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Abstract

We obtain sharp rotation bounds for the subclass of homeomorphisms f : C — C
of finite distortion which have distortion function in Ll’;C, p > 1, and for which a
Holder continuous inverse is available. The interest in this class is partially motivated
by examples arising from fluid mechanics. Our rotation bounds hereby presented
improve the existing ones, for which the Holder continuity is not assumed. We also
present examples proving sharpness.
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1 Introduction
We say that f : C — C is a mapping of finite distortion if it belongs to the Sobolev

space f € Wllo’c1 (C; C), its jacobian determinant det(Df) = J(-, f) is locally inte-
grable, and there exists a measurable function K(-, f) : C — [1, +o0] such that

IDf () <Kz, f)-J(z, f)
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at almost every point z € C. Above, |Df(z)| stands for the operator norm of the
differential matrix Df(z) of f at the point z. When K(-, f) € L then f is said
to be K-quasiregular, with K = ||K(-, f)|lc (or K-quasiconformal, if bijective). In
the same way quasiregular maps arose as a generalization of holomorphic functions,
mappings of finite distortion arose as a generalization of quasiregular maps partially
motivated by questions in nonlinear elasticity. The authors address the interested reader
to the monograph [11] for quasiregular maps in the plane, and to [1] for a background
on mappings of finite distortion.

Recently, there has been a growing interest in understanding the rotational properties
of planar homeomorphisms, see [2, 4, 7-10]. Special attention has been devoted to
the spiraling rate of these maps. More precisely, given a homeomorphism f : C — C
normalized by f(0) = 0 and f(1) = 1, one is interested in the growth of | arg(f (r))|
as r — 0. This growth represents the number of times that the image f([r, 1]) winds
around the origin as » — 0. This quantity has been proven to admit several speeds of
growth which depend on the class of maps under study. In this way, it was proven in
[2] that if f is K-quasiconformal then

larg(f(r)| = l(K—l> log <1)+CK, forall0 <r < 1. (1)
2 K r

In contrast, if the maps under study are homeomorphisms of finite distortion, the
situation changes and the order of growth depends on the integrability of the distortion
function. Namely, the second named author discovered in [8] that if ¢X(-/) ¢ Lﬁc for
some p > 0 then

1
larg(f(z))] < % log® <m> ,  for small enough |z|,

and moreover, this is sharp up to the value of the constant ¢ > 0. In other words, the
transition between boundedness and exponential integrability of K(-, f) results in a
larger power of the logarithmic term. Further optimal results were obtained later on in
[9], in the case of integrable distortion, that is, when K(-, f) € Lﬁ}c for some p > 1,

c

larg(f(2))] <

> for small enough |z| 2)
|z|

1

or even when K(-, f) € L;__,

lim |z|? |arg(f (2))] = 0. 3)

The moral here is that more spiraling is allowed at the cost of relaxing the integrability
properties of K(-, f). As explained in [2, 8, 9], the local rotational properties go hand
in hand with the local stretching behavior. Especially important for the argument are
the estimates for the modulus of continuity of the inverse map.
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It turns out mappings of finite distortion also have a role in fluid mechanics. To be
precise, let us think of the planar incompressible Euler system of equations in vorticity
form,

Lo+ -VIo=0
div(v) =0 )
w(0, ) = wy.

Here w = w(t, z) : [0, T] x C — C is the unknown, wg € L*°(C; C) is given, and v
is the velocity field. The Biot-Savart law,
i
V= —x%w
2z

makes more precise the relation between v and w. As it is well known, Yudovich [15]
proved existence and uniqueness of a solution w € L*°([0, T]; L*°(C; C)) for any
given wy. In particular, the corresponding velocity field v belongs to the Zygmund
class, and therefore, the classical Cauchy—Lipschitz theory guarantees for the ODE

%X(t, 2) =v(t, X(t,7))
X0,2) =z

both existence and uniqueness of a flow map X : [0, T] x C — C. It was proven in [6]
that, for small enough ¢ > 0, each of the flow homeomorphisms X; = X(¢,-) : C - C
is indeed a mapping of finite distortion. Moreover, for each small value r > 0, there is
anumber p(¢) > 1 such that the distortion function K(-, X;) belongs to L ﬁw whenever
p<p@.

As mappings with L? distortion, the mappings X, are a bit special because both X;
and X, ! are Holder continuous, as shown in [14], with a Holder exponent that decays
exponentially in time. This is not true in general, and mappings of L? distortion need
not have a Holder continuous inverse, as shown in [12]. Therefore, it is a question of
interest to find out if the Holder nature of the inverse map results in better rotation
bounds. Indeed, even though the bounds obtained in [9] can be applied to X, the Holder
continuous nature of X; ! provides a significant improvement to (2). We describe this
improvement in our main Theorem.

Theorem 1 Let f : C — C be a homeomorphism of finite distortion such that f(0) =
0and f(1) = 1, and assume that K(-, f) € LY _for some p > 1. Suppose also that

loc
[f ) = fWI = Clx —yl% iflx — y|issmall,

for some o > 1. Then

arg(f )] < CVa | 7 log? (L)

|z|

@ Springer



212 Page 4 of 21 AClopetal.

whenever |z| is small enough.

In contrast with (2) and (3), the existence of a Holder continuous inverse allows the
power term exponent to be halved, although then the logarithmic term needs to be
included. As an application, we can estimate the spiraling rate of X;.

As an application, we can estimate the spiraling rate of X, for small times. The rota-
tional behavior of X; is nowadays studied a lot. For instance, in the case of wg being
close to the characteristic function of the unit disk, the article [5] provides bounds for
the winding number of most of the trajectories {X,(z)};~0 as t — oo. Here, instead,
we do not evaluate the rotational behavior at large times, but look instead at spiraling
bounds in the space variable for a fixed and small enough time.

Corollary 2 Given wy € L>(C; C), let v be the velocity field of Yudovich’s solution
to (4), and let X, be its flow. Then there exists a constant C > 0 such that

X (z) — X, (0) 1 i —tllwollso
'm<xm—&©N5be<m>m " exp (Ctliwolloo)

if both |z| and t > 0 are small enough.

In particular, if z = %, n=1,2,... and we fix a time #9 small enough, then the curve

X ( [%, 1]) cannot wind around X, (0) more than a multiple of
noleolls (oo )2 ¢Clollonlloo

times. Toward the optimality of Theorem 1, we can show the following.

Theorem 3 Given an increasing, onto homeomorphismfl 1 [0, +00) — [0, +00), and
a real number p > 1, there exists a homeomorphism f : C — C with the following
properties:

p
loc*

f is a mapping of finite distortion, with K(-, f) € L
fO=07fnH=1

Ifa > %, then | f(x) — f(y)| = C|x — y|* whenever |x — y| < 1.

There exists a decreasing sequence {ry}, with r, — 0+ as n — oo, for which

_ -1 1 [ 1
[arg(f(rp))| = 1 r log? (i’_> h(ry).

n

Since h can be chosen to approach 0 at any speed, Theorem 3 shows that the order
provided in Theorem 1 is sharp.

The paper is structured as follows. In Sect. 2, we give the basic preliminaries. In Sect. 3,
we prove Theorem 1 and Corollary 2. Finally, we prove Theorem 3 in Sect. 4.
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2 Preliminaries

A mapping f : C — Cis said to be Holder continuous, or simply Holder from above,
if there exist constants C > 0,d > 0, and & > 0 such that for any two points x, y € C
and o € RT \ {0} with |x — y| < d, one has

|f(x) = fODI = Clx — y|*

Similarly, we say f is Holder from below if there are constants C, § > 0 such that
for any two points x, y € C and 8 € RT \ {0} with |x — y| < d, one has

If(x) = f] = Clx — yl

A mapping f : C — C is called bi-Holder if it is both Holder from above and from
below.

Let f : C — C be a mapping of finite distortion and fix a point zop € C. In order
to study the pointwise rotation of f at the point zg, one usually fixes an argument
0 € [0, 2), and then looks at how the quantity

arg(f(z0 + 1€'%) — £(z0))

changes as the parameter ¢ goes from 1 to a small 7. This can also be understood as
the winding of the path f ([zo + re'?, zo + ¢'?]) around the point f(zo). As we are
interested in the maximal pointwise spiraling, we need to normalize and then retain
the maximum over all directions 6,

, S[o(l)llg : larg(f (zo + re'”) — f(z0)) — arg(f (20 + ¢) — f (z0))|- &)

Then, the maximal pointwise rotation is precisely the behavior of the above quantity
(5) when r — 0. In this way, we say that the map f spirals at the point zo with a
rate g, where g : [0, o0) — [0, 00) is a decreasing continuous function, if

i SUPgefo, o | arg(f (zo +re'®) — f(z0)) — arg(f(z0 + €') = f(20))
im sup =C
r—>0t g(r)

(6)

for some constant 0 < C < oo. Finding maximal pointwise rotation for a given
class of mappings equals finding the maximal spiraling rate for this class. Note that
in (6) we must use limit superior as the limit itself might not exist. Furthermore, for a
given mapping f there might be many different sequences r, — 0 along which it has
profoundly different rotational behavior.

Our proof of Theorem 1 relies heavily on the modulus of path families. We give here
the main definitions, and address the interested reader to [13] for a closer look at the
topic. The image of a line segment / under a continuous mapping is called a path,
and we denote by I' a family of paths. Given a path family I', we say that a Borel
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measurable function p is admissible for T if any rectifiable y € I satisfies

/,O(z)dz > 1.
Y

The modulus of the path family T is defined by

M@) = inf /pz(z)dA(z),
C

p admissible

where d A(z) denotes the Lebesgue measure on C. As an intuitive rule, the modulus
is big if the family I" has lots of short paths, and it is small if the paths are long and
there are not many of them.

We will also need a weighted version of the modulus. Any measurable, locally inte-
grable function w : C — [0, co) will be called a weight function. In our case, w

will always be the distortion function K(-, /) of some map f. Then, we define the
weighted modulus M, (I") by

M,(T) = inf / 02(2) w(z) dA(2).
C

o admissible
Finally, we need the modulus inequality
M(f(I)) < Mg, pT) (7
which holds for any mapping f of finite distortion for which the distortion K(-, f) is
locally integrable, proven by the second named author in [9].
3 Spiraling Bounds

We will write Theorem 1 in the following, clearly equivalent, form.

Theorem 4 Let f be a homeomorphism of finite distortion with distortion K(-, f) €
LP(C), p > 1, normalized by f(0) = 0 and f(1) = 1. Assume that it satisfies the
following condition,

lf(x) = fDI = Clx — y|*

whenever |x — y| is small. Then the winding number n(zo) of the image of the line

segment [ZO, %] around the image of the origin is bounded from above by

_1 1
n(z0) < /et |20/ 77 log? (H)
0
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Proof We would like to prove this theorem using the modulus inequality for homeo-
morphisms of finite distortion (7) following the presentation in [9]. At first, we would
like to estimate the modulus term M., r)(I") from above. To this end, let us choose
an arbitrary point zg € C \ {0} such that |zg| < 1. Without loss of generality, we
may assume that zg lies on the positive side of the real axis. Next, let us fix the line
segments £ = [z, 1] and F = (—o0, 0], and I' be the family of paths connecting a
point in E to a point in F. Also, let us fix balls B; = B(2/ 7, 2jz()), je€{0,1,..,n}
and n is the smallest integer such that 2"z > 1. Define

if z € By
if ze€ B\ By

po(z) =
ﬁ if z€ By\ Bu_i
0 otherwise

Note that any z € E belongs to some ball %B j and that po(z) > whenever

2
r(B))’
z € Bj. This implies, since B; N FF = ¢ for every j, that po(z) is admissible with
respect to I'. Hence we can estimate the modulus from above by

Mg, p() = inf /K(~,f)p2(z)dA(z)

p admissible /¢

< /«: K(. £)d(2) dAG)

P

2
< IKC¢, HliLrso,4)) (/B(O Y ol () dA(Z)>

2 p—l
<ctp ( fB 0" pg” (2) dA(Z))

Let us now estimate the integral term by using the definition of pg.

2p ,,_)
ol (z)dA / ( ) dA
/B N RCIICE Z t @

2p
-1
_Z' /| (r(B >>
" (r(B))’°
2p
=0 (r(B))pTl

_CPZ Y
1

=
J=0z[” 2

:Cp
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2

n
_ T p—1 1
= Cply Z 2

j=027"T

The series Z?:o %J converges to a constant depending on p for any fixed p > 1.
2p-1
Therefore,

2

My (D) <crpzg”

Next, we would like to estimate the modulus term M (f (")) from below. Let us start
with the definition of M (f(I")) in polar coordinates

M (f(I)) inf / 0% (z) dA(2)
C

p admissible

2 poo
inf / / ,oz(r, 0)r drdo
p admissible J( 0

and provide a lower bound for

o0
/ ,oz(r, 0)rdr
0

for an arbitrary direction 6 € [0, 2) and an arbitrary admissible p. To this end, we
fix a direction 6 and consider the half-line Ly starting from the origin in the direction
0. Let us choose points zg < t» < typ < 1 so that the image set f(E) winds once
around the origin when z moves from a point 7y to a point #; along E and f(f) € Lyg.
Since the mapping f is a homeomorphism and the path f(F') contains both the origin
and points with big modulus, as F is unbounded, the path f(F) must intersect the
line segment (f(¢2), f(t)) at least once, say at a point f(#1), with #{ € F. We can
choose #1 and fy such that there are no points from the paths f(E) and f(F) in the
line segment (f(¢1), f(f0)), which thus belongs to the path family f(I"). Since the
| arg(f(Zo)z);arg(f(l))l J

path f(E) cycles around the origin n(zg) = L times, we can find

at least

_ | larg (f(z0)) —arg (f (1)) |
n(zo) = 7 —1

such disjoint line segments belonging to the path family f(I"). Note that n(zgp) does
not depend on the direction 6. Since we are interested in extremal rotation, it can be
assumed that f(E) winds around the origin at least once, which makes it clear that
n(zp) is non-negative. Now, the n(z¢) disjoint line segments can be written in the form
(xje'?, yjel”) C Ly, where j € {1,2, ...,n(z0)} and x},y; are positive real numbers
satisfying

0<ry<x1<y1<.. <Xuz < Ynz) ZCf

@ Springer



Rotation Bounds for Holder Continuous Homeomorphisms... Page9of21 212

where ¢y = sup,.g | f(2)| and ry = min.cg | f (2)|. Here, neither ¢ ¢ nor r ¢ depends
on 6 or zg. So, one could write

n(zo)

/ 0 (r Q)yrdr > Z/ ,oz(r,é’)rdr.
0

Next, let us consider the Holder inequality with the functions f(r) = p+/r and
g(r) = [, which after squaring both sides gives

Vi, Vi 2 Yi 1 -1 1
/ p=(r,0)rdr > / p(r,0)dr / —dr > —.

J

The last inequality holds true as p is admissible with respect to f(I") where the line
segments (x jelg, yj ¢'?) belong to the path family f(I"). Therefore,

n(z0) 1
/ p2(r, 0)rdr > Z
’ e (3)
It is quite clear from the definition of ¢ that
n(zo) 1 n(z0)—1 | 1

L) & w(5) ()

Next, let us consider the AM-HM inequality. For every positive real number a;,

2

Yozt

J 1 aj
At this point, we would like to use AM-HM with the precise choices

1

—Cf’
log (x"<~0) )

aj = if jefl,2,...,n(z0) — 1}, and auy) =

1
log (x’“>

which give

n(z0) 2 2

Z 1 . n-(zp) . n-(zo) .
) P P

=i toe (1) s (%) roe ()
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Therefore,

00 2
/ pz(r,é?)rdr > M
0

The constant ¢ ¢ can be defined as maxep | f (z)|, which is finite and does not depend
on either 6 or zg, and thus, it is irrelevant at the limit zo — 0. On the other hand, the
constant 7 y must be estimated using the Holder modulus of continuity assumption on
our mapping f, that is

| f(zo)| = Clzol*

for sufficiently small zo. This combined with the estimate above gives that

n(z0)

n= Calog (\20|>

Now, using the modulus inequality, we get

2 l
R ()
Catog (L) "\l
RRCANEY
which implies the desired estimate. O

Proof of Corollary 2 Corollary 2 follows immediately after noting that one can take
f = X; in Theorem 1 Indeed, from [6,Corollary 3] we know that X, belongs to
wLr for any p < leoII , provided that 0 < ¢ < W Since J (-, X;) = 1 due to

the incompressibility, it then follows X; is a homeomorphism with finite distortion,

and moreover K( X;) € LY for p < . Especially, if 7 is so small that

1
loc tllolloo

0 <t < then one may take p > 1. Also, we recall from [14] (see also

Hwo\loo
[3]) that X, !is a-Holder continuous with some exponent a > e~ ol for some
¢ > 0. Hence, Theorem 1 applies to f = X, and the claim follows. O

4 Optimality of Spiraling

We will get Theorem 3 in two steps. In the first step, we will construct a map which
only rotates. This map will already give us the optimal result (in the power scale). In
the second step, we will strengthen this up with a second map, that both rotates and
stretches. This second map is going to be the optimal one.
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Given an arbitrary annulus A = B(0, R) \ B(0, r), we define the corresponding
rotation map as

V4 |z] > R
daz) = {zelelxl » <171 <R
Zeialog% |Z| <r

Here 0 < r < R, and @ € R. One must note that ¢4 : C — C is bilipschitz (i.e.,
both ¢4 and its inverse are Lipschitz), hence quasiconformal (its quasiconformality
constant depends only on «), and moreover, it is conformal outside the annulus A.
Note also that ¢4 leaves fixed all circles centered at 0, since |p4(te'?)| = ¢ for each
t > 0 and 6 € R. Finally, a direct calculation shows for the jacobian determinant that
J(z,¢4) = 1 for each z.

Next, we fix a sequence {r,,} such that 0 < r,41 < ;—'é andr| < % Also, let R,, = er,,.
These assumptions make sure that 27,11 < Ry41 < % Let us now construct disjoint
annuli A, = B(0, R,) \ B(0, ,,), and set { f,,},, to be a sequence of maps, constructed
in an iterative way as follows. For n = 1, we set

z lz| > Ry
; Izl
1@ =4, =1z ¥R p < |2 < Ry
ze i lz| < r1

where a1 € R, a1 > 1, is to be determined later. We then define f,, forn > 2 as

@) =df_ A © fu1(2)

again for some values o, € R, o, > 1, to be determined later. Clearly, each f, :
C — C is quasiconformal, and conformal outside the annuli A;, i = 1,...,n. It
is also clear that f,(z) = f,—1(z) on the unbounded component of C \ f,_1(A,)
(i.e., outside of B(0, R;,)). This proves that the sequence f;, is uniformly Cauchy, and
hence, it converges to a map f, that is,

f= lim f,

n—oo

which is again a homeomorphism by construction. Now, since f;, is quasiconformal
for every n and f,(z) = f,—1(z) everywhere except inside the ball B(0, R,), where
R, — 0asn — oo, the limit map f is absolutely continuous on almost every line
parallel to the coordinate axes and differentiable almost everywhere.

It is helpful to note that each f; leaves fixed all circles centered at the origin, so in
particular we have f,,(A;) = Aj for each j, and therefore ¢, ,(a,) = Pa,. Direct
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calculation shows that

1 |z] > R,
D4, (2)] = 19¢a, ()] + 9¢a, (2)] = | 2Healtlenl <17 < R,
1 lz| < ry

which allows us to estimate that
|0 f(2)] 4+ 10 f(z)| <2a, wheneverz € A,,

and |Df (z)| < 1 otherwise. Therefore, in order to have Df (z) € L}oc (©), it suffices
that

Zan r,f < +o00. (®)
n

This, together with the absolute continuity, guarantees f € Wllo’c1 (©). Also, since f is
a homeomorphism, we have that J¢(z) € L}OC((C), and in fact J(z, f) = 1 at almost
every z € C. Therefore, f is a homeomorphism of finite distortion, with distortion
function

Ke. )= 1DF@F _ :4a,% z€ A,
J(z, f) 1 otherwise.

P
loc?

Especially, in order to have K(-, f) € L
the series

it suffices to ensure the convergence of

o o
> 1Anl@ed)? = an” r? ©)
n=1 n=1

which can be done by choosing «,, properly. Note that if (9) holds, then also (8) holds,
because our choice of o, will guarantee «,, > 1. The last restriction to choose our
o, comes from rotational behavior of f. It is clear from the above construction that

f(0)=0, f(1) =1and
( 1 1+iay,
arg (—) )‘ =y,
e

for every r,. Since we want our map to be optimal for Theorem 1, we may be tempted
to choose o, = 1y 1/p 10g1/ 2(1 /rn). Unfortunately such a choice does not meet the

requirement (9). The same problem occurs if we simply choose o, = rn_]/ P So we
choose

larg (f (ra))| =

= hir)ry 7.
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Here, h : [0, 00) — [0, 00) is any monotonically decreasing gauge function such that
lim,_, o+ h(r) = 0. With this choice, (9) is fulfilled if the series

oo
E:mmfp<+m.

n=l1

But this can always be done by simply reducing the already chosen values of r,,, for
instance if h(r,) < nl]T Note that this does not provide full optimality for Theorem 1,
but it already gives the right order (in the power scale).

We now show that f is Holder continuous with exponent 1 — L1 For this, let us
recall that our map f is a limit of iterates of logarithmic spiral maps inside the annuli
A, = B(0, R,) \ B(0, r,). In particular, as shown in [2], if y € R then the basic
logarithmic spiral map g(z) = z|z|'* = ze'?1°212l is L-bilipschitz, for a constant L
such that |y| = L — % When |y| is large, L is large as well and so one roughly has
|y| =~ L. Since our f, behaves on the annulus A,, as a spiral map with |y| = «;,, we
deduce the bilipschitz constant of f,, on A, is

—1
Lyl =ay,=h@)rm "

Let us now start the proof. To this end, let us consider two arbitrary points x and y in
D\ {0}. We first consider the case where x, y € A,,. In this case, f(x) = f,(x) and
f(y) = fu(y). Since r, > C|x — y|, we have

£ ) = FON =1/ ) = FuD S hGr) P 1x — |

1

cC \7
< h(ry) <ry|) |x — ¥

<Clx—yl/'?

where we have used the bilipschitz nature of f,, on A,,.
We now assume that x, y € D, = B(0, r,) \ B(0, R,+1). On that set f is of the form
ze'P where B € R\ {0}, which is clearly an isometry.
Next, we take x € A, and y € D,,. In particular, |x| > |y|. Then let w be any point
on the outer boundary of D, joining x and y. We have

[f ()= fODI = [fx) = fF)]+ | f(w) — fD)I
<Clx— w7 +w—yl
<201 — "7
The same happens if x € D,_jand y € A,.

So it just remains to see what happens when x € A, = B(0, R,) \ B(0,r,) and
y € B(0, Ry+1). Let L be the line joining x and y. We divide it into three parts, viz.,
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212 Page 14 of 21 AClop etal.

Ly, Ly and L3. L connects x to a point @ on the inner boundary of A, so that

1F @) = f@] = |fu@) — fa(@] < Clx —al'"

Next, L, connects a to b, which is the closest point to y where the line L crosses the
inner boundary of D,. From 2R, | < r, < % we get that | f(a)| > 2| f(b)|. Also,
since a, b € D, and f is an isometry there, we get

Lf @) — fODI =2[f(B)] =2|f(a) = f(D)| =2l|a — D]

Summarizing

[f(xX) = DI =2 1fx) = f@l+1fl@— fB)+1f0B)— fFWI
<Clx—al" 7 +|a—b| +2la — b|

1—1
<Clx—yl »

The case x € D, and y € B(0, r,4+1) can be proved in a similar manner. Therefore,
we have covered all the possible cases. Since the set D \ {0} is partitioned by separated
annuli A, and D,, it is clear that we have proved that f is Holder continuous with
exponent 1 — %. At this point, it is worth noting that this regularity could also be proven

by means of the Sobolev embedding. Indeed, we proved above that K(-, f) € Lﬁc,

and also that the Jacobian determinant is constantly 1. This together implies that
Df el

Now we show that also f~! is Holder continuous. Indeed, let us recall that f is the
limit of iterates of logarithmic spiral maps inside the annuli and conformal outside.
Now, f~! can be constructed using the same building blocks as f itself, just changing
the sign of «,, at each step. This is possible because the inverse of a logarithmic spiral
map is the same spiral map, just the direction of rotation is opposite of the original
map. Since it is clear that the direction of rotation does not play any role in the proof
of Holder continuity of £, this implies that f~! is also Holder from above. Thus f is
Holder from below as well.
As we said before, the above example approaches the borderline stated in Theorem 1,
but it does not attain full optimality yet. To this end, we have to modify it by adding to
our building blocks a stretching factor. This is done by replacing, at each iterate, the log-
arithmic spiral map z|z|® = ze'*1°¢ 2l by a complex power z|z|9T® = z|z|9 i@ 108zl
We now proceed with the details.

So, similarly as in the previous construction, we fix a rapidly decreasing sequence
{rn} such that r, 1 < % andr; < % Also, let R, = er,. Given an arbitrary annulus
A = B(0, R) \ B(0, r), we define the corresponding radial stretching combined with
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rotation map as follows:

z lz] > R
$a(2) =12 |57 dole® ;<] <R (10)
z(

Note that this time we will have ¢ > 1. Direct calculation shows that

-1 r
)(1 elalOglre |Z| <7

|~

1 |z] > R
104 (2)| + 1094 ()| = § R1—|g|a— 1 eI Haltla=Triel ) ) < R
Rl1=4pa-1 lz]| <r
and also that
1 |z] > R

2(g—1
(B ll<r
whence
1 |z]| > R
. _ . 2
K(z, a) = (‘q+1+m|ﬂq D™ <z < R
1 lz| <r

. . . 2
In particular, if 2 < g + 1 < « then one may estimate ||[K(:, ¢4)|lco < 4%. Next, let
us construct the sequence of maps f, in an iterative way as follows. Forn = 1, we set

Z |Z| < Rl
N1@) =¢a,) =1z |5 DL gelos < < Ry
d(H" e <y
where g1 and o are to be determined later. Next, assuming we have fi, ..., fu—1, we

define f, forn > 2 as:

@ =¢5_ A0 fu-12)

Note that ¢, _,(a,) is determined by the inner and outer radii of ¢, ,(4,) (Which are
already available since fi, ..., f,—1 are known) as well as for the parameters g;, and
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a,, which will be determined later. Clearly, each f,, : C — C is quasiconformal, and
conformal outside the annuli A;, i € {1, ..., n}. Moreover, one can easily show that

KC, f) = [[KC fumj o b st o) = [ [KC da, 00
j=1 j=1

2

so that K(z, f,) < CZ—; whenever z € Aj, j = 1...n while K(:, f,) = 1 otherwise.
In a similar way, we can use that |[D¢4(z)] < Ca when z € A (and |Dga(z)] < 1
at all other points) to obtain that |Df,| < Cajon Aj, j = 1...n,and |[Df,| <1
otherwise.

By construction, we have f,(z) = f,—1(z) whenever z ¢ B(0, R,). Thus {f,},

converges uniformly to a map f(z), that is,

A

f=lim f,
n—0oo

which is again a homeomorphism by construction. A similar argument to the one
before shows that f is absolutely continuous on almost every line parallel to the
coordinate axis. For almost every fixed zg # 0, there is a neighborhood of z( such that
the sequence { f;,(z)}, remains constant for n very large and z in that neighborhood.
Therefore, the same happens to the sequences Df,(z), J(z, fn) and K(z, f,), and so
their limits are precisely D f(z), J(z, f) and K(z, f). Especially, in order to have
Df e L} itsuffices that

loc

(0.¢]
Z|An|(xn < 400 (11)

n=1

In case this holds true, then f is a homeomorphism in Wllo’ Cl, and as a consequence its
jacobian determinant J (-, f) € L 110 .- Moreover, in order to have K(., f) € Ll[; . one
needs to require that

2
n

o8] o P
Do 1Anl = <00 (12)
n=1 q}'l

P

Again, as it was the case for f, (12) implies (11) when qnz”i_l < oy, and so our

parameters o, and g, need to be chosen according to (12) as well as the purpose of f
to be optimal for Theorem 1. For this, again as before, we have f(0) =0, f(1) =1

and
1 qn+ian
() =
e

|arg (f(ra))| =
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which motivates us to choose

1\'? -1 1
r
oy = h(ry) <log r_> T qn = log r—,

n n

where h is any gauge function such that ~(r) — 0 as r — 0 and the condition
P

q,f’ﬁ < «ay is satisfied. Indeed, with these choices (12) becomes

Zh(rn)zp <00

which, as before, may always be granted by choosing smaller r,,, if needed. Having
(12) fulfilled, our map f is a mapping of finite distortion with K(-, f) € Lll:)c" Also,
the resulting map f attains the optimal rotational behavior stated at Theorem 1 modulo
the gauge function # which can be chosen to converge to 0 as slowly as desired.
Therefore, Theorem 3 will be proven if we are able to show that f is Holder from
below. Furthermore, we also show that f is Holder from above, highlighting regularity
of our mappings.

To do this, we first observe that the composition of z > ze'®1°212l followed by z
z|z]97 1 is precisely z > z|z]97e!® 10212l This observation suggests us to decompose
f = go f, where f is essentially the first example in this section (with different
choice of ;) and g is constructed by building blocks (10) with @ = 0 at each step.
Morally, f leaves fixed all circles centered at 0, and only rotates the annuli A,, while
g conveniently stretches each A,,.

For any p > 1, the bi-Holder nature of f has already been proven when «, =

h(rp) r, I/p . Hence we can directly use the same proof there after we estimate

f 1\"? -1 —1/(p—e)
(rn) 10gr_ " < h(ry)ry,

n

for all small r, and € = (p — 1)/2. Therefore, it only remains to show that g is
bi-Holder as well. To this end, we first show that g is Holder from above using the
fundamental theorem of calculus.

Let x, y € B(0, 1) be given. Without loss of generality let us assume that |y| > |x|
and let w be the point for which |w| = |x| and arg(w) = arg(y). Now

lg(x) — g = lg(w) — g + [g(y) — g(w)l, (13)
and we will show that both of these are Holder. First, since g maps circles centered

at the origin radially to similar circles with equal or smaller radius (as g, > 1), it is
clear that

lg(x) —gw)| < |x —w| < |x —yl.

Let us then concentrate of the second part. First we note, that we can without loss of
generality assume that y and w are real numbers as g is a radial mapping. From our
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construction, we see that the line segments [r;,, R, ], (R,+1, ) and (R, 1] partition
the line segment (0, 1]. Furthermore, from (10), it is clear that the differential is
bounded from above by 1 in the segments (R, +1, ;) and (R1, 1]. On the other hand,
in segments [r,, R,], we can estimate

, 1 C
lg" ()| < log (r—) < 7

for any ¢ € [r,, R,] with fixed C that does not depend on n or ¢. This is so because of
our choice of g,. Combining these two estimates, we have

c
lg' (0] < -

for any ¢ € (0, 1). Thus, we can use fundamental theorem of calculus to estimate

y
80) — g(w)] = / 1€/ (O)ldr

w

e
= 7
=2C(Vy —Vw)
<2C./y —w.

This proves that also the second part in (13) is Holder, and thus, we obtain

lg(») — g < 1g(») — gw)| + lgw) — g = CVy — w| +/Ix — w| = 2C/|x —yl,

which shows g is Holder from above.

Let us next prove that g is Holder from below. To this end, given any two points
x,y € B(0,1), we again without loss of generality assume that |y| > |x| and let
w be the point for which |w| = |x| and arg(w) = arg(y). Now, as g is a radial
homeomorphism, it follows that

lg(x) — g(»| = max{|g(x) — g(w)], |g(¥) — g(w)]}

Moreover,
1
max{|x —wl, [y —w|} > zlx =l

Therefore, it is enough to show that both |g(x) — g(w)| and |g(y) — g(w)| satisfy
Holder bounds from below. Note that if x = 0 then clearly w = 0 and we have only
the radial part |g(y) — g(w)].

Let us first check the term |g(x) — g(w)|. Since g maps radially circles centered
at the origin to similar circles, we see that |g(x) — g(w)| gets contracted the same

@ Springer



Rotation Bounds for Holder Continuous Homeomorphisms... Page 190f21 212

amount as the modulus |g(w)| is contracted under g. Now we must consider two
possibilities, either x, w € A, or x, w € D, for some n. Let us first assume x, w €
A, = B(0, Ry) \ B(0, r,) for some n. Here, we impose an additional assumption that

1 qn—1tqn—2+...+q1—(n—1)
n < (z) , (14)

which we can do as the radii ,, can be assumed to decrease as fast as we want. Then,

we can estimate
1 11n—1+!1n—2+...+1I1*(n*]) |x| qnfl
x _— . x —
lg ()] <e> x| <Rn>

\
~
B
=
Y
Q|
N—
S
|
|
(&
=
ERNY
=

for any x € A,,. Therefore,

lg(x) — gw)| > e-r2-|x —w|

>C-|x—wf

since |x — w| < C - r, for some fixed constant C > 0 when x, w € A,.
Next, let x, w € D,, = B(0, r,) \ B(0, R,+1) for some n. Using (14), we get

1 qiz—l+Qn—2+‘..+q|*(l’l71)
lg(x)| =c| = T |x]
e
>c-r?-|x|

Thus, we can use a similar argument as in the previous case to estimate

lg(x) —gw)| = c-rZ-|x — w

v

>clx —wp

since |[x — w| < ¢ - r, for some fixed constant ¢ > 0 when x, w € D,,.

Since the set D\ {0} is partitioned by separated annuli A, and D,, we have thus proven
that |g(x) — g(w)| satisfies Holder estimates from below.

Finally, let us prove the Holder estimates from below for the term |g(y) — g(w)]. As
the mapping g is radial, we can again assume that y and w are real. We aim to use
again the Fundamental Theorem of Calculus, and thus have to estimate the differential
from below. Using (14), as well as the fact that g, > 1, we can estimate for any real
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number ¢ € [r,, R,] that

1 Gn-1+qn—2+..+q1—(n—1) t qn—1
(&) ()

g

A%
~
&)
_Q
)
N
~
Pz
N—
)
=
|

Zeanr%
’ 1
>c-t 10g;.

Next, if t € [R+1, ], we have

) 1 n-1tgn—2+...+q1—(n—1) 1\ 4!
o=() e
e e

>e-r?

> 12

Thus, as before, since (0, 1) is partitioned by the intervals [r,,, R,], [Ru+1, ] and
[R1, 1), we end up getting that

g =c-r?

for every ¢t € (0, 1). Now, we use the fundamental theorem of calculus to get

y
1g(y) — g(w)] =/ g'(ndr

w

y
z/ c-t2dt
w
~c ()
> Cly —w|?

This proves that the second term is Holder from below as well, which in turn proves
that g is Holder from below. This finishes the proof of Theorem 3.
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