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Abstract: The current research investigates the phenomena of nuclear magnetic resonance
(NMR) of the hydrogen nuclei. The experimental results on spin-spin relaxation times (T ∗

2 ) us-
ing a Pulsed/CW NMR Spectrometer over samples with different pH, (concentration of Hydrogen
ions) are discussed providing information on magnetization dynamics and decay profiles. While ob-
served discrepancies exist, associations between T ∗

2 and proton density offer important clues about
different pH samples behaviors in magnetic resonance.

I. INTRODUCTION

Nuclear Magnetic Resonance (NMR) is a powerful tool
for studying nuclear-level processes, particularly those in-
volving magnetic systems with angular momentum. The
hydrogen nucleus exhibits a magnetic moment µ and an
angular momentum J , which can be described as parallel:

µ = γJ , (1)

where γ represents a scalar quantity called the ”gy-
romagnetic ratio”. The total magnetic and angular
momentum are calculable from the wave function of a
given nucleus state [1].

It is defined a dimensionless angular momentum oper-
ator I by the equation:

J = ℏI. (2)

The eigenvalues of I 2 are I(I + 1), where I is either
integer or half-integer. Any component of I , i.e., I z,
commutes with I 2, so we may simultaneously specify
eigenvalues of I 2 and I z. The eigenvalues are I(I + 1)
and m = {−I,−I + 1, . . . , I}, respectively.

When a magnetic field H is applied, an interaction
energy, the Zeeman energy, is produced for the nucleus
amounting to −µ ·H . Therefore, the Hamiltonian may
be written as:

H = −µ ·H . (3)

Assuming the field to be H 0 along the z-direction and
taking equations (1) and (2) into account, we find

H = −γℏH0Iz. (4)

The eigenvalues of this Hamiltonian then are

E = −γℏH0m. (5)

For Hydrogen, I = 1
2 . These energy levels, known as

Zeeman levels, are illustrated in Fig. 1.

An interaction is needed to cause transitions between
Zeeman levels. To satisfy the conservation of energy, the
interaction must be time-dependent with a frequency ω0

matching the energy difference between levels, as follows:

ℏω0 = ∆E, (6)

where ∆E is the energy difference between Zeeman levels.

When an alternating magnetic field of amplitude H1
x

is applied perpendicular to the static field H0, we get a
perturbing term in the Hamiltonian of

Hpert = −γℏH1
xIx cos (ω0t). (7)

Consequently, the allowed transitions are between adja-
cent energy levels, giving [2]

ℏω0 = ∆E = γℏH0, (8)

or

ω0 = γH0. (9)

N−

N+

H0 = 0 H0 ̸= 0

∆E = ℏω0 = γℏH0

m = −1/2

m = +1/2

FIG. 1: Zeeman levels of Eq. (4) for I = 1/2.

For a large sample of N nuclei, we specify the number
in the two m available states, +1/2 and −1/2, by N+

and N−, respectively. Of course, N = N+ +N− [3].

The population ratio in thermal equilibrium is given
by the Boltzmann factor:

N−

N+
= e

∆E
kT = e

ℏω0
kT , (10)
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where k is the Boltzmann constant and T the tempera-
ture. The magnetization in the z-axis is then

Mz = µ(N+ −N−). (11)

The thermal equilibrium magnetization for N magnetic
moments is

M0 = Nµ tanh

(
µH0

kT

)
. (12)

Our focus is on the magnetization within the x-y plane.
Under thermal equilibrium conditions, the sample ex-
hibits a net magnetization only along the z-axis, denoted
as Mz, which is aligned with the external magnetic field.
In a classical frame, we can imagine a series of current
loops situated in a magnetic field H 0. The torque τ ex-
erted on these loops leads to a change in their angular
momentum, as expressed by:

τ = µ×H0 =
dJ

dt
. (13)

For the nuclei, Eq. (13) becomes

µ×H0 =
1

γ

dµ

dt
. (14)

Eq. (14) shows that the magnetic moment will
execute precessional motion with precessional frequency
ω0 = γH0, which is the resonant frequency in Eq. (9).

For the x-components of each nucleus to contribute to
a net Mx, the precessing spins must be in phase. In ther-
mal equilibrium, the spin components in the x-y plane
are randomly oriented, resulting in no net transverse (x
or y) magnetization. However, it is possible to generate
transverse magnetization using radiofrequency pulsed
magnetic fields. This method involves rapidly rotating
the equilibrium magnetization Mz into the x-y plane,
thereby creating temporary Mx and My components.

Equation (14) can be extended to describe the classical
motion of the net magnetization for the entire sample:

dM

dt
= γM×H, (15)

where H represents any magnetic field.

Now, consider applying both a constant magnetic field
H 0k̂ and a rotating (circularly polarized) magnetic field
with angular frequency ω in the x-y plane, so the total
field is expressed as:

H(t) = H1 cos (ωt) ı̂+H1 sin (ωt) ȷ̂+H0k̂ (16)

To simplify, we choose a rotating coordinate system
where the rotating magnetic field appears stationary and
aligned along the x∗ axis (see Fig. 2). In this rotating

frame, H 0 and H 1 are not the only fields present. An
effective field H eff along the z∗ axis must also be consid-
ered. The total magnetic field in the rotating frame is
depicted in Fig. ?? and is given by [4]:

H ∗
eff = H1ı̂

∗ +

(
H0 −

ω

γ

)
k̂∗. (17)
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H∗
z

H∗
eff

H1

ω
γ
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FIG. 2: Effective magnetic field H∗
eff in the rotating

coordinate system.

According to Eq. (15), in the rotating frame, M will
precess around H* eff .

When a rotating magnetic field with a frequency ω0

such that ω0 = γH0 is applied, H* eff= H1ı̂
∗, forming

a constant magnetic field in the x∗ direction. As a
result, Mz precesses around this magnetic field at a
rate Ω = γH1 in the rotating frame. If the H1 field is
turned off when the magnetization reaches the x-y plane,
a non-equilibrium state is created, resulting in a net
magnetization in the x-y plane. This net magnetization
then precesses around H0k̂ and is detected by the
spectrometer after the radiofrequency pulse.

However, in the rotating frame, the x-y magnetization
will decay exponentially as described by:

dMx∗,y∗

dt
= −Mx∗,y∗

T2
. (18)

The solution to this equation is:

Mx∗,y∗ = M0e
− t

T2 , (19)

where the characteristic decay time T2 is known as
the spin-spin relaxation time [6]. From a classical
perspective, T2 can be understood as each nucleus
acting as a small magnet, generating a magnetic
field that affects its neighbors. Consequently, for a
given distribution of nuclei, there is a correspond-
ing distribution of local magnetic fields, causing the
nuclei to precess around H0k̂ with a range of frequencies.
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From this analysis, it seems that the spin-spin
relaxation time T2 can be measured by plotting the
decay of Mx (or My) following a π/2 pulse. This decay
signal, known as free precession or free induction decay
(FID), is indicative of T2. If the magnetic field were
perfectly uniform throughout the sample volume, the
decay time constant of the FID would indeed repre-
sent T2. However, in practice, the non-uniformity of
the magnetic field over the sample typically determines
the observed decay constant of the FID, referred to as T ∗

2 .

In this research, we propose that the value of T ∗
2 is

strongly correlated with the proton concentration [H+],
which is determined by the pH level [8, 9].

pH = − log10[H
+]. (20)

We believe that varying pH levels may influence T ∗
2

by altering the magnetic interactions of hydrogen nuclei.
Through experimentation and analysis of the FID of sam-
ples with different acidity levels, we aim to explore how
these variations affect T ∗

2 . This investigation not only
enhances our understanding of magnetic resonance phe-
nomena but also has potential implications for optimizing
MRI techniques in biomedical applications.

II. INSTRUMENTATION

TeachSpin’s Pulsed/CW NMR Spectrometer PS2 is
been used for the experimental study. It’s components
are the following [5]:

• A (0.50±0.01) T NdFeB permanent magnet pro-
vides high stability and homogeneity, essential for
precise measurements. It generates the constant z-
axis magnetic field H 0. The sample probe head
includes an adjustable RCL circuit to match the
frequency of the RF pulses.

• The receiver module amplifies the small voltage in-
duced in the sample coil, which also generates the
pulse at the sample, oriented along the y-axis. The
envelope detector (Env. Out) tracks the amplitude
of the input RF voltage, while the phase-sensitive
detectors provide in-phase (I Out) and quadrature
(Q Out) components, aiding in identifying the cor-
rect resonant frequency.

• The synthesizer module supplies the radio fre-
quency (RF) signals for the spectrometer, capable
of producing RF signals ranging from below 1 MHz
to over 30 MHz.

• The pulse programmer module creates pulsed se-
quences, controlling the duration of the A and B
pulses. In pulse mode, the RF pulse amplitude
remains constant, so adjusting the pulse length
achieves π

2 or π rotations of magnetization. In our

experiments, only single pulse experiments were
conducted.

• An oscilloscope is used to visualize the signals from
the Env. Out and I Out of the spectrometer.

III. RESULTS

Six samples of different pH values were prepared in
order to measure its T ∗

2 . With the oscilloscope connected
to the PS2 receiver, we were able to set the correct
temperature-dependant resonant frequency to measure
the FID. To do so, the I-out signal must match the Env.
Out signal (see Fig.3) [7]. The pulse length that resulted
in the most long FID, therefore a π

2 turn, was 1.12 µs.

(A)

(B)

FIG. 3: Signal of Env. Out on channel 1 and I out over
time on channel 2 seen on the oscilloscope screen. The
time division is 4 ms. Image (A) shows the scenario in
which the frequency doesn’t match the resonant
frequency by approximately 350 Hz. On the other hand,
image (B) shows that we are on resonance.

Then, the envelope of the signal data was recorded
over time to fit the best exponential decay to each FID
(Eq. 19). The results for the decay constant was (T ∗

2)
−1

then we could calculate T ∗
2 (see table I).

pH 1/T∗
2 (ms−1) δ1/T∗

2 (ms−1) T∗
2 (ms) δT∗

2 (ms)
1 0.5886 0.0003 1.699 0.001
2 0.6163 0.0003 1.6225 0.0008
3 0.6439 0.0002 1.553 0.0005
4 0.6476 0.0002 1.5442 0.0005
5 0.6204 0.0002 1.6118 0.0006
7 0.6569 0.0002 1.5223 0.0006

TABLE I: Inverse of T ∗
2 given by the exponential fit and

the calculated value of T ∗
2 with its errors associated with

each pH value of the samples.

To gain insight, we plotted the signal envelope for the
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six studies samples as a function of time (see Fig.4); in
(A) during the first 2 ms and in (B) from 2 to 4 ms.
There seems to be two different behaviours over time.
In (A) seems that pH 7 sample has the slowest decay
while in (B) pH 1 is so.

(A)

(B)

FIG. 4: FID signal normalized over time zoomed from 0
to 2 ms (A) and from 2 to 4 ms (B).

FIG. 5: T ∗
2 in terms of pH. The horizontal error bars cor-

respond to the pH determination error, while the vertical
error bars are so small that cannot be seen.The determi-
nation coefficient of the Eq. (21) R2 = 0.9848.

T ∗
2 = 3.79× 10−1e−7.22·pH + 1.52 (ms). (21)

The errors of the parameters of Eq. (21) are

δa = 0.03× 10−1 ms, δb = 0.00 and δc = 0.01 ms.

The results that shows on table I were plotted (see
fig.5) to analyze if they were somehow correlated. It’s
been found that a a exp(bt) + c exponential regression
correlates adequately with the data. In any case, data
corresponding to pH = 5 was not considered to fit the
exponential regression.

(A)

(B)

FIG. 6: Maximum signal given by the oscilloscope (A)
and a parameter of the exponential regression (B) in
terms of proton concentration [H+] of the sample in a
logarithmic x-axis.

pH [H+] (mol/l) Max. Signal (u.a.) a parameter δa
1 10−1 16.020 15.058 0.006
2 10−2 15.791 15.018 0.005
3 10−3 18.242 18.117 0.004
4 10−4 17.254 17.066 0.004
5 10−5 16.025 15.449 0.004
7 10−7 18.012 18.415 0.005

TABLE II: Proton concentration [H+], maximum signal
value, a parameter of the exponential regression and its
for each pH.

Besides this, the maximum signal value has been
examined. Two plots have been made. The first one
(A) plots the maximum signal value against the proton
density [H+] related to pH by Eq. (20).
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The second one (B) plots the a parameter of the expo-
nential regression for the FID of each sample dependence
on [H+]. The a parameter of the exponential regression
is related to M0 by Eq. (19). Despite this, no correlation
was found.

IV. CONCLUSIONS

The study of the FID of the six different acidity
samples has leas us to the next conclusions.

First, it is been found an exponential regression that
fits the T ∗

2 data (Fig.5). Despite that, only five points
were used to fit this adjust. Nevertheless, it looks like
T ∗
2 decreases with pH according to the Eq. (20). This

might lead us to think that T ∗
2 increases with proton

density.

Second, Fig.4 reflects an inversion of decay times
around 1.5 ms. The first tendency decays quickly
compared to the second one, which dominates for times
greater than 2 ms. The tendency that dominates the
first 1.5 ms is attributed to the experimental setup.

Furthermore, Fig.6 shows no clear correlation between
the maximum signal that the sample gives after the RF
pulse and the proton concentration [H+] of the different

samples.

In conclusion, pH of the sample seems to correlate
exponentially with the T ∗

2 . To improve this results on
further research, two pulse experiments [10] could be
done to clarify this fact. More and better prepared sam-
ples would help on ensuring the exponential regression
and would lead to narrower error bars on the x-axis.
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