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Abstract

We prove the local connectivity of the boundaries of invariant simply connected attract-
ing basins for a class of transcendental meromorphic maps. The maps within this class
need not be geometrically finite or in class /3, and the boundaries of the basins (possi-
bly unbounded) are allowed to contain an infinite number of post-singular values, as
well as the essential singularity at infinity. A basic assumption is that the unbounded
parts of the basins are contained in regions which we call ‘repelling petals at infinity’,
where the map exhibits a kind of ‘parabolic’ behaviour. In particular, our results apply
to a wide class of Newton’s methods for transcendental entire maps. As an application,
we prove the local connectivity of the Julia set of Newton’s method for sin z, providing
the first non-trivial example of a locally connected Julia set of a transcendental map
outside class B, with an infinite number of unbounded Fatou components.
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1 Introduction

We consider dynamical systems generated by iterates of transcendental meromorphic
maps f: C — C, where C = CU {oo} is the Riemann sphere and 0o is an essential
singularity (we also refer to rational maps f defined on C). An object of particular
interest is the Julia set of f,denoted J ( f), which is the smallest closed totally invariant
subset of C with at least three points, in many cases a fractal set with no interior,
where the dynamics of f is chaotic. The topology of J(f) can be complicated, which
greatly influences the global dynamics of the map. Note that in this paper we assume
oo e J(f). R

The complement of the Julia set, the Fatou set F(f) = C\J(f), is the maximal set
of normality (equicontinuity) of the iterates of f. Its connected components, called
Fatou components, were already classified by Fatou [20] in the 1920s. If an invariant
Fatou component U is simply connected, then a Riemann map conjugates f|y to a
holomorphic self-map of D, and the conjugating map extends continuously to I if
and only if the boundary of U is locally connected as a subset of C. Thus, the local
connectivity of the boundary of U (in C) is a key property that allows to understand
the dynamics of f on the closure of its Fatou components. Note that in this paper we
restrict the analysis to simply connected Fatou components.

By Torhorst’s Theorem [42, Theorem 2.2], Fatou components of a map with locally
connected Julia set have locally connected boundaries. On the other hand, if U is a
completely invariant Fatou component, then the local connectivity of its boundary
is equivalent to the local connectivity of the whole Julia set. In particular, such a
situation occurs when U is a simply connected basin of attraction to infinity for a
polynomial. In this intensively studied area, especially for quadratic polynomials, the
classical works on the local connectivity, started in the 1980s by Thurston, Sullivan,
Douady, Branner and Hubbard, were continued, among others, by Shishikura, Yoccoz,
McMullen, Kahn, Lyubich, Levin, Kozlovski, van Strien, Petersen and Zakeri, see e.g.
[10, 17, 18, 23, 25-27, 30-32, 36, 40, 44] and references therein. Concerning other
polynomial Fatou components, all of them bounded, the results of Roesch and Yin
[38, 39] show that their boundaries are always Jordan curves (and hence, are locally
connected), provided the component is not eventually mapped to a Siegel disc.

The question of the local connectivity of the boundaries of (simply connected) Fatou
components (or of the whole Julia set) is closely related to the location and dynamical
behaviour of the singular values of f (singularities of the inverse map). In the rational
case, the singular values coincide with the critical ones, while in the transcendental
case, they consist of the critical and asymptotic values and their accumulation points.
Denote the set of singular values of f by Sing(f) and define the post-singular set of

f by

P(f) = " Sing(£)).

n=0
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The simplest class of functions with locally connected Julia sets consists of polynomial
or rational maps with connected Julia sets, which are hyperbolic, i.e. the closure of
P(f) (in C) is disjoint from the Julia set. More generally, Tan and Yin [41] proved
the local connectivity of connected Julia sets of geometrically finite rational maps,
i.e. maps f for which every critical point in J (f) has a finite orbit (equivalently, every
critical point of f is either eventually periodic or attracted to an attracting or parabolic
periodic orbit). In general, the problem of local connectivity of polynomial or rational
Julia sets is still open and remains a subject of current research. In particular, local
connectivity was showed for a wide class of Newton maps, i.e. Newton’s root-finding
methods for complex polynomials, see e.g. [19, 37, 43].

The proofs of the local connectivity of the boundaries of simply connected Fatou
components, or of the whole Julia sets, are usually technically complicated. Some of
them rely on the use of Yoccoz puzzles built out of external rays and equipotentials, the
tools that are quite specific for polynomials and some rational maps. In other cases,
the proofs of the local connectivity of the boundary of a Fatou component U consist in
building a conformal Riemannian metric near the boundary of U, which is expanding,
at least along long blocks of trajectories under f. In the hyperbolic case, such metric
exists on a neighbourhood of J(f) and can be defined as the hyperbolic metric on
a suitable domain in C\'P(f). The difficulties caused by the presence of preperiodic
critical points in the Julia set (subhyperbolic case) can be overcome by the use of an
orbifold metric with a discrete set of singularities (see e.g. [14, 32], cf. Sect. 2.3). For
geometrically finite maps, a suitable metric is constructed by patching up the hyper-
bolic or orbifold metric with another suitable metric near parabolic periodic points (see
[14, 18]). Once such an expanding metric is defined, one can show that a sequence
of Jordan curves approximating the boundary of U, constructed by taking successive
preimages under inverse branches of f near this boundary, converges uniformly, which
proves the local connectivity.

The scenario is completely different when we consider transcendental entire maps
f, which have an essential singularity at co. In this case the Julia set J(f) cannot
be locally connected if f has an unbounded Fatou component, see [3, 34]. Moreover,
if an unbounded invariant Fatou component U of f has locally connected boundary,
then U is a Baker domain and f is univalent on U, see [13, 24]. Roughly speaking,
this is due to the fact that oo is not only an essential singularity but also an omitted
value. Hence, preimages of unbounded paths in U are unbounded, and in many cases
induce a ‘comb-like’ structure, which prevents the boundary of U and J ( ) from being
locally connected. A well-knows example is given by the exponential map z > Ae®
for 0 < A < 1/e, which has an invariant attracting basin of infinite degree with a
dense set of accesses to infinity (see e.g. [16]); a finite degree example is provided
by the map z — ze**!, which has an unbounded superattracting basin of degree 2
with the same property, and which conjecturally contains indecomposable continua
of escaping points as parts of its boundary. Compare [21] for a related example.

We extend the definition of hyperbolicity to the case of transcendental maps, assum-
ing oo ¢ Sing(f) and (in the meromorphic case) neglecting the undefined terms in
the definition of the post-singular P(f). Note that in particular, the set P(f) for
hyperbolic transcendental maps is always bounded. We consider also a transcendental
analogue of the class of geometrically finite maps, consisting of maps f, for which
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Sing(f) N F(f) is compact, while P(f) N J(f) is finite. Note that the Fatou set of
a transcendental entire geometrically finite map consists of a finite number of basins
of attracting or parabolic periodic orbits. This was showed in [28, Proposition 2.6] for
entire maps, and the proof extends easily to the meromorphic case by [2, 4]. Following
[1], we say that a geometrically finite transcendental map is strongly geometrically
finite, if J(f) does not contain asymptotic values of f and the local degree of f at all
points of J(f) is uniformly bounded.

It is known that for hyperbolic transcendental entire maps, the boundary of a
bounded Fatou component is a Jordan curve and even a quasicircle (see [9, 33]).
Note that for entire maps, locally connected boundaries of bounded simply connected
Fatou components are always Jordan curves by the maximum principle. In [1], it was
proved that if a transcendental entire maps f is strongly geometrically finite, then all
boundaries of all Fatou components are Jordan curves. The same holds for all Fatou
components of f if, additionally, every Fatou component contains at most finitely
many critical points.

The local connectivity of the whole Julia set was proved for hyperbolic and,
more generally, strongly geometrically finite transcendental entire maps f with only
bounded Fatou components and no asymptotic values, satisfying a uniform bound
on the number of critical points (with multiplicities) contained in each of the Fatou
components of f, see [1,9, 12, 33]. Note that all the results mentioned above consider
only transcendental entire maps from the Eremenko—Lyubich class 3, where

B = {f : Sing(f) is bounded}.

Paradoxically, the situation changes when we take into account a priori more com-
plicated class of transformations, given by transcendental meromorphic maps, for
which the essential singularity at infinity is not an omitted value. A trivial example
occurs within the tangent family z — Atan z for A > 1, where the Fatou set consists
of two completely invariant attracting basins (the upper and lower half plane), and
hence the Julia set is equal to the real line together with the point at infinity (i.e. a cir-
cle in @). Numerical simulations suggest that also for many meromorphic maps with
more complicated dynamics, their unbounded Fatou components may have locally
connected boundaries, despite containing the essential singularity at infinity. In some
examples, it looks plausible that the whole Julia set has the same property (see the
picture on the left side of Fig. 1). Nevertheless, computer pictures indicate that non-
locally connected boundaries do exist also for meromorphic maps, similarly to the
entire case (see the picture on the right side of Fig. 1).

In this paper we show that for many transcendental meromorphic maps f outside
class B, even with asymptotic values, the presence of (possibly infinitely many) post-
singular orbits and the essential singularity in the boundary of a simply connected
invariant Fatou component U, pose no unsolvable obstacle for local connectivity, as
long as f acts ‘geometrically finitely’ on a compact part of the closure U in C, and the
(possible) unbounded parts of U are contained in a finite number of regions, where
f is univalent and exhibits a ‘tame’ dynamical behaviour, similar to the one within
a repelling petal at a parabolic fixed point. We call these regions repelling petals at
infinity, and their formal definition is given in Sect. 4 (see Definition 4.1). Although
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Fig. 1 Left: The dynamical plane of the map f(z) = 15:712’ Newton’s method for g(z) = z + ¢*. Right:
2 —
z l_-fz © Newton’s method for g(2) =1+ zé*

The dynamical plane of the map f(z) =

the definition allows for a quite general behaviour (e.g. spiralling petals), its simple
model is given by Newton’s method for the map z — z + ¢*, which behaves like the
translation z — z — 1 for Re(z) — o0 in any sector symmetric with respect to R
of angle less than 7 (see the picture on the left side of Fig. 1). Note that unlike petals
at parabolic fixed points, repelling petals at infinity may contain points from both the
Fatou and Julia set.

In this work we assume that U is an invariant attracting basin, leaving other cases
for a forthcoming paper. Note that for transcendental meromorphic maps, periodic
components of period larger than 1 require a separate treatment, since considering an
iterate of the map takes us beyond the meromorphic class.

Definition 1.1 An invariant attracting basin U of a transcendental meromorphic map f
is tame at infinity, if there exists adisc D C C such that U\ D is contained in the union
of a finite number of repelling petals P; at infinity for f,suchthatUN f(P,)NPy =0
fori #i’.

To formulate our result, define the post-critical and post-asymptotic set as

Perit (f) = {f"(v) : visacritical value of f, n > 0},
Pasym (f) = {f"(v) : v is an asymptotic value of f, n > 0}

and write A, 9 A for the closure and boundary in C of aset A C C, and Acc(A) for the
set of its accumulation points. We also denote the local degree of a map f at a point
w by deg,, f. Our main result is the following.

Theorem A Let U be a simply connected invariant attracting basin of a meromorphic
map f: C — C. Assume that the following conditions are satisfied.

(a) The set (’Pasym(f) U Acc(Pm-,(f))) N U is contained in the union of a compact
subset of U and a finite set of parabolic periodic points of f in oU.
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(b) There exists a compact set L C U such that for every z € Peris(f) N U\L we
have sup{deg,, f" 1w e f7"(z), n > 0} < o0.
(c) U is tame at infinity.

Then the boundary of U in Cis locally connected.
Theorem A implies the following corollary.

Corollary A’ Let U be a simply connected invariant attracting basin of a strongly geo-
metrically finite meromorphic map, such that U is tame at infinity. Then the boundary
of U in C is locally connected.

Indeed, if f is strongly geometrically finite, then P(f) N dU consists of at most
finitely many points, all of them from P,,;;(f). Moreover, Sing( f) intersects only a
finite number of Fatou components, which implies that P(f)NU is compact, as a finite
union of holomorphic images of compact sets. These facts together with the definition
of strongly geometrically finite maps immediately imply the conditions (a)-(b) of
Theorem A.

Remark 1.2 Note that in Definition 1.1 we do not assume that the set of repelling
petals of f at infinity intersecting U is non-empty. Therefore, the result holds also
for all bounded simply connected invariant attracting basins of transcendental entire
or meromorphic maps satisfying the conditions (a)—(b). In particular, for bounded
periodic attracting basins of transcendental entire maps we obtain a generalization of
the mentioned above result from [1]. However, the case of unbounded basins is our
primary area of interest.

We remark that an attracting basin U satisfying the hypotheses of Theorem A
necessarily fulfils some properties, as described in the following proposition.

Proposition 1.3 Under the hypotheses of Theorem A, the following hold.

(a) The degree of f on U is finite.

(b) U contains only a finite number of critical points of f.

(c) Every post-critical point of f in U has a finite orbit.

(d) Every asymptotic curve of an asymptotic value v € U is eventually contained in
C\U. R

(e) f maps U onto the closure of U in C. In particular, f has a pole in dU.

Following the classical ideas explained above, which were used for proving local
connectivity for several classes of rational and entire maps (see [1, 14, 18, 41]), the
proof of Theorem A is based on a construction of a conformal metric d ¢ with suitable
expanding properties on a part of U close to dU. This is described in the following
theorem.

Theorem B Let U be an invariant simply connected attracting basin of a meromorphic

map f:C — C satisfying the assumptions of Theorem A. Then there exists a simply
connected domain A C U with A C U, such that for every compact set K C U one
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can find a conformal metric d¢ = ¢|dz| on U\A and numbers b, € (0, 1), n € N,
such that y_"p2 | by < oo and

1
1" @l > .

n

foreveryz € U\A andn € Nwith f(z), ..., f*1(z) e U\A, f"(z) € K\A.

The domain A in Theorem B is defined as a sufficiently large absorbing domain
in U, such that f(A) C A. Like in the references mentioned above, the metric d¢
is constructed by ‘patching up’ the orbifold metric on a suitable part of U with a
‘parabolic’ metric IZ—‘ZI% for some o pqr € [0, 1) on repelling petals of parabolic
points p € dU. In our setting, however, we need to add a new element to this puzzle,
namely a petal metric which we use in the unbounded parts of U. To this aim, we
prove that the map on a repelling petal at infinity has suitable expanding properties
with respect to a metric |Z|‘”ffo‘o for some oo, > 1. This result (Theorem 4.7) can be of

independent interest and we hope it may be used in a much wider setting. The metric

d 5 on the unbounded parts of U is defined as a suitable modification of the metric
|dz]

[z]%o0

Theorem B follows from a much more general result, Theorem 5.1, formulated in
a more abstract setting. The reason for this generality, which undoubtedly increases
the technical difficulties of the proof, is the goal of further applications to other types
of Fatou components (parabolic basins and Baker domains).

Theorem A has already a number of applications, mostly among transcendental
Newton maps (for which all the Fatou components are simply connected, as proved in
[5]). For example, most of Newton’s methods for trigonometric polynomials studied
in [7] have infinitely many unbounded attracting basins satisfying the hypotheses of
Theorem A.

We believe that in the setting of meromorphic maps, where infinity is no longer
an omitted value, the local connectivity of Julia sets is a much more common phe-
nomenon, even in the presence of unbounded Fatou components, as long as they satisfy
the hypotheses of Theorem A. To show some evidence for this statement, we present
an example of a transcendental meromorphic map with infinitely many unbounded
basins of attraction, whose Julia set is locally connected (see Fig. 2).

Theorem C Let f(z) = z — tanz, Newton’s method for g(z) = sinz. Then J(f) is
locally connected.

This provides the first non-trivial example of a locally connected Julia set of a tran-
scendental meromorphic map f outside class B, with an infinite number of unbounded
Fatou components.

The structure of the paper is as follows. After preliminaries in Sect. 2 and a descrip-
tion of the dynamics of f on attracting and repelling petals of parabolic periodic points,
presented in Sect. 3, in the subsequent Sect. 4 we define attracting/repelling petals of
f at infinity (Definition 4.1) and prove their contracting/expanding properties (Theo-
rem 4.7). The metric d ¢ is constructed in Sect. 5 (Theorem 5.1). Since the construction
is quite involved, we split it into several parts, presented in Sects. 5.1-5.4, providing
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Fig.2 Left: The dynamical plane of the map f(z) = z — tan z, showing the invariant attracting basins Uy,
k € Z. Right: A zoom of the dynamical plane near a pole py

a short summary of the proof at the beginning of the section. Proposition 1.3 and
Theorem B are proved in Sect. 6, while the proof of Theorem A is presented in Sect. 7.
Finally, in Sect. 8 we prove Theorem C.

2 Preliminaries
2.1 Notation

By A, int A and 9 A we denote, respectively, the closure, interior and boundary in C of
aset A C C. By conv A we denote the convex hull of aset A. For A C Candz € C
we write A +7 = {a 4+ z : a € A}. We write Acc(A) for the set of accumulation
points of A in C. By C=cCu {oo} we denote the Riemann sphere with the standard
topology. We write D(z, 7) for the Euclidean disc in C of radius r and center z, while
D is the open unit disc in C. The Euclidean diameter of a set A C C is denoted by
diam A, and area of a measurable set A C C by area A. We set N = {1, 2,...}. R

Let F: V' — V be a meromorphic map on a domain V' C C into aset V C C.
For z € V' we set Orb(z) = {F"(z) : n > 0}, neglecting the cases when F" is not
defined. By Crit(F) we denote the set of critical points of F' (we do not treat multiple
poles as critical points). The points F(z) for z € Crit(F) are critical values of F. A
point v € V is an asymprotic value of F if there exists a curve y : [0, +00) — V'
such that y (1) ——— V' and F(y (1)) —> v.

t——+400 t——+400

We denote by Sing(F) the singular set of F, i.e. the set of finite singularities of the
inverse function F~! (the critical and asymptotic values of F and their accumulation
points in V). The post-singular set of F is defined as

P(F) = | F"(Sing(F)),
n=0
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neglecting the cases when F” is not defined. We also define the post-critical and
post-asymptotic set of F as

Perir (F) = {F"(v) : v is a critical value of F, n > 0},
Pasym (F) = {F"(v) : v is an asymptotic value of F, n > 0},

again neglecting the cases when F” is not defined.

For zg € V' we denote by deg, F' the local degree of F at zo, i.e. the positive
integer d such that F(z) = F(zo) + a(z — 20)¢ + -+ fora # 0if F(z9) € C, and
F(z) =a(z—z0) ¢+ --- fora # 0if F(z9) = o0.

2.2 Conformal metrics

By a conformal metric on an open set V C C we mean a Riemannian metric of
the form dp(z) = p(z)|dz| for a positive continuous function p on V, where |dz|
denotes the standard (Euclidean) metric in C. On each component V of V, the distance
between points z1, zp with respect to this metric, denoted dist,(z1, z2), is defined as
the infimum of the lengths of piecewise C!-curves y joining z; and z, within this
component, counted with respect to the metric dp and denoted by length ,(y), where

length, y = / p(2)dz].
Y

The diameter of a set A C V with respect to d p is defined as
diam, A = sup{dist,(z1, 22) : 21, 22 € A},

while D, (z, r) denotes the disc of center z € V and radius r > 0 with respect to dp.
The area of a measurable set A C V with respect to d p is denoted by

area,, A =/A(p(z))2|dz|2-

If V. C Cis a hyperbolic domain (i.e. a domain such that C\ V contains at least two
points), then we denote by doy the hyperbolic metric in V (see e.g. [14]).
The standard spherical metric is defined as

2
dospp = ospn(2)|dz| = Tmﬂdﬂ-

for z € C. Note that do,;, extends to a Riemannian metric on the Riemann sphere C
by the use of the coordinates z > 1/z near infinity. For simplicity, we write dist;p,
diamyy,, areasp, and Dypy(z, 1) for the spherical distance, diameter, area and disc,
respectively.
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The derivative of a holomorphic map F with respect to the metric dp on V is equal
to

PG, = %| ‘O,

provided F is defined in a neighbourhood of a point z € VN F~!(V). For the spherical
metric we use the symbol | F’(z)|p instead of |F’ (@) loypn-

We say that a holomorphic map F is locally contracting (resp. locally expand-
ing) with respect to the metric dp onaset V. C V N F~YV) if [F'(2)], < 1
(resp. |F'(2)|, > 1) for every z € V'. We also say that in this case the metric dp is
locally contracting/expanding with respect to F.

We will use the following version of the Koebe distortion theorem for the spherical
metric (for the proof see [11, p. 1170]).

Theorem 2.1 (Spherical Koebe distortion theorem) Let 0 < r1, rz < diamgpy, C. Then
there exists ¢ > 0 depending only on ry, ra, such that for every spherical disc D =

Dspi(z, r) and every univalent holomorphic map F: D — C with 7 € (C r >0,
dlamsph D < ry and dlamsph((C\F(D)) >, if 21,22 € Dsph(Z Ar) for some
0 <A < 1, then

|F/(Zl)|sph < c
[F'(z2)|spn — (1 =2)%

2.3 Orbifolds

We recall some facts about hyperbolic orbifolds (for details, see [32, Sect. 19]). Let
V C C be a hyperbolic domain. A hyperbolic orbifold over V is a pair (V, v), where
v: V. — Nis a function such that the set of points z € V with v(z) > 1 has no
accumulation points in V. Every orbifold (V, v) has a universal branched covering,
i.e. a holomorphic map v : D — V onto V, such that

deg, m =v(w(u)) foru eD. @))
(see e.g. [32, Theorem E.1]). This implies that the Riemannian metric

dp = pldz| = m.(dop).

which is the push-forward under 7 of the hyperbolic metric dop on D, is well-defined
on V\{z : v(z) > 1} (if v(z) = 1, then different points in 7~ 1(z) are related via
automorphisms of D, so the metric is independent of the choice of a point in the fiber).
The metric dp is called the orbifold metric. Note that if v(z) = 1 for every z € V,
then the map 7 is a universal covering of V and dp is equal to the hyperbolic metric
doyonV.
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Ifv(zg) > 1 for some zg € V, then dp has a singularity at zo. More precisely, there
exist constants ¢y, ¢ > 0 such that

C1 2
PP I A PRI Ve

(@)

for z in some punctured neighbourhood of zg (see [30, p. 183, Appendix A]). Note
also that we have

p=ov on V\{z:v(z)> 1} 3)

This holds due to the fact that the identity map V — V defines a holomorphic
orbifold map! from (V, v) to the orbifold (V, ) with ¥ = 1 and the orbifold metric
equal to doy, so (3) follows from the Schwarz—Pick orbifold lemma (see e.g. [30,
Theorem A.3]).

2.4 Logarithmically convex functions

Recall thatafunctiong: (a, b) — Ry, fora, b € RU{*o0},islogarithmically convex,
if In g is convex. We will use the following facts on non-increasing logarithmically
convex functions.

Lemma 2.2 Let g: (tg, +00) — R, for some ty € R be a non-increasing logarith-
mically convex function. Define inductively a sequence t, € (ty, +00), n € N, by
choosing some t1 € (ty, +00) and setting

i1 =ty + 8(ty)

forn € N. Then:

(a) the sequence (tn)f;il is increasing and converges to 400 as n — 00,

o

(b) the sequence (t”t+l ) is decreasing for sufficiently large n and converges to 1
n p—

asn — 0o, n=l

(c) the sequence (5,12 (’"H))OO

2() In=1 is non-decreasing and converges to 1 as n — oo.
) I n=

Proof Since g is positive, we have f,41 > t,. Note also that g is convex and hence
continuous on (fy, +00). This implies t, — +400 as n — 00, because otherwise
t, — t forsomet € Rand g(f) = lim,_, 00 g(t,) = lim;, 0o (fy11 — 1) = 0, which
contradicts the fact that g is positive. This shows (a).

As t,, increases to +o00, we have t,, > 0 for sufficiently large n. For such n, since g
is positive and non-increasing, the sequence %’l) is decreasing, so the sequence

Ih+1 — 14+ g(ty)

In In

LA holomorphic orbifold map ¢ between orbifolds (V, v) and (V, D) is a holomorphic map ¢: V — V,
for which v(z) deg, ¢ is divisible by V(¢ (z)) forz € V.
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is decreasing. Moreover, the sequence g(#,) is bounded, since g is positive and non-
increasing, while t, — 400 by (a). Hence, %{”) — 0, so t”t—tl — 1, which ends the
proof of (b).

To show (c), note that as g is non-increasing, we have

1 —h = g(tn) = g(tn—l) =1t — -1,

th—1+tn+1
2

which gives < t,. Consequently, setting 7 = In g, we obtain

h(tn—l) +h([n+1) th—1 +tn+l
: > n( : ) = hw),

since & is convex and non-increasing. This implies
h(tn1) — h(tn) = h(ty) — h(ta-1),
so the sequence

g(tn+]) — eh(tn+1)—h(tn)
g(tn)

g(tn-H)
g(tn)

some 0 < g < 1.If ¢ < 1, then for large n we have

is non-decreasing. As < 1, as remarked above, it follows that % — ¢ for

g(tn+1)
g(ty) _
g < 1,80 Y 07 (tag1 — 1) = Y e &(1y) < 00 and, consequently, #, — 7 for some

7 € R, which is impossible by (a). Hence,

< ¢’ for some constant

g(tht1)
g(ty)

— 1.

This ends the proof of (c). O

3 Attracting and repelling petals at parabolic periodic points
Definition 3.1 (Artracting/repelling petal at a parabolic fixed point) Let p € C be a

parabolic fixed point of multiplier 1 and order d € N of a holomorphic map G defined
near p. Then G has the form

G@)=z+aiz—p)it+...

for z near p, where a € C\{0}. By an attracting petal of G at p we mean a simply
connected domain P contained in a small neighbourhood of p, such that p € 9P,
G(P) C PU{p}and (72, G"(P) = .
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A simply connected domain P C C is a repelling petal of a holomorphic map F
at its parabolic fixed point p of multiplier 1, if F(P) is an attracting petal at p of a
branch G of F~! with G(p) = p (which is well-defined near p).>

Forpe C,d e N,a e C\{0},¢6,6 >0and j € {0,...,2d — 1} let
Uj(e,8) = {z € C\{p} : Arg(z — p) € (0; — 8,0, +6), |z — p| <&},

where

—_A i
0; = +g(a) + nd_] for odd (resp. even) j € Z.

The facts described in the following proposition are well-known, see e.g. [14,
Chapter I1.5], [32, Sect. 10].

Proposition 3.2 Let p € C be a parabolic fixed point of multiplier 1 and order d € N
of a holomorphic map f defined near p.

(a) Foreverye,§ > 0andacompact set K contained in an attracting (resp. repelling)
petal of f at p, there exist an odd (resp. even) integer j € {0, ...,2d — 1} and
no € N such that f"(K) C Uj(e, 8) (resp. (f~H"(K) c Uj(e, d)) for every
n = nop.

(b) There exist d attracting (vesp. repelling) petals P; with Jordan boundaries, of
the map f at p, for odd (vesp. even) integers j € {0, ...,2d — 1}, such that P;
(resp. f(P))) are pairwise disjoint, and for every § € (0, %) one can find ¢ > 0
with Uj(e,8) C f(Pj) C Pj C Uj(e, %) (resp. Uj(e,8) C P; C f(Pj) C
Uj(e, 7).

See Fig. 3.

Proposition 3.3 Let P be an attracting petal of a holomorphic map G at a parabolic
fixed point p of multiplier 1 and order d. Then the following hold.

(a) G is univalent on P.

() G*"(z) > pasn — oo forz € P.

(c) For every compact set K C P and § > 0 there exist c1,cy > 0 and ng > 0, such
that for every z € | J,2,,, G"(K),

cilz — pl*t! < G(2) — zl < ealz — pI*TY, | Arg(G(z) — 2) — Arg(p — 2)| < 8.

Proof The assertions (a)—(b) follow directly from the definition of an attracting petal
at a parabolic fixed point and the Schwarz—Pick lemma. To show (c), note that by
Proposition 3.2(c), for sufficiently large ng we have G"(K) C Uj(e, §) for every

n > no, where j € {0, ...,2d — 1} is an odd integer and ¢, § > O can be chosen to be
arbitrarily small. Hence, the assertion follows directly from the properties of G and
Uj(e, d). O

2 There are several variants of definitions of attracting and repelling petals at parabolic fixed points, which
differ in details (see e.g. [32, Definition 10.6] and the discussion afterwards).
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04 05

Fig. 3 Attracting and repelling petals of a holomorphic map at a parabolic fixed point p, with d = 3 and
a=1

Remark 3.4 Note that by elementary geometry, Proposition 3.3 implies that for every
compact set K C P there exist ¢ > 0 and ng > 0 such that

IG@) —pl<lz=pl.  [2=G6@)|=c(z=pl=1G@) —pD

forevery z € [ J°2 G"(K).

n=no

Near a parabolic fixed (or periodic) point p € C we consider a family of conformal
metrics in C\{p} given by

|dz|

doy oy = 0p o()|dz| = ———, o €[0,1).
pa = 0paOldzl = [0. 1)

Note that for « = 0 the metric coincides with the Euclidean one. Now we show that
these metrics are locally contracting (resp. expanding) in attracting (resp. repelling)
petals at a parabolic fixed point of multiplier 1.

Proposition 3.5 (Contraction properties in attracting petals at parabolic fixed points)
Let P be an attracting petal of a holomorphic map G at a parabolic fixed point p of
multiplier 1 and order d € N, let K C P be a compact set and let a € [0, 1), € > 0.
Then there exists no € N such that for every m > ng one can find a sequence (am,n)5-

I a a,
of positive numbers, such that 3 7 g amn < 00, amo = 1, 2 = i for
m,n m+1,n—
a, a
neN 1> ZL“>%> 1 —¢forn € Nand
m,n—

(G") (Dloyy < amn foreveryz e G"(K), n €N.
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Proof Suppose G(z) = z+a(z — p)**T! + - for z near p, where a € C\{0} and let
P be an attracting petal of G at p. Take a compact set K C P. By Proposition 3.2(c),
for sufficiently large noy we have GKK) c U (e, %) for every k > ng, where j €
{0,...,2d — 1} is an odd integer and ¢, 6 > 0 can be chosen to be arbitrarily small.
Then for w € K and k > ng, we have Arg(a(Gk(w) — p)d) €(m—48,m+96),s0

'k _1GKw) — pl¥I1 + (d + Da(G*(w) — p)? + - |
|G(G (w))|0p,a - |Gk(w) —p +a(Gk(w) _ p)d+1 4|
=1+ d+1—waGw)—p)+-|
<1 - BlallG*(w) - pl*,

where 8 € (d, d+1—«) is a fixed number, ng is chosen sufficiently large and ¢, § > 0
are chosen sufficiently small. Fix a number b € (1, g). By [32, Lemma 10.1], the

sequence k|G* — p|? converges uniformly on K to ﬁ as k — 00, so
b
G w) = pl? > ——.
Blalk

if ng is chosen sufficiently large. Hence,
b
GG oy, <17

for w € K and k > ng. For m > ng define a,,,0 = 1 and

m+n—1
b

ann= 1 (1=7)

k=m
forn € N. Then for z € G™(K) and n € N, taking w € G (z) N K we have

m+n—1

G @lope = [] GG WDloyy < dmn-

k=m
By definition, a,,;, , > 0 and, forn € N,

b

m+n—1 2m

Amn < e_bzl\:m 17k < 1
(n+m)

if ng is chosen sufficiently large, so the series Y oo am n is convergent, as b > 1.
Furthermore,

am,n+1 1 — b
Ay n—+m
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for n > 0, which implies

Am,n+1 Am+1,n
= , 1>

Am.n Am+1,n—1 Am,n Am,n—1

Am,n+1 Am,n
—_— > 1 — &

for n € N, if ng is chosen sufficiently large. O

Finally, we describe attracting and repelling petals at arbitrary parabolic periodic
points.

Definition 3.6 (Cycle of attracting/repelling petals at a parabolic periodic point) Let
p be a parabolic fixed point of multiplier 1 of £, for a holomorphic map f and ¢ € N,
and let P be an attracting (resp. repelling) petal of £ at p. By a cycle of length £ € N
of attracting (resp. repelling) petals of [ at p generated by P we mean a pairwise
disjoint union P U f(P)U...U f=1(P) (resp. f(P)U...U fE(P)).

Suppose p € C is a parabolic periodic point of (minimal) period ¢ € N of a
(nonlinear) holomorphic map f. Then f7 near p has the form

@) =p+enz—p +-

for some k € Z and (minimal) m € N, and p is a parabolic fixed point of the
map f¢, where £ = gm, of multiplier 1 and order d for some d € N. In this case
Proposition 3.2(b) implies the following.

Proposition 3.7 (Attracting/repelling petals at a parabolic periodic point) There exist
d attracting (resp. repelling) petals P; with Jordan boundaries, of the map f tar
D, where £ = gm, for odd (resp. even) integers j € {0, ...,2d — 1}, such that P;
(resp. fZ(Pj)) are pairwise disjoint, and for every § € (0, %) one can find ¢ > 0 with
Uj(e,8) C fY(P;)) C P; C Uje, Z) (resp. Uj(e,8) C Pj C FYP) C U, ).
Furthermore, d is a multiple of m and the set Uj(Pj Uf(PHU...U fq_l(Pj)) is
contained in a disjoint union of % cycles of length £ of attracting (resp. repelling)
petals of f at p, generated, respectively, by % petals Pj.

For details, see e.g. [14].

4 Attracting and repelling petals at infinity

In analogy to the properties of attracting/repelling petals at parabolic fixed points
described in Proposition 3.3, we introduce a notion of attracting/repelling petals at
infinity of holomorphic maps defined on unbounded domains.

Definition 4.1 (Attracting/repelling petal at infinity) Let P C C be an unbounded
simply connected domain and let G: P — C be a holomorphic map extending to a
continuous map from P into C. We call the domain P an attracting petal of G at
infinity, if
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0

Fig.4 Location of G(z) with respect to z in an attracting petal of G at infinity

(@ G(P) C P,

(b) (V29 G"(P) =9,

(c) for every compact set K C P there exist c;,c2 > 0,0 <8 < F,np € Nand a
non-increasing logarithmically convex function g: (#9, +00) — R, #p > 0, with
{lzl : z € Up2,, G"(K)} C (to, +00), such that

c1g8(lz]) < 1G(@) —z|l < c2g(lz),  |Arg(G(z) —z) — Arg(z)| < 6
for z € ,2,,, G"(K).
See Fig. 4.

An unbounded simply connected domain P C C is a repelling petal at infinity of
a holomorphic map F: P — C, if F is univalent and F(P) is an attracting petal at
infinity of the map G = F~1.

We also say that P is an attracting/repelling petal at the point p = oo.

Remark 4.2 Typical examples of logarithmically convex functions g which can be
used in Definition 4.1(c) are:

gy =1,

1
g(t) == t_“’ a > 07
g(t)=€a/[b, a,b >0,
g(t):e_‘”b, a>0,0<b<l.

Analogously to the properties described in Remark 3.4, the following hold.
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Proposition4.3 Let P C C be an attracting petal at infinity of a map G. Then the
following hold.

(@ G"(z) > ocoasn —> ooforz e P.
(b) For every compact set K C P there exist c > 0 and ng > 0 such that

Izl <1G@)| = lzl +¢,  [G(2) =z = c(IG()] = |z]).

forevery z € U2, G"(K).

Proof The statement (a) and the second estimate in (b) follow directly from Defini-
tion 4.1 and elementary geometry. Together with the fact that g is non-increasing, this
implies |z| < |G(z)| < |z| + ¢ for a suitable ¢ > 0. O

Examples of attracting and repelling petals at infinity are presented in the following
proposition.

Proposition 4.4 Let
Vi(r,8,d,a) ={z € C:Argz) € 0; — 5,0, +6), |z| > r},

wherer,§ >0, j €{0,...,2d — 1}, d € N, and

_Arg@) | )
d + d

0; =

for a € C\{0}. Suppose P C C is an unbounded simply connected domain and
G: P — P is a holomorphic map extending continuously to P, such that G(P) C
P C Vi(r,8,d,a) for some 0 < § < 7, alarge number r > 0 and an even integer
j€{0,...,2d — 1}, where

1
|Z|d_1

a
G(z):Z+Zd_l+o< ) for z€ P as|z| - oo.

Then P is an attracting petal of G at infinity.

Analogously, if F: P — C is a univalent map such that F~' extends continuously
to F(P)and P C F(P) C Vi(r,$8,d, a) for some 0 < § < %, a large numberr > 0
and an odd integer j € {0, ...,2d — 1}, where

a 1
F(Z):Z‘f‘zd—_l“r‘0<|z|ﬁ> for z € P as|z| — oo,

then P is a repelling petal of F at infinity.
Proof We proceed as in the case of parabolic fixed points (see e.g. [14, Chapter 11.5]).

Consider first the case d = a = 1. Then, given a compact set K C P, we have
K Cc W(r,é,d,a), where 0 < § < 7 and
Gi)=z+1+0() forze P as|z|] —> oo.
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Assuming r sufficiently large, we see that K C V', where
V' ={zeC\[r'}: Arg(z — 1) € (¢, 8")}

foralarger’ > 0and$ < 8’ < . ThenRe(G(z)) > Re(z)+% and | Arg(G(z)—z2)| <
min(8’, £) forz € PN V'. This implies that G(P N V') C PNV’ and, consequently,
there exists ng € N such that G (K) C Vy(r, %) for every n > ng. Consequently,

| Arg(G(z) — 2) — Arg(2)| < g for z € G"(K)

for every n > ng by the definition of Vy(r, %). This proves the second condition from
Definition 4.1(c). Taking g(t) = zd%l’ we immediately obtain the first condition.
The case a # 1, d = 1 can be reduced to the previous one by a linear change
of coordinates w = %. In the case d > 1, a change of coordinates w = bz¢ on
Vi(r,8,d, a) for a suitable b € C reduces it to the case d = 1.
To deal with the case of a repelling petal, it is sufficient to note that if F is univalent
with

a 1
F(z)=z+ s +o0 2T

onPCPcC F(P) C Vj(r,d,d, a) for an odd integer j € {0, ..., 2d — 1}, then

1 a 1
G()=F (Z):Z_Zd_—l+0 W

on F(P) C Vi(r,8,d,a) = Vy(r,8,d, —a), where j' = j £ 1is an even integer in
{0,...,2d — 1}. O

In particular, Proposition 4.4 provides the following example, which will be
considered in detail in Sect. 8.

Example 4.5 Let f(z) = z — tan z, Newton’s method for sin z. Then the half-planes
Py = {z € C: £Im(z) > M} for sufficiently large M > 0 are repelling petals of f
at infinity.

In the further considerations, we will use the following lemma.

Lemma4.6 Let P C C be an attracting petal at infinity of a map G. Consider a
function g from Definition 4.1 for a compact set K C P and let (t,)32, be the
sequence defined in Lemma 2.2. Then there exists M € N such that for every z € K
andn € N,

(a) the interval [t,, ty+1] contains less than M numbers |Gk @, k=0,
(b) the interval conv{|G"(2)|, |G" 1 (2)|} contains less than M numbers ti, k > 1.
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Proof Take ng satisfying the conditions of Definition 4.1 and Proposition 4.3, chosen
for the set K. To show (a), suppose [?,, f,+1] contains N numbers |Gk(z)|, k>0,
for some z € K and N > ng + 1. Then [#,, t,41] contains at least N — ng numbers
|Gk (2)|, k = ng, so by Definition 4.1 and Proposition 4.3, there exist kg > ng and
¢ > 0 such that

ki ko+N—ng—1
th < |G ()| < - < |G ()| < 14y
and

g(ty) =ty — ty > |GROTN=10=L ()| —|GHo(g))
= |GRoTN=m0=1 ()| — |G N=0=2 ()| . |GR T (2)] — |GR ()
> c(g(IGRTNT2 () + -+ g(IGR (D)) = ¢(N — np — Dg(tas1),

g(tut1) 1 gltut1)
SO g(t:) e By Lemma 2.2, the sequence g(—t:;) is bounded from below

by a positive constant, which implies that N is bounded from above by some M > 0
independent of n € N.

To show (b), note that by Definition 4.1 and Proposition 4.3, there exists ¢ > 0
such that g(|G"(2)]) = c(|G"t1(z)| — |G"(2)]) for every z € K and n > ny. Let

1
=1 e
Since ¢ < 1 and the sequence % converges to 1 by Lemma 2.2, we can find
ko € N such
1,
g(tk+1) . for k > ko.
8(t%)

Suppose conv{|G"(z)|, |G"*!(z)|} contains N numbers 7, k > 1, for some z € K
and alarge N > ng. Since G" (K) is bounded and #; — o0 as k — 0o, we can assume
n > ng and |G"(z)| > tx,. Then by Definition 4.1, Proposition 4.3 and the fact that

% is non-decreasing by Lemma 2.2,

the sequence
1
fy <1G"@)| < tig1 < - < tigrn < 1G"T (@)

and

g(tey) = 8(1G" (D))
> c(IG™ (@) = 1G" (@) = c(tkgsn — tky+1)
= c(tkg+N — tkg+N—1 + =+ + thg+2 — tig+1)
= c(g(tkg+1) + - - + 8trg+N—-1))
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Consequently, we have

q _1! . 8(tko+1) T 8(tko+N-1)
2(1—-q) ¢ g (try) 8 (ko)
_ 8e+1) | 8Uk+1)  8(tkytN-1)
g(tko) g(tko) g(tk0+N—2)
o 80kt (g(tko+1))N*1
8 (tky) 8 (k)
1— N-1
l—g
Hence,
1
N-1 o L
q =5
SO
In2
N<—+41
Ing

]

Analogously to the case of petals at parabolic fixed points, we consider a family of
conformal metrics given by

d
doy = 04(2)|dz| = ﬂ a>1,

lz]*’

for z € C near infinity, which have some contracting (resp. expanding) property inside
attracting (resp. repelling) petals at infinity.

The following theorem, showing the contracting/expanding properties of the metric
oy on attracting/repelling petals at infinity, is one of the main tools used to prove the
local connectivity of the boundaries of the Fatou components considered in this paper.

Theorem 4.7 (Contraction properties in attracting petals at infinity) Let P be an
attracting petal at infinity of a map G, let K C P be a compact set and let
o > 1, & > 0. Then there exist A > 0 and ny € N such that for every m > ng
there is a sequence (ay n),; such that 0 < ap, < A, Z,ﬁlam,n < 00, with
| > dmntl > Ama o | ¢ forn > 1, and

dman — dmn—1
(G (2)|o, < amn foreveryz € G™(K), n€N.

Proof Take a compact set K C P. By Cowen’s Theorem [15, Theorem 3.2] (see also
[6, Theorem 2.7]), there exist a holomorphic map ¥: P — Q (where Q C C is an
open horizontal strip, an open upper or lower half-plane or the plane) and a domain
V C P, such that:
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(1) ¥(GQ@) =y() +1forz e P,
(i) ¢ is univalenton V,
(iii) for every compact set K| C P there exists n; € N such that G"(K) C V for
n=ni,
@iv) for every compact set K» C 2 there exists no € N such that K> +n C ¥ (V)
forn > ny.

By (iii), we can choose n| € N such that G (K) C V for m > nj. Note that by (i)
and the definition of €2,

L = conv(y(G" (K) U G (K))) = conv(y(G" (K)) U (¥ (G" (K)) + 1))

is a compact subset of €2, and so is the set K» = UweL D(w, §) for a small § > 0.
Therefore, by (i) and (iv), there exists ng > n such that

U{]D)(w, g): w e conv(Y (G (K)UG™ N K)))) = Ka+m
+n—ny C Y (V) “)

for m > ng and n > 0. Enlarging ng, we can assume that the properties listed in
Definition 4.1 and Proposition 4.3 hold for every z € | J0~_  G™(K).

m=ng
Choose a point zg € K and let
21 =G'(z0) € G'(K)
for ! > ng. Consider
ze€ G™(K) form > no.

This notation will be used throughout the subsequent part of the proof. O
Convention

By ¢, c1, . .. we denote constants independent of z € G™(K), m > ng and n > 0.

Moreover, we write g, ,(z) < hy ,(2) if

1 &m.n(2)
< — <

c hm,n (2)
for a constant ¢ > 0 independent of z € G (K), m > ngandn > 0.
By (4) and the Koebe Distortion Theorem, ¥~ is defined on conv(y (G™*"(K) U

G™t+1(K))) with distortion bounded by a constant independent of m > ng, n > 0.
In particular,

1Y (G" @) = 1Y @msn)] ®)
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forn > 0. Moreover, by (4), the bounded distortion of 1 ~! and the fact ¥ (G (z)) —
¥ (G"(z)) = 1, we obtain

_
¥/ G|

Let w € G"(K) be such that z = G"™ " (w). By (6), Proposition 4.3 and the
compactness of G0 (K),

(6)

1
IG" 1 (2) = G"(D)| X |zm4nt+1 — Zmtnl <

|Zm+n| =< |Zm+n - Zm+n—l| +---+ |Zn0+l - Znol + |Zn0|
< c1(JG™TT (w) — GO ()| - |G (w) — w4 |w])
2 (IG™ "0 (w)| — |G ()| - |G (w)| — [w] + |wl)

|G ()| = 3]G (2)]

IA

for constants c1, ¢ > 0. Analogously,

IG" (2)| = |G "0 (w)|
< |G () — GO w) 4 -+ |G (w) — w] + [l
< c3(zmtn — Zman—11+ -+ |Zng+1 — Zngl + 12ne )
< callzmn| = lZmtn—11 + -+« + [Zng+1] — 12Zno| + |2ng1) = calzmnl

for constants c¢3, ¢4 > 0. We conclude

|G"(2)] < |zm+nl- @)
Furthermore, by (i),
_ 1Y’ (2)]
Gn /! — /! 1/ = —
(G")Y @D =¥ @I ) (¥ (z) +n)l [ (G"(2))]
_ 1V (zm)]
Gn ! m)| = ' .m ty m = ’
(6" )l = 1 @ 1™ )+ ] = =

which together with (5) and (6) gives

|Gn+1(Z) - G"(2)| - |Zmn+t1 — Zmtnl

G"Y ()| < (G™Y (zm)] < = 8
(G") @] = 1(G" (zm)] GO E— ®)
Fix o > 1. Using (7) and (8) we obtain
¢ Gn ! m ¢ m—+n — Am+n
(G Dl = lZFIG @1 _ Jzml®zmant1 — Zmenl ©)

= (5
|G (2)|« |Zmn ¥ Zma1 — Zml

for n € N and some constant ¢s5 > 0 (note that the metric o, is well-defined at
z and G"(z) if ng is chosen sufficiently large). Consider now the function g from
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Definition 4.1 for the set K, and the sequence (¢ )?‘;1 defined in Lemma 2.2. Enlarging
no if necessary, we can assume #; < |z,,|. Note that the sequence |z;|, [ > no, is
increasing by Proposition 4.3.

Let

go=max{j e N:t; <|zyl}, [=no.
By definition,
t, <zl <tj+1 (10)

and the sequence ( jl)fino (and also (tj,)fino) is non-decreasing. Choosing ng
sufficiently large, we can assume ¢ g > 0 and, by Lemma 2.2,

I A g 1> 8(j+1) . 8(t))
lj+1 1j g(tj) — gltj-1)

(1)

for j > ju, — 1 and a constant g € (0, 1) arbitrarily close to 1.
Let m > ng, n € N. Note that Lemma 4.6 implies that there exists an integer
M > 1, such that

. . n+1 ) n—2
]m+n2]m+__12]m+\‘ J_L (12)
M
Using consecutively (9), Definition 4.1, (10), (11) and (12), we obtain

o .
|Zm|ag(|zm+n|) - tjm+lg(t.1m+n)

6
|Zmn|*gzm]) t;tm+ng(tjm+l)

I(G™) @le, < ¢

a ) « X e
tjm 8 (t]ern ) < t]m g (tJm‘H.szJ_] )

o — =01 :
Grn8 i) 12y 18 i)
for some constants cg, ¢7 > 0, so that
(G™) (D)o < m.n (13)

for n € N, where

t.gng(tjm‘H_nTj[zJ*])

o . ‘
tjm+L%J_1g(t]m)

am,n = C7
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Note that by definition,

15 8(tj,—2)

am.1 = C7 )
1 _»8(,)
o (14)
~ ~ tjmg(tjm‘l’k*l)
am kM+r = Am,(+D)M+1 = 15 ————— fork >0, r e {2,..., M + 1},
1 i—18 (i)
so by (11),
am,1 > Gp2 ="+ =0u M+l > AuM+2 = = Au2M41 > -
and
0< am,n =< &m,l <A
for
c7
A= ———.
qz(a+l)
Moreover, (14) and (11) imply
m, (k+1)M+1 Qm kM1 atl
1> — > = > (15)
Am, kM~+1 am,(k—1)M+1
for k € N and
~ ~ [ 8j,) &(tj,+k—1)
am1 + -+ am k+HM+1 =7 + oM ——— i J x 47
(tjm ],,, t m+k—1
oM g(tj t
<o+ 92 7 j,,, B g( /2+k 1)
q% g(t,m 15 vk
—et M L fjm+1 ln oy Ltk = Ltk
q g(tjm t}?fu"'k
M 15 /’/mﬂ dt /fw dt
_|_ P
q g(t/”’ Ljm Ljm+k—1 ta
_ C7M t? Ljm +k dl‘ C7M l;?[
q* 8@;,) Ji q“ g(;,) Ji

for k € N. Hence,

00
E am.p < 00.
n=1
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For m > nq define a sequence (a,,,)5- | setting

s—1
am,(k+1)M+1> M

am kM+s = am,kM+1 < -
Am kM+1

fork > 0,5 e {1,..., M}. By (15),
A, (k-+D)M+1 = Qm, (k+DM+1 < Am kM+s < Qm kM+1 = A kM+1

which implies

00 oo M 00
Za ZZ am kM+s = Mzém,kM-H < 00.
n=1 k=0 s=1 k=0

and (together with (14))
0<amn <amnp < A.
Note that this and (13) imply
I(G™") (Dloy < dm,n

for z € G™(K), m > ng, n € N. Furthermore,

Am kM+s+1 (ﬁm,(k+1)M+1 > M

A kM+s Am kM+1
so by (15),
1> Am,n+1 > am,n > C]UTH
Am,n Am,n—1
for n > 1, where q is arbitrarily close to 1. This ends the proof. O

5 Construction of an expanding metric

The goal of this section is to prove the following result.

Theorem 5.1 (Existence of an expanding metric—general version) Let F: V' — V be
a holomorphic map onto V, where V. C C is a hyperbolic domain and V' is a domain
suchthat V' C V, V' # V.Let W C V be an open set such that ( \eq F " (W) = @
Assume that the following hold.

(a) F has no asymptotic values.
(b) Forevery z € V, we have sup{deg,, F"" : w € F~"(2), n € N} < oo.
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(¢) Perir(F) has no accumulation points in V.
(d) F extends meromorphically to a neighbourhood (in C) of W N F~1(W).
(e) There exist finite collections Lpqr, oo, and sets P, i € Ly, U Ly, such that:

o fori € L,y the set P; is a repelling petal of Fb, for some ¢; € N, at a
parabolic periodic point p; € OW of F, such that P; generates a cycle of
length £; of repelling petals of F at p;, and these cycles are pairwise disjoint
fori € Ipqy,

o fori € Ly, the set P; is a repelling petal of F at infinity, such that W N F (P;)
is disjoint from the union of the cycles of repelling petals generated by Py,
i" € Zpar, and from Uy ez, i Prr.

o WcCVU UieIpm Orb(p;),

o W\(Ujez,,, ULy F (P U i) UUjez,, Pr) is compact,
o Fi(WNP) CWfori €ZLpy and FOW N P) CW fori € In.

Then one can find N € N such that for every compact set K C W\ U; L par Orb(p;)

there exist a conformal metric d¢ = ¢|dz|on WNF~YW)n...n F~N(W) and a
decreasing sequence (by)° | of numbers b, € (0, 1) with 220:1 b, < oo, satisfying

0y 1
I((F") ()]s > by

foreveryz e WNF-Y(W)yn...n F~"*N)(W)n F~(K), n € N. Furthermore, if
W N Perit (F) = 0, then one can choose N = 0.

The construction of the metric d ¢ follows the ideas of [14, 18, 32, 41] in the case of
polynomials and rational maps and [1, 29, 35] in a transcendental context. However,
due to the lack of compactness on unbounded parts of the set W, to estimate |(F")'|.
we must take a different approach than the ones used in the cited references. Since
the proof is rather involved, first we present its general description. A main idea is to
construct a metric ¢ which is uniformly expanding on some compact set in V' and
‘glue’ it with suitable metrics in the union of the cycles of repelling petals at parabolic
points and repelling petals at infinity, such that the derivative of the iterations of F
along a block of length n within this union with respect to this metric is larger than
1/B,, where B, is a term of a converging series and ﬂL:l > % This is described
precisely in the following proposition. For simplicity, here and in the sequel we write

W,=WNF'W)yn...nF7"(W), n>0.

Proposition 5.2 Under the assumptions of Theorem 5.1, one can find N € N such
that for every compact set K C W\ |, T par Orb(p;) there exist a conformal metric

d¢ = ¢ldz| on Wy, a compact set K cC V\ UieIpa,. Orb(p;) containing K, a number

Q > 1 and a decreasing sequence (B,),2, of positive numbers B, satisfying the
following properties:

(@) Y nloBn <00,
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(b) po=1and % > ﬂfil foreveryn € N,

() |[F'|¢ > Qon WN NK,

(d) |(F")’(z)|g foreveryz e (Wy\K)NF~L(WN\K)N...NF~ =D (Wy\K)N
F7"(Wy N K) nelN

Furthermore, if W NP1 (F) = @, then one can choose N = 0.
First, we show how to prove Theorem 5.1 using this proposition.

Proof of Theorem 5.1 assuming Proposition 5.2 Set

1
bn = max (W, ﬂ[n/2J>

Note that b, € (0, 1), the sequence (b,)5°, is decreasing, and Zn 1Bln2) <

2300 Bn < 00,80 Y o2 by < 00. -
Take a Bomt z € Wyyn for some n € N such that F"(z) € K (and hence

F"(z) € K). We can divide the set [0, ...,n — 1] into consecutive disjoint blocks
A1, By, ..., A;, B; of (maximal) lengths (i.e. numbers of elements), respectively,
ki,my, ..., k;, mforsomel € N, suchthatlfs € Ajforsome j,then F¥(z) € WN\K

andifs € B for some j,then F*(z) € WNDK Wehavek1+ +ki+mi+---+m; =
n. We have k j»mj > 0 except for ky and m;, which can be equal to 0.
Let

A(Aj) = |(FRy (FRitmittki-rtmi-t zy)|
A(Bj) — |(ij)/(Fk1+ml+"'+kj—l+mj—l+kj (Z))'g,

where we set A(J) = 1 for an empty block. Then

1
I(F"Y (@) = [] A(AHAB).

j=1
By Proposition 5.2,
1 .
A(Aj) > —, A(Bj) > Q™.
Br;
Hence,

Qm 14ty

F™M(z —_—
FY @le > g

If my +---+m; > 7, then, since Br; < 1, we have

|(Fn)/(Z)|§ > Qm1+m+m1 _ Qn/2 > bi
n
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On the other hand, if my +--- +m; < 5, thenk; +---+k > 5 and

I((F") @)ls > L
* 7 BBy
By Proposition 5.2, for every p,q € N,

Bota Bpta—1  Ba+1 > Pp Pp-i "'&ﬂq = BpbBy-

,3p+q—l :Bp+q—2 ﬁq = ,Bp—l ﬁp—Z Bo

Applying this inductively, we obtain

Bp+qg =

. 1 1 1
[(F)' (D¢ > > > > —.
Bki By~ Britak — Blajzy T ba

We conclude that in both cases [(F") (z)| > bi,,’ which ends the proof. O

The plan to prove Proposition 5.2 is as follows. Since dealing with petals at parabolic
periodic points (instead of fixed ones with multipliers 1) makes the construction sig-
nificantly more complicated in notation, without introducing new ideas into the proof,
we first assume that all the parabolic periodic points p;, i € T4, are fixed under F,
of multipliers 1, and present in Sects. 5.1-5.4 all the details of the proof in this case.

In Sect. 5.1 we introduce notation and describe the dynamics of the map F within
the repelling petals P;. Then, in Sect. 5.2, we show that V has an orbifold structure
(in the sense of Sect. 2.3) and the orbifold metric d p is strictly expanding on compact
sets in V'’ outside the singularities of the metric dp (Lemma 5.5). This part follows a
classical reasoning described e.g. in [32].

In Sect. 5.3 we construct a suitable metric within the repelling petals P;. For a
petal at a parabolic fixed point p; we use the locally expanding metric dop, a,,,, for a
suitable oy, € (0, 1), defined in Sect. 3, and estimates provided by Proposition 3.5.
In the case of a petal P; at infinity we use the metric dog,, for a suitable oo > 1,
introduced in Sect. 4, and estimates given by Theorem 4.7. Note that in this case, to
obtain local expansion of doy_, on suitable parts of P; (Lemma 5.8), we must first
correct the metric by multiplying it by an appropriate real function 4;. In Sect. 5.4,
we define a metric ¢ by gluing previously constructed metrics and show that it has
required properties (Lemmas 5.10 and 5.11).

Finally, in Sect. 5.5, we explain how the construction is modified in the presence
of parabolic periodic points p;,i € Zpqr,in 0W.

Now we provide a detailed proof of Proposition 5.2 along the lines presented above.

5.1 Petal dynamics

As explained above, in Sects. 5.1-5.4 we assume that all the parabolic periodic points
Di» i € Lpyy, are fixed under the map F, of multipliers 1. Note that in this case the
assumption (e’) of Theorem 5.1 has the form

(¢/) There exist finite collections Z, par> Loo, and sets P;, i € Tpar U Too, such that:
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o fori € Z,q, the set P; is a repelling petal of F at a parabolic fixed point
pi € 0W of multiplier 1, such that F'(P;) are pairwise disjoint for i € I,

o fori € Zy, the set P; is a repelling petal of F at infinity, such that W N F(P;)

iidisjoint from Ui’eZpu,. PirUUyrer,, irzi Prrs

W - V U {pi}iEIpu,<,

W\(Uiezpa,(Pi U{pih UlUiez, P,-) is compact,
o FIWNPF)Cc Wiori € Zpg Uly.

[¢]

[¢]

For convenience, setting
I=Tpar Ulo
and
pi =00 for ieZy,
we describe simultaneously the dynamics in repelling petals of F at parabolic fixed

points and at infinity.
By the assumption (e’), the set

Yy =W\ J@ uiph

i€l
is a compact subset of V\{p;};cz. Fix i € Z. By the definition of repelling petals,
denoting a possible holomorphic extension of F to P; by the same symbol, we have
pi ¢ P;, F is univalent on P; and F (P;) is an attracting petal at p; of the map
Gi: F(P) > Pi,  Gi=(Flp)~",
where G} — p;asn — oo, ﬂff:o G!(P;) = { and G; extends continuously toE(P,-)
(see Sect. 3 and Proposition 4.3). Note that in the case i € Z,,, we have p; € P; and
G extends holomorphically to a neighbourhood of p;.
Let
Ki = Gi(Y N F(P)).

See Fig. 5.
By Definition 4.1, the set K; is a compact subset of F (P;). Furthermore,

Ki C P\(Gi(P) U {pi}),
so G;(K;) C m)\(Giz(Pi) U{pi}) C P,-\GI.Z(P,-), which implies
G!"(K)NG*(Ki) =9 for ni,ny =0, |ny —na| > 1. (16)
We will use frequently the following fact.
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Fig.5 The set K;

Lemma5.3 Fori € 7,

WnP\pi} c | GrHK.

n=0
Proof We show inductively
n—1
WP c|JGHk) UG (W F(P)) (17
k=0

for n > 0 (with the convention that a union over an empty set is empty). To do it, note
first that the last part of the assumption (e’) gives W NP c G;(WnN F(P;)), which
shows (17) for n = 0. Suppose now (17) holds for some n > 0. To prove (17) for
n + 1, it is enough to verify

G (W N F(P)) € GNK:i) UG (W N F(P)). (18)

To show (18), note that by the definition of Y, we have

w\y c | J P

i'eT
so,as WN F(P;) N Py =@ fori,i’ € Z,i # i’ by the assumption (),
(WA\Y)NF(P))CcWN P
This together with the last part of the assumption (e’) implies

(WAY) N F(P) C Gi(WNF(P)),
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which gives
WNFWP) CWNYNFWP)UGWNF(P)) CF(Ki) UG (WN F(P))
and, consequently,
G (W N F(P)) € GH(K)UG*(W N F(P)).

This shows (18), completing the inductive proof of (17).
Using (17), we obtain

n—1

WNP C ﬂ (UGk(K)UG”+‘(WmF(P)))

o0

U k(KU ﬂ G (W N F(P)). (19)

n=0

By the definition of attracting petals, we have G;(P;) C P U {p;} and
Mheo G*(P;) = ¥, which implies

o o o
(G WnF@) = ()G WNFWP)) C()GlP)C{pi}-
n=0 n=0 n=0
This together with (19) proves the lemma. O

Fix a number n¢ € N, which is larger than all the numbers ng appearing in Propo-
sition 3.3, Definition 4.1 and Proposition 4.3 suited for the attracting petals F'(P;) of
the map G; at p; and the compact sets K;, i € Z (some other requirements for ng will
be specified later). Let

no—1
Ko=vulJ JWnaGrx.
ieZ n=0

The set I%o is a compact subset of W C V\{piliez,,  ,and so is 812(). Hence, by the

par?
assumption (c) of Theorem 5.1, the set d Ko N Peis (F) consists of a finite number of
points, which are isolated in P,,;; (F'). Consequently, for a sufficiently small eg > 0,

the set

K =KoU U D(z, €o)
2€0KoNPerit (F)

is a compact subset of V\{p;};c7,  satisfying

par
K N Pepir(F) = @. (20)
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By Lemma 5.3,

W\ pitiez,., < |J U Grkn c P @1)

i€Z n=ng i€l
Another useful property of K is described in the following lemma.

Lemma 5.4 Fori € I, there exist a finite number of points z; j € WiNK, jed,
such that F(z; j) = p; and

wnknrF'w\K)clJ PG
i€l jeJ;

for some r > 0, where ID)(zi’j, r) are pairwise disjoint for distinct (i, j), and r can be
assumed to be arbitrarily small if ng is chosen large enough.

Proof First, we show

WﬂkﬂF‘l(W\K)ﬂUPi = . (22)
iel

To prove (22), suppose there exists z € W N KnF! (W\IZ) N P; for somei € 7.
By Lemma 5.3 and the assumption (¢’), we have z € {J;2,, .| G} (K;) C G?OH (P;)
By the definition of K, there is a point zg € ko with |z — zg| < &p. Note that since
zis in (Jy2,,+1 GT(Ki) N F(K), which is a compact subset of G7°(P;), we have
70 € Gl'-'O (P;), provided &g is chosen sufficiently small according to ng. On the other
hand, by Lemma 5.3 and the definition of K, 7o € UZ():BI G!(K;) C E\G;’O(Pi),
which makes a contradiction.

Now the lemma easily follows from (22), the compactness of K, the assumption (d)
of Theorem 5.1 and the fact that W\ K N P; is arbitrarily close (in the spherical metric)
to p; if ng is chosen large enough. O

5.2 Orbifold metric

For z € V let v(z) be equal to the least common multiple of the elements of the set
{deg,, F"" : w € F7"(z), n € N}. By the assumption (b) of Theorem 5.1, the function
v is well-defined. Note that

v(z) > 1 <= z€Pyis(F) (23)
and
v(F(z)) is amultiple of v(z)deg, F  forz € V. 24)
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By the assumption (c) of Theorem 5.1, the pair (V, v) is a hyperbolic orbifold as
defined in Sect. 2.3. Let dp = p|dz| be the corresponding orbifold metric on V. A
standard estimate of the density gy of the hyperbolic metric doy on V (see e.g. [5,
Lemmas 2.1 and 2.3]) shows that for z € V we have

C
pilln|z — p;

ov(z) >
|z —

fori € Zpar, if |z — p;] is sufficiently small, and

z7) =
ov(z) 210 2]

if |z]| is sufficiently large, for a constant ¢ > 0. Hence, (3) and (23) imply that for
every 0 < § < land z € V\Pri; (F),

0(2) p(2)

lim =o00 fori € Iy, lim ——— =o0 fori € 7,
== pi 0p; 1-5(2) |zl—00 0145(2)
(25)
where the metrics dop, 1-s = 0p;1-sldz|, doiys = o115ldz| are defined,

respectively, in Sects. 3 and 4.
Now, we describe the expanding properties of the orbifold metric d p with respect
to F.

Lemma 5.5 The map F is locally expanding on V'\ F~Y(Peyis (F)) with respect to d p.
Moreover, for every compact subset L of V' there exists Q > 1 such that |F'|, > Q
on L\F_l(lpcrit(F)).

Proof Let 7: D — V be a universal branch covering of the orbifold (V, v) (see
Sect. 2.3). By (1) and (24),

deg, 7 is a multiple of deg (Fom) forze V, w e F*I(z), u e 7171(1),
venx (w). (26)

Consider a branch H of F~! defined on some simply connected domain U C
VA\Perit (F). By (23), v(z) = v(H(z)) = 1 for every z € U. Hence, (26) implies that
H lifts to a holomorphic map H: U — I for some simply connected domain U C ID.
In fact, H extends to a holomorphic map H:D — D. To see it, we extend H holo-
morphically as a branch of (F o) ™! o along any curve y in D starting from a given
point of U. Such extension exists by (26) and the fact that F has no asymptotic values.
Then by the simple connectedness of D we conclude that H: D — D is well-defined
as a holomorphic map. Since V' # V,wehave HD) c 7~ (V') # 7~ (V) =D, so
H cannot be an isometry with respect to dop. Hence, by the Pick—Schwarz Lemma,
H is locally contracting on ID with respect to dop, so

|H )|y <1 for ueD. (27)
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Let z € V. By the assumption (c) of Theorem 5.1, the set P,,;;(F) is discrete in V,
so we can take a small open disc U, C V around z, such that (U,\{z}) NPei; (F) =
Let UZ be a component of P (U;) and let w € F~ (7).

Suppose first z ¢ P (F). Then U, N Pgrir (F) = @, so there exists a branch
H,, of F~! defined on U, such that H,)(z) = w. As explained above, there exists
a holomorphic extension Hy,: D — D of the lift of H, to U,, which is locally
contracting on D with respect to dop. Thus, (27) gives

sup |Hy lop < ¢
U

for some g € (0, 1). Since U, N Pmt(F ) = @, the metric p has no singularities on
U,UH,U, = n(Uz) U n(H (Uz)) SO

. !/ 1 1 1
inf |F'|, = = ~ > =
Hy(Us) supy, [Hylp  supg |H)ley 4

Hence, |F'|, > é > l inaneighbourhood of w. This shows that F' is locally expanding
on V\ F~Y(P..i;(F)) with respect to dp.
Supposenow z € P.i; (F). Then there are a finite number of branches H,, ; of F~ 1
defined on some simply connected domains U, ; C U,\{z}, such that U Hy, (U, )
contains a punctured neighbourhood of w. Repeating the previous arguments and
applying (27) to extensions H, ,j of lifts of H,, ; to some domains UZ j C U,, we
obtain

7/
sup [Hy, jlop < g
U,.j

for some g; € (0, 1). As (U, \{z}) N Peris (F) = ¥, the metric p has no singularities
on Uz,j U Hw,j(Uz,j)s SO
1 1

inf |Fly=— >
Hy,j (U, }) supy, 1 Hy, ilp 4

Hence, |F'|, > min; % > 1 in a punctured neighbourhood of w.
J

We conclude that for every w € V' there exists a neighbourhood U (w) of w and a
number Q,, > 1 such that |F'|, > Q,, on U(w)\F_l(PL.rit(F)). This provides both
assertions of the lemma. O

@ Springer



K. Baranski et al.

5.3 Petal metric

Fix numbers o pqr € (0, 1), aoo € (1, 00) such that

1 1
Qpar > 1 — ;
par max;ez,, Maxje7{v(zi ;) deg, ; F} -
| (28)
Uoo < 1+

max;ez,, maxe 7 (v(zi,j) deg,,  F}’

with the convention that the maximum over an empty setis 1. We will use the following
estimate (recall that we denote W, = W N F~L(W)).

Lemma 5.6
o i ar(F(Z)) . .
|F/(z)|‘”a’T—> asz —> zij, z€ Wi for i €eIpu, jeTi,
Ou.. (F(z . .
|F/(z)|%z)())_>oo asz— zij, 2 € W for i € Ino, j € Ji.

Proof Takei € Z, j € J; and z € Wy close to z; ;. Let d; ; = degzl, ; F. We write

a(z) xb(z)ifcy < % < ¢ for some constants cq, c2 > 0. By (2),

1
|Z —z j|l—1/l)(Zi.j) ’

p(z) <

Suppose first i € Zp,,. Then

[F@) = pil = |z =z 1", [F'@] = |z =z %7
SO
(F(2)) :
o i»Xpar < = T 4 a0
pi oy |Z _ Zi,j|d"]a’”"
and by (28),
Op; F(z
|F/(Z)| p,,apar( (2)) > c > C
0(2) Iz — Zi’j|d,-.j(apm—l)+l/v(zl',j) |z — Zi,j|8

for some ¢, § > 0. This shows the first assertion of the lemma.
Suppose now i € Z,. Then

|IF@)| < ————, |F'@Q| =< —————.
|z — z;, ] |z — z;, ;|4
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SO
- |y — 5. . |dij%o

Opiane (F(2)) X |2 — zi ,

and (28) gives
Oy F(z c c
| () T @) e = .
p(2) |z — zi j|% 00 %,j lz — zijl

for some ¢, § > 0. This gives the second assertion of the lemma. |

Assume that the number ng is larger than all the numbers ng appearing in Propo-
sition 3.5 and Theorem 4.7, suited for the attracting petals F(P;) of G; at p; and the
compact sets K;, i € Z, with o = apg fori € I, and o = ao fori € Z. For
i € I let g; be the function g from Definition 4.1, suited for the attracting petal
F(P;) of G; at p; and the compact set K;. Let also

Aso =2 max A;, 29)

i€Zloo
where A; is the constant A appearing in Theorem 4.7, suited for the attracting petal

F(P;) of G; at p;, the compact set K; and o = oo
By Definition 4.1 and Proposition 4.3, there exists cgp > 0 such that

2] = [F(2)| = cogi(|F(2)]) forz e U G/(K), i€ Ix. (30)

n=ngo

Fix a large constant C; > 0. By (25), we can find an arbitrarily large R~ > 0 such
that

K c DO, R7) (31)

and

9]

p(2) > AL 0a (z)  for z € V\ID(O, R7) U Peris(F)). (32)

For i € T consider the function ¢t — t — R~ — Cg;(t),t € [R™, +00). It is
negative fort = R~ and tends to +00 as t — 400 since g; are bounded by definition.
Hence, it attains zero at some point ¢ = R;r > R, so that

RY =R+ Ci1gi(RM).
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Define

C
AL +Cry(R™ —1) forre[0,R7)
RF—
QIOEE M

AQ fort € [R™, R})
1 fort € [R}, +00)

for a large constant Cy > 0. Then 4;: [0, +00) — R is a positive continuous non-

increasing function, such that
C

min h; = max h; =h;(R7)=A%.
[0,R7] [R™,+00)

By (30),if z € %2, G7(K;) and |z| < R, |F(z)| > R~ then

n=nq
2l = IF @) = cogi (IF(2)]) = cogi(R),
and by the definition of #;,

h(F@D _
D

o0

Therefore, choosing C» sufficiently large, by compactness we can assume

hi(F@D
hi(lz])

Fori € Zy let
R =R'—InCy gi(R).
Obviously,
R™ <R; <Rf.
Moreover, the following holds.
Lemmab5.7 Ifz € U°° G} (K;), i € Io, and |F(2)| < R; < |2|, then

n=no

R™ <|FQ)| <zl <R

Asxs  for z€ WAK NP NDO, RY), i€ Tx.

(33)

(34)

Proof Take z € G}(K;) for some i € Zoo, n > ng. By Lemma 4.6, considering the
sequence (t,)° | for the function g;, wefind j € Nsuchthatt; < [F(2)| < |z] < tjym

for a constant M € N.
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Suppose [z| > Rl.Jr . Then by Definition 4.1, Proposition 4.3 and Lemma 2.2,

InCy gi(RY) =R —Ri <zl — |[F(2)| < c28i(IF(2)]) < c28i (1)) < c38i(tj+m)
< c3gi(R)
for some constants ¢, c3 > 0 (independent of Cy), which is impossible if C; was

chosen sufficiently large. Therefore, |z| < R;’ .
Suppose now |F(z)| < R™. Then, analogously as previously, we obtain

(C1 —=InCgi(R") = R = R™ < |z| = [F(2)| < c2gi(IF (2)])

(35)
< c2gi(tj) < c38i(tjrm) < c38i(Ry).

Take the maximal jp € N and the minimal N > 0 such that
ti <R <R' <tjin.

If N > 2,thentj, < R; <tjy41 < -+ <tjoan—1 < Rl.+ < tjy+nN> so by the definition
of the sequence (#,);,2 |,

InCi g (R") = R — Ri > tjorn—1 — tjg41 = tjpsn—1 — tjg4n—2 + -
+tjo+2 — Lo+l
= gi(tjp+N—2) + -+ gitj+1) = (N —2)g: (R).

This shows N < 2 4+ In C;. By Lemma 2.2, assuming that ng is chosen sufficiently
8i (tn)

1
< e? forn > jg, so
8i(tn+1) = Jo,

large, we have

&i(R;) - giti) _ &iltj)  &itj+n-1)
g (R = giltiprn)  &itjpr1)  &itjprn)

A
N

This together with (35) gives

(€1 —InCgi(R)) = eesClai(R)).
which is impossible if C; was chosen sufficiently large. Therefore, |F(z)| > R~. O
Let
Gi(2) = Cop, .0y, (2) for z € Wﬂ P, i€ Zpa,
So00(2) = hi(|z])0gy, (2) for z EWO P, i €2y,
where C > 0 is a large constant.

Lemma 5.8 The map F is locally expanding with respect to dg; on W]\I? n P,
i € Ipar, and |F'|c, > 2 0n ez (Wi\K N P; ND(O, R)).
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Proof Consider i € Z,q,. By (21) and Proposition 3.5, suited for the attracting petal
F(P;) of the map G; at p;, the compact set K;, & = opqr and m = ng, we have

|F/(Z)|0pi.a,)ar > 1forz e Wl\le N P;. By the definition of ¢; and (21), we conclude

that F is locally expanding with respect to d¢; on Wi\K N P;.

Assume now i € Zo,. By Theorem 4.7 suited for the attracting petal F (P;) of the
map G; at infinity, the compact set K;, @ = ax and m = ng, we obtain | F'(2)|q,., >
2/Ax forz € Wl\fﬂPi . Using (34), the definition of ¢, and (21), we see |F’|§OO > 2
on Wi\K N P; ND(0, R). O

5.4 Construction of expanding metric

Now we construct a suitable conformal metric d¢ on Wy for a large N. By the
assumption (c) of Theorem 5.1, the set K contains a finite number of points from
Perit (F). Moreover, by the assumptions of Theorem 5.1, we have W, 41N K C w,N K
forn > 0 and ﬂf;o:() W, N K= #, so we can find a number N € N such that

Wy N K N Peis(F) = 0. (36)

Note that if W N P,,i; (F) = ¥ then we can set N = 0, which proves the last assertion
of Proposition 5.2.
Let

K=KU U U(WnG;’(K,»))u U (Wn P nDO. R))

i€Lpqr M=10 i€l

for a large mo > ng. Then Kisa compact subset of V\{p;};c7. Note that choosing
mo and R; sufficiently large and using (21), we can assume K D K for an arbitrary
given compact set K C W\{Pi}ieIpa,-

We define a conformal metric d¢ = ¢|dz| on Wy, setting

o on Wy N K

min(p, ;) on (Wy\K) N P\Perit(F), i € Lpar
s=1gi on (Wy\K) N P, N\ Perit(F), i € Lpar -

min(p, 6oo)  on Ujez,, (WN\K) N P)\Peris (F)

Soo on Ujer,, (WN\K) N Pi) N Peyis (F)

To show that d ¢ is a conformal metric on Wy, note first that by (36), (23) and (21), the
function p has no singularities in Wy N K and ¢ is well-defined and positive on Wy .
It is obvious that ¢ is continuous on Wy \ ({U;cz (9K N P;) UPcyit (F)). Observe also

thatfori € Z,by (20) and (23), we have v(z) = 1 on the compact subset Wy N IKNP;
of V and hence p is well-defined and bounded on this set. Consequently, fori € Z,,

we have p < ¢; on Wy N aK N P; provided C is chosen sufficiently large, which
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implies that ¢ = p on Wy N aK N P; and hence ¢ is continuous on Wy N aK N P;.
Similarly, fori € Z, (31) and (33) imply that p < ¢oo On Wy N aK N P; provided C
is sufficiently large, so ¢ = p on Wy N aK N P; and ¢ is continuous on Wy N AK N pP;.
Furthermore, if zg € Wy N Pt (F), then zg € (WN\IZ) N P; for some i € Z, so
by (23) and (2), we have p(z) — +o00 as z — zg, which implies that in a punctured
neighbourhood of zg there holds ¢ = ¢; if i € Z,, and ¢ = ¢ if i € Zo. This
shows that ¢ is continuous at zg. We conclude that ¢ is well-defined, positive and
continuous on Wy, so d¢ is a conformal metric on Wy.
Notice that by (25),

p>gi on | ) Gi(Ki\Perit(F) > (W\K N P)\Perie(F), i € Lpar. (37)

n=m

if m was chosen sufficiently large. Similarly, by (32) and (33), we have

p>seo on [ (WAKNPO\DO, R UPi(F) D | (WK N F)
i€Zloo i€Zloo

\Pcrit(F)~ (38)
In the further considerations, we will need the following lemma.
Lemma5.9 Ifz, € Wy and 5(z,,) — O, then z, — oo.

Proof Suppose z, € Wy, ¢(z,) — 0and z,, 4 o0. Passing to a subsequence, we can
assume z, — z € Wy and one of the three cases appears:

(1) ¢(zn) = p(zp) forall n,
(i1) ¢(zn) = gi(zy) for all n and some fixed i € Z,q,,
(1) ¢(zn) = Goo(zy) for all n.
In the case (i), we have z, € Wy N K by (37) and (38), so z € Wy N K cv.
If z ¢ Perir(F), then ¢(z,) = p(zn) = p() > 0, and if z € Py (F), then
¢ (zn) = p(zn) — 00 by (23) and (2). Both possibilities lead to a contradiction.

In the case (ii), there holds ¢(z,) = ¢i(z4) > c for some constant ¢ > 0 by the
definition of ¢; and the fact that z,, € ( WN\k )N P;, 50 z,, lies in a small neighbourhood
of p;. Again, this is impossible. Finally, in the case (iii), z, is in a small neighbourhood
of infinity and ¢ (z,) = Soo(zZn) = Soo(z) > 0. This makes a contradiction. O

Now we show expanding properties of the metric d¢.

Lemma 5.10 The map F is locally expanding on

Wxei\ [ (PA\DO, R))

i€loo

with respect to d¢. Moreover, there exists Q > 1 such that |F/|§ > QonWyi N K.
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Proof Note first that by the definition of 5, @37 and (38), we have ¢ < p on
Wy N K\Pml(F) and ¢ < p on WN\(K U Perir (F)). In view of this and (36),
it is straightforward to check that for z € Wy there holds one of the three following
(non-necessarily disjoint) cases.

() 2 ¢ F ' (Peris(F)), 5(2) < p(), F(2) € WyNK, 5(F(2) = p(F(2)),
B ~ - ‘ _)si(F(2) for some i € Zpqr
(i) ze K, F(z) € (WN\K)NP;, c(F(2)) = co(F(2)) forsomei e Tn,

- = . _)si(F(2) for some i € Zpar
(iii) z ¢ K, F(z) € WN\K)NP;, ¢(F(2)) = {s‘oo(F(Z)) for some i € Ty

We show the first part of the lemma, considering successively the cases (i)—(iii). Take

€ WNH\U[GIOQ (P,-\]D)(O, Rl.‘")). In the case (i) we have |F'(2)|c > |F'(2)|, > 1
by Lemma 5.5. In the case (ii),

w (F
|F'(z )|§,( @) _ IF’(Z)IM for some i € Zp,,
|F/(Z)|§ _ p(2) p(2)
|F’(z)|M — |F’(Z)|w for some i € Zno
p(2) p(z)

by Lemma 5.4 (where we can make r arbitrarily small by enlarging n¢), Lemma 5.6
and the fact h; > 1. In the case (iii), by (21) and since W N F(P;) N Py = @ for
i,i’ € Z,i # i’ by the assumption (e’), there holds z, F(z) € P; for some i € 7.
If i € Zpar, then ¢(z) < g;(z) by the definition of ¢, so |F'(2)|c > |F'(2)|g > 1
by Lemma 5.8. Similarly, if i € Z, then ¢(2) < ¢xo(z) by the definition of ¢, so
|F'(z)l¢ > |F'(2)|¢,, > 2byLemma5.8.

Now we prove the second part of the lemma. Again, we examine the cases (i)—(iii),
using the Rrevmus Cons1derat10ns In the case (i), to use Lemma 5.5, we show that
Wyl NKNF Y (Wy N K ) is contained in a compact subset L of V’. Suppose it
is not the case. Then there exists a sequence of pomts Zn € Wx41 such that z,, —
7€ Wyyer N KNavV' and F(z,) » w e WyNK C V. By the assumption (d)
of Theorem 5.1, the map F extends holomorphically to a small disc D centered at
z, such that F(D) C V. Then taking z, € D, we can find a curve y: [0, +00) —
V' N D with y(0) = z,, lim;_ 1 o0 ¥ (1) — Z/ and lim,_, 1 o F(y (1)) — w’ for some
7/ € V' N D and w’ € V, which shows that w’ is an asymptotic value of F and
contradicts the assumption (a). Hence, Wy 41 N KnF-! Wy N K ) is contained in a
compact set L C V', so by Lemma 5.5, there exists Q| > 1 such that | F’ |p > (1 on
Wy+1 N KNF~ 1(WN N K) in particular |F'(z)|, > Q1 forz € Wy, N K fulﬁlhn/g
the condition (i). In the case (ii), we have already showed that for z € Wy N K
there holds |F(z)'|, > Q> for Q> = 2. In the case (iii) we have |F'(z)|, > Q3 for

z€ Wnyi NK with some 03 > 1byLemma5.8, since UieI (WN+1 N I’(\\IZDP,')
is a compact subset of ;7. (WI\K N P;) and Uz, (Wy+1 NK\K N P;)isa

subset of Ui eI, (Wl\le N P; NI, Rf)). This shows that the second assertion of
the lemma holds with Q = min(Q1, Q», 03). O
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Now we can prove the following fact, which completes the proof of Proposition 5.2
in the case when all the parabolic periodic points p;, i € Zp,,, are fixed under F, of
multipliers 1.

Lemma5.11 There exists a decreasing sequence (B,),2, of positive numbers, such
that

@ Y20 Bn < 00,

(b) Bo=1 and% > %foreveryn eN,

© [(F"Y(2)l¢ > 3-foreveryz € (W \KNFL (W \K)N. . .NF~=D((Wy\K)N
F"(WyNK), neN.

Proof For i € Zp, and m > ny, let (ﬂ(l) oo be the sequence (@) from

Proposition 3.5, suited for the attracting petal F'(P;) of the map G; at p;, the com-
pact set K; and o = o/pqr. Then ,3(') > 0, the sequence (,3(') ~ o 18 decreasing,

0) 2 Buns o _Bin
Y e Bmin < 0, Bmo=1, ﬁ,i,i),l > ,3(‘) - for every n € N and
/!
(F™Y Doy aper >~ (39)
m,n
forz € G (K;),n € N.
Note that by (21) and the compactness of K, we have
mi
wynK\K)N | Pc | U Grkn (40)

i€loo €Ly N=N0

for some m; € N. Fori € Zoo and ng < m < my, let (,3(') )2 | be the sequence
(am,n);2 | appearing in Theorem 4.7, sulted for the attracting petal F (P;) of G at p;,

the compact set K;, @ = o and € = Then ﬁ(') > 0, the sequence (/3 )"O 1 is
. . P
decreasing, > o2 ,3,(;’),, < 00, ,37’(3] < A#“ (where Ao, was defined in (29)), Z(ln)ﬂ >

m,n

(i)
ﬁm,n 1
0~ > 5 forevery n > 1 and

m,n—1

1
I(F™) (Do, > ﬂ(_’) (41)

m,n

forz € GI"""(K;),n € N. Let

) 1 forn =0
Boon = {ﬁm

K forn € N.
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Then B\, > 0, the sequence (BL, )02, is decreasing, Y 02 B < oo, Bj,i)o =1

B - |
and 4 > =i for every n € N, since
m,n m,n—1
20 @) i) 20)
'Bm,Z_ﬂm,2>l>'Bm,l _B\(i) _ﬁm,l
20 T 50 - = Pm LT G
le,l ﬂm,l 2 Aoo 'Bm,O

Finally, for n > 0 let

Bn = max( max ﬁ,(,i) ,.max max BV )
lEIpar i€l mefng,...,m}

for mq from the definition of K. Obviously, (B,)52, is a decreasing sequence of
positive numbers and Zzo o Bn < oo. This gives the assertion (a). The assertion (b)
follows from the analogous properties for the sequences (,Bm0 n)°° 2o and (ﬂm n n 0

To show the assertion (c), take z € (WN\K) n F- l(WN\K) n...nN
F~0=D(Wy\K) N F~"(Wy N K), n € N. Then by (21), (40), (16) and Lemma 5.7,
we have z € Gm°+"(K,-) for some i € Zpqr or z € G (K;) for some i € T,
m € {ng,...,mi}and R~ < |F"(2)| < |[F""'(2)| < R;". In the first case, (37) and
(39) imply

1
I(F"Y @l = I(F"Y @lg; = [(F" @lcop ape = F"Y @Dloy aper > NI
' l mg,n Bn
which gives the assertion (c). In the second case, by (38), (34) and (41),
hi(|F" (2)]) /
I(F") (D)]e = [(F") @)y = ————(F") (Dl0,
° i hi(z)) 7
hi(|F" (2)]) ny/ /
>——|(F")'(z > A FY(z
2 oy P @le 2 A [FY @,
Aw _ L1
r(7:)n B\r(r;,)n ﬁ"
providing the assertion (c). O

5.5 The case of parabolic periodic points

In this subsection we describe how to modify the construction described in Sects. 5.1—
5.4, when the points p;, i € Z,,, are arbitrarily parabolic periodic points of F. Recall
that in this case, apart from repelling petals P;, i € T, of F atinfinity, there is a finite
number of repelling petals P;,i € Zp,, of F ti for some ¢; € N, at parabolic periodic
points p; € 0W of F, generating disjoint cycles of length ¢; of repelling petals of F
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at p;, such that

li—1
y=w\{ J UF®@uphu P
i€Zpar s=0 i€l

is compact. Now, we shortly explain the modifications of the proof of Proposition 5.2
in this case. Note that the changes concern only the petals P;,i € Z,,,, while the parts
dealing with the compact part of W\ Ui T par Orb(p;) and the petals P;, i € Zno, stay
untouched.

We repeat the analysis of the petal dynamics contained in Sect. 5.1 (including
Lemma 5.3), replacing F|p, by Fti |p, fori € I, and setting

Gi = (F'i|p)~".
The set K is now defined as
no—14¢;—1 no—1
Ko=vu | J | UUFwnacixnu ) |JWnGE).
i€Zpar n=0 s=0 i€Zy n=0

for alarge ng (which changes appropriately the definition of K ). In Lemma 5.4 and (28),
fori € Zpar, instead of the points z; ; we consider points z; 5 j, s € {0, ..., ¢; — 1},
where F(z; s,j) = F*(p;). With these modifications, the estimates in Lemma 5.6 hold
for z; 5, j and F*(p;) instead of z; ; and p;. Lemma 5.8 shows now that Fbiis locally

expanding with respect to dg; on W1\I€' N P; fori € Tpqr.
Now we explain how to modify the definition of the metric ¢ in Sect. 5.4. We set

mo £i—1
k=ku |J JUUFWwnaerxynu | J (WnPnDO.R)
i€Lpar "=10 s=0 i€lso

for a large mg > ng. Fori € 7, and z € W\IZ NFS(P;),s €{0,...,¢ — 1}, we
define

Fliy & S (F & = i
G = [(ET) )| (Gi(Fw)) (FUY () Gi(w)

[FY ) (g w)) & ! [(F$) (w)]”

where
w=G;(Fi %) e F*@)NP.

Note that since the cycles of repelling petals generated by P; are pairwise disjoint
for i € Zp, and within each cycle, the sets P;, F(FP;), ..., Ft=L(p;) are pairwise
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disjoint, the metric ¢; is well defined. A direct checking gives

& = gion W\K N P;, in particular [(F%)'|z, = |(F“)'|, on W\K N P;,  (42)

L - ~
IF'@)lg = |(F') (w)lg forz e W\KNF(P), w=G;(Fi™ (). 43)
Moreover, since |(F*)'| < 1 near p;, we have

- 1 —
Gi (Z) = W = GFS(pi)»apclr (Z) forz € W\K N F‘Y(Pl) (44)
i

By (42), (43) and (modified) Lemma 5.8, the map F is locally expanding with respect
to & on WI\K N (P, UF(P)U..., Fi~l(p)).

Now, in the second and third item of the definition of ¢, we replace ¢; on
(Wy\K) N P; by & on (Wy\K) N (P; U F(P)U...UF4%1(P)). In the proof of
Lemma 5.10, showing that F is locally expanding with respect to d¢, in the case (ii)
we use Lemma 5.6 and (44), while the case (iii) follows by the fact that F is locally
expanding with respect to &;.

Finally, in the proof of Lemma 5.11, fori € Z,,, and m > no we take (/3m k)k oto
be the sequence (am, k), from Proposition 3.5, suited for the attracting petal F* ti(py)
of the map G; = (Fb |p,.)_1 at p;, the compact set K; and o = o 4. By Proposi-
tion 3.5, we have ﬁ(i)k > 0, the sequence (ﬁ;(ni,)k)l?iO is decreasing, Y oo, ﬁf,f)k < 00,

@ @ 2
By =1, ﬂ’”(f‘)“ = P Pnikl — g0 foreveryk € N, —ﬂ”‘if)“ > ﬁ forevery k € N
Bk Pnio ' Bk m, et
and
ki N/ 1
ICF) Dlo, aper > —57 (45)
'Bm,k

forz e G;."H‘(Ki), k € N. For n > 0 we define
@) P\
B, _ﬁmk<ﬂ—.> for n=kt;+r, k=0, r€{0,.... ¢ —1}

and

mo,n’
i€Lpar 0 i€Zoo meino,....mi1}

Bn = max( max % max  max ,B:(,ﬁ)n)
for mg from the definition of K. Then (Bn);2 is a decreasing sequence of positive
numbers, satisfying the assertions (a)— (b) of Lemma 5.11. To show the assertion (0), we
notethatlfz e (W\K)NFLWy\K)N...NF~ =D Wy\K)NF~"(WyNK) and
F7(2) ¢ Ujer. P then z € FP(GI" (K, Fr(2) € GIPH(Ky), Fr(2) =
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FYi(Fr(z)) € G'"(K;) for some i € Z,qr, where n = k€; +r for k > 0 and
r € {0,...,¥¢; — 1}. Consequently, (42), (43) and (45) imply

(™Y (2)|e = I(F"Y @)z = [(F*5Y (FT ()15 1(FY ()¢,
= [(F*Y (F" ()| |(F&) (Gi(F" ()| &

= [(F*5Y (F"(2)) o, per | (F (Gi (F" ()b, e

1 1 1 1
70 (20 - P F T 2 By
£ i -
gt B 1) Buoi (%) v e
my,k
which gives the assertion (c) and ends the proof of Proposition 5.2. O

6 Proof of Theorem B

Before proceeding with the proof of Theorem B, we show Proposition 1.3, which
describes some properties of the maps and attracting basins we are dealing with. We
start by proving a useful lemma.

Lemma 6.1 Let U be a simply connected attracting invariant basin of a meromorphic
map f satisfying the hypotheses of Theorem A. Then there exist finite collections I,
Too and sets P;, i € Tpar U Loo, such that the following hold.

(a) Fori € Ipar, the set P; is a repelling petal of f4, for some €; € N, at a parabolic
periodic point p; € U of f, such that P; generates a cycle of length £; of repelling
petals of f at p;, and these cycles are pairwise disjoint for i € L,q,. Moreover,
the set Uiel’,,a, (pi, fPi), ..., fa Y (pn) = UiEII)ar Orb(p;) is equal to the set
of all parabolic periodic points of f in dU.

(b) Fori € Ly, the set P; is a repelling petal of F at infinity, such that UieIoo f(P;)
is contained in an arbitrarily small neighbourhood of infinity, and U N f (P;) are
pairwise disjoint fori € L. In particular, UieIoo f(P;) is disjoint with the cycles
of the repelling petals generated by P;, i € 1y,

(c) The set U\ UieI,W Uf’:_ol FP UApiD) U Uz, Pi is compact.

Proofof Lemma 6.1 By the assumption (c) of Theorem A, there exists a finite collection
of repelling petals P;, i € Zoo, of f atinfinity, such that U\ | iez,, Pi 1s compact and
UN f(P)N Py =@ fori #i’. We will show that

U\ U Gi(P;) iscompact, (46)

i€Zloo

where_ Gi = (f| pl.)_l. Suppose (46) does not ho_ld. Then there exists a sequence
zn € U\ UieIoc G (P;) such that z,, — oo. Since U\ UieIoo P; is compact, we have
zn € UN(Ujez, P)\Uiez,, Gi(P)) for sufficiently large n. Consequently, there
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exists i € T such thatz, € U N P;\G;(P;) for infinitely many n. By Definition 4.1
and the invariance of U, for such n we have f(z,) € Un f(P;)\P; and hence, as
UN f(P)N Py = @fori # i, there holds f(z,) € U\ Ui/eIoo Py for infinitely
many 7. Since U\ Usr 1., Pir is compact, we have f(z,,) — w for some subsequence
ngand w € U N f(P). Then z,, = Gi(f(zn)) — Gi(w) € 'P;, which makes a
contraction. This ends the proof of (46).

By (46), without loss of generality, for i € Z, we can replace P; by G;(P;) and,
inductively, by G} (P;) for any givenn € N. As (), G (P;) = { by Definition 4.1, we
canthus assume that f(P;),i € Z, are contained in an arbitrarily small neighbourhood
of infinity and U N f(P;) are pairwise disjoint, which proves the first two parts of the
assertion (b).

Note that by the assumption (a) of Theorem A, there are at most finitely many
parabolic periodic points in dU. By Proposition 3.7, a union of small punctured
neighbourhoods of these points is covered by a finite union of cycles of attracting
and repelling petals of f, where the attracting petals are contained in the basins of
attraction to the orbits of these points, and the cycles of the repelling petals are pairwise
disjoint. It follows that the intersection of U with these punctured neighbourhoods is
contained in a disjoint union of cycles of repelling petals of f, which by Proposi-
tion 3.7 are generated, respectively, by P;, i € L4, where Z,,, is a finite set, P; is
a repelling petal of f*, for some ¢; € N, at a parabolic periodic point p; € dU, the
number ¢; is a multiple of the period of p; and | J; T par Orb(p;) is equal to the set of
all parabolic periodic points in U . (Note that it is possible to have p; = p; fori # i/,
as a parabolic periodic point of f in dU may correspond to several cycles of repelling
petals). This shows the assertions (a) and (c). Since f(P;), i € Z, are contained in
a small neighbourhood of infinity, they are disjoint with the cycles of repelling petals
generated by P;, i € Z,,,. This shows the last part of the assertion (b) and ends the
proof. O

Proof of Proposition 1.3 Assume the hypotheses of Theorem A and consider the
repelling petals P;, i € Zp,r UZo, which exist according to Lemma 6.1. Similarly as
in Sect. 5, we write

T =Zpar Yoo
and
pi =00 for i€ Zy.

Under the notation of Lemma 6.1, by the definition of repelling petals, for i € 7 we
have (2, G7(P;) = ¥, where

Gi=(fYp)"" for i €Ty, Gi=(flp)"' forieIx.
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This implies
o0
P, = U(G;?(P,»)\G;?“(P,-)) for i € L. (47)
n=0
Moreover,
ifeZoo and z, € P;, z,, —> o0, then f(z,) ——> oo. (48)
n— o0 n—o0

To check (48), suppose z, € P;, z, — o0, f(z,) # oc. Passing to a subsequence,
we can assume f(z,) = w € f(P;). Then z, = Gi(f(z2)) = Gi(w) € P; C C,
which is a contradiction.

Furthermore, recall by Lemma 6.1 there exists a compact set K C
U\ UieIpa, Orb(p;), such that

¢i—1
nkc |J Jr@uphul P
i€lpar s=0 icls

Now we proceed with the proof of the proposition. First, note that since the map f
is univalent in each repelling petal P;,i € Zoo and U\ Ui e1., Pi is compact, we obtain
that U is bounded or every point in U N ( ;.7 P has a finite number of preimages
in U. This proves the assertion (a).

Consider the assertion (b). Since the degree of f on U is finite, there are only a
finite number of critical points of f in U. Moreover, as f is univalent in each cycle of
repelling petals generated by P;, i € Z,,,, and in each repelling petal P;, i € Zoo, all
critical points of f in U are contained in K. Since the set of critical points cannot
have an accumulation point in K, there are only a finite number of critical points of f
in 0U.

To prove the assertion (c), suppose that z € dU is a post-critical point of f with
infinite orbit. Obviously, this implies z ¢ (e £~ (UU; €T )0, Ob(pi) U { pilieT,)-
Then, by the assumption (a) of Theorem A and Lemma 6.1(a), the set K cannot contain
an infinite number of elements of this orbit. Consequently, the orbit of z contains a
point w such that

li—1
obw)c (J J rfeou P (49)
i€Zpar s=0 i€ly

Suppose first w € f*(P;) for some i € Zp4r, s € {0,...,¢; — 1}. Then u =
f‘f"’s(w) € fef(P,-), so by (49) and Lemma 6.1, in fact we have u € P;. Repeat-
ing this argument inductively, we obtain f"% (1) € P; for every n € N. But by (47),
u e G;’(P,-)\G;’H(Pi) forsome n > 0,so f+D% () ¢ P;, which is a contradiction.
If w € P; forsomei € Z, then again by (49) and Lemma 6.1, we have f"e" (w) € P;
for every n € N, which contradicts (47).
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To prove the assertion (d), consider an asymptotic curve y: [0, +00) — C of
an asymptotic value v € U. If y is not eventually contained in C\U, then there is
a sequence of points z, € y N U, such that z, — oo, f(z,) — v. Passing to a
subsequence, we can assume z, € P; for some i € Z,,. However, this contradicts
(48).

Finally, we show the assertion (e). Let us consider w € U U{oo} and analyze several
different cases. If w € U, then w has d > 0 preimages in U counting multiplicities
and there is nothing to prove. Hence, we can assume w € dU U {oo}.

Suppose w € U and consider a sequence w, — w with w, € U. Let z,, be any
sequence of preimages in U such that f(z,) = wj. Passing to a subsequence, we may
assume z,, — z € U U {oo}. If z = oo, then (again after passing to a subsequence),
we have z, € P; for some i € T, which contradicts (48). Hence, z € U. Observe
that by continuity, f(z) = w and z € dU by the maximum principle.

It remains to consider the case w = oo. Take a sequence w,, — w with w, € U.
Since U is a simply connected invariant attracting basin of finite degree, it contains a

critical point and d = deg f|y > 2. Hence, there exist two sequences D, 2P e,

such that f (zf,])) = f (z,(zz)) = wy, z,(ql> #* zflz). Passing to subsequences, we can

assume z,(f) — (D, z,(f) — z for some z(1, z® € U U {oo}. If zV = z@ = o0,

then (again after passing to a subsequence), we have w,, € P;, z,gl) e b, z,(qz) e p,
for some i, i1, i» € Zoo. By Lemma 6.1, we have i = i1 = i», which contradicts the
injectivity of f in repelling petals. Hence, one of the points z("), z® is in dU. By

continuity, this point is mapped by f to w = oo. O

Proof of Theorem B We will show that one may define appropriate sets in the dynamical
plane of f satisfying the hypotheses of Theorem 5.1, which will provide a metric with
suitable expanding properties defined near the boundary of U'.

Let U be an invariant simply connected attracting basin of a meromorphic map
f:C— C satisfying the assumptions of Theorem A. Let ¢ : D — U be a Riemann
map, such that 0 € D is the fixed point of themap g = ¢! o fog: D — D. Since the
degree of f in U is finite by Proposition 1.3, the map g is a finite Blaschke product.
Let

E = oD, r))

forr € (0, 1) close to 1. Obviously, E is a Jordan domain and E C U. By the Schwarz
lemma, we have

f(E) CE. (50)

Notice that E is an absorbing domain for f in U (i.e. every compact set in U is
mapped by an iterate of f into E), since ID(0, r) is absorbing for g. Moreover, by the
assumption (a) of Theorem A and since f has finite degree on U, we can choose r so
that

(Pasym () U Acc(Peris (f))) NU) U Ctit(fly) U Perie(flu) CE - (51)
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Fig.6 Thesets E, W

and
L C f(E) (52)

for the compact set L C U from the assumption (b) of Theorem A.
Consider the repelling petals P;, i € Z,4 U I, which exist according to
Lemma 6.1. In particular, the assertion (b) of this lemma shows that we can assume

En | rpy=u0. (53)
i€lso

Now, we want to define hyperbolic domains V/ C V C C, an openset W C V
and a holomorphic map F: V' — V satisfying the hypotheses of Theorem 5.1. In
particular, F must map V' onto V, and no point z € W can have its entire orbit
contained in W. To do so, set

W =U\E.

See Fig. 6. O

Since E is an absorbing domain, every orbit in W C U eventually enters E and
remains there, leaving W. Now, define V to be the connected component of

C\ <f(E) U Pasym(f) U Acc(Peris (f)) U (Pcrit (HON U f_n (U)))

n=0

containing f(W) = U\ f(E), and let V' be the connected component of f %)
containing W. Note that neither V nor V’ contains parabolic periodic points of f in
oU, since they belong to Py () U Acc(Perir (f)). On the other hand,

WcVvu U Orb(p;) (54)

i€lpar

@ Springer



K. Baranski et al.

by Lemma 6.1, (50), (51) and the assumption (a) of Theorem A.
Let

F=fly.

Note that by definition, V’, V, W are domains in C. Note also that V is hyperbolic
since it is disjoint from the domain f(E), which in turn implies that V' is disjoint
from E, so V' is hyperbolic. It is straightforward to check

wcvnv'. (55)

Hence, as V’ C_f’l(V) and W is connected, F maps V' into V. We have V' # V
since V\V’ D> E\ f(E). Now we check V' C V. By (55) and the connectedness of
W, it is sufficient to show

V/ - (C\ (f(E) U Pasym(f) ) ACC(Pcrit (f)) U (Pcrit(f)\ U f_n(U)>> .

n=0

This follows since the sets f(E), Pasym(f), Acc(Peir(f)) and
Perit (H\ Uy f(U) are forward-invariant.

To see that F: V' — V is onto (i.e. f(V') = V), observe that every point in
V\ f (V') is alocally omitted value and hence an asymptotic value of f (the argument
for this fact, using Gross’ theorem, is described e.g. in [22, Proof of Theorem 2]). This
shows V\ f(V’) = @ since V contains no asymptotic values of f by definition. The
condition ﬂzozo F7"(W) = @ is implied by the fact that E is an absorbing domain
for fly.

It remains to check the conditions (a)—(e) in Theorem 5.1, which follow in a fairly
direct way from the definitions of V, V' and W. Indeed, V is defined not to contain
asymptotic values of f and V' is acomponent of f~!(V), which gives (a). To check (b),
take a point z € P.;(F) and suppose there exist points wy € F~"k(z) for some
ny > 0, k € N, such that degwk F" — 400. Note that by the definition of V,
we have f"0(z) € U for some ng > 0. Moreover, as V N L = @ by (52), we
have f"0(z) ¢ L, where L C U is the compact set from the assumption (b) of
Theorem A. Then wy € f~%H10)(f70(2)) and deg,, f" > deg,, F"* — +o0,
which contradicts the assumption (b) of Theorem A, as f"9(z) € P.ri;y N U\L. This
shows (b). The condition (c) follows from the definition of V', while (d) is trivial since
f is meromorphic on C. The condition (e) follows from Lemma 6.1, (53), (54) and
the invariance of U.

Having checked that F, V, V' and W satisfy the hypotheses of Theorem 5.1, we
can use this theorem and (50) to find N € N such that for every compact set Ko C
U\(EU Uiez,., Orb(p;)) there exist a conformal metric dg = ¢|dz|on U\ f =N (E)

and a decreasing sequence (b,,)ff’_] of numbers b,, € (0, 1) with Z;’;l b, < o0,
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satisfying

1
(' @l > o (56)

n

forevery z € (U\f™"(f~N(E)) N f~"(Ko),n € N.
Now we conclude the proof of Theorem B. Let K be a compact set in U. Set

Ko = K\E
and
A=f"ME)NU.

Note that by (51), the set A is a Jordan domain, such that AcCcUandU \Z =
U\ f~N(E). Moreover, K is a compact subset of U\(E U Uiezpa,. Orb(pi)) and

O\ NEN N T (Ko) = (UN ST (AN N fTK) = [T(K\A),

so by (56), there exist a conformal metric d¢ on U\A and a decreasing sequence
(bn)32., of numbers by, € (0, 1) with )2 | b, < o0, such that

(" @le > —

n

forz € UN f~"(K\A), n € N. This ends the proof of Theorem B. O

7 Local connectivity of boundaries of Fatou components: Proof of
Theorem A

To prove the local connectivity of the boundary of a simply connected invariant attract-
ing basin U satisfying the conditions of Theorem A, we will construct a sequence
of Jordan curves {y,}°>, which approximate U U {oo} and satisfying the uniform
Cauchy condition with respect to the spherical metric, thus showing that its limit is
also a curve in C and hence is locally connected. For simplicity, we use the symbol y
indistinctly for a curve y : [a, b] — C and for its image in C.

7.1 Equipotential curves and ray germs

Consider a simply connected domain A C U satisfying the properties listed in The-
orem B. The goal of this subsection is to construct an increasing family of Jordan
domains A, C U\Z, n = 0,1,..., exhausting U and such that f maps A,+1\A,
onto A,\A,_i as a degree d covering, where d = deg f|y. The Jordan curves y,
mentioned above will be defined as the boundaries of these domains.
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Proposition7.1 Let f: C — C be a transcendental meromorphic function with a
simply connected immediate basin of attraction U of an attracting fixed point ¢, such
that d = deg f|y < oo, and let A C U be a domain such that A C U. Then there
exists a family of Jordan domains {A,};> , with smooth boundaries y, : [0, 1] — U,
such that

[e]

Ao contains ¢ and all the critical points of fu,

o AC Ao A, C Apy1 forn > Oand | J2gAn =1U,

f maps A, 11 onto A, as a proper map of degree d such that A, 11\ A, is mapped
onto A,\A,—1 for n > 1 as an (unbranched) degree d covering,

S n41(0)) = yu(d mod 1) forn > 0, 6 € [0, 1].

o

[e]

Moreover, for every 6 € [0, 1] there exists a smooth arc ag : [0, 1] — A_l\Ao, Jjoining
Y0(0) and y1(0), such that

ap((0,1)) C A{\Ag and lengthay < M,

where M is a constant independent of 6 and length denotes the Euclidean length.

Proof Similarly as in the proof of Theorem B, let ¢ : D — U be a Riemann map, such
that ¢~ 1(¢) = 0 is the fixed point of the degree d Blaschke product g = ¢~ o f o
¢: D — D. Note that d > 2 since U must contain a critical point of f. We define the
domain Ag as

Ag = ¢(ID(0, o))

for rp € (0, 1) so close to 1, that

Crit(flU) ) Pcrit(flU) UZ C Aop.
Then Ag is a Jordan domain with a smooth boundary yy, such that yy C U. Let
Ap=f"A)NU, n=12,...

By the Schwarz lemma and the fact that A contains all the critical points and values
of fin U, the sets A, are Jordan domains with smooth boundaries y,, C U, such that

ACA)EAIE---EA,EA41 €
and U = |J; An. Moreover, f maps An+1 onto A, for n > 0 as a proper map of

degree d, and A, ;1\ A, is mapped onto A,\A,_; for n > 1 as a covering of degree
d. See Fig. 7. O

Let us choose a smooth parametrization of Yy = d Ag and denote it by yy: [0, 1] —
dAy. For every n > 0, parametrize the boundary of A, by y,,: [0, 1] — 9A, in such
a way that

S () = yu—1(dd mod 1).
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ST
\O)

<7

Fig.7 Sketch of the construction of the sets A, the family of Jordan curves {y,},, and the transversal ray
germs oy

This parametrization is not unique but once we choose y,,(0) to be one of the d
preimages of y;,_1(0), then there is only one continuous choice for y,,(0), 6 € [0, 1]
satisfying the relation above.

Now we show the existence of the transversal curves ag. Set 7o = ¢~ (o) = {z :
lz| = r}. By choosing rg sufficiently close to 1, the Jordan curve 7, = g~ !(5) can
be written in polar coordinates as (r(6), ) for a smooth function r(8), 8 € [0, 1] (see
e.g. [32, p. 208]). In particular, this implies that any two points in the closed annulus
R C D bounded by ¥ and ¥y can be joined by a curve of length smaller than 4. By
applying the Riemann map ¢, whose derivative is bounded in modulus on the compact
set R, we deduce that any two points in the annulus A1\ Ag = ¢(R) C U can be joined
by a curve of length M for some constant M > 0. In particular, for every 6 € [0, 1]
there exists an arc oy of length bounded by M, joining y((0) and y;(0). O

Remark For given angle 6, the sequence {y,(0)}, accumulates at the boundary of
U in C. In general, the curves 3, may have no limit and accumulate at a non-locally
connected boundary. We will show that under the conditions of Theorem A this cannot
occur.

7.2 Local connectivity of the boundary of U

Let A C U beasimply connected domain satisfying the properties listed in Theorem B.
Our goal is to show that under the assumptions of Theorem A, the curves y,, constructed
in Proposition 7.1 for the domain A, converge uniformly on [0, 1] with respect to the
spherical metric, which will imply that the boundary of U in C is locally connected.

By Theorem B for K = Aj\ Ay, there exists a conformal metric d¢ = ¢|dz| on
U\Z and numbers b,, € (0, 1), n € N, such that Z;’lil b, < oo and

Y@l > bi

n

for every z € f7"(A1\Ag) N U, i.e. for z € A,;1\A,. Proposition 7.1 shows that
for every 6 € [0, 1], the point Y () can be joined to y;(0) by a Cl-arc ap C A1\Ag
of Euclidean length bounded by a constant M independent of 6. Since A1\ Ap is a
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compact subset of U\ A, the density ¢ of the metric d¢ is bounded on this set, so the
lengths of «g with respect to the metric d ¢ are also uniformly bounded, that is

length_ag < M' < oo,

where M’ > 0 is a constant independent of 6.
We will show that the sequence y, satisfies the uniform Cauchy condition with
respect to the metric d¢. By Proposition 7.1, we can define inductively families of

arcsa(g ),n > 0,60 € [0, 1] by

(0)
Qy =Wy,

(n+1) _ (n)
Ay = fne(“demom)

where fn_ﬂl is the branch of f~! mapping y,(d6 mod 1) to y,1(6). Then aén) isa

C!-arc joining y,,(0) to y,41(0) within A, {\A, and f* maps aé") injectively onto
479 mod 1- Consequently,

length; ®dnH mod 1

dist 2 9)) < dz| < M'b,.
iste (¥ (0), yu+1(0)) < /a;"’ s(2)ldz| < it 1/l < n
0

It follows that for every 6 € [0, 1] and m > n > 0 we have
dists (v2(0), ym () < dists (Vn+1(0), ¥a(0)) + - - - + distc (Y (0), Yim—1(0))

m
< M/Zbk.
k=n

Since Y 7o, bx is a convergent series, the sequence y, satisfies the uniform Cauchy
condition with respect to the metric d ¢. We show that this implies that y,, satisfies also
the uniform Cauchy condition with respect to the spherical metric. Suppose this does
not hold. Then there exists ¢ > 0 and sequences ny, my — 00, 6x € [0, 1], such that

distspn (Ve Ok, Vimy (Ok)) > €.

Passing to a subsequence we can assume yy, (6k) — z, ymk (6r) — w for some
distinct points z, w € C, where at least one of them (say z) is not equal to co. By
Lemma 5.9, there exist §, ¢ > 0, such that w ¢ D(z, 6) and ¢ > c on Wy ND(z, 3).
Then for sufficiently large k we have y,, (6x) € D(z, $) and yy, (6) ¢ D(z, £), so

dlstg(ynk (ek) Ymy (ek)) 3

which contradicts the uniform Cauchy condition with respect to the metric d ¢. There-
fore, the sequence y, satisfies the uniform Cauchy condition with respect to the
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spherical metric, which implies that it has a limit y, which is equal to the boundary of
U in C, providing its local connectivity.

8 Local connectivity of Julia sets: Proof of Theorem C
Throughout this section, we consider the transcendental meromorphic map
f(@) =z —tanz,

which is the Newton map of the entire transcendental function g(z) = sinz. We will
prove that the Julia set J (f) is locally connected, establishing Theorem C. See Fig. 2.
Throughout the section, we will understand the word ‘boundary’ as the boundary in
C.

A useful tool to prove local connectivity of a compact connected set in C (like the
Julia set of a rational or transcendental map) is Whyburn’s Theorem, which reads as
follows.

Theorem 8.1 [42, Theorem 4.4, p. 113] A compact connected set J C Cis locally
connected if and only if it satisfies the following properties.

(a) The boundary of every connected component of @\J is locally connected.
(b) For every ¢ > 0, only a finite number of connected components of C\J have
spherical diameter greater than ¢.

To check the conditions of Whyburn’s Theorem for J = J(f), we first recall some
properties of the map f. By [5], J is connected as the Julia set of Newton’s method
for a transcendental entire map. Note that

f@+m)=f@+n, z€C, (57)

which implies a ‘translation invariance’ of the dynamical plane of f (see Fig. 2). The
properties listed below are proved in [7, Example 7.2] and [8, Proposition 4.1].

Lemma 8.2 The following statements hold.

(a) f has infinitely many simply connected immediate basins of attraction Uy, k € Z,
of superattracting fixed points

ck =km, kelZ,

such that Uy = Uy + kr and deg,, f = deg f|u, = 3. The points cy, k € Z, are
the only critical points of f. They are located in the vertical lines

Li(t) = km + it, teR, keZ,

which are invariant and contained in Uy, respectively. Moreover, f has no finite
asymptotic values.
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(b) The poles of f,
pk=%+kn, ke,
are simple. They are located in the vertical lines
T
ri(t) = E+kn+it, teR, keZ,

which are contained in J (f).
(¢c) The asymptotics of f for Im(z) — Fo00 is given by

oo it O(e—2Im(z)) as Im(z) - +o0
DT e 4i+0@@m@) g Im(z) > —00

(d) We have

J(Hnc=Jx

keZ

where Jy is the connected component of J ( f) NC containing the line ry. For every
k € Z, the basin Uy has exactly two accesses to infinity, and 0 Uy contains exactly
two poles of f, i.e. px—1, pr, which are accessible from Uy.

(e) All Fatou components of f are preperiodic and eventually mapped by iterates of
f into Uy for some k € Z. In particular, f has no wandering domains.

See Fig. 8.
The following proposition establishes the first condition in Whyburn’s criterium
(Theorem 8.1).

Proposition 8.3 Every Fatou component of f has locally connected boundary.

Proof First, we show that the boundaries of the attracting basins Uy are locally con-
nected. To this end, we check that they fulfil the assumptions of Theorem A. Recall
that the basins Uy are simply connected, since J( f) is connected. By Lemma 8.2, we
have deg f|y, = 3 and

Crit(f) = P(f) = {cxhkez = kT Jkez. (58)
This immediately implies the assumptions (a)—(b) of Theorem A. To check the assump-
tion (c), note that by Lemma 8.2(c), for M > 0 large enough, the map f on the half
planes

Py ={ze€C:Im(z) > M}, P_={zeC:Im(z) < —M} (59)

is arbitrarily close to z + z F i. In particular, this implies P C f(Py) and
f(Py) N f(P-) = . We show that P are repelling petals of f at infinity. In view
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Fig.8 The dynamical plane of the map f(z) =z —tanz

of Lemma 8.2(c), the univalency of f on Py follows easily from Rouché’s Theorem,
while the remaining conditions of Definition 4.1 with g(¢) = 1 are satisfied by Propo-
sition 4.4, where we take r = M, § = %, d =1,a = Fi and j = 1. Hence, Py
are repelling petals of f at infinity. Note that Lemma 8.2 asserts that the basins Uy
are located between the vertical lines ry_; and r, both contained in the Julia set of
f. Hence, outside a compact set, Uy is contained in the two repelling petals P4 of f
at infinity, which shows that f and Uy satisfy the assumptions of Theorem A. Hence,
the boundaries of Uy are locally connected.

By Lemma 8.2(e), all Fatou components of f are successive preimages of the basins
Ui which have locally connected boundaries, so their boundaries are also locally

connected. O

It remains to show the second condition in Whyburn’s criterium. Note that in con-
trast to the rational or even entire (hyperbolic) cases, the meromorphic setting presents
some additional difficulties, since for any given n, components of preperiod n can
accumulate at poles and prepoles.

The idea of the proof is as follows. We show that the sum of the squares of the
spherical diameters of all Fatou components is finite, which immediately implies that
only a finite number of them can have diameter larger than any given . To this
end, we prove that the spherical distortion of branches of f~" on Fatou components
Ucf _I(Uk)\Uk, k € Z, is uniformly bounded. From this, it follows that the ratio
between the square of the spherical diameter and the spherical area is approximately the
same for the component U and its all inverse images by branches of f~",n > 0. Since
the sum of spherical areas over all components is finite (smaller than the spherical area
of the whole sphere), the same holds for the sum of the squares of spherical diameters.
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Now we proceed to present the proof in detail. The following lemma is straightfor-
ward to check.

Lemma 8.4 For every ro > O there exist c1, ¢ > 0 such that
cir cor
D h(Z, —) CD(z,r) C D h(z, —)

Sp. |Z|2 +1 ( ) sp |Z|2 +1

forevery z € C and every 0 < r < ry.

For n > 0 define

Fn =1{U : U is a Fatou component of f
and 7 is minimal such that f"*(U) C Uy, for some k € Z}.

In particular, 79 = {Ug}rez. In the following lemma we describe the Fatou
components from Fj. Let

Ry = Ry(6,R) ={z € C:Re(z) € [kn + 6, (k+ 1) —§], Im(z) € [-R, R]},
kel

for §, R > 0. See Fig. 8.

Lemma 8.5 We have
Fi=Ups k€ Z 1 € Z\[k, k + 1)},
where
Ukt C R,  Uki=Uoi—k +km, fUrs) =U

and Ry = Ry (8, R) for some §, R > 0. Moreover, f is univalent on Uy ;.

Proof Fix alarge R > Osuchthat{z € C: |Im(z)| > R} C P, U P_ for the repelling
petals Py from (59). Take an arbitrary point zg € Up with [Im(zp)| > R (note that such
points exist since £9 C Up) and let z; = z9 +Im forl € Z. By (57) and Lemma 8.2(a),
we have z; € U; and f_l(zl) cPLUP_U UkeZ D(pk, €) for a small fixed ¢ > 0,
provided R was chosen sufficiently large. Moreover, since f is univalent on Py with
f(z) ~ z Fi, the set f~1(z;) N (P4 U P_) consists of exactly one point 7 € Py
close to z; + i. Similarly, as the pole pg is simple, the map f is univalent on D(py, ¢€)
and f ~l(z) N ID( Do, €) consists of exactly one point zq ;. Consequently, by (57), f
is univalent on D(py, &) and f~!(z;) N D(px, &) consists of exactly one point k.1
where

2k € D(pk, &), zkg =z200-k +km, k1 €Z.
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Hence,
@) =} Ulzrs 1k e Z), (60)

where all the points zx ;, k € Z\{l — 1, [} are outside Py U P_ U §; for
b4 b4
S = {z € C:Re(2) € [5 +- D77 +ln]}.

This implies f~'(z;) N (P4 U P_ U S)) C {2}, zi—1,1, z1,1}. On the other hand, since
deg f|y, = 3, the point z; has exactly three preimages under f in U;. As U; C S, we
conclude

F @ nPeUP_US) =) NU =2}, zi—11, 214)- (61)

Take U € Fi. Then U N ey, Ux = ¥ and f(U) C U for some | € Z. Suppose
there exists a point w € U with [Im(w)| > R + 2. Then w € P, U P_\U; and
f(w) € Uy with |Im(f(w))| > Ié,contradicting (61)forzg = f(w)—Imr.Hence, U C
{z € C:|Im(z)] < R}forR = R + 2. Moreover, since £x C Uy and Uy = Uy + k7t
for k € Z by Lemma 8.2(a), the set {z € C : Re(z) € (krr — 6, kwr +6), |Im(z)| < R}
is contained in Uy for a sufficiently small § > O independent of k € Z. Consequently,
U C UkeZ Ry for Ry = Ry (8, R). Since the sets Ry are disjoint and compact, and
U is connected, in fact U C Ry for some k € Z. As U; is simply connected and
Ry N Crit(f) = @ by (58), the component U is the image of U; under a well-defined
branch g of f~!. Note that by (60) and (61), we have g(z;) = Zy; € U for some
k' € Z\{I—1,1}. As zjr; € Ry and the sets Ry are disjoint, in factk’ = k,sozx; € U
andk #1—1,1.

We have proved that for every component U € Fj there exist k,l € 7Z with
k #1—1,1,such that zz; € U C Ry and f maps U univalently onto U;. On the
other hand, (60) and (61) imply that for every k, ! € Z with k # [ — 1, [, there exists a
component from F| containing zj ;. This together with (57) and Lemma 8.2(a) ends
the proof. O

Now we can show the second condition in Whyburn’s criterium.

Proposition 8.6 For every ¢ > 0 there are only a finite number of Fatou components
U of f with diamgp, U > &.

Proof Recall that by Lemma 8.2(e), all Fatou components of f are elements of
U,c;ozo Fn. Since Uy C S, € C\D(O, % + (Jk| — D) for k € Z\{0}, the spheri-
cal diameter of Uy, tends to zero as |k| — 00, so we only need to consider components
in o2, Fu.

By Lemma 8.5, for every U € F; we have U = Uy for some k € Z, 1 €
Z\{k, k + 1}, such that

Uy = Uy -k +km C Ry (62)
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and f maps Uy ; univalently onto U;. Since U; = Up + In C S, D(Im, ro) C U for
somerg > Oindependentof/, and pg is a simple pole of f,thereexistsc; > 0 suchthat

diam Uy ; < a Up, > Cl
0L =T 00 = 77
for [ € Z\{0, 1}. Consequently, by (62) and since oy, |, =< —kzl 7 we have

2
O+ DK+ 1)

diam Uy ; < 7= (63)

1 U >
—————, areay >
k| 1 sph Yk,l ((l —
fork € Z,1 € Z\{k, k + 1} and some constant ¢c; > 0.
By (58), all branches of f™", n > 1, are well-defined on {z € C : Re(z) €
(km, (k + 1))} D R for k € Z. Hence, forn > 1,

-7:n = {gk,n(Uk,l) 1k e Z, le Z\{k, k + 1}7 8k.n € gk,n}’

where Gy ,, is the family of all branches of f —=1 on Ry (note that we include the
case n = 1, for which g¢ 1 = Id). We claim that all the branches g, € Gk, have
spherical distortion bounded uniformly with respect to k, n. Indeed, for given r > 0,
any two points z, w € Ry can be joined by N = [2(2R + m)/r] Euclidean discs

D(z1,7),...,D(zn,r),suchthat zy,...,z§y € Rk, 21 = 2, Zzv = w and
D, r)ND(zj41,7) #P for j=1,...,N—1. (64)
Define
_ c16 o c1é
T2 TPyl

for the constants ¢, ¢ from Lemma 8.4, and the constant § from Lemma 8.5. Then,
o
D;.r) € Dopn (272 2 ). Popn(zjorj) € D 8)
by Lemma 8.4, so by (64) and (58),
rj rj
Dopn (27 2) N Dign (241 2) #8. Dopn(zj.r)) N P(f) =1,

and hence using repeatedly Theorem 2.1 for the chain of spherical discs with A = 1/2,
we conclude that

|g]/(’n(z)|sph

—— =< (65)
|gl/<,n (w)|sph

for some c3 > 0 independent of k, n, gk », z, w. Let
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/
Mgk.n = max |gk,n |SPh'
R

By (63), (65) and since oypp|g, =< ﬁ,
] c4My, , diam Uy ; cicaMy,
diam Urp) < : < '
sph &k (Uk,1) < 2+ 1 = (|l—k|+1)(k2+1)

and

: 2
areasph gk (Up,1) > (H]leln Ig;(,nlsph) areagp) U,
k

2 s M2
8k.n 8k.n
> ———areas,p Uy > — ,
=2 PRI 2=+ DR 1)
for a constant ¢4 > 0. Hence, for some constants cs, cg, c7 > 0,
> (diamyy, U)?
UeldiZi Fu
=Y > > (diamgp gia(Ukn)?
keZ 1eZ\{k,k+1} n=>1,
gk,negk,n
Mg
ey, 2 STy
KEZ I€Z\{k,k-+1} 1. 8k.n (@ =)+ DG+ 1)
1 M;kn 1 Mgkn
=6 Z 12+1Z Z k4+1 =6 Z l4+12 Z k4+1
1€Z\{0,1} kEZ 1. 8k.n 1€Z\{0,1} kEZ 1.8k .n

M2

_ Skon
=) D D G @)

keZ leZ\{k ,k+1} 1, 8k,n

< Z Z Z areagpp gk,n(Uk,1) < ce Z areaspy U

k€Z 1€Z\{k,k+1} 1. 8kc,n UelJ, Fu

< cyareag,, C < oo,

as U € |2 F are pairwise disjoint. Concluding, we have showed that the series

> (diamyy, U)?
UelUyl) Fu

is convergent, which immediately implies that for every ¢ > 0 there can be only a
finite number of U € J,2 F, with diamy,; U > &, proving the proposition. O

Propositions 8.3 and 8.6 complete the proof of Theorem C.
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