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We study shape coexistence of differently deformed states within 28Si
using shell-model and beyond-mean-field techniques. Experimentally, 28Si
exhibits shape coexistence between an oblate ground state and an excited
prolate structure. The oblate rotational band is described well within the
sd shell using the USDB interaction. However, for the prolate band, a mod-
ification of this interaction is required, lowering the single-particle energy
of the 1ds/, orbital. Furthermore, we explore the possibility of a superde-
formed configuration in 22Si. Our calculations, spanning both the sd and
pf shells, disfavour the existence of a superdeformed 0% bandhead within
an excitation energy range of 10-20 MeV.
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1. Introduction

Interactions among protons and neutrons lead to collective phenomena
within the atomic nucleus. One notable outcome is the potential for a nu-
cleus to adopt a permanent non-spherical shape in its own frame of reference.
Quadrupole deformations, representing the most common deviations from a
spherical form, are frequently observed in such cases. Additionally, within
a single nucleus, one can observe diverse shapes at different excitation en-
ergies, a phenomenon referred to as shape coexistence, which is prevalent
throughout the nuclear chart [1].

According to experimental data, 8Si demonstrates shape coexistence [2].
It exhibits an oblate rotational band built on its ground state, a vibration
of the ground state with a bandhead at ~ 5 MeV, and a prolate rotational
band with a bandhead at ~ 6.5 MeV, as shown in Fig. 1 (a). Furthermore,
there have been attempts at finding a superdeformed state |3|, proposed by a
previous theoretical study [4]. In this work, we study this shape coexistence
with standard shell-model calculations and beyond-mean-field techniques.
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Fig. 1. Band structure of the lowest-lying positive-parity states of 28Si. (a) exper-
imental data [2], (b) shell-model calculation using the USDB interaction, (c) vari-
ational USDB calculation, (d) shell-model calculation with USDB-MOD, (e) vari-
ational USDB-MOD calculation. The arrows indicate in-band B(E2) transition
strengths (in W.u.), larger values are associated with more deformed shapes.

2. Methods
Shell model

We use the framework of the nuclear shell model [5]. A naive filling of
the spherical mean-field levels, represented in Fig. 2, for 28Si with 14 protons
and 14 neutrons results in the complete occupation of the 1ds/, orbital. The
associated Slater determinant is spherical, but the ground state of 28Si is
experimentally known to be oblate. Given that the Fermi level in the initial
filling scheme resides within the 1ds, orbital, the sd shell emerges as a
natural choice for the valence space in an interacting nuclear shell model
framework. Thus, we have an inert core of 160, represented by a Slater
determinant, along with Z, = 6 protons and N, = 6 neutrons in the sd
shell. The effective interaction tailored for this valence space is USDB [6].
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Fig.2. (Colour on-line) Standard spherical mean-field orbitals. The circles repre-
sent the naive orbital filling for 28Si.
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The task at hand entails the solution of the Schrédinger equation
HY = EV | (1)

which reduces to the diagonalization of the Hamiltonian. The exact solution
involves taking as a basis all of the Slater determinants (®) that can be built
within the valence space. The configuration mixing of these basis states leads
to the Hamiltonian eigenstates, which can be expressed as ¥ = ) . ¢;®;.
However, this methodology becomes unmanageable when the dimension of
the valence space is large, as the required number of Slater determinants
grows combinatorially with the available single-particle states. For instance,
performing a calculation for 28Si encompassing both the sd and pf shells is
unfeasible.

Beyond-mean-field approach

An alternative approach comes from beyond-mean-field methods, which
have been applied in recent studies to the sd shell with the projected gen-
erator coordinate method (PGCM) [7] and the discrete nonorthogonal shell
model (DNO-SM) [8]. Instead of a basis that consists of Slater determi-
nants, we opt for a smaller set of more complex wavefunctions. These states
are found from variational methods, such as the Hartree—Fock—Bogoliubov
(HFB) approach. To form the basis, the HFB wavefunctions are constrained
to specific quadrupole moment values ()2, = TQYQM, where Y3, are spher-
ical harmonics. However, instead of constraining directly the quadrupole
moments, we use the deformation parameters (3, 7), defined as [9]

5= Ay, Q3 + 203, — arctan V2Q22 Oy — (Q22 + Q2-2)

YL , 7y = arcta ” ; 22 5 ;

2)

with rg = 1.2 fm. The parameter 5 characterizes the degree of deformation

in the nucleus, with 5 = 0 associated with a spherical shape. « characterizes

the type of deformation, with v = 0° corresponding to prolate shapes and

v = 60° corresponding to oblate shapes.

With a set of quadrupole-constrained HFB wavefunctions ¢(q), configu-
ration mixing is performed using the generator-coordinate method (GCM)

v =>"fl)PNP? P ¢(q), (3)

where the HFB wavefunctions are projected onto good quantum numbers
such as proton number (Z), neutron number (NN), and total angular mo-
mentum (J) employing operators PN PZ and P/ [9]. This projection
restores the broken symmetries at the mean-field level. Using this approach,
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implemented within the TAURUS suite [9], we can investigate how the energy
changes with different shapes of the nucleus and expand our analysis to larger
valence spaces.

3. Results
3.1. Oblate band

The ground state of 28Si can be estimated from the total energy surface
of the projected HFB wavefunctions as a function of the deformation param-
eters, as represented in the left panel of Fig. 3. The minimum energy for the
ground state corresponds to an oblate shape with 8 ~ 0.25, in agreement
with the deformation found experimentally.
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Fig.3. Total energy surface [MeV] projected onto Z, = 6, N, = 6, and J = 0
obtained with the USDB interaction (left) and collective wavefunctions for oblate
states with J™ = 0" (center) and J™ = 27 (right).

To obtain the nuclear states, we undertake configuration mixing through
the GCM. The eigenstates resulting from this procedure are illustrated in
Fig. 1(c). The oblate rotational band presents strong in-band B(E2) tran-
sitions as well as level energies proportional to J(J + 1). This indicates
a well-established rotational band, although the states we find have larger
deformation than the experimental ones. In addition, we can represent the
weight of each HFB wavefunction in the mixed eigenstates with the collective
wavefunctions [9]. The two lowest states of the oblate rotational band are
plotted in Fig. 3 (center and right panels). All states of the oblate band share
a similar oblate deformation. Altogether, our calculations reproduce well the
oblate band with the USDB interaction in the sd shell, although the B(E2)
values are larger in comparison with the experimental data. Additionally,
we have checked that the GCM calculations are in excellent agreement with
the exact diagonalization results obtained using the ANTOINE shell-model
code [10, 11|, as shown in Fig. 1 (b).
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3.2. Prolate band

In contrast, when diagonalizing the USDB interaction within the sd shell,
our results do not reproduce well the prolate band. The states obtained
exhibit weak in-band B(E2) transitions and lack a consistent intrinsic defor-
mation, as indicated by the collective wavefunctions shown in the two left
panels of Fig. 4.
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Fig. 4. Collective wavefunctions for the prolate states with J* = 0% and J™ = 27
for the USDB (two left panels) and USDB-MOD interactions (two right panels).

To accurately describe the prolate band, we slightly modify the USDB
interaction. Employing a simple SU(3) scheme [12, 13], the experimental de-
formation of the prolate band can be achieved by promoting particles from
the closely situated 1ds/, and 2sq /5 orbitals to the 1ds/, orbital, which for
USDB is separated from them by a ~ 5 MeV gap. The reduction of this
gap favours the promotion of particles to the 1ds/p orbital. By reducing
this energy gap by approximately 1.5 MeV (USDB-MOD), a well-behaved
rotational band consistent with experimental data emerges, while the oblate
band remains largely unaffected. Notably, the prolate band states now ex-
hibit a common deformation, as demonstrated in Fig. 4 (two right panels).

3.8. Superdeformation

In addition to the oblate and prolate bands, previous studies [4] proposed
a prolate superdeformed structure in 2®Si with a bandhead at ~ 14 MeV.
The structure, with g =~ 0.6, would result from promoting four particles
from the sd to the pf shell. Nonetheless, recent experimental attempts [3]
have not corroborated the existence of such a structure.

In order to reach such high deformations in our shell-model study, the pf
shell must be included in the calculations (green/light grey space in Fig. 2).
We employ the SDPF-NR interaction [14] to explore both major harmonic
oscillator shells with the GCM method. We do not find any superdeformed
structures (S > 0.5) within an energy range of 10-20 MeV excitation energy,
which disfavours the existence of a superdeformed band in 28Si.
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4. Summary

In this study, we describe the oblate rotational band of 28Si with shell-
model methods using the USDB interaction within the sd shell. However,
to reproduce the prolate band, we need to reduce the single-particle energy
of the dg /5 orbital. Additionally, we include the pf shell to explore superde-
formation. Our calculations do not find any superdeformed state within an
excitation energy range of 10-20 MeV.
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