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We examine the impact of deliberation on political learning and election outcomes. A
rational, common-valued electorate votes under majority rule, after potentially acquiring
costly private information and sharing it freely through public deliberation. Our findings
suggest that deliberation can lead to free-riding on information gathering, but also en-
courage the emergence of informed political experts. Overall, deliberation may legitimize
purely electoral outcomes and yield more accurate decisions. However, deliberation may
also reduce electoral accuracy. We provide conditions for these results and contribute to
the understanding of the strengths and limitations of deliberative democracies.
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1 Introduction

Democracies entail procedures for making decisions collectively, involving the participa-
tion of either all individuals impacted by the decision or their chosen representatives.
One such procedure is voting, of course; but it may not be the only one. Deliberation, or
“decision-making by means of arguments offered by and to participants who are commit-
ted to the values of rationality and impartiality” is another procedure, often combined
with voting (Elster, 1998, p.5). Proponents of a deliberative democracy emphasize the
creation of spaces where citizens can freely debate, apart from traditional aspects of a
democracy such as voting under majority rule.! The core idea is that, through reasoned

deliberation, participants can reach more legitimate and informed decisions.

! Ackerman and Fishkin (2008) propose the creation of a “Deliberation Day” in the United States, a
national holiday before national elections in which citizens would meet and discuss the political agenda.
Participation would be voluntary and participants would receive some compensation for their civic efforts.



From a normative viewpoint, deliberation as a democratic procedure seems uncontro-
versial. However, some defenses of deliberative democracies fail to analyze deliberation
instrumentally, i.e., less as an intrinsically desirable feature, and more as a means to pro-
duce the desirable result. In response, scholars have examined the effects of deliberation
in democracies from a game-theoretic perspective, accounting for the incentives of citizens
to share truthfully their private information and to vote. Most of the literature challenges
the normative support of deliberative democracies through the assumption that citizens
are not impartial: they have private interests apart from caring about the common good.
Although a valid point, we believe that such relaxation may distort the idea of a delib-
erative democracy as a normative benchmark in political philosophy and blur a logical
assessment on whether deliberation can produce more legitimate or informed decisions.

In this paper, we model a democratic society of rational and common-valued citizens
who can share information in public at no cost prior to voting, along the lines of the
“ideal public sphere” (Habermas, 1991). Crucially, however, we account for the fact
that acquiring information prior to sharing is costly. How does ex-post deliberation
then influence the incentives to acquire costly information ex ante? How does this,
in turn, affect election outcomes? Specifically, when information acquisition is costly,
can deliberative democracies induce more accurate decision-making? And, if ez-ante
deliberation is judged socially as a way of improving the legitimacy of electoral decisions,
can deliberation justify the use of the majority rule even if deliberation is not possible,
in the sense that the same outcomes are generated with and without deliberation?

For our endeavor, we start from Martinelli (2006) and consider a society made up of
a finite (and for simplicity, odd) number of ez-ante equal citizens who have to choose
via voting with the majority rule one of two alternatives. All citizens agree that one of
the two alternatives is best for one of the two binary states of the world, so our setup
is of common value. However, citizens may disagree about the likelihood they attach to
each state, since they receive different private, conditionally independent signals about
the true state. The accuracy of any such state-conditional signal depends on the effort an
individual incurs to become informed. Information acquisition costs are modeled via an
increasing, convex function of accuracy. To include the possibility of deliberation, we then
depart from Martinelli (2006) by assuming that prior to voting, citizens can (publicly)
communicate at no cost to any other citizen whatever information they acquired first-
hand and however they acquired such information.

The idea that electoral democracies might discourage information acquisition and lead
to uninformed decision-making is not new. As conjectured already by Downs (1957), cit-
izens may not find it worthwhile to acquire costly information about the consequences of
a policy they are voting for. The reason for this is that citizens do not expect the infor-
mation they acquire to be consequential for the election outcome with a high probability,

as they deem unlikely the events in which their vote will be pivotal.



Martinelli (2006) nonetheless proves that although costly information acquisition dis-
courages private learning, majority voting can still induce information aggregation. In-
tuitively, in a world of common-valued citizens, information is a public good. If marginal
costs of being informed are low, acquiring information is a cheap contribution to the
common good. By contrast, the marginal benefit of doing so is significant, because the
probability of being pivotal is never zero. In fact, depending on the technology citizens
use to acquire information, as well as on the size of the electorate, majority voting can lead
to perfectly accurate decision-making, even if voters are individually poorly informed.

The above insights rest on a crucial assumption: citizens’ privately acquired informa-
tion can only be expressed through voting. With information sharing (i.e., with delib-
eration), two effects could arise. First, at the information acquisition and deliberation
stages, some citizens may choose not to acquire costly information themselves and in-
stead rely on the information of others. Deliberation could then increase the incentives
for citizens to free-ride on the information acquired by someone else.

Second, at the voting stage, the citizens who did acquire information may be pivotal
de facto with a very large probability. The reason for this is that free-riding citizens will
replicate the vote of the civic-minded citizens based on the latter’s acquired information,
provided civic-minded citizens are trusted by the free-riding citizens. Deliberation then
could increase the incentives for civic-minded citizens to become even more informed
at the information acquisition stage in anticipation. In other words, better information
would buy more voting power. It is not straightforward to identify which effect will
dominate, making it difficult to predict how deliberation will affect electoral outcomes.

The timeline of the game we analyze is the following: In Stage 0, nature draws the
state of the world. In Stage 1 (information acquisition stage), each citizen chooses the
accuracy of the information about the state they want to acquire, at a cost that increases
with accuracy. Then citizens privately observe their signals of the chosen accuracy. In
Stage 2 (deliberation stage), citizens send public messages to each other, evaluate the
truthfulness of such messages, and update their beliefs about the state of the world.
In Stage 3 (voting stage), each citizen casts a vote, the alternative with most votes is
implemented, and payoffs are realized.

The above dynamic game is difficult to analyze if we consider complex communication
protocols. Focusing on public communication, which seems a natural consideration in
deliberative democracies, the bulk of our game is tantamount to a static game, called
(voting) game with deliberation. In it, all citizens simultaneously choose their accuracy
of information and receive their private signals. Then, they (i) transmit their first-
hand information truthfully to everybody else; and (ii) vote sincerely, i.e., they vote
for the alternative that is most likely given all the information at their disposal. This
simplification allows us to compare results of the game with deliberation to the game

without deliberation established in Martinelli (2006), which serves as benchmark.



To justify our simplification, we prove the following auxiliary results for the dynamic
game. First, sincere voting in Stage 3 weakly dominates all other voting strategies if
communication is public and voters believe that the information sent to them is truthful
(Lemma 1). Second, truthful communication in Stage 2 is weakly dominant, provided
that messages are commonly believed (Lemma 2). These two lemmas imply that we do
not need to explicitly model Stage 2 or 3, and we can therefore focus on Stage 1.2

The above lemmas rely on the (behavioral) assumption that citizens will believe that
any message sent to them is truthful, we say that messages are commonly believed. Al-
though disputed in models where citizens have private interests, we see this assumption
as less debatable in our model of pure common value. Proceeding with such an as-
sumption enables the above discussed simplification and is in keeping with the normative
description of a deliberative democracy. Using these two lemmas, we can extend any
Nash equilibrium of the voting game with deliberation (which we call an equilibrium) to
a perfect Bayesian equilibrium of the whole dynamic game in which citizens send truthful

3 This means that one

messages, believe all messages, and vote sincerely (Corollary 1).
can see the assumption that messages are commonly believed as a refinement of the set
of all perfect Bayesian equilibria of the dynamic game.

Our main results are the following. First, the only equilibrium with symmetric accu-
racy in the game without deliberation is not an equilibrium of the game with deliberation
if acquiring information is cheap enough (Theorem 1). In this case, free-riding in delibera-
tive democracies may kill collective cost sharing. By contrast, when not only information
is costly, but the marginal cost to acquire information increases with information accu-
racy, then the symmetric equilibrium without deliberation is also an equilibrium with
deliberation (Theorem 2). This equilibrium is typically non-fully revealing, i.e., all citi-
zens have the same imperfect information accuracy prior to voting (yet they might receive
different signals). Moreover, if there exists a symmetric equilibrium of the game with de-
liberation at all, then the information accuracy chosen by citizens must be the same
accuracy chosen in the symmetric equilibrium without deliberation (Proposition 1).

Without deliberation, voters vote according to their private information, so there
is no consensus. With deliberation, although the same information accuracies may be
individually acquired, all citizens have a more accurate posterior about the state of the
world since information is pooled together. The fact that all citizens end up with the
same information when deliberation precedes voting means that all citizens vote alike.
The finding that consensus is achieved through deliberation aligns with the foundational
principles of deliberative democratic theory (Habermas, 1985).

Greater confidence that the adopted policy is the right one can have intrinsic social

2Lemma 2 implies that if citizens acquire first-hand information, we can assume that they will simply
share it with all other citizens. Lemma 1 implies that we can abstract from other voting strategies.
3We discuss relaxations of the commonly believed assumption in Section 4.
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value, especially when the consequences of a policy take a long time to materialize. Yet,
under majority rule the outcome will be the same with and without deliberation for any
realization of signals, provided we focus on the symmetric equilibrium and such equilib-
rium exists in the latter case. If one considers electoral outcomes without deliberation
to be illegitimate, this latter result then suggest that a deliberative process can help to
legitimize these outcomes through a counterfactual with deliberation.

Second, there always exists a class of equilibria in the game with deliberation (The-
orem 3) that never exists in the game without deliberation (Proposition 2). In this
class, labeled political specialization, one citizen, labeled political expert, contributes
to the common good by acquiring information first-hand so that all other citizens use
this acquired information to vote alike. This suggests that unanimous decision-making
in deliberative democracies may arise not only from deliberation per se but also from
incentives to monopolize information. Although in our main setup we focus equilibria
with one political expert, in Section 4 we show that our results extend to equilibria with
multiple experts.

Third, depending on the information costs and on the electorate size, the probability
of implementing the right alternative in the political specialization equilibrium will be
smaller or greater than in the symmetric equilibrium (with or without deliberation).
Simply put, we cannot unambiguously say that deliberative democracies lead to more
(Proposition 3) or less (Proposition 4) accurate decision-making collectively, especially
for large electorates, even in a common-value setup like ours.

We contribute to the discussion on the strengths and limitations of deliberative demo-
cratic theory by highlighting that (i) even if deliberation is carried over freely by rational
and impartial citizens, it may not follow logically that collective-decision making is im-
proved, or (i) a lack of deliberation does not necessarily mean that voting outcomes are
illegitimate. These results might have practical implications insofar as there has been a
deliberative wave across OECD countries which gained momentum especially in the first
decade of the twenty-first century (OECD, 2020). In fact, our findings identify an adverse
effect of promoting deliberative processes without facilitating information acquisition to
the participants.

Our insights may also have implications beyond the impact of deliberative processes

in elections. In today’s information society, it is costly to obtain accurate, first-hand

10ECD (2020) identified almost 300 representative deliberative processes in OECD countries, from
1980 to 2020, with most starting around 2010. Recent examples in Spain include the Citizen’s Climate
Assembly of Catalonia (2024), the Citizen’s Jury of Besaya (2021) and the Citizen’s Convention on Men-
tal Health in the Valencian Community (2021). Specific methodologies vary, but in general, citizens,
randomly selected through a civic lottery, engage in learning and deliberation before voting on proposals
for public administration. Although some guidance is provided in most cases, citizens are encouraged
to conduct their own research, gathering additional information to enrich the discussions. While rec-
ommendations are not always implemented, many proposals lead to tangible policy changes. Lack of
accessible information can thus create knowledge disparities and impact policy effectiveness.



information about public policies or candidates, especially with the popularization of
paywalls from online news outlets.” Meanwhile, sharing information on social networks
has virtually no cost. Whether social media impact elections negatively or positively is
unclear, especially with false information, or polarization. Our results abstract away from
fake news or polarized voters, focusing instead on the balance between the decreasing cost
of communication and the increasing cost of information acquisition.

Related literature

This is not the first paper to analyze the impacts of deliberation on voting outcomes
through a game-theoretical perspective. We elaborate on the references for this topic in
the following paragraphs. Our main innovation and contribution to this literature is to
identify a key determinant of information aggregation in deliberative democracies: The
fact that information is costly to acquire.

Austen-Smith (1990), Austen-Smith and Feddersen (2002, 2005) and Doraszelski, Ger-
ardi, and Squintani (2003) study the impact of communication in voting outcomes within
committees. A common finding is that, provided that citizens’ preferences for the voted
alternatives are not too different, deliberation can never reduce the probability of the
majority decision selecting the right alternative. This is because preference heterogeneity
reduces the trustworthiness of the information shared collectively. We show instead that,
with costly information acquisition, deliberation may induce additional errors in collective
decision-making, even when the citizens’ preferences are aligned. This is because costly
information acquisition may produce political experts, i.e., citizens who are responsible
for learning about the alternatives and who might end up acquiring too little informa-
tion. Since political experts may end up being pivotal, they may induce less informed
decision-making.®

Another common finding in the cited papers is that decisions backed by the majority
rule without deliberation are not necessarily illegitimate, in the sense that information
commonly revealed after citizens vote would also be revealed if citizens could deliberate
before casting their votes. We partially confirm this finding: the equilibrium in the
majority decision without deliberation that aggregates information could also exist when
citizens deliberate, but deliberation introduces stronger conditions on the cost function
for such equivalence.

We draw upon insights from the literature on costly information acquisition in elec-

5 At the early stages of the digital transformation of society, news outlets relied more ad revenue from
website visitors than on paid content. However, search engines and news aggregators diverted advertising
away from these outlets, leading to a shift in business models. In response, many outlets adopted paywalls
to generate revenue and limit aggregators from reposting original content. For instance, in commenting
a study from Hgst (2016) that documents the number of Norwegian news outlets with online presence
that implemented paywalls from 2011 to 2015, Skjeret, Steen, and Wyndham (2019) notes that while less
than one percent of Norwegian news outlets had paywalls in 2011, nearly two-thirds had implemented
them by 2015.

6Deliberation can strictly improve the probability of majority decision selecting the right alternative
in the cited papers. Our paper also finds this result, although in a significantly different setting.



tions without communication. Martinelli (2006) is the closest paper to our work. In both
models, voters incur a cost to increase the precision of their private information about
an alternative to be voted upon later, under majority rule. In our setup, however, voters
can send messages to each other. We prove that deliberation introduces equilibria that
do not exist without deliberation.”

Gerardi and Yariv (2007, 2008) explore committee models with communication, the
latter including costly information acquisition, but assume binary information levels.®
Our model allows citizens to choose from a continuum of signals’ precisions, enabling novel
comparative statics regarding the marginal impact of information costs on the number
of citizens acquiring information and the overall information level. It also produces a
counterpart result: While the cited papers show that communication renders the voting
rule irrelevant, we show that using majority rule can make communication irrelevant for
outcomes (but not always).

Another related paper is Chan, Lizzeri, Suen, and Yariv (2018). In this paper, mem-
bers of a committee choose when to cast votes on alternatives whose payoffs depend on
an unknown state of the world. While waiting to decide, members observe realizations
of public information about this state. Their main setup models the cost of information
gathering as the cost of delaying decisions (with members discounting time), yet it also
allows for an analogous interpretation in terms of explicit information acquisition costs.?
However, this interpretation does not account for the endogenous choice of information
quality among committee members, as our model does. On the one hand, we confirm
their finding that deliberation can lead to less accurate decisions under majority rule. On
the other hand, we identify novel equilibria in which a single citizen holding all delibera-
tion power can induce more accurate collective decision-making. This is possible because,
in our setting, one citizen can acquire perfectly revealing information, contrasting with
the exogenous information accuracy in Chan et al. (2018).

Li (2001) considers a model of costly individual information gathering and public
sharing in committees. Like our paper, committee members with common-valued prefer-
ences choose from a continuum of signals’ precisions. However, his setup assumes sincere
voting and truthful reporting. We prove instead that voting sincerely and reporting in-
formation truthfully are properties of equilibria in our setting. Additionally, he focuses
on symmetric equilibrium, while we examine both symmetric and asymmetric equilibria,
and identify conditions for which the latter produces more accurate social decisions than
the former.

Our paper also enriches the understanding of how elections aggregate information and

"Gersbach, Mamageishvili, and Tejada (2022, 2024) study the role of costly information acquisition
in committees, but do not consider the possibility of communication between members.

8Goeree and Yariv (2011) conduct an experiment to test the implications of the cited papers.

9See their Footnote 6.



impact democratic performance.'® There have been exciting contributions to this liter-
ature recently. For example, Ekmekci and Lauermann (2022) study the performance of
large elections under population uncertainty. They identify conditions on the distribution
of the electorate size for which information does not fully aggregate asymptotically. We
also identify conditions for which equilibria without full information aggregation exist, but
our conditions relate to the information acquisition cost function. In another example,
Barelli, Bhattacharya, and Siga (2022) study aggregation failures under a very general
set of common-valued utilities and private information structures, although, unlike us,
information is exogenously given.

Bouton, Llorente-Saguer, Macé, and Xefteris (2024) considers the possibility of pri-
vately (and exogenously) informed voters choosing from rich (for instance, continuous)
ballot spaces. When voters are able to better reveal their private information through
their votes, they can align better their influence on the electoral outcome with their pri-
vate knowledge. Our result on the existence of equilibria with a political expert bears a
similar logic to their continuous voting model, since buying more accurate information
also buys more possibilities for a voter to be pivotal.

Apart from the analysis of information aggregation in elections, our paper contributes
broadly to the literature of public goods provision. Indeed, information serves as a public
good in our model, since private signals and their inference are made available to all voters
in equilibrium. Moreover, our assumption on costly acquisition deepens the incentives
for free-riding on the provision of information by other players. Bramoullé and Kranton
(2007) study the provision of public goods in networks, although in a complete information
environment. They find the existence of equilibria with specialization, i.e., equilibria in
which only some individuals contribute and others free ride. Our results of existence of
equilibria with a political expert is an analogue to their findings. Like us, Bramoullé and
Kranton (2007) also find that specialization can be good or bad for society.

In our model, messages can be sent for free, so lying is costless. Yet, because there is
no conflict of interest, we find that an equilibrium exists with full information disclosure
among citizens (a separating equilibrium in cheap talk games, as commonly coined since
Crawford and Sobel, 1982). Our assumption about messages being commonly believed
resembles the assumption of naivety from receivers in Chen (2011).

Finally, Besley (2023) examines deliberation as an instrument to strengthen citizens’
compliance with a social policy. Deliberation is treated as an exogenous process that
affects citizens’ beliefs about a right alternative to later be implement by a government.

We thus provide a microfoundation for his assumption and confirm his finding that de-

0Condorcet (1785) conjectured that majority outcomes may be more reliable when more citizens
exert their voting rights; in fact, the wisdom of majority may be infallible in arbitrarily large elections.
The first formal explorations of Condorcet’s thoughts (e.g. see Black, 1958; Grofman and Feld, 1988;
Young, 1988; Ladha, 1992) generally considered settings in which information is spread exogenously
among voters.



liberation strengthens compliance, since deliberation leads to all citizens having the same

posterior belief prior to voting in our setting.

2 Setup

In this section, we describe our basic model and derive some preliminary results.

2.1 Model

An electorate of 2n + 1 citizens must choose one of two alternatives, A and B via voting
with the majority rule. We let N := {1,...,2n + 1} denote the set of all citizens. All
citizens agree that each of the alternatives is more suitable for one of two states of the
world. Such state cannot be directly observed. Ez ante, citizens attach equal probabilities
to any of the two possible states and this is common knowledge.

A citizen’s utility U(d, z) depends on the alternative chosen, d € {A, B}, and on the
realized state, z € {2, 28}. We normalize utilities so that U(A, z4) = U(B, 2%) = 1 and
U(A, zP) = U(B, 2) = 0 for all citizens. This means that citizens derive the same utility
from implementing alternative A in state z* and alternative B in state zZ. Citizens also
derive the same utility level, yet a lower one, from implementing alternative A in state
or alternative B in state z4.

Prior to voting, citizens must decide on the accuracy of information about the state
they want to acquire. The accuracy is some value x € [0,1/2] affecting the probability
distribution over a binary signal set {s*, s®} such that P[s*|z, 2] = P[sP|27, 2] = 1 + x.
Thus, the higher the choice of x, the higher the informativeness of any observed signal.
However, acquiring information is costly: choosing x reduces the citizen’s utility by some

amount C(z). We follow Martinelli (2006) and impose standard regularity conditions.

Assumption 1 (Regular cost function). C': [0,1/2] — Ry U{+o0} is strictly increasing,
strictly convez, twice continuously differentiable in (0,1/2), with C(0) = C'(0) = 0.1}

Once citizens have acquired first-hand information about the state of the world
through their signals, they can send a message to other citizens through some exogenously
given communication protocol. In these messages, citizens can specify both (a) how much
information about the state they have acquired and (b) what signal they have received.
In our baseline model, we assume that every citizen sends public messages to all other

1

citizens. Formally, citizen i sends message m! = (z7,s7) € [0, 1] x {s*, sP} to all other

HStrict convexity rules out the possibility of multiple symmetric equilibrium in Martinelli (2006) as
well as here. The condition C'(0) = C’(0) = 0 ensures that there exists an equilibrium with positive
information acquisition.



citizens 7 # i. This is a justifiable assumption from the normative perspective of delib-
eration in the “ideal public sphere” (Habermas, 1991). In Section 4, we elaborate on the

role of public communication on our results and discuss other communication protocols.
Assumption 2 (Deliberation). Fvery message is observed by all citizens.

After observing the messages sent to them as well as to the other citizens, citizens
update their beliefs about the node of the game that has been reached. In our setup,
updating about the state of world alone is not sufficient. Citizens also update their beliefs
about how much information other citizens might have, given the received messages. We
momentarily bypass the discussion of whether citizens can trust each other’s messages by

assuming the following:!?

Assumption 3 (Commonly believed messages). It is common knowledge that citizens

believe that the information sent to them is truthfully reported by other citizens.

Assumption 3 reflects a behavioral tenet that aligns with our common value setup.
When messages are commonly believed, citizens are allowed to lie to others (on or off
equilibrium path), yet this will not be learned by the citizens receiving such messages.
Then the updating process regarding which game nodes have been reached is straightfor-
ward: each citizen will allocate probability one to the node matching both her first-hand
information (which is privately acquired) and her second-hand information (which she
has received from other citizens).

At the final stage, citizens cast their votes (no abstention occurs).!® The alterna-
tive that receives more votes is implemented, and payoffs are realized. The following

summarizes the timeline of our game, which consists of three main stages:
0. Nature draws the state of the world z € {24, 25}.

1. Information acquisition stage: each citizen ¢ € N chooses accuracy of infor-

mation z; € [0,1/2] and observes signal s; € {s*, s®} with precision § + ;.

2. Deliberation stage: citizens send messages to each other, observe messages sent

to them and update their beliefs about which game node has been reached.
3. Voting stage:

(a) Each citizen casts one vote, and the alternative with more votes is imple-

mented.

12We discuss relaxations of such assumption in Section 4.

13 Allowing for abstention is not consequential for our results, because we focus on scenarios where, as
part of equilibrium play, all citizens hold the same information. Therefore, information acquisition levels
in equilibrium do not depend on whether we rule out abstention.
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(b) Citizen i obtains payoff U(d, z) — C(z;) under state z if d € {A, B} is imple-

mented and she chose z; in Stage 1.

In the above dynamic game, a strategy for citizen i consists of the following ele-

ments: (i) an information accuracy z; € |0, %], (i) a public message m;(z;, s;) for any

1
'3
information set to a probability distribution over the set of alternatives. Since citizens

chosen z; € [0,1] and any signal s; € {s?,s%} received; (iii) a mapping o from her
update their beliefs about the node of the game that has been reached, the appropriate
solution concept is Perfect Bayesian Equilibrium (PBE). We focus on PBE with infor-
mation transmission at the deliberation stage (conditional on information acquisition at

the information acquisition stage), so we rule out babbling at the deliberation stage.!4

2.2 Preliminary analysis

In the following, we prove two lemmas that will enable us to simplify the game introduced
above. Before doing so, some definitions will be useful. First, we adapt the definition of

sincere voting of Austen-Smith and Banks (1996) to our setup.

Definition 1. Citizen ©’s mapping «; is sincere if it always selects an alternative which

mazimizes her expected utility given her information.

A sincere voting rule is uniquely defined for any given information unless both alter-
natives yield the same expected utility given such information.
The next lemma proves that, under a public communication protocol (Assumption 2)

and commonly believed messages (Assumption 3), voting sincerely is a dominant strat-

egy'15

Lemma 1 (Sincere voting). Voting sincerely is weakly dominant for all citizens in the

voting stage.

Next, we show that, under Assumptions 2 and 3, if all citizens vote sincerely in the
voting stage, it must also be that in the deliberation stage all citizens report truthfully
both the signals they received and the information accuracies they acquired in the infor-

mation acquisition stage.

Lemma 2 (Truthful reporting). Following the information acquisition stage, at the delib-
eration stage no citizen has strict incentives to send a message different from her chosen

accuracy and signal realization.

It remains to check whether, given truthful reporting and sincere voting, there exist

equilibrium accuracy levels in the information acquisition stage. Henceforth, we assume

14\With babbling, our setup with deliberation produces the results of a setup without deliberation.
15Unless said otherwise, all proofs for the stated results are in Appendix A.
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that voters send truthful messages in the deliberation stage and vote sincerely in the
voting stage no matter the history of the game. This enables us to focus on a reduced
version of the dynamic game in which each citizen can perfectly observe the signals and
the information levels of the other citizens and voting is sincere. The timeline of this

static game, called (voting) game with deliberation, is:
0. Nature draws the state of the world z € {24, 25},
1. Acquisition, deliberation, and voting stage:

Each citizen ¢ € N chooses the accuracy of information x; € [0, %]

(a
(b) Each citizen observes signal s; € {54, s®} with precision % + x;.
(d
(e

)
)
(c) Each citizen observes the signals and information accuracies of other citizens.
) Each citizen votes sincerely, given (x;, $;)ien-
)

Citizen i obtains payoff U(d, z) — C'(z;) under state z, if d € {A, B} is imple-

mented and z; was chosen by such a citizen.

In the game with deliberation, a strategy for citizen i is merely a choice of information
accuracy x;, with z; € [0, %] Being a static game, it is natural to use Nash equilibrium

as the equilibrium concept. Lemmas 1 and 2 enable us to obtain the following result:

Corollary 1. Let (xf);en be a Nash equilibrium of the game with deliberation. Then,
a PBE of the dynamic game exists in which citizens acquire information levels (x});en,

send truthful messages, vote sincerely, and messages are commonly believed.

To simplify the exposition and focus on the information acquisition part of an equi-
librium, we select a tie-breaking rule for the case when the citizens’ posterior is the same
for both states.!'® To introduce our tie-breaking rule, some further notation comes in
handy. Let & := (z;);en represent a vector of information qualities and s = (s;)ien
represent a vector of signals, one for each citizen. Let also s (s) and s®(s) represent the
set of components of s that are equal to s and s?, respectively. The state-conditioned

probabilities of s under x are as follows:'”

Plslz, =" = [] (% +xj) Al (% - $k> (1)

jesA(s)

Plsjz, %) = [] G _ :cj> I G 4 xk> | (2)

jesA(s)

16Different tie-breaking rules such as randomizing between states or choosing arbitrarily one of the
states when a posterior tie occurs would not lead to different results.
1"TIn Equations (1) and (2) we adopt the convention that the empty product equals one.
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Assumption 4 (Tie-breaking rule). For any citizen i € N, if her posterior is completely
uninformative, i.e., if P[s|x, 2] = P[s|z, 2P|, then such a citizen votes for the alternative

that is most suitable for the state that matches the signal she received.

Assumption 4 implies that in the game with deliberation, it is common knowledge
among all citizens that any citizen i will vote for alternative A if P[s|z, z4] > P[s|x, 25,
will vote for alternative B if P[s|z, 25] > P[s|z, 4], and will vote for alternative s;
if P[s|x, 2] = P[s|x, 2B]. Since we are considering a public communication protocol,
i.e., a extreme form of deliberation, all citizens will vote for the same alternative unless
P[s|x, 2] = P[s|z, 25].

Our next task is to explore the set of Nash equilibria of the game with deliberation.

In any Nash equilibria of this (static) game, which we denote typically as (z});en, each

1
'3
choose x* ;. This payoff can be written as a function of (z;);en as

citizen 7 chooses =} € [0 ] to maximize her ex-ante payoff, given that other citizens

Gz, x_;) = [Pa(A|a:z~,a3_,~,zA) + Pa(B|mi,a:_i,zB)} —C(xy), (3)

1
2
where P, (Alx,24) and P,(B|x, zP) represent the probabilities of alternative A and B
winning the election under state z* and z? respectively, given & and the common sincere

voting rule a.

2.3 Benchmark without deliberation

In the (voting) game without deliberation, Nature draws the state of the world, then
citizens choose the accuracy of the information they acquire and observe the realization of
their own signal, but the chosen accuracy and the realized signal are kept private. Thus,
it is an analogue of our dynamic game without a deliberation stage.'® Under sincere
voting, the analysis of the game without deliberation reduces to the analysis to the static
game we described in Section 2.2, but without the possibility for citizens to send public
messages to other citizens.!®

The game without deliberation has been studied by Martinelli (2006) and Gersbach
et al. (2024). We identify three key findings from these papers. The first is the existence

of a symmetric equilibrium with positive information acquisition.

Remark 1 (Martinelli, 2006; Theorem 1). The game without deliberation has a unique
symmetric equilibrium, denoted by (x})ien with x} = x* for every i € N, where x* €

(0,1/2) is the solution to the following equation

() -] -t

18Whether messages are commonly believed is irrelevant with no deliberation.
9Martinelli (2006) shows that voting sincerely is dominant in the game without deliberation.

13



A rough intuition for this finding is as follows. Suppose that every citizen except i
is acquiring the same positive accuracy x* > 0. Then she affects the probability of the
right alternative winning the election only in cases where she is pivotal, i.e., in histories
at which n other citizens have observed signal s* and the remaining n other citizens
have observed signal s?. Thus, P,(A|z;, 2%, 2*) and P,(B|x;, 2%, 27), the probabilities of
alternative A and B winning the election under state z# and z? respectively, given her
choice z; and other citizens’ choices x*, are linear in the probabilities of reaching a history
in which she is pivotal and obtaining signal s* and s® respectively. As such, citizen i’s

payoff (Equation (3)) is proportional to

1 1/2n\ (1 N /1 A7 120 /(1 N /1 A
(2+o) 20 Grr) G=) +2(0) G+=) (G-+) |-
(5)
The regularity assumptions on the cost function ensure that there exists a unique z; €
(0,1/2) that maximizes the above equation, and that the maximum is obtained through
the first-order condition. As the choice of citizen ¢ was arbitrary, it must be the case
that x; = x* for every ¢ € N. Simple rearrangements lead to Equation (4).
The second finding is that the equilibrium accuracy in the symmetric equilibrium of

the game without deliberation decreases strictly with the electorate size. This is because

the probability of a tie goes down as population rises.

Remark 2 (Gersbach et al., 2024; Proposition 1). The symmetric equilibrium accu-

racy x* = x*(n) decreases strictly in n.

The third finding is that, although the accuracy of information x* chosen in the
symmetric equilibrium decreases with the size of the electorate, the probability that
majority rule yields the right alternative need not approach zero as n grows large. In
fact, it can approach one for particular information acquisition technologies, so successful

aggregation of information is possible.

Remark 3 (Martinelli, 2006; Theorem 2). Along the sequence of symmetric equilib-
ria (x*(n))nen, the probability of choosing the right alternative converges to ®(2v/2k),
where ®(-) denotes the standard normal distribution function and k is a solution to
V26(2V2k) = kC"(0), with k = 0 if C"(0) = oo and k = oo if C"(0) = 0 (¢(-) de-
notes the standard normal density). In particular,

lim P,(d|z*(n),2%) =1 Vd e {A, B}, ifC"(0)=0. (6)

n—oo

3 Equilibria

In this section, we derive sufficient conditions on the information cost function for both the

non-existence and existence of the symmetric equilibrium that exists without deliberation
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in the game with deliberation (Theorems 1 and 2, respectively). It is not obvious
whether, and if so under what circumstances, this symmetric equilibrium will survive
under deliberation, given that we rule out babbling at the deliberation stage.

We also show that there is at most one symmetric equilibrium in the game with
deliberation (Proposition 1). After that, we identify a class of asymmetric equilibria with
information acquisition that always exists in the game with deliberation (Theorem 3)
and never exists in the game without deliberation (Proposition 2).

Finally, we show that whether in our voting environment this class of asymmetric
equilibria exhibits a higher probability of selecting the right alternative hinges on specific

properties on the cost function and the size of the electorate (Propositions 3 and 4).

3.1 Example

Before moving on to the main results, it is instructive to take a closer look at an example
of our model where the electorate consists of three citizens (n = 1) and the information

acquisition cost function is quadratic, i.e., C(z) = ax?.

2

Example 1. Consider n = 1 and C(x) = az*. For this specific example, we can solve

Equation (4) explicitly to obtain

., —a+va*+1
T = (7)

Without loss of generality, we focus on citizen 1°s best response to citizens 2 and 3 ac-
quiring information level x*. There are two situations in which citizen 1’s accuracy can
affect the electoral outcome. First, when her signal is not informative enough to offset
two identical signals from citizens 2 and 3, but she becomes pivotal when citizens 2 and 3
get opposing signal realizations. Second, when citizen 1°s signal is informative enough to
compensate two identical signals from citizens 2 and 3.2
The first situation occurs if (1/2 —x1)(1/242*)* > (1/2+ 21)(1/2 — x*)? or, equiva-
lently, if x1 < A2, where
a= Gre) 1 (8)
G+e) +(G-o) 2

Note that 0 < A2, < 1/2, since z* € (0,1/2). In this situation, citizen 1’s payoff

20Recall that any voter will vote for alternative A if P[s|z, 2] > P[s|z, 2], will vote for alternative
B if P[s|x, 2B] > P[s|x, "], and will vote for alternative s, if P[s|x, 24] = P[s|z, 27].
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(Equation (3)) from choosing x1 € [0, A2.] while others choose x* is

GOz, 2%, 0%) = P[sy = 53 = 5*] 4+ P[sq # s3] (% + :1:1) — C(xy),

_ (% +:c*)2 +2 (% +:17*) (% - :c) (% + ml) —C(z1),  (9)

where P[sy = s3 = s*| represents the probability of citizens 2 and 3 obtaining the signal s*
that matches the true state w € {A, B}. The first-order condition of the above problem
leads to the same first-order condition of the game without deliberation (Equation (4))
with n = 1. Since there is a unique point that satisfies such condition, it must be the case
that xy = x*. This value is attainable since x* < A2,.

The second situation occurs if T1 € (AZ.,1/2]. In this situation, citizen 1’s payoff is

Glan, 2%, a%) = (3 +x1> _ C(m). (10)

2
Since C'(0) = 0, we obtain [G'](0,z*,2*) =1 > 0, so x; = 0 cannot be a best reply to z*.
Thus, citizen 1’s best response to x* is either x1 € (0,1/2) if C"(1/2) > 1 or xy = 1/2 if
C'(1/2) < 1. For our specific example, x1 = 1/(2a) if a > 1 and x1 = 1/2 if a < 1. It is
straightforward to compute A2. and verify that 1/(2a) > A2.. Thus, the optimal choice
of 1 in (A2%.,1/2] is attained at 1y = 1/(2a) if a > 1 and at ¥y = 1/2 if a < 1.

Whether 1 = z*, 1 = 1/(2a) (for a > 1), or x1 = 1/2 (for a < 1) will depend on
the respective payoffs G°(z*, x*, z*), G'(1/(2a),z*,x*) for a > 1 and G'(1/2,z*,z*) for
a < 1. In Figures 1.A and 1.B, we plot G°(z,z*,2*) as in Equation (9) (blue line) and
GY(z,x*,2*) as in Equation (10) (red line), for the two possible configurations of a.?*

Visual inspection identifies that

(i) For a > 1, choosing x1 = z* is a better response for citizen 1 than 1 = 1/(2a).
Hence, the symmetric equilibrium of the game without deliberation exists in the
game with deliberation. In fact, this is the unique symmetric equilibrium of the

latter game.

(ii) For a < 1, choosing x1 = 1/2 is a better response for citizen 1 than x, = x*.
In this case, the symmetric equilibrium in the game without deliberation is not an

equilibrium of the game with deliberation.

Regarding item (ii), it remains to find an equilibrium for the game with deliberation.
A candidate is x1 = 1/2 and xo = x3 = 0. We claim this is an equilibrium indeed. First,
suppose that citizens 2 and 3 do not want to increase their accuracy of information beyond

their prior. If citizen 1 chooses any x1 > 0, then the signal this latter citizen receives

2'We prove the following observations for this specific example in Appendix B.
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Figure 1: Comparison of payoffs from Example 1

determines the alternative chosen. For a <1, x; = 1/2 is a best reply. Second, suppose
that xy = 1/2. Then citizen i € {2,3} does not wish to deviate. Choosing x; € (0,1/2] is
not optimal since choosing x; = 0 would be a profitable deviation. Choosing the former
only increases the learning costs with no informational benefit.

Regarding item (i), we argue that x1 = 1/(2a) and xo = x3 = 0 is also an equilib-
rium. Clearly, it is optimal for citizen 1 to acquire 1/(2a) when all other citizens are not
investing in their information accuracy. For her part, citizen i € {2,3} does not wish to
deviate either. Choosing x; € (0,1/(2a)) is not optimal, since choosing x; = 0 would be
a profitable deviation, for the same reason as above. Choosing x; € (1/(2a),1/2] is not
optimal either since choosing x; = 1/(2a) would be a profitable deviation. In the latter
case citizen © would become the political expert, and we already know that the optimal
level of information acquisition conditional on being the sole political expert is 1/(2a). It
therefore remains to see if citizen i would like to deviate to z; = 1/(2a).

If s1 = s; = s, then all citizens vote according to the common signal s. Thus, the
alternative corresponding to such signals is chosen with probability one. If signals s; # s;
differ, all citizens vote according to their own signal (Assumption 4). This implies that
citizen 1’s and citizen 1’s signals cancel each other out and the alternative chosen depends
on citizen j & {1,i}. Hence, the probability of alternative A (alternative B) winning
under state z4 (state 2P ) coincides with the probability of citizen j obtaining signal s
(signal s®). But this latter probability is 1/2, since x; = 0 and citizen j’s signal is

uninformative. Overall, citizen i’s payoff from switching to x; = 1/(2a) is
1 1 1 1 1
G =—r=—ux,=0)=(4+—]-C|—|.
(ml 20" T 247" ) (2 * 2a> (2a>
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Sticking to x; = 0 instead would lead to the same probability of the right alternative being
chosen, but at zero cost to citizen i. Thus, switching to 1/(2a) is not profitable for this
citizen.

Since there can be multiple equilibria when a > 1, we compare them in terms of the
probability of choosing the right alternative (electoral accuracy). Straightforward compu-
tations show that such a probability is greater in the asymmetric equilibrium than in the

symmetric equilibrium, although the difference decreases with parameter a (see Figure 2).

—~ & 1
I R f\¢\‘\<
~ Q I
* Q |
xﬁ © 05*,,,,,,,,,,,‘ ,,,,,,,,,,,
SE |
s S |
ND !
2 I
Z l
0 1

a (cost of information)

asymmetric eq. —— symmetric eq.

Figure 2: Comparison of electoral accuracy between equilibria from Example 1

In this example, not only can we solve the equations of interest explicitly, but we also
evidence that (i) the unique symmetric equilibrium in the game without deliberation exists
in the game with deliberation, albeit only under some conditions on parameter a (it has to
be large); (ii) there always exist equilibria in which a single citizen acquires information
first-hand, while such equilibria never exist in the game without deliberation; and (iii) this
equilibria with political specialization may lead to more accurate decision-making through
elections. In later sections, we will generalize (i) and (ii) and prove that (iii) might not

always hold, i.e., that equilibria with specialization might lead to lower electoral accuracy.

3.2 Symmetric equilibria

We start the analysis of symmetric equilibria by proving that the game with deliberation
has at most one symmetric equilibrium and that, in this equilibrium, the chosen accuracy

must be the same accuracy chosen in the game without deliberation.

Proposition 1. In the game with deliberation, if (x; = x);en is an equilibrium, then

x; = x*, where x* is the unique solution to Equation (4).

Here is the intuition for this result. Suppose all other citizens except, say, citizen 1,

acquire some information accuracy x > 0. We show later that z = 0 can never be an
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equilibrium. We can also rule out x = 1/2, since in such case citizen 1 would prefer
to acquire zero information and free ride on the (perfect) information acquired by the
others. Thus, we can assume that x € (0,1/2).

If citizen 1 is to acquire accuracy 1, such a choice will be beneficial to her only when
she is pivotal. This will occur when exactly n citizens observe signal s4 and n other
citizens observe signal s”. This means that citizen 1’s payoff given (1, (z; = x);.1) is the
same as her payoff absent deliberation (Equation (5)). The solution to citizen 1’s problem
is therefore pinned down by the same equation that pins down the unique symmetric
equilibrium of the voting game without deliberation, i.e., Equation (4).

Our first main result extends the observations made at Example 1 in the following
way. Like in the example, we derive conditions on a level of information costs below
which the symmetric equilibrium of the game without deliberation does not exist in the
game with deliberation. This level is pinned down by multiplying some parameter a > 0

times any cost function that satisfies Assumption 1.

Theorem 1 (Non-existence of symmetric equilibria). Consider some information acqui-
sition cost function C(z) satisfying Assumption 1 and C"(1/2) < 4o00. Let C(z) = aC(x)

be the information acquisition cost function, where a > 0. For every n € N, there exists

1
Q(n) € (O, m)

such that if a < a(n), then the symmetric equilibrium of the game without deliberation is

not an equilibrium of the game with deliberation.

To prove the above result, we first show that, as information costs reduce across-the-
board through a reduction in a, the individual accuracy in the symmetric equilibrium
converges to its highest value (that is, 1/2). At the same time, we also show that the
probability of the majority voting for the right alternative remains bounded above by a
value lower than one. A deviation for one citizen from z* to full information acquisition
leads to an electoral accuracy of one. Convexity of C' and boundedness of C’(1/2) then
ensure that such a deviation is profitable for small values of a.??

To derive the second main result of this subsection, we impose an additional assump-
tion on the information acquisition cost function. Assumption 5 below requires that
marginal learning costs are convex, i.e., they increase at an increasing rate as informa-
tion accuracy increases. An interpretation of Assumption 5 is that information regarding

the state of the world is complex, so not only is the marginal cost of information an in-

22Convexity and boundedness of the derivative ensure that the cost function does not explode at 1/2.
Equation (4) allows us to rewrite the upper bound on the electoral accuracy under z* as a function of
the marginal cost C’. Thus, we can express an upper bound on the payoff from a citizen sticking to same
accuracy of other citizens as a relation between the differences in marginal costs at * and 1/2.
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creasing function of its accuracy, but the rate of change also increases for more accurate

information.

Assumption 5 (Convex marginal cost). C' is reqular (satisfies Assumption 1) and C" is
continuously differentiable in (0,1/2), with C"(x) > 0 for all x € [0,1/2].

Our second main result extends the observations made at Example 1 in the following
way. Like in the example, we derive conditions on a level of information costs above
which the symmetric equilibrium of the game without deliberation exists in the game with
deliberation. As before, this level is pinned down by multiplying some parameter a > 0

times any cost function that satisfies Assumption 5.

Theorem 2 (Existence of symmetric equilibrium). Consider some information acquisi-
tion cost function C(z) satisfying Assumption 5. Let C(z) = aC(z) be the information

acquisition cost function of the game, where a > 0. For every n € N, there exists

a(n) €

)
— 400
C'(1/2)

such that if a > a(n), then the symmetric equilibrium of the game without deliberation is

an equilibrium of the game with deliberation.

The proof of Theorem 2 is involved and relies on a number of technical lemmas, stated
formally in Appendix A. Here we convey the intuition for some of the steps of the proof,
which mirror the footsteps of Example 1.

To this end, consider that 2n citizens choose to acquire accuracy z*, the one acquired
in the equilibrium of the game without deliberation. We shall examine the best response
of the remaining citizen, say, citizen 1, given that all others citizens choose x*. As in
Example 1, there can be situations in which citizen 1’s signal is not informative enough to
compensate a certain number of identical signals from other citizens. To account for this
possibility, consider 8™, to be a sequence of m € {2,4, ...,2n} equal signals s € {s4, s8}
of accuracy x. Then define A" to be the accuracy of one signal s’ # s guaranteeing that
the posterior belief after observing (s, s’) is equal to the prior. Formally,

(z+o)"

A = —
TG (G -)"

(11)

DN —

For completeness, we also define A? := 0 and A2"+2 :=1/2.

For k € {1,...,n}, it is clear that A%" is increasing in both k and z. Intuitively, one
needs signal s’ to be more accurate to compensate either more signals of the same accuracy
or the same number of signals of greater accuracy. Moreover, a signal of accuracy x; = =*

can never compensate two opposite signals of the same accuracy. Therefore, z* € [0, A2.].
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We can partition set (0,1/2] in intervals {(A2¥

x*)

AZF2n_ - and examine what would
be the optimal accuracy z; acquired by citizen 1 in each interval.?® For (0, A2.], the first-
order condition of the payoff maximization problem leads to same first-order condition
of the game without deliberation, which yields z*. For k € {1,....n}, z; € (A%, A2
means that z; is accurate enough so that citizen 1’s signal s € {s*, s8} offsets 2k opposite
signals ¢’ # s, but not 2k + 2 of them.

Under Assumption 5, we show that (i) for every k € {1,...,n}, there exists some
ai(n,k) > 0 sufficiently large so that for a > aj(n,k), the expected payoff of citizen 1
over (A2% A2%%2] is decreasing in x; when z; approaches the upper bound A%*2  In
Example 1, for the case a > 1, function G'(xy,z*,) is decreasing in x; when z; ap-
proaches 1/2 from the left. We also show that (%) for a > aj(n, k), function G*~!(z, z*,)
decreases faster near the upper bound A2 than the rate of increase of function G*(z1, z* ;)
near the lower bound, and to the right of AZ.

In our setup, these two observations imply that if parameter a is above a certain
threshold that depends on n and on function C(x), then for each k' € {0,...,n — 1} the
optimal payoff in Ui;o(Afcﬂ?, A?M2] is at least as large as the optimal payoff if we allow
to be chosen from Ulzljol(Ai’f, AZ+2]In particular, the payoff from z; = 2* over interval
(0, AZ.], which corresponds to the payoff from the symmetric equilibrium, is greater than
any other payoff from the optimal choice of z; over other intervals (A% AZE+2] k£ 0.

Theorem 2 shows that the game with deliberation has one symmetric equilibrium if the
cost of acquiring information is sufficiently high and the marginal cost is convex. It also
shows that in such an equilibrium all citizens acquire the information accuracy they would
acquire in the game without deliberation. However, under the symmetric equilibrium of
Theorem 2, the posterior belief that each citizen has about the state of the world is
greater than in the game without deliberation. Although each individual acquires private
signals of same accuracy, information becomes public. One interpretation, following
Besley (2023), is that this benefits a social planner seeking to strengthen compliance
with the chosen policy after its deliberation and implementation, since with deliberation
citizens would have greater confidence that the government implemented the right policy.

Yet, under majority rule, the electoral accuracy is the same as the one in the game
without deliberation when focusing on the symmetric equilibrium. That is, the right
alternative is implemented as often with deliberation as without deliberation. One inter-
pretation is that electoral outcomes without deliberation are not necessarily illegitimate;

the same electoral decisions can be generated if citizens could deliberate prior to casting

their votes, provided that acquiring information is not too cheap.

23There is always an optimal choice, since we prove citizen 1’s payoff is continuous in each interval.
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3.3 Asymmetric equilibria

In this section we identify a class of asymmetric equilibria that always exists in the game
with deliberation, and never in the game without deliberation. Since in any equilibrium
from this class only one citizen (the political expert) acquires information to improve her
prior, these equilibria are called equilibria with a political expert. In Section 4, we show

how our rsults extend to account for multiple experts.

Definition 2 (Equilibrium with a political expert). An equilibrium with a political expert
is an equilibrium of the game (with or without deliberation) in which exactly one citizen

i acquires positive accuracy x; > 0 and all other citizens j # i choose xj; = 0.

Like in Example 1, whether such equilibria lead to a fully informed political expert

depends on the cost function, more specifically, on C’(1/2).

Theorem 3 (Existence of equilibria with a political expert). In the game with deliber-
ation, there is always an equilibrium with a political expert. Any such equilibria leads to

fully revealing information if and only C'(1/2) < 1.

Following the arguments from Example 1, it is clear that it is a best response for some
citizen 7 to invest in accurate information when everybody else acquires zero information.
Whether such a citizen (the political expert) will become fully informed about the state
of the world will depend on whether C"(1/2) < 1. Also from Example 1, we know that
if some citizen i chooses x; > 0, then any citizen j # ¢ finds it optimal not to choose
z; € (0,2;) U (x;,1/2]. The rest of the proof of Theorem 3 consists in showing that it is
never a best response for j to choose z; = x; either.

An equilibrium involving political experts is a distinctive aspect of deliberation, as
proved in Proposition 2 below. Provided learning is costly, there can be no political

experts without deliberation.

Proposition 2. There is no equilibrium with a political expert in the game without de-

liberation.

We point out that equilibria with a political expert do not simply arise from the fact
that, in contrast to Martinelli (2006), we look for asymmetric equilibria. Such equilibria
of the game with deliberation exist because (i) public communication allows citizens
to rely on the information acquired by the expert at no cost, and (7i) political experts
monopolize the electoral decision, i.e., they are pivotal with probability one since all other

citizens vote along the political expert.?*

24For Proposition 2 to hold, there can be no abstentions. With the possibility of abstentions, asymmet-
ric equilibria (and, in particular, equilibria with a political expert) would also exist without deliberation,
yet for different reasons. Moreover, achieving such equilibria would require coordination during the vot-
ing stage, which could be challenging without deliberation. With deliberation, by contrast, one does not
need to worry about communicating turnout intentions, since asymmetric equilibria nevertheless exist
in our common-value setup, rendering abstentions not critical for our results.
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3.4 Deliberation and electoral accuracy

A consequence of Theorem 3 is that the accuracy of information a political expert acquires
in equilibrium is independent of the size of the electorate. Such accuracy merely depends
on the behavior of C'(x) near x = 1/2. If C’(1/2) < 1, in particular, then political
experts acquire (and share) fully revealing information. In this case, electoral accuracy
is maximum.

On the other hand, we know from Remark 3 that for a large electorate and if C”(0) >
0, the electoral accuracy of the symmetric equilibrium (if it exists) is bounded away
from one. If, moreover, C’'(1/2) < 1, it then follows that the electoral accuracy of the
equilibria with a political expert is strictly higher than the electoral accuracy of the

symmetric equilibria, no matter the size of the electorate.

Proposition 3. Suppose C'(1/2) < 1. Then the electoral accuracy of the equilibria with a
political expert of the game with deliberation is weakly higher than the electoral accuracy
of any other equilibria. Moreover, electoral accuracy in an equilibrium with a political
expert is strictly higher than the electoral accuracy of the symmetric equilibrium (when it
exists) for any n € N if C"(0) > 0.

Proposition 3 identifies a setup in which deliberation may lead to a more informed
electoral decision. This occurs since, without deliberation and under C”(0) > 0, the
symmetric equilibrium does not lead to a fully accurate decision.

By contrast, if C'(1/2) > 1 an equilibrium with a political expert features an electoral
accuracy below one. If; in addition, C"(0) = 0, then also from Remark 3, we know that
large electorates would reach arbitrarily accurate decisions without deliberation. With
deliberation, either the symmetric equilibrium does not exist, or if it does, it does not
improve upon the case without deliberation. In the former case, deliberation erupts one
equilibrium in which information aggregates perfectly as the electorate size increases. In
the latter case, deliberation introduces equilibria with limited information gathering, no

matter n. Therefore, deliberation may decrease electoral accuracy.

Proposition 4. Consider some information acquisition cost function C satisfying As-
sumption 5, with C'(1/2) > 1 and C"(0) = 0. Let C(z) = aC(z) be the information acqui-
sition cost function of the game, where a > 0. There exists n* € N and a : N — [1,400)
such that, if n > n* and a > a(n),

(i) both the symmetric equilibrium and the equilibria with a political expert coexist in

the game with deliberation;

(i1) the electoral accuracy of the equilibria with a political expert is strictly lower than

the electoral accuracy of the symmetric equilibrium.
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In light of Propositions 3 and 4 we can say that the effect of deliberation on electoral

accuracy is ambiguous, especially for large electorates.?

4 Discussion

In this section we discuss the validity of our insights when we either allow some features

of our baseline model to vary or we extend our previous analyses.

4.1 Non-public communication

We carried over our analysis in the preceding sections under the double assumption that
there is a public communication protocol (an extreme version of public deliberation)
and that messages are commonly believed. On the one hand, we have shown that the
latter assumption is not restrictive if we impose the former. The reason for this is that
(Nash) equilibria of the game with deliberation are also a PBE of the dynamic game in
which citizens truthfully share their private information (Corollary 1). This means that
commonly believed messages are consistent with the strategic behavior of the citizens
under a public communication protocol.

However, if we consider less universal communication protocols, the assumption of
commonly believed messages may be less reasonable, and Lemmas 1 and 2 might not

carry over. To see why, consider the following example:

Example 2. There are three citizens (n = 1). Citizen 1 can communicate with citizens 2
and 3, but the latter two citizens cannot communicate with each other. Suppose that
citizen 1 chooses accuracy x; = 0.3 and receives signal s; = s, while citizens 2 and 3
choose accuracies To = x5 = 0.2 and receive signals so = s3 = sB. This is summarized in

Figure 3.

Figure 3: Non-public communication of Example 2 with the accuracies and signals.

25We focused on electoral accuracy and abstracted from a welfare analysis that considers also infor-
mation acquisition costs. Still, the average cost of information in an equilibrium with a political expert
goes to zero with a large electorate, so the insights from Proposition 3 remain from a welfare perspective.
Using Remark 3, so do the insights from Proposition 4.
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Suppose now that the three citizens submit truthful messages and that messages are
commonly believed, i.e., Assumption 3 holds. With the private information they possess,
citizens 2 and 3 think that z = 22 is the most likely state of the world. However, citizen 1,

B is actually more likely. Then, if

who has better private information, thinks that z = z
citizen 3 wvotes sincerely, i.e., if she votes for A, it is strictly better for citizen 2 to vote
for B than to vote for A, since by doing so she makes citizen 1 pivotal. In other words,
in this example, voting sincerely might not be dominant for all citizens. Therefore, an
equivalent to Lemma 1 cannot be proved for general communication protocols in the same
way as it was proved for a public communication protocol (Assumption 2).

Furthermore, if we merely assume that all citizens vote sincerely and that Assump-
tion 3 holds, then citizen 1 strictly prefers to submit a truthful message to one of the
citizens and the message (13, s5) to the other one, instead of submitting a truthful mes-
sage to both citizens. Similarly as before, this ensures that citizen 1 is pivotal, which is
better for everyone since she has more information. Hence, the proof of Lemma 2 cannot

be extended to non-public communication protocols either.

An interesting avenue for further research would be to examine other communication

6 Yet, there are specific

protocols implementing a less extreme form of deliberation.?
cases that can be studied already borrowing from the proof techniques developed in
this paper. For example, suppose that a majority of citizens has access to a public
communication protocol exclusive to such a majority, with the remaining citizens using
other, less connected communication protocols. Then, (i) an equilibrium with a political
expert from the majority exists; and (i) an equilibrium in which all citizens of the
majority acquire the same level information (and all members excluded from the majority
acquire zero information and vote their signals) exists if information is costly enough and

does not exist if information is cheap.?”

4.2 Equilibria with multiple experts

The analysis of our baseline setup focused on two polar classes of equilibria: one class
in which all citizens acquire the same non-zero information accuracy, and one class in
which only one citizen—the political expert—acquires a positive information accuracy.

However, it is in principle also possible that there exist equilibria in which only a strict

26Note the analogy of the communication protocol with a network structure. A public communication
protocol resembles a full network, while a no-deliberation setting resembles an empty network. Thus, our
paper deals with extreme network settings. It would be interesting to study deliberation under costly
information acquisition in other networks, such as star-like constellations or clusters of citizens in the
form of bubbles. This is left for further research.

2"Ttem (74) is an immediate consequence of Theorem 2 and Theorem 1, respectively. To see why, it
suffices to consider the majority as a society itself and then note that majority members account for more
than half of the votes and that deliberation guarantees that they will all vote alike. This renders the vote
of the citizens outside the majority immaterial for outcomes, forcing them to acquire zero information.
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subset of citizens with more than one member obtains accurate information. In particular,
we can extend our previous analysis of the game with deliberation to examine equilibria
with homogeneous experts, i.e., equilibria in which an arbitrary number of citizens acquire
the same non-zero accuracy and the remaining citizens do not acquire any information
by themselves.

Assume that there exists an equilibrium of the above kind for an electorate of size 2n+1
in which only k citizens, with 1 < k& < 2n + 1, acquire the same accuracy, denoted
x*(k;n) > 0. On the one hand, if 2*(k;n) defines an equilibrium for 2n + 1 citizens, then
it must define a symmetric equilibrium for an electorate of size k, since the equilibrium
conditions for an electorate of size k are a strict subset of the equilibrium conditions for
an electorate of size 2n + 1 where 2n 4+ 1 — k citizens acquire zero information.?® The
same logic implies that 2*(k; n) must define an equilibrium with homogeneous experts in
any society of at least k citizens. Thus, if such an equilibrium exists with deliberation,
the accuracies and the electoral outcome are determined by the expert group size, not
by the electorate size. This allows us to write 2*(k) instead of z*(k;n). From Remark 2
it follows that x*(k) decreases in k. Hence, the greater the number of experts, the lower
the individual accuracy the experts acquire about the state of the world.

On the other hand, £ can only be an odd number. The reason stems from the following
statistical fact: “given k' signals of any accuracy, with £’ odd, adding an extra signal does
not enhance the probability of choosing right”. Indeed, an extra signal in a given odd
subset of the electorate with the same information accuracy can only affect the collective
decision if it leads to a tie among all signals, in which case the individual posteriors are
uninformative and both alternatives are equally likely to be correct. But then all citizens
choosing some positive information accuracy would be better off by deviating to acquire
zero information.?’

From the above discussion, as well as from the results in the previous sections, we
can therefore conclude that equilibria with 1 < k < 2n 4+ 1 homogeneous experts might
also exist, provided k is odd and political information is complex enough to acquire (i.e.,
if the cost function satisfies Assumption 5). Indeed, the proof strategy for proving the
existence of such equilibria with multiple experts boils down, in a first part, to deriving
conditions for which x*(k) (the accuracy that defines the symmetric equilibrium of the
game without deliberation for an electorate of size k) defines a symmetric equilibrium
of the game with deliberation for an electorate of the same size. This has been done in
Theorem 2 already.

It therefore remains to show, in the second part of the proof, that a citizen who is

not an expert, and thus who is acquiring zero information, say some citizen j, is content

28The converse is not be true. An information accuracy defining a symmetric equilibrium might not
define an equilibrium with homogeneous experts of a larger electorate.

29This argument also proves that, with deliberation, there is no symmetric equilibrium if electorate
size is even.
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with such a choice. In the case k = 1, this has been done in the proof of Theorem 3.
For k > 1, we need to extend such proof and distinguish several cases, depending on how
many signals of accuracy z*(k) can signal z;, with z; € [0,1/2], compensate. To do so,
we can partition set [0,1/2] in intervals [0, Ai*(k)] U {(Ai’f@')l, Aim(;:;’] n—! and examine
what would be the optimal accuracy z; acquired by citizen j in each interval, where

A2m+1 = (% + x)2m+1 _ 1

<%+x)2m+1+ (% _x)2m+1 5

Note that Ai*(k) = 2*(k). Take z; € [O,Ai*(k)). Clearly, choosing z; in this interval
cannot be optimal since choosing zero instead would be a profitable deviation. This
follows from the fact that C (x) is increasing and that if citizen j acquires an accuracy lower
than z*(k) then the alternative chosen by all citizens (including citizen j) will continue
to be the same as the one implemented if citizen 7 chooses zero accuracy. Similarly to
the proof of Theorem 3, one can check that z; = 2*(k) is not a best response either since
deviating to zero would again be profitable. Hence, the optimal choice of z; in [0, Ai*(k)]
is z; = 0. Then, following the logic of the proof of Theorem 2, we can show that if
parameter a is above a certain threshold that depends on k, the optimal choice of z;
within [0, 1/2] must lie in [0, Aj.,)]. All of the above yields the following result:*"

Proposition 5. Consider some information acquisition cost function 5(1‘) satisfying
Assumption 5. Let C(z) = aC(x) be the information acquisition cost function of the
game, where a > 0. For every odd k € N,1 < k < 2n + 1, there exists a(k) < +oo
such that if a > a(k), then the symmetric equilibrium of the game without deliberation
in an electorate of size k defines an equilibrium of the game with deliberation with k

homogeneous experts.

That is, if acquiring information is challenging and all citizens can publicly deliberate,
access to first-hand information prior to deliberation can vary widely: it may range from
a symmetric distribution to a highly unequal one where only a single individual obtains
first-hand information, along with all intermediate scenarios.

By contrast, a result that follows immediately from the observations made above as

well as from Theorem 1, and thus requires no proof, is the following:

Corollary 2. Consider some information acquisition cost function 6’(37) satisfying As-
sumption 1 and C'(1/2) < +oo. Let C(z) = aé(x) be the information acquisition cost
function of the game, where a > 0. Then there exists a(n) > 0 such that if a < a(n),

then the game with deliberation has no equilibrium with k > 1 homogeneous experts.

The above result implies that the insight derived in the previous sections that delib-

eration can kill the emergence of symmetric equilibria can be extended to account for

30The specific details of the proof are available upon request.
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equilibria where multiple citizens become (equal) experts. That is, if it is very cheap to
acquire information, all citizens but one will have an incentive to free ride on information
acquisition and a single political expert will emerge, who will be the sole responsible for
political learning. Following the logic behind Proposition 3, this reinforces the validity of
the insight that deliberation can decrease electoral accuracy if C’(1/2) < 1 as was shown
in Section 3.4.

Finally, the fact that, with deliberation, equilibria with a different number of politi-
cal experts can exist raises the question which expert group size is optimal for electoral
accuracy (or welfare). Our analysis above implies that answering this question is tanta-
mount to answering the question which electoral size is optimal without deliberation.3!
According to Martinelli (2006), there is not a unique answer to this latter question, and
either large values of group expert size would be optimal (if C”(0) = 0) or one expert
could be optimal (if C”(0) > 0).32

4.3 Deliberation with asymmetric preferences

Our baseline setup considers common and symmetric preferences, which suffices to gen-
erate new insights about the role of deliberation in democracies where political learning
is costly, even as a normative benchmark. But we can apply our techniques to examine
the impact of deliberation with asymmetric preferences as well.

Without deliberation, Martinelli (2006; Theorem 4) identifies conditions for which
the symmetric equilibrium ceases to exist when citizens’ preferences are biased towards
one of the alternatives. One particular condition is the electorate size being large. With
deliberation, we can show that there exist equilibria in which one citizen becomes expert,
even under Martinelli’s nonexistence conditions.3 Since the expert’s accuracy does not
depend on the electorate size, this result reaffirms our finding that deliberation can under
some circumstances increase electoral accuracy by creating incentives for political experts

to arise.

5 Concluding Remarks

We introduced and examined a model that enables investigating the effect of deliberation
on information acquisition in elections. Our setup is non-ideological, in the sense that
all citizens agree on which alternative is right for each of the two possible states of the
world. Citizens can purchase costly information to obtain a signal about the state, and

then can transmit all this information to the other citizens for free.

31The latter question is analyzed using our setup (without deliberation) by Gersbach et al. (2022)
and Gersbach et al. (2024), but these papers allow for monetary transfers.

32Gee Section 5.2 in Martinelli (2006).

33The proof is available upon request.
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If citizens believe the messages they receive, then neither have they incentives to send
false messages nor to vote different from sincerely. This observation allowed us to focus
on information acquisition and side-pass the dynamic aspects of the problem at hand,
and thus study the game called (voting) game with deliberation against the benchmark
of another static game called the (voting) game without deliberation (Martinelli, 2006).

The resulting game with deliberation is amenable to be analyzed analytically, yet
doing so is not straightforward, which makes our contribution noteworthy from a tech-
nical perspective. However, a better understanding is needed regarding how alternative
credibility assumptions might shape equilibrium behavior. For example, if citizens do
not trust messages that state high accuracy, the symmetric equilibrium might exist more
often than in our model. Questions of this sort might be interesting to study further.

Focusing on the game with deliberation, our analysis highlighted two types of equilib-
ria: (i) symmetric equilibra and (i) equilibria with political expert(s). Considering these
two classes of equilibria has sufficed to show that if information acquisition is costly,
deliberation is not unambiguously good for electoral outcomes. It has also allowed us
to derive other novel insights about the role of deliberation in elections and to improve
knowledge when the absence of deliberation is most critical for the quality of democracy,
all of which are the core of our substantive contribution.

Nevertheless, we do not offer a full characterization of the set of equilibria of the
game with deliberation, and thus neither for the full dynamic game. A richer set of
equilibria might enable the derivation of other insights about deliberation in the context
of democratic elections.

Finally, it would interesting to examine the impact of deliberation when citizens have
heterogeneous priors. In most deliberative processes, citizens’ invitations to participate
happen randomly through a civic lottery. Although the symmetric prior is a reasonable
assumption from a normative point, understanding which of our results generalize to the

heterogeneous priors case would generate more robust policy implications.
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Appendix A

Proof of Lemma 1. Henceforth we let !, denote the probability of citizen i voting for
d = w, given the realization of signal s* and some history following the other stages.
Consider first an environment in which all citizens observe their chosen accuracies
and realized signals. Let us rewrite the probability of the majority choosing the right
alternative in a given equilibrium in a way that evidences the impact of citizen i’s voting
strategy. To do so, it is instructive to first define, from citizen ¢’s perspective, the prob-
ability of having exactly n other citizens voting for A and n citizens voters voting for B

at some public history. This is given by

piva(s, @)= ) [T @hGsjom) T 11— ap(s—j )] [[ 0-ahGja) I oplsjw

MCN\{s}, \ jeM, JEM, JEMU{i}, JgMU{i},
|M|=n sj=s sj=s7 5;=5 s;j=sP

Now rewrite the probability of alternative A being elected in state s as

P, (Alz, 24 ZP |z, 24P, (Als, )
< + :z:7> ZIP’ s_ilw_i, 2 Py(Als?, s_i, x < — > ZIP’ s_ilw_i, 22| Pa(AlsB, s_;, ),

where P, (A|s;, s_;, x) is the probability of alternative A winning the election given (s, x).
For s; = s4, this is

PoAlsh sna)= Y = | [ ehGsopa) [[ 0-ablsga) | | [ 1-ahtsopa)] [] adlsya

MCN, JEM, JEM, JEM, JEM,
\kf|>n+l szsA sj:SB sjzsA s;=s

Rearranging the right-hand side of the above equation, we obtain

diyisnm) S | T chtssa) I 0 -abtsopa | | T[ 1-ehtopal [] abls-ie
MCN\{i}, | jeM, JEM, JEM, jeM,
|IM|>n 5;=58 sj=s7 sj=s% sj=s0

+ [ —aly(s—n2)] Y [T ahGsjom) T 1 —ap(sya] | | T] B -eh(s—y.2)] J] ehGs-j2

MCN\{i}, | jeM, jeM, jgM, JEM,
IM|>n+1 \s;j=s4 s;=s" sj=s s;j=sP

= i\(s iy L )pivi(sA,s,i,ac) + Pa(UA >n+ 1|SA, S,i,:l:),

30



where P,(vs > n+ 1|s?, s_;, @) is the probability of alternative A getting at least n + 1

votes from other citizens, that is,

> | I dhGm) [T 0 —agtsga)] | | T 0 -eh(sga)] J] ab(s) |,

MCN\{i}, \ jeM, JEM, JEM, JEM,
|M[>n+1 \s;=s" sj=s" sj=s" sj=s"

where v, represents the number of votes for A. Note that P,(vs > n+ 1]s%,s_;, @) does

B

not depend on i’s voting strategy. For s; = s” same logic leads to

Pa(A|sB, s_,x)=[1— a%(s,i, az)]pivi(sB, S_i, @)+ Poy(va >n+ 1\53, S_i, ).
This means we can rewrite P, (A|x, 24) as

Pu(Alz, =) = 3 <; n z) Bls ifr_i, 240, (s—i, @)piv, (s, 5_i, @) + R_i(s, 2, 24)

s

+ sz: (; - .131) Pls_i|z_;, 2] {1-a%(s—i, )} piv,(s2, s s, x).
where R_;(s, x, 2*), defined next, is a term that does not depend in i’s voting strategy:
1
R_i(s,x, 2 = Z (5 + x) Pls_i|z_s, 2| Py(va > n + 1|s?, s_;, )

+3 (5 ) Ploolo s IPalon 2 04 115,52,

Following the same steps as above, P,(B|z;,z_;, zp) can be written as

1 .
Pa(Bla. ) =3 (2 n x) Pls if_i, 28]y (5—i, )piv,(s, 51, @) + R_i(s, 3, 5)

+ Z < ) S_ilz_i,z } {1 - az(s—i,m)} pivi(sA,s_i,sc).
Electoral accuracy, that is, (1/2) { Pa(Alz, 24) + Pa(Blx, 25)}, then boils down to
Z P[s 5_1;|:1:} {pivi(s‘q7 S_i, &) [IP’[ZA|5A, S_i, :Iz}ozil(s_i, x) + ]P’[ZB|5A, s_q,x)(1— a%(s_i, m))] } +
Z P[s?,s_;|x] {pivi(sB, S_i, @) []P’[ZA|SB, s i, x](1—al(s_g,x)) + PP, s, xlal(s_y, z)|}+
ZJP’ , S—i|x] {Pa(vA >n+ 1\SA, s_i, )P[z?)s?, s s, x] + Po(vp > n+ 1|57, 55, 2)P[25|s4, s,i,:l:]} +

ZP[S ,s—il®] {Pa(vg = n+ 1sB,s_;, ®)P[28|s8, s_s, 2] + Po(va > n+ 1|SB,s_i,cc)P[zA|sB,s_i,zc]} .

Clearly, at any (s, ) for which citizen i is pivotal, voting sincerely is weakly dominant.
Now, define I = {s4, s8} x [0,1/2] as a citizen’s private information set, and, for
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any i € N, m; : I x M_; — A (I*"), citizen ¢’s probability distribution over the private
information set of other citizens, given her own private information and the messages
observed by the others. The vector m = (m;);en is a belief system about the messages
that were truly conveyed at the deliberation stage. The estimated electoral accuracy from
the perspective of citizen i given (s;, z;, m_;) becomes

piv; (s, s—i, @) [Plz?]si, s_i, x]al (s_i, @) + PlzB]si, s_i, ] (1 — ol (s_;,@))] +
Z 7Ti(£—i7x—i siamiam—i) .
§—i)%—i Po(va >n+ 18,55, @)P[24si, 54, 2] + Po(vp > n 4 1s;, 5, )P[2P s, 54, x]
Define the belief citizen i assigns to z* given (s;,z;, m_;), in histories happening with

positive probability under m;, for which she has probability of being pivotal:

P[2w|si,$z‘,m—z‘]5 Z Ti(S—i,fL“—z‘|8i,$i,m—i)ini(Sz‘,Si,Ii,w—i)P[2w|Si,S—z‘,ﬁiw—i}

S—iT—q

Then the following threshold strategy for ¢ is optimal

1 if P[2%|si, xs,m_;] > P[z7|ss, 25, m_],

al(zi,m_;) = € [0,1] if P[e%]s;, ms, m_y] = P[z7%|s;, 24, m_4],

0 if P[2¥]s;, 24, m—;] < P[27|s;, 2, m_y].

Thus, voting sincerely given other citizens’ messages and her beliefs about such messages
is optimal. Assumption 3 ensures that citizen i assigns probability one to (s_;, z_;) given
m_; = (s_;,x_;). The threshold strategy boils down to comparing the likelihood of signals

under each state, which implies that voting sincerely is weakly dominant. O]

Proof of Lemma 2. We start noting that, from Lemma 1, all citizens anticipate that all
of them will vote sincerely in Stage 3. Then consider some citizen ¢ € N. Due to
Assumption 3, she believes that all the messages she received were truthfully reported.
We proceed by contradiction. So suppose that citizen ¢ sends some message m; in Stage 2
to some citizen j that differs from (z;, s;). Now recall that we are assuming that citizen j
will vote sincerely in Stage 3, i.e., she will use whatever information she gathered in
Stage 2. This implies that there is some (possibly zero) probability that citizen j will vote
in Stage 3 for alternative d € {A, B} when, according to the information citizen ¢ holds,
i.e., (z;,s;) X M;, alternative d" # d should be implemented. Hence, by not truthfully
reporting (z;, z;) to all other citizens, citizen i expects a utility that is lower than, or
equal to, the one she expects if she sends message (z;, z;) to all citizens. Therefore, given

(x;,8;) X M;, citizen ¢ has no strong incentive to send false information in Stage 3. O

Proof of Proposition 1. Let (z,...,x) € [0,1/2]*"™! be a strategy profile of the voting
game with deliberation. Without loss of generality, we focus on citizen 1’s best response

to the remaining 2n voters choosing information level £ > 0. We know from Theorem
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3 that z; = 0 for all ¢ € N never constitutes an equilibrium, so we can assume z > 0.
Moreover, x = 1/2 cannot constitute an equilibrium either, since any citizen would strictly
prefer to acquire zero information and free ride on the information acquired by the others.
Hence, we can assume z € (0,1/2).

It is clear that a signal of accuracy x > 0 can never compensate two opposite signals
of the same accuracy x > 0. Therefore, if citizen 1 acquires information level x, her
signal will only be followed by all the citizens (including citizen 1) whenever among
the remaining citizens there are as many s* signals as there are s? signals. But this
means that the utility of citizen 1 when x; = x € [0, AZ]—where A2 is defined as in

Equation (11)—and all other citizens choose information acquisition level z is

o (1) () () (- oo

where b(x) is independent of x;. By differentiating the above expression and equating it

to zero, we obtain Equation (4). This means that = x*, which completes the proof. [

Proof of Theorem 1. From Equation (4), and considering C(z) = aC(z) with C(x) satis-
fying Assumption 1 and C"(1/2) < +o00, it is clear that z* converges to 1/2 as a converges
to 0. To make explicit the dependence of a, we write z* = z*(a). Because C'(-) is con-

tinuous, for every € > 0 there exists a(¢) > 0 such that,
C'(z*(a)) > C'(1/2) — ¢ for all a < a(e). (A.1)

Now consider any such € > 0 and any a < a(e). For each i € {1,...,2n+ 1}, let ¥; denote
the (Bernoulli) random variable such that YV; = 1if s;, = s4 and Y; = 0 if s; = sg. Note
that P(s; = 54]25) = 1/2 — 2*(a). Define as well Sy == >7"7'Y; as the sum of citizens
with signal s,4, given the electorate size of N := 2n + 1.

On the one hand, the probability of alternative A winning if the state is 2” and every
citizen is choosing x*(a) is bounded from below as follows:

P(A|x*(a),2P) = P[Sy > n + 1|28] = P[Sy = n + 1]28] + P[Sy > n + 2|25]

> B[Sy = n + 1)28] = <2:j11> G - x*(a)>n+1 (; + :U*(a))n. (A2)

On the other hand, from Equation (4) and Equation (A.1),

(G-w@) (G+rw) - w > a (%) (A
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Substituting Equation (A.3) into Equation (A.2),

(f:f)(;—xw@>M1<;+xw@>n>(zg)(émum-f)<;—xw@>@

Eé@o<;—xw@>a. (A.4)

Therefore, the probability of alternative B willing if the state is z” is bounded above as
P(B|x*(a),2?) =1 — P(A|x*(a),2”) <1 - C(n) (— - w*(a)) a.

By the symmetry of the information structure and the prior distribution, the same bound
is achieved for P(A|x*(a), 2). It then follows from Equation (3) that citizen i’s payoff

from choosing 2*(a) while others do the same is bounded from above as follows:
_ 1 ~
G(x*(a)) <1—-C(n) <§ - m*(a)) a—aC(x*(a)). (A.5)

If citizen ¢ deviated to x; = 1/2, her payoff would be 1 — C(1/2). Hence, this deviation
is profitable if Equation (A.5) is no greater than 1 — aC(1/2) or, equivalently, if

C(1/2) - C(a*(a))

2@ =0

Because C(-) is convex from Assumption 1, and using Equation (A.1), the above condition

is implied by either of the following two equivalent conditions

C'(1/2) < C <C'(1 n = : A.
2 Cn o e<C2 (5 ) = (A6)
Therefore, it suffices to consider € = g(n) and a(n) = a(g(n)).
Finally, we prove that a(n) < 1/C(1/2). From Equation (4) and Equation (A.1), at

e =¢(n) and a = a(n),

= ED G )’ () (= a?) G ()
‘ C1/2) 2k &1/ Cy)
It then follows that (2:111) < 4™, because (2::11) < Zif{lil (2"; 1) = 4", O

Lemma A.1. Let C be an information acquisition function satisfying Assumption 5 and

let by, by, c1,co be some positive constants satisfying bs > by, ¢y > co, and

C1 — Co

" by — by

=

€ (0,1/2). (A.7)

Define functions y1(z) := ¢1 + bjx — C(z) and yo(x) 1= c3 + byx — C(x), which cross at
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z. Then assume that

(&) <0 (A.8)
and
Yo(2) < —vi(2). (A.9)
If there exists T € [%,1/2] such that
Y»(T) <0, (A.10)
then it must be that
I[%‘@?yl(w) > r[%@?yz(:v)- (A.11)

Proof. Note that for £ € {1,2}, Assumption 5 guarantees that y;(0) = b, — C"(0) =
by > 0 and y}(x) = —C"(x) < 0. Together with Conditions (A.8) and (A.10), we obtain
yi(xz) <0 for all x > 2 and y5(x) < 0 for all x > Z. Therefore, for k € {1,2},

x) = arg xe%%}/%] yr(x),

is well-defined and satisfies b, = C’(z). Conditions (A.8) and (A.10) imply that z; €
(0,2) and x5 € (0,7), while C’() being increasing for (0,1/2) together with by > b; and
by = C'(z) imply that x; < x9. Finally, note that for all x € [0,1/2],

Yo(z) —yi(x) = by — by > 0. (A.12)

Next, we distinguish two cases.
Case I: y4(2) < 0. In this case,

= <
e () =Ry () <jgpmt),
where the equality follows from y4(z) < 0 and y.(z) = —C"(x) < 0, both ensuring
9 < Z. The inequality is explained as follows. Since ys(x) is maximized at z = x5, it
suffices that y;(x2) > ya(x2). Indeed,

i (e2) = (@) + / " i (@)de = ol8) — / (@) > () - / " yy()dr = ya(s),

z2 z2

where the first and third equality follow from the fundamental theorem of calculus, the

second equality holds since y;(x) and ys(z) cross at Z, and the inequality is due to
Condition (A.12).
Case II: y,(2) > 0. In this case, y5(2) > 0 and Condition (A.10) imply that z, €
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(z,7). We claim that |x; — 2| > |z — 2|. Indeed, note that

C'(z) >

b1 + bg _ O/<CL’1) + CI(ZEQ) Z C, T+ Xo ’
2 2 2

where the first inequality can be derived from Condition (A.9), the equality follows from
by = C'(zx), and the last inequality holds since C’(-) is convex in (0,1/2). Since C’(-)
is also strictly increasing in (0,1/2), it follows that & > (xy + x2)/2. This inequality
together with z; < x5 show that the claim holds. Let z € [Z,25]. Then yj(x) > 0, and

from the proved claim, we obtain zy < 2 — (v — &) = y}{(Z — (v — %)) < 0. Moreover,

o - (o - ) = ~ui(#) - [ L Ot > y(3) - / Con(tt,

—(z—2) z

> yhld) / "1yt = (o), (A13)

where the two equalities follow from the fundamental theorem of calculus, the first
inequality is implied by zo € (#,7), and the second inequality is due to (i) z > Z;
(1)) & — (& — (r — 2)) = x — &; and (4) C"(x) is non-decreasing for z € (0,1/2).
Finally, we claim that
(@ — (22 — 1)) = y2(22), (A.14)

which implies Condition (A.11) and finishes the proof. To see that this is true, we start

noting that if we use the fundamental theorem of calculus we can write

b (2a—2) 2
(Z = (29 —2)) =1 (2 "(2)dx = y1 (2 —yy (z)dx, A.15
(=) =@+ [ Y@= n@ [ e @)

and

yal2) = o) + / "y (@)da. (A.16)

Using (A.13) for all z € [, z5] and noting that & — (z — (22 — 2)) = 25 — 7,

/( A)—y'l(:v)d:v>/ yo(z)d.

This last inequality, together with Equations (A.7) and (A.15)—(A.16) imply claim (A.14).
[

Lemma A.2. Let C be an information acquisition function satisfying Assumption 5 and
let x* € (0,1/2]. For all x > z*,
C'(x) x
Cl(.ilf*) — .T*.

(A.17)
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Proof. The above inequality is equivalent to x*C’(z) > xC’(z*). For all z € (0,1/2],
define h(z) := 2*C'(x) — xC’'(z*). Note that h'(z) = z*C"(x) — C'(z*) > 2*C"(x)
and, from Assumption 5, h’(x) = z*C"(z) > 0. By definition of function h and since
C'(0) =0, h(0) = h(z*) = 0. We claim that

h'(x*) = 2*C"(z*) — C'(z*) > 0, (A.18)

which together with A”(x) > 0 implies that h'(z) > 0 for all > x*. Then, for all z > z*,

* *

hz) = h(z") +/: W (2)da = / W (x)dz > 0,

where the first equality follows the fundamental theorem of calculus, the second equality
follows from h(0) = 0, and the inequality follows from h'(z) > 0 for all x > z*. Indeed,

C'(z*) = C'(0) +/ C"(z)dx = / C"(z)dx < / C"(x*)dx = z*C"(z"),
0 0 0

where the first equality follows from the fundamental theorem of calculus, the second
equality follows from the assumption that C’(0) = 0, and the inequality holds since
C"(x) > 0 for all z € [0,1/2] due to Assumption 5. O

Lemma A.3. Let k > 1. Then, lim,_, %’IZ =k.

Proof. We have a 0/0 indeterminacy. However, using L’Hopital’s rule, for k£ > 1,

Ak 25 — 1.22)"!
lim — = lim k(0.25 r)

=0 20 ((0.5 — )k + (z + 0.5)14;)2 -

]

Proof of Theorem 2. We assume that 2n citizens choose to acquire information level x*
and analyze the best response of the remaining citizen, who we consider to be citizen 1

without loss of generality. Citizen 1 chooses x; to maximize
1
G(zy,2%,...,2%) = 3 {Pa(A\xl, a*, .. a%, 2 + Py(Blry, 2*, .2k, ZB)} — C(z1).

We divide the proof in five steps.

Step 1. We derive an explicit expression for G(zq,x*,...,z*) for all z; € [0,1/2]
and show that it is continuous in z; in the entire interval. Function G(xq,z*, ..., 2*) is
defined piecewise. Indeed, for k € {0,...,n}, the restriction of G(z1,x*,...,z%) to the
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interval (A% A%%2] coincides in this interval with the following function:

G*(zy,z*,...,2%) = —C(z1) + <; +x1> <2:) (; +x*>n (; - x*)n + Zn: <n2: z) <; +x*>n+i (; - a:*)n_i

i=k+1
. 1—’— i m 1—"_*n-‘,—i 1_*n—i+ 1—i_*n—z 1_*71-&-1’
2 ) & i) \\2 77 2 " 2 T 2 " '
(A.19)
Function G*(zy, 2%, ..., x*) is citizen 1’s expected utility when the remaining citizens

choose to acquire accuracy x* and citizen 1 chooses an information that is accurate enough
to offset 2k opposite signals of accuracy x*.

To show the continuity of function G(z1,2*,...,2*) for all z' € [0,1/2], it suffices to
show that for all k£ € {0,...,n — 1},

GF(AZRT2 o a%) = GFTH (A2 o a%). (A.20)

To show the above equality, note that

m 1 n+k+1 1 n—k—1
k+1 * *\ k * *\ - * T ek
Gz, 2", . 2%) — G (2, 2%, .. 27 (n—i—k—i—l) <2+x> <2 x)

1 m 1 n+k+1 1 n—k—1
+<2+x1> (n+k+1> (2“‘") (2I)
N 1+ m 1+ . n—k—1 } i} n+k+1
s T ) \n+k+1)\ 27" 9 7 :

and G* Yz, 2%,.. ., 0*) — G*(xy,2%,...,2*) = 0 is a linear equation in ;. Solving for
z1 leads to z1 = A2**2 This completes the proof of Step 1.
Step 2. We show that for k € {1,...,n}, there exists a}(n, k) such that if a > aj(n, k),

OGFY(xy, 2%, ..., x%)
8331

< 0.

I1:A?§

Define the following function:

= (3) o) (-0)
B (E) G ) )

Then

o) () () ()
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Next, note that

GG’“‘l(xggi*, L) T —aC'(A%) + (2:> (; + x)n (; _ x)n (A.22)
) (O R |
where, from Equation (4)
= G Gra) G-o)" (4.23)
C'(x*)

If we substitute (A.23) into (A.22), we obtain
B C'(A2K)N /2n\ /1 N\"/1 "

e ) G ) o)
k—1 n—+i n—i n—i n4i
()| G) Goe) o Gre) o) ]

(A2 A2k
From Lemma A.2, % > —. Therefore,

AZk 2n 1 "1 "
< ag™(z*) = (1— T - * Tk
2= (=55) () ) G-
— 1+ . n+1 17 . n7i+ 1+ i} n—u 17 . n+1e
B x 5 x B T 5 x .

OGF Y (zy,2*,. .. %)
8.171

OGF=Y(zy,2%,...,2%)
6(E1

Since gp(x*) is continuous in z*, Lemma A.3 and Equation (A.21) guarantee that
lim,«_,0 g7 (z*) = f(0) < 0. Hence, there exists Z1(k,n) > 0 such that,

z* <7Zy(k,n) = gp(z") <O0. (A.24)

Finally, from Remark 1 we obtain that (a) 2* is decreasing in a, and (b) lim, o z* = 0.
Using (a) and (b) together with Equation (A.24) imply that there is af(n, k) such that
a > aj(n,k) = x* < Ty (k,n). This completes the proof of Step 2.
Step 3. We show that for k£ € {1,...,n}, there is aj(n, k) so that if a > aj(n, k),
OGF Y (xy, x*,. .. x%) OGF(zy,x*, ..., x%)

> .
axl x1=A2k axl r1=A2%k

z* z*
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Define the following function:
oo 2) (o) (- () (G () o () )
6 C 6
From standard algebraic manipulations we obtain
hp(0) = (4k — 2) (2:) (;>2n —2(n2fk) <1>2n 42 (nﬂ) ( >2n
() <4k_2( )_Q(nzle n+l>
> (3) (-2 () 2( ) -e-0(20) = () (w0 () -w-n(,5)) o

Next, note that
C'(AZF) 2n\ /1 N\"/1  \"
e P ) () o) )
k

AL (0 AT R C RO

N[ =

B OGF=Y(zy, 2%, ..., x%)
8x1

. OG*(xy, 2%, ... x%)

2n
n—+1

k—1 1+ . n+i 1_ . n—i+ 1+ . n—i 1_ . n+1
Z 2 " 2 " 2 " 2 "
—1
2—22(
1
o, 1 n+k 1 n—=k 1 n—=k 1 n+k
‘Qm)((a”) G-=) +G+) (G-) )
A%lz 2n 1 * "1 * n._ n(, .k

2n
-2 Z; (n + 2)
R () ) ) )
= 2 2 2 2
where to derive the equality we used Equation (A.23) to substitute for a and the inequal-
ity follows from Lemma A.2. Since [}}(z*) is continuous in z*, Lemma A.3 guarantees
that limg« o [} (z*) = h}(0). Hence, there exists Ta(k,n) > 0 such that,

< Ty(k,n) = l(z") > 0. (A.25)

Finally, from Equation (4), we know the following two properties: (i) z* is decreasing
in a, and (i) lim, . * = 0. Using (i) (i) together with Equation (A.25) implies that
there exists aj(n, k) such that

a>ay(n, k) = 2" <Ty(k,n).

This completes the proof of Step 3.
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Step 4. We prove that given n, there exists aj(n) such that if a > af(n), then

OG™(xy,z*, ... %)

< 0.
81’1

r1=1/2
We know that G™(1/2,2%,...,2%) = (1 + 21) — aC(z1), so

OG™(xy,x*, ..., x%)

= 1—aC"(1/2
o, aC’(1/2),

r1=1/2

and choosing aj(n) = 1/C’(1/2) suffices.

Step 5. We now use Lemma A.1 to prove the statement of the theorem. Given n,
consider a(n) == max{ai(n, k), az(n, k), as(n) breqi,...ny and a > a(n). Then, the following
properties hold.

8Gk’1(Aili LT )

P < 0.

1. Forall k € {1,...,n},

(Aii 71'*,...,:1?*) > aGk(Ai}i ,IE*,...,(E*)

2. Forall k € {1,...,n}, i D1 Ox1

3' 8G"(1/§,z*,...,x*) < 0.
1

From Equation (A.19), it is clear that we can write
GF(oy,x%, ..., 2%) = cp(2*) + bp(a") 2 — O(xy),

with cgp(2*) < cp1(2*) and bg(x*) > bp_q1(z*) for k € {1,...,n}. This, along with
the three properties enumerated above, allows us to apply Lemma A.1 to functions

GF(xy, 2%, ... o) and GF*(zy, 2%, ..., 2%). Forallk € {0,...,n—1}, we therefore obtain

max GFVYay, 2%, 2%) > max G*(xy, 2%, ..., 2%,
[0,A3,] [0,A%) 1]

which implies that for all k € {1,...,n},

max GOz, 2%, ..., 2%) > max GF(xy, 2%, ..., 2%).
[0,A27] 0,427 ]
Accordingly, it only remains to be shown that x* = maX Az G (xy, x*, ..., x%), but we

know this from the proof of Proposition 1. This completes the proof of the theorem. [

Proof of Theorem 3. We want to show that (z,0,...,0) is an equilibrium for some value
of zj and any citizen i € N. That is, any j € N\{i} is a citizen for which z; = 0. We
start by analyzing citizen i’s best response when no other citizen acquires information.
If citizen i chooses x; > 0, then whichever signal she receives is the alternative that will

be chosen. The reason for this is two-fold: on the one hand, all signals and information
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acquisition levels are public; on the other, all citizens vote sincerely. Accordingly, if
z; > 0, voter i’s ez-ante expected payoff given 2*; is G(z;,2%;) = (3 + ;) — C(z;).
It is easy to verify that G(0,2*;) = 1/2, since in such a case no citizen acquires any
information. Since C’(0) = 0, we obtain G'(0,2*;,) =1 > 0, so z; = 0 cannot be a best
reply to z*,. Hence, citizen i’s best response to z*, is either interior if C'(1/2) > 1, or is
xf =1/2if C'(1/2) < 1. In the former case, the interior solution z} corresponds to the

information acquisition level that solves the following equation:
1=C'(xF). (A.26)

Next, we take as given the optimal choice of zf > 0, and verify that no citizen j € N\ {i}
wishes to deviate from z; = 0 to x; > 0, taking also as given that z; = 0 for all
ke N\ {i,j}. Acquiring z; € (0,z]) cannot be optimal as z; = 0 is a profitable
deviation. This follows from the fact that (a) C(x) is strictly increasing for x € (0,1/2),
and that () if citizen j acquires an information level lower than z, the alternative chosen
by all citizens (including citizen j) will continue to be the one that matches citizen i’s
signal. We split the remainder of the proof in two cases, depending on the value of the
derivative of the cost function at 1/2.

*

Case I: ('(1/2) < 1. In this case, citizen i acquires full information, i.e., 2} =
1/2. Since the correct alternative is therefore chosen with probability one and C' is
strictly increasing, it is clear that citizen j strictly prefers to not acquire any information.
Therefore, v7 = 1/2 and 2 = 0 for all j € N\ {7} is a Nash equilibrium.

Case II: C'(1/2) > 1. In this case, citizen ¢ acquires an interior level of information,
le,0 <z < %, which solves Equation (A.26). If citizen j deviates from choosing z; = 0
to z; € (z},1/2], then whichever alternative matching citizen j’s signal will be chosen by
all citizens. The reason for this is the same as in Case I. Accordingly, citizen j’s ex-ante
expected payoff for z; € (x7,1/2] is G(z;,2%;) = (3 + ;) — C(x;). It then suffices to
note that for z; € (27,1/2],

aG(xja Z’i])

or; L= C'(z;) <1-0(af) =0,

where the inequality follows from the fact that C' is strictly convex and the last equality
is equivalent to Equation (A.26). Hence, for citizen j, no deviation from choosing z; = 0
to x; € (x},1/2] is profitable.

It remains to verify the case where citizen j deviates from x; = 0 to ; = x;. There
are two cases. First, if s; = s;, then all citizens vote according to citizen i’s and citizen j’s
signals. Therefore, the alternative corresponding to such signals is chosen with probability
one. Second, if s; # s, citizens vote according to their own signal due to Assumption 4.

In particular, citizen ¢ votes for alternative s; and citizen j votes for alternative s;. This
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means that both votes cancel each other out, so the election outcome depends on the

remaining 2n — 1 citizens. Hence, the probability of alternative A (B) winning under

state 2z (2P) is the probability of at least n over 2n — 1 voters obtaining signals s? (s?).

This leads to

I 1\ (1 & 2n-1) (1" \
G(.ﬁj,ﬂ?_]) = <2+$Z> ‘|‘2 <2+$1) (2 —in> P k ) <2> —C(J?,L)
IR 1N /1 N\ R - )
~(grat) w2(grar) (3-=) (a) X (M) -cen
1 2 1 1 1\ 271 ,
I * - * [ - (n—1) *
() +2(orat) (5-2) (5) 20w

- (44 ) +(3+at) (3-91) ~c6n = (3+a1) -,

The above expression increases if j chooses any z; < x} instead of x; = z}: the prob-
ability of choosing the right alternative will still be (% + ), but the cost incurred will
be smaller since C' is strictly increasing for € (0,1/2). Thus, it is a best response for
J € N\ {i} to choose z} = 0. O

Proof of Proposition 2. Suppose that citizen i chooses z; € (0,1/2] and the remainder
citizens acquire no information at all, i.e., citizens j € N \ {i} choose z; = 0. We inquire
now if for some citizen j € N \ {i}, ; = 0 can be the best response to (xx)ren (j1-
Citizen k’s vote only matters when there is a tie among the other voters, so for z; = 0

to be a best response it is necessary that

cw>(3+) (") (5)  G=) () ()
("))

To derive the right-hand side of the first inequality we have used Assumption 4, but other
tie-breaking rules would lead to the same result. However, the assumption that C’(0) = 0

leads to a contradiction with the above inequality. O]

Proof of Proposition 3. If C'(1/2) < 1, then in the equilibria with a political expert, the
expert acquires perfectly accurate information, leading to the highest electoral accuracy.
This result does not depend on the size of the electorate. If C”(0) > 0 in addition, it
follows from Remark 3 that the electoral accuracy is bounded away from one, even as n

goes to infinity. O

Proof of Proposition 4. On the one hand, if C'(1/2) > 1 then in any equilibrium with a
political expert, the expert does not acquire perfect information, no matter the size of

the electorate. Hence, the electoral accuracy from an equilibrium with a political expert
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is bounded away from one; say, it equals 1 — ¢, where € € (0,1) On the other hand, if
C"(0) = 0, it follows from Remark 3 that the electoral accuracy converges to one as n
goes to infinity.

Combining these results with Theorem 2, we can choose n* := n*(¢) € N to ensure
that, for all n > n*, there exists a(n) such that, for all @ > a(n), (i) the symmetric
equilibrium also exists and (ii) the electoral accuracy under the symmetric equilibrium is

higher than the electoral accuracy under any equilibrium with a political expert:
Vd e {A, B}, P,(d|z*(n),z%) > 1 —¢e =P,(d|z**, z%),

where x** is the chosen level of accuracy by the political expert in equilibrium. O

Appendix B

Formal derivations for results in Fxample 1. Case 1: a > 1. We prove that there is a
symmetric equilibrium. To do so, it suffices to compare citizen 1’s expected payoff if

x1 = z* to her payoff if x; = 1/(2a). Given Expressions (7) and (9), we have that

GO(x*, 2%, 2*) = 0.5a> — 0.5a*Va2 + 1+ 0.5V a2 + 1 — 0.25a + 0.5, (A.27)
and
A (L o) =054+~ (A.28)
20" ' 4a’ ’

We claim, that if @ > 1, then G°(z*, z*, 2*) > G*(1/(2a), z*, 2*). Using Equations (A.27)
and (A.28), the above-claimed inequality can be arranged (if we multiply it by 1/4a) as
f(a) :=2a* — 2a*va? + 1+ 2av/a? + 1 —a? > 1. It is immediate to verify that f(1) = 1.
Hence, the claim holds if we show that if @ > 1, then f’(a) > 0. To show this, we note
that f’(a) = 0 is equivalent to 8a*v/a2 + 1 — 2av/a® + 1 = 8a* + 2a®> — 2. Next, we apply

some non-injective transformations to the above equation and we obtain

2 3
(80'Va? +1—20Va? +1) = (80" +2* = 2)" & a= ig.

It is straightforward to verify that a = —*2 is the only solution to f’ (a) = 0. Finally,

3
f(0) > 0 implies f'(a) > 0.
Case 2: a < 1. We prove that there is not a symmetric equilibrium. To do so,
we compare citizen 1’s expected payoff if 1 = x* to her payoff if x; = 1/2. As before,
G°(z*, z*, x*) is given by Equation (A.27). G°(1/2,,z*, z*) is

G(1/2,2%,z") =1 — % (A.29)
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We claim that if a € (0, 1], then G(1/2,2*, 2*) > G(z*,z*,2*). Using Equations (A.27)

and (A.29), the claimed inequality can be rearranged as

g(a) :=0.5a® — 0.5a*vVa? +1+0.5va2 +1+05 < 1.

It is immediate to check that g(0) = g(1) = 1. Hence, it suffices to prove that ¢’(a) = 0

has only one solution in [0, 1] and that it corresponds to a minimum of g(a). Note that

, a (—1.5a2 +1.5ava? +1— 0.5)
g'(a) = - :
a’+1

Therefore, ¢'(a) = 0 if and only if —1.5a? + 1.5av/a2 +1 — 0.5 = 0. this equation can
be solved using arguments analogous as those we use in the previous case. If we do so,
we obtain that a = v/3/3 is the only solution to ¢’(a) = 0 in the interval [0,1]. It is
then straightforward to check that ¢”(v/3/3) > 0. Accordingly, we have proved g(a) < 1,
which means that G(1/2, 2%, z*) > G(z*, z*, ™). O
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