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Introduction

The aim of this project is to study Artin rings which are fundamental struc-
tures which arise in broad areas of mathematics including algebraic geometry
number theory and representation theory and therefore studying and classi-
fying them can give new and deep perspectives for solving problems in many
different areas.

In this thesis we start by reviewing the preliminaries to establish the Matlis
duality which was introduced in [11] which was closely related to the work of
Francis Sowerby Macaulay. Macaulay established a correspondence between
Gorenstein Artin algebras A = R/I and cyclic submodule (#") of the polyno-
mial where R is the power series ring in n variable and S is polynomial ring
with the module structure of S depending on the characteristic of the given
field. This correspondence can be seen as special case of the Matlis duality
because the injective hull of k as R module is isomorphic to S.

In chapter 1 we will look at the preliminaries to establish the Matlis du-
ality by studying injective modules and their properties. In the beginning of
chapter 2 we will define the Matlis dual and establish some properties related
to it and how it is the general case of the Macaulay’s correspondence. By the
end of chapter 2 we will define some fundamental notions such as the Cohen-
Macaulay type and Hilbert functions and how these are related to the duality
we establish through which we can classify Artin algebras. There is a subsec-
tion at the end of this chapter titled examples which involves computing the
inverse system through the computer algebra software singular with the help
of [5]. Inverse system is one of the main concept being used in the last chapter.
The correspondence with the inverse system has been heavily utilized in [9]
and [10].

In the last chapter we start by introducing Compressed Algebras and some
properties related to it following which we study the automorphisms of the
power series ring and use an isomorphism between the dual space of an Artin
quotient to its dual module which helps us translate the problem into a system
of linear equations. This idea was inspired by the work of Jacques Emsalem.
Using this we will construct an automorphism which allows us to establish the
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important result which shows when a Gorenstein compressed local Algebra is
canonically graded. Then we use this result to show the case when the ring is
not Gorenstein, and finally we show that the classification of certain Artinian
Gorenstein rings is equivalent to the classification of certain hypersurfaces in
the n dimensional projective space. In particular we show the case where the
embedding dimension n = 2 and n = 3, for the case of n=3 we will get a
much cleaner result with the study of elliptic curves which can be found in
[14]. Further study of this can be done for the case of n=4 with the help of
classification of projective surfaces in P? for example see [1].
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Notations.

1.

10.

Z(R). Let R be a ring. We denote by Z(R) the set of zero divisors of
R: the set of x € R — {0} for which there exists y € R — {0} such that
xy = 0.

. mis usually the maximal ideal of a local Ring unless specified otherwise.

. k is the residue field of a local ring.

I* is an injective resolution of a module.

. Er(M) usually means the injective hull of a module M over a ring R.

MY denotes the Matlis dual of a module M.

(0:g ) = {r €R: rz = 0} where R is a ring sometimes We use a module
M instead of R with the same idea.

I+ is the inverse system of 1.

. 0(R) is the socle type of a ring R.

grn(R) is the associated graded ring of a ring R with respect to an ideal
n.






Chapter 1

Injective modules

In this chapter, we explore injective modules and their defining properties,
including the construction of injective hulls as minimal injective modules con-
taining the original module. We also examine how the structure of injective
modules evolves in the context of noetherian rings. Additionally, we touch
upon Bass numbers, which are numerical invariants associated with modules
that capture key aspects of their structure and behavior.

1.1 Basic results

Definition 1.1. [18] An injective module M in the category of R-modules is a
module for which the contravariant Hom(., M) is an ezact functor.

Note that the functor Hom(., M) is always left exact. The exactness of this
functor is equivalent to: for all exact sequence

0—>Ai>B—>C—>O

the induced morphism f* = Hom(f, M) between Hom(B, M) and Hom(A, M)
is surjective. An equivalent definition is: for all injective morphism f : A — B
and for morphism g : A — M then there exists a morphism h : B — M
such that the following diagram commutes

A%B

gl s
R

M
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Proposition 1.2. Let E be an injective R-module. Then every short exact
sequence splits 0 — E Ly 5750

Proof. Consider the following diagram

E—1 .y

IdEl o
o

E

where [/dg is the identity map of E. Since FE is an injective R-module there
exists a morphism h : Y — F making the above diagram commutative.
Hence the exact sequence splits. O]

Corollary 1.3. If an injective module E is a submodule of a module M, then
E is a direct summand of M, in other words, there exists a complement S such
that M = S&® E.

Proposition 1.4. Let Mic; be a family of R—modules. Then [],.; M; is an
injective R-module if and only if for all i € I the R-module M; is injective.

Proof. We denote by m; : [[,c;, M; — M; the natural projection in the i-th
component.

Assume that [[,.; M; is an injective R-module. Given an index i € I and
a diagram, with f : N — M a monomorphism,

N — s m

.|

M;

From the universal property of the direct product there exists ¢ : N —
[Lic; M; and a commutative diagram

/l“’

M; <—— [lic; Mi

Since [[,.; M; is injective there is a morphism h : M — [[,., M; and a
commutative diagram
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N—L o m

/l/

M; «—— 11

zEI

from this we get the commutative diagram

N—>M

|

Hence M; is an injective R-module.
Assume now that M; is injective for all ¢ € I. Let us consider the diagram,
f a monomorphism,

N—1 s m

gl
Hie[ M;

Hence for all ¢ € I, since M; in an injective module, we have a commutative
diagram

N — M

From the universal property of the direct product there is a morphism h :
M — [1,e; M; inducing a commutative diagramm

N —M

In particular we have a commutative diagram
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N —M

Hz’e[ M;
i.e. [[;e; M; is an injective R-module. O]

Remark 1.5. The direct sum of injective modules is not in general injective.
Bass-Papp Theorem asserts that a commutative ring R is Noetherian iff every
direct sum of injective R-modules is injective.

Proposition 1.6. (Baer’s extension criterion) A module E over a ring R
1s ingective if and only if every homomorphism f : I — E, where I is an ideal
of R, can be extended to R.

Proof. 1f E is injective then it is trivial as we can consider the inclusion I C R
and get a homomorphism h : R — F which extends f:

1 (—> R
1o
E

Conversely, consider that we have the following diagram, where A is a sub-
module of an R-module B:

Write a instead of i(a) when a € A. Define X = {(Ao,q) | A C Ay C
B, gola = f}. Note that X # () because (A, f) € X. Now we put a partial
order in X, (Ao, 90) = (Ao, goo), which means that Ag C Agy and ggo extends
go- We have that the chains in X have an upper bound, because a chain in X
yields to a chain of submodules of B and we can take the union over these to
get a upper bound. But if we have (Ay, go) =< (Ao, goo) then the definition of
=< says that gy = goo in Ap and therefore we have an upper bound in the whole
chain in X.

From Zorn’s Lemma, there is a maximal element (Ao, go). If A9 = B we
are done, so we can assume that there is some b € B that is not in Ay. Define
I={r e R:rbe Ay}, which is clearly an ideal of R. Now define h : [ — E
by h(r) = go(rb). By hypothesis, there is a map h* extending h. Finally,
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define A; = Ag+ bR and ¢ : Ay — E by gi1(ap + br) = golap) + rh*(1),
where ag € Ap and r € R. This is well defined: take ag + rb = aj + r'b. So
(r—r"b=al —ayg € Ay, it follows that (r — ") € I. Therefore, go((r — r')b)
and h(r — ') are defined and we have:

go(ag — ao) = go((r —1")b) = h(r —r') = h*(r —r') = (r = r)h"(1).

Thus, go(aj) —go(ag) = r-h*(1) —r'h*(1) and this shows that go(agp)+r'h*(1) =
go(ag) + rh*(1), as desired. Clearly, gi(ag) = g2(ag) for all ag € Ay, so that
the map g; extends go. We conclude that (Ag, go) < (A1, g1), contradicting the
maximality of (Ag, go). Therefore, Ay = B, the map g is a lifting of f, and
then E is injective. O

Definition 1.7. Dsivisible Modules. Let M be an R-module over a ring R.
We say that m € M s divisible by r € R\Z(R) if there exists some my € M
such that m = rmg. In general, we say that M is a divisible module if for all
r € R\Z(R) and for allm € M, we have that m is divisible by .

Proposition 1.8. The following holds :
1. Any field k is injective as k-module.
2. Q is an injective Z-module.

Proof. 1 Suppose f : I — k is a morphism, where [ is an ideal of k. Since a
field has only two ideals: the zero ideal and the entire field itself, we can extend
f to a morphism of k. This demonstrates that k satisfies Baer’s criterion and
is injective over itself.

2 Let f be a morphism from and ideal I of Z to Q. The ideals of Z are of the
form nZ. We may assume that n # 0. Then we can extend f to a morphism
of Z. For z € Z, we define h(z) = zf(n)/n. This extension satisfies Baer’s
criterion: given z = rn € nZ we have

n(z) = hrm) = ) = 1 () = flrm) = (2)
n
demonstrating that Q is injective as a Z-module. O]

Proposition 1.9. FEvery injective R module M is divisible and if R is a PID
the converse is true as well.
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Proof. Let a be a non-zero divisor of R and for m € M, assume M is injective.
Consider f : (a) — M defined by f(ra) = rm. Since M is injective, f extends
to a morphism of R. In particular, m will be equal to af(1), therefore m is
divisible by a.

Assume R is a PID, and let f : I — M be a morphism. Then, I = (a)
for some nonzero ideal a. Since M is divisible, there exists m € M such that
f(a) = am. Define h : R — M by h(s) = sm. Then, h is a homomorphism,
and moreover, it extends f. That is, if s = ra € I, we have h(s) = h(ra) =
ram = rf(a) = f(ra). Therefore, by Baer’s criterion, M is injective. O

Lemma 1.10. If M is an injective Z-module, then for any ring R, the R-
module Homgz (R, M) is injective.

Proof. Recall that Homgy (R, M) is an R-module with af(z) := f(ax) for all
a,z € R and f € Homy (R, M).

Let g : My — M, be a monomorphism, and f : M; — Homg(R, M) be a
homomorphism. We want to find an extension i from M, to Homg (R, M):

Consider the homomorphism fy : M; — M defined by fo(my) = f(mq)(1).
Since f is a homomorphism, f; is also a homomorphism. As M is injective,
there exists a homomorphism f] : My — M such that f) extends f;. That is,
fog(my)) = fo(my) for all my € M;.

Now, we define the desired extension fs : M, — Homg(R, M) by
fa(me)(r) = fi(mer) for all me € My and r € R. This construction en-
sures that fy is a homomorphism and extends f. Thus, Homgz(R, M) is R-
injective. [

Lemma 1.11. Any Z-module is a sub-module of an injective module.

Proof. Every free Z-module can be embedded in a direct sum of copies of Q,
say ' = €D, Q. Since Q is injective and the direct sum of injective modules is
also injective we get that F is an injective Z-module.

Now, consider an arbitrary Z-module M, which is isomorphic to F//U with
F a free Z-module and U a sub-module of F'. The free module F' can be em-
bedded into and injective Z-module E, and the quotient of a divisible module
is again divisible, so E/U is injective as well. Hence M is a sub-Z-module of
the injective module E/U. O
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Theorem 1.12. Every R-module can be embedded in an injective module.

Proof. From the last result the Z-module M is contained in an injective Z-
module D. Since the functor Homgz(R, ) is left exact we have the following
monomorphism of Z-modules

M = Hompg(R, M) — Homgy(R, M) — E = Homy(R, D).

Hence M is a sub-R-module of the injective R-module E. O]

Definition 1.13. Let R be a ring. An R-module M is said to be an essential
extension of N if N is a submodule of M and for any other non-zero submodule
L of M, LNN #0. It is said to be a proper essential extension if M # N.

Proposition 1.14. An R module is injective if and only if it has no proper
essential extension

Proof. We are going to use the fact that N is injective if and only if it is
a direct summand of any module M which contains it. So, if you take the
complement of N in M, the intersection between them will be 0.

Conversely, if N has no proper essential extension and M is an injective
module containing N, then consider the set Y of submodules L of M such that
LN N = 0. This set is non-empty since M is not an essential extension of
N and is a poset, so it has a maximal element by Zorn’s lemma, say K € Y.
This implies that N — M /K is an essential extension, and hence it is an
isomorphism. But then M = L+ N, so M = L & N. Since M is a direct
summand of an injective module, it must be injective. O

Definition 1.15. Let R be a ring and M an R-module. An injective module

E such that M C E is an essential extension is called an injective envelope of
M. Our notation will be E(M) or Er(M).

Proposition 1.16. Let M be an R module then :
1. M admits an injective hull.

2. If M C I and I is injective, then a maximal essential extension of M in
I 1s an injective envelope of M.
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3. Let E be an injective envelope of M, let I be an injective R-module,
and o : M — I a monomorphism. Then there exists a monomorphism
¢ B — I such that the following diagram is commutative, where © is the
inclusion:

M ‘s E

In other words, the injective envelopes of M are the "minimal” injective
modules in which M can be embedded.

Proof. We know that we can embed M into an injective module I. Now,
consider S to be the set of all essential extensions N with M C N C I. By
Zorn’s Lemma, this set yields a maximal essential extension M C E such that
E c I. We claim that F has no proper essential extensions, and so, we can
say that F will be injective.

Assume that E has a proper essential extension Ejy. Since [ is injective,
there exists ¥ : Ey — I extending the inclusion £ C I. Suppose Kery = 0;
then Im C [ is an essential extension of M (in I) properly containing F,
which contradicts the fact that E is maximal. On the other hand, since v
extends the inclusion £ C I, we have EFNKerv = 0. But this contradicts with
the essentially of the extension £ C FEj. The third part of the proposition is
done by using the same argument stated above O]

The injective hull is unique up to isomorphism.

Lemma 1.17. Let R be a ring. Let M, N be R-modules and let M — E and
N — E' be injective hulls. Then,

1. for any R-module map ¢: M — N there exists an R-module map
V: E— E' such that

M ——F

ks
N —— F'

commutes,
2. if ¢ is injective, then 1 is injective,

3. if p is an essential extension, then i is an isomorphism,
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4. if w is an isomorphism, then v is an isomorphism,

5. if M — I is an embedding of M into an injective R-module, then there
is an isomorphism I = E@ I' compatible with the embeddings of M.

In particular, the injective hull E of M 1is unique up to isomorphism.

Proof. Part 1 follows from the fact that E’ is an injective R-module. Part 2
follows as Ker(¢))NM = 0 and F is an essential extension of M. Assume ¢ is an
essential extension. Then E = ¢(F) C E' by 2 which implies ' = ¢(F) @ E”
because F is injective. Since E’ is an essential extension of M, we get E” = 0.
As an special case of 3 we get 4.

Now, assume M — [ and choose a map a: E — [ extending the map
M — I. Arguing as before, « is injective. Then «(FE) splits off from I. This
proves 5. O

Proposition 1.18. Let R be a ring and let A be an R-module, E an injective
hull of A, I an injective R-module and oc: A — I a monomorphism. Then,
there exists a monomorphism p: E — I such that the following diagram is
commutative, and i is the inclusion:

A—5E
[« +
I

Proof. Since [ is injective, o can be extended to an homomorphism g: E — 1.
We have that 5 | A = « and so ANker § = ker « = 0. This extension
A C FE is essential and we even have that ker § = 0. Therefore, [ is a
monomorphism. O

Proposition 1.19. A torsion-free divisible module over a commutative integral
domain is injective .[12]

Proof. Consider the injective hull of M say E. If M is not injective then there
exists x in E but not M. Now by considering the cyclic submodule of x and the
fact E is an essential extension there exists an r such that rx # 0 element of
M and since M is divisible there exists y such that yr = xr but we have that
M is torsion free implying that y = x but by assumption x is not in M so we
are done. 0
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Proposition 1.20. If S,T are R modules and D is an injective submodule
of ST then if E is the injective hull of SND and F is the complementary
summand of E in D such that D= E & F. E and F project monomorphically
into S and T.[11]

Proof. For the case of F it is obvious. Now if f is the projection of E into S.
Kernel of f is contained in T and ker f N(DNS) = 0 but since E is an essential
extension of (DN S) =0 we have ker f=0 O

Theorem 1.21. Let R be any ring M an R-Module such that W is a maximal
mjective submodule.

1. If Nis a complementary summand of W in m then M=W &N and M /W
has no injective submodules different from 0

2. If E s any injective submodule of M then the projection of E into W
maps E onto an injective envelope of ENW in W

3. If C is any other Mazimal then there is an automorphism of M which
carries W onto C and is the identity on N

Proof. 1 and 2 follows easily with the help of proposition 1.19. For 8 consider
the projection say f of C into W, then f(C) is an injective hull of C N in W.
thus W= f(C') @ W; where W] is an injective submodule of W.But CNW; =0
since WNC C f(C). thus by maximality of C, W; = 0 so f is an isomorphism
of C onto W and we have M=C'" & N n

Proposition 1.22. The following conditions are equivalent :
1. E(M) is an injective hull for all non zero submodules of M

2. M contains no non zero submodules such that the intersection between
them is 0

3. E(M) is indecomposable (Definition 1.34)

Proof. First we assume ! and prove 3 by contradiction. Suppose E(M) is
decomposable then E(M) =T @ S where S and T are injective but then M NS
is a submodule of M and it’s injective hull will be S implying T=0 . Now
assume 2 and suppose E(M) is not an injective hull of a submodule T in M
then since T CE(M) we have E(T) is a direct summand of E(M) so consider
the complementary summand of E(T) in E(M) say X, we have XNM# 0 is
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a submodule of M which has intersection with T being 0 contradicting our
assumption. Now for 3 implies I we can use that the injective envelope of
a submodule will be embededded into the injective envelope of the module
making it a direct summand of it so either it will be the same or will give us
a contradiction O

Proposition 1.23. Let E be an injective moudle over a ring R and
H=Homg(FE, E) then H is a local ring if and only if E is indecomposable and
further more we have f € H is a unit only if its injective [11]

Proof. If E was decomposable then the projection onto one of the summands
will be an idempotent element and in Local rings non zero Idempotent elements
cannot exist as e(the idempotent element) and e-1 are both zero divisors so
must not invertible then they belong to the maximal ideal but then if we
take the difference of both it is 1 which gives a contradiction. Now if E is
indecomposable and f is a unit in H its a monomorphism and ker f =0 and if
ker f =0 then it is again a unit. if f and g are two non unit ker f N ker g is non
zero by proposition 1.22 therefore the sum of two non unit is again a non unit
implying H is local O

1.1.1 Injective resolutions

Definition 1.24. Injective Resolution. Let M be an R-module. An injec-
tive resolution of M s a sequence of morphisms of R-modules:

0 NV LIy (L SN § RS N SO S

such that:
1. I* is injective for all k > 0,

2. The sequence is exact at each term, i.e., Im(fy) = Ker(fry1) for all
k>0, and fy is the inclusion map of M into the injective module I°.

Proposition 1.25. Let M be an R-module. Then, there exists an injective
resolution for M.

Proof. Let M be an R-module. We know that any module can be embed-
ded into an injective module, we can embed M into an injective module I°.
Consider the following sequence:

0 y M~ 10 Iy Coker(fy) —— 0
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where f; is the inclusion map of M into I°, and f; is the quotient map. Now,
if Coker(fy) is not injective, we can embed it into an injective module, and
continue this process to construct an injective resolution for M. O

In general we can construct a minimal injective resolution by using injective
hulls of a module.

Definition 1.26. Let R be a ring and M an R-module. The injective di-
mension of M, denoted by injdim(M), is the smallest integer n for which an
injective resolution I* of M exists such that I = 0 for m > n. If there is no
such n, then the injective dimension is infinite.

Proposition 1.27. Let R be a ring and M an R-module. The following con-
ditions are equivalent:

1. injdim(M) < n,
2. ExttH (N, M) =0 for all R-modules N,
3. Exti™ (R/J, M) =0 for all ideals J of R.

Proof. 1=2 and 3= 1 are trivial and follow from the definition. For 3 = 1,
let 0 M — I°— I'— ... - "' 5 C — 0 be an exact sequence, where
the modules [/ are injective. From the fact that Exti(R/J, I) = 0 for i > 0 if
I is an injective R-module, the above exact sequence yields the isomorphism
Exty(R/J,C) = Ext'y"(R/J, M) and so Exty(R/J,C) = 0. This implies C is
injective. O

The following are some interesting results you can find about injective
dimensions in [2] (Proposition 3.1.13, Theorem 3.1.17.)

Proposition 1.28. Let (R,mk) be a noetherian local and p a prime ideal
different from m and M a finite R module if Extt (R/q, M) = 0 for all
prime ideals q containing p and not equal to it then Exty(R/p, M) =0

Proposition 1.29. Let (Rmk) be a noetherian local ring and M a finite R
module then we have inj dim M=sup{i : Exty(k, M) # 0}

Proof. Let sup{i : Exth(k, M) # 0} be s, then the injective dimension is
greater than s in order to see the equality we apply Proposition 1.28 repeatedly
which gives Exty(R/p, M = 0) for all prime ideals of R O



1.2 Injective modules over Noetherian rings 13

Definition 1.30. Let R be a ring, and I C R an ideal. Let M be a finite
R-module. The I-depth of M, denoted depth;(M), is defined as follows:

1. If IM # M, then depth;(M) is the supremum in {0,1,2,...,00} of the
lengths of M -reqular sequences in I,

2. If IM = M, we set depth;(M) = occ.

If (R,m) is local, we call depth,, (M) simply the depth of M.

Theorem 1.31. Let (R,m,k) be a noetherian local ring and let M be a finite
R module if finite injective dimension then dim M < inj dim M = depth R

1.2 Injective modules over Noetherian rings

If the base ring R is Noetherian then we can prove several interesting properties
of injective R-modules. For instance:

Proposition 1.32. [2/(3.1.3) Let R be a Noetherian ring. If I is an injective
R-module and S is a multiplicatively closed set of R, then Is is an injective
Rg-module.

Proof. Since R is Noetherian, Exty, ((Rs/JR;), I;) = Extg(R/J, 1), = 0 Since
every ideal in R, is extended from R, we conclude that I, is an injective
module. O]

Lemma 1.33. Let R be a Noetherian ring, S C R a multiplicatively closed
set, and M an R-module. Then, Er(M)s = Ers(Mg,).

Proof. We know Eg(Mj) is an injective Ry module,We will show that it is an
essential extension of M. We set N = Er(M) and pick z # 0 € N,. We will
show the cyclic module of x generated by R, has non empty intersection with
N.

There exists y € N such that Rgy = Rsx. Thus, we can assume that
x € N. We consider the set of ideals L = {Ann(tx) | t € S}. Since R is
Noetherian, this set has a maximal element, say Ann(sz). Since Rgx = Rgsz,
we may replace x by sz and thus assume that Ann(z) is maximal in the set L.

Since N is an essential extension of M, we have Rx N M = Iz # 0, where
I is an ideal in R. Let I = (aj,...,a,) and assume that a;z = 0 € Ng
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for ©+ = 1,...,n. Then there exists ¢ € S such that ta,x = 0 € N. But
Ann(tz) = Ann(z) by the choice of z, and so Iz = 0.
This is a contradiction. Hence, a;x # 0 € Ng for some 7, and it follows
that Rst‘ N MS 7é 0.
m

Definition 1.34. We say that an R-module is decomposable if there exist
non-zero modules My and My of M such that M = My & Msy; otherwise, it is

mdecomposable.

Definition 1.35. J is irreducible if there do not exist left ideals K and L of R
properly containing J such that

KNL=.J

Theorem 1.36. F is an indecomposable injective module if and only if B =
E(R/J) where J is irreducible left ideal and (0 :g x) = {r € R :rx =0} is an
irreducible left ideal of (We dont need R to be noetherian here) [11]

Theorem 1.37. Let R be a noetherian ring
1. For all p € Spec(R), the module E(R/p) is indecomposable.

2. Let I be an injective R-module, and let p € Ass(I). Then E(R/p) is
a direct summand of I. In particular, iof I is indecomposable, then I

E(R/p).

Proof. Suppose that F(R/p) is decomposable. Then there exist nonzero sub-
modules Ny and Ny of E(R/p) such that Ny & Ny = E(R/p). It follows that

(NyNR/p)N(NoNR/p)= (NN Ny)NR/p=0.

On the other hand, since R/p C E(R/p) is an essential extension, we have
NiNR/p#0+# R/pN Ny. This contradicts the fact that R/p is a domain.
R/p may be considered as a submodule of I since p € Ass(I). We embed it intp
the injective hull E(R/p) of R/p and since I is injective such that E(R/p) C I.
As E(R/p) is injective, it is a direct summand of I.

[

Proposition 1.38. The following holds :
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1. If M is a finite R module then Ass(M) = AssE(M).
2. If R is a local ring then the residue field. Homg(k, E(k)) = k.

Proof. Ass(M) C Ass(E(M)) is clear jnow if q is in Ass(E(M))) then there
is a submodule N C FE which is isomorphic to R/q . Now since N N M # 0
since E(M) is an essential etension then ¢ € ASS(N N M) C Ass(M). Now
for 2 We know Eg(k,) = Eg, (k). Now the idea is to identify the vector space
Hompg(k, E(k)) with the set V = {z € E(k) : ma = 0} by a natural morphism.
If V # K, then there exists a non-zero subspace such that the intersection with
k is equal to 0, which contradicts that F(k) is an essential extension of k.

[]

Lemma 1.39. Let P be a prime ideal of R and E=E(R/P) then,

1. @Q is irreducible P primary ideal if and only if there is an x # 0 € E such
that (0 :pz) ={re R:re =0} =Q

2. ifr € R— P then (0 :g rz) = (0 :g x) for all x € E and the homomor-
phism defined by multiplication by r is an Automorphism [11](Lemma
3.2)

Proof. First part is a direct consequgence of theorems 1.36 and 1.37 for 2 the
map defined by multiplication by r where r € R — P by 1 the kernel of this
map is 0 therefore by proposition 1.23 its an automorphism. O

The next theorem is particularyly interesting as it gives an idea for the
structure of injective modules using decomposable modules.

Theorem 1.40. Assuming R to be noetherian every injective module has de-
composition as direct sum of injective indecompasable R modules and in a
unique way in the sense that the number of summands which are isomorphic
toE(R/p) p € SpecR depends on I the injective module and p and this number
is equal to dimy, ) Homp, (k(p), I,).

Proof. The idea is to use zorns lemma on the set L which we will define to be
the set of subsets of all injective indecompasable submodules with the property
given by if f € L then the sum of all modules belonging to F is direct. So
we will get a maximal element f’. Let E be the sum of all modules in f” and
since the summands are injective so is E therefore E is a direct summand and
I = EQ K where K is the complement of E in I and K is injective since
its a direct summand of I and R is noetherian K is injecive. Since K # 0
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dp € AssK so E(R/p) is a direct summand of K but then it should belong
to f contradicting maximality and hence K=0 therefore I = E = @, ., I and
we have Hompg, (k(p), (Ix),) = @,cn Hompg ,(k(p), ). O

Theorem 1.41. Let P be a prime ideal of R a noetherian ring and E =
E(R/P) and A; = {x € E: Pl = 0} then,

1. A; is a submodule of E and A; C A;11 and E = UA;.

2. ﬂ 0(z) = P where PY) is the symbolic power and 0(z) are the annhi-
TEA;
lators of = in R.

3. The non zero elements of A;1/A; form the set of element of E/A; having
annhilator P that is (0 :g ) for x € Ajp1/A; = P

4. Ait1/A; is a vector space over the quotient field of R/P.

Proof. We will use lemma 1.39 to prove most of these
A; is a submodule of E and A; C A;,4 is obvious, Now let x be a non zero
element of E then (0 :g x) is a P primary ideal by lemma 1.39 thus there exists
a positive integer such that a power of P is contained in it so we have £ = UA;
2 is again a direct consequence from lemma 1.39 Since PA;,; C A; it is clear
every element of the submodule has annhilator P by 1.29. now conversely
suppose x€ FE such that Px C A; then by definition we have x is in A;;1 so we
have 8 . If r € R, denote its image in R/P by 7. Similarly, if x € A;,1, denote
its image in A;11/A; by T. If s € R - P, then by Lemma 1.39 2 there exists
a unique y € A;; such that © = sy. Define an operation of K on A;,;/A; by
(r/s)r = 7. It is easily verified that with this definition A;,;/A; becomes a
vector space over K. Take x # 0 € A;. Since Ay = 0, A; is a vector space over
K and so we can define a K-monomorphism g : K— > A, by g(r/s) = (r/s).x,
for r/s € K Let z # 0 € A;. Since E is an essential extension of A; there exist
t,we€ R — P such that tx = wz. Thus g(t/w) = z and g is an isomorphism.
O

Definition 1.42. Let P9 = Q,N---NQyN Qi1 N--- N Q, be the irredun-
dant decomposition of the symbolic power of a Prime ideal with irredundant
irreducible ideals in a noetherian ring R where PY ¢ Qy for k=1 ... t and
POV C Qy, for k =t+1 ... n. This is called a minimal decomposition of P(i)
P9 s of form t and if t is the smallest integer for which we can obtain such
a decomposition. Clearly t > 0 if and only if P® # PG=1.
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Theorem 1.43. Let P be a prime ideal of a noetherian ring R and assume
that PO+ s of form t then the dimension of A;y1/A; (defined in theorem 1.41)
as a vector space over the quotient field of R/P equals t. [11](theorem 3.9)

Proof. We assume without loss of generality that R is a local ring and it is of
form t. Let PO =Q,N---NQ; N Qi1 NN Q, be the irredundant decom-
position of the symbolic power of a Prime ideal with irredundant irreducible
ideals in a Noetherian ring R where P®) ¢ @, for k=1 ... t and PO~V C Q,
for k =t+1 ... n. By 1.39 we have z,, € A;;1 such that the annihilator of
T = Qum let T, = x,, + A; now we can show Ty ... Ty form a basis for A;,;/A;
over R/P O

Remark there is also a theorem which states that A;,1/A; is isomor-
phic as a vector space over the quotient field of R/P = k to the dual of
PO/ pt+l) & g/, k and the proof can be seen in [11]

The following theorem gives a result regarding the submodule A; defined in
theorem 1.41 and about the number of generator of the injective hull of the
residue as well as when the Noetherian ring is Artin.

Theorem 1.44. Let R be a Noetherian ring.

1. If P is a mazimal ideal of R then A; C E(R/P) is a finitely generated R
module for ever integer i ; and thus E(R/P) is a countably generated R
module

2. R is Artin if and only if every indecomposable injective R module is
finitely generated.

Proof. We will prove first part by induction on i. We assume A ... A;_; is
finitely generated since when i =0 its the zero module, Since P is a maximal
ideal by theorem 1.39 we have that if © € A; there exists z; ...z, in A; such
that its is generated by A;_; and x; ... x,. Thus we have A is finitely generated.
, If R is Artin then since P’ stabilizes after some i we have that E(R/P)=A;
from theorem 1.37 and by 1 we have its finitely generated . Conversely if
every indecomposable injective R module is finitely generated we have A; is
isomorphic to the quotient field of R/P and also A; is finitely generated then
we have P is maximal for all prime ideals of R implying its Artinian since R
is Noetherian O

1.2.1 Bass numbers

Definition 1.45. Bass numbers: Let R be a Noetherian ring, M a
finite R-module, and p € Spec(R). The finite number p;(p, M) =
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dimy (p) Ext%(k(p), M,,) is called the i-th Bass number of M with respect to
p.

Proposition 1.46. Let R be a Noetherian ring, M a finite R-module, and
EJ(M) the minimal injective resolution of M. Then the i-th term of the min-
imal injective resolution of M is given by Ei(M) = €D,c gpecr) E(R/p)reM),

Proof. Let
0= M1 1" 512 ..

be a minimal injective resolution of M. Let p € Spec(R), since localization is
exact.
0 1 2
0= M, =1, —1,—=1 —...

is exact, where b; is the localization of 3;. The complex Homk(k(p), I?) is
isomorphic to the subcomplex Cq of I where C; = {z € I;; : pR, -z = 0}.
Let x be a nonzero element of C;. Since the extension Im b; — I; is essential,
there exists a € R, with ar € Im b; and ax # 0. Since pR, annihilates
x, we see that a ¢ pR,. Hence, a is a unit in Ry, and z € Im b;,_;. It
follows that b;(z) = 0, and hence b;;C = 0 for all 7. Consequently, we get
Ext% (k,, M,) = Homb,(k,, E;(M,)). O



Chapter 2

Matlis duality

The beginning of this chapter will be devoted to explain the Matlis duality.
We construct the Matlis dual functor with the help of the Hom functor and
the injective of hull of the residue field of a local ring R. We are also going
to explore the Macaulay’s correspondence between the set of m primary ideals
of the ring of power series in n variables and finitely generated modules of its
injective hull with the help of the Matlis dual. Towards the end of this chapter
we will talk about Artin rings and when they are Gorenstein .

2.1 Matlis dual

Definition 2.1. Let (R, m,k) be a local ring. Given an R-module M, we
define the Matlis dual of M as MY = Homg(M, E(k)). With this definition,
we can write (—=)Y = Homg(—, E(k)), which is a contravariant exact functor
from the category of R-modules to itself.

Proposition 2.2. Let (R, m, k) be a local ring. Then (—)" is a faithful functor.
Furthermore, if M is an R-module of finite length, then ((MY) = €(M). If R
is, in addition, an Artin ring, then (r(Fr(k)) = (r(R) < oco.

Proof. First, we saw that k¥ = Hompg(k, F(k)) = k. Now, to prove the
statement, we have to show that if M is a nonzero R-module, then MV is
nonzero. So, as M is nonzero, let’s take a cyclic submodule R/a — M. Since
a C m as the ring is local, we have the maps M <+ R/a — R/m = k. But
now we can apply the functor (—)" to these maps and we get M"Y <+ (R/a) <
kY = k, implying that MV is nonzero.

For M of finite length, we use induction on ¢(M) to prove {(M) = ((M").
If ¢(M) =1, then M is a simple R-module, and thus M = R/m = k, coincide.

19
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Thus, ¢(MY) = ¢(k) = 1. For the general case, choose a simple submodule
S C M. We apply (—)V to the short exact sequence:

0—->S—>M-—M/S—0

obtaining

0— (M/S)Y - MY — SV =0
Since S = k (as we saw before), we have £(SY) = 1. We use induction
on ¢(M) to prove £((M/S)Y) = ¢(M/S) = ¢(M) — 1. We conclude then
((MY) = (M ) O

Proposition 2.3. Let R be a ring, a an ideal of R, and M an R-module
annihilated by a. Then, if E = Er(M):

Erj(M)={e€ E:ae=0}=(0:pa)
Proof. M and (0 :p a) are annihilated by a and thus can be thought of as
R/a-modules. M C (0 :p a) C E. Since every R/a-submodule of (0 :g a) is
also an R-submodule of E, necessarily (0 :g @) is an essential extension of M.

Now, we need to check if (0 :g a) is injective. This can be done by using the
injectivity of E and Baer’s criterion O

Corollary 2.4. Let (R, m,k) be a Noetherian local ring, and E = Egr(k). Let
a be an ideal of R. Then:

1. ER/a(k) = (O 'E Oé)

Lemma 2.5. With the same assumptions as above for R
1. RV ¥ FE and EY = R.

2. For every R-module M, there is a natural map M — MYY. Under this
map, R — RV and E — EVV are isomorphisms.
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Proof. The first part is clear because in general for a R module M we have
Hom(R,M) = M for showing EY = R. we will construct a map defined
by homotethy this is done first by showing it for the case of Artinian rings
and using that to prove for the general case. For R Artinian, since in this
case, ((E) < oo, then {(E) = ¢(RY) = ¢(R). So, we have that ((F) < oo
and we know that ¢(EY) = ((F). We now consider the map § : R — EV =
Hompg(F, E) which sends an element r to the morphism ”multiplication by
r”. Since we've seen ((R) = ((E"Y), we only need to show that 6 is injective.
Suppose then that rE = 0. Then, as we have seen in the previous corollary,
Er/(k) = (0 :g r) = E, and, by the same argument, ¢(E) = ¢(R/(r)). This
implies then that ¢(R) = ¢(R/(r)), implying r = 0.

Let R be a Noetherian and complete ring. Consider the map 6 : R — EV,
We aim to prove that # is an isomorphism. For each ¢, let Ry = R/m’, and by
the corollary, define E; = Eg, (k) = (0 :g m?).

Let ¢ € Homg(E,E) = EY. Tt is clear that ¢(F;) C E;, and thus ¢ €
Hompg, (E;, Ey). Moreover, since R; is Artinian. Thus, in this case, we have
shown that ¢ acts on E; as multiplication by some uniquely determined element
re € Ry. Also, Ey C E;; implies that 7y = ryy + mf/mit! for all £. In
consequence, r = (ry); € R. Since R is complete, R = R, and we find r € R
such that r, = r + m’.

Finally, we claim that ¢ is given by multiplication by r. This follows from
the fact that £ = |J, E; and that ¢(e) = re for all e € E;. Moreover, r is
uniquely determined by ¢, and we conclude that 6 is bijective. Now to show 2
Consider the natural homomorphism from M to M double dual v : M — MYV
given by y(m)(¢) = ¢(m).

To show that v : R — RYY is an isomorphism, we will demonstrate that
this map decomposes as R = EY = (RY)Y, using the isomorphisms given in
part 1. If r € R, the map R = EY sends r to multiplication by r, m, : E — E.
Now the map EY = (RY)Y sends m, to «,. defined by «,.(¢) = m,(¢(1)) = ¢(r),
so . = 7y(r). The case of F is done by the same argument. ]

Proposition 2.6. Let (R, m,k) be a complete Noetherian local ring and E =
Er(k).

1. There is an order-reversing bijection L between the set of R-submodules
of E and the set of ideals of R given by: if M is a submodule of E, then
(E/M)V 2 M+ = (0:5g M), and (R/I)V = I+ = (0 :g I) for an ideal
I CR.

2. F is an Artinian R-module.
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3. An R-module is Artinian if and only if it can be embedded in E™ for some
n € N.

Proof. Since M C M*+, we have to prove that M++ C M. Consider the exact
sequence
0—-M—ES E/M—0,

dualizing with respect to E, we get an injective homomorphism (Lemma
above),

0 (B/M)" = ¥ 5 R,

Hence, every g € (E/M)" is mapped to an r € R such that (6~ o7¥)(g) =1,
or equivalently gom = 7¥(g) = hr = 0(r), where hr : E — E is the homothety
defined by r. Since gow(M) = g(0) = 0, we get rM =0, so (E/M)" C M*.
On the other hand, if r € M L, then we can consider the map g : E/M — E
such that g(x) = rx for all x € E. Tt is clear that (67! o 7¥)(g) = r, so
(E/M)V0~1xV = M*. Let x € E\ M; then there is g € (E/M)V such that
g(x) # 0, by Lemma 2.4 . From the above isomorphism, we deduce that there
is 7 € M" such that rz # 0. This shows that M*++ C M, and then M = M++.

Let I be an ideal of R. As in the previous case, we have I C I*++. From
the natural exact sequence 0 — I — R = R/I — 0, we get an injective
homomorphism, by Lemma:

0— (R/I)Y =5 RV 5 B

As in the previous case, 0~ on¥ maps (R/I)" to I*+. Let r € R\ I; then there
is g € (R/I)" such that g(r) # 0, by Lemma 2.4. Hence, z = g(1) € I+, and
re # 0, ie, r ¢ (0:g ). Since I+ = (,;.(0 :g ), we get [+ C I, and
then I = [++.

Since R is Noetherian, by 1 we get that F is Artinian. We consider the set
X of kernels of all homomorphisms F': M — E™ for all n € N. This is a set
of submodules of M. Since M is Artinian, there is a minimal element Ker(F)
of X, where F': M — E" for some n € N. Assume that Ker(F) # 0, and pick
0 # x € Ker(F); there is 0 : M — E such that o(z) # 0. Let us consider
F*: M — E"! defined by F*(y) = (F(y),0(y)). Since Ker(F*) C Ker(F),
we get a contradiction with the minimality of Ker(F).

Assume that M is a submodule of E™ for some integer n. From 2, we get
that M is an Artin module. O

Theorem 2.7. (Matlis duality) Let (R, m,k) be a complete Noetherian local
ring, £ = FEr(k), and let M be an R-module. Then:
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~

. If M is Noetherian, then MY is Artinian.
If M is Artinian, then MY is Noetherian.
If M is either Noetherian or Artinian, then MYV = M.

The functor (—)V is a contravariant, additive and exact functor

S

the functor (=)V is an anti-equivalence between Roq.noeth and Riod Art
(resp. between Rioq.ar and Rioq Noen) It holds (—)Y o (=) is the iden-

tity functor of RiodNoetn (T€SP- Riod. Art)-

Proof. First, suppose that M is Noetherian. Since its Noetherian we can
choose a presentation of M:

0—-R"—-R"—-M—=0
Since (+)" is exact, it induces an exact sequence:
0— M — (R") — (R™)"

Thus MY can be seen as a submodule of (R")Y = (RY)" = E", where the last
isomorphism is the one we proved in the previous lemma. Since F is Artinian,

so is E™, and hence also MY. Applying the functor (-)¥ again, we get the
following commutative diagram:

0 —R" —— R" s M > (0

| | |

0 —— (R™)Y —— (R")YY —— MY —— 0

Now we know this induces an isomorphism between M and its double dual
by 2.4. Given M is Artinian, assume M is Artinian, implying that there exists
a natural number n such that M can be embedded into E™.

Since E is Artinian, E™/M is also Artinian, and therefore, there exists an
m such that E™/M can be embedded into E™.

This leads to the exact sequence:

0—+M—FE"— E™
Applying the Matlis duality functor (-)¥, we obtain another exact sequence:
(E™)Y = (E™")Y —- MY =0

MY can be embedded into (E™)Y, which is isomorphic to R™. Therefore, M"
is Noetherian. We get / and 5 as a consequence of the rest. O]
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2.2 Macaulay’s correspondence

We are now going to define two type of module structure using the ring of
formal power series denoted by R acting on a polynomial ring S with same
number of variable over a field k. If char(k) = 0, the R-module structure of S
by derivation is defined by the map:

RxS—S
8!

BB if 5 >
) a0y = [TV 020
0 otherwise

where for all o, 6 € N, ol =[], oyl
If char(k) > 0, the R-module structure of S by contraction is defined by the
map:

RxS—S

B-a if B>«
ot ff 122

0 otherwise

where a, 8 € N" and the ordering is defined termwise. If I C R is an ideal,
then (R/I)Y is the sub-R-module of S that we denote by I+, defined as:

It={geS|Iog=0}

This is Macaulay ‘s inverse system of I. Given a sub-R-module M of S, then
the dual MV is an ideal of R denoted by (S/M)*, defined as:

M*={fecR|fog=0forall g€ M}

Proposition 2.8. For any field k, there is an R-module homomorphism

o : (S, der) — (S, cont)

given by
y* = aly®

If char(k) = 0, then o is an isomorphism of R-modules.

Proof. Tt is enough to prove o(z® o y”) = 2% (y”).
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If char(k) = 0, then the inverse of o is y® — Ly O

Given a family of polynomials F}, j € J, we denote by hF}, j € J, the
submodule of S generated by Fj, j € J, i.e. the k-vector subspace of §
generated by 2% o F;, j € J, and o € N".

Proposition 2.9. If k is of characteristic zero then Egr(k) = (5, der) =
(S, cont). If k is of positive characteristic then Er(k) = (S, cont).

Proof. We write E = Egr(k). From Corollary 2.4 we get
E=()0:pm)=()Er/mpyk)
i>0 i>0

Hence the problem is reduced to the computation of Er/mi(k) C E.

Notice that S<;—1 := {f € S|deg(f) <i—1} C S is a sub-R-module of S,
with respect to the derivation or contraction structure of S, and that S<;_; is
annihilated by m%. Hence S<;_; is an R/m’-module. For any characteristic
of the ground field k the extension k C S<;—1 :=f € S|deg(f) < i—11is
essential. In fact, let 0 # M C S<;,_; be a sub-R/m’%-module then it holds
1 € M. there exists L ~ Er/m’(k) such that

kCcSq 1 CLx~ ER/m%(k)
Since, Proposition 2.2,
lengthR/m%(ER/m’I'%(k)) = lengthR/m%(R/mfR(R/m’}'_—{)) = lengthp i (S<i-1)
from the last inclusions we get S<; 1 ~ Er/mk(k). Hence

ER<k) ~ ﬂSSZpl =S.

>0
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Proposition 2.10. Let R = k|[[x1, ..., z,]] be the n-dimensional power series
ring over a field k. There is an order-reversing bijection 1 between the set of
finitely generated sub-R-submodules of S = K[[y1,...,yn]] and the set of maz-
primary ideals of R given by: if M is a submodule of S, then m* = (0 :z M),
and I+ = (0:5 I) for an ideal I C R.[6]

Proof. The one-to-one correspondence is a particular case of Proposition 2.2,
Matlis duality gives the one-to-one correspondence between finitely generated
S sub modules and max primary ideals of R because of the structure defined

on S. O

2.3 Gorenstein rings

Definition 2.11. Let A = R/I be an Artin quotient of R, and we denote by
n =m/I the mazimal ideal of A. The socle of A is the colon ideal Soc(A) =
(0 :4 n). Notice that Soc(A) is a k-vector space subspace of A. We denote by
s(A) the socle degree of A, that is, the mazimum integer j such that n? # 0.
Finally, the (Cohen-Macaulay) type of A is t(A) := dimSoc(A). An Artin
ring A is Gorenstein if t(A) = 1.

Example 2.12. Consider I = (z?,4?) then the socle of A is the ideal (xy) +
(22,9y%) /(2% y?) which is a one dimensional k vector space and therefore A is
of type 1 and is Gorenstein

Definition 2.13. (Hilbert Function). The Hilbert function of A = R/I is
by definition HF4(i) = dimy (n"—H ,
e(A) = dimy(A) = dimy I*. Notice that s(A) is the last integer such that
HF4(i) # 0 and that e(A) = >0 HF4(i). The embedding dimension is
HF4(1)

and the multiplicity of A is the integer

Proposition 2.14. Let A = R/I be an Artin ring, the following are equivalent:

1. A is Gorenstein,
2. A= E4(k) as R-modules,
3. A is injective as A-module.

Proof. If we assume A is Gorenstien then t(A) =1 = k = Soc(A) C A
since A is an essential extension of k we have 2, 2 implies & is clear because
A is Artin the length of A now E4(k) and E are the same will show 3 implies
1 ,if A is injective as an A module then the injective hull of k as an A module
is contained in A we get 1 ]



2.3 Gorenstein rings 27

Proposition 2.15. Let A = R/I be an Artinian local ring. Then
Soc(A)Y = I*+/mo I+
In particular, the type of A is
t(A) = dimy (It /mo I*t) = pr(Ih).

Proof. 1f we consider the following exact sequence given by

0 — Soc(A) — A Lty g
Dualizing this we get the following sequence
0— (I S 1+ 5 Soc(A)Y
where the map o is given by o(f1,..., fn) = Y., xio f;. Hence we will get the

dual of socle to be I*+/(zy, ..., z,)ol*+ = I+ /mo It and since dimy(Soc(A)) =
dimy (Soc(A)Y) = u(I+) we have t(A) = u(I+) O

Definition 2.16. An Artin quotient is said to be a level algebra if the socle of
A s m® where s is the socle degree.

The next proposition is note worthy as it establishes the correspondence
between the inverse systems and Artin algebras of socle degree s

Proposition 2.17. Let I be a maximal primary ideal of R, and given a poly-
nomial F' € S of degree r, we denote by top(F') the degree r form of F where
r = deg(F). The quotient A = R/I is an Artin algebra of socle degree s
and Cohen-Macaulay type t if and only if I+ is generated by t polynomials
Fi,...,F, € S such that deg(F;) = s, i =1,...,t, and top(Fy), ..., top(F;) are
k-linearly independent forms of degree s. In particular, A = R/I is Goren-
stein of socle degree s if and only if I+ is a cyclic R-module generated by a
polynomial of degree s.

Proof. We denote by S<; (resp. S<;), i € N, the k-vector space of polynomials
of S of degree less than or equal to i (resp. less than 7). Now Assume A
is an Artin level algebra then Soc(A) = n® so Soc(A)Y = I+/I+ N S_,(this
we get from the dualized sequence in the above proposition) then by previous
proposition we get that mo I+ = I+ N S_; and since t(A) = u(I*+) we have
that I+ is generated by t polynomials of degree s and their top’s are linearly
independent.

Now assume that I+ = (F} ... F;) such that their degrees are s and that
their top’s are linearly independent as k-vectors of degree s. Hence Fs is a
minimal system of generators then from the previous proposition we have that
A is of Cohen Macaulay type t and we also have that mo I+ = I+ N S_; so we
deduce Soc(A)=n* O
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2.3.1 Examples

In this subsection We are going to see some examples for what we have been
looking at so far. The examples are computed with the help of [5] in the
computer algebra software singular. The library has functions to check whether
the quotient is Artin, to check the Cohen Macaulay type, to compute the
inverse system as well as to compute the ideal corresponding to the inverse
system with respect to derivation.

Consider R = [[z1, 22, z3]].

Example 2.18. Consider the ideal I = (z%,23,23). Then R/I is an Artin
quotient of socle degree 3. The Cohen Macaulay type is 1 which means it is
Gorenstein and the inverse system of I is generated by the element xyx,x3 and
the socle is (22,23, 22, 1, T2, 3) /1.

Example 2.19. Consider I as above . The Artin ideal with I as the inverse
3

system is generated by the polynomials 12y, 329, 123, T3, T3, T3.
Example 2.20. Consider the ideal I = (z3,23 x5 — 523). Then R/I is a
Gorenstein Artin quotient with socle degree 7 . Socle of the Artin quotient is

(b — o3, 28, 23, 22x3) /1. The inverse system of I is generated by 12z2zo22 +
x2x3. If I was the inverse system then the ideal of the corresponding Artin

quotient is given by (2122, 213, Tow3, T3, xl%,x%.

Consider R = [[z1, 2, T3, 24]].

Example 2.21. Let I be the ideal (2 + 3,23 + 22,23 + z; +
Ty, v175x3, w3, 2524). Here the Artin quotient is not Gorenstein and not level.
The Cohen-Macaulay type is 3 so the inverse system is generated by 3 polyno-
mials f; = 6Ox1x2x3—1Ox1x§—10x2x§+x§ Jo = 12x1x2x4—6x1x§x4—6x2x§x4+
x§x4, f3 = 6x2x3w4—x§x4. The socle of I is given by ($1+x2+x§, x§+x§—x1x§+
Tox3, 13, 209x: — 205 + 201 woxE — 20372 + 15, 2003wy +ATET3T, + TITY, T, T3T4)

Example 2.22. Consider the ideal I = (x; + xy + 22,23 + 23 — z23 +
D913, 23, 2093 — 205+ 201 Toxs — 20303 + 13, 2w0w3wy + AT T3y + 3Ty, T3, TETY).
Then the quotient is Artin Gorenstein and has socle degree 6 and the inverse
system of [ is generated by 45z 2324 — 15z 25+ 3023252, — 30232323 — 102523 +
6237



Chapter 3
Classifying Artin Rings

In this chapter we are going to introduce certain class of Artin algebras called
compressed algebras. We will show that certain Gorenstein algebras with socle
degree 4 is graded and use this result to give a classification for Artin Goren-
stein algebras with their Hilbert function being {1,n,n,1} from a geometrical
view point (see Corollary 3.13). From this we give concrete examples for the
case n < 3. In this section R = k|[[x1,...,z,]] and S=k[zy,...,x,] with the
module structure derivation or contraction as defined in the previous chapter.

Definition 3.1. Let A = R/I be an Artin quotient and let n be the mazimal
ideal of A then associated graded ring gr,(A) is defined as @y>on'/n'1. If
S is the module defined by contraction or derivation we define I* to be the
homogeneous ideal of S given by the initial forms of 1.

In [4] you can find more details about Associated graded ring and it is
known that if I* is the homogeneous ideal generated by initial forms of S then
gra(A) = S/T*

Definition 3.2. An Artin Algebra is canonically graded if A is analytically
isomorphic to gr,(A).

Definition 3.3. The initial degree of A= R/I is the integer r such that I

Cm and I € m™ and the socle type is defined as the sequence o(A) =
(0:n)Nn? )

(0:n)Nnit+1

0,...00_1,0.,0,41) where o, = dimy (

Proposition 3.4. Let < | >: R x S — k giwen by (F,G) — (F o G)(0)

1. The map defined above is bilinear and non degenerate map of k vector
spaces.

29
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2. If I is an ideal of R then I+ = {G € S| < I|G >= 0}.
3. < | > induces a bilinear non degenerate map between R/I x I+ and k.

Definition 3.5. A local k algebra A is said to be compressed if

YnsiouldinucS,—) i

dimy,S; otherwise

HF(i) = { (3.1)

where s is the socle degree o is the socle type and r is the initial degree, if the
Cohen-Macaulay type is 1 then its called a compressed Gorenstein or extremal
Gorenstein algebra.

Proposition 3.6. [6] A compressed local Algebra A=R/I whose dual module
I+ is generated by Fy ... F, of degrees di,...,d; has a compressed associated
graded ring gr,(A) whose dual module is generated by the leading forms of
Fy, ..., F, Conversely if gr,(A) is compressed then A is compressed and they
have the same socle type.

Given an Artin Algebra A we can consider the set of automorphisms of
A as an algebra as well as a k- vector space and denote it by Aut(A) and
Auty(A) the set of automorphisms as a k-vector space is contains the set of
automorphisms as a k algebra. Given an automorphism ¢ € Aut(R) if R is
complete it is completely determined by the variables X; . If ¢ is a k-vector
space automorphism of R/m**! then we can associate a matrix to it with the
basis €2 given by the monomials and the size of this basis is (”js)
Given two ideals I and J containing m*™! then there exists an isomorphism
between R/I — R/J say ¢ if and only if it is induced by a k algebra automor-
phism of R/m**! sending 7/m*™! to J/m*™'. From [8] we know the classifica-
tion of Artin algebras with socle degree s and multiplicity e is equivalent to the
classification of k vector spaces of dimension e upto action of Aut(S<s . This
morphism induces a dual morphism ¢* between the dual spaces of R/J to the
dual space of R/I. We will use * to denote this dual. Now the interesting thing
is we can find an isomorphism between (R/I)* and I+ which is the inverse
system given by < | >.
That is a € I+ +— (@, a), where @ is the representative of  in R/I. Now we
can identify the dual basis as elements in I+ denoted by Q* = {w}} where

(2%)" = (1/al)y®

this is because (w;, (w;)*) gives us the kronecker delta. Now if M is the
matrix associated with ¢ in the basis Q M! which is the transpose of M



31

is the matrix associated with the dual map in the basis Q*. Let F be the
submodule in S generated by F ... F; and G be the submodule generated by
(1 ...Gy where they are polynomials of degree S. Now Ann(F) and Ann(G)
contain polynomials such that the degree of the forms are greater than s
and therefore contains m*™'. Denote Ar, Ag as R/Ann(F) and R/Ann(Q)
respectively. Now given ¢ € Aut(R/m*™') we have that ¢(Ap) = Ag if and
only if ¢*~'(F) = (G). It is important to note that if Ap = R/Anng(F), the
polynomial F is not unique but it is unique upto a multiple by a unit u € R
that is < F' >p=< G >p if and only if F=uo G

Let 1 < p < sand ¢;_, be an Automorphism of R/m**! such that Gs—p = 1d
modulo mP™! implying

Gs—p(Tj) =2+ Z alz' + higher terms
li|l=p+1

The matrix M

—~

¢s—p) has the following structure

1 0 . 0 0 0 010
0 I 0 0 0 0 0
0 0 I 0 0 0 0
M (S%—p)
0[Bprn| 0 |l L, | 0 |o0
O “ e Bp+272 O 0 IS—p-I—]_ O
0 . .. . : 0 ...10
0 Bsr | Bsa |- |Besy| O |...[L

where B, ; is a ("+:_1) X (":g_l) Matrix of coeffecients appearing in (b(ﬁ)
where j = (j1,...,Jn) and |j| = j and I, denotes the identity matrix of order
("*;’*1). Consider s = 2 and p = 1 then By is 1 By is the zero matrix of
order 1 x 2 and B is identity of order 2 x 2 similarly it is easy to verify that

0 f0<i<j<sorj=1
0 ifj=s—p,....,s—landi=j+1,...,sand(s,5) # (s,s — p)
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In the case of s =2 and p = 1 the matrix will look like this

S = O

aiy as

3 3
ay Qo

SO OO O

Q

DO = =

Q

[}
SO = O OO
SO = O O OO
_ o O O OO

Now if F and G are polynomials of degree s and ¢,_, sends Ar to Ag then
|Gl M (¢s—p) = [Flu+. Since the matrix has the structure we deduced can
take a look at how the homogeneous components of the polynomials behave
when multiplied by the matrix and deduce that
FlJ]w = {Gm‘”* J=smprlis (3.2)
Gls — plo + G[8]lwBss—p J =5—Dp

let [a;] be the coordinates of G[s| wrt w* then
Gls] = Ly
[s] = Z Ay
li|=s ~

the entries of G[s|.«Bss—p are bi homogeneous components of [o;] and a =

{al...a?} Hence there exist a matrix M~# of size ("7 7277) x n(""?) and
entries in k[a;] such that

{[i] Bss—p}' = M**G[s]a’

Denote by S; the set of monomials z®* of degree p such that z* €
zi{xi. .. 2, }P" therefore cardinality of S = (p_;i”f_i) and Given a homo-
geneous G form of degree s let AY(G) be the matrix whose columns are the
coordinates of 0;(G) ,|i| = ¢ with respect to (z%)* where |L| = s — ¢. This
matrix is of size ("_71:;_’1) X (”;f;l) for example when when you have the
polynomial ring over 2 variable and q=2 and s=3 and say G=z%1, we get the

matrix [/ : 03] where I, is the identity and 0y is the column matrix of size 2.

Proposition 3.7. Let Ag be a compressed algebra of socle degree s and Cohen-
Macaulay type t then for every i=1...s

HFA(i) = rankA¥ (Gs]) = min{ (” —ht Z) ,t(” S i>}

n—1 n—1
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Lemma 3.8. [6] (Lemma 2.5.7) The matriz M7 (G[s]) has the following
upper-diagonal structure

My | * cee |k *
0 My |-+ | % *
MEP@s) = | o s | :
0 0 0 M, | *
0 0 0 0 M,
where M, is a matriz of size (s_’s’:;ﬁ_l) X (fo),j = 1,...,n, defined as

Jollows: the entries of M; are the entries of Ms=?l(G[s]) corresponding to the
rows W € log(Si_,). and the columns (j,i) with |i| = p + 1. We label the
entries of M; with respect to these multi indices then

1. for all W=(wy, ..., wy) €log(S}_,) and |i| =p+1

w1 APH (G[S} ) (W—61,4) — Ml(W,(l,i))

2. for all j=1,...,n—1,W € log(S?"}

S*I)?
M wi+1,4) = Wit My (1))

with L= (Sj + W — (5j+!

Corollary 3.9. If s< 4 then rank(MP~?(G(s))) is mazimal if and only if rank
(AP (G(s)) is mazimal.

This notion can be extended to a sequence of polynomials if G = G ... G,
of polynomials of degree s of S. Let ¢,_, be a k algebra isomorphism as we
defined. If we assume Ap sending to Ag In particular

[GT]Q*M(¢S—I)) = [FT]Q*
where r goes from 1 to t. We deduce that
Gs]]e- - B

S7sip

where obtained by gluing ¢ times the matrix B; ;_, and where [G[s]]o+ has the
rows [Gr[s]]g. 17 =1,...,t. We can define

MI=7)(Gy[s])

MG = | S
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This matrix has the same structure as MF~7/(G[s]))
Now we can use the previous lemma and corollary to prove the main the-
orem.

Theorem 3.10. [6/(Theorem 2.59) Let A be an Artin compressed Gorenstein
local k algebra with s< 4 then A is canonically graded

Proof. In case of s< 3 the result can be found in [7] . Let A be an Artin
compressed Gorenstein local k algebra with embedding dimension n and s=4
So with the duality we have established and proposition 3.9 we can assume
that A=Ag with G € S a polynomials of degree s and and that the associated
graded ring is of the form S/Ann(G) with socle degree 4 and embedding di-
mension n. We want to prove there exists an automorphism ¢ € Aut(R/m?)
such that Ag is send to Agpy without loss of generality we can assume that
G = G[4] + G[3] then consider an automorphism as we have studied ¢,_, with
p=1thatisfor j=1...n

¢3(z;) = x; + Z alz’ + higher terms

li|=2
then if
Ap = ¢35 (Ag)

we have

GlJ| J=85— 1,...,

Pl =4 G STPt ° (3.3)

Gls — plo + G[8]luBss—p J =5—Dp

therefore

F3o: = G[3]a- + a'(MPI(G(4))
Fld]o- = G[4]o-
Now we know that by corolary 3.9 the matrix M has maximal rank and
we have a solution for a such that F[3]=0 and we get F[4]=G[4] and we have

the desired result.
O]

Now we will try to extend the result for the general case for an algebra
with embedding dimension n and socle type (0...0,...05).

Theorem 3.11. Let A=R/I be an Artin compressed k Algebra of embedding
dimension n and socle type o Then A is canonically graded in the following
cases where s is the socle degree :
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1. s < 4.
2. s=4 and o4 = 1.
3. s=4 and n=2.

Proof. When the socle degree is 2 that is the Hilbert function is {1,n,t}
the local ring is always graded. When s=3 and A is level the result was
proved in [15] so we will consider that A is not necessarily level then the
socle type is {0,0,09,03} and the Hilbert function is {1,n,h,o3} where
h = min{dim S, 09 + o3n}. Then we can assume [ L is generated by o
quadratic forms and o3 polynomials G;...G,, and the result follows as
R/Anng(Gy . ..Gyy) is a 3 level compressed algebra.

For the case when s=4 and o4 = 1 then the socle type is (0,0,0,03,1). So
I+ is generated by 1 polynomial of degree 4 and o3 polynomial of degree 3.
Then the problem can be reduced to the Gorenstein case with s=4.

Now assume n = 2 with s=4 then the possible socle types are (0,0,0,0,7)

where i takes values 2,...,5 then the corresponding Hilbert function is
{1,2,3,4,i} in each case A is graded because the Hilbert function forces the
dual module to be generated by forms of degree 4. n

Definition 3.12. We say that F € S is non degenerate if the embedding di-
mension of the corresponding algebra Ar is n.

Theorem 3.13. Let A be an Artinian Gorenstein k Algebra with Hilbert func-
tion {1,m,n, 1} then the following conditions are equivalent

1. A is canonically graded.
2. A is compressed.
3. A has symmetric Hilbert. function

From this we get the following corollary

Corollary 3.14. The classification of Artin Gorenstein k-algebras with Hilbert
function {1,n,n,1} is equivalent to the projective classification of the hyper-
surfaces V(F) C P71, where F is a degree three non degenerate form in n
variables.

From this we will show the case for n = 1,2, 3 and char(k) = 0. If n = 1,
then it is clear that A = Ek[[z]]/ (z*). If n = 2 we have the following result:
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Proposition 3.15. If A is a Gorenstein Artin algebra Hilbert function
HF 5 = (1,2,2,1). Then A is isomorphic to one and only one of the following
quotients of R = k[[z1, x2]]:

Model A= R/I | Inverse system F | Geometry of C =V (F) C P?
(23, 23) Yo Double point plus a simple point
(1129, 3 — 73) v — s Three distinct points

Remark 3.16. When the inverse system is generated by the form x?® the
corresponding Artin algebra has hilbert function {1,1,1,1}. This is because z*
is a degenerate form.

For the case of n = 3 We can make things more organised by first looking
at the classification of elliptic curves, From [14] we know any plane elliptic
curve C C P"k is defined by a weierstrass equation given by

Wap : yays = ys + ayrys + bys

with a,b € k and 4a® + 270> # 0. The j invariant of the curve is given

by j(a,b)zl?QS%Lﬁﬁ%, and two plane elliptic cubic curve are isomorphic as

projective hypersurfaces if and only if their j invariants are same. We have the
following equations in terms of the j invariant of the elliptic curves

W(0) = yays + yo3 — 4
W (1728) — y3ys — y1y3 — Ui

W(j) = (j — 1728)(y2ys + v1yays — ¥i) + 36u192 + vo

Then we have the following result.

Proposition 3.17. Let A be an Artin Gorenstein local k-algebra win momen
function HFy, = {1,3,3,1). Then A is isomorphic to one and only one of the
following quotients of R = k|[[x1, e, x3]] :
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Model for A= R/I

Inverse system F

Geometry of C = V(F) C
Pg

(1, 23, 73)

Y1Y2Ys3

Three independent lines

2 2 2
(xp T1T3, X125, To, T+

y2<yly2 - y%)

Conic and a tangent line

ZL’lfL’Q)

(fﬂi 553» 517% + 62172) Ys(y1y2 — y§)

Conic and a non-tangent

line
(2%, 2120, 05 + x5 — | yays — v3(y1 + u3) Irreducible nodal cubic
T173)
(73, 2129, 1173, To, T3+ | Y3Y3 — U} Irreducible cuspidal cubic
3r313)

Elliptic curve 7 =0

(w3, 214325, wrws, w1 — | W(0) = y3un + oyt — ui

Tol3 + CL’% + ZL’lfL’g)

(734 11203+ 1120, 7 — | W(1728) = y3y1 — 3 Elliptic curve j = 1728

3%1)
I(j) = (z2(xg — | W(j),7 #0,1728 Elliptic curve with j
2[E1),Hj,Gj) 0,1728

with

H; = 6ja1m9 — 144(j — 1728)x12372(j — 1728)m9z3 — (j — 1728)%23, and
Gj = jat — 12(5 — 1728)w 23 + 6(j — 1728)x9w3 + 144(j — 1728) 3.
I(51) = I(j2) if and only if j1 = jo.

Proof. The proof can be given using geometrical ideas for the first 4 cases. If
we assume F'is a product of three linear forms then they should be linearly
independent, if they are not they will be degenerate. Now if F' was a product
of an irreducible quadric and a linear form, there can only be two cases which
depend on where the line intersects the conic. If F'is a degree 3 irreducible
form, we have the case where F' is singular where we get the case of 4 and 5th
row of the table. Otherwise we can classify them with help of the Weierstrass
equation mentioned above to get the last three cases. O]

In [3] they have given a complete classifications for Gorenstein Artin al-
gebras with Hilbert function {1,m,3,1} and in [7] they study algebras with
Hilbert function {1,m,n, 1} more generally using a result from [10]. We can
consider the case when n = 4 for the above results using classification of hy-
persurfaces in P? for example see [1].
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