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Abstract. We study the norm of point evaluation at the origin in the Paley—
Wiener space PWP for 0 < p < oo, i.e., we search for the smallest positive
constant C, called %), such that the inequality [f(0)]” < C||f|l; holds for every f
in PWP. We present evidence and prove several results supporting the following
monotonicity conjecture: The function p — %), /p is strictly decreasing on the
half-line (0, c0). Our main result implies that 4, < p/2 for 2 < p < oo, and
we verify numerically that 4, > p/2 for 1 < p < 2. We also estimate the
asymptotic behavior of 4, as p — oo and as p — 0*. Our approach is based
on expressing %, as the solution of an extremal problem. Extremal functions
exist for all 0 < p < oo; they are real entire functions with only real zeros,
and the extremal functions are known to be unique for 1 < p < oco. Following
work of Héormander and Bernhardsson, we rely on certain orthogonality relations
associated with the zeros of extremal functions, along with certain integral formulas
representing respectively extremal functions and general functions at the origin.
We also use precise numerical estimates for the largest eigenvalue of the Landau—
Pollak—Slepian operator of time—frequency concentration. A number of qualitative
and quantitative results on the distribution of the zeros of extremal functions are
established. In the range 1 < p < oo, the orthogonality relations associated with
the zeros of the extremal function are linked to a de Branges space. We state a
number of conjectures and further open problems pertaining to %), and the extremal
functions.

Contents
1 Introduction 596
2 Prologue: The power trick and its extension to positive powers 602
3 Preliminaries 606
4 Geometric properties of the zero sets of extremal functions 615

S Numerical bounds on the separation of zeros of extremal func-
tions 625

595

JOURNAL D’ANALYSE MATHEMATIQUE, Vol. 153 (2024)
DOI 10.1007/s11854-024-0338-z



596 O.F. BREVIG, A. CHIRRE, J. ORTEGA-CERDA AND K. SEIP

6 An upper bound for 4, when?2 <p < 4 634
7 Asymptotics for ¢, 642
8 Epilogue: Duality and orthogonality revisited 654
9 Conjectures and further open problems 661
References 669

1 Introduction

This paper studies the following problem on time—frequency localization: What
is the smallest positive constant C, to be called %), in what follows, such that the
inequality

(1.1) FOIF < CIIfly

holds for every f in the Paley—Wiener space PW? with 0 < p < co? Here PW? is
the subspace of L”(R) consisting of entire functions of exponential type at most z,
and ||| denotes the L integral of f. By the translation invariance of PW?, we may
replace |f(0)| by |f(x)| for any real number x in (1.1) without affecting the value
of 4,. Consequently, the constant ‘5;,'/ 7 also represents the norm of the embedding
of PW? into PW*®.

We observe that %, = 1 from the reproducing kernel formula

(1.2) f0) = /_OO f(x) sinc wx dx,

valid for all f in PW?, by use of the Cauchy—Schwarz inequality. In (1.2) and in
what follows, we employ the notation

. sin x
sincx := —.
X
There seem to be few nontrivial results for p # 2, with a notable exception for the
case p = 1 which has been studied by several authors (see, e.g., [2, 5, 9]) owing
largely to its relevance for problems in analytic number theory. The best numerical

estimates in this case,
(1.3) 0.5409288219 < %1 < 0.5409288220,

were found by Hormander and Bernhardsson [13], whose interest in 47 was moti-
vated by its appearance in a Bohr-type estimate for the Cauchy—Riemann operator
in R,
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We will present evidence and prove several results supporting what we will
refer to as the monotonicity conjecture, namely that p — %,/p is a strictly
decreasing function on the half-line (0, co). Our first result to that effect reads as
follows.

Theorem 1.1. If2 < p < 4, then

o dxtp—2
fgpgg(l—z(p—z)/] (sinc zx)? 1P d).

———dx
2x+p —2)?
We have not been able to find a similar explicit bound for %, in the range
1 < p < 2. We will however offer some numerical evidence for the monotonicity
conjecture also here. To this end, let B denote the beta function and set
) . e ﬁ

. 2 T 52
0 50 =g L2

The normalization factor is chosen so that f,(0) = 1. The lower bound in (1.3) is
obtained by a small perturbation of

3sinwz — 3mzcosnz

(1.5) A@ = P

while f>(z) = sinczz is the extremal function for p = 2. In general, f, can be
expressed as a confluent hypergeometric function or in terms of Bessel functions
of the first kind.

Figure 1 exhibits numerical evidence for the monotonicity conjecture in the
range 1 < p < 4, obtained using the integrate and special.hyp0f1 packages
from SciPy. At p = 1, the lower bound arising from (1.5) differs from Hérmander
and Bernhardsson’s bounds only in the fourth decimal place. We believe that the
blue curve in Figure 1 in essence represents the true value of 4, for 1 < p < 4.
In Section 9.4, we will present further evidence for this claim in the case p = 4.
However, as we will see below, the case p = 1 is particularly favorable, and it
seems hard to get numerical bounds of similarly high precision for p > 1.

By the power trick (see Lemma 2.1 below), which implies that 65, < 2%,
Theorem 1.1 and these numerics yield bounds for %, in the wholerange 0 < p < oo.
In particular, we find that 4, < p/2 for all p > 2. This is an improvement on
the best previously known estimate 6, < [p/2] for all p > 2, which follows from
% = 1 and the power trick (see e.g. [10, 14, 15]). We may also obtain a uniform
bound

¢ <p/2—Ap—2)

for 2 < p < oo by an elaboration of the method used to prove Theorem 1.1. Of
greater interest, however, is the asymptotic behavior of ¢, as p — oo and p — 0%,
respectively. In the former case, we obtain the following precise result.
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Figure 1. Plot of the lower bound for ), obtained numerically by testing with the
function f, from (1.4) for 1 < p < 4 and the upper bound for %), from Theorem 1.1
for 2 < p < 4. The line p/2 can be seen in the background.

Theorem 1.2. There exist two positive constants A and B such that

_logp < - jzp _ _plogp
VP 2 VP

for all sufficiently large p.

In the case p — 0 which is of a rather different nature, our result reads as
follows:

Theorem 1.3. (a) There is a positive number cy such that
pll>r¥)1+ ; % = Co-
(b) The number cg lies in the interval [1.1393830, 1.1481785].

Our approach is based on expressing ), as the solution of an extremal problem,
namely

1
(1.6) — = inf (IFIZ : fO)=1}.

%p fePWp

This extremal problem was studied by Levin and Lubinsky [20], who found that
the quantity (5”—1 appears as a scaling limit for certain Christoffel functions. See
also Lubinsky’s survey [22], where Problems 4 and 5 specifically ask for estimates
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of %}, and for information on the solutions of (1.6). Our upper bounds for %, imply
new estimates for the Nikolskii constants for trigonometric polynomials by [11,
Theorem 1].

A compactness argument shows that the extremal problem (1.6) has solutions
for any 0 < p < oo, and a rescaling argument shows that the type of these
extremal functions is exactly 7. The analysis of the particularly simple case p =2
above also shows that the corresponding extremal problem has the unique solution
¢2(z) = sinc rz. In this case, all zeros are simple, and the zero set consists of the
nonzero integers. Our first main result pertaining to the solutions of (1.6) is a
qualitative analogue of this observation.

To state that result, we introduce the following notation and terminology. Given
an entire function ¢, we let Z(¢p) denote its zero set. We define the separation
constant of a set of real numbers A as

o(A) =inf{|A — u|: A, u € Aand 1 # u}.

We say that A is uniformly discrete if 6(A) > 0 and that A is uniformly dense
if there exists a positive number L such that every interval of length L contains at
least one element from A.

Theorem 1.4. Fix0 < p < oo and suppose that ¢ is a solution of the extremal
problem (1.6). The zeros of ¢ are all real. Moreover,
(@) Z(p) is a finite union of uniformly discrete sets;
(b) ifp > %, then Z (@) is uniformly discrete;
(c) if p = 1, then Z(p) is uniformly dense.

It is not difficult to see that the extremal problem (1.6) has a unique solution
for fixed p in the convex range 1 < p < oo. This extremal function ¢, must then
necessarily be even and consequently of the form

2

O b4
o =TI(1-%).

n=1 n
where (#,),>1 is a strictly increasing sequence of positive numbers. Our second
main result on solutions of (1.6) and a crucial ingredient in the proof of Theorem 1.1
is the following quantitative version of Theorem 1.4(b).

Theorem 1.5. [f2 < p < 4, then
(@) 1 > 2;
(b) tyy1 —t, > %for everyn > 1.
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We have verified that our methods allow us to improve both these bounds
slightly; we could for instance have replaced 2/3 by 0.6778 in part (b). Here the
point is, however, that 2 /3 is the exact bound required in the proof of Theorem 1.1.
The weaker bounds ¢t > 1/2 and t,,,; —1, > 3/5 will be shown to hold respectively

in the full range 0 < p < coand for2 < p < oco.

Outline of the paper. As a guide to the reading of this rather long paper, we
now give an outline of the various sections and the main ideas involved in them.
The reader may find it useful to consult the dependence relations between these
sections shown in Figure 2.

The next section—the prologue of our paper—addresses what appears to be a
main challenge to establish the monotonicity conjecture: How can we extend the
inequality 65, < 2%, to all pairs p < g to get ¢,/q < ¢,/p? This question is
reminiscent of the problems discussed in [4], one of which was solved in a striking
way in [16]. See also the preprint [21] which solves another problem from [4].
The basic question in all these problems is how to circumvent the obstacle that the
familiar tools of interpolation theory are unavailable.

Our partial remedy for this impasse is the topic of Section 2; it is an explicit
integral formula for |¢(0)|? for any extremal function ¢ and any ¢ > 0. This
formula will be the starting point for the proof of Theorem 1.1, similarly to how
(1.2) was the starting point for the proof that 4, = 1. It also clarifies the need for
precise information about the zeros of ¢ and thus serves as a motivation for our
detailed study of those zeros.

The three subsections of Section 3 present some preliminary results. Section 3.1
deals with the most basic properties of the zeros of extremal functions, including
the important orthogonality relations that will be extensively used in subsequent
sections. Roughly speaking, this subsection enunciates that the majority of the
results of [13] for p = 1 extend to the full range 0 < p < oo. Section 3.2
deduces various consequences of convexity in the range 1 < p < co. Of particular
importance is the following counterpart of (1.2),

lpp (O IP 20, (x)
lopll

which holds for all f in PW? when 1 < p < oo. The fact that |q),,|"_2gop only takes
values =1 when p = 1 played a crucial role in [13], and we will also see it used

(1.7) £(0) = /_ £ dx

in Section 4. The final Section 3.3 discusses briefly the Landau—Pollak—Slepian
operator of time—frequency concentration [27, 17, 18]; the numerical value of
its largest eigenvalue will be required in the proofs of both Theorem 1.4 (c) and
Theorem 1.5.
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Sections 4 and 5, giving the proofs of Theorem 1.4 and Theorem 1.5, study
respectively the geometry of the zero sets of extremal functions and numerical
bounds on the separation of such zero sets in the range 2 < p < oo. In both cases,
the main difficulty is that the zero sets are only indirectly accessible through the
orthogonality relations alluded to above. Sections 4 and 5 aim at bringing out as
much explicit information as possible from these relations.

Section 6 gives the proof of Theorem 1.1. The idea is to put into effect the
numerical bounds of Theorem 1.5 in the formula of Section 2. In carrying out this
idea, we rely on somewhat intricate combinatorial arguments.

Section 7 presents the proof of Theorem 1.2 and Theorem 1.3. The example

functions
I'(a)

I'(a —2)I'(a+2)
play a central role in our asymptotic analysis of the lower bounds for €, because

84(2) :=

these functions seem to mimic the extremal functions for suitable choices of a.
We believe that g1,2.41/, is “close” to the extremal function ¢, when p is “close”
to 2. However, when p — oo or p — 0%, we will see that this connection is more
subtle.

The two final sections of the paper present ideas for further developments. Sec-
tion 8—the epilogue of our paper—revisits two central notions used throughout the
preceding sections, namely those of duality and orthogonality. We first prove that
(1.7) extends in a distributional sense beyond the convex regime to 1/2 < p < 1.
We then show that there is a natural Hilbert space—more specifically a de Branges
space—induced by the orthogonality relations associated with the zeros of ¢, for
1 < p < oo. The basic questions suggested by this section are both related to
convexity: How to extend results more generally beyond the convex regime, and
how to take advantage of the theory of de Branges spaces in the strictly convex
case? The final Section 9 lists a number of conjectures and further open problems,
suggested by our analysis and numerical experiments.

We hope the final two sections of our paper may inspire further work.

N

1 2 3 5

N

Figure 2. Dependence relations between sections of the present paper.

9
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2 Prologue: The power trick and its extension to posi-
tive powers

We will set the stage for our study by scrutinizing the well known power trick,
which in our context reads as follows.
Lemma2.1. Fix0 <p <oo. Ifthereis a positive integer k such that g=kp, then
% _ %
q p
Proof. Consider f in PW?. Clearly, f* is entire and of exponential type at
most kz. The function g(z) = f*(z/k) is then of exponential type at most 7.

Consequently,
(O] = [g(0)|P < %}/ lg(0)|P dx = k‘@/ [Fo)1? dx = k6, |If 112
This implies that 6, < k%,,, which is equivalent to the asserted estimate. O

We have already seen that 4, = 1, so the power trick implies that €} < 2. It
turns out that we can do better by a slight twist on the power trick. Indeed, suppose
that £ is a function in PW*. Then the function g(z) := f(z/2)f*(z/2) is in PW?,
where f*(z) := f(Z). Replacing f by g in the reproducing formula (1.2), we find that

o0

ey ror=g0- |

—00

g(x) sinc wxdx =2 / If(x0)|? sinc 27zx dx.

We now obtain the following result.

Theorem 2.2. ¢, <2 — .

Proof. Starting from (2.1), we obtain an upper bound for the right-hand side
after replacing sinc 2zx by max(sinc2zx, 0). Squaring both sides and using the
Cauchy—Schwarz inequality, we find that

FO)* < 4115 / max(sinc 27zx, 0)? dx.

We estimate

o0 0 k+1 o302
2
4/ max(sinc 2zx, 0) 2 dx =2 — 2 E / M dx
oo k

= Jenp X

0 1 k+1 1
<2-2y —— in’(2rx)dx=2 — —
< kz:;nz(k+l)2 /k+1/251n( X) dx B

to obtain the desired bound. O
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In our context, we may in fact replace g by f2(x/2) in the above argument, in
view of the following observation.

Lemma 2.3. Fix 0 < p < oco. Any solution of (1.6) is real-valued on R.

Proof. Suppose that ¢ is a solution of (1.6) and define

_ P+ )

p@)=——0—,

which is in PW? and satisfies y(0) = 1 since ¢(0) = 1. If x is a real number, then
clearly w(x) = Reg(x). Hence if ¢ is not real-valued on R, then ||y, < lloll,
which contradicts the assumption that ¢ is an extremal function.

We may now interpret what we gained in Theorem 2.2 as follows. The map
f(x) — f%(x/2) from the set of real-valued functions in PW* fails to be onto the set
of real-valued functions in PW?2. This is quite obvious since for example sinc 7x
has alternating signs. Another way to understand this is to think of squaring f as
“smoothing” its Fourier transform, and there is no way we may arrange this so that
such a “smoothed” Fourier transform equals a characteristic function.

To get access to %, in the range 2 < p < 4, we may ask if there is a way to
make sense of the power trick for non-integer powers of our function. If this can
be done, we may again think of powers larger than 1 as corresponding to suitable
“smoothings” of the Fourier transform and thus hope for a saving in accordance
with the monotonicity conjecture.

Taking non-integer powers of entire functions can in general only be done
locally. However, if the zeros are real, then we may make sense of such powers in
respectively the lower and upper half-planes. Pursuing the idea of extending the
power trick, we are thus led to the following representation formula. (Here and
elsewhere we account for multiplicities in the usual way when listing the zeros of
a given entire function.)

Theorem 2.4. Fix 0 < p < oco. Suppose that f is a function in PWP which
does not vanish at the origin and has only real zeros (t,),ez:\{0) Ordered such that

St <ty <0<y <Hh <

Forany 0 < g < o0,

o =3 [ vreor S gy > | oo LIS g

t_p—1 X

where we use the convention that ty := 0.
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Figure 3. The contour I'7, from the proof of Theorem 2.4. The contribution from
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the lower part vanishes as T — oo, while the upper part becomes the contour I,
in the same limit.

Proof. Inspecting the stated formula, it is clear that we may assume that
f(0) = 1 without loss of generality. Combined with the assumption that f is PW?,
we have (see, e.g., [19, Lecture 17]) the representation

(2.2) f@=lim ] (1__)

i<

Forevery g > 0, we may define f7 in the slit plane C\ ((—oo0, t—_1]U[1, oo)). LetT
be a large positive number and ¢ a small positive number. Consider the contour
I'7.. defined as the line segments connecting the points

1_ r_ t
e, 71 L e, T—ie, T—il, —T—iT,

1.
5 tie, 5

—T—is,
ie >

+ie,

oriented clockwise. See Figure 3 for an illustration. From Cauchy’s formula, we

conclude that
1 e qmz
1=£10)= 27 ) f"(z)
i

Our goal is next to show that the contribution of the part of the contour in the lower
half-plane vanishes as T — oo. We begin with the horizontal part of the contour.
If g > p, then f is in PWY and we estimate

—T— —qmz e—an o] ”f”q
/ fq(Z) dz| < T / [f(x —iT)|9dx < —,
T —00

—iT
where the final inequality is the Plancherel-Pdlya theorem (see, e.g., [19, Lec-

ture 7]). If g < p, then we first use Holder’s inequality to the effect that

—T—iT —qriz oo ]1, oo d l,
/ 115 dz| < (e_””T/ lf(x—iT)l”dx> (/ 7)6) ,
T < -0 —oo |Xx —iT|"

—iT
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where r = p/(p — q) > 1 so the final term vanishes as T — oo. The rest of
the argument is similar. For the vertical part of the contour, we argue as follows.
If ¢ > p, then f is in PWY and consequently g(z) := f9(z)e”9" is in the Hardy
space H' of the lower half-plane. Since integration along a vertical line is a
Carleson measure for the latter space (see, e.g., [8, Chapter 2]), we conclude that
there is a constant C > 0 such that

T—iT —qmz
/ f? (z) dz
T

—ie

1 [ C C
< - T —iy)|dy < = = —|If]19.
< T/o |g(T — iy)ldy < TIIgII1 TIlfIIq

If ¢ < p, then we first use Holder’s inequality as above and argue similarly. We
conclude from this that

23) S IGCE

where I'; is the contour obtained from the line segments connecting

—q7l'lZ

dz,

. I 1 . ho . ho. .
—o0 — 1¢, 7—18 74‘18, 54'18, 5—18, oo — 1€,
A similar argument involving a rectangular contour of integration oriented counter-

clockwise in the upper half-plane shows that

oo+ie mz
1 el

(2.4) 0= — f"(z)

27i J —ootie

Adding (2.3) and (2.4), we find that
1 /2+ie sinx Z t_1/2+ie co+ie qmz
= [ T e ([ [T e
t_y/2+ie —o0o+ie t/2+ie

t_1/2—ie co—ig —qm’z
— (/ +/ )f"(z) dz + O(e).
—oo—ie t/2—ie

The remainder term O(g) accounts for the contribution from integration along the
two segments [7_/2 — ie, t—_1 /2 + ig] and [#,/2 + ig, t; /2 — ie] in (2.3). We now
wish to take the limit ¢ — O*. Let us define

fle) = lir{)1+fq(x:t i€).

If -1 < x < 11, then evidently f¥(x) = f9(x) = f9(x) = |f(x)|9. This means that the
total contribution from these x as ¢ — 0% is

qu _ ,—imgx 1 1
/ F0x) 76 dx = / oo 229X 4
2mix . X
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If t, < x < t,4; for some n > 1, then fi(x) = |f(x)|9eT" in view of (2.2).

Consequently, for these x we get as ¢ — 0% the contribution

tht1 qimx thi1 —qinx thi1 1 —

e e singz(x — n)
g [ S a= [ e SEEZD

' 2imx , 2imx ‘, X
The case when 7,1 < x < t_,, for some n > 1 is similar. O

We will see in the next section that the zeros of any solution of (1.6) are real, so
Theorem 2.4 could possibly replace the power trick. Indeed, setting ¢ = p/2 in the
theorem, we could hope to proceed in a similar way as in the proof of Theorem 2.2,
using the Cauchy—Schwarz inequality and accounting suitably for both the size
and the sign of the kernel that |f|? is integrated against. Note that when g = 2, the
location of the zeros plays no role, and we are back to (2.1).

To succeed with this approach and thus prove Theorem 1.1, we need to have
quite detailed information about the location of the zeros of the extremal functions.
A good part of our paper will therefore study the zero sets of those functions, and
we will be particularly interested in precise results in the range 2 < p < 4. The
reader may notice that if it were known that the zeros lie in suitable neighborhoods
of the nonzero integers, then Theorem 1.1 would be a trivial consequence of
Theorem 2.4. While this kind of location is likely to be true, our results are quite
far from verifying that. Fortunately, however, Theorem 1.5 is sufficiently strong,
though barely so, for the above proof idea to work.

The representation formula of Theorem 2.4 was, as just described, established
to prove Theorem 1.1 by a non-integer version of the power trick. We will see,
however, that it will also be a convenient tool in the study of the asymptotic behavior
of ¢, when p — 0*. As to the asymptotics when p — o0, we observe that the
integrals in Theorem 2.4 become increasingly oscillating as g = p/2 gets large, in
accordance with the “phase shift” in the order of %, /p exhibited by Theorem 1.2.

3 Preliminaries

This section compiles some preliminary results, most of which are already known.
In Section 3.1 we work in the full range 0 < p < oo, while in Section 3.2, we
restrict our attention to the convex range 1 < p < oo. Section 3.3 is concerned
with the Landau—Pollak—Slepian problem, where the relevant theory has only been
developed for p = 2.

3.1 Zeros and associated orthogonality relations. What follows is
largely inspired by the variational arguments used in the proof of [13, Theorem 2.6].
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Here and in what follows, we say that f is a real entire function if f is real-valued
on R. Similarly, we say that a rational function is real if it is the ratio of two real
polynomials.

Lemma 3.1. Fix 0 < p < 0o and let ¢ be a solution of (1.6). If r = r|/r
is a real rational function such that deg(ry) < deg(r,), r(0) = O, @r is an entire
function, and |p|Pr is integrable, then

(3.1 / ()P r(x)dx = 0.

—00

Proof. For every real number &, the function w(z) := ¢(2) + ep(z)r(z) belongs
to PW? and satisfies y(0) = 1. If we set

Fe) = vl = [

o

lp(x) + ep(x)r(x)I” dx,

then the assumption that ¢ is a solution of the extremal problem implies that
F(e) > F(0) for all e. We will show that this can only hold if (3.1) is true.

Letxy, x5, ..., x be the real poles of » with multiplicities m, my, . .., m;. Then
the zero of ¢ at x; has multiplicity n; > m;, and we also have

(3.2) pn; > m; — 1
since |@|”r is assumed to be integrable. Fix a small number ¢ > 0 and set
Ej={x:|x—xj| < dle|"™}

forj=1,2,...,k,andlet E:=FE; UE, U ---UE}. Then

o0

/ lp@) + £p(IrP dx = [lp]f + ( / 190 7o) dx + 0(5’"))8 +oje]).
R\E 00

On the other hand, we find that

= O(le|"*™)

Ipsv—
/ '¢(x)+8¢(x>r(x)|"dx:o(|e|"*mj<P<f ,>+1))
E;

with #; == (pn; + 1)/m; — 1 > 0 by (3.2). Fixing a sufficiently small J, we see that
we may obtain F(g) < F(0) for some small ¢ should

= p
/_ Il dr 0. -

We have two applications of Lemma 3.1. The first reads as follows.
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Lemma 3.2. Fix 0 < p < oco. The zeros of a solution of (1.6) are real.
Moreover;
(a) if p = 1/2, then the zeros are simple;
(b) if p < 1/2, then the zeros have multiplicity at most 1/p.

Proof. Let ¢ be a solution of (1.6). It follows from Lemma 2.3 that if a + bi
is a zero of ¢ and b # 0, then a — bi is also a zero of ¢. Pick ¢ > 0 so small that

x—a)PX+b>>@x—a)’+b>—ex?* >0
for every real number x # 0. The function

(z—a)Y +b*> —ez?
(z—a)* +b?

w(z) = »(2)

is in PW?P and satisfies w(0) = 1. However, since |w(x)| < |p(x)| for every
real number x # 0 by our choice of ¢, this contradicts the assumption that ¢ is an
extremal function. Consequently, all zeros of ¢ must be real. Suppose thatp > 1/2
and that 7 is a real zero of ¢ of order 2 or more. Since ¢(0) = 1, we can exclude
the possibility that = 0. We apply Lemma 3.1 to the function r(z) = #, where
|@|Pr is integrable since p > 1/2, and we obtain that

I lpCore | _

—00 (X - t)z

b

which yields a contradiction. The same proof works if 0 < p < 1/2 and the
multiplicity of the zero of ¢ at ¢ is strictly larger than 1/p because in this case |p|’r
is again integrable.

Next we deal with the case p = 1/2. We can no longer apply Lemma 3.1
as above, since |p|'/?r may not be integrable. Suppose nevertheless that ¢ has a
double zero at ¢ and introduce

(11— 21— %)
(1 —x/1)?

for 0 < ¢ < 1. Our plan is to show that there exists a positive constant ¢ such that

Pe(x) = p(x)

1
1/2 1/2
oIz = llglly)s — celog — + OCe)

as ¢ — 0%, contradicting the assumption that ¢ solves the extremal problem. We
set x = t + ¢ and see that

&2 — &%

(3.3) 0t + 1 =

lp(t + ).



POINT EVALUATION IN PALEY-WIENER SPACES 609

This entails that

[ ool ar= [ jpas o dve o6,
[€]>1 1E1>1
Since ¢(t + &) = O(E?) for small &, we also find that both

/ 19t + O dx = 06> and o+ )" dx = O,
[€l<e 1€ <e

Since p(t + &) = aé? + O(&?), it is however clear from (3.3) that

/ailﬁlsl o+ OV dx = /

e<|g|<1

1
12 g — celoo ~ 4
lp(t+ &)/~ dx — celog . O(e). 0

The second application of Lemma 3.1 is the following orthogonality relations

between the zeros of the extremal functions, which will be the workhorse of
Sections 4, 5, and 8.

Lemma 3.3. Fix 0 < p < oo, and let ¢ be a solution of (1.6).
(a) Iftis a zero of g, then
00 P
/ lp@x 0.

oo X—1
(b) Ift and s are distinct zeros of ¢, then

00 P2
[ o

coe (X=D(x—5)

Proof. The zeros are real by Lemma 3.2. To prove (a), we apply Lemma 3.1
with r(z) = %, and to establish (b), we use Lemma 3.1 with r(z) = m O

We will also use the following estimate, which is due to Héormander [12, p. 26].

Lemma 3.4. Suppose that f is a real function in PW* and that |f(&)| = ||f || co-
Then

FEI = lf lloo cOs (x — &)
for|x =<l < 1/2.

3.2 Consequences of convexity. The convexity of Z”(R) for1 < p < oo
can be employed to obtain additional information about the solutions of (1.6)
compared to what we obtained for the full range 0 < p < oo above.

The strict convexity of LP(R) for 1 < p < oo implies that the extremal problem
(1.6) has a unique solution. It is also known that (1.6) has a unique solution for
p = 1. We refer to [20, Lemma 6.1] for a clean proof of this fact. A slightly
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different proof can be found in [5, Section 3.1]. The same argument can also be
extracted from the proof of [13, Theorem 2.6].

It is plain that if ¢ is a solution of (1.6), then so is w(z) = p(—z). Hence the
uniqueness of the extremal function forces it to be even. Consequently, we obtain
the following result from Lemma 3.2(a) and the canonical product representation
of functions in Paley—Wiener spaces (see, e.g., [19, Lecture 17]).

Lemma 3.5. Fix 1 < p < oo. The extremal problem (1.6) has a unique

solution of the form
2

op(2) = ﬁ(l — %),

n=1 n

where (t,),>1 is a strictly increasing sequence of positive numbers.

In the range 1 < p < oo, we have in Lemma 3.5 adopted the notation ¢, for
the unique solution of (1.6). Before stating our next result, we set

-2
(3.4) D(x) = WL";
lellp

for any nontrivial function ¢ in PWP. Another variational argument shows that

@(x)

the unique extremal function gives rise to a reproducing kernel formula for PW?.
In the case p = 1, the same argument may be found in [5, Section 3.2] or in [13,
Section 2].

Theorem 3.6. If 1 < p < oo, then ¢ = ¢, if and only if

(3.5 f0) = /_ J(x) ©(x) dx
holds for every f in PWP.

Proof. Suppose first that (3.5) holds for every f in PW?. If f(0) = 1, then
Holder’s inequality applied to (3.5) yields ||¢|l, < |[fll,. This shows that ¢ = ¢,
by Lemma 3.5. Conversely, suppose that ¢ = ¢,,. Let g be a real function in PW?
which satisfies g(0) = 0. Mimicking the proof of Lemma 3.1, we begin by setting
W =@, +eg and

o

G@ = 1vll = [l + sg0ol d.

Since 1 < p < oo, we may differentiate under the integral sign without worry-
ing about the zeros of ¢, (which we know are simple by Lemma 3.2(a)). The
assumption that ¢, is an extremal function shows that

(3.6) 0:G®:/|%mwhmmww
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For f in PWP, we set g(z) :=f(z) — ¢,(2)f(0) and write

o0 o0 0o
| oorp,erwar= [ o p,msodes [ o, dr
Since ¢,(0) = 1 and since ¢, is real by Lemma 2.3, we see that (3.6) implies (3.5)
under the additional assumption that f is real. This additional assumption can be
removed by the linearity of the integral and the fact that every f in PW? can be
written as f = g + ih for functions g and & in PWP? that are real. O

We will discuss a further interesting consequence of convexity in Section 8.2,

where the following simple consequence of Theorem 3.6 will have a role to play.

Corollary 3.7. If1 < p < oo, then

(3.7) /Oo **|pp(X)|P dx = oo.

Proof. We prove this by first noting that if 0 < ¢ < 1/2, then

/oo x2 sincz(nex)gop((l - 28)x)|go,,(x)|p_2(pp(x) dx=0

—o0
by Theorem 3.6. If the integral on the left-hand side of (3.7) is finite, then we may
let ¢ — 0* and reach the absurd conclusion that this integral vanishes. (]

Let us sketch a different proof of Theorem 3.6. Consider the bounded linear
functional . defined on PW? by .Z(f) = f(0). By the Hahn—Banach theorem and
the Riesz representation theorem, we deduce that there is some ¥ in L(R) such
that Z(f) = (f, ¥). By Lemma 3.5, we know that ||.Z|| = ||(,op||;'. It follows from
this and Holder’s inequality that W = ®,, (in the case p = 1, we use that ¢ vanishes
on a set of measure 0). This means that the bounded linear functional generated
by ®, on I”(R) when restricted to the subspace PW? yields the reproducing kernel
formula at the origin. In Section 8.1, we will explore what traces of this duality
remain in the range p < 1.

In the special case p = 2, we may use Theorem 3.6 to solve the extremal
problem (1.6) without knowledge of the reproducing kernel formula (1.2). We will
give yet another proof based on Theorem 2.4 in Example 6.2 below. Note that
Corollary 3.8 in combination with (3.4) and Theorem 3.6 recovers the reproducing
kernel formula (1.2), which we have then established by a variational argument.

Corollary 3.8. %, = 1, and the unique extremal function is ¢,(z) = sinc 7z

Proof. By Lemma 3.5 we know that there is a strictly increasing sequence of
positive numbers (#,),>1 such that

0 2

m=[[(1-%).

n=1
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Suppose that g is a function in PW? such that g(¢;) = 0 and apply Theorem 3.6 to
the function g(z) =~ Multlplylng both sides by ||@2]|3, we infer that

(3.8) o=/ 80— pa() d.

Let f be any function in PW? and define

f(t) xpa(x)
neh(t) x—1’

8(2) =f(2) —

where ¢5(#;) # 0 by Lemma 3.2(a). Since ¢,(#;) = 0, we find that g(#;) = 0. It
therefore follows from (3.8) that

_ [T x _ fa) [
0‘/_oof O ewdr— s |

2
0200 dx,
—

which we rewrite as

) (X)

||2

(3.9) flan) = / e
where y;(z) = W = t1 ¢2(z). Since f is any function in PW?, we conclude from
Theorem 3.6 and (3.9) that

wa(2) _ p2(z—t1)
ly2 13 o213

—  z202(20) = C(z —t)p2(z — 1),

where C is a nonzero constant. Since these two entire functions are equal, their
zero set must be (nt),cz and consequently ¢,(z) = sinc zz/#;. Since the extremal
function is of exponential type = and #; > 0, we must have r; = 1. We conclude
that 4, = 1 by the well known fact that the L? integral of sinc zx is 1.
It is of interest to interpret Theorem 3.6 in terms of the Fourier transform of
|¢|P~2¢. To this end, we begin by fixing the following normalization:
. 00 o o o dE
fo=[ rwetiar ad o= [ foen s
—co o 2w
By the L” version of the Paley—Wiener theorem (see, e.g., [1, Theorem 4]), we
have another formula for the functional of point evaluation in PW?”, namely

N /
(3.10) ro= [ f@g.

If 1 < p < 2, then it follows from the Hausdorff—Young inequality that in fact f is
a function in LY([—x, #]). In the range 2 < p < oo, we interpret f in (3.10) as a
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tempered distribution which is supported on [—7, z]. If we define ® as in (3.4), a
similar argument shows that ® is in 1” (R) if ¢ is in PW? for 2 < p < oo, while in
the range 1 < p < 2 we can only interpret dasa tempered distribution.

At any rate, we obtain the following result from Theorem 3.6, (3.10), and an
approximation argument.

Corollary 3.9. If1 < p < oo, then ¢ = ¢, if and only if

DY (—n,7) = X(=m,7)
in the sense of distributions and where @ is as in (3.4).

By the convolution theorem for Fourier transforms, the condition of Corol-
lary 3.9 can be reformulated as @ * ¢, = @,, where ¢,(z) = sinc zz. In the range
1 < p < oo, this reformulation makes sense pointwise. The fact that ¢, is not
in PW!, means that for p = 1, the reformulation must also be interpreted in the
sense of distributions. This means that if p = 1 in the following result, then
lp2 — @ * @20 should be interpreted as the norm of the (possibly unbounded)
linear functional on . N L!(R), where .# denotes the Schwartz class.

Theorem 3.10. Fix 1 < p < oo. If ¢ is a function in PWP with ¢(0) = 1, then

1
(3.11) <¢l/r <

< < + g2 — @ * p2lly,
lloll, P lell, 1

where ® is asin 3.4)andp~' +q~ ' = 1.

Proof. The lower bound in (3.11) is trivial. For the upper bound, consider the
function F := ¢ + (@ — ® * @,) and let f be a function in . N PW?. Computing
using (1.2), we find that F = f = f. By Holder’s inequality and density, it follows
that

1
6,7 < IFllg < 1@l + o2 = @ p2lly = —— + g2 — D % g2l

lell, O

The above result should be compared to the second part of [13, Theorem 2.6].
Indeed, if we add the assumption that the Fourier transform of @ restricted to
(—=, ) be in LP(—x, 7), then we get from (3.11) to

1 1 ™ ~ L dEN”
(3.12) sar <[ n-sors)
ol P llell, —71| ‘ 2

by the Hausdorff—Young inequality when 1 < p < 2. Weaker than (3.11), (3.12) is
more manageable from a numerical point view as we integrate over a finite interval.
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Since |®| is constant and ® changes sign at the zeros of ¢ when p = 1, we may
compute @ and thus ® once we know the zeros of a given function ¢. This fact
enabled Hormander and Bernhardsson to use (3.12) rather than (3.11) to bound %,
from above.

If p is a positive even integer, then we can compute @ by the convolution
theorem (see Section 9.4). However, in this case we cannot use the Hausdorff—
Young inequality and Theorem 3.10 to obtain an upper bound for €.

3.3 Eigenvalues of prolate spheroidal wave functions. In a series
of seminal papers, Landau, Pollak, and Slepian studied in the early 1960’s the
eigenvectors and eigenvalues of the time—frequency concentration operator. We
will only need certain specific values of these eigenvalues, but we would like to
place our application in context by recapitulating the basic results of [27, 17, 18].

The concentration operator is defined on PWSZ), which consists of the L? func-
tions with Fourier transform supported on [—€2, Q]. We define two operators, the
band-limiting operator Bg which is the orthogonal projection from L*(R) to PW3
and the time-limiting operator Dy which is the orthogonal projection of func-
tions in L*(R) to the subspace of functions supported in [—7/2, T/2]. Finally, the
concentration operator Cq 7: PW3 — PWJ is the composition

CQ’T = BQDT.

Landau, Pollak, and Slepian studied the eigenfunctions and eigenvalues of Cq 7
with a view to applications in signal processing. The concentration operator Cq 7
is compact and self-adjoint, and by the spectral theorem, PW3 has an orthonormal
basis of eigenfunctions with real eigenvalues. Clearly, since Cq 7 is a composition
of two projection operators, all its eigenvalues lie between 0 and 1. The eigenvalues
are simple and denoted by Ag, 41, ... and ordered by descending magnitude so that
1> A9 > A1 > ---. What is important for us and in many applications, is that the
largest eigenvalue 4 satisfies the extremal property

T/2 00
(3.13) Jo= sup { If (0% dx / If ()| dx = 1}
fepwi \J=T/2 —00
and the unimodular scalar multiples of the corresponding eigenfunction y are
the only functions that achieve this supremum. The eigenvalues depend only
on the product of 7 and Q, and the same holds for the eigenfunctions, up to a
trivial scaling. It is therefore customary to introduce the parameter ¢ := Q7/2 and
write 4; = Aj(c) and y;(1) = y;(c, 1) for the eigenfunctions associated with Q = ¢
and T = 2.
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Specifically, we will apply this as follows: If f is a function in PW? = PW2,
then 1]

2 A 2

Jvreor ax < 20 (T ir15:

It is therefore important for us to have good estimates for 4p. A remarkable fact

proved by Landau, Pollak, and Slepian is that the concentration operator Cq

commutes with the differential operator
d d
L(x) = —(1 —x)— — cx*.
(x) dx( x) e cx

This “lucky accident” shows that the eigenfunctions of the concentration operator
are also eigenfunctions of the corresponding Sturm—Liouville operator associated
with L. This helps identifying them because this equation arises in the study of the
three-dimensional wave equation in prolate spheroidal coordinates, and there is an
abundant literature on them (see, e.g., [24]). The eigenfunctions are the prolate
spheroidal angular functions, and the corresponding eigenvalues are given by the
prolate spheroidal radial function Ry ,. In particular,

2
Ao(c) = TR%’O(C, 1).

The prolate spheroidal functions Ry, can be computed by an expansion in Bessel
functions. We have used a Fortran implementation of the algorithm by Zhang and
Jin in [29, p. 536] to compute the values in Table 1 that we require in our analysis
of ¢,. We have also verified the table using Mathematica.

c )
2m/3 0.896107188059
2 0.880559922317
3n/5 0.858990907475
1.0804208030467 /4 | 0.500000000028

Table 1. Principal eigenvalue of C, ».

4 Geometric properties of the zero sets of extremal
functions

The purpose of this section is to establish Theorem 1.4. We will enumerate the
zero set Z(¢) = (t,)nez\(0} according to the convention that

<ty <t <0< <bh<---.

The proof splits naturally into two parts that will be treated in the subsequent
subsections.
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4.1 Proof of Theorem 1.4(a) and (b). Recall that the first assertion,
namely that the zeros of any solution of (1.6) are real, has already been established
in Lemma 3.2 above. The parts (a) and (b) have similar proofs, but the latter is
somewhat more refined (and relies on the former).

Proof of Theorem 1.4(a). By symmetry, it is sufficient to consider zeros ¢
satisfying t > 1. Consider k > max(2, 4/p) consecutive zeros repeated according
to their multiplicity, say

lftn St <0 S k-1

We may assume that ¢, — ¢, < 1/3, because otherwise we would be done and
tyik—1 > t, because, by Lemma 3.2(a) and (b), the multiplicity of ¢, is bounded
above by 1/p. Using Lemma 3.3(b) with # = ¢, and s = ¢,,44—1, we find that

e’} 2
@.1) / e~ o,

—00 (X - tn)(x - tn+k—1) -

Setting
k—1 > k—1
| ()P x
(x) := p(x) and Y(x) := |x — t,4i]7,
e ]on—r,ﬁ,- | = 1) — i ]HO ¥

we rewrite (4.1) as

4.2) Y(x)dx = / Y(x) dx,

R\ 1

where / := [t,, t,+x—1]. Estimating the right-hand side of (4.2) crudely, we find that

/ W) di < ([l 1P / = 1Y ks — P dx
1 1
= w1t i 1P~ B(p, p).

On the other hand, if ¢ is a point at which || attains its maximum, then

4.3)

¥l
>
ly(l =2 ——,

when |x — & < 1/3 by Lemma 3.4. Hence, since |I| < 1/3, there exists an
interval of length 1/12 in which all points x are at distance at least 1/12 from / and
|w(x)] = lw]lo/2. Restricting the integration over R \ / to this interval and using
that kp — 4 > 0, we find by an elementary argument that

27P e
(4.4) L T = T3 € i Iyl
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for an absolute constant C > 0. Now plugging (4.3) and (4.4) into (4.2), we find
that |I| > ¢ for an absolute constant 6 > 0. This leads to the conclusion that Z(¢)
can be expressed as the union of [4/p| + 2 or fewer uniformly discrete sets. O

In the proof of Theorem 1.4(a), we used Lemma 3.4 to extract information
about the behavior of certain functions in PW® near their global maxima. The
following result allows us to say something about the local behavior of y under an
assumption that any extremal function will satisfy in light of Theorem 1.4(a). The
basic idea is to consider the local symmetrization of y in a point. The result will
always be employed in conjunction with the arithmetic—geometric mean inequality.

Lemma 4.1. Suppose that v is in PWP and that % (y) is a finite union of
uniformly discrete subsets of R. Let & be point in R\ Z'(w) and let

0 < 5 < dist(&, Z(y)).
Then, for |y| < n/2 we have
3 /2\2m
W& —wE+nl = 3 (2) o,
T
where m denotes the maximal number of zeros that y has in an interval of length ».

Proof. Using the canonical factorization of y, we find that

2

Y —NpE+y _ 1 (1 y )

w2 e, €—0?
For each j in Z, we set [; := Z(y) N [&+ nj, &+ n( + 1)). Note that Iy = 0,
Iy € {& — #}, and each set I; contains at most m points. Therefore, if |y| < #,
then we get
2 2
Y y
[ (-5 - 110 -
— )2 — 2
tefX(z//)( €= ) JEZ\{0} zelj( () )
2 2
y YT\
> (1——) 11 (1——) .
= 2 22
7 jeznio) "I
Restricting further to |y| < #/2, we obtain the asserted estimate. O

Lemma 4.1 will find several applications in the proof of Theorem 1.4(c). In
the proof of Theorem 1.4(b), we will use a slightly different version of the same
argument. The same idea will also be used in the proof of Theorem 1.5(b) in
Section 6.
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When we estimated the right-hand side of (4.2) in the proof of Theorem 1.4(a),
we got the factor |I|¥*~!. For the conclusion at the end of the argument to hold,
we must have kp — 1 > 0. To establish that the zero set is uniformly discrete,
we must be able to take k = 2 here. This is what forces us to require p > 1/2 in
Theorem 1.4(b).

Proof of Theorem 1.4(b). Our plan is to assume that the zero set fails to
be uniformly discrete and show that this leads to a contradiction. To this end, let
(2,);>1 be a sequence of zeros of ¢, such that oj = tn+1 — I, = 0. We may assume
without loss of generality that z,, — oo and also that §; < 1/4 forallj > 1. Since ¢
has exponential type 7, we know that t,/n — 1 as n — co. We may therefore also
assume that both

4.5) by —ty—1 2 0 and  t,40 — ly41 = O;.

7 7 7

We will again invoke Lemma 3.3(b), now with 7 = 7,, and s = 7,41 so that k = 2 in
the argument used in the proof of Theorem 1.4(a). We set

»(x) Ly (P x?
i(x) == d Y(x) :=
s e s B Rl Py | P T
to find that
(4.6) Wi(x) dx = / W;(x) dx,
R\Z; Ij

where [; := [t,, ,,+1]. Let {; be a point where |y;| takes its maximum on /;.
The right-hand side of (4.6) is estimated as before, so that we get

@.7) | de< 28 Bo .

To estimate the left-hand side of (4.6), we first use the arithmetic—geometric
mean inequality to see that

Wi(G = )+ WG +3) 2 20/ BEG — (G +).

If we restrict our attention to 29; < y < 1, then

2(p—1)
20

Y

VG = DG+ = (@ = D — &P IgmP?,

for
2

Yile =Ny +y) _ Y
sz(éf) IEQI;IWf) & — t)z).

gy =
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It follows that

4.8) ‘/ W dy > 22 —Dwm@w/ VO[> dy,

J

We separate out the zeros of ¢ that are close to our pair of zeros by defining

(49) T} = {t € g((ﬂ) \ {tnp tr;f+1} : dISt(ta {tnja tnj+1}) S 2}

It follows from Theorem 1.4 (a) that there is a positive integer d such that 7} has at
most d elements for every j > 1. Mimicking the proof of Lemma 4.1, we find that
there is a constant C which only depends on ¢ such that

2

& —t)z‘

|mm>CHh—

for 0 <y < 1. For every ¢ in T}, we have that 0; < [§—1t <2+ 5] by, respectively,
(4.5) and (4.9). Set

1 y 1
E]—U{ye[O,l] l—m_lij_tl_l'f'm}

teT;

By construction, |g;j|” is bounded below by a constant which does not depend on j
when y is in [0, 1] \ E;. Thus restricting the integration to [2J;, 1] \ E; when we
estimate the right-hand side of (4.8) from below, we find that
c,, if 1 <p <oo;
[wwdc= @ - viger T
I; C: log ) lfp =
2 7

for a constant C, which only depends on p and ¢. We reach a contradiction
as j — 00, since these bounds are in conflict with (4.6) and (4.7). U

4.2 Proof of Theorem 1.4(c). We will now employ the reproducing for-
mula of Theorem 3.6. As observed both in the introduction and in connection
with the work of Hormander and Bernhardsson [13] discussed in Section 3.2, this
formula is particularly transparent when p = 1 since then |¢p, |p_2(p,, takes the val-
ues 1 and changes sign at the zeros #,. This makes the proof of part (c) rather
simple when p = 1. We therefore begin with this case, which still embodies the
idea to be used for general p > 1.

Proof of Theorem 1.4(c): The case p = 1. If f is a function in PW'
which is nonnegative on R, then the case p = 1 of Theorem 3.6 implies that

(4.10) /If(X)dx < ||(/)1II1f(0)+/R\I S ) dx,
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where as usual I, := [1,,, t,4+1]. Suppose that 0 < T < |I,,| and let y be the solution
of the extremal problem (3.13) with Q = z /2. Choosing

f(@) = wo(z — un)wo(z — tn)

for u, = (t, + t,+1)/2 in (4.10), we see that

zo(%T) < lloillilpo(—pa)* + (1 - io(%T))-

Since |yp(x)] = O when |x| = oo, we are led to the bound

lim sup (tn+l - tn) < TO:
n— o0
where T is the number such that 1o(z7y/4) = 1/2. We extract from Table 1
that 7y < 1.0805. O

We will make use of the fact that |g, |1’_2g1),7 has constant sign on (t,, #,4+1) also
when 1 < p < oo, but now the size of |p,| matters as well. This makes the
argument more complicated, and a somewhat elaborate preparation is required
before we can proceed as in the case p = 1. We state the first result in a slightly
more general form than needed in the sequel.

Lemma 4.2. Let (t,),cz be a strictly increasing sequence of real numbers with
no finite accumulation point and let (a.,),ez be an associated sequence of positive

numbers. If
o0

> <o
1+172

n=—o0

and a is any real number, then the function

v = [ w—nl [[1-2

3
[tal <1 [ta]>1 "

a
"eay,x/t,,

is well defined on R. The function ¥ /Y is strictly decreasing on each interval
(ty, thr1)- In particular, ¥ has exactly one maximum on each interval (t,, t,.1).

Proof. The convergence of the infinite product to a continuous function is
immediate. We clearly have ¥(z,) = 0, and the remaining part of the lemma
follows by logarithmic differentiation:

dY® = oy
@D dx P(x) _n;oo (=) O
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We will use both the orthogonality relation of Lemma 3.3(b) and Theo-
rem 1.4(b), which we have just established. As before, we consider the function

2
xlpp(01”
X — tn] X — tp41 ]

Y, (x) =

Since now ¥, (1) = ¥,,(t,+1) = 0for 1 < p < oo, Lemma 4.2 shows that there exists
a unique point &, in (#,, t,+1) such that ¥, increases on [t,, &,] and decreases on
[, tie1]. We begin by showing that &, cannot be arbitrarily close to the endpoints
of this interval.

Lemma 4.3. Fix1 < p < oo and let (t,),>1 and ({,)n>1 be as above. Then

inil: diSt(QZm {tna Int1 }) > 0.
n=

Proof. Wesete, := dist (&, {fy, 1,+1}) forafixedn > 1. Wehave 1., —1, > o,
where ¢ = o(Z(¢,)) > 0 by Theorem 1.4(b). No argument is needed when
&, > o/4,so we assume that ¢, < o /4. We will also assume that &, — 1, = ¢,,, the con-
verse case being virtually identical. Our starting point is as before Lemma 3.3(b).
Hence we have
4.12) Y, (x)dx = / ¥, (x) dx,

R\J, I,
where I, = [t,, t,+1], and our goal is to estimate the right-hand side from above and
the left-hand side from below.

We first make a preliminary observation. Setting ®,,(x) := |x —t,|' ?P,,(x), we

have
Y, p—1 0,x)

= + .
an(X) X = tn ®n(x)
Since W/, (&,) = 0, it is clear that

4.1 =
“.15) 0. - o

We turn to the upper bound for the right-hand side of (4.12). We split the in-
terval into two parts. On the interval [, ¢, + 2¢,], we use the trivial estimate
Y,(x) < ¥,(&,). On the interval [z, + 2¢,, t,41], we find that

Yo _p-1 0 _p-1 p-1_ p-1

P,x) T x—t, 0,&) x—t, en — 2&n

Here the first inequality holds because x > &, and x — ®/ (x)/®,(x) is a decreasing

(4.14)

function by Lemma 4.2. Integrating (4.14), we obtain the pointwise estimate

p—1
2e,

¥, < W exp(-5—@—2)).
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Combining these bounds for ¥, we find that

(o]

A%st%@(mﬁAmfmkﬁyu—mﬁﬂ

4.15
(4.15) e,

gl () .
p—1

To get a lower bound for the right-hand side of (4.12), we restrict to x that lie in
the interval [#, — 30/4, t, — /4]. Since &, < t, + 0/4, we will then have
Pa(0) =110, 0,(x)
= — > > cp.
lIJn(é{n) |§n — Iy |p ®n(§n) ®n(§n)

Here the final inequality follows from (4.13) and the fact that the derivative
of ®, /0@, is bounded for y in [, — 30/4, t, + €,] independently of n, as follows

from (4.11). Consequently,
t,—o/4

(4.16) Y, (x)dx > /

W00 dx > 2, P(E).
R\Z, th—30/4 2

If ¢, is sufficiently small we obtain a contradiction from (4.12), (4.15), and (4.16).
O

We now introduce the notations yu,, := (¢, + t,+1)/2 and 7, := 4] — 1,.

Lemma 4.4. Fix 1 <p <oo, and suppose that n>?2 and t, > max(t,1, T—1)-
There is a positive constant C, such that

C
\Pn(ﬂn) 2 _glyn(é:n):
T}’l
where &, denotes the unique point where Y, attains its maximum in (t,,, t,11).

Proof. We may assume that¢, < &, < u,, the converse case being completely
analogous. We set

e A e T

(4.17) 0,(x) =¥, (x) = ol

By the assumption that &, < u,, the left-hand side of

Yo _p-1_ p-1 P 0, ()
‘Pn(x) X —1Iy X — Int1 X — Ins2 ®n(x)

is nonpositive for x = yy, and we therefore have

Ouun) _ P
®n(,un) - tn+2 - /un.
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We also have that ©/,/0,, is decreasing on (f,—1, f,+3) by (4.11). Making use of
these observations and integrating, we deduce that

p(x_ ,un)

Inva — Un

(4.18) (1) < Ou(t) exp( ) < Oulun)e”

for u, < x < t,4». Combining (4.17) and (4.18), we find that

222 |x — 1, P x =ty [P — tpaa P

|tn+2 - ,unlp

Pax) < o) (5

on the same interval. We apply this estimate to obtain

|X - tnl
o () =¥, () ———
|.X' - tn+2|
T, \2=20 /s x—1 4
< ) (3) () = P = il
2 Inyo — Hn

Using that u,, < t,4; and that 7,,; < 7,, we infer that
( xX—1t, )I’S(Z’[n)ﬂ.
tn+2 — Un Tn+l

Combining the last two estimates and using again that 7,,; < 7,, we find that

(4.19) | W@y < 2B p Gy

Inw
By Lemma 4.3, there exists an absolute constant ¢ > 0 such that &, — 1, > ¢
and such that #{ > &. We may therefore invoke the arithmetic—geometric mean
inequality as in the proof of Theorem 1.4(b) and then Lemma 4.1 (with m = 1) to
the function y; at the point &; to get

§H+8/2 — in \Pn n 3
(4.20) / Wy (1) dx = / o B0l gy s FalE) V3e
R\lrwl

) X — twaa| T, 2%

Combining (4.19) and (4.20) with Lemma 3.3(b), we obtain the asserted result. []

Proof of Theorem 1.4(c): The case 1 < p < co. We will argue by
contradiction. Hence we begin by assuming that there is a subsequence (t,, )x>1 of
(ty)n>1 such that 7, > 2, 7, — 00 as k = oo and 7, > max(z,,—1, Tp+1) (We can

assume this since ¢, has exponential type 7). Consider the function

2o AT
Ji(z) == 2" sinc (4(2 ﬂnk))~
Since f;(0) = 0 and f; @, does not change sign on I,,,, we infer from Theorem 3.6

that

(4.21) /1 lﬁc(X)Ilcﬁp(X)I”_'dXS/R\I Vollgp0 1P~ dx.
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Our plan is now to obtain a lower bound for the left-hand side and an upper bound
for the right-hand side, which will contradict the assumption that z,, — oo.

To get the desired lower bound, we first restrict the integral over I, to the
interval [u,, —1/2, u,, +1/2], then use a pointwise lower bound for |f;| and finally
combine the arithmetic—geometric mean inequality with Lemma 4.1 applied to ¢,
in the point u,, to obtain

/, NP dx = Apsi2 o n)lP ",
ng

Recalling the relationship between ¢, and ‘¥, , we reformulate this as

2 2(p—1)

_ = ST\ p
@2 [ @l dr = 40 G ()
Nk

To get an upper bound for the right hand side of (4.21), we first use Holder’s
inequality to obtain

p—1
P

/ o, (P~ dx < H,” HS,
R\ly,

where

H, = ¥, (x) dx,

R\l

H, = / X2 sinc4p(g(x — ,unk)) [x — t,, P~ x — e+l P~ dx.
R\L,, 4
We bound H; by using Lemma 3.3(b) and Lemma 4.4 so that we get

Hy = / W, () dx < T W (Ga) < C W ().
I,

To bound H,, we first note that all factors except x2 are symmetric about /,,,.
If x > ¢,,,, then

2 2
X -1 -1 (;unk + 1)
=1y — Iy N,
()C — ﬂnk)4p ()C k)p (X k+l)p ()C — ﬂnk)ZP

by the assumption that z,, > 2. Integrating, we find that H, < B,(u,, + 1)2zl=2

1
ny
and consequently that

p—1 )

_ 2 1-2
(4.23) /R\I Ve lpp)IP~" dx < Dy (pn)(n, + 17 T "
it

for some constant D), > 0.
Inserting (4.22) and (4.23) into (4.21), we obtain a bound on 7, that contradicts
the assumption that z,, — oo. g
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It would be of interest to establish Theorem 1.4(b) in the full range 0 < p < oo.
Theorem 8.1, to be established below, yields a suitable extension of Theorem 3.6
when 1/2 < p < 1, but the nature of the problem is quite different in this case,
since we need to control the size of the reciprocal of the extremal function ¢ rather
than ¢ itself. In particular, a major challenge would be to control global variations
in the size of |p|~!. This interesting problem may require a more refined analysis
of the orthogonality relations.

5 Numerical bounds on the separation of zeros of ex-
tremal functions

To place the present section in context, we begin with a brief discussion of how
we may optimize our usage of the orthogonality relations of Lemma 3.3. Let us
consider the following model problem. Given a finite interval I = (z, s) with ¢ > 0,

set

x2

|(x — B)x — )|
and let PWP(I) consist of those functions in PW? that vanish at ¢ and 5. Let

wy(x) =

(5.1 Ap(I) == sup {/I[f(x)lp w(x)dx : /_ OO wi(x)dx = l}.

FePW()

Recall from Lemma 3.5 that in the convex range, the extremal functions are of the

form o ,
Pp(2) = g(l - j—%)

If we are able to establish that

sup 4,(I) < l,

s—1<0 2

t>1
then it would follow that #,,; — ¢, > J for every n > 1. This is essentially the
problem we wish to solve, up to whatever constraints we may add based on our
knowledge of admissible extremal functions.

Unfortunately, our understanding of the extremal problem (5.1) is rudimentary
at best. Our approach is therefore to rely on the precise numerics known for the
Pollak—Landau—Slepian problem discussed in Section 3.3. This forces us to make
the restriction p > 2, because we use Holder’s inequality to estimate L? norms in
terms of I” norms. In addition, we are faced with the problem that our weight w
blows up at the endpoints of /. We will circumvent that obstacle by doubling the
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size of the interval and use a different approach close to the endpoints of /. In this
analysis, we will also invoke the known properties of the extremal function.

Our ultimate goal is to establish Theorem 1.5, but we begin with the following
weaker result, which holds in more generality.

Theorem 5.1.
(@) If0 <p < oo, then t| > %
(b) If2 <p < oo, then tyy) — t, > %foreveryn > 1.

Proof. Part (a) follows at once from Lemma 3.4 with { = 0. For some

fixedn > 1, we set

I — " x =t P!
|x[P=2

w(x) = 20, (0)

B (o — 1) (x — tns1) and  ¥(x) = [yl

and note that y is in PW? since @p is in PW® and ¢,(t,) = ¢,(t41) = 0. The
orthogonality relation of Lemma 3.3(b) takes the form

5.2) Y(x)dx = /‘I’(x) dx,
R\ i

where I := [t,, t,+1]. We also introduce the notations

t,+1,
= Tﬂ’ 0=ty —1t, and J:=[u—J, u+7Jl.
We adhere to the overall strategy outlined above. Specifically, we use Holder’s

inequality with the assumption that p > 2 to conclude that

(s w12 dx)*
(5.3) W(x)dx > W(x)dx > Jas 1
R\/ R\J ( #)
\ 20—
(lx_tul |x_tu+1 |) P2

=2 *
2

We have chosen J to be concentric to I with |J| = 2|I| = 24, so since y is in PW?
we get with the convention 4 of Section 3.3 that

(5.4) /]R . Ly )2 dx > ||wll3(1 = Ao(zd)) > llwl2(1 — Lo(7d)),

where we in the final estimate used that ¥, = 1. Making use of the symmetry of
the domain of integration, we next carry out a substitution to write

2 2 o) 2(p—1) )
x=dx 2u 1y =22z Px
/ 0 T w2 / ( 7 — Z) e (l + —2) dx.
RV (Ix = tal lx = g D72 6772 1 P
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To estimate the integral on the right-hand side, we use that x> — 1/4 > 3/4 to
conclude that

2 [T ()

+

()7 (3 - 4w+ 52

Inserting these estimates into (5.3), we find that

||l//|| “ do(md))*
18 —4log3+ % ydloadyns

(5.5) / Y(x)dx >
For the upper bound of the integral over /, we estimate

/ W) dx < [yl / = 1) (a1 — P27 dx
1 1

= |y lZou P! /|x|<1/2(% _x2)”_l (1 - %)27 dx.

Since trivially 0 < d/u < 2, we compute

(5.6)

1_x2 1

5.7 max 4 = = ,
bsi/2 ] — & 4_2_22+2

which when employed in (5.6) implies that

1 1 p—2
C9 [ < i w7 (————)""
I 6 ( /4 _ 5_-2 + 2)
u
Combining (5.5) and (5.8) with the orthogonality relation (5.2), then simplifying,
we find that

(5.9) 1 — Ao(wd) < A*/PB'=2/P,
where A =2/9 and
16 5 4+3log3 1 2
19_(—3-—4log3+;E - ) )

VA4S +2

It is clear that B is increasing as a function of J/u. We assume that < 3/5 and
aim to obtain a contradiction. We first deduce from part (a) of the current theorem
that

Wl &~

\/5

T

)
+

= | Q,
NI,

IN
S
+ W
S

A
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It follows that

B< (? —4log3+ (%)24+331og3) <\/4_7(1%)2+2>2 =0.169841 . ..

Since B < A we conclude from (5.9) that
2
1 — Ao(md) < 55.

Here the left-hand side is decreasing as a function of §, while the right-hand is
increasing as a function of . We obtain a contradiction to our assumption that
0 < 3/5 from the fact that

1 —40(3x/5) > 0.14,

which can be extracted from Table 1. Consequently, #,.; — 7, > 3/5.

It follows from Theorem 5.1 that the separation constant of 2°(¢,)is atleast3/5.
To improve this, the idea is to argue similarly as in the proof of Lemma 4.1
to estimate ¥ on J \ I, an interval which we in the previous argument simply
discarded. In this estimate, we will take into account the information we have
already established on Z°(¢,). This allows us to iteratively improve our estimates.

Since Z(y) = (Z(¢p) \ {tn, tis1}) U {0}, the estimate for #; and the estimate for
t.+1 — t, for every n > 1 both have an effect on the separation constant of .2(y).
Ift; > yand t,,,; — 1, = J for every n > 1, then o(Z(y)) > min(y, dy). Setting

COS Tax

5.10 @ ="
(5.10) W) = T
the most important result of the present section reads as follows.

Lemma 5.2. Fix2 < p < oco. Suppose that t,.1 —t, > g for everyn > 1 and
thatt; >y > &y. If 0 =ty — t, for somen > 1 and if 6 < 36y/2, then

1 — Ao(wd) < dmax(A, B)
where
A= g/o”z(i ) (2= min(12(32 2 (%;i(;)x))”))dx,

24+310g3)( 1 )2

3 N\a— s

16
B:= (? —4log3+f

foro=06/0y and p=0/(y +/2).
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Proof. The proofis anelaboration of Theorem 5.1 and we retain the definitions
of y, ¥, I, x and J from that argument. We also retain the lower bound and deduce
from (5.3), (5.4), (5.5) and the fact that 6/ < f that

lyll% 1277 575 (1 — Ao(n6))"

(5.11) ¥(x) dx > )"
R\ 3L —410g3+ﬁ24—+3;°g3)72

For the upper bound, we begin by rewriting

/ Y(x)dx — Y(x)dx
1 I

U+o/2

= /ﬂ (Px) —YQRu — 0 —x))dx+ / (Yx) —YQu +9J — x)) dx.
u—0o/2 u

Next we estimate

YQu — 5—x))) dx

! by Y2 0o d !
— —5— <
/ﬂ 0 = ¥ —o ) d < /ﬂ e

I ‘P(x)(l - min(l,

and similarly for the integral from u to u + /2. The purpose of these estimates
is that we can now obtain an upper bound by estimating ¥ pointwise from above.
If x is in 7, then

Ix — )P x =ty P!
xP—2

Y =yl
b — P x =t P
(= lx — ulp=2

The virtue of this estimate is that w(x) = w(2u — x) for x in /. Using this estimate

< wlloo = [y llcoto(x).

and translating the resulting integral, we find that

/# (P(x) —¥YQRu — 6 —x))dx
n—0o/2

Y(u — 5+x))) dx
Y(u —x)

As above, we estimate the integral from u to g +J/2 similarly. Using the symmetry

of w and the elementary inequality min(1, a) + min(1, ») > min(1, 2v/ab), which

is valid for a, b > 0, we find that

/2
< ||l//||oo/ w(u —x)(l —min(l,
0

/ Y(x)dx — WY(x)dx
I I

" Y(u — o+ x)¥ S5—
< ||w||oo/0 w(ﬂ—x)(Z—min (1,2\/ (ﬂqj(# i);))‘l’((lz:x) x)))dx'
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By a substitution, we can rewrite the latter integral (denoted ¢ in what follows)
as

) 172 ) Y(u — (1 —x)¥P(u +o(1 —x))
S = 5/0 w(p — ox) <2 — min <1’ 2\/ P(p — 0x)¥F(u + ox) )) e

Using (5.7) as in the proof of Theorem 5.1, we then estimate

(5.12) w( — ox) < 52P—2ﬂ2—ﬂ(ﬁ)p_z(i =3

forO < x < 1/2andd/u < . We now seek to estimate the function

(e —o(1 = x)P(u +o(1 — x))
P = \/ Wi — ox)P(p + ox)

from below and set

V= =t =) oy 1 Nl

w(p — ox)p(u + ox) s |~ iy

By the assumption that § < 3dyp/2 and 0 < x < 1/2, we obtain a lower bound
for each factor by choosing the minimal value of |t — u| for each r. We know
that Z(y) = (Z(¢p) \ {ts, tis1}) U {0}. The distance from u to Z'(y) is at
least 6/2 + dy > 30y/2 and following this the zeros will be separated by at least
min(y, dy) = dg. Taking into account the symmetry around u, we conclude that

o Gu(x)

net 1= 52 2y

W =0 —0wr ol =) 7!~ A 40—
w(u — ox)y(u + ox) 1

where we recall the convention o = d/dy and (5.10). It follows that

(1 — _ 1 a2 — (1 — )2 1-2
S45%11()5)%))}7(31+22))cc)p l(ﬂ u? —(;ZXZX) )1 )

Since 2 < p < co and 0 < x < 1/2, the final factor is bounded below by 1. This
is attained as ¢ — oo. Consequently

70 = (

3 —2x\r-1 /9,(1 — x)
) Cam )

Combining (5.12) and (5.13), we find that

(5.13) P(x) > (

g < 521"1#2“’(71 )H

ViF2
1/2 _ _ _
x/o (%—ﬁ) (2—min(1,2(3;+22;:)p l(%)p))dm
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Recalling the upper bound

/‘I’(x)dx—/ W) dx < [Ylloo s
1 J\I

and the lower bound (5.11), we obtain the stated result after simplifying the
resulting inequality (in view of Lemma 3.3(b)), then finally using thatp > 2. [

The following elementary result shows that it is sufficient to obtain a contradic-
tion for one p; > 2 and one d; > dy from Lemma 5.2 to obtain the same conclusion
for the intervals 2 < p < p; and dy < d < d;.

Lemma 5.3. Fix0 < x < 1/2. The function

3— 2X)P—1 (%a(l — x))p

(@p) = (1+2x 7,

is decreasing as a function of bothO <p < ooand 1 < a < 3/2.

Proof. We first fix 0 < p < oo and consider the expression as a function of a.
The function f(y) = % (y) = {275 satisfies f(y) > 0, f'(y) < 0 and f"(y) < O for
0 <y < 3/2. Then,

d fla(l—x) 1—x, _ _ xf(a(l —x)) ,
o f(ax) ‘f( o == Ty T
1—2x)—
< )(f(a( %)) — f'(ax)) <0,

where we first used that f/(y) < 0 and that 1 — x > x in combination with that
f(a(1l — x)) < f(ox) and that —f’(y) > 0, then finally that f”(y) < 0.

To establish that the expression is decreasing as a function of 0 < p < oo
if ]l <a <3/2and 0 < x < 1/2 fixed, it is sufficient to establish that

3—-2x%(1 —x) -

5.14

( ) 1+42x %) —

by the previous claim. This follows at once from the amusing observation that

(5.14) is an equality forall 0 < x < 1. O
In order to iterate our way from t,,; — t, > 3/5 from Theorem 5.1(b)

to t,41 — 1, > 2/3 in Theorem 1.5(b) we require a better estimate for #; than
the one established in Theorem 5.1(a).

Proof of Theorem 1.5(a). Fix 2 < p < 4. Let #; be the smallest positive
zero of ¢, and set

and YY) :=|ly@)P|lx—1n |p_1|x|.

) = 22
X — N
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Note that y is in PW? since @p is in PW® and ¢,(t;) = 0. The orthogonality
relation of Lemma 3.3(a) is

(5.15) Y(x)dx = /‘I’(x) dx,
R\ I
where I := [0, #;]. Setting J := [—1, /2, 31, /2], we rewrite (5.15) as
(5.16) Y(x)dx = / Y(x)dx — W(x)dx.
R\J I IAVS

Using Holder’s inequality as in the proof of Theorem 5.1(b), we find that

L1 = do(zmty))?
(5.17) P(x) dx > I ‘”_” o "(_”ZU,‘,)I)) —
Y (g B2 b = 1757 '

Moreover,
-2 _2p=D
lx|” 72 |x — 1| 77 dx
R\J

-1 N -1 -3
< sup (Ix|7 fx — |72 x| x — 1|7 dx
xeR\J R\J

e (2)4 (21023 - g)

since 2 < p < 4. Inserting this estimate into (5.17), we find that

2+l P
(5.18) Y(x)dx > [P t12+ (A = Ao(zt):?
R\J - (%)L?’(Zlog3 - g)'%z

For the upper bound of the right-hand side of (5.16), we discard the contribution
of the interval (¢, 37, /2] to get
1

n/2
Y(x)dx < /0 (P(x) — Y(—x)) dx + . Y(x) dx.

(5.19) /I‘P(x) dx —

I
For the second integral in (5.19), we estimate
1 151 ) 1
Ydrs il [0 —arede= i [ (-0

/2 /2 1/2

For the first integral in (5.19), we use the fact that ¢, is even (from Lemma 3.5) to

estimate
"2 "2 2,2
/ (P(x) — W(—x)) dx = / W@ P = 2
0 0 1 +x
172 22
< p +1/ 1 — xy—! )
L R
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Inserting these two estimates into (5.19), we find that
1
(5.20) / W) dx — / W dx < [[yllt / (1 — 2P w(x) d,
1 I 0

where w(x) := % for 0 < x < 1/2 and w(x) := xfor 1/2 < x < 1. By Holder’s

inequality and the assumption that 2 < p < 4, we deduce that

p=2

1 1 i 1 -
/(1—x)ﬁ—‘w(x)dx§ (/ (1—x)w(x)dx> (/ (1—x)3w(x)dx)
0 0 0

3y 3\% 3y 6203\
= (4102 (3) = 3) " (16108 (3) — 5g5) -
Inserting this estimate in (5.20), then combining what we get with the modified
orthogonality relation (5.16) and the lower bound (5.18) we simplify to find that

(5-21) 1 — Ao(xty) < AT BT,
where
A= 13_610g (%) ~2 and B=(2log3~ g)(l6log (g) - %).

Since A < /B, we find thatA%Bp:;f2 < +/B. Inserting this estimate into (5.21),
we conclude that

(5.22) 1 — do(zty) < 11VB.

The left-hand side of (5.22) is a decreasing function of #;, while the right-hand side
is an increasing function of #;. Consequently, if (5.22) fails for some #; = s, then

we must have #; > s. Setting s = 2/x, we obtain the desired contradiction since
2vB/7 < 0.118 and

(5.23) 1 —20(2) > 0.119,

where the latter was extracted from Table 1. O

It seems difficult to do much better than #; > 2/z uniformly in the range
2 < p < 4. We expect the first positive zero of ¢4 to be close to the first positive
zero of the function f; defined in (1.4), which is #; = 0.76547 .. ..

Proof of Theorem 1.5(b). We will use Lemma 5.2 twice. In view of
Theorem 1.5(a) we may take y = 2/x and by Theorem 5.1(b) we can set dy = 3/5.
By Lemma 5.3, we see that A is increasing as a function of both p and 6. We
set 0 = 2/m and p = 4 to get a value for A which works for all 3/5 < J < 2/x
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and 2 < p < 4. Computing numerically with the integrate package from SciPy
we find that
A=0.1440... and B=0.1337....

We obtain a contradiction to the inequality 1 — Ag(7d) < JA for 6 = 2/x by (5.23).
It follows that t,,,y — ¢, > 2/m foreveryn > 1 and forall 2 < p < 4.
Repeating the same analysis with y =dy =2/7, p =4 and 6 = 2/3 we find that

A=0.1387... and B=0.1388...
which is a contradiction to the inequality 1 — A(xd) < 0B for d = 2/3 by
1 — A0(27/3) > 0.103,

which can be extracted from Table 1. This means thatt,,; —#, > 2/3 foreveryn > 1
and for all 2 < p < 4 as desired.

6 An upper bound for 4, when 2 <p <4

A corollary to Theorem 2.4 will serve as our starting point for the proof of Theo-
rem 1.1. To state it, we fix 1 < p < oo and recall from Lemma 3.5 that the unique'
solution of (1.6) is of the form

2

¢p(Z) = ﬁ(l — i_%)a

n=1

where (#,),>1 is a strictly increasing sequence of positive numbers. Recall also our
convention that #y = 0. Consider the function K: (0, co) — R defined by
sin §7(x — n)

(6.1) K = Xyt @)

X
n=0

and set K, (x) := max(K(x), 0).

Corollary 6.1. Fix 1 < p < oo and let K, be as above. Then
o0
€y < 2/0 Kf(x) dx.

Proof. We apply Theorem 2.4 withf = ¢, and g = p/2, theninvoke Lemma 3.5
to rewrite the formula as

1=2 / h lpp (P2 K (x) dx.
0

The fact that the extremal function is unique (and consequently even) is technically only required
in the proof of Theorem 1.5, but it simplifies the exposition of the present section greatly.
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Squaring both sides, then using the definition of K, and the Cauchy—Schwarz
inequality we find that

00 2 0
1§4< /0 |gop(x)|”/2K+(x)dx> < 2llp, Il /0 K2(x) . -

Before proceeding, let us take a look at the situation for the two endpoint cases
p=2andp =4.

Example 6.2. If p = 2, then the expression for K in (6.1) simplifies to

o0
K(X) =) X1yt () (—1)" sinc 7x.
n=0
It is clear that the choice 1, = n for n > 1 maximizes the upper bound of Corol-
lary 6.1, since in this case K(x) = K, (x) = | sinc zx|. This gives yet another proof
that 4, = 1 and that the unique solution of (1.6) is ¢,(x) = sinc zx.

Example 6.3. If p = 4, then the expression for K in (6.1) simplifies to

o0
Kx)=2 Z A(tyotney)(X) SINC 270X
n=0
Here the choice of 7, for n > 1 is irrelevant. The upper bound of Corollary 6.1
recovers the result from Theorem 2.2.

The reader may at this point notice that if we had known that
(6.2) n—2/p<t,<n,

then the proof in the case 2 < p < oo would have been equally trivial as in these
two examples. It seems likely that (6.2) holds for 2 < p < 4, but, unfortunately,
we only have at our disposal the much weaker assertions of Theorem 1.5. Our plan
is now to deduce from that theorem that the following result applies.

Lemma 6.4. Fix 1 < p < oo and let K, be as above. Suppose that there is
a sequence % = (Iy)i>0 of bounded measurable subsets of (0, 00) that enjoy the
following properties:
(@) K.(0) = 00n (0,00)\ Upso I
(b) Set & =inf(Iy). Then &y =0, & > 1 and &y > E+2/p forall k > 1.
(c) Foreveryk > 0,

a+2/p sin® 2r(x — &
Kf(x) dx < / # dx.
Iy Sk X
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Then
* 2 p > . 2 4x +p —_ 2
2/0 K+(X)dX§§(l—2(p—2)/ (SlnC?Z'X) m )C).
Proof. Using (a) and (c), then combining (b) with the fact that the func-
tion x — 1/x is decreasing on (0, co) and periodicity, we find that

o0 e St2/p sin2 27[ X —
2/ Kf(x)dngZ/ ST =) g
0 k=0 <

2,2
2 T2x

.2 00 win?
S 2(/2/1’ sin gn'x dx+/ sin gn'(x -1 dx).
0 1

2x? T2x?
The final expression is equal to the one given in the statement. (|
By Corollary 6.1 and Lemma 6.4, we will have a proof of Theorem 1.1 if

we can produce the sequence of sets described in the latter result. We begin by
establishing some terminology.

Definition. For n > 0, we refer to the components of
{x elR: singn(x—n) > 0}

as the intervals at level n. An interval at level n contained in (z,, f,.1) is called
a stationary interval. For n > 1, we assign a sign (4, ¢) to #, as follows. We
set 0 equal to + if ¢, is in the interior of an interval at level n — 1 and equal to —
otherwise. Similarly, ¢ is set equal to + if ¢, is in the interior of an interval at
level n and equal to — otherwise. When the sign of 7, is (+, &), we will refer to
the interval at level n — 1 containing ¢, as a departure interval. When the sign
of t, is (£, +), we will refer to the interval at level n containing ¢, as an arrival
interval.

We begin by pointing out that the intervals at level n are of the form
I =(¢+2/p), where & = n+ k4 /p for k in Z. We also stress that a station-
ary interval can neither be arrival nor departure. See Figure 4 for an illustration of
the definition.

The idea is that the support of K, is the union of the intervals at level n
intersected with the interval (¢, £,,.1). We traverse (0, co) and jump from level n to
n+ 1 whenever we encounter #,,,;. As we go along, we will use an algorithm based
on the signs of 7, to construct the sequence .#. The following result is trivial, but
we state it separately for ease of reference.

Lemma 6.5. If2 < p < 4, then an interval at level n intersects at most one
interval at any other level. If I = (£, &+ 2/p) is an interval at level n, then the
interval at level n + 1 intersecting  is (E+1 —4/p,E+1 —2/p).
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4 — - - L
Figure 4. Some intervals at levels n =0, 1,2, 3,4 for p = 3. Here t; = % has sign
(— =), 1= % has sign (+, —), 13 = % has sign (+,+) and #4 = 13—3 has sign (—, +).

From left to right, the highlighted intervals are stationary, departure interval for #,,
arrival interval for #3, stationary, and arrival interval for #4.

The key point of Lemma 6.5 is that S+ 1 —4/p < £ since 2 < p < 4. The
effect of this is that arrival intervals are easier for us to deal with and that the most
problematic case is #, of sign (+, —). We need different arguments for the two
cases 2 < p < 3 and 3 < p < 4. The easier latter case will be handled first. We
invite the reader to consult Figure 4 during the proof.

Proof of Theorem 1.1: The case 3 < p < 4. The separation

o= g{(tm — 1) > %
established in Theorem 1.5(b) and the assumption that p > 3 implies that no
interval can be both an arrival interval and a departure interval. Let .¥ = (Ix)x>0 be
the sequence of intervals constructed iteratively forn =0, 1, 2, . .. as follows:

e Include all stationary intervals at level n, ordered left to right.

e If #,,; has sign (+, —), include its departure interval in .#.

e If#,; has sign (£, +), include its arrival interval (at level n + 1) in 7.

e If #,4 has sign (—, —), do nothing.
If & = inf({), then Lemma 6.5 shows that .# is ordered such that & < &1. We
need to check that .# satisfies the three conditions (a)—(c) of Lemma 6.4, which will
establish the stated estimate by Corollary 6.1. It follows at once from Lemma 6.5
that (a) holds, since we always choose arrival intervals whenever possible. The only
case of (c) which requires an argument is (+, +), where we appeal to Lemma 6.5
again and use the fact that x — 1/xis decreasing on (0, co) and periodicity. For (b),
there are three cases to consider.
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(1) If I and I+, are on the same level, then & = & +4/p.

(i1) If I is atlevel n — 1 and I}, is at level n, then &1 = & + 1. We cannot have
Liy1 = (& +1—4/p, &+ 1 —2/p) (see Lemma 6.5), as this would contradict
the fact that & < &yq.

(iii) If I is at level n — 1 and I, is at level n — 1 + s for some s > 2, then
s =2and &4 = & +2 —4/p. The key point is that ¢, has sign (£, —)
and t,,4; has sign (+, +) (the latter due to the assumption that /;,; is not at
level n and that ¢ > 2/3 > 2/p by Theorem 1.5). Consequently, s = 2 and
G+l <ty <& +1+2/p. By Lemma 6.5, the only interval at level n + 1
which overlaps with this interval must be I, ;.

Using the assumption that p > 3, we deduce from (i)—(iii) the general estimate
Ser1 = E+2/p. Ift; > 2/p, then Iy = (0, 2/p) will be included in .# as a stationary
interval. Should #; < 2/p, we know by Theorem 1.5(a) that

th>2/x>1/2>1-2/p

which means that the sign of #; is (+, —) by Lemma 6.5 and so Iy = (0,2/p) is
included as a departure interval. Consequently, &y = 0.

For &, there are two cases to consider. If #, > 2 — 2/p, then we can exclude
the case (iii) as the possible arrival interval at level 2is I} = (2 — 4/p,2 — 2/p).
Hence we have &; > 1. This means that (b) holds and we are done.

In the case that#, < 2—2/p, we make the following adjustment to the algorithm.
Since , > 2/xr+2/3 > 5/4 > 2 —4/p by Theorem 1.5, it follows that the sign
of 1, is (+, +). According to the algorithm, we should select the arrival interval
Iy =(2—4/p,2—-2/p). We will instead select the departure interval /1 = (1, 1+2/p)
which has & = 1 as desired. To justify this choice, we need to manually verify that
condition (c) in Lemma 6.4 holds. This condition simplifies to

/H/P sin® §7(x—2) /1+2/P sin® 2(x — 1)

" n2x? ~Jn m2x?

We firstnote that2 —2/p < 1+2/pfor3 < p < 4. Since t, > 5/4, it is therefore
sufficient to establish that the pointwise estimate

sin® gn(x —2) < sin? gn(x —1)

holds for 5/4 < x < 2 — 2/p. This pointwise estimate follows from the fact that
both sin-functions are positive on the interval and that the midpoint of (1, 2—2/p) is
3/2—1/p whichis atmost 5/4. As we have now chosen the interval /1 = (1, 1+2/p)
instead of the interval (2—4/p, 2—2/p), we need to make sure that the next interval
is not (4 — 8/p, 4 — 6/p) so that the requirement & > & + 2/p still holds. The
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only way this interval could be included is as the arrival interval of #4. However,
by appealing to the separation, we find that

5 4 31 5 6
h>h+20>4-—="—>=>4— =
4 3 12 2 p

for 3 < p < 4, which shows that this cannot occur. O

In the proof of Theorem 1.1 for 3 < p < 4, the sets in .# were all intervals of
length 2/p. In the proof of the case 2 < p < 3, we will at times need to choose
I = (& b)U(a, n) where £ is the left endpoint of some interval at level n and 7 is the
right endpoint of some interval either at level n or at level n + 2. When checking
condition (c) in Lemma 6.4, the following trivial result will be helpful.

Lemma6.6. [fO < ¢ < b <a < ysatisfyn > E+2/pandn—a+b—<& < 2/p,
then

sin? Lr(x— é) 1 sin? Ea(n—x) <+2/p gin? Er(x— 5)
27 — £ = dx< -
A e+ | o |

B} nz 2 252 nz 2

Proof. This follows at once from the fact that the function x — 1/x is de-
creasing on (0, co). U

I

4_

Figure 5. Some intervals at levels n = 0, 1,2,3,4 for p = %. Here 1, = % has
sign (+,+), & = 3 has sign (—,+), 13 = 22 has sign (—, +) and 14 = 5 has sign
(+, —). From left to right, we have applied Rule 1, Rule 4.3, Rule 2.2, Rule 2.2,

and Rule 3.1.

Proof of Theorem 1.1: The case 2 < p < 3. In contrast to the previous
case, it is now possible that an interval I = (&, & + 2/p) is both the arrival interval
for ¢, and the departure interval for #,.;. By Theorem 1.5(b), this means that

<ty <t, +2/3 <ty <E+2/p
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and hence 7, has sign (—, +) and 7,41 has sign (+, —) in view of Lemma 6.5. We will
choose the sequence .# iteratively for n = 0, 1, 2, ... according to the following
four rules. See Figure 5, Figure 6 and Figure 7 for illustrations of the rules.

Rule 1. All stationary intervals at level n will be included in .#.

Rule 2. The sign of ¢, is (—, +) and the arrival interval is (&, &+ 2/p).
21: L1 =(E+4/p—2,1,) U(ty1, $+2/p) is already included in .# by either
Rule 3.3 or Rule 4.1 below, then we do nothing and proceed.
2.2: If such a set is not included in ¢, then we include the arrival interval

L= (& E+2/p)in 7.

Rule 3. The sign of #,,1 is (+, —) and the departure interval is (&, & + 2/p).
3.1: If Iy = (&, £+2/p) is already included in .# by Rule 2.2, then we do nothing
and proceed.
32: If 1y = (&, &+ 2/p)is notincluded in ¥ and if ¢,,,p > &+ 2 — 2/p, then we
include the departure interval I; = (£, £+ 2/p) in .#.
33: If 11 =(,E+2/p)isnotincluded in ¥ and if t,,,p <& +2 —2/p, then we
include I = (&, t01) U (142, E+2 — 2 /p) in S

Rule 4. The sign of #,,; is (+, +) and the arrival interval is (£, + 2/p). By
Lemma 6.5, the departure interval is ((+4/p — 1, £+ 6/p — 1).

4.1: Loy =(E+4/p —2,t,) U (ty41,E+2/p) is already included in .# either by
Rule 3.3 or by the present rule and if 7,4, < £+2/p + 1, then we include the
setl =(E+4/p—1,t1) U 2, E+2/p+1)in £,

42: oy =(E+4/p —2,t,) U (ty41,E+2/p) is already included in .# either by
Rule 3.3 or by Rule 4.1 and if t,,, > &+ 2/p + 1, then we include? the set
L= E+4/p =1, UE+2/p,E+6/p— 1)in 7.

4.3: f Iy = (E+4/p—2, t,)U(ty41, S +2/p) is not included in .7, then we include
the arrival interval [ = (£, £+ 2/p) in 7.

Rule 5. [If the sign of 7,4 is (—, —), then we do nothing and proceed.

We now need to check that conditions (a)—(c) of Lemma 6.4 are satisfied. It is
clear that (a) holds. It is also not difficult to check that (c) holds. For Rule 2.1 and
Rule 3.1 there is nothing to do. That (c) holds for Rule 1 and Rule 3.2 is trivial.
For Rule 2.2 and Rule 4.3 we need to use that x — 1/x is decreasing on (0, co)

2The second interval is only included to preserve the overall dichotomy that either 7 = (&, & +2/p)
or I = (&, b) U (a, n). It could be dropped without affecting conditions (a)—(c) of Lemma 6.4.
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o 1

Figure 6. Some intervals at levelsn =0,1,2,3,4 for p = % Here t; = % has sign
(+,—), b = % has sign (+, —), t3 = % has sign (+, +), #4 = % has sign (+, +),
and t5 > %. From left to right, we have applied Rule 3.2, Rule 3.3, Rule 4.1 and
Rule 4.2.

and Lemma 6.5 as in the proof of the case 3 < p < 4. For Rule 3.3, Rule 4.1 and
Rule 4.2 we use the separation ¢ > 2/3 and the assumption that 2 < p < 3 to
show that the conditions of Lemma 6.6 are satisfied. For (b), there are three cases
to consider. Note first that & = inf(/;) will always correspond to the left endpoint
of an interval at some level. We will therefore think of &, as being on this level.

(1) If & and & are on the same level, then &y = & +4/p.
(i1) If & is at level n — 1 and &4 is at level n, then & = & + 1. This is clear
since the rules avoid the interval (& +1 —4/p, &+ 1 —2/p).

(iii) If & is at level n — 1 and &, at level n — 1 + s for some s > 2, then either
s=2and & =& +2ors=3and & =& +3 —4/p. The key point is that the
interval (& +1, &+ 1+2/p) at level n has been avoided. This is only possible
by an application of Rule 3.3 or Rule 4.1 with 7,,; < & + 1, such that the
next rule applied is Rule 2.1. We may reach level n + 2 through either Rule
2.2 or Rule 4.3 applied to 1,,.,. We refer to Figure 7 for an illustration of the
latter possibility.

In summary, we conclude that &, > & + 1 for all kK > 0, which imply the weaker
claim that £, > 1 and &, > & +2/p for k > 1. It only remains to see that & = 0.
If #; > 2/p this is evident, since the interval Iy = (0, 2/p) will be stationary and
includedin .#. If 2/ < t; < 2/p, then the sign of #; is (+, —) by Lemma 6.5 and
the factthat2/7 > 1/3 > 1 —2/p for 2 < p < 3. This means that & = 0 either by
Rule 3.2 or by Rule 3.3, depending on 7,. (|
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4 — J— #l;
Figure 7. Some intervals at levelsn =0,1,2,3,4 for p = % Here t; = % has sign

(+, =) h = ‘3—‘ has sign (+, —), #3 = 2 has sign (—, +), and #4 = % has sign (—, +).
From left to right, we have applied Rule 3.2, Rule 3.3, Rule 2.1, and Rule 4.3.

7 Asymptotics for 4,

We have now come to the problems of estimating %, as p — 0" and as p — oo.
The main goals of the present section are to prove Theorem 1.3 and to prove
Theorem 1.2. We begin with some preliminary estimates on a family of entire
functions of exponential type 7.

7.1 A family of entire functions. Fora > %, consider the function

v

2.(2) = a — 1)2**72B(a, a) B (cos g)za_zei15 %

The normalizing factor is chosen so that g,(0) = 1. Note also that g;(z) = sinc zz.
By a calculation attributed to Ramanujan (see [28, Section 7.6]), we deduce that

2 o 2
(7.1) 8a(2) = 1 (@) H(l Zi)

(o —2)T(a+2) :n=1 B (n+a—1)?2

The formula (7.1) defines an entire function of exponential type z for all a > 0.
In particular, we see that g /() = cos zz.

Note the similarity of g, and ﬁ from (1.4). From this one would expect
that choosing a = 1 + 117 could yield a reasonable lower bound for 4,. We have
numerically verified that in the range 1 < p < 4 the lower bounds obtained by f,
are better. However, the virtue of g, is that we know exactly the location of its
zeros. This makes it possible (see, e.g., [9]) to compute

1 —1
6 > (7[/ sinc nxdx) =0.5399751567 ...
0
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coswz
1—4z22°

the numerical lower bound obtained by Hérmander and Bernhardsson in (1.3).

by testing (1.1) with the function g3,2(z) = This is only slightly worse than

We choose to work with g, for precisely the same reason when obtaining lower
asymptotic estimates for €, as p — oo and p — 0* by letting a go to respectively %
and co. We will rely on the following estimates.

Lemma 7.1.
(a) If0 < x < a, then

X)—(a—1/2—x)(l x)—(a—l/2+x)

g = (1- - -

(b) If1/2 < a < x, then

I (1 —a +x)1/2—a+x
(a +x)a—1/2+x

[ga(X)| < @ | sin z(a — x)|.
©) Ifa>1/2and0 < x < a, then
X
|ga(X)| < COS(ﬁ)‘

Proof. The well-known formula

1 1 % arctan :
(7.2) mgFQ)=(z—i)bgz—z+§k%2ﬂ+2A gt

is valid for Rez > 0. We begin with (a). If 0 < x < a and ¢t > 0, then it follows
from convexity that

t
— 2 arctan — + arctan
a—Xx a a+x

arctan > 0.

We therefore obtain from three applications of (7.2) that

logg.(x) < 2((1 - %) loga — (a —x— %) log(a — x) — (a +x— %) log(a + x),

which simplifies to the stated result (a). For the proof of (b), we first use the
reflection formula for the gamma function to obtain

)T —a+x)
(7.3) 8a(x) = - o+ )

sin z(a — x).

Fix t > 0 and consider

t t
F(a, x) :== 2 arctan — + arctan ——— — arctan .
a —a+x a+x
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We verify by differentiation that if o« > 1/2, then x — F(a, x) is decreasing.
Another differentiation reveals that a — F(a, ) is also decreasing. It follows that

t t
2 arctan — + arctan ———— — arctan < 2 arctan 2t
a

l—a+x
forallx > o > 1/2 and ¢t > 0. From this estimate and three applications of (7.2),
we find that
(@)1 —a +x)

1
8 I'(a +x)

< Z(a - %) loga + (% —a+x) log(1 — a +x)

® arctan 2
—(a—1/2+x)10g(a+x)+log(27r)—1+4/ arean
0

e2rt — 1 L.

The integral evaluates to (1 — log2)/4. Inserting the resulting estimate into (7.3),
we obtain (b). The proof of (c) is the easiest one. If o > 1/2 and n > 1, then

n—1+a)< (n—%)Za.

The stated estimate follows after inserting this estimate into (7.1) for0 < x < a. 1

7.2 Asymptotics as p — oo. It is not difficult to see that an upper bound
of the form %, < Cp is not asymptotically sharp as p — oco. Suppose that f in PW?
is real, even, and satisfies f(0) = ||f||cc- Using Lemma 3.4, we find that

1

(7.4) | verdarz [ gcosmor ax

[T

Combining this with the well known asymptotic expansion

B((p+1)/2,1/2) _ i+0(
T N\ ozp

1

(1.5) " (cos x)’ dx =

)

S
S| =

1
2

as p — oo, we conclude from (1.6) and Lemma 3.5 that

a=y7o()

as p — oo. In Theorem 1.2 we will sharpen this upper bound and provide
a matching lower bound. In addition to (7.4) and (7.9), we require the Riesz
interpolation formula (see, e.g.,[3, Section 11.3]), which states that if f is in PW°,
then

(7.6) Fan=2 S (caylornrl/2)

T 2n+1)?

—00
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We will also use Bernstein’s inequality (see, e.g., [19, Lecture 28]), which states
that

(1.7) 1 oo < 7llflloo

for every f in PW°. The inequality is attained if and only if

f(z) =acosnz+bsinrz.

Proof of Theorem 1.2: Upper bound. Fix 1 < p < co. In view of
Lemma 3.5, we may assume without loss of generality that f is real, even, and
satisfies ||f||oo =f(0) = 1. Since f is a nontrivial function in PW? for p < oo, we
know that (7.7) is not attained. We may consequently assume that ||f” ||, = 7> — 7
for some 0 < J < m. There are now two cases to consider.

The first case is that 0 > cl"% for some positive constant ¢ to be chosen later.
Using Taylor’s theorem at the origin, we obtain the estimate

" Nloo 2
- 1—
2 2

2
e — on
x.

feol > 1—

Restricting the domain of integration to the interval |x| < %(1 — ‘;5)_% and using

this estimate, we find that

00 2 o\ -1 1
(7:8) = [ vwrars £(1 -9 [ a-2rax
—00 T T -1
Combining the expansion
1
1
(7.9) / (l—xz)”dsz(p+1,l/2):\/§+O(—3)
-1 4 p2
with the estimate P 5
(1-7) =z1+g;
which holds for 0 < ¢ < 7, we deduce from (7.8) that
2 2 ¢ lo 1
(7.10) 1L > )=+ 1/ =—=2P +0(—§).
np 27 p3 p2

logp
R
The second case is that § < cl"%. Using (7.4) and (7.5) as above, we find that

(7.11) ’ |f(x)|ﬂdxz,/3+0( )
_% p p

as p — oo, since 0 > ¢

o =

]
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Our goal is now to analyze the contribution to the integral of |f(x)|” for |x| > %
By Bernstein’s inequality (7.7) in the form ||f” |0 < 7||f"||c0, OUr assumption that
If"lloe = > — O implies that

If'lloc > @ — 0.

Let us assume that xg is a point such that |f'(xg)| = # — 6. Now let .#; be the set of
those integers n such that |[f(xo +n+ 1/2)] < (1 — 29)||f|lcc = (1 — 20). From the
Riesz interpolation formula (7.6) and the assumption that ||| = 1, we find that

, 4 Ifxo +n+1/2)] 80 !
— 5= < — E — 5 ST —— D0+ 1)2
T lf (X())l =7 (2n+ 1)2 =n T netts (2n+ 1)2’
where we also used that 3, _,(2n + 1)™2 = %2. It follows that Znem (2n11)z <%

and consequently that

1 w2
(7.12) Y > — = =207470....
o Qn+1? = 4

|y

The maximum of (27 + 1)~2 for integers n is 1, and this is attained only at n = 0
and n = —1. Hence (7.12) implies that the complement of .#; consists of at least
three integers. This means that there exists a pointy = xo +n+ 1/2 with |y| > 1
such that |[f(y)| > 1 — 2. Let yo denote the closest local maximum of [f(x)| to y.
There are now two subcases to consider.

1

First, if |y — yo| = —5» then there is an interval / of length # which contains y

where [f(x)| > 1 — 20 for every x in 1. Since |y| > 1, we can always choose p so
large that I contains no points x with |x| < % This means that there is no overlap
between the integral (7.11) and the integral

(1 — 26y

(7.13) /I o dr= 2

Since § < cl";’p we see that
1 lo
(7.14) (1 =26y > (1 —2cﬂ)p - exp( zclogp+0( og’ p)) > Cyp
p
for an absolute constant C; > 0. Inserting (7.14) into (7.13), we find that

/[f(x)lp dx > Clp_%_zc.
1

Second, if |y — yo| < —= then we choose p so large that there are no numbers x

which satisfy both |x| < % and |x — yo| < % which is possible since |y| > 1. By



POINT EVALUATION IN PALEY-WIENER SPACES 647

Taylor’s theorem and Bernstein’s inequality (7.7) twice, we find that
ol = (1= 20)(1 = == 307)
X - -
= 2(1 = 20) yo) ),
where we used that |[f(yg)| > (1 — 20). This shows that

2 1
/ . Fooras s Y2 —25)%+P/ (1 — Y dx.
lx—yo|< Y2 (1-26)!/2 T -1

By (7.9) and (7.14), we conclude that

/ FP dx = Cop~
l—yol < 2 (1-20)!2

for an absolute constant C, > O.
Combining what we have found from either subcase with (7.11), we conclude
that there is a positive constant C; such that

[ 2 ~1_mi :
Hf”I]: Z = +C3p 2 m1n(l,2c)'
mp

If we choose any ¢ < 1/2, then the lower bound obtained from the second case
o < ck’% is larger than the lower bound obtained from the first case ¢ > ck’%.
Hence we conclude that the lower bound from (7.10) applies in both cases. This
implies that

p logp 1
%, <\ —B—+0(—
P 2 \/ﬁ (\/ﬁ)

as p — oo, which gives the stated estimate with B = 5~ VEforanye <1/2. O

For the proof of the lower bound in Theorem 1.2, we shall rely on estimates for
the functions g, discussed in Section 7.1.

Proof of Theorem 1.2: Lower bound. Fix 1 <p < oo andleta > % be
a parameter which depends on p to be chosen later. We need an upper bound for
g ll5 as p — oo. We first recall from Lemma 7.1(c) that

|ga()| < COS(%)

whenevera > 1/2 and 0 < x < a. For x > a, we deduce from Lemma 7.1(b) that

x\ —Qa-1)
18a(X)| < (1 + a) | sin (o — x)|.
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Combining these estimates with the fact that g, is even yields that

||ga||Z§/ cos”(2 )dx+22/
—a ]= a

1 +—1

> o+j—1\~-Qa=1p\ [z

< <2a+2 E (1+J7) > " (cos zx)’ dx.
1
Jj=1 —2

a+j

—(2a—1)p
(1+£) | sin z(a — x)|P dx
o

a

Choosing a = 1 10; 7 lo;f” , we find that the total contribution from the sum is
O(1/p). Using (7.5), we see that

2oL E oL <

2 10g2 N/
as p — oo. This implies the stated lower bound with A > @ \/g . (|

7.3 Asymptotics as p — 0*. The first goal of the present section is to
prove Theorem 1.3(a). We begin with the following consequence of Jensen’s
formula.

Lemma 7.2. Let f be a function in PW®™ that satisfies ||f |l = |[f(0)] # 0 and
let0 <t <ty < --- be the positive zeros of f.
(a) It holds that t,, > 5
(b) If additionally f is even, then t, > ~.

Proof. We may assume without loss of generality that f(0) = 1. If f is entire
and does not vanish at the origin and if > 0, then Jensen’s formula states that

2 ) de
(7.15) log |F(0)] = fZ(:{O})log(l—il) + /0 log |f (re®)| -

lzl<r

The left-hand side of (7.15) is O since f(0) = 1. To bound the integral on the
right-hand side, we use the well known estimate |f(x + iy)| < ™!, which holds
since f is in PW® and |||l = 1. Computing the resulting integral, we obtain from

(7.15) that
|z]
0< Z log(r)+2r.
zef~'({0})

lzl<r
If z, > n/2, then the statement of (a) follows. If not, then we choose r = n/2 to
conclude from this that

nlog(n/2) — n < log(tity - - - t,) < nlog(t,).



POINT EVALUATION IN PALEY-WIENER SPACES 649

Dividing by n and exponentiating, we arrive at (a). The proof of (b) is similar.
If now t, > n, then (b) follows. If ¢, < n, then we choose r = n. We use that
the zero set is symmetric about 0 and deduce the asserted estimate from Jensen’s
formula. (]

The following result is only of interest as p — 0*. For reasons that will become
clear later, we presently make no effort at optimizing the constant.

Lemma 7.3. Forevery 0 < p < oo it holds that 6, < %p.

Proof. The plan is to use Theorem 2.4 with ¢ = p/2 as in the proof of
Theorem 1.1, replacing Theorem 1.5 with Lemma 7.2 (a). By Lemma 3.2, the as-
sumptions of Theorem 2.4 are satisfied. We may assume without loss of generality
that the integral over (0, co) is larger than the integral over (—oo0, 0). If not, simply
replace f by g(z) = f(—z). It follows from this that

e I+l 1 V4 _
(7.16) [FO)P? < 22/ [f(x)|P/2M dx.
o It X
We now claim that
> : sin(5 x) . 1
sin(6r(x —n 2 — if0<x< 5
(717) ZX(IMIMI)(X)M < X =2
n=0 X 1, if ﬁ <x < 00.

Suppose that the claim is true. We then square both sides of (7.16), insert (7.17)
and then use the Cauchy—Schwarz inequality to the effect that

1/2p) qin2(2 oo
O 54|vng</0 P sin (57x) dx+/1 ;dx>

(mx)? Jap) (mx)?
1/4
= 4|11 (g/o sinc? wx dx + %) < %pufug,
where we in the final estimate used that sinc is bounded by 1 and that 7 > 3. In
the first estimate we tacitly extended the integral of [f|” to the whole real line. It
remains to demonstrate that the claim (7.17) holds. To do this, it is sufficient to
prove that if ¢, < x < ﬁ, then

sin (gn(x — n)) < sin (gnx).

By the well-known periodicity and monotonicity properties of the sine function,
this estimate will follow if we can establish that n < % +2x whenevert, < x < ﬁ.

This follows from Lemma 7.2(a), which gives that

n < 2et, < 2(e — )i, +2x < ——

1 2
+2x < —+ 2x. 0
p
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We are now ready to proceed with the proof of Theorem 1.3(a), which relies on
the just established Lemma 7.3 and on the power trick of Lemma 2.1.

Proof of Theorem 1.3(a). The supremum

(7.18) co = sup 2k sk
k>1

is finite by Lemma 7.3. It follows from the power trick (Lemma 2.1) that if k;
divides k», then 2k €} ,r, < 2k,%1,1,. Consequently, there is a sequence of integers
(kj)j>1 which are all strictly greater than 1 such that if p; = 1 and p;,; = p;/k; for
j > 1, then

Co = hm —%j.
J—o> o0 p]

Fix & > 0. There is a positive integer j such that if g = p;, then
2

(7.19) co—¢e < =G,
q

Let us now estimate %%p for 0 < p < g/2. We first let k be the smallest positive
integer such that k > ¢g/p. Using that p — %, is increasing, the power trick, and
the lower bound (7.19), we find that

2 2 2 €, q
~6p > =G > ——* > (co— &)— > (co — &) >
p " T pk kp q+p
where we in the final inequality used that k < g/p + 1. This shows that
2
(7.20) liminf —%, > (co — &).
p—0t p

We next let k be the largest positive integer such that k < g/p. Using that p — %,
is increasing in combination with (7.18), we find that

2 2 q
—%, S—%kS—CQSCO P
p "= p = pk q—p

where we in the final inequality used that k > g/p — 1. This shows that

2
(7.21) limsup —%, < co.
p—0* p

The claim follows from (7.20) and (7.21) and the fact that ¢ > O was arbitrary. [

Our next goal is to estimate precisely the constant ¢y of Theorem 1.3(a). From
Lemma 7.3 it follows that ¢y < é, while the lower bound ¢y > 1 can be deduced

by considering positive integers k and

fx) = sinc? (%x)



POINT EVALUATION IN PALEY-WIENER SPACES 651

as a function in PW'/¥. We do not know if there exists an even extremal function
in PW? when 0 < p < 1, and this fact caused us some extra work in Lemma 7.2
and Lemma 7.3 above. However, to compute the constant cy, it suffices to restrict
to even functions. Let us therefore introduce

% = f1g‘1j°w{ |[f||” f(0) =1 andf is even}

and establish the following consequence of Theorem 1.3(a).

Corollary 7.4. Let cg be the constant appearing in Theorem 1.3(a). Then

lim —%, . = co.
p—0t p

Proof. We trivially have ¢, . < ¢,. Suppose that ¢, is an extremal for ¢>,.
Consider the even function f(x) := ¢2,(x/2)p2,(—x/2), which is in PW? and which
satisfies f(0) = 1. Moreover, by the Cauchy—Schwarz inequality, we find that

W%=/ wm%as/ |92 (x/2) dx = 2|9, 13,

This implies that
FOP _ lopOF _ @,
I = 20l 2

Dividing by p and taking the limit p — 0% in the estimates 65, < 2%,. < 2%,

Cpe >

then appealing to Theorem 1.3(a) implies the stated result. (|

Since Corollary 7.4 allows us to restrict our attention to even functions, we are
able to improve the argument used in Lemma 7.3 in several ways to obtain the
following result.

Theorem 7.5. Let ¢y be the constant appearing in Theorem 1.3(a). Then
24 172 . 24" ~1 g—1
co < inf — </ (sinc Tx)? dx + 7) ,
a>1 g \Jo 7 (g* — 1)

where g* denotes the Holder conjugate of q.

Proof. By Corollary 7.4 we consider an even function in PW? which does not
vanish at the origin and whose zeros are all real. We fix ¢ > 1 and use Theorem 2.4
with ¢ = p/q to obtain

n(pn(x —n))

(7.22) IF(O)P/4 =2 Z / £ x)|1’/4 dx.
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As in the proof of Lemma 7.3, we now claim that

sin(Z zx)

sm("rr(x —n)) T if0<x< L
(7.23) § Kty X)——————— < i _ >
=0 %, if £ < x < oo.
P

To establish (7.23), it is sufficient to prove that n < [1) + 2x whenevert, < x < %.
In this case, we can use Lemma 7.2(b) to prove that

n < et, 5(e—2)tn+2x§(e—2)21+2x< g+2x.
P p

We next raise (7.22) to the power ¢, then apply (7.23) and Holder’s inequality on
the right-hand side to conclude that

/2p) ,sin(2 . 00 %
FO) qu_lllfllg( [ (RGN [ )

X q/@2p)

24 1/2 . ¢ ~1 g-1
|V‘||P <A (SinC ﬂx)q dx + m) 5

which implies the stated result. (|

Optimizing in g, using the integrate and optimize packages from SciPy,
we found that the choice ¢ = 1.784 in Theorem 7.5 yields the upper bound

co < 1.1481785,

which is the upper bound for ¢y stated in Theorem 1.3(b).
To obtain a lower bound for ¢(, we will test (1.1) with the functions g, discussed
in Section 7.1.

Theorem 7.6. Let ¢y be the constant appearing in Theorem 1.3(a). Then

< inf /1 dx + dx
co 12"\ Jo (T=x 0=+ 7 i Gr= H/a=o(1 +x)70+0 )

Proof. We will choose a = a(p) > % later, obtaining a lower bound for cq as
follows

1
— < hmlnf— lgally-
Co p—0*

Since g, is even, it is sufficient to consider the L integral over x > 0. We will
obtain an upper bound for this integral using Lemma 7.1, so we split it at x = «a.
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For the first part, we use Lemma 7.1(a) to the effect that

B ! dx
¢ o (1 = x)@=1/2=axp(] 4 x)l@—1/2+axp

! dx
< a 5
- o (1— x)(a—l/Z)p(l—x)(l +x)(a—1/2)p(1+x)

where we in the final inequality used that (1 — x)?*/2(1 +x)77*/2 < 1. Note that this
inequality is attained in the limit p — 0*. For the second part of the integral, we
deduce from Lemma 7.1(b) and | sin z(a — x)| < 1 that

00 %) 1—a +x)(1/2—oc+x)p
14 < p(Za—l)(
/a [ga ()P dx < /a o (@ 401/ dx

00 (1 _ lla_—xl)(l/Z—a+ax)p dx

- 0[‘/1 (1+ i)(a—1/2+ax)p xPQo—1)

BT L
=4 (1 + Lyla=1/2p(1+2)  xpQa=1)”
X

where we in the final inequality used that (1 — “a—_xl)”x/ 2(1+ %)_”x/ 2 < 1. We will
now choose o = % + % for some fixed y > 1/2, which ensures that g, is in PW?.
With this choice of a, the upper bound for the first part of the integral becomes

a 1
pae < (P dx
P/O 18a ()" dx < (2 + V) /0 (1 — x)?@=0(1 + x)7(1+9)°

Taking the limit p — 0%, we obtain the first part contribution to the stated upper
bound. The choice of o means that our upper bound for the second part of the

integral becomes

00 p 00 dx
P < (=
P/a |ga (O dx < (2 + y) /1 - ?y—;f)y(l—)‘)(l e

Taking the limit p — 0%, we obtain the second part of the contribution to the stated

upper bound. (]

Optimizing the parameter y of Theorem 7.6 numerically using the integrate
and optimize packages from SciPy, we find that y = 0.935 gives the lower bound

co > 1.1393830,

which provides the lower bound for ¢ stated in Theorem 1.3(b).
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8 Epilogue: Duality and orthogonality revisited

This section presents some afterthoughts on the notions of duality and orthogo-
nality, as discussed and employed in the preceding treatise. The first question to
be addressed, is whether Theorem 3.6, which seems to be tied to the usual duality
between L7 and L’/ =), may nevertheless carry over to the range 0 < p < 1. The
second question is whether there is a natural Hilbert space induced by the orthog-
onality relations of Lemma 3.3 (b). An interesting point is that both questions are
intimately related to the same question: What can be said about the decay of the
extremal functions |p(x)| when x — oo and x is bounded away from the zeros of ¢?

8.1 Traces of duality. We begin with the problem of extending the repro-
ducing formula of Theorem 3.6 to the range 0 < p < 1. Since Holder’s inequality
is no longer available, we may not expect the formula to hold for all functions f
in PWP. Instead, we will aim for a formula that applies to functions in PW? that
belong to the Schwartz space .¥ on R.

We will rely on Theorem 1.4 (b), and we will therefore only succeed in mak-
ing the desired extension in the range 1/2 < p < 1. Retaining the notation
o= |go|”_2go/||gollz from (3.4) in Section 3.2, we may state our next result as fol-
lows.

Theorem 8.1. Suppose that 1/2 < p < 1 and let ¢ be a solution of the
extremal problem (1.6). Then @ is a tempered distribution and

8.1) £(0) = /_ F) D

for every f in ¥ N PW?2.

We will use the following two lemmas, the first of which is standard. Its proof
relies on a classical argument of Plancherel and Pélya [25] and follows from [3,
Theorem 6.7.15], either by using that the differentiation operator acts boundedly
on PW? or by employing a Cauchy estimate in the proof of [3, Theorem 6.7.15].

Lemma 8.2. Let A be a uniformly discrete set of real numbers and assume
that 0 < p < oo. Then there exists a constant C depending only on the separation
constant of A and on p such that

STIFDF < CliFIp

AeA

holds for every f in PWP,
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Lemma8.3. Fix1/2 < p < ooand suppose that ¢ is a solution of the extremal
problem (1.6). Then there exist positive constants C and y such that

dist(x, #(p))

l[px)| = C d+ )

forall x in R.

Proof. By symmetry, it is sufficient to establish the estimate for x > 0. Let
Z(p) = (ta)nez\(0) be the zero set of p. Forn > 1, we set §, = t,.1 — t,. Since ¢
has exponential type 7z, we know that 7,/n — 1 as n — oco. It follows that there is
some N such that , < ¢, and t,,,, < 2t, whenever n > N. We restrict our attention

to these n in what follows. Setting
p(x) x?

and ¥,(x) = |y,(0))? ,
= 1) — 1) AT T I

we appeal to Lemma 3.3(b) as before to conclude that

V/n(x) =

Y, (x) dx = / Y, (x) dx,
R\Z, I

where I, := [t,, t,+1]. We estimate the right-hand side in the now familiar fashion,
/ ¥, () dx < max [y P 1L B, p) < max |y, P57 B, p),
I,, X€El, X€El,

where we used that d,, < 1, < t,41 forn > N in the final estimate. To bound the left-
hand side from below, we use Lemma 3.4 along with the fact that ||¢||. = ¢(0) =1
to conclude that

lp(x)[Px* - 11,2
X — .
(ty = X)(tyer —x) ~ — 27 34

Y, (x)dx > /0% Y, (x)dx = /0%

R\/,
Combining what we have done, we find that

1

C
8.2) max |yu(0l 2 57 fore = g i

n+l
whenever n > N. To parlay this maximal estimate into a pointwise estimate, we
will combine it with that of a neighboring interval. The function y, has a unique
critical point on the interval (¢,,—;, #,+2) by Lemma 4.2, where we use the convention
to = 0 as usual. Since I, is a subinterval of that interval, it follows from this that the
maximum of |y, | on I, will be attained at a unique point which we denote by &,.

‘We now set
p(x)

(.X' - tn)(x - tn+1)(x - tn+2).

&n(x) =
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A similar argument shows that the minimum of | ,,| on the interval [&,, &,41], which
is a subinterval of (#,—1, #,43), must be attained at one of the endpoints. Combining
this with (8.2), we find that

[ Wn(Sn)l |V/n+1(§n+1)|) G c2-3-3/p
2 — & Cnrl — - tz:g/ﬁ = x3+3/p

(8.3) I%@szm(

for &, < x < &,41, where we in the final estimate used that #,,, < 2¢t, forn > N.
We next estimate

e = tal I = twet| | — taia] _ 1. »_ 0
> = inf(t4 — )" = —,
dist(x, Z(9)) Z 5 It = 1)" = 5

and recall from Theorem 1.4(b) that & > 0. Combined with (8.3), this yields the
stated estimate with

Co 2—5—3/po.2
~ G*B(,p)'r

forx > &, and n > N. We adjust C if necessary to take into account 0 < x < &y. [

3
and y=3+—
p

The assumption that p > 1/2is only required in the argument above to conclude
that Z°(@) is uniformly discrete by Theorem 1.4(b). If p < 1/2 and if Z(p) is
uniformly discrete, then |7,|%~" is bounded above by a constant, so in fact we get
a better exponent y.

Using Theorem 1.4(c) twice in the argument above, we obtain the sharper bound

dist(x, Z(¢,))

(8.4) lpp(0)] = C 1+

for 1 < p < oo. Taking also into account Corollary 3.7, we find that

dist(x, Z(¢,))

(85) p® = Ty

as x — o0o. In the next subsection, we will improve this restriction on the decay of
|op| whenp > 1.

Proof of Theorem 8.1. We begin by noting that @ is a tempered distribution
because

y+1
/ 0P~ dx = O(y| 1777
y

by Theorem 1.4(b) and Lemma 8.3.

To establish (8.1), we begin by picking an arbitrary function f in . N PW?. We
may assume that f is real entire since PW? is closed under complex conjugation.
We define

F(e) I=/ lp(x) + e(f(x) — f(0)p(x))|Pdx.
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Since F(e) > F(0) for every ¢ by the extremality of ¢, it suffices to show that F is
differentiable at O with

(8.6) FO=p [ f@loeP o0 ds = pfOlgl,
To this end, we note initially that
_ = @ p
F@ =0 - [ o+ L] as
= [ Jot+ 1?—?@ "dx = pef@lioll; + 0,

Here we used that
lal” — |b|P < |a+b|” < |al” + |bP

holds for arbitrary complex numbers a and » when 0 < p < 1 to get the term
O(e”*!). We now use Lemma 8.2 to obtain

erx
For- | f)
dist(x, Z(p))>¢

0(x) + " dx = pef)liglly + 0.

1 —¢f(0)
This is justified because if |x—1,| < &, then |p(x)| < ¢|¢’(1)| for some A between 1,
and x. Using Lemma 8.3 and our assumption that f is in .#, we infer from this that

S P .
Fle) = eeTO POl + O
© /dis«x,f(w))zeW(XN } T —ef (0))q0(x)} = pefO)lioll, + OE™™)

- / (@I + pef@Dlp) P p(x)) dx — pef )]s + OE*).
dist(x, Z(p))>¢
Now using Lemma 8.2 and Lemma 8.3 a second time, we find that

F(e) =/_ (91 + pef(D)|p()IP>p(x)) dx — pef (D) lpllh + O™,

which yields (8.6).

8.2 A family of de Branges spaces. We turn to our investigation of the
Hilbert space structure induced by the orthogonality relation of Lemma 3.3 (b).
This will lead us to a de Branges space associated with the extremal functions ¢,
in the strictly convex range. An immediate application of this study will be an
improvement of (8.5) forp > 1.

We begin by recalling (from, e.g., [6, Problem 50]) that a Hilbert space H of
entire functions is a de Branges space if the following conditions are met:

(H1) Whenever f is in H and has a nonreal zero w, the function f(z)(z —w)/(z — w)
is in H and has the same norm as f.
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(H2) For every nonreal w, the linear functional defined on H by f — f(w) is
continuous.

(H3) The function f*(z) := f(z) belongs to H whenever f is in H, and f* has the
same norm as f.

For 1 < p < oo, let m, denote the measure defined on R by

dmy(x) = 1@, ()"~ dx

and let L?(m,,) denote the corresponding L* space of measurable functions on R. We
furthermore declare B, to be the closure of PW? N L?(m,) in L*(m,) and endow B,

with the norm and inner product of L?(m,,). It is clear that ¢, is in B, since

G ol = [ lo@Pdm= [ lo,0F dr =l I

We begin with the following generalization of Corollary 3.7 which will be important
in our investigations of B,,.

Lemma 8.4. If 1 < p < oo and if w is a nonconstant entire function of 0
exponential type, then

o0
(8.8) | oo = co.
—00
Proof. If wis apolynomial, the statement follows at once from Corollary 3.7.
We will therefore assume that w is an entire function of 0 exponential type which
is not a polynomial and that the integral in (8.8) is finite. Our goal is to show that
this premise leads to a contradiction.
By (8.4), our assumption implies that

0 s tl
/ » dist”(x, f((ﬂp)) dx < oo,

lco(x)]

—%0 (1 + |xp?

Since w is not a polynomial, it has an infinite number of zeros. Dividing out two
zeros of w, we may instead assume that

(8.9) /oo |a)(x)|2distp(x, Z(pp)) dx < oo.

By Theorem 1.4(b), we know that Z(¢,) has a positive separation constant o.
Consider the sequence of intervals 7, := [on,o(n+ 1)] forn > 1, and let x,, be a
point in /I, such that

[w(x,)| = max{|w(x)| : x € I, and dist(x, Z(¢,)) > o/2}.
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The condition (8.9) implies that sup,,.; |o(x,)| < co. Now a classical theorem of
Duffin and Schaeffer (see [7] or [3, Corollary 10.5.4]) implies that @ is bounded
on R. Since w is assumed to be of 0 exponential type, this implies that w is a
constant function. This contradicts our assumption that w is not a polynomial. [J

By the singularities of the weight |p;|~!, every function in B; must be of the
form we, with w of 0 exponential type, and so B consists only of scalar multiples
of ¢1. We therefore restrict our attention to the nontrivial case 1 < p < oo in what
follows. To state our next theorem, we set ey(z) := ¢,(z) and

Z
en(2) =
Z— tn

for n in Z \ {0} with the convention that 7, = —7_,, in view of Lemma 3.5. For
p > 1, itis easy to check that e, is in B, for every n as in (8.7).

Theorem 8.5. If1 < p < oo, then B, is a de Branges space with orthogonal
basis B = (e,)nez.

Proof. We have already seen that % is a subset of B,,. It follows at once from
Lemma 3.3(a) that if n ## 0, then (e,,, e())Bp = 0. When m # n and neither m nor n is
zero, we get that (e,,, e,)p, = 0 directly from Lemma 3.3 (b). It follows that % is
an orthogonal basis for a subspace of B),.

To show that this subspace consists of entire functions of exponential type 7, it
suffices to show that

> 1

(8.10) Z I < 00.

leally 12

Indeed, writing

N
S = 3 a2 - %()Z T

2= “lealls, >||en||3

for an arbitrary £2 sequence (a,),cz, We see that (8.10) ensures that the sequence Sy
converges uniformly on compact subsets of C and that the limit function will be of
exponential type 7. (Here we tacitly used the fact thatr_, = —1,,.)

We may in fact give an explicit bound for the sum of the series in (8.10). To

this end, setting
Yoo

A=Y )

— llenlls, tx llealls,”

we have
N

1
(8.11) Wiz, =D s

< el 2
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On the other hand, when O < x < 11, we also have

1
vl = wp(x)z W Wx)z lle n||B 2’

which implies that

N 1

2 t
vl > (Z W) / lop0° dx.
n=1 nliB, n 0

Combining this inequality with (8.11), we conclude that

[e’e) 1 /1] 5 —1
< ([ <x>|de> :
Z leall3, 2 ( o P

We prove next that the sequence % is complete in B,. We begin by recalling
that the zeros of ¢, are simple, which means that e,(#,) # 0. Let f be any function
in PWP N L*(m,) and set

__ _ S () <
§@= (f@ =5 @) =
Since g(0) = 0, Theorem 3.6 yields
ALY )

<f’ en>B,, = <g: eO> en(ty )” n“B], en(ty )” n“B,,

It follows that
=f— Z

is an entire function of exponential type « that vanishes at the zeros of z¢,(z),

||€n||3

whence h(z) = z¢,(z)w(z) for an entire function w of 0 exponential type. By
Lemma 8.4, we must have w = 0, and so f must lie in the closure of the span of %.
This means that B, is a Hilbert space of entire functions.

To finish the proof, we note that the axioms (H1) and (H3) are trivially satisfied,
while (H2) holds because the functional of point evaluation at the point w in C is

len(w)|*\ 2
(3 oty

lenll3,

which is finite by (8.10). O

The bound (8.10) from the proof of Theorem 8.5 yields an interesting improve-
ment of (8.5). Indeed, using Lemma 3.3(b), Lemma 4.4 and Theorem 1.4(c),
we find that ||en||%3p is bounded above and below by an absolute constant times
l@,(1)1P. Hence (8.10) yields the following result.



POINT EVALUATION IN PALEY-WIENER SPACES 661

Theorem 8.6. Fix 1 < p < oo and let ¢, be the solution of (1.6). Then

ad 1
(8.12) —_—— < 00,
nzz; |¢p(/un)|pn2

where p, = (t, + ty41)/2.

This result is significantly stronger than (8.5) which merely says that the terms
in the series in (8.12) tend to 0. We may view this enhancement as resulting from
our use of orthogonality on a global scale, in contrast to our former local study
of pairs of zeros. It would be interesting to see if the spaces B, could be used to
extract more nontrivial information about the extremal functions.

9 Conjectures and further open problems

This section summarizes a number of conjectures and open problems suggested by
our work. We split our discussion into four subsections.

9.1 Problems about %,. We begin by restating the monotonicity conjec-
ture, which is the main challenge pertaining to €.

Conjecture 9.1. The function p — % is strictly decreasing on (0, 00).

If we could verify this hypothesis, it seems likely that we should be able get
a simpler and cleaner proof of Theorem 1.1. We should also be able to prove the
following.

Conjecture 9.2. There is a positive constant A such that
% >20-Ap-2
52 51— A(p —2))
forl <p <2.

The preceding problem may conceivably be solved by a more refined analysis of
the example functions gi/2.1/, (see Section 7.1). Similar numerical computations
as done with Bessel functions (see Figure 1) suggest that this would be a reasonable
approach. We have performed a preliminary analysis of g{/2,1/,, showing that the
conjectured bound holds for p very close to 2.

One could also ask for an upper bound for %, in the range 1 < p < 2 similar
to that obtained for 2 < p < 4 in Theorem 1.1 or for a lower bound for %), in
the range 2 < p < 4 similar to the one conjectured in Conjecture 9.2. Related to
these questions is the challenge of extending the numerical work of Hérmander
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and Bernhardsson [13] to the range 1 < p < 4; see the discussion at the end of
Section 3.2.

It remains an interesting problem to determine the constant ¢y of Theorem 1.3.
We have no evidence suggesting what one should expect that constant to be, beyond
the fact that it is contained in the interval [1.1393830, 1.1481785].

9.2 Point evaluation on the imaginary axis. Fix 0 <p <ooandy> 0.
A natural extension of our problem is that of finding the smallest constant C such
that the inequality |[f(iy)l” < C||f||5 holds for every f in PWP. A variant of this
problem was studied by Korevaar [15] who was interested in finding the best
constant K, say .%),, such that the inequality

9.1) [FinI” < K sinc(izpy)IIf I}

holds for all y > 0 and all f in PW?”. Note that plainly %, < .%,. Korevaar proved
that if 1 §p§2,then% < J, <landif 2 < p < oo, thenl < 7, < p.
He conjectured, presumably based on the power trick, that %, = p/2 for all
1 < p < oco. However, this conjecture is refuted by (1.3) and the bound %} < .#].

We believe that the following adjustment should hold.

Conjecture 9.3. We have

%, f0<p<2

%:
p/2, if2<p<oo.

To justify this conjecture, we will now prove that

. FayPye ™ 1
9.2) lim suyp —————— = —.
o0 repwr  IFIR ix

To this end, we note that if f is in PWP?, then e™f(z) is in the H” space of the upper
half-plane (see [8, Chapter 2]), which implies that

4
eI < E&

holds for all f in PW?. This establishes the upper bound in (9.2). On the other
hand, the function ky(z) := (y — iz)2/P satisfies

&y ll5

9.3 ky(iy)|lP = ——2L.
9.3) &y (i) .
The function k, can be represented using the Fourier transform as

2 o0 1 e e dE
ko(z) = 2/p=1g=¥¢ pizé 2
(@) F(z/m/o e o
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The function z — e_i”zky(z) is not entire. Let therefore » be a smooth bump
function such that b(&) =1 for 0 < ¢ < 7 and b(&) = 0 for 27 < & < oo. Then

—im. - iz dé:
= [ TR b e
0 T

is in PWP. We next estimate

21 e 2p—1 ,—-2yE 1 _ ﬁ L
F(z/p>/o EIre (1 = b)) 5> < Ge ™,

using that 1 — b(&) =0 for 0 < & < 7. A similar estimate shows that

le™ky(iy) — f3(2)] < €™

/ |ei7rxky(l-x) _fy(ix)lﬁ dx < Dpe—”}'Hky“Z.

—00

We see from (9.3) that ||k, ||} = 7 /y. Combining these estimates, we then find that

@ylPe™y _1+o(1)
15 4n

when y — oo which implies the lower bound in (9.2).

We interpret (9.2) as saying that Korevaar’s original conjecture is asymptotically
true when y — oo. Curiously, it seems that the best constant in (9.1) for a fixed y,
say J,(y), may increase with y when p > 2 and decrease with y when 0 < p < 2.
If we could establish such monotonicity properties, then Conjecture 9.3 would be
verified.

The asymptotic behavior of .%,(y) when y — oo reflects that point evaluation
in PWP? at iy looks increasingly as point evaluation in H?, up to an exponential
factor. Since zeros of functions in H? can be divided out by Blaschke products, it
is immediate that the power trick for H? extends to all positive powers. This means
that we know the norm of point evaluation for all H? spaces once we know it for a
single H? space.

9.3 Problems about the extremal functions and their zero sets. We
begin with the most basic problem that remains to be resolved.
Conjecture 9.4. The extremal problem (1.6) has a unique solution forO<p<1.

Clearly, if we were able to establish that there is a unique solution ¢, to (1.6),
then ¢, would have to be an even function, since also ¢,(—x) would solve (1.6).
This observation leads to a presumably easier problem.

Conjecture 9.5. Any solution of (1.6) for 0 <p < 1 is even.
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We turn to the zero sets of solutions of (1.6). The following conjecture has
only been established for p > 1/2 in Theorem 1.4(b).

Conjecture 9.6. The zero set of any solution of (1.6) is uniformly discrete for
all0 < p < oo.

One could also conjecture that the zero set of any solution of (1.6) is uniformly
dense, but we will offer a more precise conjecture (see Conjecture 9.9) which also
implies Conjecture 9.6. The reason for singling out Conjecture 9.6 is that it implies
the following.

Conjecture 9.7. Theorem 8.1 extends to the full range 0 < p < oc.

We now take the uniqueness of the extremal function for granted. We retain
the notation ¢, for the unique solution of (1.6), and we let z,, = #,(p), n > 1, be the
positive zeros of ¢,. We have the following monotonicity conjecture for the zeros.

Conjecture 9.8. The function p — t, is strictly decreasing for all n > 1.

As suggested in the beginning of Section 6, we also believe that
9.4 n—1/2+1/p<t, <n
when 2 < p < oo. It also seems reasonable to expect that we have
n<t,<n—1/2+1/p

when 0 <p < 2.
The next conjecture is based on the surmise that the zeros of any extremal
function are regularly distributed.

Conjecture 9.9. We have lim (tys1 — ty) =1 forallp > 0.
n o0

The result of this paper closest to giving evidence for the preceding conjecture
is the bound limsup,,_, . (#,+1 — t,) < 1.0805 when p =1 (see Section 4.2).
Our analysis also suggests the following asymptotic behavior of 7.

Conjecture 9.10. We have lim t; = 1/2 and lim pt; > 0.
p—> 00 p—0*

Intimately related to the distribution of the zeros Z(¢,) is the decay of ¢,.
When discussing this relation beyond what was found in (8.5) and Theorem 8.6, it
is quite natural to think of x¢,(x) as the generating function of the set Z°(¢p,) U {0}.
(Note that x@,(x) = % sinzx and Z(p;) U {0} = Z.) In view of Lemma 8.4, the
following assertion has been verified for p > 2.
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Conjecture 9.11. Z(¢,)U{0} is a uniqueness set for PW? ifand only if p > 1.

Although it remains to verify the above for p < 2 and in particular in the most
accessible range 1 < p < 2, we believe much more to be true. The rationale
for the above conjecture is that we suspect that xg,(x)/ dist(x, Z(¢,) U {0}) in
absolute value to behave roughly as the function (1 + |x|)!~%/7, which is integrable
when p < 1. Although this precise relation may be false, it seems likely that the
following may hold.

Conjecture 9.12. Suppose that 1 < p < oo. The function

( |xgp(0)| )"
dist(x, Z(¢,) U {0})

is a Muckenhoupt (Ap) weight.

Here we recall that a positive function w is said to be a Muckenhoupt (A4,)
weight (see [8, pp. 246-247]) if

1 1 1 \4 >P—1
sup — wxdx—/—’ dx < 00,
P ), <|I| I(w(x>)

where the supremum is taken over all finite intervals /. It is easy to verify that
(1 + |x|)»~2 is an (A,) weight. In view of [23], this conjecture would imply the
stronger property of Zy(¢,) U {0} that it be a complete interpolating sequence for
PWP. This would give the following stronger link between PW? and the de Branges
space B), of the preceding section: The expansion

e,(x)
en(ty)

o0
f@ =" f)
n=—00
would hold also for f in PW”, and (3,5 If(t,)|”)'/? would define another norm on
PWP equivalent to the L” norm.

There are also basic questions about the Fourier transform of the extremal
functions that we are unable to answer. For example, if 0 < p < 1, then every
function in PWP? is integrable and has a continuous Fourier transform. Since
these Fourier transforms are compactly supported, they are also integrable. We
believe our extremal functions in the strictly convex regime should enjoy the same
properties.

Conjecture 9.13. If 1 < p < oo, then the Fourier transform @, is a continu-
ous integrable function on (—n, 7).

Based on our belief that the extremal functions are close to the functions f,
defined in (1.4), we are also led to the following.
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Conjecture 9.14. Let ¢ be a solution of (1.6). Then ¢ is nonnegative.
Moreover;
(@) if 0 < p <2, then @ is decreasing on (0, ) and p(&) > 0as & —> n~;
(b) if2 < p < o0, then ¢ is increasing on (0, ©) and p(&) > coas & — n~.

By a result of Pélya [26, p. 373], part (b) would imply that

2n—1 2n+1
5 <t <

for2 < p < oo. Thisisin particular consistent with the first part of Conjecture 9.10.

If we in addition to (b) assume that ¢ is strictly convex, then it follows from [26,

p- 373] that we have
2n—1

2
in accordance with the more precise conjecture (9.4). Presumably, other and more

<t, <n,

precise consequences for Z°(p) could be deduced from properties that we expect ¢
to have.

In the next section, we will discuss another problem related to the Fourier
transforms of our extremal functions.

—3r - T Y4

Figure 8. Plot of @ * y * y for y as in (9.6). See Figure 9 for a close-up of the
part of the plot on the interval (—x, 7).

9.4 A problem about n-fold convolutions. To conform with the nor-
malization of the Fourier transform given in Section 3.2, we define the convolution
of f and g as follows:

~

Feg( :=/_ Fosn-ok

d
2
We will restrict our attention to integrable functions y that are supported on [—x, 7]
and continuous on (—x, 7). Such ¥ will be referred to as admissible functions.
We let the n-fold convolution operator C,, act on admissible functions  so that

Cop=y, Cy=yxy, CQu=yrysxy, Cu:=ysxyxyxy,
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We now consider the following problem: Is there an admissible function ¥ such
that

9.5) C.y=1

forevery —z < & < z? If such a function exists, we will refer to it as an admissible
solution of (9.5). In the case n = 0, the unique admissible solution is ¥ = y[—z -
Consider next the function supported on [—z, 7] and defined on (—=, 7) by

©.6) o= (1-5)"

C

for ¢ = 1.7400645117. Note that i is equal to the function ﬁ from (1.4) multiplied
by ¢=1/3 for ¢ = ||f4]|3. See Figure 8 for a plot of C, { computed with the packages
special.ellipkand integrate from SciPy. At first glance, it would seem that
(9.6) is an admissible solution of (9.5) for n = 2. A closer look—see Figure 9—
reveals that this is not the case.

1.007

0.993

~

Figure 9. Close-up of the plot from Figure 8 on the interval (—x, 7).

We will next explain how this can be interpreted as evidence that f; is close
to the extremal function ¢4. Let p = 2(k + 1) for a nonnegative integer k and
let ¢, denote the unique solution of our extremal problem (1.6). As ¢, is real by
Lemma 2.3, it follows that

lopOIP > pp () _ (9p(x))**!

ooy leplly
By Corollary 3.9, the convolution theorem for Fourier transforms, and Conjec-
ture 9.13, we find that if p = 2(k + 1), then

q)p(x) =

P

P& = llollp " 9p(&)

is an admissible solution of (9.5) for n = 2k. On the other hand, if ¥ is an
admissible solution of (9.5) for n = 2k, then

mm=/m¢“%ww.
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If we also assume that y is even so that y is real, then this implies that y is in
PW?2®+D Tt then follows from the fact that i is a solution of (9.5) and Theorem 3.6
that y be a multiple of ¢, for p = 2(k + 1).

We have just seen evidence that the equation (9.5) has an admissible solution if n
is an even integer. We will next present evidence that the equation has no solution
if n is an odd integer. Suppose that ¥ solves the equation (9.5) for n = 2k + 1 and
has the desired properties. Since ¥ is integrable, it follows that y is in L*(R).
Consequently, y2**2
transforms and the assumption that ¥ is a solution of (9.5), it follows that

is also in L*°(R). By the convolution theorem for Fourier

9.7) £(0) = /_ £ P20 dx

forevery fin PW!. If y were real-valued on R, then we would obtain a contradiction
to (9.7) from the function

f(z) := sinc? (%(Z + 2))

which is in PW!, is nonnegative on R, and satisfies f(0) = 0. It follows from this
analysis that the equation (9.5) cannot have solutions i that are real-valued and
even. From this discussion, we are led to the following conjecture.

Conjecture 9.15.

(a) There is exactly one real-valued admissible solution of (9.5) when n is an
1+1/(n+1)
n+2 .

(b) There are no real-valued admissible solutions of (9.5) when n is an odd

even integer, namely Y = 2/ || @ns2 |l

integer.
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