information about the theory. In even dimen-
sions, the universal contributions consist of a logarith-
mic term which captures UV physics. In odd dimensions,
the universal contribution is a constant term which, on
the other hand, captures IR effects. This constant term
depend on the theory and the shape of the entangling
region. For d = 3 CFTs, one finds:

SEE (A) = Cp

. perimeter(0A) P

SEE(A) = ¢ (4)+0(), (10

€
where F'(A) is a universal quantity that characterizes the
theory. The value of F'(A) is minimized when A is a disk
[6], F(OA = S') = Fy, and in that case it matches the
Euclidean free energy on the sphere [7]. Consequently, Fy
provides a canonical normalization for F'(A). For the free
scalar field and the free fermion, one finds F{j ~ 0.0638
and F ~0.1095 [8], respectively.

When regions have geometric singularities, like ¢ cor-
ners with opening angles 6; € (0,7), a new logarithmic
universal contribution appears in the EE [9]:

FM)——}ZM%M%(?>7

%

(11)

with R some characteristic length of A. The coefficient
a(f) is a cutoff-independent function. It is positive and
satisfies a(27—0) = a(6). In the limits of a nearly smooth
surface and a sharp corner, it behaves as a(§ — ) ~
o(m — 0)? and a(@ — 0) ~ k/0. The nearly smooth
coeflicient is actually proportional to the central charge
of the stress tensor through the general relation [10]:

o/Cr =n%/24. (12)
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IV. MUTUAL INFORMATION

Divergent terms of EE are always local and extensive
along the boundary. Linear combinations of entropy for
different regions can be taken to make each boundary
contribution appear with a vanishing coefficient. The
natural quantity with this property is MI and has the ex-
pression (2). The MI is a positive semidefinite quantity.
For a given state, it is a measure of correlations (both
classical and quantum mechanical) between the two al-
gebras. For general theories, it satisfies the bound [11]:

1 ({0405) — (04)(O5)
BB 2 5 0,05 P

(13)

where Oy, is any operator with support in A;. For
CFTs, using the 2pt-function expression (5), it becomes:
I(A,B) > a/|xa — zp|*®, where a is a proportional
constant and A is the lowest conformal dimension of the
model. Cardy showed that this inequality is in fact sat-
urated [12]. Using the OPE, the MI can be written as a
long-distance expansion where the leading term reads

2A P2A
RA RB

IQ(A7 B) = C(d,A) LAA

+ ... (14)
where R4 and Rp are characteristic sizes of the regions,
L > R4, Rp is the separation between them and ¢(d, A)
is a universal coefficient which depends on their shape.
For arbitrary boosted spherical regions A and B, the co-
efficient ¢(d, A) can be identified exactly for general the-
ories and dimensions. In the case in which the lowest-
dimensional operator is a scalar, it reads

o(d,A) = YILCAED (15)
4 T(2A+3)

Generalizations for arbitrary spins are also known [13,
14]. Hence, if we are given the mutual information of a
pair of distant spherical regions for an unknown theory,
we can determine both the conformal dimension and the
spin of the leading primary. From subleading orders in
the expansion and with generalizations of the MI to more
subregions one can reconstruct further information about
the CFT, such as subleading scaling dimensions and OPE
coefficients —presumably, the full CFT data [15-17].

V. LATTICE CALCULATIONS

In this section, we perform lattice calculations of MI
and EE for free scalars and fermions in 3 spacetime di-
mensions. Our lattice setup consists of a two-dimensional
set of regularly spaced points with total size 200. We con-
sider different regions (for various purposes) in the lat-
tice: equilateral triangles, right triangles, squares, regu-
lar pentagons, regular hexagons, regular heptagons, reg-
ular octagons and circles.

For the free scalar, fields satisfy canonical commuta-
tion relations [¢;, ;] = id;; and [¢;, ¢;] = [m;, 7] = 0,
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FIG. 1: For two squares in the lattice, the MI is computed
as a function of the ratio x both for a free scalar (red) and a
free fermion (blue). L is the length of the side of the squares,
and L is the distance from one centre to the other. All MI
values are normalized by its respective Fyp. The theoretical
behaviours for short and long distances are plotted as dashed
lines and are found in good agreement with our results.

where i refers to a particular lattice point. Setting the
lattice spacing to one, the Hamiltonian is given by:

1

H=3 D Imd A (bigry—big)’ +(birr—ig)?] . (16)
0,J

In an arbitrary region A, the vacuum EE can be com-

puted using the correlators X = (¢,¢,) and P = (m;7;),

with C' =V XP as [9]:

S(A) = tr[(C + 1/2) log(C + 1/2)
—(C —1/2) log(C — 1/2)]. (17)

The vacuum correlators appear e.g., in [9].
The free fermion satisfies canonical anticommutation
relations {1, 1/}}} = d,j, and their Hamiltonian is:

H= _% Z [(wiz,n'yo'yl(z/’m-i-l,n - wm,n)"’

+1/)1Tn.,n'7072(wm,n+1 - wm,n)) - h'C'] , (18)

The EE in an arbitrary region A can be computed from
the correlator D = <’(/}Z"(/J;> as:

S(A) = —tr[Dlog D + (1 — D)log(1 — D)]. (19)

In each case, the MI can be evaluated as a function
of the ratio « = L/R, where L is the distance between
regions and R is the characteristic size of the regions.
Given a particular configuration keeping = fixed, MI is
computed for increasingly greater values of R and L as
MI asymptotically tends to a constant value as R, L. — oo
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in the continuum limit. We perform fits with the data
calculated using functions {1,1/z,1/2%, ...} and extract
the continuum result in each case.

A. MI versus ratio for 2 squares

The MI for two regions with parallel sides at arbitrary
separations [17] behaves as follows. For short distances
for both free scalar and fermion fields we have:

Iy(x)/Fo = 5/ Fo (1/x) + ..., (20)

where & is the universal sharp corner coefficient of a(6).
For long distances, we have in turn:

Lz)/F§ = a3/F5 (1/2*) + ..., (21)
Lz)/Ff =l /Ff (1/a*) + ..., (22)

where we used the general result in (14). All results are
normalized by the respective Fj in order to compare both
fields. In a doubly logarithmic scale, we should have lin-
ear behaviours with -1 slopes for short distances for both
fields, and -2 and -4 slopes for long distances for the free
scalar and fermion respectively. The lines should inter-
cept the Y axis at a value log(x/Fp) for short distances
and log(aa/Fp) for long distances. The constants £ and
as have been previously obtained numerically [9, 16]:

k° ~0.0397, rf~0.0722, (23)
of ~0.124, of ~0.108. (24)

Carrying out the aforementioned procedure, we display
our lattice results in Fig.1 for two square regions and
arbitrary separations.

As shown in the figure, our numerics fit the theoretical
behaviours nicely. We observe that the MI for the scalar
is above the fermion one for general separations. This
supports the conjecture proposed in [18], which states
that for any three-dimensional CF'T, the universal coeffi-
cient in the entanglement entropy of an arbitrary region
A normalized by the disk result is bounded above by the
free scalar result:

F) _ P
Fy, — F,

vV CFT. (25)

free scalar

B. MI as a function of shape

In this subsection, focusing on the free scalar, we
present results for different region shapes. We define now
the long-distance coefficient as:

__ perimeter - perimeter
IQ({,C) = Q2 72 + ... (26)

namely, we use the perimeter of each figure as our charac-
teristic scale. Figure 2 shows coefficient ay for identical
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FIG. 2: For pairs of regular polygons in the lattice, the coef-
ficient as is plotted as a function of the number of sides. We
consider equilateral triangles, squares, pentagons, hexagons,
heptagons, octagons, and disks. The horizontal dashed line
shows the limiting case of round disks, for which &3 (disks) ~
0.00851.
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FIG. 3: Lattice values of a(f) for different angles of 6 (red
dots) and exact theoretical function a(6) (blue line) for a free
scalar. Each value represented is found by computing the
EE of a particular region for different sizes and making fits
using functions {1,z,log(z)}. The constant accompanying
the log term is precisely >, a(6;). a(n/2) is found from 1/4
the EE of a square. a(w/3) and a(27/3) are found analogously
for the equilateral triangle and the regular hexagon dividing
by 3 and 6 respectively. a(m/4) is found from the EE of a
right triangle with two 7/4 angles by subtracting a(7/2) off
the total contribution and diving by 2 the result. a(7/6) is
found by computing a right triangle of angles 7/3 and 7/6
and subtracting a(w/2) and a(7/3) off the total contribution.

pairs of regions at long distances. The values we find are:
as = 0.00490,0.00656,0.00701, 0.00747,0.00768, 0.00782
for regular polygons of n = 3,4,5,6,7,8 sides, respec-
tively. The value of as grows as the number of sides
increases, and it tends to the theoretical value corre-
sponding to two identical disks. It is natural to speculate
that this may be a general feature extending beyond free
fields, similar to the global maximization of the EE for
round disks occurring for general CFTs [6].

C. EE singularities

In this subsection, we perform lattice calculations of
EE for singular regions, again for the free scalar. We
compute several values of a(f). These are extracted from
the EE of various geometric regions, as explained in the
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caption of Fig. 3. Our lattice data fits excellently the the-
oretical function [9]. Now, as shown in [19], it is possible
to find accurate approximations of a(6) by considering a
linear combination of the form

(0 —m)?

o) =M o5 =g

+ A2[1+ (7 — 6) cot 6], (27)

which has the correct functional behaviour in the sharp
and almost-smooth limits of the corner. Using the theo-
retical value of k shown in (23) and doing a fit of our data
using the above trial function, we fit the values of Aj o
for the free scalar, and obtain a numerical value of the
almost-smooth limit coefficient: ¢ = 0.00377. Finally,
using the relation between this and the stress-tensor two-
point function, we are able to extract the value of Cp for
the free scalar from our lattice calculations. We find:

C%z}ttice =0.00917, C%heoretical ~ 0.00950, (28)

which is in excellent agreement with the exact result.

VI. CONCLUSIONS

In this TFG we have performed various lattice calcu-
lations for free fields, with which we have probed sev-

eral general features of EE and MI. We have verified the
expected general behaviour of MI as a function of the
regions separation and observed a consistent hierarchy
of the scalar MI over the fermion one. We have also
tested the dependence of MI on the region shape, ob-
taining a monotonically increasing result for the leading
long-distance coefficient as a function of the number of
sides of the region. As this tends to infinity, the value
is maximized and agrees with the disks one. Finally, we
have computed EE for singular regions, obtaining various
data points for the corner function a(#) for a free scalar.
We found excellent agreement with the known results,
and we were able to obtain the value of Cr with an ac-
curacy of ~ 97%. Overall, the lattice has proven to be
an excellent tool for computing MI and EE. This expe-
rience opens the door to many additional studies, which
we hope to explore in the future.
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