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‘We shall see that this is the case of many interesting problems
in Harmonic Analysis.
© 2023 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

Let {Ty}p be a family of operators indexed in a probability measure space such that
Ty : LN (R™) — LY°(R™) (1.1)

with norm less than or equal to a uniform constant C'. What can we say about the
boundedness of the average operator

Taf(x) = / Tyf(z)dP(9), = €R",

whenever is well defined? The following trivial example shows that, at first sight, nothing
of interest can be concluded: for 0 < 0 < 1, set

_ fol f(y)dy

Tof(x) - |J; — 9| ’ HAAS (07 1)7

so clearly Tp satisfies (1.1), but

1

TAf(x) = /Tgf(x)d@ = 00, Vr € (O, 1).
0

However, things change completely, and this is one of the main goals of this paper, if
we assume that

Ty : L'(u) — L¥>®(u),  Yu€ Ay,

where A; is the class of Muckenhoupt weights defined as follows: we say that u € A if u
is a nonnegative locally integrable function (called weight) so that there exists a positive
constant C' such that

Mu(z) < Cu(x), a.e. ¢z € R",

where M is the Hardy-Littlewood maximal operator defined by

_ i 1 n
Mf(.’E) _Zglf; |Q‘ Q/|f(y)|dy7 fELIOC([R )v
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with the supremum being taken over all cubes @@ C R™ containing x € R™. We denote by
|lull 4, the least constant C' satisfying such inequality. Besides, it is wellknown ([5,29])
that

M:L'(u) — LY°(u) <<= u€ A,
with ||M|‘Ll(u)_>L1,oo(u) < C’||u||A1
Let us start with a very simple and motivating example. Let m be a bounded variation

function on R that is right-continuous and normalized by the condition m(—o0) = 0.
Then,

3
mo:/dmw:/mﬂmwmmw:/mWﬁmmm VEER,

R R

where dm is the Lebesgue-Stieltjes measure associated with m and it is a finite measure.
Hence, if we consider the Fourier multiplier operator

/m 2””5d§, z € R,
for every Schwartz function f, where

(O:/ﬂ@f%MM, ¢eR,

is the Fourier transform of the function f, a formal computation shows that

x) = /Htf(:c)dm(t), Vo € R,
where

Hyf(x) = Ty, ., f(2) / fOPmitde,  zeR.

Now, H, is essentially a Hilbert transform operator (recall that H f = T,,, f with m(&) =
—isgn &) because

sgn(§ —t)+1

R.
5 , V¢ €

X(t,00) (&) =

Thus, since



4 S. Baena-Miret, M.J. Carro / Journal of Functional Analysis 284 (2023) 109902

H,:LP(R) — LP(R),  Vp>1,

we have, using the Minkowski’s integral inequality and the density of the Schwartz
functions on LP(R), that every right-continuous bounded variation function is a Fourier
multiplier on LP(R) for every p > 1. However, even though we also have

H,: LY(R) — L“*(R),

we cannot deduce (at least not immediately) that the same boundedness holds for T,
due to the lack of the Minkowski’s integral inequality for the space L1>°(R).
The main theorem of this paper will show that since

Hy: LMu) — LY(u),  e(llulla),  Yue Ay,

with ¢ being a nondecreasing function on [1,c0) and independent of ¢t € R, then for every
measurable set £ C R",

T x el ) < C(m)e(Callulla,) (1 + log [[ul|a, )u(E),  Vu € A

The result will be proved using an extended version of the Rubio de Francia’s extrapo-
lation theorem which deals with the theory of Muckenhoupt weights (see Theorem 1.1).
Other interesting applications will be given in Section 4.

Let us now recall (see [5,29]) that for p > 1,

M : LP(v) — LP(v) = vE A,
where this class of weights is defined by the condition

p—1
vlla, = QS&EH <%|/v(a:) dx) <ﬁ/v(x)llp dm) < 00,

Q Q

and, given a weight v, LP(v) is the Lebesgue space defined as the set of measurable
functions f such that

1
P
1Al = | [1r@Io@)ds | < oc.
Indeed, (see [18]) for every p > 1,
M : LP(v) — LP™®(v) <<= wveA),

with LP*(v) being the weak Lebesgue space defined as the set of measurable functions
f so that
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=

| 1l zpooe(v) = supyAs(y)» < oo.
y>0

Here, A% is the distribution function of f with respect to v defined by

)\;’c(y):v({xe[R":|f(ac)|>y}), y > 0.

(Here we are using the standard notation v(E) = [, v(z)dz for every measurable set
E CR". If v = 1, we shall write Ay and |E|. See [3] for more details about this topic.)

An important result for our purpose concerning A, weights is the extrapolation
theorem of Rubio de Francia [32,33] (see also [15,17,19-21]) which, nowadays, can be
formulated as follows:

Theorem 1.1 ([17]). Let (f,g) be a pair of measurable functions such that for some
1 < py < o0,

gllzrow) < eUlvllap ) fllro@w), Vv € Ap,,
with ¢ being a nondecreasing function on [1,00). Then, for every 1 < p < oo,

max (1,1;07:11)

lollzo < Crio(Callvllay Mellrws Vo 4y,
with Cy and Cs being two positive constants independent of v.

We have to emphasize here that although py can be 1, it is not possible, in general,
to extrapolate till the endpoint p = 1 (take just T'= M o M or see, for instance, [30]
where a counterexample is given in the case of commutators). However, in the recent
papers [9,12], a Rubio de Francia extrapolation theory for operators satisfying a weighted
restricted weak-type boundedness for the class of weights A, (slightly bigger than the
class A,) has been developed. The main advantage of this new class of weights is that

allows to obtain boundedness estimates at the endpoint p = 1.

Definition 1.2. We define
i, = {v € LL (R"):3h e LL (R") and Ju € A; with v = (Mh)l’pu},
endowed with the norm
Jols, =int { [l 0 = (e >l

Clearly, ﬁl = Ay, while for 1 < p < o0, 4, C gp.
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It holds that (see [9,14,24]) for every 1 < p < oo and every v € A\p,
M : val(v) N LP7°°(U), ||MHL;D,1(,U)4)L1]‘OO(,U) < C”U”ﬁp’

where the Lorentz space LP}(v) is defined as the set of measurable functions f such that

oo
1
1oy = p / ()} dy < oo
0

Then, the restricted weak-type Rubio de Francia extrapolation result proved in [9]
can be stated as follows:

Theorem 1.3 (/9]). Let 1 < pg < 0o and let T' be an operator such that
T o) — I™0),  e(lolz,) Vo ey,
PO
where @ is a positive nondecreasing function on [1,00). Then, T is of weighted restricted

weak-type (1, 1) for every weight in Ai; that is, for any measurable set E C R™, there
exists a constant C > 0 independent of E such that

1— L 1
el < Clully, ®o (Il ) u(B), vuc (12)
For simplicity, whenever an operator T satisfies that for every measurable set F,
||TXE||L1’OO(’U,) < Cuu(E)a
we shall denote it by
T: Ly (u) — LY (u), Cu.

Remark 1.4. The complete result that 7" is of weighted weak-type (1, 1) (i.e., that the
estimate in (1.2) holds for every f € L'(u)) is, in general, false (see [9]). However, under
certain mild condition in the operator T (see Section 2.2) the weighted weak-type (1, 1)

boundedness can be proved.

Remark 1.5. We should emphasize here that our operators do not need to be sublinear.
However, if T is sublinear, it was proved in [34] that

T: Lk (u) — LY (u)

is equivalent to have the boundedness on the space
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B*(u) = f:/x;(t) <1+1og!ﬁg>dt<oo ,

0

which can be endowed with a quasi-norm.

Our main goal will be consequence of the fact that the converse of Theorem 1.3 is
also true, and hence

T: Lkh(u) — LY(u), Yu € A4y < T : LP>l(v) — LP®(v), Yo € A,,.

Indeed, if p’ is the conjugate exponent of p > 1 (that is, % + 1% = 1) our main theorem

reads as follows:
Theorem 1.6. Let (f,g) be a pair of measurable functions such that

HgllLroewy < elllulla)llfllr@), V€ As,

with ¢ being a nondecreasing function on [1,00). Then, for every 1 < p < oo,

lgllzeoe @y < @[l A M fllLrrys Vo€ Ap,

where

Jo

®(r) = Crp(CorP)rP~H(1 + log 1)+, r>1,
with C1 and Cy being two positive constants depending on p.
As a consequence we obtain the following corollary:
Corollary 1.7. Let ¢ = (c;); € ¢* and let {T};}; be such that
Tp:L'(u) — L"), o(lulla,),  Yue Ay,
where @ is a positive nondecreasing function on [1,00). Then, for every u € Ay,

Dol Lig(u) — LY(w),  Cullellae(Collulla, ) (1 +log][ul|4,).
i

As usual, we shall use the symbol A < B to indicate that there exists a universal
positive constant C', independent of all important parameters, such that A < C'B. When
A< Band B < A, we will write A =~ B.

The paper is organized as follows. In Section 2, we will see some previous notions,
the necessary definitions and some technical results which shall be used later on. Indeed,
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there we will prove Lemma 2.5 which will be essential in the proof of the main result
given in Section 3. Further, Section 4 contains our main examples and applications.
Finally, we also include a last section related with similar results in the context of limited
extrapolation.

2. Preliminary notions and some technical results
2.1. A1 weights

Let us start by recalling some wellknown facts of the class Ay:
i) ([16, Theorem 7.7]) A weight u belongs to A; if and only if there exists h € L{ _(R")
and K such that K, K~ € L>(R") satisfying that, for some 0 < p < 1,

u(z) = K(x)(Mh(z))",  ae zeR,
where L (R™) consists of all measurable functions f such that

[ flloo := [If]| Lo (mn) = esssup f < oco.

ii) ([12, Lemma 2.12]) For every h € L (R"), every u € A; and 0 < p < 1, then
(Mh)Hul=r € A; with

|| < (2.1)
A l-n
iii) ([31, Lemma 5.1]) If t = 1 + gaeryr—, then
1
u' €Ay and  juflla, < llulla,. (2.2)

2.2. (g,0)-atomic operators

As mentioned above, in general, the following implication does not hold for every
u e Ali

T: Lk (u) — LY (u) = T: L' (u) — LY (u),

even if T is a sublinear operator. However, it was proved in [9, Theorem 3.5] that for a
quite big class of operators the above implication is true.

Definition 2.1. Given § > 0, a function a € L'(R") is called a 6-atom if it satisfies the
following properties:

(i) Jgna(z)dz =0, and
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(ii) there exists a cube @ C R™ such that |Q| < ¢ and supp a C Q.

Definition 2.2. (a) A sublinear operator 7' is called (g, §)-atomic if, for every € > 0, there
exists 0 > 0 satisfying that

||Ta||L1(|Rn)+Loo(|Rn) S €||(L||1,

for every d-atom a.

(b) A sublinear operator T is said to be (g,d)-atomic approximable if there exists a
sequence {T}}; of (e, d)-atomic operators such that, for every measurable set E C R",
then |Tjxg| < |Txe| and, for every f € L'(R™) such that || f|le < 1,

ITf(z)| < li§r1inf|ij(x)|, a.e. x € R".

Examples: In [6], the author showed that for sublinear operators, the property of being
(e, d)-atomic is not a strong one. For instance, if

Tf(z) = K * f(x) = / Ky—o)fy)dy, xR

with K € LP(R™) for some 1 < p < oo, then T is (g, d)-atomic. Further, if

/ny y) dyl,

T* f(x) = sup x eR",

JeN

with
11m HK ( ) _K‘](7m>||L1([RTL)+LOC(Rn) :0,

Yy—x

then T* is (g,0)-atomic approximable (for example, standard maximal Calderén -
Zygmund operators are of this type). In general,

T"f(z) =sup[T;f(z)], x€R",
J

where {T}}; is a sequence of (¢, §)-atomic, is (e, 0)-atomic approximable and the same
holds for

- (2|ij<x>|q)%, zeR",

with g € [1,00) and
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x) = E T f(x), x e R™
J

(See [6,9] for more examples.)

Theorem 2.3 ([9]). Let T be a sublinear operator (g,0)-atomic approxzimable. Then, given
u e Al,

T:Lh(u) — LY®(u), C, = T:LYu)— L"), 2"C.|ulla,.
2.8. A Sawyer-type inequality

Here we will study one of the often-called Sawyer-type inequalities for weights belong-
ing in the restricted class of weights flp. First, to do so, we need the following result.

Lemma 2.4. Let 1 < p < oo and v € ﬁp_ Take 2 o < 0 <1 and set ug = (Mh) p=rf=n

Then,
_op’ 1 P’ o}
My, : Lov=1" (v )—)LW % (v), (2.3)
with constant less than or equal to

lfp(l o) "

and where

May () = sup o Q/ FWluow)dy, @ e R

Proof. Observe that since v € flp, then v is a doubling weight with constant A, <
Ch ||v||p Therefore, according to [12, Lemma 2.2 (i)], (2.3) is bounded with constant
less than or equal to

i o (E) (v(@)) s
Al @ )|

where the supremum is taken over all cubes ) and all measurable sets E C Q.
Now, given a cube () and a measurable set £ C @,

(MDY - ()T [y ]
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0p/ 1 CQ)ﬂﬁh

< Oy ||v||jif/_l) |

and, as well, due to [12, Lemma 2.5],

op’ —1
UO(E) |Q| 0(p’—1) < 003
T 1-p(1-0)

52 (@)

which yields the desired result. O

The following lemma was proved for the case 4 = 1 in [12, Lemma 2.6, and the

extension to other u’s has been fundamental for our purposes.

Lemma 2.5. Let 1 < p < oo and let v = (Mh)'~Pu € ﬁp. Take 6 and u so that % <0<

<1 and set vg = (Mh)*~Pu’. Then,

M, 1
H M(XEUG)‘ S Cp,G,H(U)U(E)F’ VE g [Rna
Vo Lr' o0 (v)
where M, f := M(|f[*/*)* and
2 0 2
p 20— =
C = P, 2.4
P:G,N(u) <(p_ 1)2(//{/_9)(9_ 1%)2) ||UHA1 ( )
5 <7,

Proof. Observe that in virtue of the Kolmogorov’s inequality [22] with 1 <7’ =

it is enough to prove that

e

Sup ————3 3
FCRn U(F)ﬁ’p

=

1 ( / (Mh(x)) P~V =D (M, (x5 (M) Pu’) (x))" dﬂf)

1
7

SCpopu(u)v(E)? .

Then, using the Fefferman-Stein’s inequality [18], since pur’ > 1, we obtain that

/

/(Mh(x»(])—l)(?“l—l) (MM(XE(Mh>1—pu0)(x>)T' da
F
N M‘fr_l 1 / (Mh(2)) =P M (x g (MR) PO =D (2)y(2)da.

E

Now, since ug = (Mh)(pfl)(’”/’l) € Ai, we have that, for every x € E and every cube

Q >z in R,
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/ ruo@)dy < "D, () (@) < lluol|ay o (@) May (x7) ()

(2.5)
1
5 1 — (p — 1)(7”/ — 1)u0(z)Mu0(XF)(‘T)7

where in the last estimate we have used (2.1). Hence, taking the supremum over all cubes
Q € R™ such that @ 3 z in (2.5), with z € E, we deduce that

/ (M ()" M(x i (MB) D0 D) () de
E

1
TRV E/ M () (w)ole) da

Therefore, since 7’ = %, the inequality we want to prove will hold if we see that

0

sup L/MuoxF Jole) de
ECR" y(E) 7’

s (=00 1‘9”)9@,0,#(@@)”

or equivalently,

sup ——~ /Muo xr)(z)v(z) dx
ECR™

(2.6)

< ((u —0)(1 —p(1-9))

= ) Cyo ) u(F) .

Finally, using again the Kolmogorov’s inequality in (2.6), it is enough to prove that
op’ 1 op’ 0o
My, : Lo7 =17 (v) — Lo =1 (v)
with constant less than or equal to

Cnp ((u— 0)(1 —p(1-10))

op’ uo

) Cratr®.
According to Lemma 2.4, this will happen if

p2

0
((p—l)z(u—ﬁ)(l—p(l—e)ﬁ) el ™

from which the desired result follows by taking Cp ¢ ,(u) as in (2.4). O

2(0p’ —1)
7

Opﬂ,u(“) 2
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3. Proof of the main result

We are now ready to prove our main result:

Proof of Theorem 1.6. Let h € L{ _(R") and u € A; so that v = (Mh)'"Pu € ﬁp.
Further, let us take
1-90

1
1? <0<1, u:zl—T and vg == (Mh)" 7o,

where t = 1 + W satisfies u! € Ay and ||ut||la, S ||ul|la, (see (2.2)). Then,

0 < pu < 1and, by (2.1), for every measurable set F' C R",

Cllulla,

ug = My, (xrve)u' =" = M(xpvg/* ) (u) 7 € Ay, luolla, = == L

Let y > 0 and set F' = {x : [g(x)| > y} so that v(F") = Ay (y). We can assume, without
lost of generality, that v(F') < oo, since on the contrary we can take gy = gxp(o,n) and
let N go to infinity at the end of our estimate.

By hypothesis we obtain that

=y [ @de<y [ M@

{z:lg9(=)|>y} F

<@<C”“"Al)/|f VM, (xvp) ()l da

_ (Ct||u||A1> /If XFv()a)( )v(:r)dx

[l Le1 vy
Ll"v“('u)

Ct||ul] 4, M, (xrv
c o (Clla ) | Mt

where in the last estimate we have used the Holder’s inequality for Lorentz spaces with
respect to the measure v(x) dz.
Now, by virtue of Lemma 2.5,

1

M, a
” My (xrvo) < o p(WO(F)F = Cpo (WA ()

LPlvoo(v)
so taking the supremum over all y > 0, in particular, we obtain that

Cillul.
L e S [ [
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Finally, concerning about the constant C}, ¢, (u), we observe that

_ P’ 2
Coont) = (G = 37) M1

~ P ' 30-2
“\e-nea—pe_ 1) "

Therefore, letting

then
C ( )< <2 (p 1) R >Pl' (1 (p+11)R)
p,0 u -~ 7
OHH ~ ( )

Furthermore, with the same choice of 8,

Ct||ul| 4, ~
v (%) <o (Cp|lulla,) -

i ol (p D) 2 > %
llwll 4, [lwll A7 S R lullf, el 5, -

Thus, the result follows by setting R = 1+ log||u|| 4, and then taking the infimum on
|lu|| 4, over all possible representations of v € A,. O

4. Examples and applications to average operators, multipliers and integral operators
4.1. Examples

There are many operators in harmonic analysis for which the weak-type (1, 1) bound-
edness for every weight in A; has been proved [9,23,26-28,35].

As a consequence of the classical Rubio de Francia extrapolation theory (see The-
orem 1.1) it is known that they are also bounded on LP(v) for every v € A,; but, in
general, the restricted weak-type

T: Pt (v) — LP™(v), Vv € Ap,

has been unknown up to now for many examples. This is the case, for instance, of the
Bochner-Riesz operator at the critical index B nt1, introduced by S. Bochner in [4] and
defined as follows (see [7] for some partial results in this context): let a4 = max{a, 0}
denote the positive part of @ € R and given A > 0, the Bochner-Riesz operator By on R"
is defined by

Baf(&) = (1—[¢P)} f(©),  €eR™
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Proposition 4.1 (/28,55]). For every n > 1,
Bns : LY(u) — LY (u), Cllul %, log(||ul| 4, + 1), Yu € A;.

Thereby, in virtue of Theorem 1.6, we completely answer the open question formulated
in [7] about the restricted weak-type boundedness of B no1.

Corollary 4.2. For every n > 1 and every p > 1,

Bnoy : LPY(v) — LP>(v), Cllv

2

3p—1 1+ 2 T
AI; (1+1logllvl[4 ) "7, Yo € Ap.

Same estimates can be obtained for a large list of operators such as those appearing
in [2,7,9]: rough operators, Hérmander multipliers, radial Fourier multipliers, square
functions, etc.

4.2. Average operators

Corollary 4.3. Assume that {Ty}e is a family of operators indexed in a probability measure
space such that the average operator

Tif@) = [ Tef@aPe), R
is well defined and that
Ty : L' (u) — LV (u), o(||u]]a,), Yu € Ay, (4.1)
where @ is a positive nondecreasing function on [1,00). Then,
Ty : L%z(u) — L1’°°(u), Cro(Callul|a ) (1 +1og||ul|a,), VYu€ Aj. (4.2)
Moreover, if Ty is a sublinear (g,0)-atomic approzimable operator, then
Ta: L'w) — L"), Cro(Callulla)llulla, (1 +loglulla,).  (4.3)
Proof. Set 1 < p < co. Using Theorem 1.6, we have that (4.1) implies
Tp: LP'(v) — LP>(0),  @(lllz), Ve A,.
Now, LP*°(v) is a Banach function space since there exists a norm || - [|(p,o0,») S0 that
llznoey < W llipoey < 52 I llareo

Hence, by the Minkowski’s integral inequality, T4 satisfies that for every p > 1,
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Ty : LP,I(U) — LP>°(v), ]%‘I)(HUHAP), Yv € A\p.

Therefore, using Theorem 1.3 the desired result (4.2) follows by taking the infimum in
1 < p < 2. Finally, (4.3) is just a consequence of Theorem 2.3. O

In particular, the next result stated in the introduction follows:

Proof of Corollary 1.7. This result is just a direct consequence of Corollary 4.3 since
{Hf\—TﬂTj} _is a family of operators indexed in the counting probability measure. O
« J

(I) Fourier multipliers

Our next application is in the context of restriction multipliers from R™** to R™. First,
let us recall that a bounded function m defined on R™ is said to be normalized if

lim ¢, «m(z) = m(z),  VoeR", (4.4)
J

where for each j, ¥;(z) = ¥(x/j), and ¢ € C°(R™) (i.e., ¢ is an infinitely differentiable
function with compact support), b > 0 and ||¢)[|; = 1.

It is easy to see that then, for every Lebesgue point  of m, (4.4) holds. In particular,
every continuous and bounded function is normalized.

Proposition 4.4. Let k > 1 and assume that a normalized bounded function m defined in
R™+F satisfies that

Tt L'w) — L"(u),  @(lfullay),  Yu€ Ai(R™F),

where ¢ is a positive nondecreasing function on [1,00). Let ¢ € L*(R¥) and define

moe) = [me o)y, g
[Rk

Then, for every v € A1(R™),
Ty : L (v) — LY(0),  C1p(Col[vl|a,)l[vl]a, (1 + log [v]]a,)-
Proof. Take v € A;(R™) and define u = v ® xgr, so that

u: R xRF — R,
(z,y) — ulz,y) =v(),

satisfies u € Ay (R"**) with ||u||4, < |[v||a,. Then, T, : L'(u) — LY*°(u) and, by [11,
Theorem 4.4] (where here is used that m is normalized),
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Ton(yy : L'(v) — LY®(v),  Vy e R,
with

sup Tyl ) proe o) S Ul ay | Tonl| Lt )y Lo () < {014, 0(][0]] 4, )-
yeR?

Now, take f € C°(R™). Then, for every y € R* we have that m(,y)f € L*(R") and,
as well, m¢f € L*(R"), so that, by the properties of the Fourier transform,

Tm(.,y>f(x):(m(.,y)f)v(x) and Ty, f(z) = (mof)"(z), Vo eR™.

Hence, by Fubini’s theorem,

T, / g (€)F(€)e2 € de = / / (€, y)é() dy | F(€)e*m i d

- / / m(E,y) ()T dg | ply) dy = / T F(2)6()
RF R™

Rk

and the result follows as in Corollary 4.3 together with the density of LP*(v) by functions
in C°(R™) N L»Y(v). O

(IT) Integral operators

Let us now consider the operator

/K:L‘y y)dy, x €R",

where the integral kernel K satisfies some size condition of the form | K (z,y)| < |z—y|™™.

Proposition 4.5. Assume that, for every s > 0,

/ K(z,y)f(y)dy, r € R™,

satisfies that
Ty: Lp(u) — LY(u),  e(llulla,),  Vue A,

where @ is a positive nondecreasing function on [1,00). Then, if ¢ is a bounded variation
function on (0,00) with lim,_,q+ ¢(x) = 0, we have that
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Tof(@) = [ K@wole - iy, =€k,
R’VTL

satisfies that
Ty : Ly (u) — L"®(u),  Crp(Collulla,)(1 +log|lulla,), Vu € Ay
Proof. We observe that, by hypothesis,

|z—y|

o(lz —yl) = / ¢(s)ds, & € L'RY,

0

and hence, for every x € R™ and every € > 0, by Fubini’s theorem we have that

oo

T, f(x) — 6(e)Tf(x) = / / K(z,9)f(y)dy | () ds
0 r—y|>s>e

oo

- / T, f(2)¢/(s) ds,

€

is an average operator, and so the result follows by Corollary 4.3 and letting ¢ tend to
zero. 0O

5. Limited extrapolation results

The motivation of this section comes from the fact that there are also many operators
in harmonic analysis (such as the Bochner-Riesz) so that

T: LP(v) — LP°(v)

is not bounded for every v € A, but is bounded for every v in a certain subclass of A, .
Under this weaker hypothesis, only boundedness on LP(v) of T' can be deduced whenever
p € (p—,p+) for certain values of p_ and p,;. The purpose of this section is to establish
some equivalence, similar to Theorem 1.6, between the boundedness at the endpoint
p— and restricted weak-type boundedness at the p level. Indeed, the Rubio de Francia
extrapolation results in this case are called limited extrapolation (see [1,8,10,15,17]).

Definition 5.1. Given 0 < o, 3 < 1 and 1 < p < oo, let us define the classes of weights
AP;(Q;B) = {0 <veE Llloc([Rn) U= Ugvf(l_p)ﬂlj € Al}

with
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10110 5 = i0f { ol 15270 5 0 = w2,
and
Apap) = {0 <0 € Li(R") tv = v (Mh)PUP) vy € Ay, h e L}OC([R”)}
with
Hv”“ip;(a,ﬁ) = inf {HUOHW U= Ug(Mf)B(l_p)} .

Definition 5.2. Given 1 < pg < oo and 0 < a, 5 < 1, set

Dy = Po p/ — p6 (orp — Po _)
* A T 1+4B(mo—1))’

where py = o0 ifa=1and p_ =1if § = 1. Then, 1 < p_ < p; < o0 and we can
associate to every p € [p_,p4] the indices

_pr-p _ p—p-
a(p) = o d B -1

/

so that 0 < a(p), B(p) < 1, py = =557, PL = =5y and a(po) = o, B(po) = 5.

Theorem 5.3 ([17]). Let (f,g) be a pair of measurable functions such that for some
1<py<o0and 0 < a,B <1 (not both identically zero) we have

190200y < @ (I0llay ) W liroys 70 € Apsga,

where ¢ is a nondecreasing function on [1,00). Then, for every p_ <p < py,

<p+—po PO—P—

HgHLP('u) <Gy <C2 HU”AE(Q(:;;(;; T >> ||f||LP(v) J Vv € Api(a).6))>

with C1 and Cy being two positive constants independent of v.

Observe that in Theorem 5.3 is not possible to extrapolate till the endpoints p_ and
p+. However, in [10, Theorem 3.7] the authors were able to obtain an estimate in the
endpoint p_. To do so, they needed to assume that the operators satisfy a restricted
weak-type boundedness for the class of weights flp;(a,ﬂ) which is a slightly bigger class
than Ap;(a,ﬁ)-

Theorem 5.4 ([10]). Let 1 < py < 00, 0 < o, 8 < 1 (not both identically zero) and let T
be an operator. Assume that
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T . LPo (v) — LPO>°(v), ¢(||UHAPO;(Q,/3>)’ Vv € Apg;(a,ﬁ)v

where ¢ is a positive nondecreasing function on [1,00). Then:

(i) Ifp->1,

(I) u o P—)
T . P! (ua(pf)) [P (ua(pf))’ Lull)’ Yu € A,
p_—

where @, is a positive nondecreasing function on [1,00).
(i) Ifp =1,

T:LL (ua@—)) — L (ua@f)) , (5P, vue A
Our following theorem shows that the converse is also true:

Theorem 5.5. Let (f,g) be a pair of measurable functions such that for some 1 < pg < 00
and 0 < a <1,
gllzrooo uey < @ (lully,) fllror ey, — Yu € Ay,

with ¢ being a nondecreasing function on [1,00). Then, for any po < p < 72

[ f1eo1 ()5 Yo € Apia@p) )

gl < ¥ (el o)

where a(p) =1 — %’ B(p) = % and, for everyr > 1,

P—PQ

v
po —p(1 — )

2(p—pq)

\IJ(T) = Cl (
with Cy and Cy being two positive constants depending on p.

Proof. Let h € Li (R") and u € A; so that

loc

v = (Mh)ﬁ(p) (1=p)y2(p) ¢ A i), 8())-

Further, take t = 1 + TL%
A

flwll

so that u' € Ay with ||[uf||a, < [|ulla, (see (2.2)) and,
since t > 1,

— — ta —
p=p _a-alp) ta-alp)

p l—alp) t—oalp)

Hence, we can take



S. Baena-Miret, M.J. Carro / Journal of Functional Analysis 284 (2023) 109902 21

ve = (Mh)PA=Pa®?d i PTPO ta = alp),
t—oa(p)
Besides, since a(p) < «a, letting
a(p)(1—0)
=1- 27T 0,1
Iz " €(0,1),

then 0 < ap < 1 and, by (2.1), for every measurable set F' C R™,

1

1 ERNL
Uy = (Mw(xpvg)ua(p)(l_e)) =M (XF%W) (ut)l—u € Ay,

. c
with [[ug|[4, < 4l

Now, let y > 0 and set ' = {x : [g(x)| > y} so that v(F) = A\ (y). We can assume,
as it was done in the proof of Theorem 1.6, that v(F) < oco. Then, by hypothesis, we
obtain that

PN (y) = P / o) de < g / up()dx
{z:]g(z)|>y} F

Po

S@(H%Hil)po Po/ / uo(x)* dz dz
0 \{If(=@)[>=}

DPo
Mau (XFUQ)
Vg

se([mns])

where in the penultimate estimate we have used the Hélder’s inequality for Lorentz

< ¢ (lluolls,)™

fe

- 1
P\ ||X ()| >=2 ||p0 1 dz
L(%) () ‘O/ tr@==) LPo’ (v)

Mo, (XFve)
vg

VO [/ ¥y

L Po>/'°°(v)

spaces with respect to the measure v(x) dz.
Now, since B8(p)(1 —p) =1— p%’ then v € APL and, by virtue of Lemma 2.5,
0

b—P p—PQ

SCp pap(Wo(F) 7 =Cr gauwAi(y) 7,

Po’

MQM(XFUH)
Vo

L %y’“’(u)

so taking the supremum over all y > 0, in particular, we obtain that

1 (Cllull
[19lLp-(0) S C 2 p,0u(u) 70 ¢ (ﬁ [RAIFZEYEY
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Finally, concerning about the constant CPL,&OCH(U% we observe that
0

0
2 2(p—pq)
P 20— =2-LP02
Cxr aul) = — u o
g o) <(p—po)2(au—9)(9—p—p°)2> el

p

0
( p2 ) || ||39_2(pp—0p0)
— U Aq 9
(b — po)?(a— 0)(0 — =222

so the behavior of the constant Cpﬂﬂ,au(u) follows as in the proof of Theorem 1.6. O
0

N

As an application, we present some new weighted estimates for the Bochner-Riesz
operator below the critical index.

Proposition 5.6 (/25]). Let n =2 and 0 < A < 1. Then,

2x A(7+4N)

By : L#= <u+—> L Lt (u+> c(n, A [[ul 5, Ve Ay

Proposition 5.7 ([13]). Let n > 2 and <A< 251 Then

2(n+1

142X
Boi L2 (u) — 22 (), o (g ), vuea,
where ¢ is a positive nondecreasing function on [1,00).

Therefore, as a consequence of Theorem 5.5 and Propositions 5.6 and 5.7, we obtain
the following result.

Corollary 5.8. Let n =2 and 0 < A < % For every 3_%)\ <p< %,

B)\ : Lp’l(U) — LP’OO(U), Yv € A (m (3+2\)p— 4)
4(p

-0

Now, let n > 2 and

</\<— For every 2 <p <

2( +1 n— 1 27

BA:LP’l(U) —)LP’OO(U), VUEA (27, p(n—1—2)) p—2 )

2n '2(p—1)
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