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Abstract

The aim of this article is to prove that diffusion processes in R4 with a drift can be approximated by
suitable Markov chains on n~1Z4. Moreover, we investigate sufficient conditions on the edge weights
which guarantee convergence of the associated Markov chains to such Markov processes. Analogous
questions are answered for a large class of nonsymmetric jump processes. The proofs of our results rely
on regularity estimates for weak solutions to the corresponding nonsymmetric parabolic equations and
Dirichlet form techniques.
©2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The goal of this article is to establish approximations of nonsymmetric diffusions and jump
processes in RY by Markov chains on n~!Z¢ with generators of the form

LPu(e)=2n" Y () = u@)C" @, y), xen” 'z, (1.1
yEn_lZd
where « € (0, 2]. Here, (C™), is a family of weights C™ : n='Z? x n='Z¢ — [0, 00), n € N,

that are not necessarily symmetric. The emphasis of this article lies on the lack of symmetry
of the weights under consideration, which causes the limiting process to possess a drift.
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To be precise, in this work we investigate the following two questions:

(i) Under what assumptions on (C™), do the Markov chains X on n~'Z¢ with generators
L™ defined as in (1.1) converge weakly towards a Markov process X on R? with
generator L being of one of the two forms

Lu(x) = 9;(a; j(x)9;u(x)) — 2b;(x)d;u(x), (1.2)
Lu(x) =2p.v. /Rd(u(y) — u(x)K(x, y)dy, (1.3)

where a; j, b; : R? — Rfori, j € {l,...,d} witha; ; = a;;, and K : R xR? — [0, 00]
is a nonsymmetric jumping kernel which satisfies a sector-type condition?

(ii) Let either (a; ;)i j, (b;)i, or K be as above, and X be the corresponding Markov process
on R¢ with generator given by (1.2) or (1.3). Under what assumptions on these objects
can we find (C™), such that the sequence of Markov chains (X M), with generators given
by (1.1) converges to X?

Our main results Theorem 5.7 and Theorem 5.12 answer question (i). (ii) is addressed in
Theorem 5.9 and Theorem 5.13. Generally speaking, question (i) asks for conditions under
which the Markov chains X™ on n~'Z? converge towards some Markov process on R and
question (ii) deals with the possibility to approximate a given Markov process on R? by a
family of Markov chains. Thereby, such approximation yields a scheme for the construction of
diffusions, respectively jump processes on R¢.

Questions (i) and (ii) have a long history and have been answered in various contexts in the

symmetric case. Stroock and Varadhan (see [50]) provide answers to both types of questions
for Markov processes X that are generated by non-divergence form operators. [51] is the first
article to investigate problems (i) and (ii) for symmetric divergence form operators of second
order. They use the regular Dirichlet forms associated to X in order to show convergence and
to identify the limiting process. This is rendered possible by proving a priori heat kernel bounds
and uniform in n Holder estimates for solutions to the heat equation on n~'Z? using the ideas
of De Giorgi-Nash-Moser. Their method allows for symmetric weights C™ of bounded range
under some continuity condition, yielding diffusion processes in the limit with generators of
the form (5.7) and b; = 0. Moreover, they provide an explicit construction of approximating
Markov chains for a given symmetric diffusion matrix a; ;. [7] extends these ideas, which
allows them to deal also with unbounded weights under a second moment condition.
Markov chain approximations of reversible jump processes with generators of the form (1.3)
have been considered for the first time in [36]. Their approach follows the program laid out
by [7] and allows for the approximation of «-stable like processes whose jumping kernels are
of the form

K(x,y)=clx,p)lx —y[™% 0<r' <clx,y)=c(y,x) <4, Vx,yeR! (14

for some « € (0,2) and A > 0. Their approach also features jump processes with certain
anisotropic jumping kernels that do not satisfy a uniform lower bound but still allow for Holder
estimates of the heat kernel. Moreover, they give a full answer to (ii) for a large class of limiting
processes. More general anisotropies can be considered by applying the results of [6]. [52]
proves Markov chain approximations for singular stable-like processes, i.e., processes with
generators of the form (5.15) but with K being supported only on a A?-null set. Another
approach to Markov chain approximations of a large class of symmetric Markov jump processes
is developed in [16]. They establish convergence of the finite dimensional distributions by
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showing a Mosco convergence result for nonsymmetric forms and prove tightness with the
help of the Lyons—Zheng decomposition, avoiding the proof of Holder regularity estimates.
Several of the aforementioned results are included in the functional central limit theorem
provided in [8], where symmetric diffusion processes with jumps are considered without any
continuity assumptions on C™.

As opposed to the works mentioned above, in this article we deal with nonsymmetric weights
C™, which causes the corresponding bilinear forms to be merely regular lower bounded semi-
Dirichlet forms. We construct both, nonsymmetric diffusions and jump processes on R? via
approximation of Markov chains. The corresponding generators in the diffusion case (see (1.2))
might possess drift terms b with |b|2 e L°(RY) for some 6 € (£, 00]. The main results
are Theorem 5.7 and Theorem 5.9. Our results on jump processes (see Theorem 5.12 and
Theorem 5.13) take into account nonsymmetric jumping kernels K satisfying a sector condition.

Let us compare the main contributions of this article to existing results from the literature
dealing with generators related to nonsymmetric forms as in (1.2) and (1.3):

For limiting processes corresponding to second order divergence form operators, questions
(i) and (ii) have been investigated in [23], deriving a priori bounds on the heat kernel and
Holder estimates for a class of centered random walks on n~'Z? (see [42]). Such Markov
chains admit a decomposition into cycles of bounded range and length and are governed by
weights C™ that are not necessarily symmetric but constant along each cycle. Although this
class of Markov chains appears to be very specialized, it turns out that it is rich enough to
approximate any given diffusion process with a possibly nonsymmetric diffusion matrix a; ;.

While [23] considers nonsymmetric diffusion matrices but does not treat operators with
drift terms, our method allows for nonsymmetric contributions of lower order, giving rise to
nontrivial drifts but restricting ourselves to symmetric diffusion matrices a; ;. However we
expect a combination of the techniques from [23] and those from this article to be possible.

Markov chain approximations of nonsymmetric pure jump processes have been established
in [43]. The authors apply an entirely different approach, which is inspired by [16] and not
based on the derivation of Holder estimates. They show convergence of the finite dimensional
distributions using Mosco convergence for nonsymmetric forms and prove tightness via a
semimartingale approach. The generators of the limiting processes are of the form (1.3) and
K may be nonsymmetric and as in (1.4) but as some additional regularity is required for
h— (K(x,x +h)+ K(x + h, x)), their result is more in the flavor of [50] although Dirichlet
form techniques are carried out.

Our results lie somewhat complementary to [43]. Compared to [43], we do not have to
impose the aforementioned continuity condition on K but on the other hand, [43] does not
rely on Holder estimates and therefore also works in situations where such estimates are not
available. We refer to [16] for a discussion of this phenomenon and to [5] for a related example.

Let us comment on the strategy of our proof. We prove convergence of Markov chains
xX®, following the framework constructed in [7,8,23,36,51]. However, regularity estimates and
upper bounds for exit times are not derived from heat kernel estimates but are shown to follow
from weak parabolic Harnack inequalities which can be derived using the same strategy as
in [38]. The underlying techniques are purely analytic and do not rely on the corresponding
stochastic process. We establish exit time estimates and thus tightness of the laws of X" by
iterating survival estimates that hold uniformly in X, adapting the arguments in [11]. Such
estimates are a useful tool for the derivation of off-diagonal heat kernel bounds (see [31-34])
for symmetric Markov processes via a purely analytic technique that is based on parabolic
maximum principles. However, it is important to point out that the aforementioned analytic
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proof was strongly inspired by the probabilistic proof of upper heat kernel estimates, which
also uses survival estimates (see [17,20]). Due to the lack of symmetry in our setup, special
care is required since the dual semigroup in general does not satisfy the Markov property.
In our investigation, we establish a parabolic maximum principle for nonsymmetric operators
and come up with another proof of the upper exit time estimate based on the weak Harnack
inequality. Moreover, all of the aforementioned results are shown to hold true under abstract
unifying assumptions (see Section 2.1) which allow us to treat the cases « = 2 and o € (0, 2)
simultaneously. In particular, no truncation of long range weights is needed.

With tightness and Holder estimates at hand, it remains to prove that all subsequences
converge to the same limiting process X. We achieve this by investigation of the resolvents
of the corresponding Dirichlet forms. Here, we analyze the two cases @« = 2 (with bounded
range), and @ € (0, 2) separately and also provide answers to question (ii), building upon
results in [23,43]. Our main results are Theorem 5.7, Theorem 5.9 (case @ = 2), as well as
Theorem 5.12, Theorem 5.13 (case a € (0, 2)).

We conclude this introduction by emphasizing that most of our methods are robust with
respect to degeneracy, unboundedness and irregularity of coefficients. This opens the door to
the consideration of homogenization problems for irreversible Markov chains on random media.
Quenched invariance principles for symmetric random conductance models with bounded,
respectively long range and limiting generators of the form (1.2), respectively (1.3) can be
found in [2,3,9], respectively [8,10,11,16,18,19,26].

Moreover, let us point to a related direction of research, namely homogenization problems
for local, respectively nonlocal operators with random coefficients. We mention the following
articles addressing local operators: [12,44,46], and [21]. More information on this topic can
be found in the references therein. Homogenization of nonlocal operators was e.g., studied
in [13-15,27,35,37,49], and [47]. Note that [15,37] also contain some results on nonsymmetric
nonlocal operators, similar to those in our setup.

1.1. Outline

This article is structured as follows: In Section 2 we construct the Markov chains under
consideration and collect some facts about the associated bilinear forms, semigroups and
resolvents. We state and discuss the main assumptions of this article in Section 2.1. Section 3
contains the main technical results needed for convergence including weak Harnack inequali-
ties, Holder estimates and a weak parabolic maximum principle. The proof of upper exit time
estimates, which yield tightness of the laws of (X™), is contained in Section 4. Convergence
of (X™), as well as the main results (see Theorem 5.7, Theorem 5.9, Theorem 5.12 and
Theorem 5.13) are stated and proved in Section 5.

2. Preliminaries

The goal of this section is to explain how to associate a family of weights (C™) on
n~'Z4 x n='Z% with a family of Markov chains (X)) under a suitable assumption on (C™)
(see (2.2)). We choose to introduce (X™) as the unique family of Hunt processes associated
with the regular lower bounded semi-Dirichlet forms on L?(n~!'Z?) that are induced by (C™).
Moreover, we introduce the corresponding heat semigroup and resolvent operators in the sense
of [45] and discuss the main assumptions of this article.
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Let us fix @ € (0,2], n € N and a family of weights C™ : n='Z? x n='Z¢ — [0, 00),
n € IN that is not necessarily symmetric, i.e., C®(x, y) # C™(y, x), and satisfies

C"x) = Y "y =c Q.1
yen—1zd
for some ¢ > 0 that is independent of x, and C™(x, x) = 0 for every x € n~'Z“. Under this
assumption, the weights C™ give rise to the operator (L™, D(L™)) on L*(n~'Z“) defined by
—LWu(x)=2n" Y x)—u(y)CP(x.y), xen 'z ueDL™),

yen—1zd

DALy ={f:n""Z' > R: Y IfDIC"(x,y) <00, Vxen 74,

yen—174d

where a € (0,2]. Here, L>(n~'Z%) = L*(n='Z%, u™), and u™({x}) = n=¢. We denote the
scalar product on L*(n~'Z4) by (-, ) ;20,-171) = (-, ).
Via the identity (—L™u, v) = £™(u, v), we associate this operator with the bilinear form

EVw,v)=2n""" Y Y () — u)E)C"(x,y). u,v e LXn'ZY).
xen—174d yen—174d

First, we decompose C™ = C™ + C™ into its symmetric part C and its antisymmetric part
C™ defined by

_Cx, )+ C"(y, x) _C(x,y) = C"(y,x)

B 2 ’ B 2

Then, we observe that we can rewrite £™ in terms of C” and C as follows:
EVw,v)=2n"" Y 3" (ulx) — u()E)CI(x, y)

xen—174d yen—17d

2 Y Y W) — u)C . )

xen—12d yen—174
(n) (n)
= EMC T (y, v) + EMCa(y, v).

Since by construction C™(x, y) = C(y, x) and C"(x, y) = —C"(y, x), it holds:

Ci”)(x, y) Cfl")(x, y) , x,yen'zd.

Ny =0 3 W) — u()EE) — vNCP(x, y),

xen—17d yen—174

N ) =n NS ) — uNE) + v(NCO . ).

xen—174d yen*IZd

Lemma 2.1. Assume that for every n € IN:

sup Y CM(x,y) < oo (2.2)
xen—17d yen—174d
(i) Then it holds E™ (u, v) < oo for every u, v € L>(n~'Z). Moreover, (E™, L*(n~'Z4)) is
a regular lower-bounded semi-Dirichlet form on L*(n~'Z4).
(ii) The generator of (£™, L*(n='Z<)) is given by (L™, L*(n~'Z%)). Moreover, L™ is
bounded in L*(n='Z%).
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Proof. First of all, note that (2.2) implies (2.1). To see that £™(u,v) < oo for every
u,v € L*(n~'Z?), we refer the interested reader to [43]. (§™, L>(n~'Z%)) is a regular
lower-bounded semi-Dirichlet form since (2.2) implies that for every n € IN:

cm X, 2
sup Z | a(n)( »)l - 23
xen—174 yen—17d Cs'(x,y)

In [48], it was proved that (€™, L*(n~'Z%)) satisfies a Garding’s inequality and the sector
condition under (2.3). However, note that at this point the constants might still depend on n
(see Lemma 2.8 for an improved result using assumption (K1), which will be introduced in
Section 2.1). For a proof of (ii), we refer to [43]. [

As a regular lower-bounded semi-Dirichlet form, (™, L?(n~'Z¢)) is associated with the
so called variable speed random walk X, a continuous time Markov chain that jumps from
CMx.y)
c(x)
distributed waiting time with parameter n*~¢C"(x). Note that X is in general non-reversible
due to the lack of symmetry of C™.

a point x € n='Z% to y € n='Z4 with probability and waits at x for an exponentially

Remark 2.2. Note that also (£ m.c" L?(n='Z%)) is a regular symmetric Dirichlet form and
is particular nonnegative definite, i.e., 5(")'C§n)(u, u) > 0 for every u € L>(n~'Z%).

(5(")'CA('"), L*(n='Z%)) is associated with a symmetric Hunt process Y. One can construct
Y™ as the reversible continuous time Markov chain jumping from x € n~'Z¢ to y €

—1
n- with probabilit X,y “1yd X,y and waits at x for an exponentia
17 with probability C("(x, y) (X ,e,-12¢ C"(x. y) d wai f ponentially
distributed waiting time with parameter n®~¢ (ZyEn—lzd CiM(x, y)).

Moreover, the following Lévy system formula holds true.

Lemma 2.3 (Lévy System Formula). Assume (2.2). Let f : [0,00) x n='Z4 x n='Z% be
nonnegative, measurable, and vanishing on the diagonal. Then, for any x € n~'Z% and
predictable stopping time t:

o [Zfa,x,(fle"))}:Ex /o” S X, e E®, i

1<t yen_]Zd

Proof. According to [45, p. 170-172], one can take N(x,y) = n*t{C™(x,y), H, =t as
a Lévy system for X, From here, the proof follows along the lines of Lemma 4.7 in [17],
respectively Lemma 4.1 in [36]. U

We have seen above that the condition (2.2) suffices for the family of weights (C™) to induce
a family of regular lower bounded semi-Dirichlet forms, which allows us to define associated
Markov chains X™ on n~'Z¢ for every n € IN. However, in order to prove the desired
convergence results (see Theorem 5.7 and Theorem 5.12), it is crucial to impose assumptions
that give some control over the behavior of (X™) uniformly in n. Therefore, in the sequel we
will work with a set of assumptions, that will be introduced in the following section.

Let us remark already at this point that assumption (C-Tail0), which will be formulated in
Section 2.1, implies the existence of a uniform bound in (2.2). Together with the assumptions
(K1) and (Sob), which will also be defined in Section 2.1, we will be able to prove a Garding’s
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inequality and a sector condition for (™, L*(n~'Z%)) with constants that are uniform in n (see
Lemma 2.8).

2.1. Main assumptions

In the following we list the main assumptions on the weights that we assume to be in
place throughout the remainder of this article. Those are sufficient conditions under which
solutions to d;u — L™u = 0 respectively —L™u = 0 are locally Holder continuous and
nonnegative supersolutions satisfy a weak Harnack inequality with a constant independent of
n (see Section 3). We point out that all assumptions are formulated in such a way that all the
appearing constants are independent of 7.

Similar assumptions, as well as their motivation and a discussion can be found in [38] in
the context of integro-differential operators in R¢ governed by nonsymmetric integral kernels
K :RY x R? — [0, c0].

We define Bﬁ”)(xo) ={xen'Z%:|x —xo| <r} Cn'Z% In contrast to Euclidean space,
w™(B™) = r? does not hold for every r > 0 since the upper bound fails as r \, 0. However,

(el

for every o > 0 there exist ¢y, c; > 0 such that for every n € N and r > 7-:

ar! < p™(B™) < cort. 2.4)

As such volume regularity property is crucial for the derivation of Holder estimates, we
restrict ourselves to working on balls with large enough radii. This fact is mirrored also in
the statements of the assumptions below.

Let @ € (0,2], 0 > 0and 0 € (g, oo] be fixed. We list the following assumptions on a
family of weights (C™),:

The first assumption is reminiscent of (2.2), but gives us uniform control in 7.

Assumption (C-Tail). There exist ¢, § > 0 such that for every n € IN it holds

sup n* Y CP(x,y)<er®, Yo<r <1, (C-Tail0)
xen—174d yen*IZd\BEn)(x)

sup n“ Z CP(x,y)<er™®, Vl<r<oo. (C-Tailoo)
xen—lzd

yen=1Z4\B (x)

Let us make several remarks on the assumption introduced above.

Lemma 2.4. Assume that (C-TailO) is satisfied with o € (0, 2]. Then the following hold true:

(i) There exists ¢ > 0 such that for everyn € N and 0 <r < 1:

sup n® Z Ix — y2CP(x, y) < er®@. (2.5)
xen—1z4d (n)
YEB: " (x)
(i) Let 0 < p < r < 1 and xo € n~'Z% Every function t : n~'Z¢ — [0, 1] with
supp(t) C Bf’j_)p(xo), T = 1in B"(xo) and max;—,__4 ||Vl.(")r||Lo<>(,,f1Zd) < 207! satisfies:
sup n® Y (1(0) = T()’CM ) < ep, (2.6)
xen—1zd ven*1Zd

where ¢ > 0 is independent of p, r, xo, n, and we write Vl.(")r(x) =n(t(x+e;/n)—t(x)).
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The proof of this result goes via decomposing B™(x) = |, B;"_)kr(x) \ B;"_)k_.r(x) and is
well-known in the literature.
Note that (2.6) is a discrete version of assumption (Cutoff) from [38].

Remark 2.5 ((C-Tail0), (C-Tailoo) for bounded range). Let « = 2 and assume that there exists
C > 0 such that C™(x, y) = 0, whenever |x — y| > &

(1) In this special case, assumption (C-Tailoo) simplifies significantly since

sup n® > "y =0, (2.7)

—17d
€ 4,
e yen=1z4\B" (x)

for every r > % As for every r > 1, it holds that » > % already if n > C, we infer that
(C-Tailoo) follows if there exists ¢ > 0:

C"x)= Y "y <c Vxen'ZC

yen_lZd
(i1) (C-TailO) follows already if one assumes

sup sup Z C"(x, y) < 00, (2.8)

nelN xep—1zd yen—174d
which is due to (2.7) and the fact that for r < C/n:

oY P < YT CPy) < ar
yen=1Z4\B" (x) yen=1Z4\B" (x)

(iii) Assumption (2.8) is natural for symmetric Markov chains (see [7,8,23]). The uniformity
in n usually follows from scaling. Namely, given a symmetric weight C; : Z¢ x Z¢ —
[0, 00] with sup,cza Y74 Cs(x,y) < 00, one defines C"(x,y) = Cy(nx,ny) for
x,y € n~'Z¢, and hence (2.8) is immediate.

(iv) In particular, (2.8) is sufficient for both, (C-Tail0) and (C-Tailoco).

Next, we require a suitable coercivity assumption. We express coercivity in terms of a
Poincaré - and a Sobolev inequality. For an investigation of the validity of such inequalities
for Markov chains, we refer the interested readers to the monographs [4,40].

Assumption (Poinc). There exists ¢ > 0 such that for every n € IN, every ball B" C n~'Z¢
with 3. <r <1 and every v € L*(B™):

n (m) .
Y ) = [lm)” < er €T ), (Poinc)

xeBﬁ")

where [U]Bﬁ”) = pu™M(BM)~In=d Zyesﬁ") v(y).

Assumption (Sob). There exists ¢ > 0 such that for every n € IN, and every v € L*(n~'Z%):

< €M, v). (Sob)

I o <
Ld—a (n=174)
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Remark 2.6.

(i) One can deduce from (Sob) and (2.6) a local Sobolev inequality of the following form:
There exists ¢ > 0 such that for every n € IN, every xo € n'Z% and & < r < 1,
0<p<randevery v € LZ(B(")(x )):

Cc
C1C (0, v) 4+ cp [0

v n
” ” (B(n)( o) =c Bi’jr)p( 0) LI( B< ) (X()))

(2.9)
(ii) Typically, if @ € (0, 2), the Markov chains (X)) converge to pure jump processes in
RY. Therefore, the information on jumps of (X™) to neighboring points in n~'Z¢ do
not survive in the limit n 7 oo. Consequently, it is natural to impose only minimal
assumptions on short connections. Allowing for ¢ > 1 in (Poinc) generalizes the class of
admissible long-range weights in the sense that it allows for weights (C™), that satisfy
C™(x, y) = 0 whenever |x — y| < . Obviously, (Poinc), (2.9) fail for % <r < 5. since
("(31)(1) v) = 0 for every v € LZ(B(”))

(iii) (Pomc), (2.9) are trivially satisfied whenever r,r + p < %, regardless of C 3

Finally, we introduce two assumptions that control the behavior of the antisymmetric part

of C™.

Assumption (K1). There exist A > 0 and a symmetric weight J™ : n='Z¢ xn='Z — [0, 00]

o

satisfying (C-TailO) such that for every n € IN, xg € n 174 r > 2, and v € L2(B(")(x0)):

o ICO, y)° (1), J® m.c"
n E — <A, &, (vv)<AE B (v, v). (K1)
JO(, y) By, (x0) Y (x0)
yen—1z4 LO(n—17z4)

Assumption (K2). There exist C > 0, D < 1 and a symmetric weight j™ : n='Zd xn='74 —
(2

[0, oo] such that for every n € IN, x¢ € n~1'74, 5 <T = 1, and every x,y € B;")(xo) and
every v € L*(BY(x)):

CW(x, y) = (1= D)j"(x, ), S;’i?f ) = cERS @, v, (K2)
2r

Remark 2.7.

(i) (K1) is crucial for the validity of the sector condition with a uniform constant (see
Lemma 2.8). It implies that the antisymmetric part is of lower order.

(i) The range 6 € (%, 00] is natural. It causes the antisymmetric part £m.C 1o have
subcritical scaling. It allows us to approximate operators possessing drifts within this
range of integrability.

(iii) (K2) can be regarded as an ellipticity assumption on C™. It ensures that the weight
C™ —|C"M| is locally coercive with respect to £ "

(iv) In the simplest case, (K1) and (K2) hold true with J™ = j® = =C, ™. Allowing for general
kernels J™, j™ makes it possible to work with weights C® that are not supported in
certain cones of directions (see [38]).

Clearly, assumption (C-Tail0) implies (2.2). Therefore, Lemma 2.1 yields that (E™,
L*(n~'Z%) is a regular lower bounded semi-Dirichlet form. We prove that under (K1)
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and (Sob), we have that the constants in Gérding’s inequality and the sector condition are
independent of 7.

Lemma 2.8. Assume that (K1), (C-TailO) hold true for some o € (0,2] and 6 € (g, oo].
Moreover, assume (Sob) if @ < oo. Then, there are ci, c; > 0 such that the following estimates
hold true for every u,v € L*(n~'Z4) and n € IN:

g(n)(u u) = 5(71) CV (u M)_CIHMHLz(n lzd)’ (210)

EM(u, v)? sczgm),cs (u, u) (g(m,cs (v, U)+||v||iz(n*IZd)>' (2.11)
Proof. First, as an easy consequence of Holder’s inequality, we obtain

n),c™ 2 (n),c™ n),c™

EWSs (u,v) < EVS (u, )EVV T (v, v). (2.12)
To treat the anti tric part, let us first denote W o Lo
o treat the antisymmetric part, let us first denote W(x) = n® - _ 154 @y, and prove

the following auxiliary estimate (see Lemma 2.4 in [38]) for v € L?(n~ 174y and § > 0:

—d C; « 2
" Z VOW () < 86D (v, v) + cod T ||W||ze(nd 1z 10720, 1245 (2.13)
xen—174
where ¢y > 0 is some constant and we write ﬁ = 0, OO";Z 5 = 1. Note that in case

6 = oo, (2.13) is a direct consequence of Holder’s inequality. If 8 < oo, we decompose
W(x) = Wi(x) + Wa(x), where Wi(x) = W(x)1w()>m; for some M > 0. We compute

a_ 1
[Will <2 Wllgo-124)\{W = M}|d—0

L (n—174)

Wl o124 0(‘1—%)
< 2[[Wl L6124 (—)

M
1—
- 2“W||L0(n IZd)M d.
_ (870« = [
Now, let us choose M = (3) ||W||L9(n 10, Then, | W, ”L%(mlzd) < ¢ and therefore
—d 2 LI " 2
n Y VW@ S S e b T TN WIS 0122010,

xen—1zd

which yields (2.13) after application of (Sob).
Having (2.13) at hand, we estimate

() 2 n
€S @, v < € oy [0 Y W)

xen—174d
o

(n) (n) d Pt
<&, u) (55(")’& (v, v) + cod 7= ||W||ZZE:—lzd)||U||iz(n—1zd)> '

(2.14)
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By combination of (2.12) and (2.14), we immediately obtain (2.11). To prove (2.10), let us
choose § > 0 so small that ¢;§ < % Then, by application of (2.14) with u = v, we get

) (n) 1 ) 5
EMu,w) Z EM T aw) — [EM )] = SEM s w) = el 2,1,

for some ¢, > 0, as desired. [

Remark 2.9. Note that in case 6 = g, it is in general not possible to get ¢y, ¢, > 0 independent
of n in (2.10), (2.11). However, it is possible to prove Lemma 2.8 for 6 = % if A is small
enough.

2.2. Probability and PDEs

Although our main results (see Theorem 5.7, Theorem 5.12, Theorem 5.9 and Theorem 5.13)
are of probabilistic nature, our analysis is based on the study of solutions u to the heat equation,
as well as the corresponding stationary equation

u— LMy = f, —L™Wy = f

associated with L. This section is meant to set up the weak solution concept in the discrete
setting and to introduce the heat semigroups and resolvents associated with (€™, L2(n~'Z¢))
in order to prepare the proofs of our main results.
Given a connected set B C n~'Z“, we introduce the function space

LAB™) ={f € L*(n™"'Z7) : supp(f) C B™},
which will serve as a test function space for our solution concept. Solutions will all be contained
in the following space

VBPIn'ZY = (f :n7'Z' - R:f |gme LA(B™),

1/2 _
(f) = FONICT G, I € LAB™ x n™'Z%).

Note that in particular L2(n~'Z%) c V(B™|n~'Z?) due to Lemma 2.1.

Definition 2.10. Let f € L®(n~'Z%), B™ ¢ n~'Z¢ be connected and / C R be an interval.

(i) Let A € R. We say that u € V(B™|n~'Z¢) is a supersolution to —L™u + Au = f in
B® if

EM(u, ¢) + Mu, ¢) < (f, ¢) for all ¢ € L2(B™) with ¢ < 0. (2.15)

u is called a subsolution if (2.15) holds true for every ¢ > 0. u is called solution, if it is
a supersolution and a subsolution to —L™ = f.
(ii) We say that u € L} (I; L>*(B™)) is a supersolution to d,u — L™u = f in I x B™ if the

weak L2(B"™)-derivative d,u exists, d,u € L (I; L*(B™)) and

loc

n~ " B, o)+ EP ), ¢) < (f.¢). Yt el, Vo e LXA(B™) with ¢ < 0.
xeBM

(2.16)

u is called a subsolution if (2.15) holds true for every ¢ > 0. u is called solution, if it is
a supersolution and a subsolution.
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In this article, we will mostly be concerned with solutions that are derived from the
semigroup and resolvent corresponding to £™. For symmetric Dirichlet forms the interplay
between the bilinear form, the associated semigroup and its Hunt process is a powerful tool and
well-established in the literature. Although most connections remain valid in the nonsymmetric
case, other properties fail in our situation. We provide a list of the features we will rely on in
the sequel. All results are standard and can be found in [23,28,45], or [43].

2.2.1. Semigroups and heat kernels
The heat kernel for X, defined by

P ) =P = y)
induces the transition semigroup (P,(")),>o given as

POfx)y =n"" Y p0e, ) =E(FXM), f € L' ZY).

yEn*IZd

(P,(")) coincides with the strongly continuous semigroup that is associated to £™ via the theory
of lower bounded semi-Dirichlet forms and is strongly continuous and Markovian (see Chapter
3 in [45]). Therefore we denote both objects by (P[(")).

Moreover, it holds that for every f € L2(n~'Z9), (r,x) + P f(x) is a solution to
du — L™u = 0 in (0, 00) x n~'Z¢ satistying | P f — fll 2174 — 0, as t 0.

For any set B™ < n~'Z? we introduce the restricted form (€™, L2(B™)). Then
(EM, L2(B™)) is a regular lower-bounded semi-Dirichlet form on L*(B™) with heat semi-
group (PE") on L2(B™) defined by

(n) x n n
PP () = B (Lyzey) X)), f € LX(B™),

where Tzm = inf{t > 0: X" ¢ B™} is the first exit time of B™.

By the definition of (€™, L2(B™)) it becomes apparent that ((f,x) > P,B(") fx) e
L2(B™) is a solution to d,u — L™u = 0 in (0, 00) x B™ with initial data f € L*(B™).

The process associated with the restricted form is the killed process X B given by

B _ X", 0=t <thm,
! d, 1> Tgm,

where 9 denotes the cemetery state. We refer to Chapter 3.5 [45] for the exact construction of
the restricted form, the killed process and their correspondence.

2.2.2. Resolvent operators
From Gérding’s inequality (2.10), we know that £™(u, u) + A(u, u) > 0if A > ¢; = Ao.
For any A > Aq one can define the resolvent operator

U fx) = / ooe—“ P™ fode, f e L*n~'zY). (2.17)
0
It holds
ENUN f, )+ MU f, )= (f0), Vf.geLlPn'Z), (2.18)

which is why x — U™ f(x) solves —L™u + iu = f in n='Z%. U™ f is the unique element
in L>(n='Z¢) with this property (see Theorem 1.1.2 in [45]). Moreover, by continuity of U}En)
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and (2.18) there exists c¢(A, A9) > 0 such that

EDWP £ U )+ 10" F1R 210y < €O A1 2010 (2.19)

3. Regularity properties of solutions

In order to establish convergence of the Markov chains (X ™), we require several qualitative
properties of solutions to the parabolic equation d,u — L™u = 0, respectively the elliptic
equation —L™u = 0. Weak Harnack inequalities and interior Holder estimates can be
deduced via the methods applied in [38]. Moreover, we prove a weak maximum principle
for subsolutions to the parabolic equation.

3.1. Regularity and weak Harnack inequality

In this section we establish a weak Harnack inequality for supersolutions to 8,u — L™u = 0
and —L™yu = 0, as well as interior Holder estimates for solutions to these equations. It is a
crucial feature of these results that the constants do not depend on n, the solution u, or the
diameter of the solution domain, but only on the family of weights (C,) itself, through the
constants in the underlying assumptions (K1), (K2), (Poinc), (Sob), (C-Tail0), (C-Tailoco). This
uniformity in n renders possible convergence of the laws of the corresponding Markov chains
in our main results. While for symmetric Markov chains on n~!Z? such phenomenon occurs
naturally by appropriate scaling of a given chain on Z¢, we have to explicitly prescribe the
correct behavior for n 7 oo due to the lack of symmetry in our setup (see (K1)).

We now state all regularity results that will be needed in the subsequent chapters. It is
important to point out that these results were already established by the author in [38] for
integro-differential operators on RY governed by nonsymmetric jumping kernels under similar
assumptions. The proofs of the corresponding results in Euclidean space do not differ from
the discrete setting. Therefore, we only present a sketch of the proofs in this article and refer
to [38] for a detailed discussion.

Theorem 3.1 (Weak Parabolic Harnack Inequality). Assume that (K1), (K2), (Poinc), (Sob),
(C-Tail0) hold true for some a € (0,2], 0 > 0 and 0 € (g, o0]. Then there exists ¢ > 0 such
that for everyn € IN, 2 < R < 1, xo € n~'Z4, and every nonnegative supersolution u to
du — L™Wu =0 in (to — R*, to + R*) x B (xo):

R —d
][ (”7) Y e [dr=e inf w. (.1
(to— R 19— R +(£))

)
(to+RY—( &Y 104+ R*)x BY (x¢)
veB R (xg) 2 2

2

Remark 3.2. In particular, under the assumption of Theorem 3.1, there exists ¢ > 0 such
that for every n € IN, % < R <1, xg € n7'Z¢, and every nonnegative supersolution u to
—L™y =0 in BY"”)(xo), it holds

nR —d .
<_ S uwnv<c inf ou (3.2)

2 (n)
B (x0)

xeB(g)(xo) R
2
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Theorem 3.3 (Parabolic Holder Estimates). Assume that (K1), (K2), (Poinc), (Sob), (C-Tail0),
(C-Tailoo) hold true for some o € (0,2], 0 > 0 and 6 € (g, o0]. Then there exist ¢ > 0 and
y € (0, 1) such that for every n € IN, = < R < 1, xo € n='Z4 and every solution u to
du — L™u =0 in (to — R*, to + R*) x BV (xo), it holds

= sV +1x = y1\’
lu(t, x) —u(s, y)| < C||M||LOO([rO_Ror,z0+Ra]xn—lzd) ( R (3.3)
for a.e. (t,x),(s,y) € (to — R*, top + R%) x Bg)(xo) with x # y. Moreover:
|t _ S|1/ot v e 4
|M(t, x) — u(s, x)| S CHu”LOO([to—RO‘,lo-‘rRa]Xn*lZd) T’l (34)

forae. t,s € (ty — R*, 1o+ R*), x € Bg)(xg).

Note that (3.4) does not yield continuity of u in the first argument due to the appearance of
o > 0. This is natural due to the lack of volume regularity (2.4) for very small balls.

Remark 3.4. In particular, under the assumption of Theorem 3.3, there exist ¢ > 0 and
y € (0,1) such that for every n € N, £ < R < 1, xo € n~'Z“, and every solution u to
—L™u =0 in B} (xp), it holds

lx —yI\"
lu(x) —u()| < cllull poog-124y R (3.5)

for a.e. x,y € Bg)(xo).

Proof of Theorem 3.1. It is straightforward to adapt all proofs in [38] line by line to the
discrete setup at hand. First, we define C™(x,y) = n®™C™(x,y) and [y f(x)dx =
n=4Y" g f(x) for f:B™ — R, where B"™ C n~'Z". Then, we can rewrite

EM(u,v) = / / u(x) — u(M)(x)C™(x, y)dydx. (3.6)
n—lzd Jn—1zd

This resembles the exact shape of the forms considered in [38] up to a change of measure and
integration over n~!Z¢ instead of Euclidean space. Upon introducing the notation Tm(x, y) =
netd Jm(x, y), 7(”)(x, y) = n%*+4 j0(x, y) for the auxiliary jumping kernels J* and j from
assumptions (K1) and (K2), we get the following estimates from the fact that the assumptions
(K1), (K2), (Poinc), (Sob), (C-Tail0), and (C-Tailoo) are assumed to hold true:

=~ (n)

2
Cu “
/ 1€ GV g <A
n-tzd  JO(,y)
LO(n—174)

(1—D)j"(x,y) < C™(x,y), x,ye B,

sup f Gy <er ™, 0<r<l,
xen—17d JIn=124\B"(x)

sup / é‘vs(n)(x, y) < cr_‘s, 1 <r<o0,
xen—1zd Jn=1Z4\B" ()
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(n) o
2 a o(n),C
v(x) —[v].m)dx <cr®&E°) 7 (v,v), — <r <1,
./Bﬁ'”( () = [vlgmw)dx < B0 (v, v) o <

()
< cEMCT(p, v).

[l e <
Ld—a (n=1z4d)

These are the exact analogs of the corresponding conditions (K1), (K2), (Cutoff), (Poinc),
(Sob), (oco-Tail) from [38]. In particular, the constants A, D, ¢ > 0 do not depend on n. This
allows us to follow the proof in [38] line by line.

Let us mention that the restriction to radii R > ¢ in Theorem 3.1 is due to the fact that in
this regime n~'Z¢ satisfies the volume regularity property (2.4). This is crucial for the proof
of Theorem 3.1. Moreover, by carefully tracking the proofs in [38], it becomes apparent that
in order to show weak Harnack inequalities for solutions on cylinders (fy — R®, o+ R*) X Bg}g,
for fixed R > 7, it suffices to have (Poinc) for r € (R, 2R) and (Sob) for r € (R/2, R). We
refer the interested reader to [11], from where the exact dependencies can be read off in the

symmetric case. [J

Proof of Theorem 3.3. For the proof of Holder estimates, one finds that Harnack inequalities
for solutions on cylinders as above, where R > 2, yield the correct estimate (3.3) for any
(t,x),(s,y) € (g — R*, 19 + R*) x By with |t — sV + |x —y| > 2 (see [38]). For

(t,x),(s,y) € (to— R*, 1o+ R*) x B%’) with |t — 5|/ 4 |x — y| < £, the same proof yields

n’

o\

lut, x) — u(s, Y)| < cllull pooq—ger 1+ Roxn—174) (%) . 3.7
However, in this case, there are only two possibilities. Either, we have x = y, in which case
we directly obtain the desired estimate (3.4) from (3.7). Alternatively, it holds x # y, which
implies that |[x — y| > % This already gives the estimate (3.3). [

Remark 3.5. It is important to point out that the case @ = 2 does not differ from the case o €
(0, 2). This is due to the fact that all proofs in [38] are robust in the sense that they work for any
bilinear form of type (3.6) governed by an integral kernel as long as assumptions (K1), (K2),
(Poinc), (Sob), (C-Tail0), (C-Tailoo) are satisfied for some « € (0, 2]. All constants depend on
« only through the constants in the assumptions. However, in comparison to the continuous
case, assumption (2.1) guarantees that £™(u, u) is well-defined for any u € L*(n~'Z?), also
when « = 2, and not only for u = 0.

Next, we present a corollary from Theorem 3.3 which yields Holder estimates for the
resolvent Ui")f and the heat semigroup Pt(")f, for f € L®(n~'Z4). Let Ay > 0 be as in
Lemma 2.8. These estimates will become crucial in Section 5.

Corollary 3.6. Assume that (K1), (K2), (Poinc), (Sob), (C-Tail0), (C-Tailoo) hold true for
some o € (0,2], 0 >0 and 6 e (%, o0]. Then there exist ¢ > 0 and y € (0, 1) such that for
every A > ho, t,5 >0, f € L®m~'ZY N L2(n~'Z%) and everyn € Nand x,y € n~17z¢4:

IP™ f(x) = P™ f(y)l < cll fll ooz lx = 1", (3.8)
o\VY

|Pt(n)f(x) _ P‘Fn)f(x)' S C”f”Loc(n’lZ‘l) max (|t —_ S|1/0t’ ;) . (39)

U £ = U fFO < A N fll ootz |x — yI7 (3.10)
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Proof. First, we observe that (3.10) is a direct consequence of (3.8) and the observation that
o0
— 1 ¥
U £ = U £ < [T eI F = B Fldr < L swp P 7 = B ).
t>0

For the proof of estimate (3.8) we recall that (¢, x) — P,(") f(x) solves du — L™y = 0 in
(0, 00) x n='Z4, which is why Theorem 3.3 applied with R = 1 on arbitrary time—space
cylinders in (0, 00) x n~'Z¢ yields

1P fx) — P F)l < c||Pf”)|f|||Loo<,,-.Zd)|x — 31" < el fll ootz lx — yI7

for any ¢ > 0 and |x — y| < 5. Note that we also used that |P(")|f|| < I f I oo~ 124y Which is
due to the Markov property of (P(")) In case |[x — y| > 5, estimate (3.8) is trivial since

1P f () = P f )] < 2P 1 f 1 o120y < 21+V||f||Loo<n-.Zd)|x -yl
Estimate (3.9) can be proved from (3.4) similar to how (3.8) is proved from (3.3). [

The following result is a discrete version of Lemma 3.1 from [38] and can be proved in the
exact same fashion. It is needed in the proof of Lemma 4.2.

Lemma 3.7 (log(u)-estimate). Assume that (K1), (K2) and (C-Tail0) hold tme for some
a € (0,2] and 6 € (d o0]. Then there exist c1,cy > 0 such that for every 5~ < r <1,
0 < p < r and every nonnegative function u € V(Bgmn 7% that satisfies u > ¢ in B(") for
some € > 0:

Ty Y T (1og 8 g”iy;) C(x, y)

(n) (n)
Br"F,O Br+p

< EMu, —tPuh) + 2~ 1" (B},

where (as in (2. 6)) 07174 — |0, 1] satisfies supp(t) = B

et T = 1in B}”) and

.....

Remark 3.8 (Extensions and Simplifications).

(i) For nonnegative solutions u to d;u — L™u = 0 in a suitable time—space cylinder one
can also establish a full Harnack inequality under slightly stronger assumptions. We refer
to [39] for a discussion of such estimate for nonsymmetric integro-differential operators
in R

(ii) One can prove (3.1), (3.2), (3.3), (3.5) for L™ and Corollary 3.6, Lemma 3.7 also under
the following localized condition instead of (K1):

There exists C > 0 such that for every n € IN, xo € n='Z:

2
ICPC, p)

n® Z W <C. (K1yoc)
yeBg S Y

LB (x))

(iii)) We emphasize that one can prove (3.10) directly via establishing a version of (3.5) for
solutions to —L™u + Au = f, where f € L®(n~'Z) and » > 0. The existence of a
killing term Au for A > 0 in (3.5) does not influence the proofs significantly since the
term Au can be treated in a similar way as a source term.
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3.2. Weak parabolic maximum principle

In this section we provide a parabolic maximum principle for weak subsolutions to d,u —
L™u = 0 in the spirit of Proposition 5.2 in [33], where such result was proved in the symmetric
case. An elliptic version for nonsymmetric operators has been established in Theorem 4.1
in [25]. Let us point out that all constants in the proof below might (and are allowed to) depend
onn € NN.

Proposition 3.9. Assume that (K1), (Sob) hold true for some o € (0,2], ¢ > 0 and
0 e (%, oo]. Letn e N, T > 0 and % < R < 1. Let u be a subsolution to du — L™u =0 in
0,7T) x Bg) for some ball Bg) c n='Z4 such that

o u (1) € LXBY) for every t € (0, T),
e u (t) = 0 in L*(BY) as t \, 0 and u(0) < 0 in BY’.

Then u <0 a.e. in (0,T) x Bg).

Proof. Note that

(u(x) — u(yNu4(x) = (g (x) = up (Y)u4(x) + u—_(y)us(x). (3.11)
By Garding’s inequality (2.10) it follows that for every ¢ > 0

1 n
ED W), up () = EM (up (1), uy(t)) > 55:("*6-5 (0, 1 () — ¢ et (D117 2,120,
(3.12)

for some ¢; > 0. Since u (1) € L2(BY), we can test the weak formulation of 8,u — L"u = 0
with u(¢) for every ¢ € (0, T). Then, we integrate in time over an arbitrary interval (¢, t;) C
(0, T), apply integration by parts formula and obtain that for every (#;, ) C (0, T):

n Y W) -t Y u+(t1,x)+/ EMu(t), uy(1)dt < 0. (3.13)

xeB® eB®

Note that the above explanation can be made rigorous with the help of Steklov averages
(see [24], or [39]). From (3.12) and (3.13), it follows:

Y W )= w0+ 5 : /5('” (1), uy (0)de < Cln_/ > ud e, xydr.

(n) (n) (n)
X€EBpR X€BpR X€By

Let us define A(¢t) :=n—¢ > g™ u? (t,x) and set § := ﬁ Then, for every , € (0, T):
R

1 [ntd ) 1
sup  A(r) + = / EMCT (), up@)dr < = sup A1) + A(ty),

te(ty,t1+96) t te(ty,t1+96)

so for every k > O:

sup  A(r) < 2A(). (3.14)
EGRIEE D)
Since A(r) N\ 0, as N\ 0, by assumption, it follows that A(¢) < O for every ¢ € (0, T'), which
gives the desired result. [
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Remark 3.10.

(i) As a standard application of Proposition 3.9 we have the following monotonicity property
for the restricted semigroups: Whenever B{" ¢ B{" for two sets B{", BY" c n~'Z¢, it
holds for every nonnegative feL®mn'Z%:

(n)
PP foo) < P f(x) Vit >0, xen 79, (3.15)
A proof can be found in [29] (Lemma 4.16). Note that (3.15) is immediate, when using
the representation via the correspondmg Markov chains X,
B

(i1) In particular it holds that P ' flx) < P(") f(x), which follows by iteratively applying
(3.15) to a sequence of balls (B('?), with R; 7 oo.

4. Tightness

The goal of this section is to establish the following theorem:

Theorem 4.1. Let A > 0, B € (0, 1). Assume that (K1), (K2), (Poinc), (Sob), (C-Tail0) hold
true for some o € (0,2], 0 > 0 and 6 € (g, o). Then there exists ty € (0, 1) such that for
every 0 < R < 1 there is N € IN such that for every n > N and x € n='Z4 it holds:

t=<(togR)*

P~ < sup | X" —x| > AR) <B.

This result implies tightness of the laws of (X™),, in the Skorohod space D([0, T]; R¢) for
every T > 0 (see Theorem 5.1). Such statement is standard in the literature for symmetric
Markov chains (see Proposition 3.1 in [8], Proposition 3.4 in [7], or Theorem 3.1 in [36]) and
was also proved in [23] (see Proposition 3.3). The restriction to 0 < R < 1 and n > N stems
from the admissible range of radii in Theorem 3.1.

We prove Theorem 4.1 by adapting the arguments from Chapter 7 in [11] to a nonsymmetric
setting. The procedure loosely follows the path laid out by Grigor’yan and coauthors (see [31,
32,34]) who investigate the validity of heat kernel bounds for symmetric regular Dirichlet forms
on metric measure spaces in connection to geometric properties of the underlying space. It turns
out that the weak Harnack inequality (see Theorem 3.1) implies two-sided estimates for exit
times of X,("), which in turn imply a so-called survival estimate. The survival estimate has
proved to be a helpful tool for the derivation of heat kernel bounds but can also be applied
when proving Theorem 4.1. Our proof uses an iteration technique reminiscent of [34] but avoids
truncation of weights (see also [30]). We point out that the proofs of all results in this section
are purely analytic, the main tool being the weak Harnack inequality Theorem 3.1 and the
parabolic maximum principle Proposition 3.9.

First, we establish an estimate for the exit times of (X)) from balls Br("). While the proof
of the lower bound (4.2) works as for Lemma 5.5 in [31], establishing the upper bound (4.1)
is more involved due to the lack of symmetry. We give a proof, inspired by Proposition 3.1
in [22], that works for long- and bounded range at the same time and does not make use of
the dual semigroup P

Let us introduce the Green operator GB" defined by

G*" f(x) = /O h PR f(x)dt = B ( /0 o f(xi’”)dt) . feL¥B™).

In particular, GB" 1(x) = E*t3m for every x € B™,
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Lemma 4.2. Assume that (K1), (K2), (Poinc), (Sob), (C-Tail0) hold true for some a € (0, 2],
o>0and06 e (g, o0]. Then there exist ci, ca > 0 such that for every n € NN, 327“ <R <1,
xo en'Z4:

x [ () o (n)

E <TB(")8(X0)> <ciRY, Vx € By, @.1)
x () o (n)

E (TB(")S(XO)> > e,RY, Vx € By)s,. 4.2)

Proof. We start with the proof of the first inequality (4.1). First, we prove the following lower
bound on the heat semigroup (P,(”)): There exist ¢, ¢ > 0 such that for every y, € n~'Z? and
320 < R <1 it holds

(n) .
P lgg;lﬁ(yo)(y) >¢, Vy e Bg),(o), s

where t, := cR*.
Let yo € n~'7Z7, 3127" < R <1 be given. We define

( ) 1, ifs <(R/32)",
u(s, w (n) . o
P (R/32)a]1321/)16(y())(w), if s > (R/32)*.

Then u is nonnegative and solves d;u — L™u = 0 in (0, 2(R/32)%) x BR/lﬁ(yO) In particular,
note that d,u(w) exists for every w € B! /16()’0) since t > u(t, w) is absolutely continuous.
Using the weak parabolic Harnack inequality for L™ (see Theorem 3.1), we compute:

% DD
= —_— u(s, wyds
(n) (n) f o (n) (n) ’

WM (Bpges(¥0)) e B0 O.R/64") W (Ba(0)) B0
<ci(nR/64)™ Z inf u(s, w)

- (5, w)e2(R/32)% —(R/64)* 2(R/32)*)x B (y0)
)632}64( 0) k/6410

<cimR/64H™ Y ][ u(s, y)ds
) (2(R/32)*—(R/64)%,2(R/32)%)
yEBR/64(YO

=c1(nR/64)™¢ P 113(,,)1 (0 (Vs
(n)

]f(R/ﬂ)"‘ —(R/64)*.(R/32)%)
y EBR/()4(YO)

=cin” ][ mR/64H™ > p"(y, 2)ds,
((R/32)*=(R/64)*,(R/32)%)

B(n)m(\ }"GB%’/)M()’O)

where ¢; > 0. Note that (s,y) — p(y,z) solves du — L™u = 0 in (0, 00) x n~'Z4.
Therefore, the weak parabolic Harnack inequality for L™ is applicable in the time—space
cylinder ((R/32)* — (R/64)%, (R/32)* — (R/64)* + 2R%) x Bé’g(yo) (see Theorem 3.1) after
enlarging the domain of integration (respectively summation). Then, we obtain by setting
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fo = cR%, where ¢ :=2+327% —64™% — 2717 > (:

1 <cn —d

][ mR/2™ > p(y. 2)ds
P ((R/32)%—(R/64)% (R/32)% —(R/64)* +(R/2)*) P
ZGBR/|6(y()) yEBR/z()'O)

¢ inf p"(y.2)
(s, E(R/3DA—(R/64)+2RY—(R/2)% (R /32)% —(R /642 +2R*)x BY) (30)
ZEBR/m(yO) /
<3 inf P )
(5,)E((R /320 —(R/64) + 2R ~(R/2)% (R /32)% ~(R/64)* +2R%) x B, (30) R/

),

<c3n

()

1600

: (n)
<c3 inf PI 1 (n)
- Bpi16060)
veB),(0) k16770

where ¢;,c3 > 0 and we used that {5 € ((R/32)* — (R/64)* + 2R* — (R/2)*, (R/32)* —
(R/64)* + 2R*) by definition. We have proved that (4.3) holds true with ¢ = ¢ I

Next, we deduce (4.1): Let now xq € n~'Z be arbitrary and 22 < R < 1. Let yo € n~'Z¢
be such that yy € Bg’;g/m(xo) \ Bf",’g/m(xo). Then by (4.3) and the Markov property of (P,(")) it
holds for every x € Bg/)z(yo):

_ p )
1 P,O ]].BX‘I/)S(XO)(X) > P,O ]].BX‘I/)IG()]O)(.X) > E.

Note that Bg'/)g(xo) - Bgl/)z(yo) by construction. Therefore, by rearranging the above inequality
and applying (3.15), it follows that for every x € Bg’/)S(xo):

Bg‘;g(xm (n)
P, I(x) < Py ]lB%,/)S(XO)(x) <l-e
By (x0)
Using the semigroup property and the Markov property of (P, ©*"), we deduce that for every
k e ]NQZ
B )s(x0) r
Py I(x) = (I —e&), s € [kio, ktg + 10), 4.4

and therefore we obtain that for every x € Bg'/)g(xo)

) o g (x0) o
GBrEC 1 (x) = / P (0ds < ey § (1 — &)ty < cR?,
0 k=0

where ¢4 > 0, as desired for (4.1).

We continue with the proof of the second estimate (4.2). Given ¢ > 0 and ¢ > 0, we define
BY: (x0) )
ulx) = fol p, *B 0 1(x)ds + ¢ which is an approximation of GPrs%0 Tt holds that u > & and

. . Bg;g(xo) . (n) . Lo
u is a weak solution to —L™Wu =1 — P, 1 = 0in By . By applying the weak elliptic

Harnack inequality ((3.2)) to u, as well as Jensen’s inequality, we obtain that

-1

—d
. nR _
Jnfu>cs (§> Z u(x) > cs(nR)? Z u oo |, 4.5)
n
Br/0) xeBy) () e
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where cs, cg > 0 are constants. Next, we apply Lemma 3.7 and obtain

—d Z -1 < 2 —1
n u (x) < (ILBg'/)g(XO)’ T°u" )
xeBﬁ?}Sz(xo)

B (xo) (4.6)
< EW@, Uy + (P, R, 22
B (x0)
< o™ (BUYR™ 4 (P, L, 2P0,
where ¢; > 0 and t is a cut-off function with supp(tr) = Bg’/)s(xo), T=1in Bg'/)ﬂ(xo) and
max;_i,.4 |Vl joogu-124) < 2(3R/32)~". By combining (4.5) and (4.6), we obtain

-1

By (x0) -
cs <R‘“ L R(p, tzu_1)> < cs(nR)? Yo owlm] < Jnf
XGB;:/)sz(Xo) B/ x0)
for some cg > 0. Finally, note that by (4.1) and (4.4), the left hand side converges to cgR™*,
as t /' co. Thus, (4.2) follows by taking the limit ¢ (0. O

Remark 4.3. Let us point out that the proof of (4.2) in [32] Lemma 4.1 is not applicable in
our setup since it does not allow for bounded range Markov chains.

Remark 4.4. One can prove the following near diagonal lower heat kernel bound: There exists
¢ > 0 such that for every ¢ (%)a <t<candx,yen 'Z with [x —y| < 64611/&]/0’ it holds

p(x, y) = et~ 4.7)
This follows from running a similar argument as in the proof of (4.3) involving the weak
parabolic Harnack inequality for L™,

The next result establishes the survival estimate for (X™). Its proof is based on the parabolic
maximum principle Proposition 3.9 and Lemma 4.2 and uses the ideas from [32] Lemma 5.6
and Theorem 7.2.1 in [11].

Lemma 4.5 (Survival Estimate). Assume that (K1), (K2), (Poinc), (Sob), (C-TailO) hold true
for some o € (0,2], 0 >0 and 0 € (g, o). Then there exists €, € (0, 1) such that for every
nelN, %270 <R<1,0<t<@R)" xo€n'Z it holds

)

. By q(xp)
inf P > (4.8)
B (x0) r/8(*0)
R/32\10
Proof. The goal is to prove that for every (¢, x) € (0, c0) x Bg’/)s(xo):
()
B (o) GPrisC Y (x) — 1
P[ R/8 ]lBgWS(XO)(x) > B(n) (49)
/ |G riC]

LB (o)
Combining (4.9) with Lemma 4.2, we obtain that for every (¢, x) € (0, co) x Bg/)n(xo):

cHRY — ¢t
c1 R

(n)
Bpg(x0)
R/8 .
P, ]18%1;8()60)()6) >
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for some constants 0 < ¢; < ¢;. By choosing § > 0 such that §* < %2, we obtain that for
every 0 <t < (6R)* and x € Bg:/)n(xo) it holds:

(n) o o
B g(x0) c3R* — caR%)2
3
P () 2 e 2
R/81X0 ci1R

for ¢ = ¢3/(2c¢1). As this proves the desired result, it remains to show (4.9).
The main ingredient in the proof of (4.9) is the parabolic maximum principle Proposition 3.9.
We will apply it on (0, T') x Bg'/)g(xo) for some 7 > O to the function w defined by

B so)

U)(t, )C) = u(x) - ¢(-x)t - ”u”LOO(Bg’/)S(XO))PZ ]]‘Bg’/)g(x())(-x)7
s pBi/st0) 2, —~1rdy
where u = fo P, 1dr for some fixed s > 0, and ¢ € L“(n~'Z*) is chosen such that

0<¢ <1, ¢=1on By(x) and supp(¢) C By),(x0).
One immediately sees that w(t) € L%(Bg'/)g(xo)) for every ¢+ > 0, and that w,(t) — 0 in
L?>(n='Z%) as t \ 0. Furthermore, w is a subsolution to d,u — L™u = 0in (0, T) x Bg'/)g(xo)

since for every nonnegative ¢ € Lg(Bg'/)g(xo)) and ¢ > 0 it holds:

Bl g (x0)
(@), ¥) + ED W, ¥) = ¢+l o i 1 P

= —(p, ¥) + ED(u, ) — 1M, V)
Bxl/)g(xo)
- ”u”LOO(Bg’/)g(XO)) ((at Pt

(n)
Ly gy ¥) + EP (0, )

1 y) 4+ £ ¥
Big s(x0)’ t Big y(x0)’

_ _ 4@
=< (HBXI/)S(XO) ¢7 lﬁ) t€ (¢’ lﬁ)’
By (o)
R/8'*0 My, — () (n)
where we used that (¢, x) — P, I (ro)(x) solves d;,u — L"™u = 0 in (0, 0c0) x BR/S(xo)
R/8Y
B (xo)
(), — R/8V0) L (m) e
and that u solves —L"Wu =1 — P, 1in BR/S(xo). By the definition of ¢, ¥, note that
(ﬂBg;g(XO) —¢,¥) <0and

—EW@ ) =22 Y Y (=Y CT(x, y) <0,

xeBg‘;g(xO) yen~1zd

Therefore, w is a weak subsolution to d,u — L™y = 0 in (0, T) x Bg’/)g(xo) and the weak
parabolic maximum principle is applicable to w. Since T > 0 was arbitrary, it follows that
w < 0in (0, 00) x Bg’/)s(xo) and therefore (4.9) holds true after taking the limit s / oo. This

concludes the proof. [

Remark 4.6. In probabilistic terms (4.8) yields the existence of ¢,8 € (0, 1) such that for

every £ < R < 1 and every xo € n~'Z%:

P (ng)(xo) < (6R)°‘> <1-s VreBY,0x). (4.10)
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As a consequence, we have that for every x € n=!Z4:

P sup (X" —x|>R|=<1-c¢.
t<(8R)*

This estimate is weaker than Theorem 4.1 since ¢ > 0 cannot be arbitrary in (4.10).

In order to establish Theorem 4.1, we iterate statements of the form (4.8) (resp. (4.10)) using
the following lemma. We adapt the proof of Lemma 7.3.1 in, [11], which is based on Lemma
4.6 in [31]. A similar iteration of survival estimates is carried out for the proof of Theorem
3.1 in [34] and Theorem 5.7 in [30].

Lemma 4.7 (Iteration Lemma). Assume that (K1), (K2), (Poinc), (Sob), (C-TailO) hold true
for some o € (0,2], 0 > 0 and 0 e(g,oo]. Let H>0, Ce(1,2),n e]Nand% <R < é
with 3- < 31)R < % and xo € n~'Z%. Assume that for some y € (0, 1) and some open set
M C B‘">(x0)

o
1= PR )< H,  VieM, 0<t<(R)". @.11)

Then there exists k € (0, 1), independent of H, R, C, n, yy and y € (0, 1), independent of R, n:

B (x)

1— P R 1) <kH,Yx e M, 0<t<(yR).

Proof. Let g, §; be the &, § from Lemma 4.5 and 8§ = min(yy, 8). Let ¢ € L2(n~'Z¢) be such
that 0 <y <1, ¥ =1o0n B™ ., (x0) and supp(y) C B(” JETST (x0). Define for g > 0 the

R+SFLR
function
B (x0)
ore P SR 1(x) —¢
u(t, x) = PR V1) — 2 1(x) VO gy,
—¢

We prove that the parabolic maximum principle Proposition 3.9 is applicable to u in (0, T') x
B(")(xo) where T = ((SC—’IR)"‘ if B > 0 is chosen suitably.
First, by apphcatlon of the survival estimate (see Lemma 4.5) to balls of the form B(")1 ( y)

fory e B 2(C D g (x0), we obtain that

(n)
B
PRy >, x e B™

R+2(C l)R(XO)’ 0<t<T.

This is a simple consequence of the fact that B(C" 1)3()60) can be covered by the family of balls
B(n) 1 )
B(C")1 () as above and since P, PRt 0)IL( )> P, SR 1(x) due to (3.15). By definition of v,

g™
we conclude that for every + < T on B;:) it holds that P, Pert 0) — ey > 0. Consequently, we

have that u () € L%(B(")(xo)) forevery 0 <t <T.
Further, one easily sees that u,(t) — 0 in Lz(Bg')(xO)), as t \( 0, as a consequence of the
(n) ()
strong continuity of (P,BR (XO)) and (P,BCR (XO)).
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It remains to check that u is a subsolution to d,u — L™u = 0 in (0, T) x Bg')(xo). We take
an arbitrary function ¢ € L%(Bg')(xo)) with ¢ > 0 and compute for r € (0, T):
e
Ou(), $) + EV ), @) = T——EV W, $) = BW. ) —1BEV W, $)
e
= :g(”)(w’ ) — B(L, ¢),

where we used that

ENL gy =201 Y 3" () — Y ()PE)IC"(x, y)

xen—17d yen—174

=u > (I = y(P)ICT(x, y) = 0.

xeBW yen*IZd\B;ljr e L0

Next, we apply (C-Tail0) with r = %R and compute that

cC—1\"
EM(y, ¢) < 2n*4 CP, | <[ ——Rr 1, ),
W, ¢) < 2n > W) > S e (1, )
xeBW (xp) yen—lZd\B&R(x)
3

where ¢ > 0 is a constant. We choose 8 = = (C—’l R)_a and obtain that for ¢t € (0, T)

—& 3
(u(t), ¢) + EM(u(t), $) <0,

as desired. Note that when E™ (¥, ¢) = 0 (i.e., for n large in the bounded range-case), we can
simply choose 8 = 0.

Next, we apply the parabolic maximum principle (Proposition 3.9), which yields that u < 0
in (0, T) x Bg’) (x0). By using the definition of u, as well as (4.11), we obtain that for every
0 <t < T =min(T, (§R)¥) it holds:

(n)
B (x0)
B™ CRT] — ¢
| —H—pt <P g < 1 . VxeM,
— &

which is equivalent to

B(Cn,)-‘,(xo)

1-P, 1< —e)(H+pBt), Yxe M.

Finally, we note that if 0 < t < min (T, z(ﬂ—i)ﬁ), we obtain that

™
1= PR () < kH, VxeM, (4.12)

where k = 1 — % If B =0, we set z(ﬁ—i)ﬁ = 00. Note that by the definition of 7" and 8, we

can find a constant y > 0, independent of R, such that (4.12) holds for every 0 < ¢ < (y R)*.
This concludes the proof. [l

We are finally in the position to prove Theorem 4.1.

Proof of Theorem 4.1. Let A, B € (0, 1) be arbitrary and x( € n~17Z¢. Note that it is enough
to prove Theorem 4.1 for A € (0, %) by inclusion of sets. Our goal is to find #p € (0, 1), N € N
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such that for every 0 < R <1 and n > N:

B3 (x0)

1—P 1(x) < B, Vx € B;R/z(xo) 0<t<(toR).

We set n = A/2 and, for k € IN, we define Ry = C*nR, where C € (1,2) is to be chosen
later. First, we have the following trivial estimate for every n € N, 0 < R < 1:

55’0)( x0)

1-P, 1(x) < 1, Vx € Bjy)(xo) = Biy 5(x0). t > 0.

We observe that Lemma 4.7 yields that

Bm
Rl( 0)

1— 1(x) < &, Vx € B h(x0). 0 <1< (yR)"

for some y, k € (0, 1) in case 7 < w After having chosen C € (1, 2), we will determine

N € NN (depending on R) such that this condition is satisfied for every n > N. By iterating
the above line, we obtain that for every k € IN (as long as Ry < i):

2’2( x0)

1 - L(x) <k*,  Vx e B, (0). 0<t<(R)"

for some y; € (0, 1) that depend on C but not on R. We want to choose k € IN and C € (1, 2)

such that (i) k* < B and (ii) CnR < AR hold true. By defining k := L%J =22 ], we

guarantee (ii). Note that by definition, k " oo as C N\ 1. Therefore, we can choose C — 1 > 0
log k
small enough, such that (i) holds, namely we choose C = % <21°§B + 1). This yields

BY) (xp) Xlk)( 0)

1— P AR 1(x) <1 — L(x) <k <B.,  VxeB,x). 0<t=<mR"

2 < (€=Dar
6

Upon our definition of C, it is guaranteed that is satisfied for every n > N =

-1
’13—;}( (210%3 — 1) —‘ Therefore, the desired result holds true with the choice 7y = y;,. O

5. Convergence

Given T > 0, x € R¢ and a sequence (x,) C n~'Z“ with x, — x, our goal is to prove that —
under suitable assumptions — the sequence of P**-laws of (Xf”)),e[oj] converges weakly, with
respect to the D([0, T]; R¢)-topology, to a probability P* and to identify the limiting process
X by providing the associated bilinear form.

The following two theorems collect statements that outline the path towards the desired weak
convergence of (X™). First, tightness of the laws of X is proved and then, weak convergence
of (X™) along sub-subsequences is established. These results are contained in Theorem 5.1
and follow from Corollary 3.6 and Theorem 4.1. In order to guarantee convergence of the full
sequence of laws of (X™) we need to show that the limits in Theorem 5.1 are independent
of their respective subsequences. We will do so by proving that all limits correspond to the
same bilinear form. In this respect, Theorem 5.2 provides a suitable criterion for the desired
convergence in terms of the corresponding bilinear forms.

Our proofs follow the technique that was developed in [7,8,23,36,51]. Nevertheless, we
clarify some of the arguments since Theorem 4.1 and Corollary 3.6 differ slightly from their
counterparts in the aforementioned articles.
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Given functions f : RY — R, g : n7'Z¢ — R, we define the restriction operator to n~'Z¢
by R™ f(x) = f(x) for every x € n~'Z? and the extension operator E™g(x) = g([x],) for
every x € RY, where [x], = (Lnxij/n)f’=1 en” 7.

Theorem 5.1. Assume that (K1), (K2), (Poinc), (Sob), (C-Tail0), (C-Tailoo) hold true for
some oo € (0,2], 0 > 0 and 6 € (g, oo]. Let (x,), C n~'Z% and x € R* with x, — x and
T > 0. Then, the P*-laws of (X™) are tight in D([0, T1; RY). Moreover; for every subsequence
(n;) C IN there exists a further subsequence (nj,) C (n;) such that

(nj) (nj)

(i) For each f € C.(R?) and 1 > ho, (E"X(P,F R ()% and E™i(U, " R™(f))
converge uniformly on compact subsets.
(ii) Write P, f = limy_, o E<”fk>(P,(”"k’R<"fk>( f)). Then P, is linear for every t and (P,) is a
semigroup on C.(R%), belonging to a strong Markov process on R¢.
(iii) The P -laws of (X,nj" )eefo, ] converge weakly, with respect to the D([0, T; RY)-
topology, to a probability P*.

In the statement of the theorem, Ay > O denotes the constant from Lemma 2.8.

Proof. Note that from Theorem 4.1 it follows that for every A > 0 and B € (0, 1) there are
a constant ¥ > 0 and N € IN such that for every x € n~!Z? and every n > N:

p* (fsglm < y) < B. (5.1)

Now, let T > 0, x € R¢ and (x,,), C n~'Z¢ with x, — x. Moreover, let 7, € [0, T] be a
sequence of stopping times for X ™ (8,) c [0, 1] with 8, — 0. Then, by (5.1) and the strong
Markov property it follows for every n > N with §, < y:

]Pxn <| X(n)

xW
= X(,’;)| > A) = PXuw (|X§:) — X((]”)l > A) < sup P* (TBX')(x) < y) < B.

xen~1z4
This verifies condition (A) in [1]. Moreover, tightness of (SUP;e[o,T] X" — ng)|) follows
n

from the Lévy system formula for (X MY (see Lemma 2.3), which implies that for A > 1:

P ( sup |X{" — X{"| > A) < E" (Z ]1{X§n>_X’(n>|>A}(l)>

1€[0,T] =

T
=" / D Ly O COX )t
0 —lgd
yen—'Z
<T sup n® > C™(x,y) < cTA™®
xen—174 yen—1Zd:|x—y|>A
by (C-Tailoo). Since x, — x, it follows that the laws of (X)) are tight in D([0, T]; RY).
Now, let (n;) C IN be a subsequence. We prove the existence of a further subsequence
such that (i), (ii), (iii) hold true. First, given A > A and f € C.(RY), one can deduce from
(3.10) in Corollary 3.6 that the family (E® )(Uinj "RUD(£)) is equicontinuous and equibounded.
Therefore, convergence of the family along a subsequence follows from the Arzela—Ascoli
theorem.
Let (#))iew C (0,00) and (f)mew C C.(R?) be dense. Note that (3.8) of Corollary 3.6
implies that the family (E®/ )(P,gnj R“D(£) j.i,m 18 equicontinuous and equibounded, where
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we define ﬁ,, = fu/l fullLoon—174). Again, by the Arzela-Ascoli theorem one can extract

(nj)

a subsequence (nj) C (n;) sucl}v that (E("J'k)(P,i R("J'k)( fm)))k converges uniformly on

compacts as k — oco. We write P, f,, for the limit object and point out that it can be extended
to all 7 > O using the same argument, as in [36, p. 373]: Find a subsequence (#;); C (;); such
that #;, — t as [ — oo and prove that (E("fk)(P,(n'fk)R('lfk)(f,,,)))k is a Cauchy-sequence with

respect to uniform convergence on compacts, using that
|E(l’t_,’k)(Pt(nfk)R(n_,'k)(ﬁn)) _ E(n./k)(P(njk)

RO ()| = 0, as k, 1 — oo,

|E("jk)(P(".fk)

til

A M) ni ), , M) (ne )~
[E®i (P, R (F) — ETO (R R(F0)] = 0, as K1 oo,

Y " M) iy, ~
RW(f) = (P, R (fu)l = 0, as k, K — oo,

where all convergence statements above are meant to be in the sense of uniform convergence on
compacts. While the second convergence result is already known from above, the first and third
line follow from estimate (3.9) of Corollary 3.6. Therefore, the limit P,f:n exists uniformly
on compacts for every ¢+ > 0. By density of (f,) C C.(R%), we have proved the desired
convergence result in (ii). Following the arguments from [36, p. 373], one can establish that
(P,) extends to a semigroup on C.(IR¢) and therefore is associated to a strong Markov process
on R?. This proves (ii). (iii) follows from standard arguments (see [36, p. 373-374], [7, Prop.
6.2(b)]): While tightness yields that the laws of (X (”fk)) are precompact in the sense that every
subsequence of the laws must weakly converge along some further subsequence, properties
(1), (ii) guarantee that the weak limit is independent of the actual subsequence since its finite
dimensional distributions are determined by (P;), and hence coincide. This implies that the
laws of (X ")) already converge. [

The following result serves as the main lemma for proving the main results of this article.
Having at hand Theorem 3.3 and Theorem 5.1, its proof follows along the lines of [36,
p. 374-375], [8, p. 132-133].

Theorem 5.2. Assume that (K1), (K2), (Poinc), (Sob), (C-Tail0), (C-Tailoo) hold true for some
a€(0,2], 0 >0and 6 € (5, oo]. Let (x,), C n~'Z? and x € R? with x, — x and T > 0.
Let (€, F) be a regular lower bounded semi-Dirichlet form on L?>(RY) with core Fy C F and
&y = 0. Assume that for every . > Ao, f € C.(RY), g € Foy and every sequence (nj) C IN
such that (E"7(U. inj 'R () ; converges uniformly on compact subsets, the following holds:

(@) H =1lim;_o E"D(URO(f)) € F,

(b) there exists a further subsequence (n; ) C (n;) such that for every g € Fo, it holds

g RO §, R g) > E(H, g), as k — oo. (5.2)

Then the full sequence of P**-laws of (X,(”))te[oj] converges weakly to a probability P* with
respect to the D([0, T]; RY)-topology. Write X for the canonical process on D([0, T]; RY),
then the process (X, P*) is the Markov process associated with the form (€, F).

Proof. Due to (iii) of Theorem 5.1, we know that given any subsequence (n;) C N, the P™"J

laws of (X)) ; converge weakly along some further subsequence (n;,) to a probability IP*. In

order for convergence of the full sequence (X™) to hold true, we need to prove that the limit

of (X)) is independent of the given subsequence (n,). Write Unj, = Ui”jk) R™i(f) and
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H =1lim_, E (”J'k)u,,/,k and assume that (a), (b) hold true. It follows that
. () ()
EH,g)=lim E *'(u,, ,R ™Mg)
[—>00 Tk

= lim (R(n-’k/)f, R(njkt)g) (5.3)

(nj)
e LZ(njfk; zdy — A‘(”njk] s Rk g)]}(,,jfk; 7d)
= (/. g)LZ(]Rd) — A(H, g)LZ(]Rd)
for every g € Fp, where (n jk,) C (nj,) denotes the subsequence from (b) and we used the
fact that u,, is the A-resolvent for &™) and that (E(”fk)unjks 8)r2wdy — (H, 8)r2ga). The
latter is due to the fact that (E ("fk)u,,jk )« converges uniformly on compacts by Theorem 3.3,
g has compact support, and dominated convergence. Using that F; is dense in F with respect

to the norm induced by £°(-, -) + Agl| - ”iz(]Rd)’ (5.3) holds for every g € F and therefore we
identify U, f = H € F, i.e., H is the A-resolvent of f for £. Here, £ := %(g(u, v)+E(v, u)).

Therefore, the limit H does not depend any more on the choice of (;), so we conclude that
U™(R™ f) — H = U, f. Thus, also the bilinear form corresponding to the limit process of
(X®); is uniquely determined. This concludes the proof. [J

It remains to verify conditions (a), (b) in order to guarantee weak convergence of the full
sequence (X;")),E[O,T]. In particular, this amounts to proving that all limits in (5.2) coincide. We
will do so by providing the limiting bilinear form £ being governed by coefficient functions
(a,;j)f{j:,, (b;)?_, on R in the case « = 2 and a jumping kernel K on RY x R¢ when « € (0, 2),
which will be determined uniquely through the family of weights (C™). The existence of such
functions will be posed as a separate assumption. We treat the two cases @ = 2 and « € (0, 2)
separately in the following two sections.

5.1. Approximation of strongly local forms

In this section, we assume that (K1), (K2), (Poinc) and (C-TailO) hold true with o = 2,
o > 0and 0 € (1, 00]. Furthermore, we assume that X dominates the nearest neighbor
random walk (NNRW) in the following sense:

There exists B > 0 such that for every u € L*(n~'Z%):

" u) > BED, (u, ). (5.4)
Here, the NNRW is defined through the weights Cz(\}/qz)v :n1Z4 x n7'74 — |0, %], given by

. 1
CI(W)V(x, y) = E]l{lx—y\:l/n}(xa ¥),
Enwy =n> " 3" 3" ) — u()PCyx . y).

xen—174d yen—174

Remark 5.3. A sufficient condition for comparability to the NNRW (see (5.4)) is the existence
of 8 > 0 and N € IN such that for any pair (x, y) € n™'Z¢ xn~'Z¢ with |x — y| = 1 there exist
k<N,xo=x,x1,...,x5 =y €n 'Z such that C"(x;, x;41) > & for every i € {0, ..., k}.

Moreover, we assume that X™ is of bounded range, i.e., that there exists a constant C > 0
such that C™(x, y) = 0 if |x — y| > C/n.
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Remark 5.4.

(i) We recall that if X is of bounded range, then (2.8) is a sufficient condition for (C-Tail0),
(C-Tailoo).

(ii) It is possible to drop assumption (C-Tailoo) completely because all statements of Theo-
rem 5.1, Theorem 5.2 remain valid due to assumption (C-Tailoo) being trivial for n > C.
Moreover, (Sob) follows from the global Sobolev inequality for 51(\',11)\, and (2.6).

(iii) We decided to restrict ourselves to processes of bounded range in this section for the
sake of simplicity. However, we believe our method of proof to work also for processes
of unbounded range by adaptations similar to [7].

We require some additional notation (see [23]) in order to introduce the connection between
(C™) and the coefficient functions a; j, b; which determine the limiting form (£, H L(RY)):

e First, recall that Vi(”)u(x) = n(u(x + e;/n) — u(x)) for any function u : n='Z¢ — R.
e Define P(x, y) as the set of shortest nearest neighbor paths (SNNP) in n~'Z? from
xen'Z%toy e n'Z? and set

1
—lrpd
Px,y(w7 7) = |,P(x Y E ]l{az(x:GO ..... y:a]):Elksl:w:ak,],z:ak}(a)v w,z€n Z°,

Y oeP(x,y)

i.e., PYY(w, z) is the ratio of SNNP from x to y using the edge (w, z) to all SNNP from
X to y.

The quantity P*Y(w, z) is motivated by the following two useful identities (see also [23]):

Lemma 5.5 (See Lemma 5.1 in [S], p. 138 in [8]). Let f € L*>(n='Z4). Then, for every
x,y € n~'Z4, the following identities hold true:

1 d
_ _ _ X,y . _ px.y . (n)
f(x) f(y)—n§ Y (PYG+e/n)— PG z+e/m) VR, (5.5)

i=1 zen—lyzd
n(x; — yi) = Z (P (z+ei/n,2) + P (z, 2+ ei/n)), i=1,....d. (56)
zen—lzd
e Fori,je{l,...,d},z,we n~1Z% we define as in [23]:

Gl wy= 3 Y (PUa+e/n - PGz +e/n)

xen—17d yen—174d
(P™Y(w +ej/n,w) — P*Y(w, w+e;/n))C™(x, y).

e We introduce a similar quantity for Cé”), namely fori € {1,...,d}, x,z € n-lz4:

H"(x,z) = Z (P*™Y(z+ei/n,z) — P (z, 2+ €;/n))C(x, y).
yen—lzd
e For z € n=179, we define
Flo= 3 Ghwo  Blo=n 3 Hxo.
wen~124 xen—lzd
We abuse notation and write Fl-(";»)(z) = E(”)E-(f;-)(z), B{"(z) :== EWB"(2).
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By a straightforward computation, similar to (5.1) in [8], one verifies that
ENf =0 Y DT (f@) = fFONEE) — gNCP(x, y)
xen—17d yen—174d
+ 207 YT YT (f@) = O (x, y)

xen—17d yen—174d

d
=n Y Y VPV )G w, 2)

i.j=1zen"17d wen—174
d
1-d (n) (n)
+22Y 0 N Y VP fg)H (x, 2).
i=1 xen=174d zen—174
We are now ready to formulate an assumption on the coefficient functions (a;, j)j.{ j=1> (bi )fz .

of the limiting bilinear form:

Assumption 1. There exist a; ;, b; : R¢Y - R,i,j € {l,...,d} with ajj = aj;, such
that ||Ff"}> - a,-,_,-||L11M(Rd) — 0 and ||Bi(") - bl'”Llloc(]Rd) — 0 as n — oo, and moreover a; ; is
uniformly elliptic, bounded, and b; satisfies |b;|> € LY(RY).
Note that Assumption | is sufficient for (£, H'(IR?)) defined by
E(f.8) = EWi(f, )+ E"(f.8)
- /R (00 S () g0)dx +2 /R B g G

is a regular lower bounded semi-Dirichlet form on L2(R) (see [41], p. 30-35 in [45]).
Moreover, Assumption 1 implies that F;’? — a;,j, B/ — b; in measure on each compact
set and that a subsequence converges pointwise a.e.

2
Remark 5.6. Note that Fl(t) e L®(m~'Z%) and |Bi(")| e L%(n~'Z?) with norms uniform in
n. Boundedness of Fl("]) can be proved as follows: For every n € IN z € n~'Z:

2 2
F"(z) <n > Yoo —yPCP,y)
xen*IZdzlx—z\S% yen*lZdzlx—y\S%
<c s on? Y —yPCPG ) s <00
xen—17z4d

ven—l7d.1x_y1<C
yenT Z4:x—y|< 5

for some ¢; > 0, due to (2.5). Moreover, we used (5.6) and the fact that X" is of bounded
range. Besides, we have for every z € n~1Z¢:

(n) 2
B"(z) <n > Yo = ylcl e,y
xen*lZdzlx—z\S% )‘En’lZdzlx—ylgg

1
20 11729
201 o

<| D[P k—yPI"ky

xilr—z|=E\ yir—yl<€
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1
020

() 2
2 |Ca (.X, y)'
A x |eyx Ger
X'Ix—ZIS% yilX—Mﬁ%
0 29
(n) 2
a(1-%) iy 1€
=l Z n Z T (x, y)

a

. c .
xilx—z|<5 \ »ix—yl=3

for some ¢; > 0, due to (2.5), (5.6) and (K1). Consequently,

2
B, <o Y Y ey 160
i LOn—1zd)y = 3 J(")(x, y)

zen1Z4 xix—z|<€ \ yiu—y<€
2 [4
ICOC, )
< ¢,C? ||n? E e 7 < cs

T, =
yen—1zd | G2l LO(n—17d)

for some c3, ¢4, c5 > 0.

The following theorem is the main result of this article in case o = 2:

Theorem 5.7 (Functional Central Limit Theorem). Assume that (C™) satisfies (K1), (K2),
(Poinc) and (C-Tail0) with o« = 2, 0 > 0 and 6 € (4, o0o]. Furthermore, we assume that
X™ dominates the NNRW and is of bounded range. Assume that there are a;, j» bi such that
Assumption 1 holds true. Let (x,), C n~'Z¢ and x € R? with x, — x and T > 0. Then
the P -laws of (X;") )eefo,7] converge weakly, with respect to the D([0, T]; Rd)—topology to
the P*-law of (Xt)iejo,1), where (X, PY) is the Markov process corresponding to the form
(€, H'(RY)).

Proof. The proof uses the same ideas as in [8]. We need to verify properties (a), (b) from
Theorem 5.2. Let f € C.(RY), g € C*(RY), (n;) C IN. We denote u,; = Uinj)R("j)f and
H=Ilim; o E (”/')unj. The proof of (a) works exactly as in [8]. Note that uniform boundedness
of (Eg’ﬂ‘)(E("fk)unjk, E(”-/k)unjk M« follows from Garding’s inequality for £™ (see (2.10)), as
well as (2.19), and (5.4).

It therefore remains to show (b), i.e., that there exists a further subsequence (n,) C (n;) such
that 8("fk)(u,,jk, R"i¥g) — E(H, g), as k — oo. For simplicity of notation, we will assume

that already (u,) converges. It was shown already in [8] that 5(”)":3("1)(14,,, R™g) — &£%i(H, g)
converges along some subsequence. Note that (C-Tail0) implies (2.5), i.e., assumption (A3)
in [8], which is required for their argument to work. Therefore, it remains for us to prove that
also

)
EM-Ca”(y,, RMg) — E¥(H, g), as n — oo (5.8)
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along some subsequence. Let us denote K™ = supp(g) Nn~'Z¢. We can write

ENC w0y RV =202 3 N (uy(0) — ua(5)g)Cx, )

xen=17d yen—174

d
=20 3 Y VP u@g@H " (x, 2)

i=l zen=1Z4 xeK:|x—7|<€

d
=m Yy Y (B§"><z>V§”)un(z>g<z)
i=1 zen—lzd
+ Y nH;’”oc,z)vi(”)un(z)(g(x)—g(z»)

XGK(”):\X—Z|S%
_. g (n)
= 11 + 12 .

We separately analyze the summands 11(") and 12("). It will turn out that 11(”) — &hi(H, g) (up
to a subsequence), while 12(") — 0, yielding (5.8), as desired.
For 12("), we argue as follows:

d
L7 =2y N > HP @ )V ua(2)(g(x) — g(z)

i=1 zen=1Zd yegK):|x—z|<€

d
<ecr| sup @ = un@ | IVelloo 24D Y > H"(x.2)|.

/<l -
lz=2'1=5 i=1 zen=1Zd xeK:x—7]< €

where ¢; > 0 depends only on C and we used the definition of Vi(")un(z), and the mean value
theorem for g(x) — g(z), which is applicable since x € K™ : |x —z| < C/n is close to z.
(Note that the n from V"’ cancels with the n~! from (g(x) — g(z)) < Cn"||Vg|l«). Finally:

d
nl—d Z Z Z I{i(”)(x7 2)

i=1 zen 124 xeKm:|x—z|< €

d
=@y > Yo (P e+ei/n )= PP z+e/m) C(x, )

i=1 —lgd dy—rl<C ven—17d 1y —v|<C
1=l zen™Z% xeKW:|x—z|< % yen™1Z4:|x—y|<

"

<=n 3" > e = YIICx, )

xeK®™ yen‘lZdzlx—y\gg

201

26 %
L ) ) ) 1)
<c | > Int >0 =y ) n Y ey

. c R
xek®™ yile—y|<€ yil-—yl<& LOK )

20
26—-1

< e (K™Y

for some ¢;, c3 > 0, where we used (5.6), (2.5) and (K1). Note that the resulting term in the
previous estimate is bounded uniformly in n due to the fact that u™(K™) — |supp(g)| <
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oo. Recall that due to (i) in Theorem 5.1, the family (u,) is equicontinuous and therefore
Sup|, <1 lun(z) — u,(z')] = 0 as n — oo. Consequently, |12(")| — 0, as desired.

Now, we consider [ ](") . We write

d
=2y ¥ B o

i=1 zen—lz4

d
=2 Z f | B )V E™u, () E” R™g(z)dz.
i=1 YR

There exists a subsequence of (E(”)Vi(")u,,(z))n converging weakly in L*(RY) to 9;H. This
follows from the proof of (a) in [8]. Moreover, we can extract a further subsequence along
which B™ — b; boundedly and pointwise almost everywhere and also EWR™g — g
uniformly on compacts. Along this further subsequence, we have that

=2 / b H@)g()dz = EM(H. ).
R
We have shown that properties (a), (b) of Theorem 5.2 hold, which yields the desired result. [J

Theorem 5.7 answers question (i) from the beginning for the case o« = 2 and bounded
range weights C™. Now, we want to address question (ii), namely provide explicit weights
C'™ that satisfy the assumptions of Theorem 5.7 and approximate a process that corresponds to
a previously given form of type (5.7). The following example contains an explicit computation
of Bl.(") in a special case:

Example 5.8. Let us assume that we are in the special situation that for a given C™, we have
that C is of the following form:

CM(x,y) = B™(x, y)CYN(x, ),

and ™ : n7'Z¢ x n7'Z¢ — R satisfies B (x, y) = —B"(y, x) for every x,y € n='Z4. In
that case, it holds for z € n~17Z¢:

B =n (H" @ +ei/n. )+ H"(z.2))
=n (P4 (z 4 €;/n, 2)C (2 + € /n, 2)
— PN (2, 2+ e /n)CV(z, 2 + e /) Y
=2C"(z + ei/n, z)
=nB"(z+ei/n,2).

Theorem 5.9 (Concrete Approximation). Let a; j : R?Y — R be uniformly elliptic and bounded
and let b; : R — R with |b;|> € L(R?) for some 6 € (£, 00]. Let (£, H'(RY)) defined in
(5.7) be the associated lower-bounded semi-Dirichlet form and X be the associated Markov
process.

Then, there exists a sequence (C'™) satisfying Assumption 1 with a;, j» bi such that (K1),
(K2), (C-Tail0), (Poinc), (Sob) hold true with & = 2 and 6. Furthermore, X™ dominates the
NNRW in the sense of (5.4) and is of bounded range.
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As a consequence, for each T > 0, x € R? and (x,) C n~'Z% with x, — x the P*-laws
of the continuous time Markov chain (X,(")),E[O,T] corresponding to (E™, L>(n~'Z4)) weakly
converge to the P*-law of (X,),cj0.1] with respect to the topology of D([0, T1; RY).

Proof. The proof can be seen as an extension of Theorem 5.5 in [23] in the sense that we
allow for the existence of an additional first order drift term. The idea of proof is the same.

We define r, = |n'"?|/n € n~'Z, for some B € (0,1). Then r,Z¢ C n~'Z?. For
X0 € r,Z°¢ we define the cube

O(xo,ra) = {y € R : 0 < min(y; — (x0);) < max(y; = (x0)i) < 72}.

Clearly, the set of all cubes Q(xo, r,) covers the full space R¢ and all cubes are pairwise
disjoint. Then, we set for y € R¢

(")(Y) Z <][ ai,j(Z)dZ) L ooy (P)s
0(xq,rn)

xoernZ4

b (y) = Z <][ bi(Z)dZ> Loy (¥)-
O(x0.7n)

xo€rnZ4

Moreover, (ai(,"]?(y)) is uniformly elliptic and bounded by ||a; ;|l«. By Jensen’s inequality and
the construction of the sets Q(xg, r,,):

26
N6 1 = / (][ bi(z)dz> dy
L R) Z Q(anrn) Q(XOvrn)

XQ€Ern 74
][ / 1bi(2) P dedy (-10)
O(xp,rn) J O(xq,rn)

LO(RY)"

IA

xoernZ4
2
= 1571

b(")

Therefore ||a§".) - aij||L1 (®d) 0, |Ib; m pm

b; ||L1 (R:H 0. Furthermore, q, b
piecewise constant functlons in the sense that a(") (x) = a(")([x],n) b(")(x) b(") ([x],n) for
every x € n~'Z?. Note that it remains to find C(") such that ||F(") - a(")||L1 @) — 0and
||B(") - b(")||L1 (R 0 in order to verify Assumption 1.
Let us now define C™ according to the procedure laid out in [23] such that I F;; " _

,’ j || L (Rd) — 0 holds true. Note that from the construction in [23] (Theorem 5.5), it follows
that (C-TailO) is satisfied with o = 2, C‘E”) is of bounded range (C = 2) and there exists € > 0
such that for every n € IN: C‘E”)(x, y)y>eif |x —y| = % Since (Poinc) and (Sob) are satisfied
for 81(\71)\, (see l[4,40]), it follows by (5.4) that (Poinc) and (Sob) also hold true for .6 with

a=2,0=ﬂ.

It remains to find an antisymmetric sequence of weights C™ such that the kernel C® =
C™ 4+ C™ satisfies assumptions (K1), (K2) and || B" —b" I3 ey = 0. We make the choice

C(x, y) = B, YINN(x, Y) L1500 yy1<e) X ¥,
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and B : n7'Z¢ x n7'Z¢ — R satisfies B (x, y) = —B™(y, x) for every x,y € n~'Z<.
According to (5.9):
—1rzd
Bi(n)(z) = nﬁ(”)(z +e;/n, Z)]]-“ﬂ(n)(ergl-/n,z)|§g}(z +ei/n,z), zen Z°.
We define

bE")(x)/n, ifdxgen'Z¢3ie{l,...,d}: x, y € Q(xo, 1),
x=y+e/n,
BW(x,y) = —bl(")(x)/n, ifIxgen'Z¢ 3 c{l,...,d} :x,y € Qxo, 1),
y=x+ei/n,
0, else.

Note that since b?") is piecewise constant, 8 ™ is indeed antisymmetric. Furthermore, it follows:

(n)
B = |7 Doz @
' , else.

if 2,7+ ¢;/n € Q(xo, r,) for some xq € r,Z¢,

Note that by definition of bf-") and since |b;|* € LY(RY), there is ny € IN such that for every
n > ng it holds that ||B[(")||<>O < ne for every i. We define Q;(xo,7,) = {z e n™'Z¢ : 7,7+
ei/n € Q(xo, ra)} and BQ;(xo, rn) = Q(xo, ra)\ Qi(Xo, ). Note that | BQ;(xo, )| = rf~'n~1.
Consequently, for each compact set K C R¢ and n > ny it holds by (5.10):

-4

20

/ |B{"(z) — b (2)ldz < 16| 20, U BQi(x0. 1)
K x0€mZ4:Q;(xo.ra)CK
—dyd—1,—1\11" 2
< ||bi||L29(K) [C(K)rn (r, " 'n )] 2

1
1 K) ]\
= 182 [ oK) } =0,

LK) | | n1-A]
where we used that the number of rectangles Q;(xo, 7,) that are contained in K can be bounded
by c(K)r; 4, where ¢(K) > 0 is a constant depending on the diameter of K, only. It follows
that || B"™ — b,?”)nLll (md) — 0, as desired.
Furthermore (K2) is satisfied by construction with D = % In order to prove that (K1) holds
true with 6, we estimate for n € IN, x € n~'7Z¢:

2 2
Y GG _ 3 ICM(x, )
c(x,y) c(x,y)

yen—1zd yen*lZd:\x—”:%
L p™ o’

2 2z b )l Oy

<n Y. B =c@bw

yen—17Zd:|x—y|=1

n

for some ¢ = c(¢) > 0. This implies

2
ICIC, ) -8 -4
Y W < c@NGM N o120y < @Bl o gay Ln' P77
yen—lzd $ Y LO(n—174)

This proves the desired result. [
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Finally, we present a much simpler direct proof of Theorem 5.9 in the case that the drift b
is of the form b(x) = V'V (x) for a suitable function V € C'(R9).

Example 5.10 (Concrete Approximation: b = VV). Assume that b = VV for some V €
C'(RY) N L¥(R¥) for some 6 € (£, 00] and a; ; as before. Choose again C™ as in [23] and
let & > 0 be such that C™(x, y) > ¢ for every x,y € n='Z¢ with |x — y| = 1/n. Now, we
can set

CP(x,y) = (V(x) = VOINN G, M Lveo-vii<e) (X, ¥),

and define C™ = C™ + C. We claim that this choice of weights C™ gives rise to a form
EM with associated Markov chains (X ,("))te[oﬂ whose P -laws weakly converge towards the
P*-law of (X,)e[0,7], Which is associated to £ given as in (5.7) for every (x,) C n~'7, x e R?
with x, — x and every T > 0.

In fact, one way to see this is to apply Theorem 5.7 as a black box, using the same line of
arguments as in the proof of Theorem 5.9 to verify the assumptions. Indeed for large enough
n, according to (5.9):

B"(2) =n(V@z+e/n) = V(@) = V"V(@), zen'Z,

from where one can directly read off that C satisfies Assumption 1. (K1), (K2), (C-Tail0),
(Poinc), (Sob) are immediate.

However, for this special case one can conveniently reprove Theorem 5.7, simplifying some
arguments along the way. Let us demonstrate how to obtain (5.8). We compute for large enough
n:

c™

EMC u,, Ry =201 Y 3" (un(x) — un(0)E(V(x) = V()N N(x, y)

xen=174d yen—174

d
=1V u,(x)g(x) V"V (x)

i=1
d

+n Z Vi(")un(x — ei/n)g(x)V[(n)V(x —e;i/n)
i=1

— 2/ 0 H(x)g(x)o; V(x)dx.
R4

The convergence can be justified by similar arguments as in the proof of Theorem 5.7.

5.2. Approximation of nonlocal forms

In this section, we assume that (K1), (K2), (Poinc), (Sob), (C-Tail0), (C-Tailoo) hold true
with « € (0,2), 0 >0 and 0 € (g, o0]. Moreover, we assume that

cm . 2
sup [n* Y l()(—y” 0, as r \,0, (5.11)
nel = JO(, y)

yen—'Z4%:|-—y|<r LO(Qnn—174)

for every compact set 2 C RY. We will demonstrate at the end of this section that these
assumptions are naturally satisfied for a huge class of weights by providing some examples.
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In this case, the limiting form will be governed by a jumping kernel K : RY x R? — [0, oo]
and therefore be of nonlocal type. K will be determined through the following property:

Assumption 2. There exists K : R? x R¢ — [0, co] such that
/ [, ynTC([xly, [yln)dydx — f S, MK (x, y)dydx (5.12)
K K
for every compact set K C RY x R? \ diag, f € C(K). Moreover K satisfies

sup | (LA Lx = y)Ks(x, 1)dy <00, 010, < CER (@, v), Yo € LARY),
xeR4d /IR

/ |Ka<-,y)|2d
— a4y
R4 J(a )’)

for some C > 0 and some symmetric jumping kernel J and for every ball B C R<.

(5.13)

<00, &, v)<CEF(,v), YveLXB), (5.14)
LO(R9)

In analogy with the discrete case, we set K (x,y) = %(K(x, y)+ K(y,x)), Ko(x,y) =
%(K(x, y) — K(y, x)). Note that Assumption 2 is sufficient for (£, V(RY|R%)) defined by

E(f,g)=2/ f(f(X)—f(y))g(X)K(x,y)dydx (5.15)
R4 JRA

to be a regular lower-bounded semi-Dirichlet form on L*(R¢) with
VARRY) = {v e L*RY) : (v(x) — v(y)K,(x, y) € LR’ x RY)}

and having Céip (R%) as a core (see [48]). Moreover, (5.14) is a continuous version of (K1).

We refer the reader to the proof of Theorem 5.13 for the construction of a sequence C™,
satisfying (5.12) given a suitable kernel K. For a discussion of examples satisfying (5.13) and
(5.14), we refer the reader to [38, Section 8].

Remark 5.11. Note that (5.12) implies that for every sequence (f,,), f C C(K) with f, — f
uniformly on K:

/K Fu(e, I CO([x],, [y])dydx — /K fx, MK (x, y)dydx.

We present the following analog of Theorem 5.7 in the case o € (0, 2):

Theorem 5.12 (Functional Central Limit Theorem). Assume that (K1), (K2), (Poinc), (Sob),
(C-Tail0), (C-Tailoo) hold true with o € (0,2), 0 > 0 and 6 € (g, 00]. Moreover, assume that
there is K such that Assumption 2 holds true. Let (x,) C n='Z4, x € R with x, — x and
T > 0. Then, the P*-laws of (Xﬁ'”),em,n converge weakly, with respect to the D([0, T]; RY)-
topology to the P*-law of (X;):ej0,1), where (X, P*) is the Markov process corresponding to
the form (€, V(R?|RY)).

Proof. The proof uses the same ideas as in [8,36]. We need to verify properties (a), (b) from
Theorem 5.2. Let f € C.(RY), g € Cf-'p(]Rd), (n;) C IN. We denote u,; = Uk(nj)R“'f)f and
H = lim;_. E(”f)unj (see Theorem 5.1(i)), where the convergence holds true uniformly on
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compacts. As in the proof of Theorem 5.7, we assume for simplicity that already (E™u,),
converges to H.

First, we infer from Garding’s inequality for £™ (see (2.10)) and (2.19) that the family
& (")'Cin)(u,,, u,)), is uniformly bounded. In order to prove that H € V(R?|R%), we proceed
similar to [8]. By Assumption 2 and equicontinuity of (u,), (see Corollary 3.6), as well as the
convergence E™u, — H, we obtain for every compact set {2 C R?

/ / (H(x) — HO)K, (x, y)dydx
0 Jn{y:N~1<|x—y|<N}

_ / [ (H(x) — H(»)2K (x, y)dydx
2 Jn{y:N~1<|x—y|<N}

. a—d _ 2 ~(n)
< lim n** )" > (Un(x) = un(M)*C"(x, y)
xen=124 yen=17Z4:N=1 <|x—y|<N
= lim sup n®~¢ (1t (x) — U (¥))’CP(x, y)
! Y% wres

xen—1z4d yen_lZd:N_1 <|lx—y|<N

< lim sup 8(")’63('”) (U, u,) < 0o.
n—00
Therefore, by taking N /' oo, and approximating 2 /' R, we obtain that £Xs(H, H) < oo.
As H € L*(R%) is an immediate consequence of the convergence E™u, — H and (2.19), we
infer that indeed H € V(R?|RY).
It remains to prove that there exists a subsequence (ny) C IN such that £ (u,,, R"g) —
E(H, g). We observe that for every N > 1:

2w N > (U () = n (y)EX)C ™ (x, y)
xen=174 yen=174:N=1=|x—y|<N
- (H(x) — H(y)g(x)K (x, y)dydx,
R4 J{N-1<|x—y|<N}
which is due to Assumption 2 and the fact that (u,,) is equicontinuous and equibounded by (i)
of Theorem 5.1 and converges to H uniformly on compacts.
It remains to show that the quantities

/ / (H(x) — H(y)gx)K (x, y)dyda, (5.16)
R? JRIN(y:|x—y|IN~1,N]}

2w N > (Un(x) = un(y)EE)C™(x, y) (5.17)
xen=1Zd yen—174:|x—y|g[N~1,N]
can be made arbitrarily small by choosing N large enough. For (5.16) this immediately
follows from EX(H, H) < oo and (5.14). In order to estimate (5.17), we denote K™ =
supp(g) Nn~'Z< and let M > 0 such that {x € n~'Z : dist(x, K™) < N~'} ¢ B%. On the
one hand,

2N D @) = un(NECM(x, y)

xeK®™ yen—17d:|x—y|>N

1/2
w 172

< 1€ (1) (gl 2k, | 0 sup > "y
XEK<n)V\'En’lZ‘1:|x—_\r|>N

_ Q]
< N7 PED T wy, un) P gl 2 gy

275



M. Weidner Stochastic Processes and their Applications 158 (2023) 238-281

where ¢y, ¢, > 0 are constants, and we used (C-Tailoo) in the last step. Note that the quantities
() . .
EMC (uy, uy) and ||gll 2w, are uniformly bounded in n. On the other hand,

2 Y ) — un()C(x, y)
xen—17Z4 y:|x—y|<N~—!

=n*"0 3 (ua(x) — un(y)(E(x) — gICT(x, y)

xen=174 y:|x—y|<N-!

<D )t [0 Y (g — (0)PCP . )

xeB\Y yilx—yl<N~!

() 1 1
< € U, un) 2 | Vgl ooyt P By [ 1 sup Y x — yPCP(x, y)

x€By yilr—yl <N~
_ (n) 1 1
< esNCTP2EDC 1) Vgl ooyt (B2
where c3, ¢4, cs > 0 are constants, and we applied (2.5) in the last step. Again, this quantity

can be made arbitrarily small by choosing N large since M-S (4, uy) and w™(B\Y) are
bounded in n. Finally, the contribution of Cfl") to (5.17) can be estimated as follows:

277 3TN () — (1)) NCPx, y)

xen=17Zd y:|x—y|<N-!

1/2
) 2
(n) 1/2 — 2 |C (x, )’)|
<™y u) P [0 YT Y g (X)—J“(n)(x )
xeK®™ y:x—y|<N—1 4
e
(n ICOC, p)
(n).Cs 12 , o Pa W1
< € gy ) PN o oy |1 Y 7 )
yi|-—y|<N—1 LO(Km)

for cg, c; > 0. The right hand side can be made arbitrarily small by taking N large due to
n)
(5.11) and by uniform boundedness of 5(”)’C§ (un, uy) and ||g||L29/(K(n)) in n.
Consequently, the quantity in (5.17) can be made arbitrarily small and we conclude the
proof. [

We define |h|,, = maxe(i,.. q)|hi|l. As in the previous subsection, we provide a result
on concrete approximation of a given process in the nonlocal case. These processes can
be regarded as «-stable like processes with a nonlocal drift term. We refer to [38] for a
more detailed discussion of the corresponding generator and its associated bilinear form. For
simplicity, we consider only the special case, where K (x, y) < |x — y|~¢~. However, note that
an extension to more general kernels is straightforward provided that Sobolev — and Poincaré
inequalities hold true for K and are inherited to C™.

Theorem 5.13 (Concrete Approximation). Let o € (0,2), 0 € (g, 00], and K : R? x R —
[0, oo] be such that there exist A, C > 0 with

A =y < K(x,y) < Alx —y|™7%, Vx,y e R? (5.18)
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|Ka, )P |KaC )P
—dy — - dy
R4 KS('s y) RAN{y:|-—y|<r} Ks('v y)
(5.19)

Let (£, HY*(RY)) defined in (5.15) be the associated regular lower-bounded semi-Dirichlet
form on L%(R?Y) and X be the associated Markov process. Then, there exists a sequence (C™),
satisfying Assumption 2 with K such that (K1), (5.11), (K2), (C-Tail0), (C-Tailoo), (Poinc),
(Sob) hold true with a, o = 2+/d and 6.

As a consequence, for each T > 0, x € R? and (x,) C n~'Z? with x, — x the P*-laws
of the continuous time Markov chain (X,("))IE[OYT] corresponding to (E™, L>(n~'Z4)) weakly
converge to the P*-law of (X;):c(0.1] with respect to the topology of D([0, T, RY).

<C, —0asr\ 0.

LO(R4) L(R4)

Proof. We define for x, y € n174:

CP(x,y) =4"n'" / / K(w, 2)dwdzLy = 2(x, ).
{lx—wloo 2,,} {ly—zleo 2"}

It remains to verify assumptions (K1), (K2), (C-Tail0), (C-Tailoo), (Poinc), (Sob), (5.11) and
Assumption 2 for C™. Then the assertion follows from Theorem 5.12.
We denote B (x) :={z e n™'Z : |x — 7|, < 5-} and observe that for |x — y|,, > 2:

n
C(x,y) = 4dn_d_°‘][ " ][(n) K (w, z)dwdz,
Boo (x) Y Bog' ()

CP(x,y) = 4dﬂ7d7“][ ][ K, (w, 7)dwdz.
L0 B
Then, we easily see that by (5.18) there exist c1, ¢, > 0:
2
cilnx — nyl’d’“ < Ci’l)(x, y) < calnx — ny|’d’°‘, Vx,y € n'z4 s |x — Ve > —-
n
From here, one can prove that (Poinc), (Sob) hold true with o = 4+/d. Moreover, (C-Tail0),

(C-Tailoo) are immediate upon noticing that Cs(”)(x, y) = 0, whenever [x — y|,, < % (K1) can
be proved as Proposition 2.14 in [43], estimating for every x € n~'Z:

n* Z M <nd Z (JCB(’”(x) )[B(")( ) Ka(w, Z)dwdz)
(n) —=
yen—17d Cy ' (x,y) yen—174 (J[B(n)(x) JCB(”)@) K (w, z)dwdz )

][ ][ |Kq(w, )| Z)| wdz
en1zd W) J BE () K(w Z)

][ / 1Ko, 2)?
dwdz.
Wy Jre K, CK,(w,z)

Here, we used (5.19). Therefore, by Jensen’s inequality

g el Katw, P\
D D P DR fo |
xen—lzd yen—174d G (x,y) xen— 1Zd B (x) JR Ks(w, Z)
Ko, 2, \’
w,
< c/ / LA N2 W dz,
Rre \Jre Ks(w,2)
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which yields (K1). Analogously, one verifies (5.11). As assumption (K2) is immediate from
(5.18), it remains to check Assumption 2. Note that by the proof of Theorem 2.3 in [36] it
follows that C™ — K in L'(K) for every K C (RY x R¥) \ diag compact. Their arguments
do not require symmetry of C™ or K. Therefore, (5.12) holds true and Theorem 5.12 is
applicable. [J

We end this section with an example, demonstrating what kind of weights (C™) are
admissible for Theorem 5.12.
Example 5.14. Consider the sequence (C™), defined by
C(x,y) = gy (e my)ln — xy |77 = =g ux iy =y
e, y) = n= g, my) (1x = ¥ P L yn )+ Ix = 3T Ly )
where gf") c 74 x 78 — [—M;, M;] for some M; > 0,i € {1,2}, and 0 < 2B <a <2y <2,

such that g (x, y) = ¢! (y,x) > 0 and g5"(x, y) = —gy"(y, x) and C™ > 0.
It is well-known that (Poinc), (Sob), (C-Tail0), (C-Tailoo) hold. Moreover, (K1) is satisfied:

(n) 2 2
ey 1Ca" (x, y)| SMz(nzﬂ‘“ S ) e 3 |nh|—d—(2y—a))

(n) M
yen—174d G (x,y) ! hen=1Z4d:|h|<1 hen=1Z4d:[h|>1

2
aMy [ 5y —d+@—=28) | 2y—a —d—Qy—a)
= (n > inl +n > Il

heZd:|h|<n heZd:|h|>n

< <00,

where cj,c; > 0 are constants. Note that (5.11) can be deduced from the following
computation:

() 2 2
e Z |CV(x, ¥ SCIM2n2ﬂfa Z h|H@28) < 2B 0 <y <
CcM(x, y) M,

yilx—yl<r heZd:|h|<nr

for some c¢3 > 0.

Example 5.15. A similar computation as before yields (K1) for C™ given by
C(x, y) = g™ (nx, ny)lnx —ny| =7,
Cx, y) = (V) = V(y)lnx = ny| ™ Loy <y (x, y),

where g™ : n7'Z¢ x n7'Z¢ — [A, Al for some 0 < A < A < o0, V e CY(R?), where
y > a/2, and C™ > 0. Indeed, write 8 := o — y < «/2, and note that

—d—
G0 ) < elx = yI7 Inx = ny |7 Ty <p(x, )
< cnﬁ_"‘|nx — ny|_d_ﬂl{‘x,y|§1}(x, y),
where ¢ > 0 is some constant. From here, one inserts the same computation as in the previous
example and obtains (K1).
Declaration of competing interest

The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.

278



M. Weidner Stochastic Processes and their Applications 158 (2023) 238-281

Acknowledgments

The author would like to thank Moritz Kassmann for helpful discussions.

Funding

The author gratefully acknowledges financial support by the German Research Foundation
(GRK 2235 - 282638148). The author has received funding from the European Research
Council (ERC) under the Grant Agreement No. 801867.

References

(1]
(2]

[3]

(4]

[3]

(6]

(71

(8]

[
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

David Aldous, Stopping times and tightness, Ann. Probab. 6 (2) (1978) 335-340.

S. Andres, M.T. Barlow, J.-D. Deuschel, B.M. Hambly, Invariance principle for the random conductance
model, Probab. Theory Related Fields 156 (3—4) (2013) 535-580.

Sebastian Andres, Jean-Dominique Deuschel, Martin Slowik, Invariance principle for the random conductance
model in a degenerate ergodic environment, Ann. Probab. 43 (4) (2015) 1866—1891.

Martin T. Barlow, Random Walks and Heat Kernels on Graphs, in: London Mathematical Society Lecture
Note Series, vol. 438, Cambridge University Press, Cambridge, 2017.

Martin T. Barlow, Richard F. Bass, Zhen-Qing Chen, Moritz Kassmann, Non-local Dirichlet forms and
symmetric jump processes, Trans. Amer. Math. Soc. 361 (4) (2009) 1963-1999.

Richard F. Bass, Moritz Kassmann, Takashi Kumagai, Symmetric jump processes: localization, heat kernels
and convergence, Ann. Inst. Henri Poincare 46 (1) (2010) 59-71.

Richard F. Bass, Takashi Kumagai, Symmetric Markov chains on Z? with unbounded range, Trans. Amer.
Math. Soc. 360 (4) (2008) 2041-2075.

Richard F. Bass, Takashi Kumagai, Toshihiro Uemura, Convergence of symmetric Markov chains on 74,
Probab. Theory Related Fields 148 (1-2) (2010) 107-140.

Marek Biskup, Recent progress on the random conductance model, Probab. Surv. 8 (2011) 294-373.

Marek Biskup, Xin Chen, Takashi Kumagai, Jian Wang, Quenched invariance principle for a class of random
conductance models with long-range jumps, Probab. Theory Related Fields 180 (3) (2021) 847-889.

Filip Bosnic, Models of degenerate random conductances with stable-like jumps, 2020.

Luis A. Caffarelli, Panagiotis E. Souganidis, L. Wang, Homogenization of fully nonlinear, uniformly elliptic
and parabolic partial differential equations in stationary ergodic media, Comm. Pure Appl. Math. 58 (3) (2005)
319-361.

Xin Chen, Zhen-Qing Chen, Takashi Kumagai, Jian Wang, Homogenization of symmetric jump processes in
random media, Rev. Roumaine Math. Pures Appl. 66 (1) (2021) 83-105.

Xin Chen, Zhen-Qing Chen, Takashi Kumagai, Jian Wang, Homogenization of symmetric stable-like processes
in stationary ergodic media, SIAM J. Math. Anal. 53 (3) (2021) 2957-3001.

Xin Chen, Zhen-Qing Chen, Takashi Kumagai, Jian Wang, Periodic homogenization of nonsymmetric
Lévy-type processes, Ann. Probab. 49 (6) (2021) 2874-2921.

Zhen-Qing Chen, Panki Kim, Takashi Kumagai, Discrete approximation of symmetric jump processes on
metric measure spaces, Probab. Theory Related Fields 155 (3—4) (2013) 703-749.

Zhen-Qing Chen, Takashi Kumagai, Heat kernel estimates for stable-like processes on d-sets, Stochastic
Process. Appl. 108 (1) (2003) 27-62.

Xin Chen, Takashi Kumagai, Jian Wang, Random conductance models with stable-like jumps: heat kernel
estimates and Harnack inequalities, J. Funct. Anal. 279 (7) (2021) 108656, 51.

Xin Chen, Takashi Kumagai, Jian Wang, Random conductance models with stable-like jumps: quenched
invariance principle, Ann. Appl. Probab. 31 (3) (2021) 1180-1231.

Zhen-Qing Chen, Takashi Kumagai, Jian Wang, Stability of heat kernel estimates for symmetric non-local
Dirichlet forms, Mem. Amer. Math. Soc. 271 (1330) (2021) v+89.

Alberto Chiarini, Jean-Dominique Deuschel, Invariance principle for symmetric diffusions in a degenerate and
unbounded stationary and ergodic random medium, Ann. Inst. Henri Poincare 52 (4) (2016) 1535-1563.
Thierry Delmotte, Parabolic Harnack inequality and estimates of Markov chains on graphs, Rev. Mat. Iberoam.
15 (1) (1999) 181-232.

279


http://refhub.elsevier.com/S0304-4149(23)00009-1/sb1
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb2
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb2
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb2
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb3
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb3
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb3
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb4
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb4
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb4
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb5
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb5
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb5
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb6
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb6
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb6
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb7
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb7
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb7
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb8
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb8
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb8
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb9
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb10
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb10
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb10
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb11
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb12
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb12
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb12
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb12
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb12
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb13
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb13
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb13
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb14
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb14
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb14
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb15
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb15
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb15
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb16
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb16
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb16
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb17
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb17
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb17
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb18
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb18
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb18
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb19
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb19
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb19
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb20
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb20
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb20
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb21
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb21
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb21
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb22
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb22
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb22

M. Weidner Stochastic Processes and their Applications 158 (2023) 238-281

[23]
[24]
[25]

[26]

[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]

[40]

[41]

[42]
[43]

[44]

[45]

[46]

[47]

[48]

Jean-Dominique Deuschel, Takashi Kumagai, Markov chain approximations to nonsymmetric diffusions with
bounded coefficients, Comm. Pure Appl. Math. 66 (6) (2013) 821-866.

Matthieu Felsinger, Moritz Kassmann, Local regularity for parabolic nonlocal operators, Comm. Partial
Differential Equations 38 (9) (2013) 1539-1573.

Matthieu Felsinger, Moritz Kassmann, Paul Voigt, The Dirichlet problem for nonlocal operators, Math. Z.
279 (3-4) (2015) 779-809.

Franziska Flegel, Martin Heida, The fractional p-Laplacian emerging from homogenization of the random
conductance model with degenerate ergodic weights and unbounded-range jumps, Calc. Var. Partial Differential
Equations 59 (1) (2020) Paper No. 8, 39.

Franziska Flegel, Martin Heida, Martin Slowik, Homogenization theory for the random conductance model with
degenerate ergodic weights and unbounded-range jumps, Ann. Inst. Henri Poincare 55 (3) (2019) 1226-1257.
Masatoshi Fukushima, Toshihiro Uemura, Jump-type Hunt processes generated by lower bounded
semi-Dirichlet forms, Ann. Probab. 40 (2) (2012) 858-889.

Alexander Grigor’yan, Jiaxin Hu, Off-diagonal upper estimates for the heat kernel of the Dirichlet forms on
metric spaces, Invent. Math. 174 (1) (2008) 81-126.

Alexander Grigor’yan, Jiaxin Hu, Upper bounds of heat kernels on doubling spaces, Mosc. Math. J. 14 (3)
(2014) 505-563,641-642.

Alexander Grigor’yan, Eryan Hu, Jiaxin Hu, Lower estimates of heat kernels for non-local Dirichlet forms
on metric measure spaces, J. Funct. Anal. 272 (8) (2017) 3311-3346.

Alexander Grigor’yan, Eryan Hu, Jiaxin Hu, Two-sided estimates of heat kernels of jump type Dirichlet forms,
Adv. Math. 330 (2018) 433-515.

Alexander Grigor’yan, Jiaxin Hu, Ka-Sing Lau, Heat kernels on metric spaces with doubling measure, in:
Fractal Geometry and Stochastics IV, in: Progr. Probab., vol. 61, Birkhduser Verlag, Basel, 2009, pp. 3—44.
Alexander Grigor’yan, Jiaxin Hu, Ka-Sing Lau, Estimates of heat kernels for non-local regular Dirichlet forms,
Trans. Amer. Math. Soc. 366 (12) (2014) 6397-6441.

Masayuki Horie, Tadataka Inuzuka, Hiroshi Tanaka, Homogenization of certain one-dimensional discontinuous
Markov processes, Hiroshima Math. J. 7 (2) (1977) 629-641.

Ryad Husseini, Moritz Kassmann, Markov chain approximations for symmetric jump processes, Potential
Anal. 27 (4) (2007) 353-380.

M. Kassmann, A. Piatnitski, E. Zhizhina, Homogenization of Lévy-type operators with oscillating coefficients,
SIAM J. Math. Anal. 51 (5) (2019) 3641-3665.

Moritz Kassmann, Marvin Weidner, Nonlocal operators related to nonsymmetric forms I: Holder estimates,
2022, arXiv:2203.07418.

Moritz Kassmann, Marvin Weidner, Nonlocal operators related to nonsymmetric forms II: Harnack inequalities,
2022, arXiv:2205.05531.

Takashi Kumagai, Random Walks on Disordered Media and their Scaling Limits, in: Lecture Notes in
Mathematics, vol. 2101, Springer, Cham, 2014, Lecture notes from the 40th Probability Summer School held
in Saint-Flour, 2010, Ecole d’Eté de Probabilités de Saint-Flour. [Saint-Flour Probability Summer School].
Zhi Ming Ma, Michael Rockner, Introduction to the theory of (nonsymmetric) Dirichlet forms, in: Universitext,
Springer-Verlag, Berlin, 1992.

Pierre Mathieu, Carne—Varopoulos bounds for centered random walks, Ann. Probab. 34 (3) (2006) 987-1011.
Ante Mimica, Nikola Sandri¢, René L. Schilling, Markov chain approximation of pure jump processes, Acta
Appl. Math. 158 (2018) 167-206.

Hirofumi Osada, Homogenization of diffusion processes with random stationary coefficients, in: Probability
Theory and Mathematical Statistics (Tbilisi, 1982), in: Lecture Notes in Math., vol. 1021, Springer, Berlin,
1983, pp. 507-517.

Yoichi Oshima, Semi-Dirichlet Forms and Markov Processes, in: De Gruyter Studies in Mathematics, vol. 48,
Walter de Gruyter & Co., Berlin, 2013.

G.C. Papanicolaou, S.R.S. Varadhan, Boundary value problems with rapidly oscillating random coefficients,
in: Random Fields, Vol. I, IT (Esztergom, 1979), in: Colloq. Math. Soc. Janos Bolyai, vol. 27, North-Holland,
Amsterdam-New York, 1981, pp. 835-873.

L. Schilling René, Toshihiro Uemura, Homogenization of symmetric Lévy processes on R?, Rev. Roumaine
Math. Pures Appl. 66 (1) (2021) 243-253.

René L. Schilling, Jian Wang, Lower bounded semi-Dirichlet forms associated with Lévy type operators, in:
Festschrift Masatoshi Fukushima, in: Interdiscip. Math. Sci., vol. 17, World Sci. Publ., Hackensack, NJ, 2015,
pp. 507-526.

280


http://refhub.elsevier.com/S0304-4149(23)00009-1/sb23
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb23
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb23
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb24
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb24
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb24
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb25
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb25
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb25
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb26
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb26
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb26
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb26
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb26
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb27
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb27
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb27
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb28
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb28
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb28
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb29
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb29
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb29
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb30
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb30
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb30
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb31
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb31
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb31
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb32
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb32
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb32
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb33
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb33
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb33
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb34
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb34
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb34
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb35
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb35
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb35
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb36
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb36
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb36
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb37
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb37
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb37
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2203.07418
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://arxiv.org/abs/2205.05531
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb40
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb40
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb40
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb40
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb40
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb41
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb41
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb41
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb42
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb43
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb43
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb43
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb44
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb44
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb44
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb44
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb44
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb45
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb45
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb45
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb46
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb46
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb46
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb46
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb46
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb47
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb47
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb47
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb48
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb48
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb48
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb48
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb48

M. Weidner Stochastic Processes and their Applications 158 (2023) 238-281

[49] Russell W. Schwab, Stochastic homogenization for some nonlinear integro-differential equations, Comm. Partial
Differential Equations 38 (2) (2013) 171-198.

[50] Daniel W. Stroock, S.R. Srinivasa Varadhan, Multidimensional Diffusion Processes, in: Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 233, Springer-Verlag,
Berlin, New York, 1979.

[51] Daniel W. Stroock, Weian Zheng, Markov chain approximations to symmetric diffusions, Ann. Inst. Henri
Poincare 33 (5) (1997) 619-649.

[52] Fangjun Xu, Markov chain approximations to singular stable-like processes, Statist. Probab. Lett. 83 (3) (2013)
790-796.

281


http://refhub.elsevier.com/S0304-4149(23)00009-1/sb49
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb49
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb49
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb50
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb50
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb50
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb50
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb50
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb51
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb51
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb51
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb52
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb52
http://refhub.elsevier.com/S0304-4149(23)00009-1/sb52

	Markov chain approximations for nonsymmetric processes
	Introduction
	Outline

	Preliminaries
	Main assumptions
	Probability and PDEs
	Semigroups and heat kernels
	Resolvent operators


	Regularity properties of solutions
	Regularity and weak Harnack inequality
	Weak parabolic maximum principle

	Tightness
	Convergence
	Approximation of strongly local forms
	Approximation of nonlocal forms

	Declaration of Competing Interest
	Acknowledgments
	References


