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Abstract
Weprove the local connectivity of the boundaries of invariant simply connected attract-
ing basins for a class of transcendental meromorphic maps. The maps within this class
need not be geometrically finite or in class B, and the boundaries of the basins (possi-
bly unbounded) are allowed to contain an infinite number of post-singular values, as
well as the essential singularity at infinity. A basic assumption is that the unbounded
parts of the basins are contained in regions which we call ‘repelling petals at infinity’,
where the map exhibits a kind of ‘parabolic’ behaviour. In particular, our results apply
to a wide class of Newton’s methods for transcendental entire maps. As an application,
we prove the local connectivity of the Julia set of Newton’s method for sin z, providing
the first non-trivial example of a locally connected Julia set of a transcendental map
outside class B, with an infinite number of unbounded Fatou components.
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1 Introduction

We consider dynamical systems generated by iterates of transcendental meromorphic
maps f : C → ̂C, where ̂C = C ∪ {∞} is the Riemann sphere and ∞ is an essential
singularity (we also refer to rational maps f defined on ̂C). An object of particular
interest is the Julia set of f , denoted J ( f ), which is the smallest closed totally invariant
subset of ̂C with at least three points, in many cases a fractal set with no interior,
where the dynamics of f is chaotic. The topology of J ( f ) can be complicated, which
greatly influences the global dynamics of the map. Note that in this paper we assume
∞ ∈ J ( f ).

The complement of the Julia set, the Fatou setF( f ) = ̂C\J ( f ), is the maximal set
of normality (equicontinuity) of the iterates of f . Its connected components, called
Fatou components, were already classified by Fatou [20] in the 1920s. If an invariant
Fatou component U is simply connected, then a Riemann map conjugates f |U to a
holomorphic self-map of D, and the conjugating map extends continuously to ∂D if
and only if the boundary of U is locally connected as a subset of ̂C. Thus, the local
connectivity of the boundary of U (in ̂C) is a key property that allows to understand
the dynamics of f on the closure of its Fatou components. Note that in this paper we
restrict the analysis to simply connected Fatou components.

By Torhorst’s Theorem [42, Theorem 2.2], Fatou components of a map with locally
connected Julia set have locally connected boundaries. On the other hand, if U is a
completely invariant Fatou component, then the local connectivity of its boundary
is equivalent to the local connectivity of the whole Julia set. In particular, such a
situation occurs when U is a simply connected basin of attraction to infinity for a
polynomial. In this intensively studied area, especially for quadratic polynomials, the
classical works on the local connectivity, started in the 1980s by Thurston, Sullivan,
Douady, Branner and Hubbard, were continued, among others, by Shishikura, Yoccoz,
McMullen, Kahn, Lyubich, Levin, Kozlovski, van Strien, Petersen and Zakeri, see e.g.
[10, 17, 18, 23, 25–27, 30–32, 36, 40, 44] and references therein. Concerning other
polynomial Fatou components, all of them bounded, the results of Roesch and Yin
[38, 39] show that their boundaries are always Jordan curves (and hence, are locally
connected), provided the component is not eventually mapped to a Siegel disc.

The question of the local connectivity of the boundaries of (simply connected) Fatou
components (or of the whole Julia set) is closely related to the location and dynamical
behaviour of the singular values of f (singularities of the inverse map). In the rational
case, the singular values coincide with the critical ones, while in the transcendental
case, they consist of the critical and asymptotic values and their accumulation points.
Denote the set of singular values of f by Sing( f ) and define the post-singular set of
f by

P( f ) =
∞
⋃

n=0

f n(Sing( f )).
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The simplest class of functionswith locally connected Julia sets consists of polynomial
or rational maps with connected Julia sets, which are hyperbolic, i.e. the closure of
P( f ) (in ̂C) is disjoint from the Julia set. More generally, Tan and Yin [41] proved
the local connectivity of connected Julia sets of geometrically finite rational maps,
i.e. maps f for which every critical point in J ( f ) has a finite orbit (equivalently, every
critical point of f is either eventually periodic or attracted to an attracting or parabolic
periodic orbit). In general, the problem of local connectivity of polynomial or rational
Julia sets is still open and remains a subject of current research. In particular, local
connectivity was showed for a wide class of Newton maps, i.e. Newton’s root-finding
methods for complex polynomials, see e.g. [19, 37, 43].

The proofs of the local connectivity of the boundaries of simply connected Fatou
components, or of the whole Julia sets, are usually technically complicated. Some of
them rely on the use of Yoccoz puzzles built out of external rays and equipotentials, the
tools that are quite specific for polynomials and some rational maps. In other cases,
the proofs of the local connectivity of the boundary of a Fatou componentU consist in
building a conformal Riemannian metric near the boundary ofU , which is expanding,
at least along long blocks of trajectories under f . In the hyperbolic case, such metric
exists on a neighbourhood of J ( f ) and can be defined as the hyperbolic metric on
a suitable domain in ̂C\P( f ). The difficulties caused by the presence of preperiodic
critical points in the Julia set (subhyperbolic case) can be overcome by the use of an
orbifold metric with a discrete set of singularities (see e.g. [14, 32], cf. Sect. 2.3). For
geometrically finite maps, a suitable metric is constructed by patching up the hyper-
bolic or orbifoldmetric with another suitablemetric near parabolic periodic points (see
[14, 18]). Once such an expanding metric is defined, one can show that a sequence
of Jordan curves approximating the boundary of U , constructed by taking successive
preimages under inverse branches of f near this boundary, converges uniformly, which
proves the local connectivity.

The scenario is completely different when we consider transcendental entire maps
f , which have an essential singularity at ∞. In this case the Julia set J ( f ) cannot
be locally connected if f has an unbounded Fatou component, see [3, 34]. Moreover,
if an unbounded invariant Fatou component U of f has locally connected boundary,
then U is a Baker domain and f is univalent on U , see [13, 24]. Roughly speaking,
this is due to the fact that ∞ is not only an essential singularity but also an omitted
value. Hence, preimages of unbounded paths in U are unbounded, and in many cases
induce a ‘comb-like’ structure, which prevents the boundary ofU and J ( f ) frombeing
locally connected. A well-knows example is given by the exponential map z �→ λez

for 0 < λ < 1/e, which has an invariant attracting basin of infinite degree with a
dense set of accesses to infinity (see e.g. [16]); a finite degree example is provided
by the map z �→ zez+1, which has an unbounded superattracting basin of degree 2
with the same property, and which conjecturally contains indecomposable continua
of escaping points as parts of its boundary. Compare [21] for a related example.

We extend the definition of hyperbolicity to the case of transcendental maps, assum-
ing ∞ /∈ Sing( f ) and (in the meromorphic case) neglecting the undefined terms in
the definition of the post-singular P( f ). Note that in particular, the set P( f ) for
hyperbolic transcendental maps is always bounded. We consider also a transcendental
analogue of the class of geometrically finite maps, consisting of maps f , for which
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Sing( f ) ∩ F( f ) is compact, while P( f ) ∩ J ( f ) is finite. Note that the Fatou set of
a transcendental entire geometrically finite map consists of a finite number of basins
of attracting or parabolic periodic orbits. This was showed in [28, Proposition 2.6] for
entire maps, and the proof extends easily to the meromorphic case by [2, 4]. Following
[1], we say that a geometrically finite transcendental map is strongly geometrically
finite, if J ( f ) does not contain asymptotic values of f and the local degree of f at all
points of J ( f ) is uniformly bounded.

It is known that for hyperbolic transcendental entire maps, the boundary of a
bounded Fatou component is a Jordan curve and even a quasicircle (see [9, 33]).
Note that for entire maps, locally connected boundaries of bounded simply connected
Fatou components are always Jordan curves by the maximum principle. In [1], it was
proved that if a transcendental entire maps f is strongly geometrically finite, then all
boundaries of all Fatou components are Jordan curves. The same holds for all Fatou
components of f if, additionally, every Fatou component contains at most finitely
many critical points.

The local connectivity of the whole Julia set was proved for hyperbolic and,
more generally, strongly geometrically finite transcendental entire maps f with only
bounded Fatou components and no asymptotic values, satisfying a uniform bound
on the number of critical points (with multiplicities) contained in each of the Fatou
components of f , see [1, 9, 12, 33]. Note that all the results mentioned above consider
only transcendental entire maps from the Eremenko–Lyubich class B, where

B = { f : Sing( f ) is bounded}.

Paradoxically, the situation changes when we take into account a priori more com-
plicated class of transformations, given by transcendental meromorphic maps, for
which the essential singularity at infinity is not an omitted value. A trivial example
occurs within the tangent family z �→ λ tan z for λ > 1, where the Fatou set consists
of two completely invariant attracting basins (the upper and lower half plane), and
hence the Julia set is equal to the real line together with the point at infinity (i.e. a cir-
cle in ̂C). Numerical simulations suggest that also for many meromorphic maps with
more complicated dynamics, their unbounded Fatou components may have locally
connected boundaries, despite containing the essential singularity at infinity. In some
examples, it looks plausible that the whole Julia set has the same property (see the
picture on the left side of Fig. 1). Nevertheless, computer pictures indicate that non-
locally connected boundaries do exist also for meromorphic maps, similarly to the
entire case (see the picture on the right side of Fig. 1).

In this paper we show that for many transcendental meromorphic maps f outside
class B, even with asymptotic values, the presence of (possibly infinitely many) post-
singular orbits and the essential singularity in the boundary of a simply connected
invariant Fatou component U , pose no unsolvable obstacle for local connectivity, as
long as f acts ‘geometrically finitely’ on a compact part of the closureU in C, and the
(possible) unbounded parts of U are contained in a finite number of regions, where
f is univalent and exhibits a ‘tame’ dynamical behaviour, similar to the one within
a repelling petal at a parabolic fixed point. We call these regions repelling petals at
infinity, and their formal definition is given in Sect. 4 (see Definition 4.1). Although
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Fig. 1 Left: The dynamical plane of the map f (z) = z−1
1+e−z , Newton’s method for g(z) = z + ez . Right:

The dynamical plane of the map f (z) = z2−e−z

1+z , Newton’s method for g(z) = 1 + zez

the definition allows for a quite general behaviour (e.g. spiralling petals), its simple
model is given by Newton’s method for the map z �→ z + ez , which behaves like the
translation z �→ z − 1 for Re(z) → +∞ in any sector symmetric with respect to R

+
of angle less than π (see the picture on the left side of Fig. 1). Note that unlike petals
at parabolic fixed points, repelling petals at infinity may contain points from both the
Fatou and Julia set.

In this work we assume that U is an invariant attracting basin, leaving other cases
for a forthcoming paper. Note that for transcendental meromorphic maps, periodic
components of period larger than 1 require a separate treatment, since considering an
iterate of the map takes us beyond the meromorphic class.

Definition 1.1 An invariant attracting basinU of a transcendentalmeromorphicmap f
is tame at infinity, if there exists a disc D ⊂ C such thatU\D is contained in the union
of a finite number of repelling petals Pi at infinity for f , such thatU ∩ f (Pi )∩ Pi ′ = ∅
for i �= i ′.

To formulate our result, define the post-critical and post-asymptotic set as

Pcri t ( f ) = { f n(v) : v is a critical value of f , n ≥ 0},
Pasym( f ) = { f n(v) : v is an asymptotic value of f , n ≥ 0}

and write A, ∂A for the closure and boundary in C of a set A ⊂ C, and Acc(A) for the
set of its accumulation points. We also denote the local degree of a map f at a point
w by degw f . Our main result is the following.

Theorem A Let U be a simply connected invariant attracting basin of a meromorphic
map f : C → ̂C. Assume that the following conditions are satisfied.

(a) The set
(Pasym( f ) ∪ Acc(Pcri t ( f ))

) ∩ U is contained in the union of a compact
subset of U and a finite set of parabolic periodic points of f in ∂U.
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(b) There exists a compact set L ⊂ U such that for every z ∈ Pcri t ( f ) ∩ U\L we
have sup{degw f n : w ∈ f −n(z), n > 0} < ∞.

(c) U is tame at infinity.

Then the boundary of U in ̂C is locally connected.

Theorem A implies the following corollary.

Corollary A′ Let U be a simply connected invariant attracting basin of a strongly geo-
metrically finite meromorphic map, such that U is tame at infinity. Then the boundary
of U in ̂C is locally connected.

Indeed, if f is strongly geometrically finite, then P( f ) ∩ ∂U consists of at most
finitely many points, all of them from Pcri t ( f ). Moreover, Sing( f ) intersects only a
finite number of Fatou components, which implies thatP( f )∩U is compact, as a finite
union of holomorphic images of compact sets. These facts together with the definition
of strongly geometrically finite maps immediately imply the conditions (a)–(b) of
Theorem A.

Remark 1.2 Note that in Definition 1.1 we do not assume that the set of repelling
petals of f at infinity intersecting U is non-empty. Therefore, the result holds also
for all bounded simply connected invariant attracting basins of transcendental entire
or meromorphic maps satisfying the conditions (a)–(b). In particular, for bounded
periodic attracting basins of transcendental entire maps we obtain a generalization of
the mentioned above result from [1]. However, the case of unbounded basins is our
primary area of interest.

We remark that an attracting basin U satisfying the hypotheses of Theorem A
necessarily fulfils some properties, as described in the following proposition.

Proposition 1.3 Under the hypotheses of Theorem A, the following hold.

(a) The degree of f on U is finite.
(b) U contains only a finite number of critical points of f .
(c) Every post-critical point of f in ∂U has a finite orbit.
(d) Every asymptotic curve of an asymptotic value v ∈ U is eventually contained in

C\U.
(e) f maps U onto the closure of U in ̂C. In particular, f has a pole in ∂U.

Following the classical ideas explained above, which were used for proving local
connectivity for several classes of rational and entire maps (see [1, 14, 18, 41]), the
proof of Theorem A is based on a construction of a conformal metric dς with suitable
expanding properties on a part of U close to ∂U . This is described in the following
theorem.

Theorem B LetU be an invariant simply connected attracting basin of a meromorphic
map f : C → ̂C satisfying the assumptions of Theorem A. Then there exists a simply
connected domain A ⊂ U with A ⊂ U, such that for every compact set K ⊂ U one
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can find a conformal metric dς = ς |dz| on U\A and numbers bn ∈ (0, 1), n ∈ N,
such that

∑∞
n=1 bn < ∞ and

|( f n)′(z)|ς >
1

bn

for every z ∈ U\A and n ∈ N with f (z), . . . , f n−1(z) ∈ U\A, f n(z) ∈ K\A.
The domain A in Theorem B is defined as a sufficiently large absorbing domain

in U , such that f (A) ⊂ A. Like in the references mentioned above, the metric dς

is constructed by ‘patching up’ the orbifold metric on a suitable part of U with a
‘parabolic’ metric |dz|

|z−p|αpar for some αpar ∈ [0, 1) on repelling petals of parabolic
points p ∈ ∂U . In our setting, however, we need to add a new element to this puzzle,
namely a petal metric which we use in the unbounded parts of U . To this aim, we
prove that the map on a repelling petal at infinity has suitable expanding properties
with respect to a metric |dz|

|z|α∞ for some α∞ > 1. This result (Theorem 4.7) can be of
independent interest and we hope it may be used in a much wider setting. The metric
dς on the unbounded parts of U is defined as a suitable modification of the metric
|dz|

|z|α∞ .
Theorem B follows from a much more general result, Theorem 5.1, formulated in

a more abstract setting. The reason for this generality, which undoubtedly increases
the technical difficulties of the proof, is the goal of further applications to other types
of Fatou components (parabolic basins and Baker domains).

Theorem A has already a number of applications, mostly among transcendental
Newton maps (for which all the Fatou components are simply connected, as proved in
[5]). For example, most of Newton’s methods for trigonometric polynomials studied
in [7] have infinitely many unbounded attracting basins satisfying the hypotheses of
Theorem A.

We believe that in the setting of meromorphic maps, where infinity is no longer
an omitted value, the local connectivity of Julia sets is a much more common phe-
nomenon, even in the presence of unbounded Fatou components, as long as they satisfy
the hypotheses of Theorem A. To show some evidence for this statement, we present
an example of a transcendental meromorphic map with infinitely many unbounded
basins of attraction, whose Julia set is locally connected (see Fig. 2).

Theorem C Let f (z) = z − tan z, Newton’s method for g(z) = sin z. Then J ( f ) is
locally connected.

This provides the first non-trivial example of a locally connected Julia set of a tran-
scendental meromorphic map f outside classB, with an infinite number of unbounded
Fatou components.

The structure of the paper is as follows. After preliminaries in Sect. 2 and a descrip-
tion of the dynamics of f on attracting and repelling petals of parabolic periodic points,
presented in Sect. 3, in the subsequent Sect. 4 we define attracting/repelling petals of
f at infinity (Definition 4.1) and prove their contracting/expanding properties (Theo-
rem 4.7). Themetric dς is constructed in Sect. 5 (Theorem 5.1). Since the construction
is quite involved, we split it into several parts, presented in Sects. 5.1–5.4, providing
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Fig. 2 Left: The dynamical plane of the map f (z) = z − tan z, showing the invariant attracting basins Uk ,
k ∈ Z. Right: A zoom of the dynamical plane near a pole pk

a short summary of the proof at the beginning of the section. Proposition 1.3 and
Theorem B are proved in Sect. 6, while the proof of TheoremA is presented in Sect. 7.
Finally, in Sect. 8 we prove Theorem C.

2 Preliminaries

2.1 Notation

By A, int A and ∂A we denote, respectively, the closure, interior and boundary in C of
a set A ⊂ C. By conv A we denote the convex hull of a set A. For A ⊂ C and z ∈ C

we write A + z = {a + z : a ∈ A}. We write Acc(A) for the set of accumulation
points of A in C. By ̂C = C ∪ {∞} we denote the Riemann sphere with the standard
topology. We write D(z, r) for the Euclidean disc in C of radius r and center z, while
D is the open unit disc in C. The Euclidean diameter of a set A ⊂ C is denoted by
diam A, and area of a measurable set A ⊂ C by area A. We set N = {1, 2, . . .}.

Let F : V ′ → V be a meromorphic map on a domain V ′ ⊂ C into a set V ⊂ ̂C.
For z ∈ V ′ we set Orb(z) = {Fn(z) : n ≥ 0}, neglecting the cases when Fn is not
defined. By Crit(F) we denote the set of critical points of F (we do not treat multiple
poles as critical points). The points F(z) for z ∈ Crit(F) are critical values of F . A
point v ∈ V is an asymptotic value of F if there exists a curve γ : [0,+∞) → V ′
such that γ (t) −−−−→

t→+∞ ∂V ′ and F(γ (t)) −−−−→
t→+∞ v.

We denote by Sing(F) the singular set of F , i.e. the set of finite singularities of the
inverse function F−1 (the critical and asymptotic values of F and their accumulation
points in V ). The post-singular set of F is defined as

P(F) =
∞
⋃

n=0

Fn(Sing(F)),
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neglecting the cases when Fn is not defined. We also define the post-critical and
post-asymptotic set of F as

Pcri t (F) = {Fn(v) : v is a critical value of F, n ≥ 0},
Pasym(F) = {Fn(v) : v is an asymptotic value of F, n ≥ 0},

again neglecting the cases when Fn is not defined.
For z0 ∈ V ′ we denote by degz0 F the local degree of F at z0, i.e. the positive

integer d such that F(z) = F(z0) + a(z − z0)d + · · · for a �= 0 if F(z0) ∈ C, and
F(z) = a(z − z0)−d + · · · for a �= 0 if F(z0) = ∞.

2.2 Conformal metrics

By a conformal metric on an open set V ⊂ C we mean a Riemannian metric of
the form dρ(z) = ρ(z)|dz| for a positive continuous function ρ on V , where |dz|
denotes the standard (Euclidean) metric inC. On each component Ṽ of V , the distance
between points z1, z2 with respect to this metric, denoted distρ(z1, z2), is defined as
the infimum of the lengths of piecewise C1-curves γ joining z1 and z2 within this
component, counted with respect to the metric dρ and denoted by lengthρ(γ ), where

lengthρ γ =
∫

γ

ρ(z)|dz|.

The diameter of a set A ⊂ Ṽ with respect to dρ is defined as

diamρ A = sup{distρ(z1, z2) : z1, z2 ∈ A},

while Dρ(z, r) denotes the disc of center z ∈ Ṽ and radius r > 0 with respect to dρ.
The area of a measurable set A ⊂ V with respect to dρ is denoted by

areaρ A =
∫

A
(ρ(z))2|dz|2.

If V ⊂ C is a hyperbolic domain (i.e. a domain such that C\V contains at least two
points), then we denote by d	V the hyperbolic metric in V (see e.g. [14]).

The standard spherical metric is defined as

dσsph = σsph(z)|dz| = 2

1 + |z|2 |dz|.

for z ∈ C. Note that dσsph extends to a Riemannian metric on the Riemann sphere ̂C
by the use of the coordinates z �→ 1/z near infinity. For simplicity, we write distsph ,
diamsph , areasph and Dsph(z, r) for the spherical distance, diameter, area and disc,
respectively.
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The derivative of a holomorphic map F with respect to the metric dρ on V is equal
to

|F ′(z)|ρ = ρ(F(z))

ρ(z)
|F ′(z)|,

provided F is defined in a neighbourhood of a point z ∈ V ∩F−1(V ). For the spherical
metric we use the symbol |F ′(z)|sph instead of |F ′(z)|σsph .

We say that a holomorphic map F is locally contracting (resp. locally expand-
ing) with respect to the metric dρ on a set V ′ ⊂ V ∩ F−1(V ) if |F ′(z)|ρ < 1
(resp. |F ′(z)|ρ > 1) for every z ∈ V ′. We also say that in this case the metric dρ is
locally contracting/expanding with respect to F .

We will use the following version of the Koebe distortion theorem for the spherical
metric (for the proof see [11, p. 1170]).

Theorem 2.1 (Spherical Koebe distortion theorem) Let 0 < r1, r2 < diamsph ̂C. Then
there exists c > 0 depending only on r1, r2, such that for every spherical disc D =
Dsph(z, r) and every univalent holomorphic map F : D → ̂C with z ∈ ̂C, r > 0,
diamsph D < r1 and diamsph(̂C\F(D)) > r2, if z1, z2 ∈ Dsph(z, λr) for some
0 < λ < 1, then

|F ′(z1)|sph
|F ′(z2)|sph ≤ c

(1 − λ)4
.

2.3 Orbifolds

We recall some facts about hyperbolic orbifolds (for details, see [32, Sect. 19]). Let
V ⊂ C be a hyperbolic domain. A hyperbolic orbifold over V is a pair (V , ν), where
ν : V → N is a function such that the set of points z ∈ V with ν(z) > 1 has no
accumulation points in V . Every orbifold (V , ν) has a universal branched covering,
i.e. a holomorphic map π : D → V onto V , such that

degu π = ν(π(u)) for u ∈ D. (1)

(see e.g. [32, Theorem E.1]). This implies that the Riemannian metric

dρ = ρ|dz| = π∗(d	D),

which is the push-forward under π of the hyperbolic metric d	D on D, is well-defined
on V \{z : ν(z) > 1} (if ν(z) = 1, then different points in π−1(z) are related via
automorphisms of D, so the metric is independent of the choice of a point in the fiber).
The metric dρ is called the orbifold metric. Note that if ν(z) = 1 for every z ∈ V ,
then the map π is a universal covering of V and dρ is equal to the hyperbolic metric
d	V on V .
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If ν(z0) > 1 for some z0 ∈ V , then dρ has a singularity at z0. More precisely, there
exist constants c1, c2 > 0 such that

c1
|z − z0|1−1/ν(z0)

< ρ(z) <
c2

|z − z0|1−1/ν(z0)
(2)

for z in some punctured neighbourhood of z0 (see [30, p. 183, Appendix A]). Note
also that we have

ρ ≥ 	V on V \{z : ν(z) > 1}. (3)

This holds due to the fact that the identity map V → V defines a holomorphic
orbifold map1 from (V , ν) to the orbifold (V , ν̃) with ν̃ ≡ 1 and the orbifold metric
equal to d	V , so (3) follows from the Schwarz–Pick orbifold lemma (see e.g. [30,
Theorem A.3]).

2.4 Logarithmically convex functions

Recall that a function g : (a, b) → R+, fora, b ∈ R∪{±∞}, is logarithmically convex,
if ln g is convex. We will use the following facts on non-increasing logarithmically
convex functions.

Lemma 2.2 Let g : (t0,+∞) → R+ for some t0 ∈ R be a non-increasing logarith-
mically convex function. Define inductively a sequence tn ∈ (t0,+∞), n ∈ N, by
choosing some t1 ∈ (t0,+∞) and setting

tn+1 = tn + g(tn)

for n ∈ N. Then:

(a) the sequence (tn)∞n=1 is increasing and converges to +∞ as n → ∞,

(b) the sequence
(

tn+1
tn

)∞
n=1

is decreasing for sufficiently large n and converges to 1
as n → ∞,

(c) the sequence
( g(tn+1)

g(tn)

)∞
n=1 is non-decreasing and converges to 1 as n → ∞.

Proof Since g is positive, we have tn+1 > tn . Note also that g is convex and hence
continuous on (t0,+∞). This implies tn → +∞ as n → ∞, because otherwise
tn → t for some t ∈ R and g(t) = limn→∞ g(tn) = limn→∞(tn+1 − tn) = 0, which
contradicts the fact that g is positive. This shows (a).

As tn increases to +∞, we have tn > 0 for sufficiently large n. For such n, since g
is positive and non-increasing, the sequence g(tn)

tn
is decreasing, so the sequence

tn+1

tn
= 1 + g(tn)

tn

1 A holomorphic orbifold map φ between orbifolds (V , ν) and (Ṽ , ν̃) is a holomorphic map φ : V → Ṽ ,
for which ν(z) degz φ is divisible by ν̃(φ(z)) for z ∈ V .
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is decreasing. Moreover, the sequence g(tn) is bounded, since g is positive and non-
increasing, while tn → +∞ by (a). Hence, g(tn)

tn
→ 0, so tn+1

tn
→ 1, which ends the

proof of (b).
To show (c), note that as g is non-increasing, we have

tn+1 − tn = g(tn) ≤ g(tn−1) = tn − tn−1,

which gives tn−1+tn+1
2 ≤ tn . Consequently, setting h = ln g, we obtain

h(tn−1) + h(tn+1)

2
≥ h
( tn−1 + tn+1

2

)

≥ h(tn),

since h is convex and non-increasing. This implies

h(tn+1) − h(tn) ≥ h(tn) − h(tn−1),

so the sequence

g(tn+1)

g(tn)
= eh(tn+1)−h(tn)

is non-decreasing. As g(tn+1)
g(tn)

≤ 1, as remarked above, it follows that g(tn+1)
g(tn)

→ q for

some 0 < q ≤ 1. If q < 1, then for large n we have g(tn+1)
g(tn)

< q ′ for some constant

q ′ < 1, so
∑∞

n=1(tn+1 − tn) =∑∞
n=1 g(tn) < ∞ and, consequently, tn → t for some

t ∈ R, which is impossible by (a). Hence,

g(tn+1)

g(tn)
→ 1.

This ends the proof of (c). ��

3 Attracting and repelling petals at parabolic periodic points

Definition 3.1 (Attracting/repelling petal at a parabolic fixed point) Let p ∈ C be a
parabolic fixed point of multiplier 1 and order d ∈ N of a holomorphic map G defined
near p. Then G has the form

G(z) = z + a(z − p)d+1 + · · ·

for z near p, where a ∈ C\{0}. By an attracting petal of G at p we mean a simply
connected domain P contained in a small neighbourhood of p, such that p ∈ ∂P ,
G(P) ⊂ P ∪ {p} and⋂∞

n=0 G
n(P) = ∅.
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A simply connected domain P ⊂ C is a repelling petal of a holomorphic map F
at its parabolic fixed point p of multiplier 1, if F(P) is an attracting petal at p of a
branch G of F−1 with G(p) = p (which is well-defined near p).2

For p ∈ C, d ∈ N, a ∈ C\{0}, ε, δ > 0 and j ∈ {0, . . . , 2d − 1} let

Uj (ε, δ) = {z ∈ C\{p} : Arg(z − p) ∈ (θ j − δ, θ j + δ
)

, |z − p| < ε
}

,

where

θ j = −Arg(a)

d
+ π j

d
for odd (resp. even) j ∈ Z.

The facts described in the following proposition are well-known, see e.g. [14,
Chapter II.5], [32, Sect. 10].

Proposition 3.2 Let p ∈ C be a parabolic fixed point of multiplier 1 and order d ∈ N

of a holomorphic map f defined near p.

(a) For every ε, δ > 0 and a compact set K contained in an attracting (resp. repelling)
petal of f at p, there exist an odd (resp. even) integer j ∈ {0, . . . , 2d − 1} and
n0 ∈ N such that f n(K ) ⊂ Uj (ε, δ) (resp. ( f −1)n(K ) ⊂ Uj (ε, δ)) for every
n ≥ n0.

(b) There exist d attracting (resp. repelling) petals Pj with Jordan boundaries, of
the map f at p, for odd (resp. even) integers j ∈ {0, . . . , 2d − 1}, such that Pj

(resp. f (Pj )) are pairwise disjoint, and for every δ ∈ (0, π
d ) one can find ε > 0

with U j (ε, δ) ⊂ f (Pj ) ⊂ Pj ⊂ Uj (ε,
π
d ) (resp. U j (ε, δ) ⊂ Pj ⊂ f (Pj ) ⊂

Uj (ε,
π
d )).

See Fig. 3.

Proposition 3.3 Let P be an attracting petal of a holomorphic map G at a parabolic
fixed point p of multiplier 1 and order d. Then the following hold.

(a) G is univalent on P.
(b) Gn(z) → p as n → ∞ for z ∈ P.
(c) For every compact set K ⊂ P and δ > 0 there exist c1, c2 > 0 and n0 ≥ 0, such

that for every z ∈⋃∞
n=n0 G

n(K ),

c1|z − p|d+1 < |G(z) − z| < c2|z − p|d+1, |Arg(G(z) − z) − Arg(p − z)| < δ.

Proof The assertions (a)–(b) follow directly from the definition of an attracting petal
at a parabolic fixed point and the Schwarz–Pick lemma. To show (c), note that by
Proposition 3.2(c), for sufficiently large n0 we have Gn(K ) ⊂ Uj (ε, δ) for every
n ≥ n0, where j ∈ {0, . . . , 2d − 1} is an odd integer and ε, δ > 0 can be chosen to be
arbitrarily small. Hence, the assertion follows directly from the properties of G and
Uj (ε, δ). ��
2 There are several variants of definitions of attracting and repelling petals at parabolic fixed points, which
differ in details (see e.g. [32, Definition 10.6] and the discussion afterwards).
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K. Barański et al.

Fig. 3 Attracting and repelling petals of a holomorphic map at a parabolic fixed point p, with d = 3 and
a = 1

Remark 3.4 Note that by elementary geometry, Proposition 3.3 implies that for every
compact set K ⊂ P there exist c > 0 and n0 ≥ 0 such that

|G(z) − p| < |z − p|, |z − G(z)| ≤ c(|z − p| − |G(z) − p|)

for every z ∈⋃∞
n=n0 G

n(K ).

Near a parabolic fixed (or periodic) point p ∈ C we consider a family of conformal
metrics in C\{p} given by

dσp,α = σp,α(z)|dz| = |dz|
|z − p|α , α ∈ [0, 1).

Note that for α = 0 the metric coincides with the Euclidean one. Now we show that
these metrics are locally contracting (resp. expanding) in attracting (resp. repelling)
petals at a parabolic fixed point of multiplier 1.

Proposition 3.5 (Contraction properties in attracting petals at parabolic fixed points)
Let P be an attracting petal of a holomorphic map G at a parabolic fixed point p of
multiplier 1 and order d ∈ N, let K ⊂ P be a compact set and let α ∈ [0, 1), ε > 0.
Then there exists n0 ∈ N such that for every m ≥ n0 one can find a sequence (am,n)

∞
n=0

of positive numbers, such that
∑∞

n=0 am,n < ∞, am,0 = 1, am,n+1
am,n

= am+1,n
am+1,n−1

for

n ∈ N, 1 >
am,n+1
am,n

>
am,n

am,n−1
> 1 − ε for n ∈ N and

|(Gn)′(z)|σp,α < am,n for every z ∈ Gm(K ), n ∈ N.
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Proof Suppose G(z) = z + a(z − p)d+1 + · · · for z near p, where a ∈ C\{0} and let
P be an attracting petal of G at p. Take a compact set K ⊂ P . By Proposition 3.2(c),
for sufficiently large n0 we have Gk(K ) ⊂ Uj (ε,

δ
d ) for every k ≥ n0, where j ∈

{0, . . . , 2d − 1} is an odd integer and ε, δ > 0 can be chosen to be arbitrarily small.
Then for w ∈ K and k ≥ n0, we have Arg(a(Gk(w) − p)d) ∈ (π − δ, π + δ), so

|G ′(Gk(w))|σp,α = |Gk(w) − p|α|1 + (d + 1)a(Gk(w) − p)d + · · · |
|Gk(w) − p + a(Gk(w) − p)d+1 + · · · |α

= |1 + (d + 1 − α)a(Gk(w) − p)d + · · · |
< 1 − β|a||Gk(w) − p|d ,

where β ∈ (d, d+1−α) is a fixed number, n0 is chosen sufficiently large and ε, δ > 0
are chosen sufficiently small. Fix a number b ∈ (1, β

d ). By [32, Lemma 10.1], the
sequence k|Gk − p|d converges uniformly on K to 1

|a|d as k → ∞, so

|Gk(w) − p|d >
b

β|a|k ,

if n0 is chosen sufficiently large. Hence,

|G ′(Gk(w))|σp,α < 1 − b

k

for w ∈ K and k ≥ n0. For m ≥ n0 define am,0 = 1 and

am,n =
m+n−1
∏

k=m

(

1 − b

k

)

for n ∈ N. Then for z ∈ Gm(K ) and n ∈ N, taking w ∈ G−m(z) ∩ K we have

|(Gn)′(z)|σp,α =
m+n−1
∏

k=m

|(G ′(Gk(w))|σp,α < am,n .

By definition, am,n > 0 and, for n ∈ N,

am,n < e−b
∑m+n−1

k=m 1/k <
2mb

(n + m)b

if n0 is chosen sufficiently large, so the series
∑∞

n=0 am,n is convergent, as b > 1.
Furthermore,

am,n+1

am,n
= 1 − b

n + m
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for n ≥ 0, which implies

am,n+1

am,n
= am+1,n

am+1,n−1
, 1 >

am,n+1

am,n
>

am,n

am,n−1
> 1 − ε

for n ∈ N, if n0 is chosen sufficiently large. ��
Finally, we describe attracting and repelling petals at arbitrary parabolic periodic

points.

Definition 3.6 (Cycle of attracting/repelling petals at a parabolic periodic point) Let
p be a parabolic fixed point of multiplier 1 of f �, for a holomorphic map f and � ∈ N,
and let P be an attracting (resp. repelling) petal of f � at p. By a cycle of length � ∈ N

of attracting (resp. repelling) petals of f at p generated by P we mean a pairwise
disjoint union P ∪ f (P) ∪ . . . ∪ f �−1(P) (resp. f (P) ∪ . . . ∪ f �(P)).

Suppose p ∈ C is a parabolic periodic point of (minimal) period q ∈ N of a
(nonlinear) holomorphic map f . Then f q near p has the form

f q(z) = p + e2π i
k
m (z − p) + · · ·

for some k ∈ Z and (minimal) m ∈ N, and p is a parabolic fixed point of the
map f �, where � = qm, of multiplier 1 and order d for some d ∈ N. In this case
Proposition 3.2(b) implies the following.

Proposition 3.7 (Attracting/repelling petals at a parabolic periodic point) There exist
d attracting (resp. repelling) petals Pj with Jordan boundaries, of the map f � at
p, where � = qm, for odd (resp. even) integers j ∈ {0, . . . , 2d − 1}, such that Pj

(resp. f �(Pj )) are pairwise disjoint, and for every δ ∈ (0, π
d ) one can find ε > 0 with

U j (ε, δ) ⊂ f �(Pj ) ⊂ Pj ⊂ Uj (ε,
π
d ) (resp. U j (ε, δ) ⊂ Pj ⊂ f �(Pj ) ⊂ Uj (ε,

π
d )).

Furthermore, d is a multiple of m and the set
⋃

j (Pj ∪ f (Pi ) ∪ . . . ∪ f q−1(Pj )) is

contained in a disjoint union of d
m cycles of length � of attracting (resp. repelling)

petals of f at p, generated, respectively, by d
m petals Pj .

For details, see e.g. [14].

4 Attracting and repelling petals at infinity

In analogy to the properties of attracting/repelling petals at parabolic fixed points
described in Proposition 3.3, we introduce a notion of attracting/repelling petals at
infinity of holomorphic maps defined on unbounded domains.

Definition 4.1 (Attracting/repelling petal at infinity) Let P ⊂ C be an unbounded
simply connected domain and let G : P → C be a holomorphic map extending to a
continuous map from P into C. We call the domain P an attracting petal of G at
infinity, if

123



Local connectivity of boundaries of tame Fatou components…

Fig. 4 Location of G(z) with respect to z in an attracting petal of G at infinity

(a) G(P) ⊂ P ,
(b)

⋂∞
n=0 G

n(P) = ∅,
(c) for every compact set K ⊂ P there exist c1, c2 > 0, 0 < δ < π

2 , n0 ∈ N and a
non-increasing logarithmically convex function g : (t0,+∞) → R+, t0 > 0, with
{|z| : z ∈⋃∞

n=n0 G
n(K )} ⊂ (t0,+∞), such that

c1g(|z|) < |G(z) − z| < c2g(|z|), |Arg(G(z) − z) − Arg(z)| < δ

for z ∈⋃∞
n=n0 G

n(K ).

See Fig. 4.

An unbounded simply connected domain P ⊂ C is a repelling petal at infinity of
a holomorphic map F : P → C, if F is univalent and F(P) is an attracting petal at
infinity of the map G = F−1.

We also say that P is an attracting/repelling petal at the point p = ∞.

Remark 4.2 Typical examples of logarithmically convex functions g which can be
used in Definition 4.1(c) are:

g(t) = 1,

g(t) = 1

ta
, a > 0,

g(t) = ea/tb , a, b > 0,

g(t) = e−atb , a > 0, 0 < b ≤ 1.

Analogously to the properties described in Remark 3.4, the following hold.
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Proposition 4.3 Let P ⊂ C be an attracting petal at infinity of a map G. Then the
following hold.

(a) Gn(z) → ∞ as n → ∞ for z ∈ P.
(b) For every compact set K ⊂ P there exist c > 0 and n0 ≥ 0 such that

|z| < |G(z)| ≤ |z| + c, |G(z) − z| ≤ c(|G(z)| − |z|).

for every z ∈⋃∞
n=n0 G

n(K ).

Proof The statement (a) and the second estimate in (b) follow directly from Defini-
tion 4.1 and elementary geometry. Together with the fact that g is non-increasing, this
implies |z| < |G(z)| ≤ |z| + c for a suitable c > 0. ��

Examples of attracting and repelling petals at infinity are presented in the following
proposition.

Proposition 4.4 Let

Vj (r , δ, d, a) = {z ∈ C : Arg(z) ∈ (θ j − δ, θ j + δ), |z| > r
}

,

where r , δ > 0, j ∈ {0, . . . , 2d − 1}, d ∈ N, and

θ j = Arg(a)

d
+ π j

d

for a ∈ C\{0}. Suppose P ⊂ C is an unbounded simply connected domain and
G : P → P is a holomorphic map extending continuously to P, such that G(P) ⊂
P ⊂ Vj (r , δ, d, a) for some 0 < δ < π

d , a large number r > 0 and an even integer
j ∈ {0, . . . , 2d − 1}, where

G(z) = z + a

zd−1 + o

(

1

|z|d−1

)

for z ∈ P as |z| → ∞.

Then P is an attracting petal of G at infinity.
Analogously, if F : P → C is a univalent map such that F−1 extends continuously

to F(P) and P ⊂ F(P) ⊂ Vj (r , δ, d, a) for some 0 < δ < π
d , a large number r > 0

and an odd integer j ∈ {0, . . . , 2d − 1}, where

F(z) = z + a

zd−1 + o

(

1

|z|d−1

)

for z ∈ P as |z| → ∞,

then P is a repelling petal of F at infinity.

Proof We proceed as in the case of parabolic fixed points (see e.g. [14, Chapter II.5]).
Consider first the case d = a = 1. Then, given a compact set K ⊂ P , we have
K ⊂ V0(r , δ, d, a), where 0 < δ < π and

G(z) = z + 1 + o(1) for z ∈ P as |z| → ∞.
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Assuming r sufficiently large, we see that K ⊂ V ′, where

V ′ = {z ∈ C\{r ′} : Arg(z − r ′) ∈ (−δ′, δ′)}

for a large r ′ > 0 and δ < δ′ < π . ThenRe(G(z)) > Re(z)+ 1
2 and |Arg(G(z)−z)| <

min(δ′, π
5 ) for z ∈ P ∩ V ′. This implies that G(P ∩ V ′) ⊂ P ∩ V ′ and, consequently,

there exists n0 ∈ N such that Gn(K ) ⊂ V0(r ,
π
4 ) for every n ≥ n0. Consequently,

|Arg(G(z) − z) − Arg(z)| <
π

3
for z ∈ Gn(K )

for every n ≥ n0 by the definition of V0(r , π
4 ). This proves the second condition from

Definition 4.1(c). Taking g(t) = 1
td−1 , we immediately obtain the first condition.

The case a �= 1, d = 1 can be reduced to the previous one by a linear change
of coordinates w = z

a . In the case d > 1, a change of coordinates w = bzd on
Vj (r , δ, d, a) for a suitable b ∈ C reduces it to the case d = 1.

To deal with the case of a repelling petal, it is sufficient to note that if F is univalent
with

F(z) = z + a

zd−1 + o

(

1

|z|d−1

)

on P ⊂ P ⊂ F(P) ⊂ Vj (r , δ, d, a) for an odd integer j ∈ {0, . . . , 2d − 1}, then

G(z) = F−1(z) = z − a

zd−1 + o

(

1

|z|d−1

)

on F(P) ⊂ Vj (r , δ, d, a) = Vj ′(r , δ, d,−a), where j ′ = j ± 1 is an even integer in
{0, . . . , 2d − 1}. ��

In particular, Proposition 4.4 provides the following example, which will be
considered in detail in Sect. 8.

Example 4.5 Let f (z) = z − tan z, Newton’s method for sin z. Then the half-planes
P± = {z ∈ C : ±Im(z) > M} for sufficiently large M > 0 are repelling petals of f
at infinity.

In the further considerations, we will use the following lemma.

Lemma 4.6 Let P ⊂ C be an attracting petal at infinity of a map G. Consider a
function g from Definition 4.1 for a compact set K ⊂ P and let (tn)∞n=1 be the
sequence defined in Lemma 2.2. Then there exists M ∈ N such that for every z ∈ K
and n ∈ N,

(a) the interval [tn, tn+1] contains less than M numbers |Gk(z)|, k ≥ 0,
(b) the interval conv{|Gn(z)|, |Gn+1(z)|} contains less than M numbers tk , k ≥ 1.
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Proof Take n0 satisfying the conditions of Definition 4.1 and Proposition 4.3, chosen
for the set K . To show (a), suppose [tn, tn+1] contains N numbers |Gk(z)|, k ≥ 0,
for some z ∈ K and N > n0 + 1. Then [tn, tn+1] contains at least N − n0 numbers
|Gk(z)|, k ≥ n0, so by Definition 4.1 and Proposition 4.3, there exist k0 ≥ n0 and
c > 0 such that

tn ≤ |Gk0(z)| ≤ · · · ≤ |Gk0+N−n0−1(z)| ≤ tn+1

and

g(tn) = tn+1 − tn ≥ |Gk0+N−n0−1(z)| − |Gk0(z)|
= |Gk0+N−n0−1(z)| − |Gk0+N−n0−2(z)| + · · · + |Gk0+1(z)| − |Gk0(z)|
≥ c(g(|Gk0+N−n0−2(z)|) + · · · + g(|Gk0(z)|)) ≥ c(N − n0 − 1)g(tn+1),

so g(tn+1)
g(tn)

≤ 1
c(N−n0−1) . By Lemma 2.2, the sequence g(tn+1)

g(tn)
is bounded from below

by a positive constant, which implies that N is bounded from above by some M > 0
independent of n ∈ N.

To show (b), note that by Definition 4.1 and Proposition 4.3, there exists c > 0
such that g(|Gn(z)|) ≥ c(|Gn+1(z)| − |Gn(z)|) for every z ∈ K and n ≥ n0. Let

q = 1

1 + c/2
.

Since q < 1 and the sequence g(tk+1)
g(tk )

converges to 1 by Lemma 2.2, we can find
k0 ∈ N such

g(tk+1)

g(tk)
≥ q for k ≥ k0.

Suppose conv{|Gn(z)|, |Gn+1(z)|} contains N numbers tk , k ≥ 1, for some z ∈ K
and a large N > n0. Since Gn(K ) is bounded and tk → ∞ as k → ∞, we can assume
n ≥ n0 and |Gn(z)| ≥ tk0 . Then by Definition 4.1, Proposition 4.3 and the fact that
the sequence g(tn+1)

g(tn)
is non-decreasing by Lemma 2.2,

tk0 ≤ |Gn(z)| ≤ tk0+1 ≤ . . . ≤ tk0+N ≤ |Gn+1(z)|

and

g(tk0) ≥ g(|Gn(z)|)
≥ c(|Gn+1(z)| − |Gn(z)|) ≥ c(tk0+N − tk0+1)

= c(tk0+N − tk0+N−1 + · · · + tk0+2 − tk0+1)

= c(g(tk0+1) + · · · + g(tk0+N−1))
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Consequently, we have

q

2(1 − q)
= 1

c
≥ g(tk0+1)

g(tk0)
+ · · · + g(tk0+N−1)

g(tk0)

= g(tk0+1)

g(tk0)
+ · · · + g(tk0+1)

g(tk0)
· · · g(tk0+N−1)

g(tk0+N−2)

≥ g(tk0+1)

g(tk0)
+ · · · +

(g(tk0+1)

g(tk0)

)N−1

≥ q + · · · + qN−1 = q
1 − qN−1

1 − q
.

Hence,

qN−1 ≥ 1

2
,

so

N ≤ − ln 2

ln q
+ 1.

��
Analogously to the case of petals at parabolic fixed points, we consider a family of

conformal metrics given by

dσα = σα(z)|dz| = |dz|
|z|α , α > 1,

for z ∈ C near infinity, which have some contracting (resp. expanding) property inside
attracting (resp. repelling) petals at infinity.

The following theorem, showing the contracting/expanding properties of the metric
σα on attracting/repelling petals at infinity, is one of the main tools used to prove the
local connectivity of the boundaries of the Fatou components considered in this paper.

Theorem 4.7 (Contraction properties in attracting petals at infinity) Let P be an
attracting petal at infinity of a map G, let K ⊂ P be a compact set and let
α > 1, ε > 0. Then there exist A > 0 and n0 ∈ N such that for every m ≥ n0
there is a sequence (am,n)

∞
n=1 such that 0 < am,n ≤ A,

∑∞
n=1 am,n < ∞, with

1 >
am,n+1
am,n

≥ am,n
am,n−1

> 1 − ε for n > 1, and

|(Gn)′(z)|σα < am,n for every z ∈ Gm(K ), n ∈ N.

Proof Take a compact set K ⊂ P . By Cowen’s Theorem [15, Theorem 3.2] (see also
[6, Theorem 2.7]), there exist a holomorphic map ψ : P → � (where � ⊂ C is an
open horizontal strip, an open upper or lower half-plane or the plane) and a domain
V ⊂ P , such that:
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(i) ψ(G(z)) = ψ(z) + 1 for z ∈ P ,
(ii) ψ is univalent on V ,
(iii) for every compact set K1 ⊂ P there exists n1 ∈ N such that Gn(K1) ⊂ V for

n ≥ n1,
(iv) for every compact set K2 ⊂ � there exists n2 ∈ N such that K2 + n ⊂ ψ(V )

for n ≥ n2.

By (iii), we can choose n1 ∈ N such that Gm(K ) ⊂ V for m ≥ n1. Note that by (i)
and the definition of �,

L = conv(ψ(Gn1(K ) ∪ Gn1+1(K ))) = conv(ψ(Gn1(K )) ∪ (ψ(Gn1(K )) + 1))

is a compact subset of �, and so is the set K2 = ⋃

w∈L D(w, δ) for a small δ > 0.
Therefore, by (i) and (iv), there exists n0 > n1 such that

⋃

{D(w, ε) : w ∈ conv(ψ(Gm+n(K ) ∪ Gm+n+1(K )))} = K2 + m

+n − n1 ⊂ ψ(V ) (4)

for m ≥ n0 and n ≥ 0. Enlarging n0, we can assume that the properties listed in
Definition 4.1 and Proposition 4.3 hold for every z ∈⋃∞

m=n0 G
m(K ).

Choose a point z0 ∈ K and let

zl = Gl(z0) ∈ Gl(K )

for l ≥ n0. Consider

z ∈ Gm(K ) for m ≥ n0.

This notation will be used throughout the subsequent part of the proof. ��

Convention

By c0, c1, . . . we denote constants independent of z ∈ Gm(K ), m ≥ n0 and n ≥ 0.
Moreover, we write gm,n(z) � hm,n(z) if

1

c
<

gm,n(z)

hm,n(z)
< c

for a constant c > 0 independent of z ∈ Gm(K ), m ≥ n0 and n ≥ 0.
By (4) and the Koebe Distortion Theorem, ψ−1 is defined on conv(ψ(Gm+n(K ) ∪

Gm+n+1(K ))) with distortion bounded by a constant independent of m ≥ n0, n ≥ 0.
In particular,

|ψ ′(Gn(z))| � |ψ ′(zm+n)| (5)
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for n ≥ 0.Moreover, by (4), the bounded distortion ofψ−1 and the factψ(Gn+1(z))−
ψ(Gn(z)) = 1, we obtain

|Gn+1(z) − Gn(z)| � |zm+n+1 − zm+n| � 1

|ψ ′(zm+n)| . (6)

Let w ∈ Gn0(K ) be such that z = Gm−n0(w). By (6), Proposition 4.3 and the
compactness of Gn0(K ),

|zm+n| ≤ |zm+n − zm+n−1| + · · · + |zn0+1 − zn0 | + |zn0 |
≤ c1(|Gm−n0+n(w) − Gm−n0+n−1(w)| + · · · + |G(w) − w| + |w|)
≤ c2(|Gm−n0+n(w)| − |Gm−n0+n−1(w)| + · · · + |G(w)| − |w| + |w|)
= c2|Gm−n0+n(w)| = c3|Gn(z)|

for constants c1, c2 > 0. Analogously,

|Gn(z)| = |Gm−n0+n(w)|
≤ |Gm−n0+n(w) − Gm−n0+n−1(w)| + · · · + |G(w) − w| + |w|
≤ c3(|zm+n − zm+n−1| + · · · + |zn0+1 − zn0 | + |zn0 |)
≤ c4(|zm+n| − |zm+n−1| + · · · + |zn0+1| − |zn0 | + |zn0 |) = c4|zm+n|

for constants c3, c4 > 0. We conclude

|Gn(z)| � |zm+n|. (7)

Furthermore, by (i),

|(Gn)′(z)| = |ψ ′(z)||(ψ−1)′(ψ(z) + n)| = |ψ ′(z)|
|ψ ′(Gn(z))| ,

|(Gn)′(zm)| = |ψ ′(zm)||(ψ−1)′(ψ(zm) + n)| = |ψ ′(zm)|
|ψ ′(zm+n))| ,

which together with (5) and (6) gives

|(Gn)′(z)| � |(Gn)′(zm)| � |Gn+1(z) − Gn(z)|
|G(z) − z| � |zm+n+1 − zm+n|

|zm+1 − zm | . (8)

Fix α > 1. Using (7) and (8) we obtain

|(Gn)′(z)|σα = |z|α|(Gn)′(z)|
|Gn(z)|α ≤ c5

|zm |α|zm+n+1 − zm+n|
|zm+n|α|zm+1 − zm | (9)

for n ∈ N and some constant c5 > 0 (note that the metric σα is well-defined at
z and Gn(z) if n0 is chosen sufficiently large). Consider now the function g from
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Definition 4.1 for the set K , and the sequence (t j )∞j=1 defined in Lemma 2.2. Enlarging
n0 if necessary, we can assume t1 ≤ |zn0 |. Note that the sequence |zl |, l ≥ n0, is
increasing by Proposition 4.3.

Let

jl = max{ j ∈ N : t j ≤ |zl |}, l ≥ n0.

By definition,

t jl ≤ |zl | < t jl+1 (10)

and the sequence ( jl)∞l=n0
(and also (t jl )

∞
l=n0

) is non-decreasing. Choosing n0
sufficiently large, we can assume t jn0 > 0 and, by Lemma 2.2,

1 >
t j
t j+1

>
t j−1

t j
> q, 1 ≥ g(t j+1)

g(t j )
≥ g(t j )

g(t j−1)
> q (11)

for j ≥ jn0 − 1 and a constant q ∈ (0, 1) arbitrarily close to 1.
Let m ≥ n0, n ∈ N. Note that Lemma 4.6 implies that there exists an integer

M > 1, such that

jm+n ≥ jm + n + 1

M
− 1 ≥ jm +

⌊

n − 2

M

⌋

− 1. (12)

Using consecutively (9), Definition 4.1, (10), (11) and (12), we obtain

|(Gn)′(z)|σα ≤ c6
|zm |αg(|zm+n|)
|zm+n|αg(|zm |) < c6

tαjm+1g(t jm+n )

tαjm+n
g(t jm+1)

< c7
tαjm g(t jm+n )

tαjm+n
g(t jm )

≤ c7
tαjm g

(

t jm+� n−2
M �−1

)

tα
jm+� n−2

M �−1
g(t jm )

for some constants c6, c7 > 0, so that

|(Gn)′(z)|σα < ãm,n (13)

for n ∈ N, where

ãm,n = c7
tαjm g

(

t jm+� n−2
M �−1

)

tα
jm+� n−2

M �−1
g(t jm )

.
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Note that by definition,

ãm,1 = c7
tαjm g(t jm−2)

tαjm−2g(t jm )
,

ãm,kM+r = ãm,(k+1)M+1 = c7
tαjm g(t jm+k−1)

tαjm+k−1g(t jm )
for k ≥ 0, r ∈ {2, . . . , M + 1},

(14)

so by (11),

ãm,1 > ãm,2 = · · · = ãm,M+1 > ãm,M+2 = · · · = ãm,2M+1 > · · ·

and

0 < ãm,n ≤ ãm,1 ≤ A

for

A = c7
q2(α+1)

.

Moreover, (14) and (11) imply

1 >
ãm,(k+1)M+1

ãm,kM+1
≥ ãm,kM+1

ãm,(k−1)M+1
≥ qα+1 (15)

for k ∈ N and

ãm,1 + · · · + ãm,(k+1)M+1 = c7 + c7M
tαjm

g(t jm )

(

g(t jm )

tαjm
+ · · · + g(t jm+k−1)

tαjm+k−1

)

< c7 + c7M

qα

tαjm
g(t jm )

(

g(t jm )

tαjm+1
+ · · · + g(t jm+k−1)

tαjm+k

)

= c7 + c7M

qα

tαjm
g(t jm )

(

t jm+1 − t jm
tαjm+1

+ · · · + t jm+k − t jm+k−1

tαjm+k

)

< c7 + c7M

qα

tαjm
g(t jm )

(

∫ t jm+1

t jm

dt

tα
+ · · · +

∫ t jm+k

t jm+k−1

dt

tα

)

= c7 + c7M

qα

tαjm
g(t jm )

∫ t jm+k

t jm

dt

tα
< c7 + c7M

qα

tαjm
g(t jm )

∫ ∞

t jm

dt

tα
< ∞

for k ∈ N. Hence,

∞
∑

n=1

ãm,n < ∞.
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For m ≥ n0 define a sequence (am,n)
∞
n=1 setting

am,kM+s = ãm,kM+1

(

ãm,(k+1)M+1

ãm,kM+1

) s−1
M

for k ≥ 0, s ∈ {1, . . . , M}. By (15),

ãm,(k+1)M+1 = am,(k+1)M+1 < am,kM+s ≤ am,kM+1 = ãm,kM+1,

which implies

∞
∑

n=1

am,n =
∞
∑

k=0

M
∑

s=1

am,kM+s ≤ M
∞
∑

k=0

ãm,kM+1 < ∞.

and (together with (14))

0 < ãm,n ≤ am,n ≤ A.

Note that this and (13) imply

|(Gn)′(z)|σα < am,n

for z ∈ Gm(K ), m ≥ n0, n ∈ N. Furthermore,

am,kM+s+1

am,kM+s
=
(

ãm,(k+1)M+1

ãm,kM+1

) 1
M

,

so by (15),

1 >
am,n+1

am,n
≥ am,n

am,n−1
≥ q

α+1
M

for n > 1, where q is arbitrarily close to 1. This ends the proof. ��

5 Construction of an expandingmetric

The goal of this section is to prove the following result.

Theorem 5.1 (Existence of an expandingmetric—general version)Let F : V ′ → V be
a holomorphic map onto V , where V ⊂ C is a hyperbolic domain and V ′ is a domain
such that V ′ ⊂ V , V ′ �= V . Let W ⊂ V be an open set such that

⋂∞
n=0 F

−n(W ) = ∅.
Assume that the following hold.

(a) F has no asymptotic values.
(b) For every z ∈ V , we have sup{degw Fn : w ∈ F−n(z), n ∈ N} < ∞.
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(c) Pcri t (F) has no accumulation points in V .
(d) F extends meromorphically to a neighbourhood (in C) of W ∩ F−1(W ).
(e) There exist finite collections Ipar , I∞, and sets Pi , i ∈ Ipar ∪ I∞, such that:

◦ for i ∈ Ipar , the set Pi is a repelling petal of F�i , for some �i ∈ N, at a
parabolic periodic point pi ∈ ∂W of F, such that Pi generates a cycle of
length �i of repelling petals of F at pi , and these cycles are pairwise disjoint
for i ∈ Ipar ,

◦ for i ∈ I∞, the set Pi is a repelling petal of F at infinity, such that W ∩ F(Pi )
is disjoint from the union of the cycles of repelling petals generated by Pi ′ ,
i ′ ∈ Ipar , and from

⋃

i ′∈I∞,i ′ �=i Pi ′ ,

◦ W ⊂ V ∪⋃i∈Ipar
Orb(pi ),

◦ W\
(

⋃

i∈Ipar

⋃�i−1
s=0 Fs(Pi ∪ {pi }) ∪⋃i∈I∞ Pi

)

is compact,

◦ F�i (W ∩ Pi ) ⊂ W for i ∈ Ipar and F(W ∩ Pi ) ⊂ W for i ∈ I∞.

Then one can find N ∈ N such that for every compact set K ⊂ W\⋃i∈Ipar
Orb(pi )

there exist a conformal metric dς = ς |dz| on W ∩ F−1(W ) ∩ . . . ∩ F−N (W ) and a
decreasing sequence (bn)∞n=1 of numbers bn ∈ (0, 1) with

∑∞
n=1 bn < ∞, satisfying

|(Fn)′(z)|ς >
1

bn

for every z ∈ W ∩ F−1(W ) ∩ . . . ∩ F−(n+N )(W ) ∩ F−n(K ), n ∈ N. Furthermore, if
W ∩ Pcri t (F) = ∅, then one can choose N = 0.

The construction of the metric dς follows the ideas of [14, 18, 32, 41] in the case of
polynomials and rational maps and [1, 29, 35] in a transcendental context. However,
due to the lack of compactness on unbounded parts of the set W , to estimate |(Fn)′|ς
we must take a different approach than the ones used in the cited references. Since
the proof is rather involved, first we present its general description. A main idea is to
construct a metric ς which is uniformly expanding on some compact set in V ′ and
‘glue’ it with suitable metrics in the union of the cycles of repelling petals at parabolic
points and repelling petals at infinity, such that the derivative of the iterations of F
along a block of length n within this union with respect to this metric is larger than
1/βn , where βn is a term of a converging series and βn+1

βn
≥ βn

βn−1
. This is described

precisely in the following proposition. For simplicity, here and in the sequel we write

Wn = W ∩ F−1(W ) ∩ . . . ∩ F−n(W ), n ≥ 0.

Proposition 5.2 Under the assumptions of Theorem 5.1, one can find N ∈ N such
that for every compact set K ⊂ W\⋃i∈Ipar

Orb(pi ) there exist a conformal metric

dς = ς |dz| on WN , a compact set ̂K ⊂ V \⋃i∈Ipar
Orb(pi ) containing K , a number

Q > 1 and a decreasing sequence (βn)
∞
n=0 of positive numbers βn, satisfying the

following properties:

(a)
∑∞

n=0 βn < ∞,
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(b) β0 = 1 and βn+1
βn

≥ βn
βn−1

for every n ∈ N,

(c) |F ′|ς > Q on WN ∩ ̂K,
(d) |(Fn)′(z)|ς > 1

βn
for every z ∈ (WN\̂K )∩F−1(WN\̂K )∩. . .∩F−(n−1)(WN\̂K )∩

F−n(WN ∩ ̂K ), n ∈ N.

Furthermore, if W ∩ Pcri t (F) = ∅, then one can choose N = 0.

First, we show how to prove Theorem 5.1 using this proposition.

Proof of Theorem 5.1 assuming Proposition 5.2 Set

bn = max
( 1

Qn/2 , β�n/2�
)

.

Note that bn ∈ (0, 1), the sequence (bn)∞n=1 is decreasing, and
∑∞

n=1 β�n/2� ≤
2
∑∞

n=1 βn < ∞, so
∑∞

n=1 bn < ∞.
Take a point z ∈ Wn+N for some n ∈ N such that Fn(z) ∈ K (and hence

Fn(z) ∈ ̂K ). We can divide the set [0, . . . , n − 1] into consecutive disjoint blocks
A1, B1, . . . , Al , Bl of (maximal) lengths (i.e. numbers of elements), respectively,
k1,m1, . . . , kl ,ml for some l ∈ N, such that if s ∈ A j for some j , then Fs(z) ∈ WN\̂K
and if s ∈ Bj for some j , then Fs(z) ∈ WN∩̂K .We have k1+· · ·+kl+m1+· · ·+ml =
n. We have k j ,m j > 0 except for k1 and ml , which can be equal to 0.

Let

�(A j ) = |(Fk j )′(Fk1+m1+···+k j−1+m j−1(z))|ς ,

�(Bj ) = |(Fm j )′(Fk1+m1+···+k j−1+m j−1+k j (z))|ς ,

where we set �(∅) = 1 for an empty block. Then

|(Fn)′(z)|ς =
l
∏

j=1

�(A j )�(Bj ).

By Proposition 5.2,

�(A j ) >
1

βk j
, �(Bj ) > Qm j .

Hence,

|(Fn)′(z)|ς >
Qm1+···+ml

βk1 · · ·βkl
.

If m1 + · · · + ml > n
2 , then, since βk j < 1, we have

|(Fn)′(z)|ς > Qm1+···+ml = Qn/2 ≥ 1

bn
.
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On the other hand, if m1 + · · · + ml ≤ n
2 , then k1 + · · · + kl > n

2 and

|(Fn)′(z)|ς >
1

βk1 · · ·βkl
.

By Proposition 5.2, for every p, q ∈ N,

βp+q = βp+q

βp+q−1

βp+q−1

βp+q−2
· · · βq+1

βq
βq ≥ βp

βp−1

βp−1

βp−2
· · · β1

β0
βq = βpβq .

Applying this inductively, we obtain

|(Fn)′(z)|ς >
1

βk1 · · · βkl
≥ 1

βk1+···+kl
≥ 1

β�n/2�
≥ 1

bn
.

We conclude that in both cases |(Fn)′(z)|ς > 1
bn
, which ends the proof. ��

The plan to proveProposition 5.2 is as follows. Since dealingwith petals at parabolic
periodic points (instead of fixed ones with multipliers 1) makes the construction sig-
nificantly more complicated in notation, without introducing new ideas into the proof,
we first assume that all the parabolic periodic points pi , i ∈ Ipar , are fixed under F ,
of multipliers 1, and present in Sects. 5.1–5.4 all the details of the proof in this case.

In Sect. 5.1 we introduce notation and describe the dynamics of the map F within
the repelling petals Pi . Then, in Sect. 5.2, we show that V has an orbifold structure
(in the sense of Sect. 2.3) and the orbifold metric dρ is strictly expanding on compact
sets in V ′ outside the singularities of the metric dρ (Lemma 5.5). This part follows a
classical reasoning described e.g. in [32].

In Sect. 5.3 we construct a suitable metric within the repelling petals Pi . For a
petal at a parabolic fixed point pi we use the locally expanding metric dσpi ,αpar , for a
suitable αpar ∈ (0, 1), defined in Sect. 3, and estimates provided by Proposition 3.5.
In the case of a petal Pi at infinity we use the metric dσα∞ , for a suitable α∞ > 1,
introduced in Sect. 4, and estimates given by Theorem 4.7. Note that in this case, to
obtain local expansion of dσα∞ on suitable parts of Pi (Lemma 5.8), we must first
correct the metric by multiplying it by an appropriate real function hi . In Sect. 5.4,
we define a metric ς by gluing previously constructed metrics and show that it has
required properties (Lemmas 5.10 and 5.11).

Finally, in Sect. 5.5, we explain how the construction is modified in the presence
of parabolic periodic points pi , i ∈ Ipar , in ∂W .

Nowwe provide a detailed proof of Proposition 5.2 along the lines presented above.

5.1 Petal dynamics

As explained above, in Sects. 5.1–5.4 we assume that all the parabolic periodic points
pi , i ∈ Ipar , are fixed under the map F , of multipliers 1. Note that in this case the
assumption (e’) of Theorem 5.1 has the form

(e′) There exist finite collections Ipar , I∞, and sets Pi , i ∈ Ipar ∪ I∞, such that:
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◦ for i ∈ Ipar , the set Pi is a repelling petal of F at a parabolic fixed point
pi ∈ ∂W of multiplier 1, such that F(Pi ) are pairwise disjoint for i ∈ Ipar ,

◦ for i ∈ I∞, the set Pi is a repelling petal of F at infinity, such that W ∩ F(Pi )
is disjoint from

⋃

i ′∈Ipar
Pi ′ ∪⋃i ′∈I∞,i ′ �=i Pi ′ ,

◦ W ⊂ V ∪ {pi }i∈Ipar ,

◦ W\
(

⋃

i∈Ipar
(Pi ∪ {pi }) ∪⋃i∈I∞ Pi

)

is compact,

◦ F(W ∩ Pi ) ⊂ W for i ∈ Ipar ∪ I∞.

For convenience, setting

I = Ipar ∪ I∞

and

pi = ∞ for i ∈ I∞,

we describe simultaneously the dynamics in repelling petals of F at parabolic fixed
points and at infinity.

By the assumption (e’), the set

Y = W\
⋃

i∈I
(Pi ∪ {pi })

is a compact subset of V \{pi }i∈I . Fix i ∈ I. By the definition of repelling petals,
denoting a possible holomorphic extension of F to Pi by the same symbol, we have
pi /∈ Pi , F is univalent on Pi and F(Pi ) is an attracting petal at pi of the map

Gi : F(Pi ) → Pi , Gi = (F |Pi )−1,

whereGn
i → pi as n → ∞,

⋂∞
n=0 G

n
i (Pi ) = ∅ andGi extends continuously to F(Pi )

(see Sect. 3 and Proposition 4.3). Note that in the case i ∈ Ipar we have pi ∈ Pi and
Gi extends holomorphically to a neighbourhood of pi .

Let

Ki = Gi (Y ∩ F(Pi )).

See Fig. 5.
By Definition 4.1, the set Ki is a compact subset of F(Pi ). Furthermore,

Ki ⊂ Pi\(Gi (Pi ) ∪ {pi }),

so Gi (Ki ) ⊂ Gi (Pi )\(G2
i (Pi ) ∪ {pi }) ⊂ Pi\G2

i (Pi ), which implies

Gn1
i (Ki ) ∩ Gn2

i (Ki ) = ∅ for n1, n2 ≥ 0, |n1 − n2| > 1. (16)

We will use frequently the following fact.
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Fig. 5 The set Ki

Lemma 5.3 For i ∈ I,

W ∩ Pi\{pi } ⊂
∞
⋃

n=0

Gn
i (Ki ).

Proof We show inductively

W ∩ Pi ⊂
n−1
⋃

k=0

Gk
i (Ki ) ∪ Gn+1

i (W ∩ F(Pi )) (17)

for n ≥ 0 (with the convention that a union over an empty set is empty). To do it, note
first that the last part of the assumption (e’) gives W ∩ Pi ⊂ Gi (W ∩ F(Pi )), which
shows (17) for n = 0. Suppose now (17) holds for some n ≥ 0. To prove (17) for
n + 1, it is enough to verify

Gn+1
i (W ∩ F(Pi )) ⊂ Gn

i (Ki ) ∪ Gn+2
i (W ∩ F(Pi )). (18)

To show (18), note that by the definition of Y , we have

W\Y ⊂
⋃

i ′∈I
Pi ′ ,

so, as W ∩ F(Pi ) ∩ Pi ′ = ∅ for i, i ′ ∈ I, i �= i ′ by the assumption (e’),

(W\Y ) ∩ F(Pi ) ⊂ W ∩ Pi .

This together with the last part of the assumption (e’) implies

(W\Y ) ∩ F(Pi ) ⊂ Gi (W ∩ F(Pi )),
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which gives

W ∩ F(Pi ) ⊂ (W ∩ Y ∩ F(Pi )) ∪ Gi (W ∩ F(Pi )) ⊂ F(Ki ) ∪ Gi (W ∩ F(Pi ))

and, consequently,

Gn+1
i (W ∩ F(Pi )) ⊂ Gn

i (Ki ) ∪ Gn+2
i (W ∩ F(Pi )).

This shows (18), completing the inductive proof of (17).
Using (17), we obtain

W ∩ Pi ⊂
∞
⋂

n=0

(
n−1
⋃

k=0

Gk
i (Ki ) ∪ Gn+1

i (W ∩ F(Pi ))
)

⊂
∞
⋃

n=0

Gk
i (Ki ) ∪

∞
⋂

n=0

Gn+1
i (W ∩ F(Pi )). (19)

By the definition of attracting petals, we have Gi (Pi ) ⊂ Pi ∪ {pi } and
⋂∞

n=0 G
n
i (Pi ) = ∅, which implies

∞
⋂

n=0

Gn+1
i (W ∩ F(Pi )) =

∞
⋂

n=0

Gn+1
i (W ∩ F(Pi )) ⊂

∞
⋂

n=0

Gn
i (Pi ) ⊂ {pi }.

This together with (19) proves the lemma. ��
Fix a number n0 ∈ N, which is larger than all the numbers n0 appearing in Propo-

sition 3.3, Definition 4.1 and Proposition 4.3 suited for the attracting petals F(Pi ) of
the map Gi at pi and the compact sets Ki , i ∈ I (some other requirements for n0 will
be specified later). Let

K̃0 = Y ∪
⋃

i∈I

n0−1
⋃

n=0

(W ∩ Gn
i (Ki )).

The set K̃0 is a compact subset of W ⊂ V \{pi }i∈Ipar , and so is ∂ K̃0. Hence, by the

assumption (c) of Theorem 5.1, the set ∂ K̃0 ∩Pcri t (F) consists of a finite number of
points, which are isolated in Pcri t (F). Consequently, for a sufficiently small ε0 > 0,
the set

K̃ = K̃0 ∪
⋃

z∈∂ K̃0∩Pcri t (F)

D(z, ε0)

is a compact subset of V \{pi }i∈Ipar satisfying

∂ K̃ ∩ Pcri t (F) = ∅. (20)
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By Lemma 5.3,

(W\K̃ )\{pi }i∈Ipar ⊂
⋃

i∈I

∞
⋃

n=n0

Gn
i (Ki ) ⊂

⋃

i∈I
Pi . (21)

Another useful property of K̃ is described in the following lemma.

Lemma 5.4 For i ∈ I, there exist a finite number of points zi, j ∈ W1 ∩ K̃ , j ∈ Ji ,
such that F(zi, j ) = pi and

W ∩ K̃ ∩ F−1(W\K̃ ) ⊂
⋃

i∈I

⋃

j∈Ji

D(zi, j , r)

for some r > 0, where D(zi, j , r) are pairwise disjoint for distinct (i, j), and r can be
assumed to be arbitrarily small if n0 is chosen large enough.

Proof First, we show

W ∩ K̃ ∩ F−1(W\K̃ ) ∩
⋃

i∈I
Pi = ∅. (22)

To prove (22), suppose there exists z ∈ W ∩ K̃ ∩ F−1(W\K̃ ) ∩ Pi for some i ∈ I.
By Lemma 5.3 and the assumption (e’), we have z ∈⋃∞

n=n0+1 G
n
i (Ki ) ⊂ Gn0+1

i (Pi )

By the definition of K̃ , there is a point z0 ∈ K̃0 with |z − z0| < ε0. Note that since
z is in

⋃∞
n=n0+1 G

n
i (Ki ) ∩ F(K̃ ), which is a compact subset of Gn0

i (Pi ), we have
z0 ∈ Gn0

i (Pi ), provided ε0 is chosen sufficiently small according to n0. On the other

hand, by Lemma 5.3 and the definition of K , z0 ∈ ⋃n0−1
n=0 Gn

i (Ki ) ⊂ Pi\Gn0
i (Pi ),

which makes a contradiction.
Now the lemma easily follows from (22), the compactness of K , the assumption (d)

of Theorem 5.1 and the fact thatW\K̃ ∩ Pi is arbitrarily close (in the spherical metric)
to pi if n0 is chosen large enough. ��

5.2 Orbifoldmetric

For z ∈ V let ν(z) be equal to the least common multiple of the elements of the set
{degw Fn : w ∈ F−n(z), n ∈ N}. By the assumption (b) of Theorem 5.1, the function
ν is well-defined. Note that

ν(z) > 1 ⇐⇒ z ∈ Pcri t (F) (23)

and

ν(F(z)) is a multiple of ν(z) degz F for z ∈ V ′. (24)
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By the assumption (c) of Theorem 5.1, the pair (V , ν) is a hyperbolic orbifold as
defined in Sect. 2.3. Let dρ = ρ|dz| be the corresponding orbifold metric on V . A
standard estimate of the density 	V of the hyperbolic metric d	V on V (see e.g. [5,
Lemmas 2.1 and 2.3]) shows that for z ∈ V we have

	V (z) ≥ c

|z − pi | ln |z − pi |
for i ∈ Ipar , if |z − pi | is sufficiently small, and

	V (z) ≥ c

|z| ln |z|
if |z| is sufficiently large, for a constant c > 0. Hence, (3) and (23) imply that for
every 0 < δ < 1 and z ∈ V \Pcri t (F),

lim
z→pi

ρ(z)

σpi ,1−δ(z)
= ∞ for i ∈ Ipar , lim|z|→∞

ρ(z)

σ1+δ(z)
= ∞ for i ∈ I∞,

(25)

where the metrics dσpi ,1−δ = σpi ,1−δ|dz|, dσ1+δ = σ1+δ|dz| are defined,
respectively, in Sects. 3 and 4.

Now, we describe the expanding properties of the orbifold metric dρ with respect
to F .

Lemma 5.5 The map F is locally expanding on V ′\F−1(Pcri t (F))with respect to dρ.
Moreover, for every compact subset L of V ′ there exists Q > 1 such that |F ′|ρ > Q
on L\F−1(Pcri t (F)).

Proof Let π : D → V be a universal branch covering of the orbifold (V , ν) (see
Sect. 2.3). By (1) and (24),

degu π is a multiple of degv(F ◦ π) for z ∈ V , w ∈ F−1(z), u ∈ π−1(z),

v ∈ π−1(w). (26)

Consider a branch H of F−1 defined on some simply connected domain U ⊂
V \Pcri t (F). By (23), ν(z) = ν(H(z)) = 1 for every z ∈ U . Hence, (26) implies that
H lifts to a holomorphic map H̃ : Ũ → D for some simply connected domain Ũ ⊂ D.
In fact, H̃ extends to a holomorphic map H̃ : D → D. To see it, we extend H̃ holo-
morphically as a branch of (F ◦π)−1 ◦π along any curve γ in D starting from a given
point of Ũ . Such extension exists by (26) and the fact that F has no asymptotic values.
Then by the simple connectedness of D we conclude that H̃ : D → D is well-defined
as a holomorphic map. Since V ′ �= V , we have H̃(D) ⊂ π−1(V ′) �= π−1(V ) = D, so
H̃ cannot be an isometry with respect to d	D. Hence, by the Pick–Schwarz Lemma,
H̃ is locally contracting on D with respect to d	D, so

|H̃ ′(u)|	D < 1 for u ∈ D. (27)
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Let z ∈ V . By the assumption (c) of Theorem 5.1, the set Pcri t (F) is discrete in V ,
so we can take a small open discUz ⊂ V around z, such that (Uz\{z})∩Pcri t (F) = ∅.
Let Ũz be a component of π−1(Uz) and let w ∈ F−1(z).

Suppose first z /∈ Pcri t (F). Then Uz ∩ Pcri t (F) = ∅, so there exists a branch
Hw of F−1 defined on Uz , such that Hw(z) = w. As explained above, there exists
a holomorphic extension H̃w : D → D of the lift of Hw to Ũz , which is locally
contracting on D with respect to d	D. Thus, (27) gives

sup
Ũz

|H̃ ′
w|	D < q

for some q ∈ (0, 1). Since Uz ∩ Pcri t (F) = ∅, the metric ρ has no singularities on
Uz ∪ Hw(Uz) = π(Ũz) ∪ π(H̃w(Ũz)), so

inf
Hw(Uz)

|F ′|ρ = 1

supUz
|H ′

w|ρ = 1

supŨz
|H̃ ′

w|	D
>

1

q
.

Hence, |F ′|ρ > 1
q > 1 in a neighbourhoodofw. This shows that F is locally expanding

on V ′\F−1(Pcri t (F)) with respect to dρ.
Suppose now z ∈ Pcri t (F). Then there are a finite number of branches Hw, j of F−1,

defined on some simply connected domainsUz, j ⊂ Uz\{z}, such that⋃ j Hw, j (Uz, j )

contains a punctured neighbourhood of w. Repeating the previous arguments and
applying (27) to extensions H̃w, j of lifts of Hw, j to some domains Ũz, j ⊂ Ũz , we
obtain

sup
Ũz, j

|H̃ ′
w, j |	D < q j

for some q j ∈ (0, 1). As (Uz\{z}) ∩ Pcri t (F) = ∅, the metric ρ has no singularities
on Uz, j ∪ Hw, j (Uz, j ), so

inf
Hw, j (Uz, j )

|F ′|ρ = 1

supUz, j
|H ′

w, j |ρ
>

1

q j
.

Hence, |F ′|ρ > min j
1
q j

> 1 in a punctured neighbourhood of w.

We conclude that for every w ∈ V ′ there exists a neighbourhood U (w) of w and a
number Qw > 1 such that |F ′|ρ > Qw on U (w)\F−1(Pcri t (F)). This provides both
assertions of the lemma. ��
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5.3 Petal metric

Fix numbers αpar ∈ (0, 1), α∞ ∈ (1,∞) such that

αpar > 1 − 1

maxi∈Ipar max j∈Ji {ν(zi, j ) degzi, j F} ,

α∞ < 1 + 1

maxi∈I∞ max j∈Ji {ν(zi, j ) degzi, j F} ,
(28)

with the convention that themaximumover an empty set is 1.Wewill use the following
estimate (recall that we denote W1 = W ∩ F−1(W )).

Lemma 5.6

|F ′(z)|σpi ,αpar (F(z))

ρ(z)
→ ∞ as z → zi, j , z ∈ W1 for i ∈ Ipar , j ∈ Ji ,

|F ′(z)|σα∞(F(z))

ρ(z)
→ ∞ as z → zi, j , z ∈ W1 for i ∈ I∞, j ∈ Ji .

Proof Take i ∈ I, j ∈ Ji and z ∈ W1 close to zi, j . Let di, j = degzi, j F . We write

a(z) � b(z) if c1 <
a(z)
b(z) < c2 for some constants c1, c2 > 0. By (2),

ρ(z) � 1

|z − zi, j |1−1/ν(zi, j )
.

Suppose first i ∈ Ipar . Then

|F(z) − pi | � |z − zi, j |di, j , |F ′(z)| � |z − zi, j |di, j−1,

so

σpi ,αpar (F(z)) � 1

|z − zi, j |di, jαpar
,

and by (28),

|F ′(z)|σpi ,αpar (F(z))

ρ(z)
≥ c

|z − zi, j |di, j (αpar−1)+1/ν(zi, j )
≥ c

|z − zi, j |δ

for some c, δ > 0. This shows the first assertion of the lemma.
Suppose now i ∈ I∞. Then

|F(z)| � 1

|z − zi, j |di, j
, |F ′(z)| � 1

|z − zi, j |di, j+1 ,
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so

σpi ,α∞(F(z)) � |z − zi, j |di, jα∞ ,

and (28) gives

|F ′(z)|σpi ,α∞(F(z))

ρ(z)
≥ c

|z − zi, j |di, j (1−α∞)+1/ν(zi, j )
≥ c

|z − zi, j |δ

for some c, δ > 0. This gives the second assertion of the lemma. ��

Assume that the number n0 is larger than all the numbers n0 appearing in Propo-
sition 3.5 and Theorem 4.7, suited for the attracting petals F(Pi ) of Gi at pi and the
compact sets Ki , i ∈ I, with α = αpar for i ∈ Ipar and α = α∞ for i ∈ I∞. For
i ∈ I∞ let gi be the function g from Definition 4.1, suited for the attracting petal
F(Pi ) of Gi at pi and the compact set Ki . Let also

A∞ = 2 max
i∈I∞

Ai , (29)

where Ai is the constant A appearing in Theorem 4.7, suited for the attracting petal
F(Pi ) of Gi at pi , the compact set Ki and α = α∞.

By Definition 4.1 and Proposition 4.3, there exists c0 > 0 such that

|z| − |F(z)| ≥ c0gi (|F(z)|) for z ∈
∞
⋃

n=n0

Gn
i (Ki ), i ∈ I∞. (30)

Fix a large constant C1 > 0. By (25), we can find an arbitrarily large R− > 0 such
that

K̃ ⊂ D(0, R−) (31)

and

ρ(z) > A
C1
c0∞ σα∞(z) for z ∈ V \(D(0, R−) ∪ Pcri t (F)). (32)

For i ∈ I∞ consider the function t �→ t − R− − C1gi (t), t ∈ [R−,+∞). It is
negative for t = R− and tends to+∞ as t → +∞ since gi are bounded by definition.
Hence, it attains zero at some point t = R+

i > R−, so that

R+
i = R− + C1gi (R

+
i ).
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Define

hi (t) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

A
C1
c0∞ + C2(R− − t) for t ∈ [0, R−)

A

R+
i −t

c0gi (R
+
i )

∞ for t ∈ [R−, R+
i )

1 for t ∈ [R+
i ,+∞)

for a large constant C2 > 0. Then hi : [0,+∞) → R is a positive continuous non-
increasing function, such that

min
[0,R−]

hi = max
[R−,+∞)

hi = hi (R
−) = A

C1
c0∞ . (33)

By (30), if z ∈⋃∞
n=n0 G

n
i (Ki ) and |z| ≤ R+

i , |F(z)| ≥ R−, then

|z| − |F(z)| ≥ c0gi (|F(z)|) ≥ c0gi (R
+
i ),

and by the definition of hi ,

hi (|F(z)|)
hi (|z|) ≥ A∞.

Therefore, choosing C2 sufficiently large, by compactness we can assume

hi (|F(z)|)
hi (|z|) ≥ A∞ for z ∈ W\K̃ ∩ Pi ∩ D(0, R+

i ), i ∈ I∞. (34)

For i ∈ I∞ let

Ri = R+
i − lnC1 gi (R

+
i ).

Obviously,

R− < Ri < R+
i .

Moreover, the following holds.

Lemma 5.7 If z ∈⋃∞
n=n0 G

n
i (Ki ), i ∈ I∞, and |F(z)| ≤ Ri < |z|, then

R− ≤ |F(z)| < |z| ≤ R+
i .

Proof Take z ∈ Gn
i (Ki ) for some i ∈ I∞, n ≥ n0. By Lemma 4.6, considering the

sequence (tn)∞n=1 for the function gi ,wefind j ∈ N such that t j ≤ |F(z)| < |z| ≤ t j+M

for a constant M ∈ N.
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Suppose |z| > R+
i . Then by Definition 4.1, Proposition 4.3 and Lemma 2.2,

lnC1 gi (R
+
i ) = R+

i − Ri < |z| − |F(z)| ≤ c2gi (|F(z)|) ≤ c2gi (t j ) ≤ c3gi (t j+M )

≤ c3gi (R
+
i )

for some constants c2, c3 > 0 (independent of C1), which is impossible if C1 was
chosen sufficiently large. Therefore, |z| ≤ R+

i .
Suppose now |F(z)| < R−. Then, analogously as previously, we obtain

(C1 − lnC1)gi (R
+
i ) = Ri − R− < |z| − |F(z)| ≤ c2gi (|F(z)|)

≤ c2gi (t j ) ≤ c3gi (t j+M ) ≤ c3gi (Ri ).
(35)

Take the maximal j0 ∈ N and the minimal N ≥ 0 such that

t j0 ≤ Ri < R+
i ≤ t j0+N .

If N > 2, then t j0 ≤ Ri < t j0+1 < · · · < t j0+N−1 < R+
i ≤ t j0+N , so by the definition

of the sequence (tn)∞n=1,

lnC1 gi (R
+
i ) = R+

i − Ri ≥ t j0+N−1 − t j0+1 ≥ t j0+N−1 − t j0+N−2 + · · ·
+ t j0+2 − t j0+1

= gi (t j0+N−2) + · · · + gi (t j0+1) ≥ (N − 2)gi (R
+
i ).

This shows N ≤ 2 + lnC1. By Lemma 2.2, assuming that n0 is chosen sufficiently

large, we have gi (tn)
gi (tn+1)

< e
1
2 for n ≥ j0, so

gi (Ri )

gi (R
+
i )

≤ gi (t j0)

gi (t j0+N )
= gi (t j0)

gi (t j0+1)
· · · gi (t j0+N−1)

gi (t j0+N )
≤ e

N
2 ≤ e1+

lnC1
2 = e C

1
2
1 .

This together with (35) gives

(C1 − lnC1)gi (R
+
i ) ≤ ec3C

1
2
1 gi (R

+
i ),

which is impossible if C1 was chosen sufficiently large. Therefore, |F(z)| ≥ R−. ��
Let

ςi (z) = Cσpi ,αpar (z) for z ∈ W\K̃ ∩ Pi , i ∈ Ipar ,

ς∞(z) = hi (|z|)σα∞(z) for z ∈ W\K̃ ∩ Pi , i ∈ I∞,

where C > 0 is a large constant.

Lemma 5.8 The map F is locally expanding with respect to dςi on W1\K̃ ∩ Pi ,

i ∈ Ipar , and |F ′|ς∞ > 2 on
⋃

i∈I∞
(

W1\K̃ ∩ Pi ∩ D(0, R+
i )
)

.
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K. Barański et al.

Proof Consider i ∈ Ipar . By (21) and Proposition 3.5, suited for the attracting petal
F(Pi ) of the map Gi at pi , the compact set Ki , α = αpar and m = n0, we have

|F ′(z)|σpi ,αpar
> 1 for z ∈ W1\K̃ ∩ Pi . By the definition of ςi and (21), we conclude

that F is locally expanding with respect to dςi on W1\K̃ ∩ Pi .
Assume now i ∈ I∞. By Theorem 4.7 suited for the attracting petal F(Pi ) of the

map Gi at infinity, the compact set Ki , α = α∞ and m = n0, we obtain |F ′(z)|σα∞ >

2/A∞ for z ∈ W1\K̃∩Pi . Using (34), the definition ofς∞ and (21),we see |F ′|ς∞ > 2

on W1\K̃ ∩ Pi ∩ D(0, R+
i ). ��

5.4 Construction of expandingmetric

Now we construct a suitable conformal metric dς on WN for a large N . By the
assumption (c) of Theorem 5.1, the set K̃ contains a finite number of points from
Pcri t (F).Moreover, by the assumptions of Theorem5.1, we haveWn+1∩ K̃ ⊂ Wn∩ K̃
for n ≥ 0 and

⋂∞
n=0 Wn ∩ K̃ = ∅, so we can find a number N ∈ N such that

WN ∩ K̃ ∩ Pcri t (F) = ∅. (36)

Note that ifW ∩Pcri t (F) = ∅ then we can set N = 0, which proves the last assertion
of Proposition 5.2.

Let

̂K = K̃ ∪
⋃

i∈Ipar

m0
⋃

n=n0

(W ∩ Gn
i (Ki )) ∪

⋃

i∈I∞

(

W ∩ Pi ∩ D(0, Ri )
)

for a large m0 > n0. Then ̂K is a compact subset of V \{pi }i∈I . Note that choosing
m0 and Ri sufficiently large and using (21), we can assume ̂K ⊃ K for an arbitrary
given compact set K ⊂ W\{pi }i∈Ipar .

We define a conformal metric dς = ς |dz| on WN , setting

ς =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

ρ on WN ∩ K̃

min(ρ, ςi ) on (WN\K̃ ) ∩ Pi\Pcri t (F), i ∈ Ipar

ςi on (WN\K̃ ) ∩ Pi ∩ Pcri t (F), i ∈ Ipar

min(ρ, ς∞) on
⋃

i∈I∞
(

(WN\K̃ ) ∩ Pi
)\Pcri t (F)

ς∞ on
⋃

i∈I∞
(

(WN\K̃ ) ∩ Pi
) ∩ Pcri t (F)

.

To show that dς is a conformal metric onWN , note first that by (36), (23) and (21), the
function ρ has no singularities in WN ∩ K̃ and ς is well-defined and positive on WN .
It is obvious that ς is continuous onWN\(⋃i∈I(∂ K̃ ∩ Pi )∪Pcri t (F)

)

. Observe also
that for i ∈ I, by (20) and (23), we have ν(z) = 1 on the compact subsetWN ∩∂ K̃ ∩Pi
of V and hence ρ is well-defined and bounded on this set. Consequently, for i ∈ Ipar

we have ρ < ςi on WN ∩ ∂ K̃ ∩ Pi provided C is chosen sufficiently large, which
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implies that ς = ρ on WN ∩ ∂ K̃ ∩ Pi and hence ς is continuous on WN ∩ ∂ K̃ ∩ Pi .
Similarly, for i ∈ I∞, (31) and (33) imply that ρ < ς∞ onWN ∩∂ K̃ ∩ Pi providedC1
is sufficiently large, so ς = ρ onWN ∩∂ K̃ ∩ Pi and ς is continuous onWN ∩∂ K̃ ∩ Pi .
Furthermore, if z0 ∈ WN ∩ Pcri t (F), then z0 ∈ (WN\K̃ ) ∩ Pi for some i ∈ I, so
by (23) and (2), we have ρ(z) → +∞ as z → z0, which implies that in a punctured
neighbourhood of z0 there holds ς = ςi if i ∈ Ipar and ς = ς∞ if i ∈ I∞. This
shows that ς is continuous at z0. We conclude that ς is well-defined, positive and
continuous on WN , so dς is a conformal metric on WN .

Notice that by (25),

ρ > ςi on
∞
⋃

n=m0

Gi (Ki )\Pcri t (F) ⊃ (W\̂K ∩ Pi
)\Pcri t (F), i ∈ Ipar , (37)

if m0 was chosen sufficiently large. Similarly, by (32) and (33), we have

ρ > ς∞ on
⋃

i∈I∞

(

W\K̃ ∩ Pi
)\(D(0, R−) ∪ Pcri t (F)) ⊃

⋃

i∈I∞

(

W\̂K ∩ Pi
)

\Pcri t (F). (38)

In the further considerations, we will need the following lemma.

Lemma 5.9 If zn ∈ WN and ς(zn) → 0, then zn → ∞.

Proof Suppose zn ∈ WN , ς(zn) → 0 and zn �→ ∞. Passing to a subsequence, we can
assume zn → z ∈ WN and one of the three cases appears:

(i) ς(zn) = ρ(zn) for all n,
(ii) ς(zn) = ςi (zn) for all n and some fixed i ∈ Ipar ,
(iii) ς(zn) = ς∞(zn) for all n.

In the case (i), we have zn ∈ WN ∩ ̂K by (37) and (38), so z ∈ WN ∩ ̂K ⊂ V .
If z /∈ Pcri t (F), then ς(zn) = ρ(zn) → ρ(z) > 0, and if z ∈ Pcri t (F), then
ς(zn) = ρ(zn) → ∞ by (23) and (2). Both possibilities lead to a contradiction.

In the case (ii), there holds ς(zn) = ςi (zn) > c for some constant c > 0 by the
definition of ςi and the fact that zn ∈ (WN\K̃ )∩Pi , so zn lies in a small neighbourhood
of pi . Again, this is impossible. Finally, in the case (iii), zn is in a small neighbourhood
of infinity and ς(zn) = ς∞(zn) → ς∞(z) > 0. This makes a contradiction. ��

Now we show expanding properties of the metric dς .

Lemma 5.10 The map F is locally expanding on

WN+1\
⋃

i∈I∞

(

Pi\D(0, R+
i )
)

with respect to dς . Moreover, there exists Q > 1 such that |F ′|ς > Q on WN+1 ∩ ̂K.
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Proof Note first that by the definition of ς , (37) and (38), we have ς ≤ ρ on
WN ∩ ̂K\Pcri t (F) and ς < ρ on WN\(̂K ∪ Pcri t (F)). In view of this and (36),
it is straightforward to check that for z ∈ WN+1 there holds one of the three following
(non-necessarily disjoint) cases.

(i) z /∈ F−1(Pcri t (F)), ς(z) ≤ ρ(z), F(z) ∈ WN ∩ ̂K , ς(F(z)) = ρ(F(z)),

(ii) z ∈ K̃ , F(z) ∈ (WN\K̃ ) ∩ Pi , ς(F(z)) =
{

ςi (F(z)) for some i ∈ Ipar

ς∞(F(z)) for some i ∈ I∞
,

(iii) z /∈ K̃ , F(z) ∈ (WN\K̃ )∩ Pi , ς(F(z)) =
{

ςi (F(z)) for some i ∈ Ipar

ς∞(F(z)) for some i ∈ I∞
.

We show thefirst part of the lemma, considering successively the cases (i)–(iii). Take

z ∈ WN+1\⋃i∈I∞
(

Pi\D(0, R+
i )
)

. In the case (i) we have |F ′(z)|ς ≥ |F ′(z)|ρ > 1
by Lemma 5.5. In the case (ii),

|F ′(z)|ς =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

|F ′(z)|ςi (F(z))

ρ(z)
= |F ′(z)|Cσpi ,αpar (F(z))

ρ(z)
for some i ∈ Ipar

|F ′(z)|ς∞(F(z))

ρ(z)
= |F ′(z)|hi (|z|)σα∞(F(z))

ρ(z)
for some i ∈ I∞

⎫

⎪

⎪

⎬

⎪

⎪

⎭

> 2

by Lemma 5.4 (where we can make r arbitrarily small by enlarging n0), Lemma 5.6
and the fact hi ≥ 1. In the case (iii), by (21) and since W ∩ F(Pi ) ∩ Pi ′ = ∅ for
i, i ′ ∈ I, i �= i ′ by the assumption (e’), there holds z, F(z) ∈ Pi for some i ∈ I.
If i ∈ Ipar , then ς(z) ≤ ςi (z) by the definition of ς , so |F ′(z)|ς ≥ |F ′(z)|ςi > 1
by Lemma 5.8. Similarly, if i ∈ I∞, then ς(z) ≤ ς∞(z) by the definition of ς , so
|F ′(z)|ς ≥ |F ′(z)|ς∞ > 2 by Lemma 5.8.

Now we prove the second part of the lemma. Again, we examine the cases (i)–(iii),
using the previous considerations. In the case (i), to use Lemma 5.5, we show that
WN+1 ∩ ̂K ∩ F−1(WN ∩ ̂K ) is contained in a compact subset L of V ′. Suppose it
is not the case. Then there exists a sequence of points zn ∈ WN+1 such that zn →
z ∈ WN+1 ∩ ̂K ∩ ∂V ′ and F(zn) → w ∈ WN ∩ ̂K ⊂ V . By the assumption (d)
of Theorem 5.1, the map F extends holomorphically to a small disc D centered at
z, such that F(D) ⊂ V . Then taking zn ∈ D, we can find a curve γ : [0,+∞) →
V ′ ∩ D with γ (0) = zn , limt→+∞ γ (t) → z′ and limt→+∞ F(γ (t)) → w′ for some
z′ ∈ ∂V ′ ∩ D and w′ ∈ V , which shows that w′ is an asymptotic value of F and
contradicts the assumption (a). Hence, WN+1 ∩ ̂K ∩ F−1(WN ∩ ̂K ) is contained in a
compact set L ⊂ V ′, so by Lemma 5.5, there exists Q1 > 1 such that |F ′|ρ > Q1 on
WN+1 ∩ ̂K ∩ F−1(WN ∩ ̂K ), in particular |F ′(z)|ρ > Q1 for z ∈ WN+1 ∩ ̂K fulfilling
the condition (i). In the case (ii), we have already showed that for z ∈ WN+1 ∩ ̂K
there holds |F(z)′|ρ > Q2 for Q2 = 2. In the case (iii) we have |F ′(z)|ρ > Q3 for

z ∈ WN+1∩ ̂K with some Q3 > 1 by Lemma 5.8, since
⋃

i∈Ipar

(

WN+1 ∩ ̂K\K̃ ∩Pi
)

is a compact subset of
⋃

i∈Ipar

(

W1\K̃ ∩ Pi
)

and
⋃

i∈I∞
(

WN+1 ∩ ̂K\K̃ ∩ Pi
)

is a

subset of
⋃

i∈I∞
(

W1\K̃ ∩ Pi ∩ D(0, R+
i )
)

. This shows that the second assertion of
the lemma holds with Q = min(Q1, Q2, Q3). ��
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Nowwe can prove the following fact, which completes the proof of Proposition 5.2
in the case when all the parabolic periodic points pi , i ∈ Ipar , are fixed under F , of
multipliers 1.

Lemma 5.11 There exists a decreasing sequence (βn)
∞
n=0 of positive numbers, such

that

(a)
∑∞

n=0 βn < ∞,

(b) β0 = 1 and βn+1
βn

≥ βn
βn−1

for every n ∈ N,

(c) |(Fn)′(z)|ς > 1
βn

for every z ∈ (WN\̂K )∩F−1(WN\̂K )∩. . .∩F−(n−1)(WN\̂K )∩
F−n(WN ∩ ̂K ), n ∈ N.

Proof For i ∈ Ipar and m ≥ n0, let (β
(i)
m,n)

∞
n=0 be the sequence (am,n)

∞
n=0 from

Proposition 3.5, suited for the attracting petal F(Pi ) of the map Gi at pi , the com-
pact set Ki and α = αpar . Then β

(i)
m,n > 0, the sequence (β

(i)
m,n)

∞
n=0 is decreasing,

∑∞
n=0 β

(i)
m,n < ∞, β(i)

m,0 = 1,
β

(i)
m,n+1

β
(i)
m,n

≥ β
(i)
m,n

β
(i)
m,n−1

for every n ∈ N and

|(Fn)′(z)|σpi ,αpar
>

1

β
(i)
m,n

(39)

for z ∈ Gm+n
i (Ki ), n ∈ N.

Note that by (21) and the compactness of ̂K , we have

(WN ∩ ̂K\K̃ ) ∩
⋃

i∈I∞
Pi ⊂

⋃

i∈I∞

m1
⋃

n=n0

Gn
i (Ki ) (40)

for some m1 ∈ N. For i ∈ I∞ and n0 ≤ m ≤ m1, let (β
(i)
m,n)

∞
n=1 be the sequence

(am,n)
∞
n=1 appearing in Theorem 4.7, suited for the attracting petal F(Pi ) of Gi at pi ,

the compact set Ki , α = α∞ and ε = 1
2 . Then β

(i)
m,n > 0, the sequence (β

(i)
m,n)

∞
n=1 is

decreasing,
∑∞

n=1 β
(i)
m,n < ∞, β(i)

m,1 ≤ A∞
2 (where A∞ was defined in (29)),

β
(i)
m,n+1

β
(i)
m,n

≥
β

(i)
m,n

β
(i)
m,n−1

> 1
2 for every n > 1 and

|(Fn)′(z)|σα∞ >
1

β
(i)
m,n

(41)

for z ∈ Gm+n
i (Ki ), n ∈ N. Let

̂β(i)
m,n =

{

1 for n = 0
β

(i)
m,n
A∞ for n ∈ N.

.
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Then ̂β(i)
m,n > 0, the sequence (̂β

(i)
m,n)

∞
n=0 is decreasing,

∑∞
n=0

̂β
(i)
m,n < ∞, ̂β(i)

m,0 = 1

and
̂β

(i)
m,n+1

̂β
(i)
m,n

≥ ̂β
(i)
m,n

̂β
(i)
m,n−1

for every n ∈ N, since

̂β
(i)
m,2

̂β
(i)
m,1

= β
(i)
m,2

β
(i)
m,1

>
1

2
≥ β

(i)
m,1

A∞
= ̂β

(i)
m,1 =

̂β
(i)
m,1

̂β
(i)
m,0

.

Finally, for n ≥ 0 let

βn = max
(

max
i∈Ipar

β(i)
m0,n, max

i∈I∞
max

m∈{n0,...,m1}
̂β(i)
m,n

)

.

for m0 from the definition of ̂K . Obviously, (βn)
∞
n=0 is a decreasing sequence of

positive numbers and
∑∞

n=0 βn < ∞. This gives the assertion (a). The assertion (b)

follows from the analogous properties for the sequences (β
(i)
m0,n)

∞
n=0 and (̂β

(i)
m,n)

∞
n=0.

To show the assertion (c), take z ∈ (WN\̂K ) ∩ F−1(WN\̂K ) ∩ . . . ∩
F−(n−1)(WN\̂K ) ∩ F−n(WN ∩ ̂K ), n ∈ N. Then by (21), (40), (16) and Lemma 5.7,
we have z ∈ Gm0+n

i (Ki ) for some i ∈ Ipar or z ∈ Gm+n
i (Ki ) for some i ∈ I∞,

m ∈ {n0, . . . ,m1} and R− ≤ |Fn(z)| < |Fn−1(z)| ≤ R+
i . In the first case, (37) and

(39) imply

|(Fn)′(z)|ς = |(Fn)′(z)|ςi = |(Fn)′(z)|Cσpi ,αpar
= |(Fn)′(z)|σpi ,αpar

>
1

β
(i)
m0,n

≥ 1

βn
,

which gives the assertion (c). In the second case, by (38), (34) and (41),

|(Fn)′(z)|ς = |(Fn)′(z)|ς∞ = hi (|Fn(z)|)
hi (|z|) |(Fn)′(z)|σα∞

≥ hi (|Fn(z)|)
hi (|Fn−1(z)|) |(F

n)′(z)|σα∞ ≥ A∞ |(Fn)′(z)|σα∞

>
A∞
β

(i)
m,n

= 1

̂β
(i)
m,n

≥ 1

βn
,

providing the assertion (c). ��

5.5 The case of parabolic periodic points

In this subsection we describe how to modify the construction described in Sects. 5.1–
5.4, when the points pi , i ∈ Ipar are arbitrarily parabolic periodic points of F . Recall
that in this case, apart from repelling petals Pi , i ∈ I∞, of F at infinity, there is a finite
number of repelling petals Pi , i ∈ Ipar , of F�i , for some �i ∈ N, at parabolic periodic
points pi ∈ ∂W of F , generating disjoint cycles of length �i of repelling petals of F
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at pi , such that

Y = W\
⎛

⎝

⋃

i∈Ipar

�i−1
⋃

s=0

Fs(Pi ∪ {pi }) ∪
⋃

i∈I∞
Pi

⎞

⎠

is compact. Now, we shortly explain the modifications of the proof of Proposition 5.2
in this case. Note that the changes concern only the petals Pi , i ∈ Ipar , while the parts
dealing with the compact part of W\⋃i∈Ipar

Orb(pi ) and the petals Pi , i ∈ I∞, stay
untouched.

We repeat the analysis of the petal dynamics contained in Sect. 5.1 (including
Lemma 5.3), replacing F |Pi by F�i |Pi for i ∈ Ipar and setting

Gi = (F�i |Pi )−1.

The set K̃0 is now defined as

K̃0 = Y ∪
⋃

i∈Ipar

n0−1
⋃

n=0

�i−1
⋃

s=0

Fs(W ∩ Gn
i (Ki )) ∪

⋃

i∈I∞

n0−1
⋃

n=0

(W ∩ Gn
i (Ki )).

for a largen0 (which changes appropriately the definitionof K̃ ). InLemma5.4 and (28),
for i ∈ Ipar , instead of the points zi, j we consider points zi,s, j , s ∈ {0, . . . , �i − 1},
where F(zi,s, j ) = Fs(pi ). With these modifications, the estimates in Lemma 5.6 hold
for zi,s, j and Fs(pi ) instead of zi, j and pi . Lemma 5.8 shows now that F�i is locally

expanding with respect to dςi on W1\K̃ ∩ Pi for i ∈ Ipar .
Now we explain how to modify the definition of the metric ς in Sect. 5.4. We set

̂K = K̃ ∪
⋃

i∈Ipar

m0
⋃

n=n0

�i−1
⋃

s=0

Fs(W ∩ Gn
i (Ki )) ∪

⋃

i∈I∞

(

W ∩ Pi ∩ D(0, Ri )
)

for a large m0 > n0. For i ∈ Ipar and z ∈ W\K̃ ∩ Fs(Pi ), s ∈ {0, . . . , �i − 1}, we
define

ς̃i (z) = |(F�i )′(w)| s
�i

|(Fs)′(w)|
(ςi (F�i (w)))

s
�i

(ςi (w))
s
�i

−1
= |(F�i )′(w)|

s
�i
ςi

ςi (w)

|(Fs)′(w)| ,

where

w = Gi (F
�i−s(z)) ∈ F−s(z) ∩ Pi .

Note that since the cycles of repelling petals generated by Pi are pairwise disjoint
for i ∈ Ipar and within each cycle, the sets Pi , F(Pi ), . . . , F�i−1(Pi ) are pairwise
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disjoint, the metric ς̃i is well defined. A direct checking gives

ς̃i = ςi on W\K̃ ∩ Pi , in particular |(F�i )′|ς̃i = |(F�i )′|ςi on W\K̃ ∩ Pi , (42)

|F ′(z)|ς̃i = |(F�i )′(w)|
1
�i
ςi for z ∈ W\K̃ ∩ Fs(Pi ), w = Gi (F

�i−s(z)). (43)

Moreover, since |(Fs)′| � 1 near pi , we have

ς̃i (z) � 1

|z − Fs(pi )|αpar
= σFs (pi ),αpar (z) for z ∈ W\K̃ ∩ Fs(Pi ). (44)

By (42), (43) and (modified) Lemma 5.8, the map F is locally expanding with respect

to ς̃i on W1\K̃ ∩ (Pi ∪ F(Pi ) ∪ . . . , F�i−1(Pi )).
Now, in the second and third item of the definition of ς , we replace ςi on

(WN\K̃ ) ∩ Pi by ς̃i on (WN\K̃ ) ∩ (Pi ∪ F(Pi ) ∪ . . . ∪ F�i−1(Pi )). In the proof of
Lemma 5.10, showing that F is locally expanding with respect to dς , in the case (ii)
we use Lemma 5.6 and (44), while the case (iii) follows by the fact that F is locally
expanding with respect to ς̃i .

Finally, in the proof of Lemma 5.11, for i ∈ Ipar andm ≥ n0 we take (β
(i)
m,k)

∞
k=0 to

be the sequence (am,k)
∞
k=0 from Proposition 3.5, suited for the attracting petal F�i (Pi )

of the map Gi = (F�i |Pi )−1 at pi , the compact set Ki and α = αpar . By Proposi-

tion 3.5, we have β
(i)
m,k > 0, the sequence (β

(i)
m,k)

∞
k=0 is decreasing,

∑∞
k=0 β

(i)
m,k < ∞,

β
(i)
m,0 = 1,

β
(i)
m,k+1

β
(i)
m,k

= β
(i)
m+k,1

β
(i)
m+k,0

= β
(i)
m+k,1 for every k ∈ N,

β
(i)
m,k+1

β
(i)
m,k

≥ β
(i)
m,k

β
(i)
m,k−1

for every k ∈ N

and

|(Fk�i )′(z)|σpi ,αpar
>

1

β
(i)
m,k

(45)

for z ∈ Gm+k
i (Ki ), k ∈ N. For n ≥ 0 we define

˜β(i)
m,n = β

(i)
m,k

(

β
(i)
m,k+1

β
(i)
m,k

) r
�i

for n = k�i + r , k ≥ 0, r ∈ {0, . . . , �i − 1}

and

βn = max
(

max
i∈Ipar

˜β(i)
m0,n, max

i∈I∞
max

m∈{n0,...,m1}
̂β(i)
m,n

)

for m0 from the definition of ̂K . Then (βn)
∞
n=0 is a decreasing sequence of positive

numbers, satisfying the assertions (a)–(b) of Lemma5.11. To show the assertion (c), we
note that if z ∈ (WN\̂K )∩F−1(WN\̂K )∩. . .∩F−(n−1)(WN\̂K )∩F−n(WN ∩̂K ) and
F−n(z) /∈ ⋃i∈I∞ Pi , then z ∈ Fr (Gm0+k+1

i (Ki )), Fr (z) ∈ Gm0+k
i (Ki ), Fn(z) =
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Fk�i (Fr (z)) ∈ Gm0
i (Ki ) for some i ∈ Ipar , where n = k�i + r for k ≥ 0 and

r ∈ {0, . . . , �i − 1}. Consequently, (42), (43) and (45) imply

|(Fn)′(z)|ς = |(Fn)′(z)|ς̃i = |(Fk�i )′(Fr (z))|ς̃i |(Fr )′(z)|ς̃i
= |(Fk�i )′(Fr (z))|ςi |(F�i )′(Gi (F

r (z)))|
r
�i
ςi

= |(Fk�i )′(Fr (z))|σpi ,αpar
|(F�i )′(Gi (F

r (z)))|
r
�i
σpi ,αpar

>
1

β
(i)
m0,k

(

β
(i)
m0+k,1

) r
�i

= 1

β
(i)
m0,k

(

β
(i)
m0,k+1

β
(i)
m0,k

) r
�i

= 1

˜β
(i)
m0,n

≥ 1

βn
,

which gives the assertion (c) and ends the proof of Proposition 5.2. ��

6 Proof of Theorem B

Before proceeding with the proof of Theorem B, we show Proposition 1.3, which
describes some properties of the maps and attracting basins we are dealing with. We
start by proving a useful lemma.

Lemma 6.1 Let U be a simply connected attracting invariant basin of a meromorphic
map f satisfying the hypotheses of TheoremA. Then there exist finite collections Ipar ,
I∞ and sets Pi , i ∈ Ipar ∪ I∞, such that the following hold.

(a) For i ∈ Ipar , the set Pi is a repelling petal of f �i , for some �i ∈ N, at a parabolic
periodic point pi ∈ ∂U of f , such that Pi generates a cycle of length �i of repelling
petals of f at pi , and these cycles are pairwise disjoint for i ∈ Ipar . Moreover,
the set

⋃

i∈Ipar
{pi , f (pi ), . . . , f �i−1(pi )} = ⋃i∈Ipar

Orb(pi ) is equal to the set
of all parabolic periodic points of f in ∂U.

(b) For i ∈ I∞, the set Pi is a repelling petal of F at infinity, such that
⋃

i∈I∞ f (Pi )
is contained in an arbitrarily small neighbourhood of infinity, and U ∩ f (Pi ) are
pairwise disjoint for i ∈ I∞. In particular,

⋃

i∈I∞ f (Pi ) is disjoint with the cycles
of the repelling petals generated by Pi , i ∈ Ipar .

(c) The set U\⋃i∈Ipar

⋃�i−1
s=0 f s(Pi ∪ {pi }) ∪⋃i∈I∞ Pi is compact.

Proof of Lemma 6.1 By the assumption (c) of TheoremA, there exists a finite collection
of repelling petals Pi , i ∈ I∞, of f at infinity, such thatU\⋃i∈I∞ Pi is compact and
U ∩ f (Pi ) ∩ Pi ′ = ∅ for i �= i ′. We will show that

U\
⋃

i∈I∞
Gi (Pi ) is compact, (46)

where Gi = ( f |Pi )−1. Suppose (46) does not hold. Then there exists a sequence
zn ∈ U\⋃i∈I∞ Gi (Pi ) such that zn → ∞. Since U\⋃i∈I∞ Pi is compact, we have

zn ∈ U ∩ (⋃i∈I∞ Pi
)\⋃i∈I∞ Gi (Pi ) for sufficiently large n. Consequently, there
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exists i ∈ I∞ such that zn ∈ U ∩ Pi\Gi (Pi ) for infinitely many n. By Definition 4.1
and the invariance of U , for such n we have f (zn) ∈ U ∩ f (Pi )\Pi and hence, as
U ∩ f (Pi ) ∩ Pi ′ = ∅ for i �= i ′, there holds f (zn) ∈ U\⋃i ′∈I∞ Pi ′ for infinitely

many n. SinceU\⋃i ′∈I∞ Pi ′ is compact, we have f (znk ) → w for some subsequence

nk and w ∈ U ∩ f (Pi ). Then znk = Gi ( f (znk )) → Gi (w) ∈ Pi , which makes a
contraction. This ends the proof of (46).

By (46), without loss of generality, for i ∈ I∞ we can replace Pi by Gi (Pi ) and,
inductively, by Gn

i (Pi ) for any given n ∈ N. As
⋂

n G
n
i (Pi ) = ∅ by Definition 4.1, we

can thus assume that f (Pi ), i ∈ I∞ are contained in an arbitrarily small neighbourhood
of infinity andU ∩ f (Pi ) are pairwise disjoint, which proves the first two parts of the
assertion (b).

Note that by the assumption (a) of Theorem A, there are at most finitely many
parabolic periodic points in ∂U . By Proposition 3.7, a union of small punctured
neighbourhoods of these points is covered by a finite union of cycles of attracting
and repelling petals of f , where the attracting petals are contained in the basins of
attraction to the orbits of these points, and the cycles of the repelling petals are pairwise
disjoint. It follows that the intersection of U with these punctured neighbourhoods is
contained in a disjoint union of cycles of repelling petals of f , which by Proposi-
tion 3.7 are generated, respectively, by Pi , i ∈ Ipar , where Ipar is a finite set, Pi is
a repelling petal of f �i , for some �i ∈ N, at a parabolic periodic point pi ∈ ∂U , the
number �i is a multiple of the period of pi and

⋃

i∈Ipar
Orb(pi ) is equal to the set of

all parabolic periodic points in ∂U . (Note that it is possible to have pi = pi ′ for i �= i ′,
as a parabolic periodic point of f in ∂U may correspond to several cycles of repelling
petals). This shows the assertions (a) and (c). Since f (Pi ), i ∈ I∞, are contained in
a small neighbourhood of infinity, they are disjoint with the cycles of repelling petals
generated by Pi , i ∈ Ipar . This shows the last part of the assertion (b) and ends the
proof. ��

Proof of Proposition 1.3 Assume the hypotheses of Theorem A and consider the
repelling petals Pi , i ∈ Ipar ∪ I∞, which exist according to Lemma 6.1. Similarly as
in Sect. 5, we write

I = Ipar ∪ I∞

and

pi = ∞ for i ∈ I∞.

Under the notation of Lemma 6.1, by the definition of repelling petals, for i ∈ I we
have

⋂∞
n=0 G

n
i (Pi ) = ∅, where

Gi = ( f �i |Pi )−1 for i ∈ Ipar , Gi = ( f |Pi )−1 for i ∈ I∞.
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This implies

Pi =
∞
⋃

n=0

(Gn
i (Pi )\Gn+1

i (Pi )) for i ∈ I. (47)

Moreover,

if ∈ I∞ and zn ∈ Pi , zn −−−→
n→∞ ∞, then f (zn) −−−→

n→∞ ∞. (48)

To check (48), suppose zn ∈ Pi , zn → ∞, f (zn) �→ ∞. Passing to a subsequence,
we can assume f (zn) → w ∈ f (Pi ). Then zn = Gi ( f (zn)) → Gi (w) ∈ Pi ⊂ C,
which is a contradiction.

Furthermore, recall by Lemma 6.1 there exists a compact set K ⊂
U\⋃i∈Ipar

Orb(pi ), such that

U\K ⊂
⋃

i∈Ipar

�i−1
⋃

s=0

f s(Pi ∪ {pi }) ∪
⋃

i∈I∞
Pi .

Now we proceed with the proof of the proposition. First, note that since the map f
is univalent in each repelling petal Pi , i ∈ I∞ andU\⋃i∈I∞ Pi is compact, we obtain
that U is bounded or every point in U ∩⋃i∈I∞ Pi has a finite number of preimages
in U . This proves the assertion (a).

Consider the assertion (b). Since the degree of f on U is finite, there are only a
finite number of critical points of f inU . Moreover, as f is univalent in each cycle of
repelling petals generated by Pi , i ∈ Ipar , and in each repelling petal Pi , i ∈ I∞, all
critical points of f in ∂U are contained in K . Since the set of critical points cannot
have an accumulation point in K , there are only a finite number of critical points of f
in ∂U .

To prove the assertion (c), suppose that z ∈ ∂U is a post-critical point of f with
infinite orbit. Obviously, this implies z /∈ ⋃∞

n=0 f −n
(⋃

i∈Ipar
Orb(pi ) ∪ {pi }i∈I∞

)

.
Then, by the assumption (a) of TheoremA and Lemma 6.1(a), the set K cannot contain
an infinite number of elements of this orbit. Consequently, the orbit of z contains a
point w such that

Orb(w) ⊂
⋃

i∈Ipar

�i−1
⋃

s=0

f s(Pi ) ∪
⋃

i∈I∞
Pi . (49)

Suppose first w ∈ f s(Pi ) for some i ∈ Ipar , s ∈ {0, . . . , �i − 1}. Then u =
f �i−s(w) ∈ f �i (Pi ), so by (49) and Lemma 6.1, in fact we have u ∈ Pi . Repeat-
ing this argument inductively, we obtain f n�i (u) ∈ Pi for every n ∈ N. But by (47),
u ∈ Gn

i (Pi )\Gn+1
i (Pi ) for some n ≥ 0, so f (n+1)�i (u) /∈ Pi , which is a contradiction.

Ifw ∈ Pi for some i ∈ I∞, then again by (49) and Lemma 6.1, we have f n�i (w) ∈ Pi
for every n ∈ N, which contradicts (47).
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To prove the assertion (d), consider an asymptotic curve γ : [0,+∞) → C of
an asymptotic value v ∈ U . If γ is not eventually contained in C\U , then there is
a sequence of points zn ∈ γ ∩ U , such that zn → ∞, f (zn) → v. Passing to a
subsequence, we can assume zn ∈ Pi for some i ∈ I∞. However, this contradicts
(48).

Finally, we show the assertion (e). Let us considerw ∈ U∪{∞} and analyze several
different cases. If w ∈ U , then w has d > 0 preimages in U counting multiplicities
and there is nothing to prove. Hence, we can assume w ∈ ∂U ∪ {∞}.

Suppose w ∈ ∂U and consider a sequence wn → w with wn ∈ U . Let zn be any
sequence of preimages inU such that f (zn) = wn . Passing to a subsequence, we may
assume zn → z ∈ U ∪ {∞}. If z = ∞, then (again after passing to a subsequence),
we have zn ∈ Pi for some i ∈ I∞, which contradicts (48). Hence, z ∈ U . Observe
that by continuity, f (z) = w and z ∈ ∂U by the maximum principle.

It remains to consider the case w = ∞. Take a sequence wn → w with wn ∈ U .
Since U is a simply connected invariant attracting basin of finite degree, it contains a
critical point and d = deg f |U ≥ 2. Hence, there exist two sequences z(1)n , z(2)n ∈ U ,
such that f (z(1)n ) = f (z(2)n ) = wn , z

(1)
n �= z(2)n . Passing to subsequences, we can

assume z(1)n → z(1), z(2)n → z(1) for some z(1), z(2) ∈ U ∪ {∞}. If z(1) = z(2) = ∞,
then (again after passing to a subsequence), we have wn ∈ Pi , z

(1)
n ∈ Pi1 , z

(2)
n ∈ Pi2

for some i, i1, i2 ∈ I∞. By Lemma 6.1, we have i = i1 = i2, which contradicts the
injectivity of f in repelling petals. Hence, one of the points z(1), z(2) is in ∂U . By
continuity, this point is mapped by f to w = ∞. ��
Proof of Theorem B Wewill show that onemay define appropriate sets in the dynamical
plane of f satisfying the hypotheses of Theorem 5.1, which will provide a metric with
suitable expanding properties defined near the boundary of U .

Let U be an invariant simply connected attracting basin of a meromorphic map
f : C → ̂C satisfying the assumptions of Theorem A. Let ϕ : D → U be a Riemann
map, such that 0 ∈ D is the fixed point of the map g = ϕ−1 ◦ f ◦ϕ : D → D. Since the
degree of f in U is finite by Proposition 1.3, the map g is a finite Blaschke product.
Let

E = ϕ(D(0, r))

for r ∈ (0, 1) close to 1. Obviously, E is a Jordan domain and E ⊂ U . By the Schwarz
lemma, we have

f (E) ⊂ E . (50)

Notice that E is an absorbing domain for f in U (i.e. every compact set in U is
mapped by an iterate of f into E), since D(0, r) is absorbing for g. Moreover, by the
assumption (a) of Theorem A and since f has finite degree on U , we can choose r so
that

((Pasym( f ) ∪ Acc(Pcri t ( f ))
) ∩U

) ∪ Crit( f |U ) ∪ Pcri t ( f |U ) ⊂ E (51)
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Fig. 6 The sets E,W

and

L ⊂ f (E) (52)

for the compact set L ⊂ U from the assumption (b) of Theorem A.
Consider the repelling petals Pi , i ∈ Ipar ∪ I∞, which exist according to

Lemma 6.1. In particular, the assertion (b) of this lemma shows that we can assume

E ∩
⋃

i∈I∞
f (Pi ) = ∅. (53)

Now, we want to define hyperbolic domains V ′
� V ⊂ C, an open set W ⊂ V

and a holomorphic map F : V ′ → V satisfying the hypotheses of Theorem 5.1. In
particular, F must map V ′ onto V , and no point z ∈ W can have its entire orbit
contained in W . To do so, set

W = U\E .

See Fig. 6. ��
Since E is an absorbing domain, every orbit in W ⊂ U eventually enters E and

remains there, leaving W . Now, define V to be the connected component of

C\
(

f (E) ∪ Pasym( f ) ∪ Acc(Pcri t ( f )) ∪
(

Pcri t ( f )\
∞
⋃

n=0

f −n(U )

))

containing f (W ) = U\ f (E), and let V ′ be the connected component of f −1(V )

containing W . Note that neither V nor V ′ contains parabolic periodic points of f in
∂U , since they belong to Pasym( f ) ∪ Acc(Pcri t ( f )). On the other hand,

W ⊂ V ∪
⋃

i∈Ipar

Orb(pi ) (54)
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by Lemma 6.1, (50), (51) and the assumption (a) of Theorem A.
Let

F = f |V ′ .

Note that by definition, V ′, V ,W are domains in C. Note also that V is hyperbolic
since it is disjoint from the domain f (E), which in turn implies that V ′ is disjoint
from E , so V ′ is hyperbolic. It is straightforward to check

W ⊂ V ∩ V ′. (55)

Hence, as V ′ ⊂ f −1(V ) and W is connected, F maps V ′ into V . We have V ′ �= V
since V \V ′ ⊃ E\ f (E). Now we check V ′ ⊂ V . By (55) and the connectedness of
W , it is sufficient to show

V ′ ⊂ C\
(

f (E) ∪ Pasym( f ) ∪ Acc(Pcri t ( f )) ∪
(

Pcri t ( f )\
∞
⋃

n=0

f −n(U )

))

.

This follows since the sets f (E), Pasym( f ), Acc(Pcri t ( f )) and
Pcri t ( f )\⋃∞

n=0 f −n(U ) are forward-invariant.
To see that F : V ′ → V is onto (i.e. f (V ′) = V ), observe that every point in

V \ f (V ′) is a locally omitted value and hence an asymptotic value of f (the argument
for this fact, using Gross’ theorem, is described e.g. in [22, Proof of Theorem 2]). This
shows V \ f (V ′) = ∅ since V contains no asymptotic values of f by definition. The
condition

⋂∞
n=0 F

−n(W ) = ∅ is implied by the fact that E is an absorbing domain
for f |U .

It remains to check the conditions (a)–(e) in Theorem 5.1, which follow in a fairly
direct way from the definitions of V , V ′ and W . Indeed, V is defined not to contain
asymptotic values of f andV ′ is a component of f −1(V ), which gives (a). To check (b),
take a point z ∈ Pcri t (F) and suppose there exist points wk ∈ F−nk (z) for some
nk > 0, k ∈ N, such that degwk

Fnk → +∞. Note that by the definition of V ,
we have f n0(z) ∈ U for some n0 ≥ 0. Moreover, as V ∩ L = ∅ by (52), we
have f n0(z) /∈ L , where L ⊂ U is the compact set from the assumption (b) of
Theorem A. Then wk ∈ f −(nk+n0)( f n0(z)) and degwk

f nk+n0 ≥ degwk
Fnk → +∞,

which contradicts the assumption (b) of Theorem A, as f n0(z) ∈ Pcri t ∩ U\L . This
shows (b). The condition (c) follows from the definition of V , while (d) is trivial since
f is meromorphic on C. The condition (e) follows from Lemma 6.1, (53), (54) and
the invariance of U .

Having checked that F , V , V ′ and W satisfy the hypotheses of Theorem 5.1, we
can use this theorem and (50) to find N ∈ N such that for every compact set K0 ⊂
U\(E ∪⋃i∈Ipar

Orb(pi )
)

there exist a conformal metric dς = ς |dz| onU\ f −N (E)

and a decreasing sequence (bn)∞n=1 of numbers bn ∈ (0, 1) with
∑∞

n=1 bn < ∞,
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satisfying

|( f n)′(z)|ς >
1

bn
(56)

for every z ∈ (U\ f −n( f −N (E))) ∩ f −n(K0), n ∈ N.
Now we conclude the proof of Theorem B. Let K be a compact set in U . Set

K0 = K\E

and

A = f −N (E) ∩U .

Note that by (51), the set A is a Jordan domain, such that A ⊂ U and U\A =
U\ f −N (E). Moreover, K0 is a compact subset of U\(E ∪⋃i∈Ipar

Orb(pi )
)

and

(U\ f −n( f −N (E))) ∩ f −n(K0) = (U\ f −n(A)) ∩ f −n(K ) = f −n(K\A),

so by (56), there exist a conformal metric dς on U\A and a decreasing sequence
(bn)∞n=1 of numbers bn ∈ (0, 1) with

∑∞
n=1 bn < ∞, such that

|( f n)′(z)|ς >
1

bn

for z ∈ U ∩ f −n(K\A), n ∈ N. This ends the proof of Theorem B. ��

7 Local connectivity of boundaries of Fatou components: Proof of
Theorem A

To prove the local connectivity of the boundary of a simply connected invariant attract-
ing basin U satisfying the conditions of Theorem A, we will construct a sequence
of Jordan curves {γn}∞n=0 which approximate ∂U ∪ {∞} and satisfying the uniform
Cauchy condition with respect to the spherical metric, thus showing that its limit is
also a curve in ̂C and hence is locally connected. For simplicity, we use the symbol γ
indistinctly for a curve γ : [a, b] → ̂C and for its image in ̂C.

7.1 Equipotential curves and ray germs

Consider a simply connected domain A ⊂ U satisfying the properties listed in The-
orem B. The goal of this subsection is to construct an increasing family of Jordan
domains An ⊂ U\A, n = 0, 1, . . ., exhausting U and such that f maps An+1\An

onto An\An−1 as a degree d covering, where d = deg f |U . The Jordan curves γn
mentioned above will be defined as the boundaries of these domains.
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Proposition 7.1 Let f : C → ̂C be a transcendental meromorphic function with a
simply connected immediate basin of attraction U of an attracting fixed point ζ , such
that d = deg f |U < ∞, and let A ⊂ U be a domain such that A ⊂ U. Then there
exists a family of Jordan domains {An}∞n=0 with smooth boundaries γn : [0, 1] → U,
such that

◦ A0 contains ζ and all the critical points of f |U ,
◦ A ⊂ A0, An ⊂ An+1 for n ≥ 0 and

⋃∞
n=0 An = U,

◦ f maps An+1 onto An as a proper map of degree d such that An+1\An is mapped
onto An\An−1 for n ≥ 1 as an (unbranched) degree d covering,

◦ f (γn+1(θ)) = γn(dθ mod 1) for n ≥ 0, θ ∈ [0, 1].
Moreover, for every θ ∈ [0, 1] there exists a smooth arc αθ : [0, 1] → A1\A0, joining
γ0(θ) and γ1(θ), such that

αθ ((0, 1)) ⊂ A1\A0 and length αθ ≤ M,

where M is a constant independent of θ and length denotes the Euclidean length.

Proof Similarly as in the proof of Theorem B, let ϕ : D → U be a Riemann map, such
that ϕ−1(ζ ) = 0 is the fixed point of the degree d Blaschke product g = ϕ−1 ◦ f ◦
ϕ : D → D. Note that d ≥ 2 since U must contain a critical point of f . We define the
domain A0 as

A0 = ϕ(D(0, r0))

for r0 ∈ (0, 1) so close to 1, that

Crit( f |U ) ∪ Pcri t ( f |U ) ∪ A ⊂ A0.

Then A0 is a Jordan domain with a smooth boundary γ0, such that γ0 ⊂ U . Let

An = f −1(An−1) ∩U , n = 1, 2, . . . .

By the Schwarz lemma and the fact that A0 contains all the critical points and values
of f inU , the sets An are Jordan domains with smooth boundaries γn ⊂ U , such that

A � A0 � A1 � · · · � An � An+1 � · · ·

and U = ⋃∞
n=0 An . Moreover, f maps An+1 onto An for n ≥ 0 as a proper map of

degree d, and An+1\An is mapped onto An\An−1 for n ≥ 1 as a covering of degree
d. See Fig. 7. ��

Let us choose a smooth parametrization of γ0 = ∂A0 and denote it by γ0 : [0, 1] →
∂A0. For every n > 0, parametrize the boundary of An by γn : [0, 1] → ∂An in such
a way that

f (γn(θ)) = γn−1(dθ mod 1).
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Fig. 7 Sketch of the construction of the sets An , the family of Jordan curves {γn}n and the transversal ray
germs αθ

This parametrization is not unique but once we choose γn(0) to be one of the d
preimages of γn−1(0), then there is only one continuous choice for γn(θ), θ ∈ [0, 1]
satisfying the relation above.

Now we show the existence of the transversal curves αθ . Set γ̃0 = ϕ−1(γ0) = {z :
|z| = r}. By choosing r0 sufficiently close to 1, the Jordan curve γ̃1 = g−1(γ̃0) can
be written in polar coordinates as (r(θ), θ) for a smooth function r(θ), θ ∈ [0, 1] (see
e.g. [32, p. 208]). In particular, this implies that any two points in the closed annulus
R ⊂ D bounded by γ̃1 and γ̃0 can be joined by a curve of length smaller than 4π . By
applying the Riemann map ϕ, whose derivative is bounded in modulus on the compact
set R, we deduce that any two points in the annulus A1\A0 = ϕ(R) ⊂ U can be joined
by a curve of length M for some constant M > 0. In particular, for every θ ∈ [0, 1]
there exists an arc αθ of length bounded by M , joining γ0(θ) and γ1(θ). ��
Remark For given angle θ , the sequence {γn(θ)}n accumulates at the boundary of
U in ̂C. In general, the curves γn may have no limit and accumulate at a non-locally
connected boundary.Wewill show that under the conditions of TheoremA this cannot
occur.

7.2 Local connectivity of the boundary of U

Let A ⊂ U be a simply connected domain satisfying the properties listed inTheoremB.
Our goal is to show that under the assumptions of TheoremA, the curves γn constructed
in Proposition 7.1 for the domain A, converge uniformly on [0, 1] with respect to the
spherical metric, which will imply that the boundary of U in ̂C is locally connected.

By Theorem B for K = A1\A0, there exists a conformal metric dς = ς |dz| on
U\A and numbers bn ∈ (0, 1), n ∈ N, such that

∑∞
n=1 bn < ∞ and

|( f n)′(z)|ς >
1

bn

for every z ∈ f −n(A1\A0) ∩ U , i.e. for z ∈ An+1\An . Proposition 7.1 shows that
for every θ ∈ [0, 1], the point γ0(θ) can be joined to γ1(θ) by a C1-arc αθ ⊂ A1\A0
of Euclidean length bounded by a constant M independent of θ . Since A1\A0 is a
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compact subset of U\A, the density ς of the metric dς is bounded on this set, so the
lengths of αθ with respect to the metric dς are also uniformly bounded, that is

lengthς αθ ≤ M ′ < ∞,

where M ′ > 0 is a constant independent of θ .
We will show that the sequence γn satisfies the uniform Cauchy condition with

respect to the metric dς . By Proposition 7.1, we can define inductively families of
arcs α

(n)
θ , n ≥ 0, θ ∈ [0, 1] by

α
(0)
θ = αθ ,

α
(n+1)
θ = f −1

n,θ

(

α
(n)
dθ mod 1

)

,

where f −1
n,θ is the branch of f −1 mapping γn(dθ mod 1) to γn+1(θ). Then α

(n)
θ is a

C1-arc joining γn(θ) to γn+1(θ) within An+1\An and f n maps α
(n)
θ injectively onto

αdnθ mod 1. Consequently,

distς (γn(θ), γn+1(θ)) ≤
∫

α
(n)
θ

ς(z)|dz| ≤ lengthς αdnθ mod 1

inf
α

(n)
θ

|( f n)′|ς < M ′bn .

It follows that for every θ ∈ [0, 1] and m > n > 0 we have

distς (γn(θ), γm(θ)) ≤ distς (γn+1(θ), γn(θ)) + · · · + distς (γm(θ), γm−1(θ))

≤ M ′
m
∑

k=n

bk .

Since
∑∞

k=1 bk is a convergent series, the sequence γn satisfies the uniform Cauchy
condition with respect to the metric dς . We show that this implies that γn satisfies also
the uniform Cauchy condition with respect to the spherical metric. Suppose this does
not hold. Then there exists ε > 0 and sequences nk,mk → ∞, θk ∈ [0, 1], such that

distsph(γnk (θk), γmk (θk)) ≥ ε.

Passing to a subsequence, we can assume γnk (θk) → z, γmk (θk) → w for some
distinct points z, w ∈ ̂C, where at least one of them (say z) is not equal to ∞. By
Lemma 5.9, there exist δ, c > 0, such that w /∈ D(z, δ) and ς > c on WN ∩ D(z, δ).
Then for sufficiently large k we have γnk (θk) ∈ D(z, δ

3 ) and γmk (θk) /∈ D(z, 2δ
3 ), so

distς (γnk (θk), γmk (θk)) ≥ cδ

3
,

which contradicts the uniform Cauchy condition with respect to the metric dς . There-
fore, the sequence γn satisfies the uniform Cauchy condition with respect to the
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spherical metric, which implies that it has a limit γ , which is equal to the boundary of
U in ̂C, providing its local connectivity.

8 Local connectivity of Julia sets: Proof of Theorem C

Throughout this section, we consider the transcendental meromorphic map

f (z) = z − tan z,

which is the Newton map of the entire transcendental function g(z) = sin z. We will
prove that the Julia set J ( f ) is locally connected, establishing Theorem C. See Fig. 2.
Throughout the section, we will understand the word ‘boundary’ as the boundary in
̂C.

A useful tool to prove local connectivity of a compact connected set in ̂C (like the
Julia set of a rational or transcendental map) is Whyburn’s Theorem, which reads as
follows.

Theorem 8.1 [42, Theorem 4.4, p. 113] A compact connected set J ⊂ ̂C is locally
connected if and only if it satisfies the following properties.

(a) The boundary of every connected component of ̂C\J is locally connected.
(b) For every ε > 0, only a finite number of connected components of ̂C\J have

spherical diameter greater than ε.

To check the conditions of Whyburn’s Theorem for J = J ( f ), we first recall some
properties of the map f . By [5], J is connected as the Julia set of Newton’s method
for a transcendental entire map. Note that

f (z + π) = f (z) + π, z ∈ C, (57)

which implies a ‘translation invariance’ of the dynamical plane of f (see Fig. 2). The
properties listed below are proved in [7, Example 7.2] and [8, Proposition 4.1].

Lemma 8.2 The following statements hold.

(a) f has infinitely many simply connected immediate basins of attraction Uk, k ∈ Z,
of superattracting fixed points

ck = kπ, k ∈ Z,

such that Uk = U0 + kπ and degck f = deg f |Uk = 3. The points ck , k ∈ Z, are
the only critical points of f . They are located in the vertical lines

�k(t) = kπ + i t, t ∈ R, k ∈ Z,

which are invariant and contained in Uk, respectively. Moreover, f has no finite
asymptotic values.
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(b) The poles of f ,

pk = π

2
+ kπ, k ∈ Z,

are simple. They are located in the vertical lines

rk(t) = π

2
+ kπ + i t, t ∈ R, k ∈ Z,

which are contained in J ( f ).
(c) The asymptotics of f for Im(z) → ±∞ is given by

f (z) =
{

z − i + O(e−2Im(z)) as Im(z) → +∞
z + i + O(e2Im(z)) as Im(z) → −∞ .

(d) We have

J ( f ) ∩ C =
⋃

k∈Z
Jk,

where Jk is the connected component of J ( f )∩C containing the line rk . For every
k ∈ Z, the basin Uk has exactly two accesses to infinity, and ∂Uk contains exactly
two poles of f , i.e. pk−1, pk, which are accessible from Uk.

(e) All Fatou components of f are preperiodic and eventually mapped by iterates of
f into Uk for some k ∈ Z. In particular, f has no wandering domains.

See Fig. 8.
The following proposition establishes the first condition in Whyburn’s criterium

(Theorem 8.1).

Proposition 8.3 Every Fatou component of f has locally connected boundary.

Proof First, we show that the boundaries of the attracting basins Uk are locally con-
nected. To this end, we check that they fulfil the assumptions of Theorem A. Recall
that the basinsUk are simply connected, since J ( f ) is connected. By Lemma 8.2, we
have deg f |Uk = 3 and

Crit( f ) = P( f ) = {ck}k∈Z = {kπ}k∈Z. (58)

This immediately implies the assumptions (a)–(b) of TheoremA.To check the assump-
tion (c), note that by Lemma 8.2(c), for M > 0 large enough, the map f on the half
planes

P+ = {z ∈ C : Im(z) > M}, P− = {z ∈ C : Im(z) < −M} (59)

is arbitrarily close to z �→ z ∓ i . In particular, this implies P± ⊂ f (P±) and
f (P+) ∩ f (P−) = ∅. We show that P± are repelling petals of f at infinity. In view
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Fig. 8 The dynamical plane of the map f (z) = z − tan z

of Lemma 8.2(c), the univalency of f on P± follows easily from Rouché’s Theorem,
while the remaining conditions of Definition 4.1 with g(t) ≡ 1 are satisfied by Propo-
sition 4.4, where we take r = M , δ = π

2 , d = 1, a = ∓i and j = 1. Hence, P±
are repelling petals of f at infinity. Note that Lemma 8.2 asserts that the basins Uk

are located between the vertical lines rk−1 and rk , both contained in the Julia set of
f . Hence, outside a compact set, Uk is contained in the two repelling petals P± of f
at infinity, which shows that f and Uk satisfy the assumptions of Theorem A. Hence,
the boundaries of Uk are locally connected.

By Lemma 8.2(e), all Fatou components of f are successive preimages of the basins
Uk which have locally connected boundaries, so their boundaries are also locally
connected. ��

It remains to show the second condition in Whyburn’s criterium. Note that in con-
trast to the rational or even entire (hyperbolic) cases, the meromorphic setting presents
some additional difficulties, since for any given n, components of preperiod n can
accumulate at poles and prepoles.

The idea of the proof is as follows. We show that the sum of the squares of the
spherical diameters of all Fatou components is finite, which immediately implies that
only a finite number of them can have diameter larger than any given ε. To this
end, we prove that the spherical distortion of branches of f −n on Fatou components
U ⊂ f −1(Uk)\Uk , k ∈ Z, is uniformly bounded. From this, it follows that the ratio
between the square of the spherical diameter and the spherical area is approximately the
same for the componentU and its all inverse images by branches of f −n , n > 0. Since
the sum of spherical areas over all components is finite (smaller than the spherical area
of the whole sphere), the same holds for the sum of the squares of spherical diameters.
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Now we proceed to present the proof in detail. The following lemma is straightfor-
ward to check.

Lemma 8.4 For every r0 > 0 there exist c1, c2 > 0 such that

Dsph

(

z,
c1r

|z|2 + 1

)

⊂ D(z, r) ⊂ Dsph

(

z,
c2r

|z|2 + 1

)

for every z ∈ C and every 0 < r < r0.

For n ≥ 0 define

Fn = {U : U is a Fatou component of f ,

and n is minimal such that f n(U ) ⊂ Uk for some k ∈ Z}.

In particular, F0 = {Uk}k∈Z. In the following lemma we describe the Fatou
components from F1. Let

Rk = Rk(δ, R) = {z ∈ C : Re(z) ∈ [kπ + δ, (k + 1)π − δ], Im(z) ∈ [−R, R]},
k ∈ Z

for δ, R > 0. See Fig. 8.

Lemma 8.5 We have

F1 = {Uk,l : k ∈ Z, l ∈ Z\{k, k + 1}},

where

Uk,l ⊂ Rk, Uk,l = U0,l−k + kπ, f (Uk,l) = Ul

and Rk = Rk(δ, R) for some δ, R > 0. Moreover, f is univalent on Uk,l .

Proof Fix a large R̃ > 0 such that {z ∈ C : |Im(z)| > R̃} ⊂ P+ ∪ P− for the repelling
petals P± from (59). Take an arbitrary point z0 ∈ U0 with |Im(z0)| > R̃ (note that such
points exist since �0 ⊂ U0) and let zl = z0 + lπ for l ∈ Z. By (57) and Lemma 8.2(a),
we have zl ∈ Ul and f −1(zl) ⊂ P+ ∪ P− ∪⋃k∈Z D(pk, ε) for a small fixed ε > 0,
provided R̃ was chosen sufficiently large. Moreover, since f is univalent on P± with
f (z) ∼ z ∓ i , the set f −1(zl) ∩ (P+ ∪ P−) consists of exactly one point z′l ∈ P±
close to zl ± i . Similarly, as the pole p0 is simple, the map f is univalent on D(p0, ε)
and f −1(zl) ∩ D(p0, ε) consists of exactly one point z0,l . Consequently, by (57), f
is univalent on D(pk, ε) and f −1(zl) ∩ D(pk, ε) consists of exactly one point zk,l ,
where

zk,l ∈ D(pk, ε), zk,l = z0,l−k + kπ, k, l ∈ Z.
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Hence,

f −1(zl) = {z′l} ∪ {zk,l : k ∈ Z}, (60)

where all the points zk,l , k ∈ Z\{l − 1, l} are outside P+ ∪ P− ∪ Sl for

Sl =
{

z ∈ C : Re(z) ∈
[π

2
+ (l − 1)π,

π

2
+ lπ

]}

.

This implies f −1(zl) ∩ (P+ ∪ P− ∪ Sl) ⊂ {z′l , zl−1,l , zl,l}. On the other hand, since
deg f |Ul = 3, the point zl has exactly three preimages under f in Ul . As Ul ⊂ Sl , we
conclude

f −1(zl) ∩ (P+ ∪ P− ∪ Sl) = f −1(zl) ∩Ul = {z′l , zl−1,l , zl,l}. (61)

Take U ∈ F1. Then U ∩⋃k∈ZUk = ∅ and f (U ) ⊂ Ul for some l ∈ Z. Suppose
there exists a point w ∈ U with |Im(w)| > R̃ + 2. Then w ∈ P+ ∪ P−\Ul and
f (w) ∈ Ul with |Im( f (w))| > R̃, contradicting (61) for z0 = f (w)−lπ . Hence,U ⊂
{z ∈ C : |Im(z)| ≤ R} for R = R̃ + 2. Moreover, since �k ⊂ Uk and Uk = U0 + kπ
for k ∈ Z by Lemma 8.2(a), the set {z ∈ C : Re(z) ∈ (kπ − δ, kπ + δ), |Im(z)| ≤ R}
is contained in Uk for a sufficiently small δ > 0 independent of k ∈ Z. Consequently,
U ⊂ ⋃

k∈Z Rk for Rk = Rk(δ, R). Since the sets Rk are disjoint and compact, and
U is connected, in fact U ⊂ Rk for some k ∈ Z. As Ul is simply connected and
Rk ∩ Crit( f ) = ∅ by (58), the component U is the image of Ul under a well-defined
branch g of f −1. Note that by (60) and (61), we have g(zl) = zk′,l ∈ U for some
k′ ∈ Z\{l−1, l}. As zk′,l ∈ Rk′ and the sets Rk′ are disjoint, in fact k′ = k, so zk,l ∈ U
and k �= l − 1, l.

We have proved that for every component U ∈ F1 there exist k, l ∈ Z with
k �= l − 1, l, such that zk,l ∈ U ⊂ Rk and f maps U univalently onto Ul . On the
other hand, (60) and (61) imply that for every k, l ∈ Z with k �= l − 1, l, there exists a
component from F1 containing zk,l . This together with (57) and Lemma 8.2(a) ends
the proof. ��

Now we can show the second condition in Whyburn’s criterium.

Proposition 8.6 For every ε > 0 there are only a finite number of Fatou components
U of f with diamsph U ≥ ε.

Proof Recall that by Lemma 8.2(e), all Fatou components of f are elements of
⋃∞

n=0 Fn . Since Uk ⊂ Sk ⊂ C\D(0, π
2 + (|k| − 1)π) for k ∈ Z\{0}, the spheri-

cal diameter ofUk tends to zero as |k| → ∞, so we only need to consider components
in
⋃∞

n=1 Fn .
By Lemma 8.5, for every U ∈ F1 we have U = Uk,l for some k ∈ Z, l ∈

Z\{k, k + 1}, such that

Uk,l = U0,l−k + kπ ⊂ Rk (62)
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and f maps Uk,l univalently onto Ul . Since Ul = U0 + lπ ⊂ Sl , D(lπ, r0) ⊂ Ul for
some r0 > 0 independent of l, and p0 is a simple pole of f , there exists c1 > 0 such that

diamU0,l ≤ c1
|l| + 1

, areaU0,l ≥ c1
l4 + 1

for l ∈ Z\{0, 1}. Consequently, by (62) and since σsph |Rk � 1
k2+1

, we have

diamUk,l ≤ c1
|l − k| + 1

, areasph Uk,l ≥ c2
((l − k)4 + 1)(k4 + 1)

(63)

for k ∈ Z, l ∈ Z\{k, k + 1} and some constant c2 > 0.
By (58), all branches of f −n , n ≥ 1, are well-defined on {z ∈ C : Re(z) ∈

(kπ, (k + 1)π)} ⊃ Rk for k ∈ Z. Hence, for n ≥ 1,

Fn = {gk,n(Uk,l) : k ∈ Z, l ∈ Z\{k, k + 1}, gk,n ∈ Gk,n},

where Gk,n is the family of all branches of f −(n−1) on Rk (note that we include the
case n = 1, for which gk,1 = Id). We claim that all the branches gk,n ∈ Gk,n have
spherical distortion bounded uniformly with respect to k, n. Indeed, for given r > 0,
any two points z, w ∈ Rk can be joined by N = �2(2R + π)/r� Euclidean discs
D(z1, r), . . . , D(zN , r), such that z1, . . . , zN ∈ Rk , z1 = z, zN = w and

D(z j , r) ∩ D(z j+1, r) �= ∅ for j = 1, . . . , N − 1. (64)

Define

r = c1δ

2c2
, r j = c1δ

|z j |2 + 1

for the constants c1, c2 from Lemma 8.4, and the constant δ from Lemma 8.5. Then,

D(z j , r) ⊂ Dsph

(

z j ,
r j
2

)

, Dsph(z j , r j ) ⊂ D(z j , δ)

by Lemma 8.4, so by (64) and (58),

Dsph

(

z j ,
r j
2

)

∩ Dsph

(

z j+1,
r j
2

)

�= ∅, Dsph(z j , r j ) ∩ P( f ) = ∅,

and hence using repeatedly Theorem 2.1 for the chain of spherical discs with λ = 1/2,
we conclude that

|g′
k,n(z)|sph

|g′
k,n(w)|sph ≤ c3 (65)

for some c3 > 0 independent of k, n, gk,n, z, w. Let
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Mgk,n = max
Rk

|g′
k,n|sph .

By (63), (65) and since σsph |Rk � 1
k2+1

,

diamsph gk,n(Uk,l) ≤ c4Mgk,n diamUk,l

k2 + 1
≤ c1c4Mgk,n

(|l − k| + 1)(k2 + 1)

and

areasph gk,n(Uk,l) ≥ (min
Rk

|g′
k,n|2sph

)

areasph Uk,l

≥ M2
gk,n

c23
areasph Uk,l ≥ c2

c23

M2
gk,n

((l − k)4 + 1)(k4 + 1)
,

for a constant c4 > 0. Hence, for some constants c5, c6, c7 > 0,
∑

U∈⋃∞
n=1 Fn

(diamsph U )2

=
∑

k∈Z

∑

l∈Z\{k,k+1}

∑

n≥1,
gk,n∈Gk,n

(diamsph gk,n(Uk,l))
2

≤ c5
∑

k∈Z

∑

l∈Z\{k,k+1}

∑

n,gk,n

M2
gk,n

((l − k)2 + 1)(k4 + 1)

= c5
∑

l∈Z\{0,1}

1

l2 + 1

∑

k∈Z

∑

n,gk,n

M2
gk,n

k4 + 1
≤ c6

∑

l∈Z\{0,1}

1

l4 + 1

∑

k∈Z

∑

n,gk,n

M2
gk,n

k4 + 1

= c6
∑

k∈Z

∑

l∈Z\{k,k+1}

∑

n,gk,n

M2
gk,n

((l − k)4 + 1)(k4 + 1)

≤ c7
∑

k∈Z

∑

l∈Z\{k,k+1}

∑

n,gk,n

areasph gk,n(Uk,l) ≤ c6
∑

U∈⋃∞
n=1 Fn

areasph U

≤ c7 areasph ̂C < ∞,

as U ∈⋃∞
n=1 Fn are pairwise disjoint. Concluding, we have showed that the series

∑

U∈⋃∞
n=1 Fn

(diamsph U )2

is convergent, which immediately implies that for every ε > 0 there can be only a
finite number of U ∈⋃∞

n=1 Fn with diamsph U ≥ ε, proving the proposition. ��

Propositions 8.3 and 8.6 complete the proof of Theorem C.
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