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ABSTRACT

The tension between late and early universe probes of today’s expansion rate, the Hubble parameter
Hp, remains a challenge for the standard model of cosmology ACDM. There are many theoretical
proposals to remove the tension, with work still needed on that front. However, by looking at new
probes of the Hy parameter one can get new insights that might ease the tension. Here, we argue that
neutrino oscillations could be such a probe. We expand on previous work and study the full three-
flavor neutrino oscillations within the ACDM paradigm. We show how the oscillation probabilities
evolve differently with redshift for different values of Hy and neutrino mass hierarchies. We also point
out how this affects neutrino fluxes which, from their measurements at neutrino telescopes, would
determine which value of Hy is probed by this technique, thus establishing the aforementioned aim.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The Hubble tension, the discrepancy between early and late
universe measurements of the Hubble parameter Hy, is still per-
sisting [1,2]. Early universe probes are mainly from Cosmic Mi-
crowave Background (CMB) experiments, such as the ones from
[3,4]. This parameter is determined assuming A Cold Dark Matter
(ACDM) as the fiducial cosmological model, combined with mea-
surements independent from it. On the other hand, late universe
measurements use the local distance ladder method [5,6] on
Cepheids, type-la supernovae and tip of the red giant branch in a
way independent from the cosmological model [7,8].

To solve this tension, several theoretical models have been
proposed, including early dark energy [9,10] and modified grav-
ity [11] (see [12] for a recent and thorough review on the subject).
However, one can gain new insight on this tension by develop-
ing new observables, being late or early universe ones, that are
affected by today’s expansion rate.

In this work, we build on previous ones [13,14] and show
the possibility of using neutrino oscillations as a new probe
for the Hubble tension. Although the latter has been looked at
in connection with neutrinos previously [15], our approach is
quite different. We consider a system of three-flavor neutrinos,
(Ve, vy, vr), traveling in a flat Friedmann-Lemaitre-Robertson-
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Walker (FRW) spacetime with a cosmological constant Dark en-
ergy (DE) A. By studying the transition probabilities’ evolution
from one flavor to another as a function of redshift, we show how
different values of Hy affect the detected neutrino fluxes, making
the latter a potential probe for Hp. In our analysis, we consider
different initial conditions (ICs) for neutrino flavor composition,
and distinguish between their mass hierarchies.

It should be noted that there have been a great deal of work in
the literature done on neutrinos as spinors in curved spacetime.
We direct the interested reader to a few of them and references
therein [16-26].

The organization of the paper is as follows: we briefly present
the necessary principles and equations for the analysis in
Section 2. Then, we present and discuss the main results, given
as triangular plots, what is called ternary diagrams, and fluxes’
evolution with redshift, in Section 3. Current and future observa-
tional prospects are discussed in Section 4, before finishing with
some concluding remarks in Section 5.

We use units in which h = ¢ = 1 and a metric signature
(=, +, +, +). Moreover, data from [3] is used to get an early
universe (EU) value of Ho, what we call HV = 2.13x 10731t eV,
where h®Y = 0.674. In addition to that, matter and DE density
parameters 2ma) = 8nG/(3H§),om(A), where pp,, pa are the
energy densities of matter and DE, respectively, are also taken
from [3]. For the late universe (LU) value of Ho, HSY, we use
results from [27], which gives HY = 2.13 x 1073h'V eV, with
hW = 0.740.

Notation wise, neutrino flavor states will be denoted by Greek
indices, while Latin ones denote mass eigenstates.
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2. Neutrinos in flat FLRW universe

In this section, we will follow a practical approach in which we
briefly describe the relevant equations and principles needed for
the case under study. We refer the unfamiliar reader to [13,14]
and references therein for a more thorough derivation.

In the concordance ACDM model, spacetime is best described
by a flat FLRW metric g,,, given by the line element

ds® = gy, dx"dx” = —dt® + a*(t)(dr? + r’d6’ + r*sin® 0d¢?) (1)

in terms of cosmic time t and spherical coordinates {r, 9, ¢}.
Moreover, a(t), the scale factor, is independent of spatial co-
ordinates due to homogeneity and isotropy of FRW. Following
the usual machinery in Cosmology [28,29], one gets the first
Friedmann equation

8nG
H(z) = ?(pm + pa) = Hg (Qmu +2) + m) (2)
where z = ag/a — 1 is the redshift, with gy being today’s value of
a(t).

This is what we will be needing from the gravity side. On the
neutrino part, to study their oscillations in curved spacetime, we
are mainly interested in the transition amplitude between two
flavor states |v,) and |vg), ¥, g, from which we get the oscillation
probability Pyg:

Wop = (VglVe) = Pop = [Wupl?. (3)

As was shown previously [14], ¥, evolves with the affine pa-
rameter A for the case of ACDM as:

d 1,
lawaﬂ = EMflI/aﬂ’ (4)
where
m; 0 O
Mi=U|l0 mi o |U (5)
0 0 m?

3

is the square of the vacuum mass matrix in flavor space. In
the above equation, m;, for i = 1,2, 3, are the eigenvalues
of the neutrino mass states, |v;), and U,; is the Pontecorvo-
Maki-Nakagawa-Sakata(PMNS) matrix for neutrino mixing [30,
31], with the { corresponding to Hermitian conjugation. More
explicitly, the latter can be written in terms of mixing angles 6j;,
for {i,j} =1, 2, 3, as [32]

i8

C12€13 S12€13 S13€"
is is

U= | —s12€23 — s13523C12€ C12€23 — S12523513€ 523C13
is is

512523 — S13C12023€ —523C12 — 512513C23€ C13C23

(6)

where ¢;j = cos 6, s;j = siné; and § is the Charge Conjugation-
Parity (CP) violating phase. Incidentally, here we are considering
neutrinos to be of the Dirac type, hence there is one CP violating
phase (see [33,34] for a review on CP violation and the nature of
neutrinos).

If we start with an initial state |v, ), then Eq. (4) can be written

explicitly as
Doe
Ut [ W, (7)
lp&l

d [ Wee 1 m 0 0

i | Yan ) = 35U | O m; 0
Wy 0 0 m?

for the transition of « to any of the three flavors e, i and 7. By

defining

o, =Uty,, (8)
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Eq. (7) becomes, after multiplying it with Ut from the left,

d Dy 1 m% 0 0 D1
l? q)az = = 0 m% 0 d)az . (9)
@y, 2\o o m3 ) \Pus3

Here, we have used the unitarity condition of the PMNS, UtU =1,
where [ is the 3 x 3 identity matrix. As one can see, by going from
Eq. (7) to Eq. (9) we have simply changed from flavor to mass
basis. This will make it easier to solve the evolution equation,
and then we can simply transform back to the flavor basis by the
inverse of (8).

The solution to each @,; is

SRS )
Doj(h) = Byle 2" (10)

where @M is the initial neutrino composition at emission in mass
basis, and [14]

meg [ ()
T By HEXT+ 2R

with Ey being the detected neutrino energy on Earth (correspond-
ing to z = 0), z, is the source’s redshift and H(z) is given in
Eq. (2).

Finally, to get the probability P.g, there are three steps that
need to be done. First, starting from an initial neutrino flavor
composition, ¥™, we apply eq (8) to get @M. Second, we plug
the latter in the solution Eq. (10) and apply the inverse of Eq. (8)
to get the evolution of W,g. Third, we take the modulus square of
that to get an expression for the « — S transition probability of
the form:

Am2 AL AmZ AL
Pup = Sap + Zl:aaﬁ;ij sinz(iz ) + bagiij sin<7s >:|

i<j
(12)

where 8,4 is the Kronecker delta, Am? = m? —m?, and the a5’
and beg.;;s are numerical factors resulting from different com-
binations of PMNS components. In particular, this combination
depends on which states o and 8 are being considered (see eq.
(13.9) in [35] for the equivalent form in Minkowski spacetime).

From here, we can apply the above machinery to several initial
conditions and see how it affects the probability’s evolution with
redshift, in addition to that of the flux, which will be the subject
of the next section.

3. Observational results for different initial conditions

The space of initial conditions (ICs) for neutrino oscillations,
i.e. initial decomposition, has many elements. However, there are
three that are more relevant observationally: Neutron decay (ND),
Muon damping (MD) and Pion decay (PD). In the representation
(Ve t vy v;) for the initial ratios, these three conditions
correspond to (1 : 0 : 0),(0 : 1 : 0)and (1/3 : 2/3 : 0),
respectively. In terms of ¥™, this corresponds to

1 0
v~ (0). wit= (1) we-(3). 13
0 0 s

normalized such that the sum of probabilities is 1.

Our purpose in this section is to see observational differences
between HE" and H;' in neutrino oscillations. In addition to
that, we distinguish between inverted hierarchy (IH) for neutrinos

NN
w

1 To avoid confusion, we note that the semicolon does not correspond to any
kind of derivative, but it is used just to separate flavor from mass indices.



AR. Khalifeh and R. Jimenez

masses, as well as the normal one (NH). This will result in a total
of four cases for each initial neutrino composition Eq. (13): NH-
EU, NH-LU, IH-EU and IH-LU. For instance, NH-EU corresponds to
having neutrinos in the NH with today’s rate of acceleration given
by HV. In Table 1, we list the values of the different neutrino
parameters for both hierarchies as reported in [32].

One thing we can look at observationally is flavor ternary
plots. These are triangular diagrams, with each side indicating the
percentage of neutrinos from a certain flavor detected. In other
words, each side corresponds to the probability of detecting neu-
trinos with certain flavor, with the sum being always equal to 1.
These are shown in Fig. 1, where the first, second and third rows
correspond to ND, MD and PD initial conditions, respectively.
Moreover, the left side diagrams correspond to NH, while the
right side ones to IH. In each diagram, different colors represent
the indicated redshifts of emission, diamonds correspond to using
H(EU in the previous section’s analysis, while stars correspond to
using H(%U. We also include in each diagram the latest IceCube [36]
68% and 95% Confidence Levels (CLs) (see figure 5 of [37]). In
addition, for the MD case, we include the 68%(dashed orange)
and 95%(dashed blue)CLs expected from IceCube-Gen2, while for
the PD case, we show expectations for 68%CLs from 15 years
of IceCube Data (dark blue contour) and that combined with
10 years of IceCube-Gen2(yellow contour) [37]. We will discuss
more about these forecasts in Section 4.

The first thing to note when looking at these diagrams is the
difference between the left and right side ones for each IC. There
is a slight distinction between hierarchies throughout their evolu-
tion with redshift. Therefore there is no degeneracy between NH
and IH as neutrinos travel in an expanding universe, as expected.
Second, one can notice an appreciable difference in evolution be-
tween different ICs, and therefore we see no degeneracy between
them as well. Third, in every diagram, the distinction between EU
and LU starts to become appreciable at around z, ~ 0.2.2 To give
a concrete example on this distinction, let us look at the middle-
right diagram of Fig. 1 particularly the points corresponding to z =
2. If at some point we detect at neutrino observatories neutrinos
coming from a source with known redshift z = 2, then we should
find the flavor fraction given by the green star if the true value of
Hy is H(%U. However, if the detected flavor-fraction is given by the
green diamond, and we are certain about the source’s redshift,
then we deduce that Hy = Hg".

Another observable that we can consider is the total neutrino
flux. For a given flavor B, the total flux received at the detector,
©p,» is given by:

O = ) Paptue
o

AmZAL AmZAX
=0p+ ) [aaﬁ;,-j sin’ (+> + bapiii sin<+>]<pae

asi<j
(14)

where Eq. (12) has been used in the second line and ¢,, is the
flux at emission. When analyzing astrophysical neutrino fluxes, it
is usually assumed that it takes an empirical form ¢,, ~ AE,”,
where A is a normalization constant and y is the spectral index,
for any flavor [40-42]. Therefore, the ¢, s on the right hand
side (r.h.s) of Eq. (14) can be factorized, allowing us to form a
fractional difference,
‘pﬁo - (pﬁe

dppp = ———, (15)
e

2 0n the other hand, there is a clear distinction between the two for ND
initial conditions. The fact that there is very little change for ND in the LU case
is a distinctive feature compared to the other cases.
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Table 1
Neutrino oscillation parameters used in the analysis as reported in [32].

Parameter Normal Hierarchy (NH) Inverted Hierarchy (IH)
sin?(61,) 0.307 +0.013 0.307 £0.013

Am?, (7.53+0.18) x 107° eV? (7.534+0.18) x 1073 eV?
sin®(6y3) (2.18 £ 0.07) x 1072 (2.18 £ 0.07) x 1072
sin®(6y3) 0.545 £ 0.021 0.547 £ 0.021

Amd, 2.453 x 1073 eV? —2.546 x 1073 eV?

8 1.36 & 0.367 rad(20) 1.36 & 0.367 rad(20)

between the observed and emitted fluxes, Fig. 2. Note that in
these plots, the total flux for each flavor is being presented,
i.e. summing over all ICs Eq. (13).

Let us now make a few comments about these plots. First, all
diagrams of Fig. 2 show noticeable differences between hierar-
chies and EU/ LU values of Hy. To see this more clearly, we plot
in Fig. 3 the fractional difference between EU and LU for each of
the quantities appearing in Fig. 2 and for both hierarchies. That
is, we look at

EU LU
BwEquU _ Yoy ~ Pag
¢ Max[og), ¢a ]

(o7

(16)

for each hierarchy and flavor «, as a function of redshift. Even at
relatively small redshifts (ze ~ 0.1), using H;” or Hg" makes a
difference of a few % on the flux received.

Second, the starting values of Fig. 2’s diagrams is related to
the fact that our ICs, Eq. (13), are mainly of v, and v, type.
As they evolve with redshift, neutrinos start changing flavor to
one another. In particular, v, and v, are mostly transitioning to
v;, explaining the negative values of the top diagrams in Fig. 2.
Moreover, there is a v, — v, transition as well, which can be
seen from the decreasing (increasing) character of the middle
(bottom) diagram in the aforementioned figure. However, since
we started with more v, than v, in addition to ve,, — v,
being more dominant than the other transitions, then we have
Pro = Pue-

To give a more complete picture of how the difference be-
tween HEY and HY affects neutrino oscillations, we can also look
at the evolution of individual transition probabilities with red-
shift, as was done in [14]. However, in order to avoid clustering
of diagrams, we report those in a GitHub repository [38].

4. Current and future observational prospects

Having laid down the theoretical part and its predictions, let us
now discuss the observational prospects of detecting the distinc-
tions presented in Figs. 1 and 2. When considering astrophysical
neutrinos, especially extra-galactic ones, the most relevant neu-
trino observatory currently available is IceCube [36]. Therefore, in
this section, we will focus on its potential detection of the effects
we describe, be it with IceCube’s current or future properties,
IceCube-Gen2 [37].

Before doing that, let us briefly comment on the effect of £2;'s
uncertainty on the analysis above. As we are within the ACDM
paradigm, spatial flatness is part of the model. This means that
2m + 2,4 = 1, and therefore there will be an uncertainty from
2m alone.” To test the effect of this uncertainty on our results,
we varied the value of £2,, within its error range given by the

3 Note that solutions to the Hubble tension might induce additional uncer-
tainties depending on their dynamics. However, as early-universe solutions to
the tension are highly more favored than late-universe ones [12], the former
will not affect neutrino observations relevant for IceCube and IceCube-Gen2.
Therefore we do not expect further uncertainties to what we discuss above.
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e o 0 0 o O
c

—IceCube 68%CL - — ~lceCube-Gen2 95% CL

IceCube 15yrs 68% CL

——IceCube 95%CL IceCube-Gen2 68% CL IceCube 15yrs+Gen2 10 yrs 68% CL

Fig. 1. Ternary plots of ND (top), MD (middle) and PD (bottom) initial neutrino flavor composition, Eq. (13), for NH (left) and IH (right). Diamond shaped points
correspond to having HgU as today’s rate of expansion, while star shaped ones for H(')'U. Different colors correspond to emission redshifts, as given by the legend
above. We also include in every diagram the 95% and 68% Confidence Levels (CL) from IceCube, as presented in figure 5 of [37]. For the MD case, expected 68%
(dashed orange) and 95% (dashed blue) CLs of IceCube-Gen2 are also shown (figure 17 of [37]). Finally, forecasts for 68%CL from 15 years of IceCube data(yellow
contour) and that combined with 10 years of IceCube-Gen2 data (dark-blue contour) are shown for PD ICs (figure 20 of [37]). The python script to produce these is
available in [38], which was written using [39]. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)
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Ze

Fig. 2. Fractional difference, Eq. (15), between observed and emitted neutrino fluxes as a function of redshift. The presented d¢s are for v, (top-left), v, (top-right)
and v, (bottom). Black curves correspond to having HSU, while red ones to H(%U. On the other hand, solid lines refer to NH, while dashed ones to IH. The Mathematica

script used to produce these is available in [38].

Planck-2018 data [3]. The result is that the integral in Eq. (11),
which is the one that encompasses the effect we are studying,
changes by only 0.12%. This change is expected when one uses
propagation of error [43] to analyze the effect of this uncertainty
on the results.

4.1. Prospects on flavor decomposition

In Fig. 1, we have included the latest 68% (black) and 95% (red)
CLs from IceCube. These contours represent IceCube’s observa-
tional constraints on neutrino flavor decomposition from a diffuse
flux of neutrinos(i.e. from all directions in the sky). Nevertheless,
these detected neutrinos eventually come from a certain source
with a certain initial composition. Therefore, we can use these
contours to constrain effects on neutrino flavors as they travel
towards the detector.

In particular, from the top diagrams of Fig. 1, we can exclude
the contribution of ND at the source traveling in a universe where
Hy = H{" with more than 95% confidence. From the other
diagrams in that figure, we can see that the most probable contri-
bution to detected neutrinos comes from a PD rather than an MD
initial composition. However, for the purpose of distinguishing
between HY and H{Y, current IceCube constraints cannot give
much input.

On the other hand, IceCube-Gen2 will provide better prospe-
cts. As pointed out in [37], the upgraded detector will have 10
times more annual cosmic neutrino events, since it will be able to
detect more promising neutrino sources that are 5 times fainter
than the current ones (see Figs. 8-10 from [37]). For instance,
from the contours in the middle diagrams of Fig. 1, we can see
that the expected CLs from IceCube-Gen2 are leaning towards
HEY for the MD case. On the other hand, current forecasts for PD
case are not as conclusive, as can be seen from the contours of
the bottom diagrams in Fig. 1. However, we would like to stress
that these expectations were calculated assuming the standard

neutrino oscillations, i.e. assuming Minkowski spacetime. Once
the accelerated expansion of spacetime is included in the anal-
ysis, these contours will differ, and then one can make proper
conclusions about which value of Hy is measured with neutrino
observations. We will leave this subject for future work.

Before discussing the fluxes, it is worth emphasizing that
having all the detected events to correspond to a particular IC
is not necessary to make distinction between HEV and HV. Let us
take, for instance, the particular case of ND ICs. Indeed, having
100% of detected neutrino sources to be from ND is not quite
realistic. However, the measured diffuse neutrino flux is, in prin-
ciple, a collection of many individual ones, each coming from
a certain direction with its own flavor composition. As one can
see from Fig. 1, the different ICs do not have degeneracy in their
detection composition. Therefore, the latter allows one to identify
which, out of the many detected fluxes, corresponds to ND. Such
a scenario is indeed plausible, and is usually considered when
analyzing neutrino data [37,44]. From here, one can then compare
with the top diagrams of Fig. 1 to differentiate between values of
Hp without having 100% of the neutrino sources correspond to
ND.

4.2. Prospects on neutrino fluxes

As briefly mentioned in the previous section, the measured
and emitted neutrino fluxes have a power law form: ¢ o E, 7,
where E, is the neutrino energy, and y is the spectral index [45,
46]. The fact that they have the same energy dependence can be
seen from Eq. (14): since the expressions for the transition prob-
abilities are known, then the observed flux must have the same
form as the emitted one. Further, this consideration is corrobo-
rated by gamma-ray observations, from which one can deduce
the emitted neutrino flux (see chapter 5 of [47]). Moreover, as
previously mentioned, when analyzing neutrino observations, it
is always assumed that they are traveling in a flat spacetime.
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Fig. 3. Log-Linear plots of the fractional difference between EU and LU for each flavor flux as given in Eq. (16). The differences presented in each plot are for
both hierarchies and correspond to v, (top-left), v, (top-right) and v, (bottom). The black-solid line correspond to having NH, while the red-dashed one to IH. The

Mathematica script used to produce these is available in [38].

However, what we are pointing out in this work is that there
could be up to 20% difference between the emitted and observed
fluxes due to the accelerated expansion of the Universe.

It should be emphasized, however, that at the moment the
measurement of fluxes form point sources has not been done
with sufficiently high accuracy. Recently, IceCube has detected
a few potential point sources, and the most promising ones to
study the effect we are considering here are blazar TXS 0506+056
and GB6 J1542+6129 [48]. These two are situated at redshifts 0.33
and 0.5, respectively. However, there is still an uncertainty about
these sources with current IceCube sensitivity, since they have
been confirmed at 3.60 and 2.9¢, respectively.

Nevertheless, there will be a significant improvement on this
type of detection with IceCube-Gen2. As already pointed out,
IceCube-Gen2's improved sensitivity will allow the detection of
fainter possible sources of neutrinos, in addition to improvement
on their flux measurements (see Figs. 8-10 from [37]).

Another important factor to this discussion, relevant for both
flavor and flux measurements, is determining the redshift of
a neutrino source. This determination mainly depends on the
availability of a gamma-ray counterpart from that source. This
was the case for the sources reported in [48]. Once that is the
case, then one can do spectroscopic studies to determine the
source’s redshift, as has been done for TXS 0506+056 [49] and
GB6 J1542+6129 [50], the most relevant sources for the case at
hand. With IceCube-Gen2’s increased sensitivity, and given that
most of the additional sources will have a gamma-ray counter-
part, then determining the redshift of the source is manageable
in most of the cases.

5. Conclusion
With the persistence of a tension between early and late

universe probes of today’s expansion rate, Hy, using additional
probes could shed some new light on the matter. In this work,

which is an extension of previous ones [13,14], we demonstrated
how neutrino oscillations can be such a probe.

We considered a system of three-flavors neutrinos as spinors
in a flat FRW universe, with a cosmological constant DE, A. We
use neutrino parameters, Table 1, and initial conditions, Eq. (13),
to study the evolution of transition probabilities and neutrino
fluxes with redshift. In particular, for each IC, Fig. 1 shows the
detected flavor composition, distinguishing between HE and H;Y
on the one hand, and between hierarchies on the other. Moreover,
this distinction is presented for several redshifts of emission,
demonstrating how the probability evolves with it. We can con-
clude from this that using H5" or HiV creates a difference of about
10% on neutrino oscillations, starting from a redshift of emission
of about 0.2.

Concerning detection of neutrino fluxes, we consider the sum
of all initial conditions in Eq. (13) for each neutrino flavor v, v,
and v,. Fractional difference between detected and emitted fluxes
is shown in Fig. 2, for the four different combinations of hier-
archies and early/late universe values of Hy. On the other hand,
the fractional difference of the latter’s effect on the fluxes is pre-
sented in Fig. 3. The same conclusion previously reached applies
here as well, showing the potential of using neutrino oscillations
as a new probe of the Hubble tension.

Finally, we studied the current and future observational
prospects for the effect being analyzed in this work in Section 4.
Current constraints from IceCube on flavor composition can al-
ready exclude ND initial condition in a universe with Hy = HY
at more than 95%CL. However, decisive conclusions cannot yet be
made at the moment due to IceCube’s sensitivity. Nevertheless,
this will change with IceCube-Gen2, as its sensitivity will increase
5 times compared to IceCube, resulting in 10 times more yearly
events. Therefore, as is the case for using Gravitational Waves to
measure Hy [51], future observational prospects will add more
insight on the relevance of the suggested method to the Hy
tension.



AR. Khalifeh and R. Jimenez

It is worth emphasizing that the considerations of this work
are a mere generalization of neutrino oscillation studies to curved
spacetime. No new entity or force have been added, rather a
simple combination of distinct, well established, phenomena:
neutrino oscillations and the Universe’s accelerated expansion.
Therefore, such an effect must be observed at some point in
neutrino observatories [36,37], if it was not already in disguise. If
this effect is not detected, even with the increasing performance
of neutrino observatories [52], then this could hint to new Physics
in the neutrino or gravitational sectors.
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